arXiv:1305.1739v2 [math.AP] 29 May 2013

DETERMINATION OF STRUCTURES IN THE SPACE-TIME FROM LOCAL MEASUREMENTS: A DETAILED EXPOSITION

YAROSLAV KURYLEV, MATTI LASSAS, GUNTHER UHLMANN

Abstract: We consider inverse problems for the Einstein equation with a time-depending metric on a 4-dimensional globally hyperbolic Lorentzian manifold (M, g). We formulate the concept of active measurements for relativistic models. We do this by coupling the Einstein equation with equations for scalar fields and study the system Ein(g) = T , T = T (g, ϕ) + F_1, and □_gϕ = F_2 + S(g, ϕ, F_1, F_2). Here F = (F_1, F_2) correspond to the perturbations of the physical fields which we control and S is a secondary source corresponding to the adaptation of the system to the perturbation so that the conservation law div_g(T ) = 0 will be satisfied.

The inverse problem we study is the question, do the observation of the solutions (g, ϕ) in an open subset U ⊂ M of the space-time corresponding to sources F supported in U determine the properties of the metric in a larger domain W ⊂ M containing U. To study this problem we define the concept of light observation sets and show that these sets determine the conformal class of the metric. This corresponds to passive observations from a distant area of the space which is filled by light sources (e.g. we see light from stars varying in time). One can apply the obtained result to solve inverse problems encountered in general relativity and in various practical imaging problems. AMS classification: 35J25, 83C05, 53C50

Contents

1. Introduction and main results 2 1.1. Notations 3 1.2. Inverse problem for the light observation sets 4 1.3. The inverse problem for Einstein equations 9 2. Proofs for inverse problem for light observation sets 21 2.1. Notations and definitions 21 2.2. Determination of the conformal class of the metric 22 2.3. Geometric preparations for analytic results 32 3. Analysis of Einstein equations in wave coordinates 36 3.1. Notations 36 3.2. Direct problem 38

Date: May 29, 2013. 1

3.3. Asymptotic expansion for non-linear wave equation 39 3.4. Linearized conservation law and divergence condition 41 3.5. Pieces of spherical waves satisfying linear wave equation 44 3.6. Interaction of non-linear waves 49 4. Observations in normal coordinates 84 4.1. Detection of singularities 84 5. Determination of light observation sets for Einstein equations 95 5.1. A discussion on an application for a dark matter related example 112 Appendix A: Reduced Einstein equation 113 A.1. Summary of the used notations 113 A.2. Reduced Ricci and Einstein tensors 113 A.3. Wave maps and reduced Einstein equations 114 A.4. Relation of the reduced Einstein equations and for the original Einstein equation 116 Appendix B: An example satisfying Assumption S 117 Appendix C: Stability and existence of the direct problem 119 Appendix D: An inverse problem for a non-linear wave equation125 Acknowledgements 132 References 132

Keywords: Inverse problems, Lorentzian manifolds, Einstein equations, scalar fields, non-linear hyperbolic equations.

1. Introduction and main results

We consider inverse problems for non-linear 2nd order hyperbolic equations with time-depending metric on a globally hyperbolic Lorentzian manifold (M, g) of dimension n ≥ 2 + 1 and in particular, the Einstein equation. Roughly speaking, we study the problem, can an observer on a Lorentzian manifold, satisfying certain natural causality conditions, determine the structure of the surrounding space-time by doing measurements near its world line. Thus the problem we are interested in this paper is the inverse problem with respect to the evolution problem in the general relativity. Let us note that this last problem has recently attracted much interest in the mathematical community with many important results been obtained, see e.g. [11, 13, 15, 17, 18, 19, 51, 53, 54, 58].

We consider two different kind of inverse problems. In the first one we have passive observations: We detect on an open set U ⊂ M the wave fronts of the waves produced by the point sources located at points q in a relatively compact subset V ⊂ M. We call such observations the light observation sets O_U (q) ⊂ T U, where T U is the tangent bundle on U.

We ask, can the conformal class of the metric in V be determined from these observations. In the second class of problems we consider active measurements: We consider non-linear hyperbolic partial differential equations on M assuming that we can control sources supported in U which produce waves that we can measure in the same set. We ask, can the properties of the metric (the metric itself or its conformal class) or the coefficients of the equation be determined in a suitable larger set W containing the set U. For instance in the context of relativity theory, these correspond to the following examples: In the first case we consider passive observations from a distant area of the space which is filled by light sources (e.g. we see light from stars varying in time). In the second case we assume that one can cause local perturbations in the stress-energy tensor and measures locally the caused perturbations of the gravitational field.

1.1. Notations. Let (M, g) be a C^∞-smooth n-dimensional manifold with C^∞-smooth Lorentzian metric g with a causal structure (For this and other definitions for Lorentzian manifolds, see the next section.) The tangent bundle of M is denoted by T M and the projection to the base is denoted by π : T M → M.

Let us introduce next some notations needed below. For x, y ∈ M we say that x is in the chronological past of y and denote x ≪ y if x ≠ y and there is a time-like path from x to y. If x ≠ y and there is a causal path from x to y, we say that x is in the causal past of y and denote x < y. If x < y or x = y we denote x ≤ y. The chronological future I^+(p) of p ∈ M consist of all points x ∈ M such that p ≪ x, and the causal future J^+(p) of p ∈ M consist of all points x ∈ M such that p ≤ x. Similarly chronological past I^−(p) of p ∈ M consist of all points x ∈ M such that x ≪ p and the causal past J^−(p) of p ∈ M consist of all points x ∈ M such that x ≤ p. For a set A we denote J^±(A) = ∪_{p∈A}J^±(p). We also denote J(p, q) := J^+(p) ∩ J^−(q) and I(p, q) := I^+(p) ∩ I^−(q). If we need to emphasize the metric g which is used to define the causality, we denote by J^±_g (q) or J^±_{M,g}(q) the past and the future sets of q ∈ M with respect to a Lorentzian metric g etc.

Let γ_{x,ξ}(t) = exp_x(tξ) denote the geodesics in (M, g). Also, let T U = {(x, ξ) ∈ T M; x ∈ U}. Let L_xM denote the light-like directions of T_xM, and L^+_x M and L^−_x M denote the future and past pointing light-like vectors, correspondingly, and L^{∗,+}_x M and L^{∗,−}_x M be the future and past pointing light-like co-vectors. Sometimes, to emphasize the metric, we denote L^+_x M = L^+_x (M, g), etc. We also denote L^+_g (x) = exp_x(L^+_x M) ∪ {x} the union of the image of the future light-cone in the exponential map of (M, g) and the point x.

By [11], an open Lorenzian manifold (M, g) is globally hyperbolic if and only if it has a causal structure where there are no closed causal paths in M and for all q^−, q^+ ∈ M such that q^− < q^+ the set J(q^−, q^+) ⊂ M is compact. We assume throughout the paper that (M, g) is globally hyperbolic. Roughly speaking, this means that we have no naked singularities which we could reach by moving along a time-like path starting from a point q^− and ending to a point q^+.

When g is a Lorentzian metric, having eigenvalues λ_j (x) and eigenvectors v_j(x) in some local coordinates (U, X), we will use also the corresponding Riemannian metric, denoted g^+ = Riem(g) which has the eigenvalues |λ_j(x)| and the eigenvectors v_j (x) in the same local coordinates (U, X). Let B_g+ (x, r) = {y ∈ M; d_g+ (x, y) < r}.

All functions u(x) defined on manifold M etc. are real-valued unless otherwise mentioned. Finally, when X is a set, let P (X) = 2^X = {Z; Z ⊂ X} denote the power set of X.

Let μ_g : [−1, 1] → M be a freely falling observer, that is, a time-like geodesic on (M, g). Let −1 < s_{−2} < s_{−1} < s_{+1} < s_{+2} < s_{+3} < s_{+4} < 1 and denote p^− = μ_g(s_{−1}) and p^+ = μ_g(s_{+1}). Below, we also denote s_± = s_{±1}.

When z_0 = μ_g(s_{−2}) and η_0 = ∂_sμ_g(s)|_{s=s−2} , let U_{z0,η0} (h) be the hneighborhood of (z_0, η_0) in the Sasaki metric of (T M, g^+). We use below a small parameter ^h > 0. For (z, η) ∈ U_{z0,η0} (2^h) we define on (M, g) a freely falling observer μ_{g,z,η} : [−1, 1] → M, such that μ_g(s_{−2}) = z, and ∂_sμ_g(s_{−2}) = η. We assume that ^h is so small that for all (z, η) ∈ U_{z0,η0} (2^h) the geodesic μ_{g,z,η}([−1, s_{+2}]) ⊂ M is well defined and time-like and satisfies μ_{g,z,η}(s_{−2}) ∈ I^−_g (μ_{g,z0,η0} (s_{−1})), μ_{g,z,η}(s_{+2}) ∈ I^+_g (μ_{g,z0,η0} (s_{+1}), (1) μ_{g,z,η}(s_{+4}) ∈ I^+_g (μ_{g,z0,η0} (s_{+3})).

We denote, see Fig. 1.

U_g = ⋃ (z,η)∈U_{z0,η0} (^h) μ_{g,z,η}((−1, 1)). (2)

1.2. Inverse problem for the light observation sets. Let us first consider M with a fixed metric g and denote below U = U_g. Next we define the light-observation set for point q corresponding to observations from a light source at the point q, see Fig. 2.

Definition 1.1. The light-observation set corresponding to the point q ∈ M and the observation set U ⊂ M is O_U (q) = {(γ_{q,η}(r), γ̇_{q,η}(r)) ∈ T U; r ≥ 0, η ∈ L^+_q M}. The set of the light-observation points corresponding to q ∈ M is P_U (q) := {γ_{q,η}(r) ∈ U; r ≥ 0, η ∈ L^+_q M} = π(O_U (q)). In the following, we extend any map F : A → A^′ to the map F :

P (A) → P (A^′) by setting F (B) = {F (b); b ∈ B} for B ⊂ A. We call F : P (A) → P (A^′) the power set extension of F : A → A^′.

PSfrag replacements

Figure 1. Setting throughout the paper: A schematic figure where the space-time is represented as the 2- dimensional set R^{1+1} . In the figure the black vertical line is the freely falling observer ^μ([−1, 1]) and the four red points on it are z_0 = ^μ(s_{−2}), ^p^− = ^μ(s_−), ^p^+ = ^μ(s_+), and ^μ(s_{+2}). The rounded black square is π(U_{z0,η0} ) that is is a neighborhood of z_0, and the red curve starting from z ∈ π(U_{z0,η0} ) is the time-like geodesic μ_{^g,z,η}([s_{−2}, 1)). The boundary of the set U_{^g} is shown on blue. The green area is the set W_{^g} ⊂ U_{^g} where the Fermi-type coordinates are defined, and the black "diamond" is the set J_{^g}(^p^−, ^p^+) = J^+_{^g} (^p^−) ∩ J^−_{^g} (^p^+).

In the following, we will consider the collection O_U (V ) := {O_U (q); q ∈ V } ⊂ P (T U) of all light observation sets corresponding to the points in an open relatively compact set V ⊂ M. Note that the collection O_U (V ) is considered just as a subset of P (T U) and for a given element A ∈ O_U (V ) we do not know what is the point q for which A = O_U (q).

PSfrag replacements

Figure 2. A schematic figure where the space-time is represented as the 3-dimensional set R^{1+2} . The future light cone L^+_{^g} (q) corresponding to the point q is shown as a red cone. The point q is the tip of the cone. The boundary of the set U_{^g} is shown on blue. The set of the light observation points P_U (q), see Definition 1.1, is the intersection of the set L^+_{^g} (q) and the set U_{^g}.

Later we will introduce a topology on a suitable subset S ⊂ P (T U) that contains O_U (V ). Then we can consider the image of the manifold V in the embedding (see Lemma 2.8 below) O_U : q → O_U (q) as an embedded manifold in S, or in P (T U). If we assume that U is given, the set O_U (V ) will be a homeomorphic representation of the unknown manifold V in a known topological space S. For a compact Riemannian manifold N, an analogous representation is the metric space K(N) ⊂ Lip(N) is obtained using the Kuratowski-Wojdyslawski embedding, K : x → dist(x, · ), from the metric space N to space of Lipschitz functions Lip(N) on N. In several inverse problems for Riemannian manifolds with boundary, a homeomorphic image of the compact manifold N has be obtained by using the embedding R : x → dist(x, · ), R : N → Lip(∂N), see [2, 47, 44, 48].

Our first goal is prove that the collection of the light observation sets, O_U (V ), determine the conformal type of the Lorentzian manifold (V, g). As π(O_U (q)) = P_U (q), it is enough to show that P_U (V ) = {P_U (q); q ∈ V } determines the conformal type of (V, g), see Fig. 3.

Theorem 1.2. Let (M_j, g_j), j = 1, 2 be two open, smooth, globally hyperbolic (1, n − 1) Lorentzian manifolds of dimension n, n ≥ 3 and let p^+_j , p^−_j ∈ M_j be the endpoints of a time-like geodesic μ_{gj} ([s_−, s_+]) ⊂

PSfrag replacements

Figure 3. A schematic figure where the space-time is represented as the 2-dimensional set R^{1+1} . In Theorem 1.2, we consider a relatively compact set V ⊂ I^−(p^+) \ J^−(p^−). The boundary of the set V is shown in the figure with a black curve. The red curve is a light ray from a point x ∈ V that intersect the blue set U_{^g}.

M_j , that is, p^±_j = μ_{gj} (s_±). Let U_j ⊂ M_j be open relatively compact neighborhood of μ_j ([s_−, s_+]) given by (2). Moreover, let V_j be open, relatively compact subsets of I^−(p^+_j ) \ J^−(p^−_j ) ⊂ M_j , j = 1, 2.

Let us denote by P_{Uj} (V_j) = {P_{Uj} (q); q ∈ V_j} ⊂ P (U_j) the collections of the observation point sets on manifold (M_j , g_j) corresponding to the points in the set V_j. Assume that there is a diffeomorphism Φ : U_1 → U_2 such that Φ(μ_1(s)) = μ_2(s), s ∈ [s_−, s_+] and the the power set extension of Φ defines a bijection

Φ : P_{U1} (V_1) → P_{U2} (V_2).

Then there is a diffeomorphism Ψ : V_1 → V_2 and the metric Ψ^∗g_2 is conformal to g_1.

Theorem 1.2 can be stated by saying that if an observer moves along a path μ then the diffeomorphism-type of the neighborhood U ⊂ M of μ and the collection of the observation point sets {P_U (q); q ∈ V } determine uniquely the Lorentzian manifold (V, g) up to a conformal deformation. We note that by the strong hyperbolicity any set V ⊂⊂ I(p^−, p^+) satisfies also the condition V ⊂ I^−(p^+) \ J^−(p^−).

Note that we do not assume that (M, g) is complete, which is crucial in relativity due to the presence of singularities.

In the case when metric g is known in U_g and g is Ricci flat (i.e. corresponds to vacuum) in a set W that intersects U_g, after constructing the conformal structure we can find the whole metric tensor by constructing the conformal factor along light like geodesics that start at U_g and are subset of W (see Fig. 4). This fact is formulated more precisely in the following corollary.

Corollary 1.3. Assume that (M_j , g_j) and U_j , V_j, j = 1, 2 and the conformal map Ψ : V_1 → V_2 are as in Theorem 1.2. Moreover, assume that Φ = Ψ|_{U1} : (U_1, g_1) → (U_2, g_2) is an isometry and for j = 1, 2 there are sets W_j ⊂ M_j such that the Ricci curvature of g_j is zero in W_j , and V_j ⊂ W_j ∪ U_j , Ψ(U_1 \ W_1) = U_2 \ W_2. Moreover, assume that any point x ∈ V_1 ∩ W_1 can be connected to some point y ∈ U_1 ∩ W_1 with a light-like geodesic γ_{x,ξ}([0, l]) ⊂ V_1 ∩ W_1. Then the metric Ψ^∗g_2 is isometric to g_1 in V_1.

Example 1. Theorem 1.2 concerns passive observations which are idealizations of the measurements used in astronomy and the engineering sciences. For example, consider an event when J astronomical observatories, located at the points x_1, x_2, . . . , x_J in a neighborhood U of the path of the Earth in the space time M, observe light from a supernova at directions ξ_j ∈ T_{xj} M, j = 1, 2, . . . , J. By measuring the properties of the observed frequencies (i.e. spectrum), the observatories can draw the conclusion that they are looking at the same supernova and that there is some point q (the unknown location of the supernova) such that (x_j , ξ_j) ∈ O_U (q) for all j = 1, 2, . . . , J. Examples of other point source type events which can possibly be observed by astronomic measurements, are novae, quasars, and pulsars as well as eclipses of double stars, pulsating stars or variable stars with extreme sunspots or flares [49]. When one considers the Universe in large scale, the non-flatness of the space time is clearly visible in the observations. For instance, gravitational lenses produced by massive objects [36, 69] cause multiple images of the distant objects and the images have significant time delays. Mathematically, this corresponds to the focal points of geodesics. For instance, in the observations made on the gravitationally lensed quasar Q0957+561, due to the bending of space, light from the quasar arrive to Earth along two different paths and the time delay between these two paths has been measured to be approximately 417 days [56, 79]. In such time scales, many astronomic events can be considered as point sources and thus the light observation sets can be reasonable, although highly idealized, model for the observations. We note that the above described "point sources" in astronomy have very different magnitudes and with the present telescopes and other astronomic instruments only some of those are detectable e.g. from another side of a gravitational lens.

The light observation sets model also observations or theoretical measurements (or thought experiments) which one could do near astronomic systems with black holes. For instance, the light observation sets correspond to observations when a large number of point sources (i.e. matter) emitting time-varying radiation fall in a black hole(s).

The inverse problem for the light observation sets and for the Einstein equation considered in the next section is related also to practical measurements: The detection of small but rapid perturbations of the gravitational field, that is, gravitational waves. The detection of gravitational waves is a very rapidly growing field of physics where new laboratories have be founded in many countries in the recent years, e.g the LIGO interferometer at Washington, US, the GEO-600 detector at Germany, and the VIRGO detector at Italy. We note that the Einstein equation implies that gravitational waves exists if strong enough sources exists. Thus the detection of gravitational waves actually is the question wether strong sources exists. Although gravitational radiation has not been directly detected using present measurement devices, there is indirect evidence for its existence. For example, the 1993 Nobel Prize in Physics was awarded for measurements of the Hulse- Taylor binary system which suggests gravitational waves are more than mathematical anomalies. The detection of gravitational waves can be considered as a far field measurement. The relation of far-field and near-field measurements is a well studied question of inverse problems [9] and in understanding the far-field observations the near field inverse problem needs to be studied. This is just the inverse problem for the coupled Einstein-matter field equations we consider below.

The inverse problems analogous to Theorem 1.2 are encountered also in several mundane applications, for instance one can study if the mobile phone signals can be used to determine the refractive index of the surrounding urban neighborhood.

1.3. The inverse problem for Einstein equations.

1.3.1. How the active measurements could be done. Let us make a Gedankenexperiment. Assume that we are close to a huge gravitational object and want to measure the distortion of the space time. Let us assume that we can do extremely precise measurements. Let us use several high-power laser sources (like laser pointers). We vary the direction of the laser rays so that some of the rays cross at time t = T^0. When the rays cross, we have an increased density of light at the crossing point, just at the crossing time. Because of the non-linearity of the Einstein-Maxwell equations this creates an artificial point source of gravitational waves having a very small amplitude. Using point masses that are located near the sources of the laser rays and observing their movements we can in principle detect the waves. Making lots of such experiments which create artificial sources of gravitational waves at a large set of points, we get data analogous to "boundary distance functions", see e.g. [44], on the Lorentzian manifold. Then we ask, is it possible to use this data to determine the metric up to a conformal deformation in the portion of the space time bordered by the possible event horizons.

For sake of mathematical simplicity, we consider next the Einsteinscalar field equations instead of Maxwell-Einstein equations and replace the laser rays by gravitational and scalar field waves, in fact four waves having only C^k-regularity with some finite k.

1.3.2. Inverse problems for non-linear wave equations. Many physical models lead to non-linear differential equations. In small perturbations, these equations can be approximated by linear equations, and most of the previous results on hyperbolic inverse problem concern with these linear models. Moreover, the existing uniqueness results are limited to the time-independent or real-analytic coefficients [2, 7, 8, 23, 44] as these results are based on Tataru’s unique continuation principle [83, 84]. Such unique continuation results have been shown to fail for general metric tensors with are not analytic the time variable [1]. Even some linear inverse problem are not uniquely solvable. In fact, the counterexamples for these problems have been used in the so-called transformation optics. This has led to models for fixed frequency invisibility cloaks, see e.g. [31, 30, 32] and references therein. These applications give one more motivation to study inverse problems for non-linear equations.

1.3.3. Einstein equations. In the following, the Einstein tensor of a Lorentzian metric g = g_{jk}(x) of type (−, +, +, +) on a 4-dimensional manifold M is

Ein_{jk}(g) = Ric_{jk}(g) − 1 2 (tr Ric(g))g_{jk} = Ric_{jk}(g) − 1 2 (g^{pq} Ric_{pq}(g))g_{jk}. Here, Ric_{pq}(g) is the Ricci curvature of the metric g, tr Ric(g) = g^{pq} Ric_{pq}(g) is equal to the scalar curvature of g. We define the divergence of a 2- covariant tensor T_{jk} to be in local coordinates (div_gT )_k = ∇_n(g^{nj}T_{jk}).

Let us consider the Einstein equation in presence of matter,

Ein_{jk}(g) = T_{jk}, (3) div_gT = 0, (4) for a Lorentzian metric g and a stress-energy tensor T related to the distribution of mass and energy. We will consider g which is a small perturbation of some unknown background metric ^g and the stressenergy tensor T which is a perturbation of an unknown background stress-energy tensor ^T . We recall the essential fact that when (3) has solutions, then due to the Bianchi’s identity div_g(Ein(g)) = 0 and thus the equation (4) follows automatically. Equation (4) is called the conservation law for the stress-energy tensor.

1.3.4. Global hyperbolicity and the domain of influence K. Recall that a Lorentzian metric g_1 dominates the metric g_2, if all vectors ξ that are light-like or time-like with respect to the metric g_2 are time-like with respect to the metric g_1, and in this case we denote g_2 < g_1. Let (M, ^g) be a C^∞-smooth globally hyperbolic Lorentzian manifold. By [27] it holds that there is a Lorentzian metric ~g such that (M, ~g) is globally hyperbolic and ^g < ~g. Note that one can assume that the metric ~g is smooth (see Appendix C on details). We use the positive definite Riemannian metric ^g^+ to define norms in the spaces C^k_b (M) of functions with bounded k derivatives, sometimes denoted also by C^k_b (M; ^g^+) and the Sobolev spaces H^s(M).

By [12], the globally hyperbolic manifold (M, ~g) has an isometry Φ to the smooth product manifold (R ×N, ~h), where N is a 3-dimensional manifold and the metric ~h can be written as ~h = −β(t, y)dt^2 + h(t, y) where β : R × N → (0, ∞) is a smooth function and h(t, · ) is a Riemannian metric on N depending smoothly on t ∈ R, and the submanifolds {t^′} × N are C^∞-smooth Cauchy surfaces for all t^′ ∈ R. We define smooth time function t : M → R by setting t(x) = t if Φ(x) ∈ {t}×N. Let us next identify these isometric manifolds, that is, we denote M = R × N. Then S_t = {x ∈ M; t(x) = t} are space-like Cauchy surfaces also for ~g and for all metrics g for which g < ~g.

For t ∈ R, let M(t) = (−∞, t) × N. Let t_1 > t_0 > 0 and denote M_1 = M(t_1) and M_0 = M(t_0). When ^p^− ∈ M_0 and j ∈ {0, 1}, it follows from by [5, Cor. A.5.4] that J^+_{~g} (^p^−) ∩ M(t_j ) is compact. We denote below

K_j := J^+_{~g} (^p^−) ∩ M(t_j ). (5) As ^g < ~g, we see that there exists ε_0 > 0 such that if ‖g −^g‖_C0_{b (M1;^g}+_) < ε_0, then g|_{K1} < ~g|_{K1} , and in particular, we have J^+_g (p) ∩ M_1 ⊂ K_1 for all p ∈ K_1. Next we consider in particular the manifold M_0 and denote K_0 = K.

1.3.5. Reduced Einstein tensor. Let t_1 > t_0 > t_{−1} = 0 and g^′ be a metric on M(t_1) that coincide with ^g in M(t_{−1}) and assume that g^′ satisfies the Einstein equation Ein(g^′) = T^′ on M(t_1). If g^′ is a small perturbation of ^g in a suitable sense (see Appendix A), there is a diffeomorphism f : M(t_1) → f(M(t_1)) ⊂ M that is a (g^′, ^g)-wave map f : M(t_1) → M, see (158)-(158) in Appendix A, and satisfies M(t_0) ⊂ f(M(t_1)). The wave map has the property that Ein(f_∗g^′) = Ein_{^g}(f_∗g^′), where Ein_{^g}(g) is the the ^g-reduced Einstein tensor, given by formula (153) in Appendix A, and has the form

(Ein_{^g}g)_{pq} = − 1 2 g^{jk} ^∇_j ^∇_kg_{pq} + 1 4 (g^{nm}g^{jk} ^∇_j ^∇_kg_{nm})g_{pq} + P_{pq}(g, ^∇g), and ^∇_j is the covariant differentation with respect to the metric ^g and P_{pq} is polynomial of g_{nm}, g^{nm}, ^∇_j g_{nm}, ^∇_jg^{nm}, ^g_{nm}, ^g^{nm}, and the curvature ^R_{jklm} of ^g. Using this map f, the tensors g = f_∗g^′ and T = f_∗T^′ satisfy the Einstein equations Ein(g) = T on M(t_0). Moreover, as f is a wave map, the Einstein equation for g can be written as the ^g-reduced Einstein equations, that is,

Ein_{^g}(g) = T on M(t_0). (6) In the literature, the above is often stated by saying that the reduced Einstein equation (6) is the Einstein equations written with the wavegauge corresponding to the metric ^g. The equation (6) is a quasi-linear hyperbolic system of equations. We emphasize that a solution of the reduced Einstein equation can be a solution of the original Einstein equation only if the stress energy tensor satisfies the conservation law ∇^g_j T^{jk} = 0. Summarizing the above, when g is close to ^g and satisfies the Einstein equation, by changing the coordinates appropriately (or physically stated, choosing the correct gauge), the metric tensor g satisfies the ^g-reduced Einstein equation. Next we formulate a direct problem for the ^g-reduced Einstein equations.

1.3.6. Motivation for the direct problem. We consider metric and physical fields informally on a Lorentzian manifold (M, g). We aim to study an inverse problem with active measurements. As measurements can not be implemented in Vacuum, we have to add matter fields in the model. Since matter fields and the metric tensor have to satisfy a standard conservation law, we add in the model two types of matter fields. In fact, we will start with the standard coupled system of the Einstein equation and scalar filed equations with some sources F_1 and F_2, namely

Ein_{^g}(g) = T_{jk}(g, ϕ) + F_1, in M, (7) T_{jk}(g, ϕ) = L∑ ℓ=1 (∂_jϕ_ℓ ∂_kϕ_ℓ − 1 2 g_{jk}g^{pq}∂_pϕ_ℓ ∂_qϕ_ℓ − 1 2 mϕ^2_ℓ g_{jk}), □_gϕ_ℓ − mϕ_ℓ = F_2, ℓ = 1, 2, 3, . . . , L, and make the source term F_1 correspond to fluids (or fluid fields) consisting of particles which energy and moment vectors are controlled and make F_2 to adapt the changes of g, ϕ, and F_1 so that the standard conservation law is satisfied. Note that above we could assume that masses m_ℓ of the fields ϕ_ℓ depend on ℓ, but for simplicity we have assumed that m_ℓ = m.

By an active measurement we mean a model where we can control some of these fields and the other fields adapt to the changes of all fields so that the conservation law holds. Roughly speaking, we can consider measurement devices as a complicated process that changes one energy form to other forms of energy, like a system of explosives that transform some potential energy to kinetic energy. This process creates a perturbation of the metric and the matter fields that we observe in a subset of the space time. In this paper, our aim is not to consider a physically realistic example but a mathematical model that can be rigorously analyzed.

To motivate such a model, we start with a non-rigorous discussion. Following [13, Ch. III, Sect. 6.4, 7.1, 7.2, 7.3] and [3, p. 36] we start by considering the Lagrangians, associated to gravity, scalar fields ϕ = (ϕ_ℓ)^L_{ℓ=1} and non-interacting fluid fields, that is, the number density four-currents n = (n^κ)^J_{κ=1} (where each n^κ is a co-vector, see [3, p. 33]). We also add in to the model a Lagrangian associated with some scalar valued source fields S = (S_ℓ)^L_{ℓ=1} and Q = (Q_k)^K_{k=1}. We consider action corresponding to the coupled Lagrangian A = ∫ M ( L_{grav}(x) + L_{fields}(x) + L_{source}(x) ) dV_g(x), L_{grav} = R(g), L_{fields} = L∑ ℓ=1 ( g^{jk}∂_j ϕ_ℓ ∂_kϕ_ℓ − V(ϕ_ℓ; S_ℓ) ) + g^{jk}( J∑ κ=1 n^κ_j n^κ_k ), L_{source} = εH_ε(g, S, Q, n, ϕ), where R(g) is the scalar curvature, dV_g = (−detg)^{1/2}dx is the volume form on (M, g),

V(ϕ_ℓ; S_ℓ) = 1 2 (m − 1)ϕ^2_ℓ + 1 2 (ϕ_ℓ − S_ℓ)^2 (8) are energy potentials of the scalar fields ϕ_ℓ that depend on S_ℓ, and H_ε(g, S, Q, n, ϕ) is a function modeling the measurement device we use. We assume that H_ε is bounded and its derivatives with respect to S, Q, n are very large (like of order O((ε)^{−2})) and its derivatives with respect of g and ϕ are bounded when ε > 0 is small. We note that the above Lagrangian for the fluid fields is the sum of the single fluid Lagrangians where for all fluids the master function Λ is the identity function, that is, the energy density of each fluid is given by ρ = −Λ(n^2) = −n^2, n^2 = g^{jk}n_j n_k. Note that here n is a time-like vector or zero and thus ρ is non-negative. On fluid Lagrangians, see the discussions in [3, p. 33-37], [13, Ch. III, Sect. 8] and [85] and [24, p. 196].

When we compute the critical points of the Lagrangian L and neglect the O(ε)-terms, the equation^{δA}_{δg} = 0 gives the Einstein equation with a stress-energy tensor T_{jk} defined below, see (9), the equation^{δA}_{δϕ} = 0 gives the wave equations with sources S_ℓ. We assume that O(ε^{−1}) order equations obtained from the equation (^{δA}_{δS} ,^{δA}_{δQ} ,^{δA}_{δn} ) = 0 fix the values of the scalar functions Q, the tensor P = J∑ κ=1 n^κ_j n^κ_k dx^j ⊗ dx^k

and yields for the sources S = (S_ℓ)^L_{ℓ=1} equations of the form S_ℓ = S_ℓ(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g). The function H_ε models the way the measurement device works. Due to this we will assume that H_ε and thus functions S_ℓ may be quite complicated. The interpretation of the above is that in each measurement event we use a device that fixes the values of the scalar functions Q and the tensor P and gives the equations S = S(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g) that tell how the sources of the ϕ-fields adapt to these changes so that the physical conservation laws are satisfied.

Now we stop the non-rigorous discussion (where the O(ε) terms were neglected).

1.3.7. Formulation of the direct problem. To start the rigorous analysis, let us define some physical fields and introduce a model as a system of partial differential equations (that hold at a critical point of the above Lagrangian L).

We assume that there are C^∞-background fields ^g, ^ϕ, ^Q, and ^P on M. We also fix a smooth metric ~g that is a globally hyperbolic metric on M such that ^g < ~g and make the the identification M = R × N where {t} × N are Cauchy surfaces for ~g. Moreover, we fix t_0 > 0 and a point ^p^− ∈ (0, t_0) × N and denote M_0 = M(t_0) = (−∞, t_0) × N.

Let P = P_{jk}(x)dx^j dx^k be a symmetric tensor on M_0, corresponding below to a direct perturbation to the stress energy tensor, and Q = (Q_ℓ(x))^K_{ℓ=1} where Q_ℓ(x) are real-valued functions on M_0. Also, we consider a Lorentzian metric g on M_0 and ϕ = (ϕ_ℓ)^L_{ℓ=1} where ϕ_ℓ are scalar fields on M_0, L ≤ K − 1. The potentials of the fields ϕ_ℓ are V(ϕ_ℓ; S_ℓ) given in (8). The way how S_ℓ, called below the adaptive source functions, depend on other fields is explained later.

Using the ϕ and P fields, we define the stress-energy tensor T_{jk} = L∑ ℓ=1 (∂_j ϕ_ℓ ∂_kϕ_ℓ − 1 2 g_{jk}g^{pq}∂_pϕ_ℓ ∂_qϕ_ℓ − V(ϕ_ℓ; S_ℓ)g_{jk}) + P_{jk}. (9) Below, we introduce the notation P_{jk} = P_{jk} − L∑ ℓ=1 1 2 S^2_ℓ g_{jk}. We assume that P − ^P and Q− ^Q are supported on K = J^+_{~g} (^p^−)∩M_0.

As we will see later, when P − ^P and Q − ^Q are small enough, in a suitable sense, and the intersection of their support and M_0 is contained in K, then g < ~g and g − ^g, considered as a function on M_0, is also supported in K.

Using (8) we can write the stress energy tensor (9) in the form T_{jk} = P_{jk} + Zg_{jk} + T_{jk}(g, ϕ), Z = L∑ ℓ=1 S_ℓϕ_ℓ,

T_{jk}(g, ϕ) = L∑ ℓ=1 (∂_j ϕ_ℓ ∂_kϕ_ℓ − 1 2 g_{jk}g^{pq}∂_pϕ_ℓ ∂_qϕ_ℓ − 1 2 mϕ^2_ℓ g_{jk}), where we call Z the stress energy density caused by sources S_ℓ.

Now we are ready to formulate the direct problem for the Einsteinscalar field equations. Let g and ϕ satisfy

Ein_{^g}(g) = P_{jk} + Zg_{jk} + T_{jk}(g, ϕ), Z = L∑ ℓ=1 S_ℓϕ_ℓ, in M_0,

(10)

□_gϕ_ℓ + V^′(ϕ_ℓ; S_ℓ) = 0 in M_0, ℓ = 1, 2, 3, . . . , L, S_ℓ = S_ℓ(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g), in M_0, g = ^g, ϕ_ℓ = ^ϕ_ℓ, in M_0 \ K. Above, V^′(ϕ; s) = ∂_ϕV(ϕ; s) so that V^′(ϕ_ℓ; S_ℓ) = mϕ_ℓ − S_ℓ. We assume that the background fields ^g, ^ϕ, ^Q, and ^P satisfy these equations.

We consider here P = (P_{jk})^4_{j,k=1} and Q = (Q_ℓ)^K_{ℓ=1} as fields that we can control. As mathematical idealization we will assume that the fields P − ^P and Q − ^Q are compactly supported. To obtain a physically meaningful model, we need to consider how the adaptive source functions S_ℓ should be chosen so that the physical conservation law in relativity,

∇_k(g^{kp}T_{pq}) = 0

(11)

is satisfied. Here ∇ = ∇^g is the connection corresponding to the metric g. We note that the conservation law is a necessary condition for the equation (10) to have solutions for which Ein_{^g}(g) = Ein(g), i.e., that the solutions of (10) are solutions of the Einstein field equations.

The functions S_ℓ(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g) model the devices that we use to perform active measurements. Thus, even though the Assumption S below may appear quite technical, this assumption can be viewed as the instructions on how to build a device that can be used to measure the structure of the space time far away. Outside the support of the measurement device (i.e. the union of the supports of Q and P ) we have just assumed that the standard coupled Einstein-scalar field equations hold, c.f. (12).

Throughout the paper we assume that the following assumption holds.

Assumption S. Throughout the paper we assume that the adaptive source functions S_ℓ(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g) have the following properties:

(i) Denoting c = ∇^gϕ, C = ∇^gP , and H = ∇^gQ, we assume that S_ℓ(ϕ, c, Q, H, P, C, g) are linear functions of (Q, H, P, C) and in particular satisfy S_ℓ(ϕ, c, 0, 0, 0, 0, g) = 0. (12)

We also assume that when (Q_ℓ)^K_{ℓ=1} and (P_{jk})_{j,k=1}4 are sufficiently close to ( ^Q_ℓ)^K_{ℓ=1} and ( ^P_{jk})_{j,k=1}4 , respectively, and ϕ and g are sufficiently close in the C^1-topology to the background fields ^g and ^ϕ then the adaptive source function S_ℓ(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g) at x ∈ M_0 is a smooth function of the pointwise values ϕ(x), ∇^gϕ(x), Q(x), ∇^gQ(x), P (x), ∇^gP (x) and g_{jk}(x).

(ii) Q_K = Z, that is, one of the physical fields we directly control is the density Z of the stress energy tensor caused by the source fields.

(iii) We assume that S_ℓ is independent of P (x) and the dependency of S on ∇^gP and ∇^gQ is only due to the dependency in the term g^{pk}∇^g_p(P_{jk} + Zg_{jk}) = g^{pk}∇^g_pP_{jk} + ∇^g_j Q_K , associated to the divergence of the perturbation of T , that is, there exist functions ~S_ℓ so that S_ℓ(ϕ, c, Q, H, P, C, g) = ~S_ℓ(ϕ, c, Q, R, g), R = (g^{pk}∇^g_p(P_{jk} + Q_K g_{jk}))^4_{j=1}. Let ^R = ^g^{pk} ^∇_p ^P_{jk}+ ^∇_j ^Q_K . Moreover, we assume that for all x ∈ U_{^g} the derivative of ~S(^ϕ, ^∇^ϕ, Q, R, ^g) = ( ~S_ℓ(^ϕ, ^∇^ϕ, Q, R, ^g)^L_{ℓ=1} with respect to Q and R, that is, the map D_{Q,R} ~S(^ϕ, ^∇^ϕ, Q, R, ^g)|_{Q= ^Q,R= ^R} : R^{K+4} → R^L (13)

is surjective.

(iv) We assume that the adaptive source functions S_ℓ are such that if g, ϕ satisfy (10) with any (Q_ℓ)^K_{ℓ=1} and (P_{jk}) that are sufficiently close to ^Q and ^P in C^5-topology then the conservation law (11) is valid.

Notice that as sources are small, we need to consider only local existence of solutions, see Appendix C. Above, the assumptions on the smoothness of the sources and solutions are far from optimal. For the local existence results, see [51, 53, 54, 78]. The global existence results are considered e.g. in [16, 17, 58, 59].

Below, expect in Corollary 1.6, we will consider the case when ^Q = 0 and ^P = 0. This implies that for the background fields that adaptive source functions S_ℓ vanish.

Below we will denote Q = (Q^′, Q_K ), Q^′ = (Q_ℓ)^{K−1}_{ℓ=1} . There are examples when the background fields (^g, ^ϕ) and the adaptive source functions S_ℓ(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g) exists and satisfy the Assumption

S. This is shown in Appendix B in the case the following condition is valid for the background fields:

Condition A: Assume that at any x ∈ ^U there is a permutation σ : {1, 2, . . . , L} → {1, 2, . . . , L}, denoted σ_x, such that the 5×5 matrix [B^σ_{jk}(^ϕ(x), ∇^ϕ(x))]_{j,k≤5} is invertible, where [B^σ_{jk}(ϕ(x), ∇ϕ(x))]_{k,j≤5} = [ ( ∂_jϕ_{σ(ℓ)}(x))_{ℓ≤5, j≤4} (ϕ_{σ(ℓ)}(x))_{ℓ≤5} ] .

1.3.8. Inverse problem for the reduced Einstein equations. Let us next define the measurements precisely.

Let ^μ : [−1, 1] → M_0 be a freely falling observer of (M_0, ^g) and z_0 = ^μ(s_{−2}) and η_0 = ∂_s ^μ(s_{−2}). We assume that z_0 ∈ (−∞, 0) × N and ^g(η_0, η_0) = −1.

We will consider Lorentzian metrics g on M_0 = (−∞, t_0) × N, t_0 > 0 that is sufficiently close in C^2_b (M_0) to ^g and coincides with ^g in (−∞, 0) × N. For the metric g we will use the notations of an open set U_g, freely falling observers μ_g and μ_{g,z,η} with (z, η) ∈ U_{z0,η0} , and numbers −1 < s_{−2} < s_{−1} = s_− < s_{+1} = s_+ < s_{+2} < 1, that are defined near the formula (2), with ^h being small enough and independent of g and so that the set U_{z0,η0} (^h) ⊂ (−∞, 0) × N is the same for all metric tensors g that we consider. We assume also that ^p^− = ^μ(s_−) ∈ (0, t_0) × N.

Let μ_{g,z,η} : [−1, 1] → M_0 be geodesics such that μ_{g,z,η}(s_{−2}) = z and ∂_sμ_{g,z,η}(s_{−2}) = η. Then for μ_g := μ_{g,z0,η0} we have μ_g(s) = μ_{^g}(s) for all s ≤ s_{−1} and μ_{^g} = ^μ. Moreover, we denote ^p^− = ^μ(s_−) and ^p^+ = ^μ(s_+). We assume that ^h used to define U_{z0,η0} (^h) is independent of the metric and that it is so small that π(U_{z0,η0} (^h)) ⊂ (−∞, t_0) × N.

We note that when g is close enough the ^g in the space C^2_{loc}(M_0), for all (z, η) ∈ U_{z0,η0} (^h) we have μ_{g,z,η}([s_{−2}, s_{+2}]) ⊂ U_g, μ_{g,z,η}(s_{−2}) ∈ I^−_g (μ_g(s_−)), and μ_{g,z,η}(s_{+2}) ∈ I^+_g (μ_g(s_+)).

Moreover, for r > 0 let

W_g(r) = ⋃ s_−<s<s_+−r I_{M,g}(μ_g(s), μ_g(s + r)) (14)

and let r_0 ∈ (0, 1) be so small that W_{^g}(2r_0) ⊂ U_{^g}. We denote next W_g = W_g(r_0).

Let us use causal Fermi-type coordinates: Let Z_j (s), j = 1, 2, 3, 4 be a parallel frame of linearly independent time-like vectors on μ_g(s) such that Z_1(s) = μ̇_g(s). Let Φ_g : (t_j )^4_{j=1} → exp_{μg (t1)}(

∑_4 j=2 t_j Z_j(t_1)).

We assume that r_0 > 0 used above is so small that Ψ_{^g} = Φ^{−1}_{^g} defines coordinates in W_{^g}(2r_0). Then, when g is sufficiently close to ^g in the

C^2_b -topology, Ψ_g = Φ^{−1}_g defines coordinates in W_g(2r_0) that we call the Fermi-type coordinates. We define the norm-like functions

N^{(k)}_{^g} (g) = ‖(Ψ_g)_∗g − (Ψ_{^g})_∗^g)‖_Ck_{(Ψ^g (W^g ))},

N^{(k)}(F ) = ‖(Ψ_g)_∗F ‖_{Ck(Ψ^g (W^g ))},

where k ∈ N, that measures the C^k distance of g from ^g and F from zero in a Fermi-type coordinates. As we have assumed that the background metric ^g and the field ^ϕ are C^∞-smooth, we can consider as smooth sources as we wish. Thus, for clarity, we use below smoothness assumptions on sources that are far from the optimal ones.

Let us define (recall that here ^Q = 0 and ^P = 0) the source-to-observation 4-tuples corresponding to measurements in U_g with sources F = (P, Q) supported in U_g. We define

D(^g, ^ϕ, ε) = {[(U_g, g|_{Ug} , ϕ|_{Ug} , F |_{Ug} )] ; (g, ϕ, F ) are smooth solutions of (10) with F = (P, Q), F ∈ C^∞_0 (W_g; B^K ),

(15)

J^+_g (supp (F )) ∩ J^−_g (supp (F )) ⊂ W_g, N^{(16)}(F ) < ε, N^{(16)}_{^g} (g) < ε}.

Above, the sources F are considered as sections of the bundle B^K , where B^K is a vector bundle on M that is the product bundle of the bundle symmetric (2, 0)-tensors and the trivial vector bundle with the fiber R^K . Above, [(U_g, g, ϕ, F )] denotes equivalence class of all Lorenztian manifolds (U^′, g^′) and functions ϕ^′ = (ϕ^′_ℓ)^L_{ℓ=1} and the tensors F^′ defined on C^∞-smooth manifold U^′, such that there is C^∞-smooth diffeomorphism Ψ : U^′ → U_g satisfying Ψ_∗g^′ = g, Ψ_∗ϕ^′_ℓ = ϕ_ℓ and Ψ_∗F = F .

Note that as [(U_{^g}, ^g, ^ϕ, 0)] is the intersection of all collections D(^g, ^ϕ, ε), ε > 0, we see that the collection D(^g, ^ϕ, ε) determines the isometry type of (U_{^g}, ^g). Our goal is to prove the following result:

Theorem 1.4. Let (M_j , ^g_j), j = 1, 2 be two open, C^∞-smooth, globally hyperbolic Lorentzian manifolds and ^ϕ^{(j)}, j = 1, 2 be background values of the scalar fields on these manifolds, and let S_ℓ be the adaptive source functions satisfying (12) and Assumption S, and assume that background source fields vanish, ^P^{(j)} = 0 and ^Q^{(j)} = 0.

Let μ_{^gj} : [−1, 1] → M_j be freely falling observers on (M_j , ^g_j) and U_{^gj} be the open sets defined by formula (2), and ^p^±_j = μ_{^gj} (s_±).

Assume that there is a C^{17}-isometry Ψ_0 : (U_{^g1} , ^g_1) → (U_{^g2} , ^g_2). We identify these isometric sets and denote ^U = U_{^g1} = U_{^g2} , ^g|_{^U} = ^g_1|_{U^g1} = ^g_2|_{U^g2} .

Let ε > 0 and assume that source-to-observation 4-tuples D(^g_j, ^ϕ^{(j)}, ε) for the manifolds (M_j, ^g_j) and fields ^ϕ^{(j)} satisfy

D(^g_1, ^ϕ^{(1)}, ε) = D(^g_2, ^ϕ^{(2)}, ε).

(16)

Then there is a diffeomorphism Ψ : I_{M1,^g1} (^p^−_1 , ^p^+_1 ) → I_{M2,^g2} (^p^−_2 , ^p^+_2 ), and the metric Ψ^∗^g_2 is conformal to ^g_1 in I_{M1,^g1} (^p^−_1 , ^p^+_1 ).

Note that above we have assumed that the adaptive source functions S_ℓ are the same on (M_1, ^g_1) and (M_2, ^g_2).

Recall that above I_{M1,^g1} (^p^−_1 , ^p^+_1 ) = I^+_{M1,^g1} (^p^−_1 ) ∩ I^−_{M1,^g1} (^p^+_1 ). The measurements in Theorem 1.4 provides a subset of all possible sources (F_1, F_2) for equations (7). Thus, as we see later, using Theorem 1.4 we can prove the following result where we assume that we have information on measurements with a larger class of sources than was used in Theorem 1.4:

Theorem 1.5. Assume that (M, ^g) is a globally hyperbolic manifold, and that in the open set U_{^g} the Condition A is valid. Assume that we given the set D^{alt}(^g, ^ϕ, ε) of the the equivalence classes [(U_g, g|_{Ug} , ϕ|_{Ug} , F|_{Ug} )] where g and ϕ and F = (F_1, F_2) satisfy the equations (7), the conservation law ∇^g_j (T^{jk}(g, ϕ) + F^{jk}_1 ) = 0, the sources F_1 and F_2 are supported in U_g, and satisfy N^{(15)}(F) < ε and N^{(15)}_{^g} (g) < ε. Then these data determine the conformal type of ^g in I_{M,^g}(^p^−, ^p^+).

The above result means that if the manifold (M_0, ^g) is unknown, then the source-to-observation pairs corresponding to freely falling sources which are near the freely falling observer μ_{^g} and the measurements of the metric tensor and the scalar fields in a neighborhood U_{^g} of μ_{^g}, determine the metric tensor up to conformal transformation in the set I_{M0,^g}(^p^−, ^p^+). We want to point out that by the main theorem, if we have two nonisometric space times, a generic measurement gives different results on these manifolds. In particular, this implies that the perfect space-time cloaking, see [25, 61], with a smooth metric in a globally hyperbolic universe is not possible.

Also, one can ask if one can make an approximative image of the space-time knowing only one measurement. In general, in many inverse problems several measurements can be packed together to one measurement. For instance, for the wave equation with a time-independent simple metric this is done in [35]. Similarly, Theorem 1.4 and its proof make it possible to do approximate reconstructions in a suitable class of manifolds with only one measurement. We will discuss this in detail in forthcoming articles.

Using Theorem 1.4 we will show that the metric tensor can be determined in the domain which can be connected to a measurement set with light-like geodesics through vacuum.

Below, we consider the case when ^Q and ^P are non-zero, and we define D^{mod}(^g, ^ϕ, ε) = {[(U_g, g|_{Ug} , ϕ|_{Ug} , F |_{Ug} )] ; (g, ϕ, F ) are smooth solutions, of (10) with F = (P − ^P , Q − ^Q), F ∈ C^∞_0 (W_g; B^K ),

J^+_g (supp (F )) ∩ J^−_g (supp (F )) ⊂ W_g, N^{(16)}(F ) < ε, N^{(16)}_{^g} (g) < ε}.

Next we consider the case when ^Q^{(j)} and ^P^{(j)} are not assumed to be zero, see Fig. 4.

Corollary 1.6. Assume that M_j , ^g_j, ^ϕ^{(j)}, j = 1, 2 and Ψ_0 are as in Theorem 1.4 and (16) is not assumed to be valid. Assume that also that for j = 1, 2 there are sets W_j ⊂ M_j such that ^ϕ^{(j)}, ^Q^{(j)} and ^P^{(j)} are zero (and thus the metric tensors ^g_j have vanishing Ricci curvature) in W_j and that I_{^gj} (^p^−_j , ^p^+_j ) ⊂ W_j ∪ U_{^g}. If

D^{mod}(^g^{(1)}, ^ϕ^{(1)}, ε) = D^{mod}(^g^{(2)}, ^ϕ^{(2)}, ε)

then the metric Ψ^∗^g_2 is isometric to ^g_1 in I_{^g1} (^p^−_1 , ^p^+_1 ).

In the setting of Corollary 1.6 the set W is such I(^p^−, ^p^+)∩(M \W ) ⊂ U. This means that if we restrict to the domain I(^p^−, ^p^+) then we have Vacuum Einstein equations in the unknown domain I(^p^−, ^p^+) \ U and have matter only in the domain U where we implement our measurement (c.f. a space ship going around in a system of black holes). This could be considered as an "Inverse problem for the vacuum Einstein equations".

Example 3: Consider a black hole modeled by a Schwarzschild metric in (R^3 \ {0}) × R with the event horizon ∂B(R) × R, B(R) = {y ∈ R^3 : |y| = R}, and add to the stress energy tensor the (small) effect caused by the "space ship" doing the measurements. By Theorem 1.4 the measurements in U = (R^3 \ B(r)) × R with any r > R determines uniquely the metric outside the event horizon, that is, in W = (R^3 \ B(R)) × R. Physically a more interesting example could be obtained by considering several black holes or by adding matter to the system.

We note the techniques used to prove Theorem 1.4 are suitable for studying other equations, e.g. Einstein-Maxwell system, where strong electromagnetic waves and the gravitational field have an interaction. However, we do not study these equations in this paper.

PSfrag replacements

Figure 4. A schematic figure where the space-time is represented as the 2-dimensional set R^{1+1} on the setting in Corollary 1.6. The set J_{^g}(^p^−, ^p^+), i.e., the diamond with the black boundary, is contained in the union of the blue set U_{^g} and the set W . The set W is in the figure the area outside of the green curves. The sources are controlled in the set U_{^g} \ W and the set W consists of vacuum.

2. Proofs for inverse problem for light observation sets

2.1. Notations and definitions. A smooth n-dimensional manifold with smooth Lorentzian, type (1, n − 1) metric g has a causal structure, if there is a globally defined smooth vector field X_c such that g(X_c(y), X_c(y)) < 0 for all y ∈ M. We say that a piecewise smooth path α(t) is time-like if g(α̇(t), α̇(t)) < 0 for almost every t. Also, a piecewise smooth path α(t) is causal (or non-space-like) if α̇(t) ≠ 0 and g(α̇(t), α̇(t)) ≤ 0 for almost every t.

By [11], a globally hyperbolic manifold, as defined in the introduction, satisfies the strong causality condition:

For every z ∈ M and every neighborhood V ⊂ M of z there is

(17)

a neighborhood V^′ ⊂ M of z that if x, y ∈ V^′ and α ⊂ M is a causal path connecting x to y then α ⊂ V .

Recall that g^+ is a Riemannian metric determined by a Lorentzian metric g on M. In the following, for open V ⊂ M, denote T V = {(x, ξ) ∈ T M : x ∈ V } and S^{g+} V = {(x, ξ) ∈ T M; x ∈ V, ‖ξ‖_g+ = 1}. The metric g^+ on M induces a Sasaki metric on T M which we denote by g^+, too.

In the next sections, g will be fixed and we denote U = U_g, J^±_g (x) = J^±(x), etc. Let us next define the earliest observation functions on a geodesic γ_{g,z,η}, (z, η) ∈ U_{z0,η0} . If V ⊂ T U and W = π(V ) ⊂ U are such that μ_{g,z,η} ∩ W ≠ ∅, we define s_{z,η}(W ) = inf{s ∈ [−1, 1]; μ_{g,z,η}(s) ∩ W } and E_{z,η}(V ) = {(x, ξ) ∈ cl (V ); x = μ_{g,z,η}(s_{z,η}(π(V )))}, (18)

e_{z,η}(V ) = π(E_{z,η}(V )), e_{z,η}(W ) = {x ∈ cl (W ); x = μ_{g,z,η}(s_{z,η}(W ))}, where cl (V ) denotes the closure of V . Moreover, we denote E_{z,η}(q) = E_{z,η}(O_U (q)), P_{z,η}(q) = e_{z,η}(O_U (q)).

Finally,^♭ : T M → T^∗M is the lowering index operator by the metric tensor (a^{j ∂}_{∂xj} )^♭ = g_{jk}a^j dx^k and^♯ : T^∗M → T M its inverse.

2.2. Determination of the conformal class of the metric.

Lemma 2.1. Let z ∈ M. Then there is a neighborhood V of z so that (i) If the geodesics γ_{y,η}([0, s]) ⊂ V and γ_{y,η}′ ([0, s^′]) ⊂ V , s, s^′ > 0 satisfy γ_{y,η}(s) = γ_{y,η}′ (s^′), then η = cη^′ and s^′ = cs with some c > 0. (ii) For any y ∈ V , η ∈ T_yM \ 0 there is s > 0 such that γ_{x,η}(s) ∉ V .

Proof. The property (i) follows from [71, Prop. 5.7]. Making s > 0 so small that V ⊂ B_g+ (z, ρ) with a sufficiently small ρ, the claim (ii) from [71, Lem. 14.13]. □

Let q^−, q^+ ∈ M. As M is globally hyperbolic, the set J(q^−, q^+) = J^−(q^+) ∩ J^+(q^−) is compact.

Let us consider points x, y ∈ M. If x < y, we define the time separation function τ(x, y) ∈ [0, ∞) from x to y to be the supremum of the lengths L(α) = ∫_1 0 √ −g(α̇(s), α̇(s)) ds of the piecewise smooth causal paths α : [0, 1] → M from x to y. If the condition x < y does not hold, we define τ(x, y) = 0. We note that τ(x, y) satisfies the reverse triangle inequality τ(x, y) + τ(y, z) ≤ τ(x, z) for x ≤ y ≤ z. (19)

As M is globally hyperbolic, the time separation function (x, y) → τ(x, y) is continuous in M × M by [71, Lem. 14.21].

Let us consider points x, y ∈ M, x < y. As the set J(x, y) it compact, by [71, Prop. 14.19] the points x and y can be connected by a causal geodesic whose length is τ(x, y). In particular, this implies that if y can be connected to x with a causal path which is not a light-like geodesic then τ(x, y) > 0, see [71, Prop. 10.46].

The above facts can be combined as follows: consider a path which is the union of the future going light-like geodesics γ_{x1,θ1} ([0, t_1]) ⊂ M and γ_{x2,θ2} ([0, t_2]) ⊂ M, where x_2 = γ_{x1,θ1} (t_1) and t_1, t_2 > 0. Let ζ = γ̇_{x1,θ1} (t_1) and x_3 = γ_{x2,θ2} (t_2). Then, if there are no c > 0 such that ζ = cθ_2, the union of these geodesic is not a light-like geodesics and thus τ(x_1, x_3) > 0. In particular, then there exists a time-like geodesic from x_1 to x_3. In the following we call this kind of argument for a union of light-like geodesics a short-cut argument.

When (x, ξ) is a light-like vector, we define T (x, ξ) to be the length of the maximal interval on which γ_{x,ξ} : [0, T (x, ξ)) → M is defined.

When (x, ξ_+) is a future pointing light-like vector, and (x, ξ_−) is a past pointing light-like vector, we define the modified cut locus functions, c.f. [6, Def. 9.32], ρ(x, ξ_±) = ρ_g(x, ξ_±), ρ(x, ξ_+) = sup{s ∈ [0, T (x, ξ)) : τ(x, γ_{x,ξ+} (s)) = 0}, (20) ρ(x, ξ_−) = sup{s ∈ [0, T (x, ξ)) : τ(γ_{x,ξ−} (s), x) = 0}. The point γ_{x,ξ}(s)|_{s=ρ(x,ξ)} is called the cut point on the geodesic γ_{x,ξ}. Below, we say that s = ρ(x, ξ) is a cut value on γ_{x,ξ}([0, a]).

By [6, Thm. 9.33], the function ρ(x, ξ) is lower semi-continuous on a globally hyperbolic Lorentzian manifold (M, g). We note that by [6, Thm. 9.15], a cut point γ_{x,ξ}(s)|_{s=ρ(x,ξ)} is either a conjugate point or a null cut point, that is, an intersection point of two light geodesics starting from the point x. Note that by [6, Cor. 10.73] the infimum of the null cut points is smaller or equal to the first null conjugate point.

Let p^± = μ_g(s_±). By [71, Lem. 14.3], the set I(p^−, p^+) = I^−(p^+) ∩ I^+(p^−) is open. We need the following first observation time function f^+_μ .

Recall that by formula (1), p^± = μ_g(s_±) satisfy p^± ∈ I^∓(μ_{g,z,η}(s_{±2})) for all z, η ∈ U_{z0,η0} .

Definition 2.2. Let μ = μ_{g,z,η}, z, η ∈ U_{z0,η0} . For x ∈ J^−(p^+) \ I^−(p^−) we define f^+_μ (x) ∈ [−1, 1] by setting

h_+(s) = τ(x, μ(s)), A^+_μ (x) = {s ∈ (−1, 1) : h_+(s) > 0} ∪ {1}, f^+_μ (x) = inf A^+_μ (x).

Similarly, for x ∈ J^+(p^−) \ I^+(p^+) we define f^−_μ (x) ∈ [−1, 1] by setting h_−(s) = τ(μ(s), x), A^−_μ (x) = {s ∈ (−1, 1) : h_−(s) > 0} ∪ {−1}, f^−_μ (x) = sup A^−_μ (x).

We need the following simple properties of these functions.

Lemma 2.3. Let μ = μ_{z,η}, z, η ∈ U_{z0,η0} , and x ∈ J^−(p^+) \ I^−(p^−). Then (i) The function s → τ(μ(s), x) is non-decreasing on the interval s ∈ [−1, 1] and strictly increasing on s ∈ [f^+_μ (x), 1]. (ii) It holds that s_{−2} < f^+_μ (x) < s_{+2}.

(iii) Let y = μ(f^+_μ (x)). Then τ(x, y) = 0. Also, if x ∉ μ, there is a light-like geodesic γ([0, s]) in M from x to y with no conjugate points on γ([0, s)).

(iv) The map f^+_μ : J^−(p^+) \ I^−(p^−) → (−1, 1) is continuous.

(v) For q ∈ J^−(p^+)\I^−(p^−) the map F : U_{z0,η0} → R; F (z, η) = f^+_{μ(z,η)}(q) is continuous.

Note that above we consider also a single point path as a light-like geodesic.

Proof. (i) As μ is a time like-path, we have τ(μ(s), μ(s^′)) > 0 for s < s^′. When x ≤ μ(s) and s < s^′, the reverse triangle inequality (19) yields that τ(x, μ(s)) < τ(x, μ(s^′)). As τ(x, μ(t)) = 0 for t ≤ f^+_μ (x), (i) follows.

(ii) Recall that p^± ∈ I^∓(μ(s_{±2})) by (1). As x ∈ I^−(p^+), we see that τ(x, μ(s_{+2})) > 0 . Due to the global hyperbolicity, τ is continuous in M × M, see [71, Lem. 14.21]. Therefore, h_+(s) = τ(x, μ(s)) > 0 for some s < s_{+2} and we see that s_+ = f^+_μ (x) < s_{+2}.

Assume next that f^+_μ (x) ≤ s_{−2}. Since then h_+ is strictly increasing, we have h_+(s) = τ(x, μ(s)) > 0 for all s ∈ (s_{+2}, 1]. Let s_j > s_{−2} be such that s_j → s_{−2} as j → ∞ and h_+(s_j ) > 0, so that x < μ(s_j). As J^+(x) ∩ J^−(p^+) is closed, then x ≤ q_− = μ(s_{−2}) < p^−. This is not possible since x ∈ J^−(p^+) \ I^−(p^−). Thus (ii) is proven.

(iii) Let s^+_x = f^+_μ (x) and s^+_j < s^+_x be such that s^+_j → s^+_x as j → ∞. Then, τ(x, μ(s^+_j )) = 0 and by continuity of τ, τ(x, y) = 0. On the other hand, let s^+_j ∈ A_+(x) be such that s^+_j → s^+_x as j → ∞. Then x ≤ μ(s^+_j ), and by closedness of J^+(x) (see [71, Lem. 14.22]), x ≤ y = μ(s^+_x ). As x ∉ μ, x < y and by [71, Lem. 10.51] there is a light-like geodesic from x to y with no conjugate points before y. This proves (iii).

(iv) Assume that x_j → x in J^−(p^+) \ I^−(p^−) as j → ∞. Let s_j = f^+_μ (x_j ) and s = f^+_μ (x). As τ is continuous, for any ε > 0 we have lim_{j→∞} τ(x_j , μ(s + ε)) = τ(x, μ(s + ε)) > 0 and thus for j large enough x_j < μ(s + ε). Thus lim_{j→∞} s_j ≤ s. Assume next that lim inf_{j→∞} s_j = ~s < s and denote ε = τ(μ(~s), μ(s)) > 0. Then lim inf_{j→∞} τ(x_j , μ(s)) ≥ ε, and as τ is continuous in M × M, we obtain τ(x, μ(s)) ≥ ε, which is not possible as s = f^+_μ (x). Hence s_j → s as j → ∞. This proves (iv).

(v) Observe that as J^+(q) is a closed set, F (z, η) is equal to the smallest value s ∈ [−1, 1] such that μ_{z,η}(s) ∈ J^+(q). Let (z_j, η_j ) → (z, η) in (T M, g^+) as j → ∞ and s_j = F (z_j , η_j) and s = lim inf_{j→∞} s_j. As the map (z, η, s) → μ_{z,η}(s) is continuous, we see that for a suitable subsequence μ_{z,η}(s) = lim_{k→∞} μ_{zjk ,ηjk} (s_{jk} ) ∈ J^+(q) and hence F (z, η) ≤ s = lim inf_{j→∞} F (z_j , η_j). This shows that F is lower-semicontinuous.

On the other hand, let s = F (z, η). As μ_{z,η} is a time-like geodesic, we see that for any ε ∈ (0, 1 − s) we have τ(q, μ_{z,η}(s + ε)) > 0. As τ and the map (z, η, s) → μ_{z,η}(s) are continuous, we see that there is j_0 such that if j > j_0 then τ(q, μ_{zj ,ηj} (s + ε)) > 0. Hence, F (z_j, η_j ) ≤ s + ε. Thus lim sup_{j→∞} F (z_j , η_j) ≤ s + ε, and as ε > 0 can be chosen to be arbitrarily small, we have lim sup_{j→∞} F (z_j, η_j ) ≤ s = F (z, η). Thus F is also upper-semicontinuous that proves (v). □

Similarly, under the assumptions of Lemma 2.3, we see that if x^′ ∈ I^+(p^−) \ J^+(p^+) then the function s → τ(μ(s), x^′) is non-increasing on the interval s ∈ [−1, 1] and strictly decreasing on [−1, f^−_μ (x)]. In addition, for s_− = f^−_μ (x) we have τ(μ(s_−), x^′) = 0 and if x ∉ μ, there is a light-like geodesic from μ(s^−) to x^′. Moreover, f^−_μ : J^+(p^−) \ I^+(p^+) → R is continuous.

In the following, let us consider the light observation set O_U : q → O_U (q) as a map O_U : I^−(p^+) \ J^−(p^−) → P (L^+U).

Let q ∈ I^−(p^+) \ J^−(p^−) and μ = μ_{z,η}, (z, η) ∈ U_{z0,η0} . By Lemma 2.3 (iii), Z = O_U (q) ⊂ P (T U) is non-empty.

First, let us consider the case when q ∈ M \ μ. Then there is a sequence s_j ∈ A_−(q), s_j → f^+_μ (q) as j → ∞, and ζ_j ∈ S^{g+}_{zj} M, z_j = μ(s_j), such that (z_j , ζ_j) ∈ O_U (q). Then z_j converge in the metric of (M, g^+) to z_0 = μ(f^+_μ (q)) as j → ∞. As the set J^+(q) ∩ J^−(p^+) is closed, we see that q ≤ z_0. Moreover, we see as above that τ(q, z_0) = lim_{j→∞} τ(q, μ(s_j)) = 0. Hence there is a light-like geodesic γ_{q,θ}([0, l]) from q to z_0. Second, in the case when q ∈ μ we see that L^+_q M ⊂ O_U (q) and z_0 = μ(f^+_μ (q)) = q. These cases show that for any q ∈ M there are z_0 = μ(f^+_μ (q)) and ζ_0 ∈ L^+_{z0} M such that (z_0, ζ_0) ∈ O_U (q). Also, z_0 ∈ P_U (q).

Definition 2.4. Let μ = μ_{z,η}, (z, η) ∈ U_{z0,η0} and q ∈ I^−(p^+) \ J^−(p^−). We define the set of the earliest observations, c.f. (18),

E_U (q) = ⋃ (z,η)∈U_{z0,η0} E_{z,η}(q), and the map e_U : J(p^−, p^+) → P(U) given by e_U (q) = ⋃ (z,η)∈U_{z0,η0} ez,η(q), where e_{z,η}(q) = e_{z,η}(P_U (q)).

Above we have seen that z_0 = μ(f^+_μ (q)) ∈ P_U (q) ⊂ π(O_U (q)) satisfies τ(q, z_0) = 0 and on the other hand, τ(q, γ_{q,ξ}(s)) > 0 for s < ρ(q, ξ). Using these, we see that E(q) = {γ̇_{q,ξ}(s) ∈ U_g; 0 ≤ s ≤ ρ(q, ξ), ξ ∈ L^+_q M}. (21)

Below, denote T (I^−(x)) = {(x, ξ) ∈ T M_0; x ∈ I^−(x_0)}.

Lemma 2.5. Assume that we are given (U, g), U = U_g, x_0 ∈ U, and a set F ⊂ U satisfying e_U (q_0) ∩ I^−(x_0) ⊂ F ⊂ P_U (q_0) for some q_0 ∈ I^−(p^+)\J^−(p^−). These data determine the set E_U (q_0)∩T (I^−(x_0)). If we are given the above data for all x_0 ∈ U, we can determine E_U (q_0).

Proof. Given F , we can find e_U (q_0) ∩ I^−(x_0) by taking union of points that can be represented as e_{z,η}(F ) ∈ I^−(x_0) with some (z, η) ∈ U_{z0,η0} . Thus we may assume that we are given e_U (q_0) ∩ I^−(x_0).

Below, let y = e_U (q_0) ∩ I^−(x_0) be such that y ∈ I^−(x_0). Consider a vector θ ∈ L^−_y M such that (y, θ) ∈ E_U (q_0). If r > 0 is so small that ~y = γ_{y,θ}(−r) ∈ U_g, a short cut argument shows that γ_{y,θ}([−r, 0]) is the only causal geodesic in U connecting ~y and y. Moreover, there is (~z, ~η) ∈ U_{z0,η0} such that for ~μ = μ_{~z,~η} we have ~y ∈ ~μ. Moreover, as ~y ∈ U, using the reverse triangle inequality we see that then ~y = π(E_{~z,~η}(q_0)) ∈ e_U (q_0). Clearly, ~y ∈ I^−(x_0).

On the other hand, if there exists θ_1 ∈ L^−_y M such that for some r > 0 we have γ_{y,θ1} ([−r, 0]) ⊂ U and ~y_1 = γ_{y,θ1} (−r) is such that ~y_1 ∈ ~μ_1 ∩ (e_U (q_0) ∩ I^−(x_0)) for some (~z_1, ~η_1) ∈ U_{z0,η0} and ~μ_1 = μ_{~z1,~η1} , a short cut argument shows that then we must have (y, θ_1) ∈ O(q_0). This shows that knowing e_U (q_0)∩I^−(x_0) we can determine E_U (q)∩T (I^−(x_0)).

Finally, we observe that if we can find E_U (q) ∩ T (I^−(x_0)) for all x_0 ∈ U, by taking union of these sets we find E_U (q). □

Lemma 2.6. Let q_1, q_2 ∈ I^−(p^+) \ J^−(p^−) be such that e_{z,η}(O_U (q_1)) = e_{z,η}(O_U (q_2)) where (z, η) ∈ U_{z0,η0} .

If e_{z,η}(O_U (q_1)) has a neighborhood V ⊂ M such that

E_U (q_1) ∩ T V = E_U (q_2) ∩ T V,

then q_1 = q_2.

In particular, if q_1, q_2 ∈ I^−(p^+) \ J^−(p^−) are such that O_U (q_1) = O_U (q_2), then q_1 = q_2.

The above lemma can be also stated as follows: a germ of the set O_U (q) near e_{z,η}(O_U (q)) determine q ∈ I^−(p^+) \ J^−(p^−) uniquely.

Proof. Let μ = μ_{g,z,η} and Z := E_U (q_1) ∩ T V = E_U (q_2) ∩ T V .

Let us assume that q_1 ≠ q_2. Let (y, −ζ) ∈ E_{z,η}(Z). Then f^+_μ (q_1) = f^+_μ (q_2) and y = μ(f^+_μ (q_1)). Let s_1, s_2 ≥ 0 be such that q_1 = γ_{y,ζ} (s_1) and q_2 = γ_{y,ζ} (s_2). Without loss of generality, we can assume that s_1 < s_2. Let θ_j = −γ̇_{y,ζ} (s_j) ∈ L^+_{qj} M, j = 1, 2, and let consider a vector θ^′_2 ∈ L^+_{q2} M satisfying θ^′_2 ≠ θ_2 and ‖θ^′_2‖_g+ = ‖θ_2‖_g+ . We assume that θ^′_2 is so close to θ_2 in the Sasaki metric of (T M, g^+) and that s^′_2 < s_2 is so close to s_2 that y^′ = γ_{q2,θ}′_2 (s^′_2) ∈ V. Moreover, as the function (x, ξ) → ρ(x, ξ) is lower semicontinuous, and ρ(q_2, θ_2) ≥ s_2 we can assume that θ^′_2 and s^′_2 are so close to θ^′_2 and s^′_2, correspondingly, that that ρ(q_2, θ^′_2) > s^′_2.

Let us define ζ^′ = −γ_{q2,θ}′_2 (s^′_2) ∈ L^−_y′ M. Then (y^′, −ζ^′) ∈ Z = O_U (q_2)∩T V , and q_2 = γ_y′_{,ζ}′ (s^′_2). As then (y^′, −ζ^′) ∈ Z = O_U (q_1)∩T V , too, we see that there is s^′_1 ≥ 0 such that

q_1 = γ_y′_{,ζ}′ (s^′_1).

Then s^′_1 < s^′_2, as otherwise the union of γ_{q2,θ2} ([0, s_2−s_1]) and γ_y′_{,ζ}′ ([s^′_2, s^′_1]), oriented in the opposite direction, would be a closed causal path.

Let us consider a path which is the union of the light-like geodesics γ_{q2,θ}′_2 ([0, s^′_2 − s^′_1]) and γ_{q1,θ1} ([0, s_1]). As θ^′_2 ≠ θ_2, this path is not a lightlike geodesics and using a short-cut argument we see that τ(q_2, y) > 0. Hence f^+_μ (q_2) < f^+_μ (q_1) which is a contradiction with the fact that E_U (q_1) ∩ T V = E_U (q_2) ∩ T V , proving that q_1 = q_2.

Finally, consider the case when q_1 ∈ μ and E_U (q_1) ∩ T V = E_U (q_2) ∩ T V . Let (q_1, ξ) ∈ E_U (q_1). Then, if q_2 ≠ q_1, we have (q_1, ξ) ∈ E_U (q_2) and thus there is s > 0 so that q_2 = γ_{q1,ξ}(−s). When ~s > 0 is sufficiently small, we see that (~x, ~ξ) = (γ_{q1,ξ}(−~s), γ̇_{q1,ξ}(−~s)) ∈ E_U (q_2) ∩ T V but γ_{q1,ξ}(−~s) < q_1 and thus (~x, ~ξ) ∉ E_U (q_1) ∩ T V that is is a contradiction. Hence q_1 = q_2.

The last claim follows from the fact that if O_U (q_1) = O_U (q_2) then E_U (q_1)∩T V_1 = E_U (q_2)∩T V_1 for some neighborhood V_1 ⊂ U of e_{z,η}(O_U (q_1)). □

Lemma 2.7. Let K ⊂ M be a compact set. Then there is R_1 > 0 such that if γ_{y,θ}([0, l]) ⊂ K is a light-like geodesic with ‖θ‖_g+ = 1, then l ≤ R_1. In the case when K = J(p^−, p^+), with q^−, q^+ ∈ M we have γ_{y,θ}(t) ∉ J(q^−, q^+) for t > R_1.

The proof of this lemma is standard, but we include it for the convenience of the reader.

Proof. Assume that there are no such R_1. Then there are geodesics γ_{yj ,θj} ([0, l_j]) ⊂ K, j ∈ Z_+ such that ‖θ_j‖_g+ = 1 and l_j → ∞ as j → ∞. Let us choose a subsequence (y_j, θ_j ) which converges to some point (y, θ) in (T M, g^+). As θ_j are light-like, also θ is light-like.

Then, we observe that for all R_0 > 0 the functions t → γ_{yj ,θj} (s), converge in C^1([0, R_0]; M) to s → γ_{y,θ}(t), as j → ∞. As γ_{yj ,θj} ([0, l_j ]) ⊂ K for all j, we see that γ_{y,θ}([0, R_0]) ⊂ K for all R_0 > 0. Let z_n = γ_{y,θ}(n), n ∈ Z_+. As K is compact, we see that there is a subsequence z_{nk} which converges to a point z as n_k → ∞. Let now V ⊂ M be a small convex neighborhood of z such that each geodesic starting from V exits the set V (cf. Lemma 2.1). Let V^′ ⊂ M be a neighborhood of z so that the strong causality condition (17) is satisfied for V and V^′. Then we see that there is k_0 such that if k ≥ k_0 then z_{nk} ∈ V^′, implying that γ_{y,θ}([n_{k0} , ∞)) ⊂ V . This is a contradiction and thus the claimed R_1 > 0 exists.

Finally, in the case when K = J(q^−, q^+), q^−, q^+ ∈ M we see that if q(s) = γ_{y,θ}(s) ∈ K for some s > R_1, then for all ~s ∈ [0, s] we have q(~s) ≤ q(s) ≤ q^+ and q_− ≤ q(0) ≤ q(~s). Thus q(~s) ∈ K for all ~s ∈ [0, s]. As t > R_1, this is not possible by the above reasoning, and thus the last assertion follows. □

Assume next that y_j = γ_{q,ηj} (s_j) and ζ_j = γ̇_{q,ηj} (s_j), where q ∈ M, η_j ∈ L^+_q M, ‖η_j ‖_g+ = 1, and t_j > 0, are such that (y_j, ζ_j) → (y, ζ) in T M as j → ∞. There exists p ∈ M such that p ∈ I^+(y). Then for sufficiently large j we have y_j ∈ J(q, p) and we see that by Lemma 2.7, s_j are uniformly bounded. Thus there exist subsequences s_{jk} and η_{jk} satisfying s_{jk} → t and η_{jk} → η as k → ∞. Then (y, ζ) = (γ_{q,η}(s), γ̇_{q,η}(s)). This shows that the light observation set O_U (q) is a closed subset T U.

Let S be the collection of relatively closed sets K in U_g that intersect all geodesics γ_{z,η}, (z, η) ∈ U_{z0,η0} precisely once. We endow S with the topology τ_e that is the weakest topology for which all maps e_{z,η}, K → e_{z,η}(K), parametrized by (z, η) ∈ U_{z0,η0} , are continuous. Note that P_U (q) ∈ S for all q ∈ I^−(p^+)\J^−(p^−) by formula (1). We use below the continuous map F : S → ∏ (z,η)∈U_{z0,η0} R = R U_{z0 ,η0} that is defined for Z ∈ S by setting F (Z) = (s_{z,η})_{(z,η)∈Uz0,η0} where μ_{z,η}(s_{z,η}) ∈ π(Z). Lemma 2.8. Let V ⊂ I^−(p^+) \ J^−(p^−) be relatively compact open set Then the map

e_U : V → S

defines a homeomorphism e_U : V → e_U (V ).

Proof. Let μ = μ_{g,z,η}. First we note that as the map x → f^+_μ (x) is continuous in I^−(p^+) \ J^−(p^−) for all μ = μ(z, η), the map e_U is continuous.

Let us next show that the relative topology on e_U (J(p^−, p^+)) determined by (S, τ_e) is a Hausdorff topology.

If (e_U (J(p^−, p^+)), τ_e) is not Hausdorff space then there are q_1, q_2 ∈ J(p^−, p^+), q_1 ≠ q_2 such that f^+_{μ(z,η)}(q_1) = f^+_{μ(z,η)}(q_2) for all (z, η) ∈ U_{z0,η0} and there is (x, ζ_1) ∈ E_U (q_1) \ E_U (q_2). By Lemma 2.6 , we have either that the set E_U (q_1) \ E_U (q_2) or E_U (q_1) \ E_U (q_2) is non-empty. Next, consider the case where E_U (q_1) \ E_U (q_2) ≠ ∅.

Let t > 0 be so small that γ_{x1,ζ1} ([−t, 0]) ⊂ U_g and γ_{x1,ζ1} ([−t, 0]) is the only light-like geodesic from x_1 to x^′_1 = γ_{x1,ζ1} (−t), see Lemma 2.1 (i). Let ζ^′_1 = γ̇_{x1,ζ1} (−t). Then (x^′_1, ζ^′_1) ∈ E_U (q_1) and τ(x^′_1, x_1) = 0. Let μ_k(s) = μ(z_k, η_k; s), k = 1, 2 be such that x_1 = μ_1(s_1) and x^′_1 = μ_2(s_2). Then f^+_{μk} (q_2) = f^+_{μk} (q_1) = s_k for k = 1, 2 implies that τ(q_2, x_1) = τ(q_2, x^′_1) = 0. As τ(x^′_1, x_1) = 0, this implies by a short cut argument that the union of a light-like geodesic ~γ from q_2 to x^′_1 and γ_{x1,ζ1} ([−t, 0]) from x^′_1 to x_1 is a light-like geodesic and there is s_2 such that γ_{x1,ζ1} (−s_2) = q_2. As τ(q_2, x_1) = 0 we see that γ_{x1,ζ1} ([−s_2, 0]) is a longest possible curve between its end points and thus we have to have (x_1, ζ_1) ∈ E_U (q_2). This contradiction shows that τ_e induces on E_U (J(p^−, p^+)) a Hausdorff topology.

The claim follows then from the general fact that a continuous bijective map from a compact Hausdorff space onto a Hausdorff space is a homeomorphism. □

In the next lemma we consider coordinates associated with light observations, see Fig. 5.

Lemma 2.9. Let q_0 ∈ I^−(p^+) \ J^−(p^−). Then there is a neighborhood W ⊂ M of q_0 and time-like paths μ_{zj ,ηj} ((−1, 1)) ⊂ U_g, (z_j , η_j ) ∈ U_{z0,η0} , j = 1, 2, . . . , n, such that if Y^j(q) ∈ R are determined by the equations

μ_j(Y^j (q)) = e_{zj ,ηj} (O_U (q)), or equivalently, Y^j (q) = f^+_{μj} (q),

then Y (q) = (Y^j (q))^n_{j=1} define coordinates Y : W → R^n which are compatible with the differentiable structure of M. Moreover, if (~z, ~η) ∈ U_{z0,η0} is given, the points (z_j, η_j ) ∈ U_{z0,η0} , j = 1, 2, . . . , n can be chosen in an arbitrary open neighborhood of (~z, ~η).

PSfrag replacements

Figure 5. A schematic figure where the space-time is represented as the 3-dimensional set R^{2+1} . The red curves are paths μ_{zj ,ηj} = μ(z_j, η_j ). In a neighborhood of a point q_0 ∈ I^−(^p^+)\I^−(^p^−) we can choose (z_j , η_j ) ∈ U_{z0,η0} , j = 1, 2, 3, 4 such that q → (f^+_{μ(zj ,ηj )}(q))^4_{j=1} defines coordinates near q_0. In the figure, light lines are light-like geodesics and x = μ_{zj ,ηj} (f^+_{μ(zj ,ηj )}(q)).

Proof. Let q_0 ∈ I^−(p^+)\J^−(p^−), (y_0, ξ_0) ∈ E_μ(O_U (q_0)), and γ_{y0,−ξ0} ([0, t_0]) be a light-like geodesic from y_0 to q_0. Let ϑ_0 = −γ̇_{y0,−ξ0} (t_0). As γ_{q0,ϑ0} ([0, t_0]) is a longest causal curve between its end points (note that it needs to be unique), for any t_1 ∈ (0, t_0) (see [71, Thm. 10.51] or [39, Prop 4.5.12]) there are no conjugate points on the geodesic γ_{q0,ϑ0} ([0, t_1]). Let V_r = V_r(q_0, t_1ϑ_0) ⊂ T M be the r-neighborhood of (q_0, t_1ϑ_0) in the Sasaki metric of (T M, g^+). We see by using [71, Prop. 10.10] that, for all 0 < t_1 < t_0, there is r_1 = r_1(t_1) > 0 such that the exponential map Φ : (x, ζ) → (x, γ_{x,ζ} (1)) is a diffeomorphism Φ : V_{r1} → Φ(V_{r1} ) ⊂ M × M.

In the following, let t_1 < t_0 be so close to t_0 and r_2 ∈ (0, r_1(t_1)) be so small that for all (x, ξ) ∈ V_{r2} we have γ_{x,ξ}(1) ∈ U_g.

Next we show that there is r_3 ∈ (0, r_2) such that, if (x, ξ) ∈ L^+M ∩ V_{r3} , then the geodesic γ_{x,ξ}([0, 1]) is the unique causal curve between its endpoints x and y = γ_{x,ξ}(1) ∈ U. To show this, assume that there are no such r_3. Then there is a sequence r_j → 0, points (x_j , ξ_j) ∈ V_{rj} ∩ L^+M, and ζ_j ∈ T_{xj} M, ζ_j ≠ ξ_j so that γ_{xj ,ζj} ([0, 1]) is some other causal geodesic between the points γ_{xj ,ξj} (0) and γ_{xj ,ξj} (1) having at least the same length as γ_{xj ,ξj} ([0, 1]). Note that γ_{xj ,ξj} (0) → q_0 and γ_{xj ,ξj} (1) → γ_{q0,ϑ0} (t_1) as j → ∞. Then, the sequence (x_j , ζ_j) has a subsequence which converges to some point (q_0, ζ) in the Sasaki metric, see Lemma 2.7. If ζ = t_1ϑ_0, we see that there the map Φ is not a local diffeomorphism near the point (q_0, t_1ϑ_0) which is not possible. On the other hand, if ζ ≠ t_1ϑ_0, we see using a short cut argument for the union of the geodesics γ_{q0,ζ} ([0, 1]) and γ_{q0,ϑ0} ([t_1, t_0]), that the geodesic γ_{q0,ϑ0} ([0, t_0]) is not a longest causal curve between its end points q_0 and y_0. This is in contradiction with the earlier assumptions, and thus we see that the claimed r_3 > 0 exists.

For (x, y) ∈ Φ(V_{r4} ), r_4 = r_3/2 we denote (x, ζ_{x,y}) = Φ^{−1}(x, y). If ζ = ζ_{x,y} ∈ L^+M, then the light-like geodesic γ_{x,ζ} ([0, 1]) is the unique causal curve between x and y. Note that for ε > 0 small enough, e.g., ε = r_4, also the geodesic γ_{x,ζ} ([0, 1 + ε]) with endpoints in Φ(V_{r3} ) is the unique causal curve between its end points and then by [71, Thm. 10.51] or [39, Prop 4.5.12]) there are no conjugate points on the geodesic γ_{x,ζ} ([0, 1]).

Let us next fix t_1 < t_0 and r_3 as above, and consider t_1ϑ_1 ∈ L^+_{q0} M ∩ V_{r3} , ‖ϑ_1‖_g+ = ‖ϑ_0‖_g+ , ϑ_1 ≠ ϑ_0, and y_1 = γ_{q0,ϑ1} (t_1) ∈ U_g. Let (x, η) ∈ U_{z0,η0} be such the y_1 ∈ μ_{z,η}. Then μ̇_{z,η} and θ_1 = γ̇_{q0,ϑ1} (t_1) are both light-like vectors in T_{y1} M and hence g(μ̇_{z,η}(0), θ_1) ≠ 0.

Let us recall that the energy of a piecewise smooth curve α : [0, l] → M is defined by E(α) = 1 2 ∫_l 0 g(α̇(t), α̇(t)) dt. Then the energy of the geodesic γ_{x,ζ} ([0, 1]), ζ = ζ_{x,y} connecting the points x and y is equal to g(ζ_{x,y}, ζ_{x,y}), and thus is a C^∞ smooth function in (x, y) ∈ Φ(V_r).

Next, let X ∈ T_{q0} M, and z(s) = γ_{q0,X} (s), s ∈ [−s_0, s_0], s_0 > 0. Let T : R → R be a smooth function so that T (0) = f^+_{μz,η} (q_0). Let γ_s(t) = γ_{z(s),ζ(s)}(t), where (z(s), ζ(s)) = Φ^{−1}(z(s), μ_{z,η}(T (s))). Denote also θ(s) = γ̇_{z(s),ζ(s)}(1) ∈ T_{μz,η (T (s))}M.

Using [71, Prop. 10.39] for the first variation of the energy of the geodesics γ_s(t), we see that d ds E(γ_s) = g(θ(s), μ̇_{z,η}(T (s)))T^′(s) − g(γ̇_{q0,X} (s), ζ(s)). Thus, E(γ_s) = 0 for all s ∈ [−s_0, s_0] if and only if

T^′(s) = g(γ̇_{q0,X} (s), ζ(s)) g(θ(s), μ̇_{z,η}(T (s))) (22) = g(γ̇_{q0,X} (s), ζ(s)) g(γ̇_{z(s),ζ(s)}(1), μ̇_{z,η}(T (s))) | | |_{(z(s),ζ(s))=Φ−1(z(s),μz,η (T (s)))} for all s ∈ [−s_0, s_0]. Now the equation (22) can be considered as an ordinary differential equation for T (s), which has a unique solution with initial data T (0) = f^+_{μz,η} (q_0) on the interval s ∈ [−s_0, s_0] when s_0 > 0 is sufficiently small. Let us denote the solution by T_1(s). Using in the above T (s) = T_1(s), we see that E(γ_s) = 0, implying ζ(s) ∈ L^+_{z(s)}M. Thus, when |s| is small enough (z(s), μ_{z,η}(T (s))) ∈ Φ(V_{r3} ) and the light-like geodesic γ_{z(s),ζ(s)}([0, 1]) is a longest geodesic between z(s) and μ_{z,η}(T (s)). Hence, for s_0 > 0 small enough T = T_1(s), s ∈ [−s_0, s_0] is the solution of the equation μ_{z,η}(T ) = e_{z,η}(O_U (z(s))), that is, T_1(s) = f^+_{μz,η} (z(s)). In particular, we see that for s = 0, 0 = d ds E(γ_s)|_{s=0} = g(θ_1, μ̇_{z,η}(0))T^′_1(0) − g(X, ϑ_1), i.e. T^′_1(0) = g(X, ϑ_1) g(θ_1, μ̇_{z,η}(0)) . Let us now denote Y^1(z(s)) := T_1(s). Above T^′_1(0) = g(grad_g Y^1|_{q0} , X) where X = ż(0). Thus, by varying the vector X ∈ T_{q0} M in the above construction, we see that q_0 has a neighborhood W in M, Y^1 : W → R is well defined function and

grad_g Y^1|_{q0} := g^{jk}

∂Y^1(x) ∂x^j ∂ ∂x^k = c_1ϑ_1,

c_1 = 1 g(θ_1, μ̇_{z,η}(0))

, ϑ_1 = ϑ^j_1 ∂ ∂x^j . Now, choose such ϑ_j ∈ L^+_{q0} M, ‖ϑ_j ‖_g+ = ‖ϑ_0‖_g+ and t_j < t_0 so close to t_0, j = 2, 3, . . . , n, such that (q_0, t_j ϑ_j ) ∈ V_{r3} and ϑ_1, ϑ_2, . . . , ϑ_n are linearly independent. Then y_j = γ_{q0,ϑj} (t_j ) ∈ U_g and there are no conjugate points on the geodesic γ_{q0,ϑj} ([0, t_j + ε]) with some ε > 0. Let (z_j , η_j) ∈ U_{z0,η0} , j = 2, 3, . . . , n and μ_j = μ_{g,zj ,ηj} be a smooth timelike curve going through the point y_j = μ_j (0). Again, g(μ̇_j(f^+_{μj} (q_0)), θ_j ) ≠ 0, θ_j = γ̇_{q0,ϑj} (t_j ). Finally, let Y^j (z) be such that μ_j(Y^j(z)) = e_{zj ,ηj} (O_U (z)), j = 2, 3, . . . n.

Since the vectors grad_gY_j|_{q0} = c_jϑ_j , j = 1, 2, . . . , n, c_j ≠ 0 are linearly independent, the function Y : W → R^n , Y (z) = (Y^1(z), Y^2(z), . . . , Y^n(z)) gives coordinates near q_0.

Finally, we note that as (y_0, ξ_0) was in above an arbitrary point of E_μ(O_U (q_0)), we see easily that in the above construction (z_j , η_j) ∈ U_{z0,η0} , j = 1, 2, . . . , n, can be chosen in an arbitrary open neighborhood of (~z, ~η). □ Let W ⊂ V be a neighborhood of q_0 and Y : W → R^n be local coordinates considered in Lemma 2.9. Let us consider the metric g = (E_U )_∗g which makes E_U : (W, g) → (E_U (W ), g) an isometry. Next we show that we can determine the conformal class of g.

Let (z, ζ) ∈ T M and define

Γ(z, ζ) = {E_U (q^′) ∈ E_U (W ); (z, ζ) ∈ E_U (q^′)}.

Then Γ(z, ζ) = E_U (γ_{z,ζ} ((−∞, 0]) ∩ W ), that is, Γ(z, ζ) is the image of a geodesic γ_{z,ζ} ((−∞, 0]) on E_U (W ). Thus when E_U (W ) is given, we can find in the Y -coordinates all light-like geodesics in E_U (W ) that go through a specified point E_U (q). Consider the tangent space T_Q(E_U (W )) of the manifold E_U (W ) at Q = E_U (q). Then E_U (W ) determines an open subset of the light cone (with respect to the metric g) in T_Q(E_U (W )). As the light cone is a quadratic surface in T_Q(E_U (W )), we can determine the whole light cone in T_Q(E_U (W )) in local coordinates. Thus we can determine all light-like vectors in the tangent space at the point E_U (q), where q ∈ W is arbitrary. By [6, Thm. 2.3], these collections of lightlike vectors determine uniquely the conformal class of the tensor g in E_U (W ). This proves Theorem 1.2. □

2.3. Geometric preparations for analytic results. Next we prove some auxiliary geometrical results needed later in the analysis Einstein equations.

As the modified cut locus function ρ(x, ξ) on (M, g) is lower semicontinuous, there is ρ_0 > 0, depending on (M, g) and p^+, p^−, such that ρ(x, ξ) ≥ ρ_0 for all x ∈ J_g(p^−, p^+) and ξ ∈ L^+_x (M, g) with ‖ξ‖_g+ = 1. Below, let R_1 > 0 be given in Lemma 2.7. On the setting of the lemma, see Fig. 6.

Lemma 2.10. Denote μ_{g,z0,η0} = μ. There are ϑ_0, κ_0, κ_1, κ_2, κ_3 ∈ (0, ρ_0) such that for all y ∈ μ([s_−, s_+]), y = μ(r_1) with r_1 ∈ [s_−, s_+], ζ ∈ L^+_y M, ‖ζ‖_g+ = 1 and (x, ξ) ∈ L^+M satisfying d_g+ ((y, ζ), (x, ξ)) ≤ ϑ_0 we have x ∈ J(μ(−1), μ(+1)) and the following holds:

(i) If t > R_1 and t < T (x, ξ), then γ_{x,ξ}(t) ∉ J^−(μ(s_{+2})). Moreover, if 0 < t ≤ R_1 and γ_{y,ζ} (t) ∈ J^−(μ(s_{+2})), then γ_{x,ξ}([0, t + κ_0]) ⊂ I^−(μ_g(s_{+3})). Finally, if 0 < t ≤ 10κ_1, then γ_{x,ξ}(t) ∈ U_g.

(ii) Let t_0 ∈ [κ_1, 6κ_1] and t_2(x, ξ, t_0) := ρ(γ_{x,ξ}(t_0), γ̇_{x,ξ}(t_0)) ∈ (0, ∞]. If ρ(y, ζ) ≥ R_1 + κ_0, then t_2(x, ξ, t_0) + t_0 > R_1. If ρ(y, ζ) ≤ R_1 + κ_0, then t_2(x, ξ, t_0) + t_0 ≥ ρ(y, ζ) + 3κ_2.

(iii) Let t_1 = ρ(y, ζ). Assume that t_2 ∈ [0, T (y, ζ)) is such that t_2 − t_1 ≥ κ_2 and p_2 = γ_{y,ζ} (t_2) ∈ J^−(μ(s_{+2})). Then r_2 = f^−_μ (p_2) satisfies r_2 − r_1 > 3κ_3.

Moreover, let p_3 = γ_{x,ξ}(t_2). Then either p_3 ∉ J^−(μ(s_{+1})) or r_3 = f^−_μ (p_3) satisfies r_3 − r_1 > 2κ_3.

(iv) Above, κ_1 > 0 can be chosen so that

γ_{μ(s}′_{),ξ}([0, 4κ_1]) ∩ J^+(μ(s^{′′})) = ∅

(23) when s_− ≤ s^′ < s^{′′} ≤ s_+, ξ ∈ L^+_{μ(s′ )}M_0.

PSfrag replacements

Figure 6. A schematic figure where the space-time is represented as the 2-dimensional set R^{1+1} . The figure shows the situation in Lemma 2.10. The point y = ^μ(r_1) is on the time-like geodesic ^μ shown as a black line. The black diamond is the set J_{^g}(^p^−, ^p^+). The point y is the starting point of the light-like geodesic γ_{y,ξ} and (x, ζ) is a light-like direction close to (y, ξ). The geodesics γ_{y,ξ} and γ_{x,ζ} are shown as red curves and the blue points on them are the first cut-point on γ_{y,ξ}([0, ∞)), that is, p_1 = γ_{y,ξ}(t_1), t_1 = ρ(y, ξ) and the first cut point on γ_{x,ζ}([0, ∞)). The green points are γ_{y,ξ}(t_0) and γ_{x,ζ}(t_0) and the first cut point q_1 = γ_{y,ξ}(t_c) on γ_{y,ξ}([t_0, ∞)) and the first cut point on γ_{x,ζ}([t_0, ∞)). In Lemma 2.10, t_0 + t_c ≥ t_1 + 2κ_2. The black point p_2 = γ_{y,ξ}(t_2) is such that t_2 ≥ t_1 + κ_2. Note that if z = ^μ(r_2) is such that r_2 = f^−_{^μ} (p_2), then r_2 − r_1 > 3κ_3.

Proof. Below we denote μ = μ_{g,z0,η0} . We start with the claim (iv). (iv) We observe that if κ_1 > 0 is small enough (v) follows from the definition of the Fermi type coordinates. Below we assume that κ_1 is so small that (iv) is valid.

Next we prove (i)-(iii).

(i) ϑ_0, κ_0, and κ_1 can be chosen using the compactness of the sets J(p^−, μ(s_{+j})), j ≤ 3 and S = {(y, ζ) ∈ L^+M; y ∈ μ_g([s_−, s_+]), ‖ζ‖_g+ = 1}. (ii) Let us fix κ_0 > 0. As ρ(x, ξ) is lower semi-continuous, we see that if ϑ_0 > 0 is chosen first enough, the first claim in (ii) holds.

To show the second claim in (ii), assume that the opposite holds. Then there are (y^n, ζ^n) ∈ L^+(μ([s_−, s_+]), ‖ζ^n‖_g+ = 1, and t^n_0 ≥ κ_1, n ∈ Z_+ such that lim_{n→∞}(t_2(y^n, ζ^n, t^n_0 )+t^n_0 ) = lim_{n→∞} ρ(y^n, ζ^n). As ρ(x, ζ) is lower semi-continuous, we see that for some subsequences of (y^n, ζ^n) and t^n_0 have limits (y, ζ) and t_0 such that t_2(y, ζ, t_0) + t_0 = ρ(y, ζ). This is not possible and hence (ii) is proven.

(iii) Denote p_{+2} = μ(s_{+2}). Let T_+(x, ζ) = sup{t ≥ 0 ; γ_{x,ζ} (t) ∈ J^−(p_{+2})} and K = {(r, ξ); r ∈ [s_−, s_+], ξ ∈ L^+_{μ(r)}M_0, ‖ξ‖_g+ = 1}, K_0 = {(r, ξ) ∈ K; ρ(μ(r), ξ) + κ_2 ≤ T_+(μ(r), ξ)}, K_1 = K \ K_0.

Then the map L : G_0 = {(r, ξ, t) ∈ K × R_+ ; t ≤ T_+(μ(r), ξ)} → R, L(r, ξ, t) = f^−_μ (γ_{μ(r),ξ}(t)) − r is continuous. Also, we define a map H : K → R, H(r, ξ) = { L(r, ξ, ρ(μ(r), ξ) + κ_2), for (r, ξ) ∈ K_0, 3, for (r, ξ) ∈ K_1.

Note that if (r, ξ) ∈ K_0 then L(r, ξ, ρ(μ(r), ξ) + κ_2) = f^−_μ (P (r, ξ)) − r ≤ 2, where P (r, ξ) = γ_{μ(r),ξ}(ρ(μ(r), ξ) + κ_2) ∈ J^−(p_{+2}). Above, ρ(x, ξ) is lower semi-continuous and T_+(x, ξ) is upper semi-continuous on the set L^+(J(p^−, p_{+2})) and thus sets K_0 and G_0 are closed. Moreover, as ρ(x, ξ) is lower semi-continuous and the function t → L(r, ξ, t) is increasing, we see that H : K → R is a lower semi-continuous function.

For (r, ξ) ∈ K_0, we see that τ(q, γ_{q,ξ}(ρ(q, ξ) + κ_2)) > 0, where q = μ(r). Hence H is strictly positive. If K_0 = ∅, it is obvious that the claim is valid as the condition p_2 ∈ J^−(p_{+2}) never holds. Assume next that K_0 ≠ ∅. Then H obtains it minimum ε_1 := H(r_0, ξ_0) ∈ (0, 3) at some point (r_0, ξ_0) ∈ K_0. As t → L(r, ξ, t) is increasing, the first claim follows by choosing κ_3 < ε_1/3.

As f^−_μ : J(μ(−1), μ(1)) → R is continuous and J(μ(−1), μ(1)) is compact, this function is uniformly continuous. Thus there exists δ_0 > 0 such that if d_g+ (x_1, x_2) < δ, then |f^−_μ (x_1) − f^−_μ (x_2)| < κ_3.

Let B_0 = {(y^′, ζ^′, t^′_1, x^′, ξ^′, t^′_2); (r^′, ζ^′, t^′_1) ∈ G_0, y^′ = μ(r^′), (x^′, ξ^′) ∈ L^+M, d_g+ ((y^′, ζ^′), (x^′, ξ^′)) ≤ ϑ_0, |t^′_1 − t^′_2| ≤ κ_0},

where G_0 is the closed set defined above. The set B_0 is compact and by claim (i) for (y^′, ζ^′, t^′_1, x^′, ξ^′, t^′_2) ∈ B_0 we have γ_x′_{,ξ}′ (t^′_2) ∈ J(μ(−1), μ(+1)). Thus by using Lipschitz continuity of exponential map in T (J(μ(−1), μ(+1))), we see that there is L_0 > 0 such that for (y^′, ζ^′, t^′_1, x^′, ξ^′, t^′_2) ∈ B_0 we have

|d_g+ (γ_y′_{,ζ}′ (t^′_1), γ_x′_{,ξ}′ (t^′_2))| ≤ L_0(d_g+ ((y^′, ζ^′), (x^′, ξ^′)) + |t^′_1 − t^′_2|),

(24)

and moreover, there are L_1, L_2 > 0 such that

|t(γ_y′_{,ζ}′ (t^′_1)) − t(γ_x′_{,ξ}′ (t^′_2))| ≤ L_1(d_g+ ((y^′, ζ^′), (x^′, ξ^′)) + |t^′_1 − t^′_2|), ∂ ∂s t(γ_x′_{,ξ}′ (s))|_{s=t}′_1 ≥ L_2

(25)

where t : M → R is the smooth time function on M used to introduce the identification M = R × N.

Let δ_1 = dist_g+ (J(μ(s_{−1}), μ(s_{+1}), M \ J(μ(s_{−2}), μ(s_{+2})). Let us now assume that ϑ_0 < min(δ_0, δ_1)/L_0.

Then we see that if γ_{y,ζ} (t_2) ∉ J^−(μ(s_{−2})), then γ_{x,ξ}(t_2) ∉ J^−(μ(s_{−1})). On the other hand, if p_2 = γ_{y,ζ} (t_2) ∈ J^−(μ(s_{−2})), then f^−_μ (p_2) > r_1+3κ_3 and we see that p_3 = γ_{x,ξ}(t_2) satisfies f^−_μ (p_3) > r_1 +3κ_3 −κ_3 = r_1 +2κ_3. □ Note that for proving the unique solvability of the inverse problem we need to consider two manifolds, (M^{(1)}, ^g^{(1)}) and (M^{(2)}, ^g^{(2)}) with same data. For these manifolds, we can choose R_1, ϑ_0, κ_j so that they are same for the both manifolds.

Proof. (of Corollary 1.3) By our assumptions, Ψ : (V_1, g^{(1)}) → (V_1, g^{(2)}) is conformal, the Ricci curvature of g^{(j)}) is zero in W_j , and V_j ⊂ W_j ∪ U_j , Ψ(U_1 \ W_1) = U_2 \ W_2. Moreover, any point x ∈ V_1 ∩ W_1 can be connected to some point y ∈ U_1 ∩ W_1 with a light-like geodesic γ_{x,ξ}([0, l]) ⊂ V_1 ∩ W_1. As Ψ : V_1 → V_2 and Ψ : U_1 → U_2 are bijections and Ψ(U_1 \ W_1) = U_2 \ W_2, we have Ψ(V_1 ∩ W_1) = V_2 ∩ W_2. This implies that any point Ψ(x) ∈ V_2 ∩ W_2 can be connected to the point Ψ(y) ∈ U_2 ∩ W_2 with a light-like geodesic Ψ(γ_{x,ξ}([0, l])) ⊂ V_2 ∩ W_2.

By the above there is f : V_1 → R such that g^{(1)} = e^{2f} Ψ^∗g^{(2)} on V_1. To simplify notations we denote ^g = g^{(1)} and g = Ψ^∗g^{(2)}. Next consider how function f : V_1 → R can be constructed when ^g and g are given in U_1 and ^g_{jk} = e^{2f} g_{jk} corresponds to the vacuum, i.e., its Ricci curvature vanishes in a set W_1. By [77, formula (2.73)], the Ricci tensors Ric_{jk}(g) of g and Ric_{jk}(^g) of ^g satisfy in W_1

0 = Ric_{jk}(^g) = Ric_{jk}(g)_{jk} − 2∇_j∇_kf + 2(∇_jf)(∇_kf) −(g^{pq}∇_p∇_qf + 2g^{pq}(∇_pf)(∇_qf))g_{jk} where ∇ = ∇^g. For scalar curvature this yield

0 = e^{2f} ^g^{jk}Ric_{jk}(^g) = g^{jk}Ric_{jk}(g) − 3g^{jk}∇_j∇_kf.

Combining these, we obtain

2∇_j∇_kf − 2(∇_j f)(∇_kf) + 2g^{pq}(∇_pf)(∇_qf)g_{jk} = Ric_{jk}(g) − 1 3 g^{pq}Ric_{pq}(g)g_{jk}. Let us next use local coordinate neighborhood that cover the geodesic γ(t) = (γ^j (t))^4_{j=1}. The above equation gives a system of second order ordinary differential equations which can be solved along the light-like geodesics γ(t) in W_1 starting from U_{^g}. Indeed, we can take a contraction of the above equations with γ̇^j (t) and obtain, on each piece of the geodesic that belongs in one coordinate neighborhood, an ordinary differential equation for [(∇_kf)(γ(t))]^n_{k=1}. Since by our assumption any point x ∈ V_1 ∩ W_1 can be connected to y ∈ U_1 ∩ W_1 with a light-like geodesic that is a subset of V_1 ∩ W_1, we can use the above system of the second order ordinary differential equations and the fact that we know f in U_1 to determine f(x). This proves the claim. □

3. Analysis of Einstein equations in wave coordinates

3.1. Notations. Let X be a manifold of dimension n and Λ ⊂ T^∗X \ {0} be a Lagrangian submanifold. Let ϕ(x, θ), θ ∈ R^N be a nondegenerate phase function that locally parametrizes Λ. We say that a distribution u ∈ D^′(X) is a Lagrangian distribution associated with Λ and denote u ∈ I^m(X; Λ), if it can locally be represented as u(x) = ∫ R^N e^{iϕ(x,θ)}a(x, θ) dθ, where a(x, θ) ∈ S^{m+n/4−N/2}(X; R^N \ 0), see [28, 42, 65].

In particular, when S ⊂ X be a submanifold, its conormal bundle N^∗S = {(x, ξ) ∈ T^∗X \ {0}; x ∈ S, ξ ⊥ T_xS} is a Lagrangian submanifold.

Let us next consider the case when X = R^n and let (x^1, x^2, . . . , x^n) = (x^′, x^{′′}, x^{′′′}) be the Euclidean coordinates with x^′ = (x_1, . . . , x_{d1} ), x^{′′} = (x_{d1+1}, . . . , x_{d1+d2} ), x^{′′′} = (x_{d1 +d2+1}, . . . , x_n). If S_1 = {x^′ = 0} ⊂ R^n , Λ_1 = N^∗S_1 and u ∈ I^m(X; Λ_1), then u(x) = ∫ R^d1 e^{ix′·θ′} a(x, θ^′) dθ^′, a(x, θ^′) ∈ S^μ(X; R^{d1} \ 0) where μ = m − d_1/2 + n/4.

Next we recall the definition of I^{p,l}(X; Λ_1, Λ_2), the space of the distributions u in D^′(X) associated to two cleanly intersecting Lagrangian manifolds Λ_1, Λ_2 ⊂ T^∗X \ {0}, see [28, 65]. Let us start on the case when X = R^n .

Let S_1, S_2 ⊂ R^n be the linear subspaces of codimensions d_1 and d_1 + d_2, respectively, and S_2 ⊂ S_1, given by S_1 = {x^′ = 0}, S_2 = {x^′ = x^{′′} = 0}. Let us denote Λ_1 = N^∗S_1, Λ_2 = N^∗S_2. Then u ∈ I^{p,l}(R^n ; N^∗S_1, N^∗S_2) if and only if u(x) = ∫ R^d1^{+d}2 e^{i(x′·θ′+x′′·θ′′)}a(x, θ^′, θ^{′′}) dθ^′dθ^{′′}, where a(x, θ^′, θ^{′′}) belongs to the product type symbol class S^{μ′,μ′′} (R^n ; (R^{d1} \ 0) × R^{d2} ) that is the space of function a ∈ C^∞(R^n × R^{d1} × R^{d2} ) that satisfy |∂^γ_x ∂^α_θ′ ∂^β_θ′′ a(x, θ^′, θ^{′′})| ≤ C_{αβγK} (1 + |θ^′| + |θ^{′′}|)^{μ−|α|}(1 + |θ^{′′}|)^{μ′−|β|} (26)

for all x ∈ K, multi-indexes α, β, γ, and compact sets K ⊂ R^n . Above, μ = p + l − d_1/2 + n/4 and μ^′ = −l − d_2/2.

When X is a manifold of dimension n and Λ_1, Λ_2 ⊂ T^∗X \ {0} are two cleanly intersecting Lagrangian manifolds, we define the class I^{p,l}(M; Λ_1, Λ_2) ⊂ D^′(X) to consist of locally finite sums of functions u = Au_0, where u_0 ∈ I^{p,l}(R^n ; N^∗S_1, N^∗S_2) and S_1, S_2 ⊂ R^n are the linear subspace of codimensions d_1 and d_1 + d_2, respectively, such that S_2 ⊂ S_1, and A is a Fourier integral operator of order zero with a canonical relation Σ for which Σ ∘ (N^∗S_1)^′ ⊂ Λ^′_1 and Σ ∘ (N^∗S_2)^′ ⊂ Λ^′_2. Here, Λ^′ = {(x, −ξ) ∈ T^∗X; (x, ξ) ∈ Λ}.

In most cases, below X = M. We denote then I^p(M; Λ_1) = I^p(Λ_1) and I^{p,l}(M; Λ_1, Λ_2) = I^{p,l}(Λ_1, Λ_2), etc. Also, I(Λ_1) = ∪_{p∈R}I^p(Λ_1) etc.

By [28, 65], microlocally away from Λ_2 and Λ_1,

I^{p,l}(Λ_1, Λ_2) ⊂ I^{p+l}(Λ_1 \ Λ_2) and I^{p,l}(Λ_1, Λ_2) ⊂ I^p(Λ_2 \ Λ_1),

(27)

correspondingly. Thus the principal symbol of u ∈ I^{p,l}(Λ_0, Λ_1) is well defined on Λ_0 \ Λ_1 and Λ_1 \ Λ_0.

Below, when Λ_j = N^∗S_j, j = 1, 2 are conormal bundles of smooth cleanly intersecting submanifolds S_j ⊂ M of codimension d_j, where dim (M) = n, we use the traditional notations,

I^μ(S_1) = I^{μ+1/2−n/4}(N^∗S_1), I^{μ1,μ2} (S_1, S_2) = I^{p,l}(N^∗S_1, N^∗S_2),

(28)

where p = μ_1 + μ_2 + d_1/2 − n/4 and l = −μ_2 − d_2/2, and call such distributions the conormal distributions associated to S_1 or product type conormal distributions associated to S_1 and S_2. We note that I^μ(X; S_1) ⊂ L^p_{loc}(X) for μ < −d_1(p − 1)/p, 1 ≤ p < ∞, see [28].

By [65], see also [52], a classical pseudodifferential operator P of real principal type and order m on M has a parametrix Q ∈ I^{p,l}(Δ^′_T ∗_M , Λ_P ), p =^1_2 − m, l = −^1_2 , where Δ_T ∗_M = N^∗({(x, x); x ∈ M}) and Λ_P ⊂ T^∗M × T^∗M is the Lagrangian manifold associated to the canonical relation of the operator P , that is, Λ_P = {(x, ξ, y, −η); (x, ξ) ∈ Char (P ), (y, η) ∈ Θ_{x,ξ}}, where Θ_{x,ξ} ⊂ T^∗M is the bicharacteristic of P containing (x, ξ).

For the wave operator □_g on the globally hyperbolic manifold (M, g) Char (□_g) is the set of light-like vectors with respect to g, and (y, η) ∈ Θ_{x,ξ} if and only if there is t ∈ R such that (y, a) = (γ^g_{x,b}(t), γ̇^g_{x,b}(t)) where γ^g_{x,b} is a light-like geodesic with resect to the metric g with the initial data (x, b) ∈ T M, a = η^♭, b = ξ^♭. For P = □_g + B^0 + B^j ∂_j , where B^0 and B_j are tensors, we denote Λ_P = Λ_g. When (M, g) is globally hyperbolic manifold, the operator P has a causal inverse operator, see e.g. [5, Thm. 3.2.11]. We denote it by P^{−1} and by [65], we have P^{−1} ∈ I^{−3/2,−1/2}(Δ^′_T ∗_M , Λ_g). We will repeatedly use the fact (see [28, Prop. 2.1]) that if F ∈ I^p(Λ_0) and Λ_0 intersects Char(P ) transversally so that all bicharacterestics of P intersect Λ_0 only finitely many times, then (□_g + B^0 + B^j ∂_j )^{−1}F ∈ I^{p−3/2,−1/2}(Λ_0, Λ_1) where Λ^′_1 = Λ_g ∘ Λ^′_0 is called the flowout from Λ_0 on Char(P ), that is, Λ_1 = {(x, −ξ); (x, ξ, y, −η) ∈ Λ_g, (y, η) ∈ Λ_0}. 3.1.1. Notations used to consider Einstein equations. For Einstein equation, we will consider a smooth background metric ^g on M and the smooth metric ~g for which ^g < ~g and (M, ~g) is globally hyperbolic. We also use the notations defined in Section 1.3.4. In particular, we identify M = R × N and consider the metric tensor g on M_0 = (−∞, t_0) × N, t_0 > 0 that coincide with ^g in (−∞, 0) × N. Recall also that we consider a freely falling observer ^μ = μ_{^g} : [−1, 1] → M_0 for which ^μ(s_−) = ^p^− ∈ (0, t_0) × N. We denote the cut locus function on (M_0, ^g) by ρ(x, ξ) = ρ_{^g}(x, ξ), denote L^+_x M_0 = L^+_x (M_0, ^g) and L^+M_0 = L^+(M_0, ^g), and denote by ^U = U_{^g} the neighborhood of the geodesic ^μ = μ_{^g}, and denote by ^γ_{x,ξ}(t) the geodesics of (M_0, ^g). To simplify notations, we study below the case when ^P = 0 and ^Q = 0, that corresponds to the setting of Theorem 1.4.

3.2. Direct problem. Let we consider the solutions (g, ϕ) of the equations (10) with source F = (P, Q). To consider their existence, let us write them in the form

(g, ϕ) = (^g, ^ϕ) + u, where u = ((G_{jk})^4_{j,k=1}, (Φ_ℓ)^L_{ℓ=1}).

(29)

Next we formulate an appropriate equation for u and review the existence and uniqueness results for it.

Let us assume that F is small enough in the norm C^5_b (M_0) and that it is supported in a compact set K = J_{~g}(^p^−) ∩ [0, t_0] × N ⊂ M_1. Then using the fact that ∂_j g^{nm} = −g^{na}(∂_j g_{ab})g^{bm} we can write the equations (10) for u appearing in (29) in the form P_{g(u)}(u) = R_{^g}(x, u(x), ∂u(x))F, x ∈ M_0, (30) supp (u) ⊂ K, where P_{g(u)}(u) := g^{jk}(x; u)∂_j∂_ku(x) + H(x, u(x), ∂u(x)), (31)

(g^{jk}(x; u))^4_{j,k=1} = ((^g_{jk}(x) + G_{jk}(x))^4_{j,k=1})^{−1},

and (x, v, w) → H(x, v, w) is a smooth function which is a second order polynomial in w with coefficients being smooth functions of v and derivatives of ^g and R_{^g}(x, u(x), ∂u(x))F , when represented in local coordinates, is a first order linear differential operator in F , i.e., at the point x it depends linearly on F (x) and ∂F (x), which coefficients are smooth functions depending on u(x), ∂u(x), and derivatives of ^g.

Below we endow N with the Riemannian metric h := ι^∗~g inherited from the embedding ι : N → {0} × N ⊂ M and use it to define the Sobolev spaces H^s(N).

Let s_0 ≥ 5 be an odd integer. Below we will consider the solutions u = (g, ϕ) as sections of the bundle B^L on M_0 and the sources F = (Q, P ) as sections of the bundle B^K on M_0. We will consider these functions as elements of section valued Sobolev spaces H^s(M_0; B^L) and H^s(M_0; B^K ) etc. Below, we omit the bundle B^K in these notations and denote just H^s(M_0; B^L) = H^s(M_0) etc. We use the same convention for the spaces

E^s = s⋂ j=0 C^j ([0, t_0]; H^{s−j}(N)), s ∈ N. Note that E^s ⊂ C^p([0, t_0] × N)) when 0 ≤ p < s − 2. Using standard techniques for quasi-linear equations developed e.g. in [46] or [38], or [80, Section 9] (for details, see Appendix C), we see that when F is supported in the compact set K and ‖F ‖_Es0 < c_0, then there exists a unique function u satisfying equation (30) on M_0 with the source F and ‖u‖_Es_0−1 ≤ C_1‖F ‖_Es0 . (32)

For convenience of the reader we give the proofs of these facts in Appendixes A and C.

3.3. Asymptotic expansion for non-linear wave equation. Let us consider a small parameter ε > 0 and the sources P = εp and Q^′ = (Q_ℓ)^{K−1}_{ℓ=1} = εq^′, Q_K = εz (cf. Assumption S, (ii)), and denote q = (q^′, z). This corresponds to the source F = εf = (εp, εq^′, εz) in (30). Below, we always assume that p and q are supported in K and p, q ∈ E^s, where s ≥ 13 is an odd integer. We consider the solution u = u_ε of (30) and write it in the form

u_ε(x) = 4∑ j=1 ε^jw^j(x) + w^{res}(x, ε). (33)

To obtain equations for w^j, we use the representation for the ^g-reduced Ricci tensor given in the Appendix A, see (154) to write an analogous representation for the ^g-reduced Einstein tensor, see (153) or (156), and substitute the expansion (33) in to the equation (30). This, Assumption S and equation (12) imply that w^j, j = 1, 2, 3, 4 are given in term of sources of H^1 = H^1(^g, f), H^2 = H^2(^g, f, w^1), H^3 = H^3(^g, f, w^1, w^2), and H^4 = H^4(^g, f, w^1, w^2, w^3) that satisfy

w^j = (g^j, ϕ^j) = Q_{^g}H^j , j = 1, 2, 3, 4, where H^1 = R_{^g}(x, 0, 0)f, H^2 = (G_2, 0) + A^{(2)}_2 (w^1, ∂w^1; f, ∂f), G_2 = 2^g^{jp}w^1_{pq}^g^{qk}∂_j ∂_kw^1, H^3 = (G_3, 0) + A^{(3)}_2 (w^1, ∂w^1, w^2, ∂w^2; f, ∂f) +

(34) +A^{(3)}_3 (w^1, ∂w^1; f, ∂f), G_3 = −6^g^{jl}w^1_{li}^g^{ip}w^1_{pq}^g^{qk}∂_j ∂_kw^1 + +3^g^{jp}(w^2)_{pq}^g^{qk}∂_j ∂_kw^1 + 3^g^{jp}w^1_{pq}^g^{qk}∂_k∂_j w^2

where f → R_{^g}(x, 0, 0)f is a first order linear differential operator appearing in (30), and

H^4 = (G_4, 0) + A^{(4)}_2 (w^1, ∂w^1, w^2, ∂w^2, w^3, ∂w^3; f, ∂f) +A^{(4)}_3 (w^1, ∂w^1, w^2, ∂w^2; f, ∂f) + A^{(4)}_4 (w^1, ∂w^1; f, ∂f), G_4 = 24^g^{js}w^1_{sr}^g^{rl}w^1_{li}^g^{ip}w^1_{pq}^g^{qk}∂_k∂_j w^1 + −18^g^{jl}w^1_{li}^g^{ip}w^2_{pq}^g^{qk}∂_k∂_j w^1 − 12^g^{jl}w^1_{li}^g^{ip}w^1_{pq}^g^{qk}∂_k∂_j w^2 + +3^g^{jp}w^3_{pq}^g^{qk}∂_k∂_j w^1 + 3^g^{jp}w^1_{pq}^g^{qk}∂_k∂_j w^3 +

(35) +6^g^{jp}w^2_{pq}^g^{qk}∂_k∂_j w^2. Here, we have used the notation w^j = ((w^j)_{pq})^4_{p,q=1}, ((w^j)_ℓ)^L_{ℓ=1}) with ((w^j)_{pq})^4_{p,q=1} being the g-component of w^j and ((w^j)_ℓ)^L_{ℓ=1} being the ϕcomponent of w^j. Moreover, Q_{^g} = (□_{^g} + V (x, D))^{−1} is the causal inverse of the operator □_{^g} + V (x, D) where V (x, D) is a first order differential operator with coefficients depending on ^g and its derivatives, R(x, D) is a first order linear differential operator with coefficients depending on ^g and its derivatives, and A^{(α)}m , α = 2, 3, 4 denotes a multilinear operators of order m having at a point x the representation

(A^{(α)}_m (v^1, ∂v^1, v^2, ∂v^2, v^3, ∂v^3; f, ∂f))(x)

(36) = ∑ ( a^{(α)}_{abcijkP1P2P3pqnℓ1ℓ2} (x) (v^1_a(x))^i(v^2_b (x))^j(v^3_c (x))^k·

· P_1(∂v^1(x))P_2(∂v^2(x))P_3(∂v^3(x))(f_p(x))^{ℓ1} (∂_nf_q(x))^{ℓ2} ) where (v^1_a(x))^i denotes the i-th power of a-th component of v^1(x), etc, and the sum is taken over the indexes a, b, c, p, q, n, integers i, j, k, ℓ_1, ℓ_2, and the homogeneous monomials P_d(y) = y^{βd} , β_d = (b_1, b_2, . . . , b_{4(10+L)}) ∈ N^{4(10+L)} , d = 1, 2, 3 having orders |β_d|, correspondingly, that satisfy

ℓ_1 + ℓ_2 ≤ 1,

(37) i + 2j + 3k + |β_1| + 2|β_2| + 3|β_3| + ℓ_1 + ℓ_2 = α,

(38) i + j + k + |β_1| + |β_2| + |β_3| + ℓ_1 + ℓ_2 = m, and

(39) if ℓ_1 = 0 and ℓ_2 = 0 then |β_1| + |β_2| + |β_3| ≤ 2.

(40)

Here, condition (37) means that A^{(α)}m is an affine function of f and its first derivative, condition (38) implies that the term A^{(α)}m produces a term of order O(ε^α) when v^j = w^j, condition (39) that A^{(α)}m is multilinear of order m, and condition (40) means that for x ∉ supp (f) the non-vanishing terms in A^{(α)}m (v^1, ∂v^1, v^2, ∂v^2, v^3, ∂v^3; f, ∂f) contain only terms where the total power of derivatives of v^1, v^2, and v^3 is at most two. We note that the inequalities (37)-(40) follow from Assumption S and equation (12).

By [13, App. III, Thm. 3.7], or alternatively, the proof of [38, Lemma 2.6] adapted for manifolds, for details, see (176) and (177) in the Appendix C, the estimate ‖Q_{^g}H‖_Es1 ≤ C_{s1} ‖H‖_Es1 holds for all H that are supported in K = K_0, having the form (5) and satisfy H ∈ E^{s1} , s_1 ∈ Z_+. Note that we are interested only on the local solvability of the Einstein equations and that singularities can appear on sufficiently large time intervals, see [18].

Recall that s ≥ 13 is an odd integer and f ∈ E^{s+1}. By defining w^j via the above equations with f ∈ E^{s+1} we obtain w^j ∈ E^{s+2−2j} , for j = 1, 2, 3, 4. Thus, by using Taylor’s expansion of the coefficients in the equation (30) we see that the approximate 4th order expansion u^{app}_ε = εw^1 + ε^2w^2 + ε^3w^3 + ε^4w^4 satisfies an equation of the form P_{g(u}^{app}_{ε )}(u^{app}_ε )=R(x, u^{app}_ε (x), ∂u^{app}_ε (x))(εf)+H^{res}( · , ε), x ∈ M_0, (41) supp (u^{app}_ε ) ⊂ K, such that ‖H^{res}( · , ε)‖_Es−8 ≤ c_1ε^5. Using the Lipschitz continuity of the solution of the equation (41), see Appendix C, we see that there are c_1, c_2 > 0 such that for all 0 < ε < c_1 the function w^{res}(x, ε) = u_ε(x) − u^{app}_ε (x) satisfies ‖u_ε − u^{app}_ε ‖_Es−8 ≤ c_2ε^5. Thus w^j = ∂^j_ε u_ε|_{ε=0} ∈ E^{s−8}, j = 1, 2, 3, 4.

3.4. Linearized conservation law and divergence condition.

3.4.1. Linearized Einstein equation. We will below consider sources Q^′ = (Q_ℓ)^{K−1}_{ℓ=1} = εq^′, Q_K = εz and P = εp. We denote q = (q^′, z).

To analyze the linearized waves, we denote w^1 = u^{(1)}. We see that u^{(1)} satisfies the linear equation

□_{^g}u^{(1)} + V (x, ∂_x)u^{(1)} = h,

(42)

where v → V (x, ∂_x)v is a linear first order partial differential operator with coefficients depending on the derivatives of ^g and, h = H(x; p, q), where

H(x; p, q) = ( p 0 ) + ( M_{(1)}(x) q^′(x) M_{(2)}(x) q^′(x) ) + + ( L_{(1)}(x) z(x) L_{(2)}(x) z(x) ) + ( N^j_{(1)}(x) ^g^{lk} ^∇_l(p_{jk} + z^g_{jk}) N^j_{(2)}(x) ^g^{lk} ^∇_l(p_{jk} + z^g_{jk}) ) , (43) where M_{(k)} = M_{(k)}(^ϕ(x), ^∇^ϕ(x), ^g(x)), L_{(k)} = L_{(k)}(^ϕ(x), ^∇^ϕ(x), ^g(x)), and N^j_{(k)} = N^j_{(k)}(^ϕ(x), ^∇^ϕ(x), ^g(x)) are, in local coordinates, matrices whose elements are smooth functions of ^ϕ(x), ^∇^ϕ(x), and ^g(x). Later we use the fact that by the form of the equation (10), M_{(1)} = 0, N^j_{(1)} = 0, and L_{(1)} = ^g. We see using Assumption S (iii) that the union of the image spaces of the matrices M_{(2)}(x) and L_{(2)}(x), and N^j_{(2)}(x), j = 1, 2, 3, 4, span the space R^L for all x ∈ ^U.

3.4.2. The linearized conservation law for sources. Assume that Y ⊂ M_0 is a 2-dimensional space-like submanifold and consider local coordinates defined in V ⊂ M_0. Moreover, assume that in these local coordinates Y ∩ V ⊂ {x ∈ R^4 ; x^j b_j = 0, x^j b^′_j = 0}, where b^′_j are some constants and let p ∈ I^{n−3/2}(Y ), n ≤ n_0 = −15, be defined by

p_{jk}(x^1, x^2, x^3, x^4) = Re ∫ R^2 e^{i(θ1bm+θ2b′m)xm} c_{jk}(x, θ_1, θ_2) dθ_1dθ_2. (44)

Here, we assume that c_{jk}(x, θ), θ = (θ_1, θ_2) are classical symbols and we denote their principal symbols by σ_p(p_{jk})(x, θ). When x ∈ Y and ξ = (θ_1b_m + θ_2b^′_m)dx^m so that (x, ξ) ∈ N^∗Y , we denote the value of the principal symbol σ_p(p) at (x, θ_1, θ_2) by ~c^{(a)}_{jk} (x, ξ), that is, ~c^{(a)}_{jk} (x, ξ) = σ_p(p_{jk})(x, θ_1, θ_2), and say that it is the principal symbol of p_{jk} at (x, ξ), associated to the local X-coordinates and the phase function ϕ(x, θ_1, θ_2) = (θ_1b_m + θ_2b^′_m)x^m. The above defined principal symbols can be defined invariantly, see [34].

We assume that also q^′, z ∈ I^{n−3/2}(Y ) have representations (44) with classical symbols. Let us denote the principal symbols of p, q^′, z ∈ I^{n−3/2}(Y ) by ~c^{(a)}(x, ξ), ~d_1(x, ξ), ~d^{(a)}_2 (x, ξ), correspondingly and let ~c^{(b)} and ~d^{(b)}_2 (x, ξ) denote the sub-principal symbols of p and z, correspondingly, at (x, ξ) ∈ N^∗Y .

We will below consider what happens when (p_{jk} + z^g_{jk}) ∈ I^{n−3/2}(Y ) satisfies ^g^{lk}∇^{^g}_l (p^{(a)}_{jk} + z^g_{jk}) ∈ I^{n−3/2}(Y ), j = 1, 2, 3, 4. (45)

When (45) is valid, we say that the leading order of singularity of the wave satisfies the linearized conservation law. This corresponds to the assumption that the principal symbol of the sum of divergence of the first two terms appearing in the stress energy tensor on the right hand side of (10) vanishes.

When (45) is valid, we have

^g^{lk}ξ_l(~c^{(a)}_{kj} (x, ξ) + ^g_{kj}(x) ~d^{(a)}_2 (x, ξ)) = 0, for j ≤ 4 and ξ ∈ N^∗_x Y .

(46)

We say that this is the linearized conservation law for principal symbols.

3.4.3. A divergence condition for linearized solutions. Above, we have considered the ^g-reduced Einstein equations. As discussed in the Appendix A, if we pull back a solution of the Einstein equation via a (^g, g)-wave map, the metric tensor will satisfy the ^g-reduced Einstein equations. Roughly speaking, this means that we are in fact considering the metric tensor g in special coordinates associated to the metric ^g. Next we recall some well known consequences of this.

Assume now that (g, ϕ) satisfy equations (10). By Assumption S (iv), the conservation law (11) is valid. As discussed in Appendix A.5, the conservation law (11) and the ^g-reduced Einstein equations (10) imply that the harmonicity functions Γ^j = g^{nm}Γ^j_{nm} satisfy g^{nm}Γ^j_{nm} = g^{nm}^Γ^j_{nm}. (47)

Next we discuss the implications of this for the metric component of the solution of the linearized Einstein equation.

Let us next do calculations in local coordinates of M_0 and denote ∂_k =^∂_{∂xk} . Direct calculations show that h^{jk} = g^{jk} √ −det(g) satisfies ∂_kh^{kq} = −Γ^q_{kn}h^{nk}. Then (47) implies that ∂_kh^{kq} = −^Γ^q_{kn}h^{nk}. (48)

We call (48) the harmonicity condition for metric g.

Assume now that g_ε and ϕ_ε satisfy (10) with sources P = εp and Q = εq where ε > 0 is a small parameter. We define h^{jk}_ε = g^{jk}_ε √ −det(g_ε) and denote ġ_{jk} = ∂_ε(g_ε)_{jk}|_{ε=0}, ġ^{jk} = ∂_ε(g_ε)^{jk}|_{ε=0}, and ḣ^{jk} = ∂_εh^{jk}_ε |_{ε=0}.

The equation (48) yields then^1 ∂_kḣ^{kq} = −^Γ^q_{kn}ḣ^{nk}. (49)

1The treatment on this de Donder-type gauge condition is known in folklore of the field. For a similar gauge condition to (49) in harmonic coordinates, see [60, pages 6 and 250], or [57, formulas 107.5, 108.7, 108.8], or [39, p. 229-230].

A direct computation shows that ḣ^{ab} = (−det(^g))^{1/2}κ^{ab},

where κ^{ab} = ġ^{ab} −^1_2 ^g^{ab}^g_{qp}ġ^{pq}. Thus (49) gives

∂_a((−det(^g))^{1/2}κ^{ab}) = −^Γ^b_{ac}(−det(^g))^{1/2}κ^{ac}

(50)

that implies ∂_aκ^{ab} + κ^{nb}^Γ^a_n + κ^{an} ^Γ^b_{an} = 0, or equivalently, ^∇_aκ^{ab} = 0. (51)

We call (51) the linearized divergence condition for g. Writing this for ġ, we obtain −^g^{an}∂_aġ_{nj} + 1 2 ^g^{pq}∂_jġ_{pq} = m^{pq}_j ġ_{pq} (52)

where m_j depend on ^g_{pq} and its derivatives. On similar conditions for the polarization tensor, see [74, form. (9.58) and example 9.5.a, p. 416].

3.4.4. Properties of the principal symbols of the waves. Let K ⊂ M_0 be a light-like submanifold of dimension 3. We use below local coordinates X : V → R^4 defined in a neighborhood V of a point x_0 ∈ M_0. We use the Euclidian coordinates x = (x^k)^4_{k=1} on X(V ). We assume these coordinates are such that in V the submanifold K is given by K ∩ V ⊂ {x ∈ R^4 ; b_kx^k = 0}, where b_k ∈ R are constants. Assume that the solution u^{(1)} = (ġ, ϕ̇) of the linear wave equation (42) with the right hand side vanishing in V is such that ġ_{jk} ∈ I^μ(K) with a suitable μ ∈ R. Let us write ġ_{jk} as an oscillatory integral using a phase function φ(x, θ) = b_kx^kθ, and a symbol a_{jk}(x, θ) ∈ S^μ(R^4 , R),

ġ_{pq}(x^1, x^2, x^3, x^4) = Re ∫ R e^{i(θbmxm)}a_{pq}(x, θ) dθ. (53)

We assume that a_{jk}(x, θ) is a classical symbol and denote its (positively homogeneous) principal symbol by σ_p(ġ_{pq})(x, θ). When x ∈ K and ξ = θb_kdx^k so that (x, ξ) ∈ N^∗K, we denote the value of σ_p(ġ_{pq}) at (x, θ) by ~a_{jk}(x, ξ), that is, ~a_{jk}(x, ξ) = σ_p(ġ_{pq})(x, θ) and say that it is the principal symbol of ġ_{pq} at (x, ξ), associated to the local X-coordinates and the phase function ϕ(x, θ) = θb_mx^m.

Then, if ġ_{jk} satisfies the divergence condition (52), its principal symbol ~a_{jk}(x, θ) satisfies −^g^{mn}(x)ξ_mv_{nj} + 1 2 ξ_j(^g^{pq}(x)v_{pq}) = 0, v_{pq} = ~a_{pq}(x, ξ), (54)

where j = 1, 2, 3, 4 and ξ = θb_kdx^k ∈ N^∗_x K. If (54) holds, we say that the divergence condition for the symbol is satisfied for ~a(x, ξ) at (x, ξ) ∈ N^∗K. 3.5. Pieces of spherical waves satisfying linear wave equation.

3.5.1. Solutions which are singular on hypersurfaces. Next we consider a piece of spherical wave whose singular support is concentrated near a geodesic.

PSfrag replacements

Figure 7. A schematic figure where in the 3- dimensional Euclidean space R^3 we describe the route of the piece of the spherical wave that propagates near the geodesic γ_{x0,ζ0} ((0, ∞)). The geodesic is the black line in the figure. The spherical wave is the solution u_1 that is singular on the surface K(x_0, ζ_0; t_0, s_0) ⊂ R^{1+3} that is a subset of a light cone centered at x^′ = γ_{x0,ζ0} (t_0). When P : R^{1+3} → R^3 is the projection to the space component, P (t, y) = y, the figure shows P (K(x_1, ξ_1; t_0, s_0)) and the points y_0 = P (x_0) and y^′ = P (x^′). The piece of spherical wave is sent from the surface Σ = P (Y (x_0, ζ_0; t_0, s_0)), (the surface with red boundary) at time T = t(γ_{x0,ζ0} (2t_0)). It starts to propagate and at a later time T_1 > T its singular support is the surface Σ_1 shown in the figure in green.

We define the 3-submanifold K(x_0, ζ_0; t_0, s_0) ⊂ M_0 associated to (x_0, ζ_0) ∈ L^+(M_0, ^g), x_0 ∈ U_{^g} and parameters t_0, s_0 ∈ R_+ as

K(x_0, ζ_0; t_0, s_0) = {γ_x′_{,η}(t) ∈ M_0; η ∈ W, t ∈ (0, ∞)}.

(55)

where (x^′, ζ^′) = (γ_{x0,ζ0} (t_0), γ̇_{x0,ζ0} (t_0)) and W ⊂ L^+_x′ (M_0, ^g) is a neighborhood of ζ^′ consisting of vectors η ∈ L^+_x′ (M_0, ^g) that satisfy ‖η − ζ^′‖_{^g}+ < s_0, where ^g^+ is the Riemannian metric corresponding to the Lorentzian metric ^g. Note that K(x_0, ζ_0; t_0, s_0) ⊂ L^+_{^g} (x^′)∪L^−_{^g} (x^′)∪{x^′} is a subset of the light cone starting from x^′ = γ_{x0,ξ0} (t_0) and that it is singular near the point x^′. Moreover, ⋂ s_0>0 K(x0, ζ0; t0, s0) = γx0,ζ0 ((−t0, ∞)) ∩ M0. Let S = {x ∈ M_0; t(x) = t(γ_{x0,ζ0} (2t_0))} be a Cauchy surface which intersects γ_{x0,ζ0} (R) transversally at the point γ_{x0,ξ0} (2t_0). When t_0 > 0 is small enough, Y (x_0, ζ_0; t_0, s_0) = S ∩ K(x_0, ζ_0; t_0, s_0) is a smooth 2- surface that is a subset of U_{^g}.

Let Λ(x_0, ζ_0; t_0, s_0) be the lagranginan manifold that is the flowout from N^∗Y (x_0, ζ_0; t_0, s_0) ∩ N^∗K(x_0, ζ_0; t_0, s_0) on Char(□_{^g}) in the future direction.

Note that if K_s is the smooth 3-dimensional manifold that is subset of K(x_0, ζ_0; t_0, s_0), then N^∗K_s ⊂ Λ(x_0, ζ_0; t_0, s_0).

Lemma 3.1. Let n ≤ n_0 = −15 be an integer, t_0, s_0 > 0, Y = Y (x_0, ζ_0; t_0, s_0), K = K(x_0, ζ_0; t_0, s_0), and Λ_1 = Λ(x_0, ζ_0; t_0, s_0). Assume that h = (h_1, h_2) ∈ I^{n−3/2}(Y ), is a B^L-valued conormal distribution that is supported in a neighborhood V ⊂ M_0 of γ_{x0,ζ0} ∩ Y = {γ_{x0,ζ0} (2t_0)} and has a R^{10+L} -valued classical symbol. Denote the principal symbol of h by ~h(x, ξ) = (~h_k(x, ξ))^{10+L}_{k=1} . Assume that the symbol of h vanishes near the light-like directions in N^∗Y \ N^∗K.

Let u^{(1)} = (ġ, ϕ̇) be a solution of the linear wave equation (42) with the source h. Then u^{(1)}, considered as a vector valued lagrangian distribution on the set M_0 \ Y , satisfies u^{(1)} ∈ I^{n−1/2}(M_0 \ Y ; Λ_1), and its principal symbol ~a(y, η) = (~a_1(y, η), ~a_2(y, η)) at (y, η) ∈ Λ_1 is given by ~a(y, η) = 10+L∑

k=1 R^k_j (y, η, x, ξ)~h_k(x, ξ), (56)

where the pairs (x, ξ) and (y, η) are on the same bicharacteristics of □_{^g}, and x < y, that is, ((x, ξ), (y, η)) ∈ Λ^′_{^g}, and in addition, (x, ξ) ∈ N^∗Y . Moreover, the matrix (R^k_j (y, η, x, ξ))^{10+L}_{j,k=1} is invertible.

We call the solution u^{(1)} a piece of spherical wave that is associated to the submanifold K(x_0, ζ_0; t_0, s_0). Below, we will consider interaction of spherical waves u^{(1)} ∈ I^{n−1/2}(M_0 \ Y ; Λ_1). The interaction terms involve several derivatives, and thus these solutions need to be smooth enough. This is why we chose above n_0 = −15.

Proof.^2 By [65], the parametrix of the scalar wave equation satisfies (□_{^g} + v(x, D))^{−1} ∈ I^{−3/2,−1/2}(Δ^′_T ∗_{M0} , Λ_{^g}), where v(x, D) is a 1st order differential operator, Δ_T ∗_{M0} is the conormal bundle of the diagonal of M_0 × M_0 and Λ_{^g} is the flow-out of the canonical relation of □_{^g}.

Let x = (x^1, x^′) ∈ R^4 denote local coordinates of R^4 and ∂_1 =^∂_{∂x1} . By [42, Prop. 26.1.3] there are elliptic Fourier integral operators Φ_1 and Φ_0, of order 1 and 0, having the same canonical relation so that □_{^g} = Φ_1∂_1Φ^{−1}_0 . Thus an operator matrix A = (A_{jk})^{10+L}_{j,k=1} with A_{jk} = □_{^g}δ_{jk} + B^p_{jk}∇_p + C_{jk} can be written as A = Φ_1 ~AΦ^{−1}_0 , ~A = ( ~A_{jk})^{10+L}_{j,k=1} with ~A_{jk} = ∂_1δ_{jk} + ~R_{jk}, ~R_{jk} = Φ_0(B^p_{jk}∇_p + C_{jk})Φ^{−1}_1 .

2We note that Nils Dencker’s results for the polarization sets, see [21] are closely related to this result.

Furthermore, Φ_1 and Φ_0 have the same canonical relation and we conclude that ~R is zeroth order pseudodifferential operator. Thus the parametrix for A is

A^{−1} = Φ_0(∂_1I + ~R)^{−1}Φ^{−1}_1 ,

where (∂_1I + ~R)^{−1} ∼ ∑_∞ j=0(∂_1I)^{−1}( ~R(∂_1I)^{−1})^j. Here ∼ denotes an asymptotic sum. This implies for also the matrix valued wave operator, □_{^g}I + V (x, D), when V (x, D) is the 1st order differential operator, that (□_{^g}I + V (x, D))^{−1} ∈ I^{−3/2,−1/2}(Δ^′_T ∗_{M0} , Λ_{^g}). By [28, Prop. 2.1], this yields that u^{(1)} ∈ I^{n−1/2}(Λ_1) and the formula (56) where R = (R^k_j (y, η, x, ξ))^{10+L}_{j,k=1} is related to the symbol of (□_{^g}I +V (x, D))^{−1} on Λ_{^g}. Making a similar consideration for the adjoint of the (□_{^g}I +V (x, D))^{−1}, i.e., considering the propagation of singularities using reversed causality, we see that the matrix R is invertible. □ Let S^n_{y,η} be the space of the elements in B^L_y satisfying the divergence condition for the symbols (54) at (y, η).

Lemma 3.2. Let n ≤ n_0, t_0, s_0 > 0, Y = Y (x_0, ζ_0; t_0, s_0), K = K(x_0, ζ_0; t_0, s_0), and Λ_1 = Λ(x_0, ζ_0; t_0, s_0). Let us consider p, q^′, z ∈ I^{n−3/2}(Y ) that have classical symbols with principal symbols ~c^{(a)}(x, ξ), ~d_1(x, ξ), ~d^{(a)}_2 (x, ξ), correspondingly, at (x, ξ) ∈ N ∗Y . Moreover, assume that the principal symbols of p and z satisfy the linearized conservation law for the principal symbols, that is, (46), at a light-like co-vector (x, ξ) ∈ N^∗Y .

Let (y, η) ∈ T^∗M_0, y ∉ Y be a light-like co-vector such that (x, ξ) ∈ Θ_{y,η} ∩ N^∗Y . Then the principal symbol ~a(y, η) = (~a_1(y, η), ~a_2(y, η)) of the wave u^{(1)} ∈ I^{n−1/2}(M_0 \ Y ; Λ_1), defined in Lemma 3.1, varies in S_{y,η}. Moreover, by varying p, q^′, z so that the linearized conservation law (46) for principal symbols is satisfied, the principal symbol ~a(y, η) at (y, η) achieves all values in the (L + 6) dimensional space S_{y,η}.

Below, we denote f ∈ I_S^{n−3/2}(Y (x_0, ζ_0; t_0, s_0)) when

f = (p, q), q = (q^′, z)

(57)

and p, q^′, z ∈ I^{n−3/2}(Y (x_0, ζ_0; t_0, s_0)) and the principal symbols of p and z satisfy the linearized conservation law for principal symbols, that is, equation (46).

Proof. Let us use local coordinates X : V → R^4 where V ⊂ M_0 is a neighborhood of x. In these coordinates, let ~c^{(b)}(x, ξ) and ~d^{(b)}_2 (x, ξ) denote the sub-principal symbols of p and z, respectively, at (x, ξ) ∈ N^∗Y . Moreover, let ~c^{(c)}_j (x, ξ) =^∂_{∂xj} ~c^{(a)}_j (x, ξ) and ~d^{(c)}_j (x, ξ) =^∂_{∂xj} ~d^{(a)}_2 (x, ξ), j = 1, 2, 3, 4 be the x-derivatives of the principal symbols and let us denote ~c^{(c)}(x, ξ) = (~c^{(c)}_j (x, ξ))^4_{j=1} and ~d^{(c)}(x, ξ) = ( ~d^{(c)}_j (x, ξ))^4_{j=1}.

Let h = (h_1, h_2) = H(x; p, q) be defined by (43), where we recall that M_{(1)} = 0, N^j_{(1)} = 0, and L_{(1)} = ^g. Then h ∈ I^{n−3/2}(Y ) has the principal symbol ~h(x, ξ) = (~h_1(x, ξ), ~h_2(x, ξ)) at (x, ξ), given by ( ~h_1(x, ξ) ~h_2(x, ξ) ) = ( (~c^{(a)} + ^g ~d^{(a)}_2 )(x, ξ) K_{(2)}(x, ξ)(~c^{(a)} + ^g ~d^{(a)}_2 )(x, ξ) ) + ( 0 M_{(2)}(x) ~d_1(x, ξ) )

+ ( 0 J_{(2)}(x, ξ)(~c^{(c)} + ^g ~d^{(c)})(x, ξ) ) + ( 0 L_{(2)}(x) ~d^{(a)}_2 (x, ξ) ) + (58) + ( 0 N^j_{(2)}(x) ^g^{lk}ξ_l(~c^{(b)}_1 + ^g ~d^{(b)}_2 )_{jk}(x, ξ) ) , where K_{(2)}(x, ξ)(~c^{(a)} + ^g ~d^{(a)}_2 )(x, ξ) and J_{(2)}(x, ξ)(~c^{(c)} + ^g ~d^{(c)}_2 )(x, ξ) is related to the sub-principal symbol of the term ^g^{lk}∇^{^g}_l (p_{jk}+z^g_{jk}). Observe that the map (c^{(b)}_{jk} ) → (^g^{lk}ξ_lc^{(b)}_{jk} )^4_{j=1}, defined as Symm(R^{4×4} ) → R^4 , is surjective. Denote ~m^{(a)} = (~c^{(a)} + ^g ~d^{(a)}_2 )(x, ξ), ~m^{(b)} = (~c^{(b)} + ^g ~d^{(b)}_2 )(x, ξ), and ~m^{(c)} = (~c^{(c)} + ^g ~d^{(c)})(x, ξ). As noted above, by Assumption S (iii), the union of the image spaces of the matrices M_{(2)}(x) and L_{(2)}(x), and N^j_{(2)}(x), j = 1, 2, 3, 4, span the space R^L for all x ∈ ^U. Hence the map A : ( ~m^{(a)}, ~m^{(b)}, ~m^{(c)}, ~d_1, ~d^{(a)}_2 )|_{(x,ξ)} → (~h_1(x, ξ), ~h_2(x, ξ)), given by (58), considered as a map A : Y = (Symm(R^{4×4} ))^{1+1+4} × R^K × R → Symm(R^{4×4} ) × R^L , is surjective. Let X be the set of el- ements ( ~m^{(a)}(x, ξ), ~m^{(b)}(x, ξ), ~m^{(c)}(x, ξ), ~d_1(x, ξ), ~d^{(a)}_2 (x, ξ)) ∈ Y where ~m^{(a)}(x, ξ) = (~c^{(a)} +^g ~d^{(a)}_2 )(x, ξ) is such that the pair (~c^{(a)}(x, ξ), ~d^{(a)}_2 (x, ξ)) satisfies the linearized conservation law for principal symbols, see (46). Then X has codimension 4 in Y , we see that the image A(X ) has codimension less or equal to 4, that is, it has at least dimension (L + 6).

Let (h_1, h_2) be a source with the principal symbol ~h(x, ξ) that corresponds to functions (p, q). When (P, Q) = (εp, εq) and ε > 0 is small enough, it follows from Assumption S (iv), that the ^g-reduced Einstein equations (10) have a solution (g_ε, ϕ_ε) that satisfies the conservation law (11) and thus g_ε satisfies the harmonicity condition (47). Hence ġ = ∂_εg_ε|_{ε=0} satisfies the linearized divergence condition (52). Observe that the metric component of the solution u^{(1)} of the linearized Einstein equation corresponding to the functions (p, q) is equal to ġ. Thus the principal symbol ~a_1(y, η) of u^{(1)} at (y, η) satisfies the divergence condition for the symbols (54), that is, four linear conditions, and also satisfies ~a_1(y, η) ∈ S_{y,η}.

By Lemma 3.1 the R : ~h(x, ξ) → ~a(y, η) maps a subspace of R^{10+L} whose has codimension 4 onto some subspace of R^{10+L} whose codimension is 4.

The above imply that the map R ∘ A, that maps the principal and sub-principal symbols ( ~m^{(a)}(x, ξ), ~m^{(b)}(x, ξ), ~m^{(c)}(x, ξ), ~d_1(x, ξ), ~d^{(a)}_2 (x, ξ)) to the principal symbol ~a(y, η) of the solution u^{(1)} at (y, η), is such that R ∘ A maps X onto a subspace of R^{10+L} which codimension is at most 4 and is a subspace of S_{y,η}. As S_{y,η} has codimension 4, we see that R ∘ A(X ) coincides with S_{y,η} and has thus dimension (L + 6). □

3.6. Interaction of non-linear waves. Next we consider interaction of four C^k-smooth waves on a (1 + 3) dimensional manifold having conormal singularities, where k ∈ Z_+ is sufficiently large. Interaction of such waves produces a "corner point" in the space time. On the related microlocal tools to consider scattering by corners, see [86, 87]. Earlier related interaction of three waves has been studied by Melrose and Ritter [66, 67] and Rauch and Reed, [76] for a non-linear hyperbolic equations in R^{1+2} where the non-linearity appears in the lower order terms.

3.6.1. Interaction of non-linear waves on a general manifold. Next, we introduce a vector of four ε variables denoted by ⃗ε = (ε_1, ε_2, ε_3, ε_4) ∈ R^4_+ . Let s_0, t_0 > 0 and consider the solution u_{⃗ε} = (g_{⃗ε} − ^g, ϕ_{⃗ε} − ^ϕ) where g_{⃗ε} and ϕ_{⃗ε} solve the equations (10) with (P, Q) = f_{⃗ε} being

f_{⃗ε} := 4∑ j=1 ε_jf_j , f_j ∈ I_S^{n−3/2}(Y (x_j , ζ_j; t_0, s_0)),

(59)

see (57), where (x_j , ζ_j) are light-like vectors with x_j ∈ ^U. Moreover, we assume that for some 0 < r_1 < r_0 and s_− + r_1 < s_1 < s_+ the sources satisfy

supp (f_j ) ∩ J^+_{^g} (supp (f_k)) = ∅, for all j ≠ k,

(60)

supp (f_j ) ⊂ I_{^g}(μ_{^g}(s_1 − r_1), μ_{^g}(s_1)), for all j = 1, 2, 3, 4,

where r_0 is the parameter introduced after (14) to define W_{^g} = W_{^g}(r_0). The first condition implies that the supports of the sources are causally independent.

The sources f_j give raise for B^L-section valued solutions of the linearized wave equations, denoted

u_j := u^{(1)}_j = QR f_j ∈ I(Λ(x^{(j)}_0 , ζ^{(j)}_0 ; t_0, s_0)),

where R is a first order differential operator depending on ^g and Q = Q_{^g} = (□_{^g} +V (x, D))^{−1} is the causal inverse of the wave equation where V (x, D) is a first order differential operator.

In the following we use the notations

∂^1_{⃗ε} u_{⃗ε}|_{⃗ε=0} := ∂_{ε1} u_{⃗ε}|_{⃗ε=0}, ∂^2_{⃗ε} u_{⃗ε}|_{⃗ε=0} := ∂_{ε1} ∂_{ε2} u_{⃗ε}|_{⃗ε=0}, ∂^3_{⃗ε} u_{⃗ε}|_{⃗ε=0} := ∂_{ε1} ∂_{ε2} ∂_{ε3} u_{⃗ε}|_{⃗ε=0}, ∂^4_{⃗ε} u_{⃗ε}|_{⃗ε=0} := ∂_{ε1} ∂_{ε2} ∂_{ε3} ∂_{ε4} u_{⃗ε}|_{⃗ε=0}.

PSfrag replacements

Figure 8. A schematic figure where the space-time is represented as the 2-dimensional set R^{1+1} . The four light-like geodesics γ_{xj ,ξj} ([0, ∞)), j = 1, 2, 3, 4 starting at the blue points x_j intersect at q before the first cut points of γ_{xj ,ξj} ([t_0, ∞)), denoted by the golden points. We send pieces of spherical waves from the black points γ_{xj ,ξj} (t_0) that propagate near these geodesics and produce an artificial point source at the point q.

Next we denote the waves produced by the ℓ-th order interaction by M^{(ℓ)} := ∂^ℓ_{⃗ε}u_{⃗ε}|_{⃗ε=0}, ℓ ∈ {1, 2, 3, 4} in ^U, see Fig. 8. Below, B^β_j , j, β ∈ Z_+ are differential operators having in local coordinates the form

B^β_j : (v_p)^{10+L}_{p=1} → (b^{r,(j,β)}p (x)∂^{⃗k(β,j)}x v_r(x))^{10+L}_{p=1} , and

(61) S^β_j = Q or S^β_j = I,

where the coefficients b^{r,(j,β)}p (x) depend on the derivatives of ^g_{jk}.

Computing ε_j derivatives of the equations (36) with the sources f_{⃗ε}, and taking into account the condition (60), we obtain

M^{(1)} = u_1,

(62)

M^{(2)} = ∑ σ∈Σ(2) ∑ β∈J_2 Q(B^β_2 u_{σ(2)} · B^β_1 u_{σ(1)}),

M^{(3)} = ∑ σ∈Σ(3) ∑ β∈J_3 Q(B^β_3 u_{σ(3)} · C^β_1 S^β_1 (B^β_2 u_{σ(2)} · B^β_1 u_{σ(1)})),

M^{(4)} = QF^{(4)}, F^{(4)} = ∑ σ∈Σ(4) ∑ β∈J_4 (G^{(4),β}_σ + ~G^{(4),β}_σ ),

where Σ(ℓ) is the set of permutations, that is, bijections σ : {1, 2, . . . , ℓ} → {1, 2, . . . , ℓ}, and J_2, J_3, J_4 ⊂ Z_+ are finite sets. Moreover, the operators C^β_j are of the same form as the operators B^β_j . The orders k^β_j = ord(B^β_j ) of the differential operators B^β_j and the orders ℓ^β_j = ord(C^β_j ) satisfy k^β_1 + k^β_2 ≤ 2 and k^β_3 + ℓ^β_1 ≤ 2. Moreover, G^{(4),β}_σ = B^β_4 u_{σ(4)} · C^β_2 S^β_2 (B^β_3 u_{σ(3)} · C^β_1 S^β_1 (B^β_2 u_{σ(2)} · B^β_1 u_{σ(1)}))

(63) M^{(4),β}_σ = QG^{(4),β}_σ , where the orders of the differential operators satisfy k^β_4 + ℓ^β_2 ≤ 2, k^β_3 + ℓ^β_1 ≤ 2, k^β_2 + k^β_1 ≤ 2, and finally ~G^{(4),β}_σ = C^β_2 S^β_2 (B^β_4 u_{σ(4)} · B^β_3 u_{σ(3)}) · C^β_1 S^β_1 (B^β_2 u_{σ(2)} · B^β_1 u_{σ(1)}), (64) ~M^{(4),β}_σ = Q ~G^{(4),β}_σ ,

where ℓ^β_1 + ℓ^β_2 ≤ 2, k^β_4 + k^β_3 ≤ 2, k^β_2 + k^β_1 ≤ 2. Note that due to the conditions (60), for ℓ = 2, 3, 4, M^{(ℓ),β}σ and ~M^{(ℓ),β}σ do not contain terms that involve sources f_j , for example, using (36) we obtain the formula

M^{(2)} = Q ( B_1(u_1)f_2 + B_2(u_2)f_1 + K(u_1, u_2) ) , where the terms B_1(u_1)f_2 and B_2(u_2)f_2 vanish due to (60) and K is a bilinear operator.

We make also the observation that when ⃗S_β = (Q, Q), the terms M^{(4),β}σ and ~M^{(4),β}σ can be written in the form

M^{(4),β}_σ = Q(A[u_{σ(4)}, Q(A[u_{σ(3)}, Q(A[u_{σ(2)}, u_{σ(1)}])]),

(65) ~M^{(4),β}_σ = Q(A[Q(A[u_{σ(4)}, u_{σ(3)}]), Q(A[u_{σ(2)}, u_{σ(1)}])]) (66) where A[V, W ] is a generic notation (i.e., its exact form can vary even inside the formula) for a 2nd order multilinear operator in V and W having the form A[V, W ] = ∑ |α|+|γ|≤2 a_{αγ} (x)(∂^α_x V (x)) · (∂^γ_x W (x)).

(67)

We use in particular two such bilinear forms that are given for V = (v_{jk}, ϕ), and W = (w^{jk}, ϕ^′), by A_1[V, W ] = −^g^{jb}v_{ab}^g^{ak}∂_j ∂_kw_{pq}, A_2[V, W ] = A_1[W, V ]. (68)

By considering the terms that we obtain by substituting formulas (34) in (35), we see that the case when the quadratic forms A appearing in the formulas (65) and (66) have second order derivatives, that is, when the terms with |γ| = 2 or |α| = 2 in (67) are non-zero, can happen only when A is either the bilinear form A_1 or A_2.

3.6.2. On the singular support of the non-linear interaction of three waves. Below, we use for a pair (x, ξ) ∈ L^+M_0 the notation (x(h), ξ(h)) = (γ_{x,ξ}(h), γ̇_{x,ξ}(h)). (69)

Let us next consider four light-like future pointing directions (x_j , ξ_j), j = 1, 2, 3, 4, and use below the notation

(⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1}.

We will consider the case when we send pieces of spherical waves propagating on surfaces K(x_j , ξ_j; t_0, s_0), t_0, s_0 > 0, cf. (55), and these waves interact. Let us use for (x_j , ξ_j) the notation (69) and assume that x_k(t_0) ∉ K(x_j , ξ_j; t_0, s_0) for k ≠ j, see Fig. 9.

Next we consider the 3-interactions of the waves, see Fig. 9 on analogous considerations in (1 + 2) dimensional Lorentz space. For 1 < j_1 < j_2 < j_3 ≤ 4, let K_{jp} = K(x_{jp} , ξ_{jp} ; t_0, s_0), p = 1, 2, 3. We define

X (j_1, j_2, j_3; t_0, s_0) = ⋃ z∈K_{j1} ∩K_{j2} ∩K_{j3} (N_zK_{j1} + N_zK_{j2} + N_zK_{j3} ) ∩ L^+_z M_0.

(70)

Note that K_{123} = K_1 ∩ K_2 ∩ K_3 is a space like curve and N^∗_z K_{123} = N^∗_z K_1 + N^∗_z K_2 + N^∗_z K_3. Moreover, we define Y(j_1, j_2, j_3; t_0, s_0) to be the set of all y ∈ M_0 such that there are z ∈ K_{j1} ∩ K_{j2} ∩ K_{j3} , ζ ∈ X (j_1, j_2, j_3; t_0, s_0), and t ≥ 0 such that γ_{z,ζ}(t) = y. We use below the 3-interaction sets (See Figs. 10 and 11)

Y((⃗x, ⃗ξ); t_0, s_0) = ⋃ 1≤j_1<j_2<j_3≤4

Y(j_1, j_2, j_3; t_0, s_0),

(71) Y((⃗x, ⃗ξ); t_0) = ⋂ s_0>0

Y((⃗x, ⃗ξ); t_0, s_0) ⊂ M_0,

X ((⃗x, ⃗ξ); t_0, s_0) = ⋃ 1≤j_1<j_2<j_3≤4

X (j_1, j_2, j_3; t_0, s_0),

X ((⃗x, ⃗ξ); t_0) = ⋂ s_0>0

X ((⃗x, ⃗ξ); t_0, s_0) ⊂ T M_0.

For instance in Minkowski space, when three plane waves (which singular supports are hyper-planes) collide, the intersections of the hyperplanes is a 1-dimensional space-like line K_{123} in the 4-dimensional space-time. This corresponds to a point moving continuously in time. Roughly speaking, the point seem to move at a higher speed than light (i.e. it appears like a tachyonic point-like object) and produces a shock wave type of singularity that moves on the set Y((⃗x, ⃗ξ); t_0, s_0) in the space-time.

PSfrag replacements

Figure 9. A schematic figure where the space-time is represented as the 3-dimensional set R^{2+1} . In the figure 3 pieces or plane waves have singularities on strips of hyperplanes (in fact planes) K_1, K_2, K_3, colored by light blue, red, and black. These planes have intersections, and in the figure the sets K_{12} = K_1 ∩K_2, K_{23} = K_2 ∩K_3, and K_{13} = K_1 ∩ K_3 are shown as dashed lines with dark blue, magenta, and brown colors. These dashed lines intersect at a point {q} = K_{123} = K_1 ∩ K_2 ∩ K_3.

3.6.3. Gaussian beams. Our aim is to consider interactions of 4 waves to produce a new source, and to this end we use test sources that produce gaussian beams.

Let y ∈ ^U and η ∈ T_yM be a future pointing light-like vector. We choose a complex function p ∈ C^∞(M_0) such that Im p(x) ≥ 0 and Im p(x) vanishes only at y, p(y) = 0, d(Re p)|_y = η^♯, d(Im p)|_y = 0 and the Hessian of Im p at y is positive definite. To simplify notations, we use below also complex sources and waves. The physical linearized waves can be obtained by taking the real part of the corresponding complex wave. We use a large parameter τ and define a test source

F_τ (x) = τ^{−1} exp(iτp(x))h(x)

(72)

where h is section on sym(Ω^2M) × R^L supported in a small neighborhood W of y. The construction of p(x) and F_τ is discussed later.

We consider both the usual causal solutions and the solutions for which time is reversed, that is, we use the anti-causal parametrix Q^∗ =

PSfrag replacements

Figure 10. In the section 3.6.2 we consider four colliding pieces of spherical waves. In the figure we consider the Minkowski space R^{1+3} and the figure corresponds to a "time-slice" {T_1} × R^3 . We assume that the spherical waves are sent so far away that the waves look like pieces of plane waves. The plane waves u_j ∈ I(K_j ), j = 1, 2, 3, 4, are conormal distributions that are solutions of the linear wave equation and their singular supports are the sets K_j , that are pieces of 3-dimensional planes in the space-time. The sets K_j are not shown in the figure. The 2-wave interaction wave M^{(2)} is singular on the set ∪_{j≠k}K_j ∩ K_j. There are 6 intersection sets K_j ∩ K_j that are shown as black line segments. Note that these lines have 4 intersection points, that is, the vertical and the horizontal black lines do not intersect in {T_1} × R^3 . The four intersection points of the black lines are the sets ({T_1} × R^3 ) ∩ (K_j ∩ K_j ∩ K_n). These points correspond to points moving in time (i.e., they are curves in the space-time) that produce singularities of the 3-interaction wave M^{(3)}. The points seem to move faster than the speed of the light (similarly, as a shadow of a far away object may seem to move faster than the speed of the light). Such point sources produce "shock waves", and due to this, M^{(3)} is singular on the sets Y((⃗x, ⃗ξ), t_0, s_0) defined in formulas (65)-(66). The set ({T_1} × R^3 ) ∩ Y((⃗x, ⃗ξ), t_0, s_0) is the union of the four blue cones shown in the figure.

PSfrag replacements

Figure 11. The same situation that was described in Fig. 9 is shown at a later time, that is, the figure shows the time-slice {T_2} × R^3 with T_2 > T_1, when the parameter s_0 is quite large. The four pieces of the spherical waves have now collided and produced a point source in the space-time at a point q ∈ K_1 ∩ K_2 ∩ K_3 ∩ K_4, that produces the singularities of the 4-interaction wave M^{(4)}. In the figure T_1 < t < T_2, where q has the time coordinate t. The four cones in the figure, shown with solid blue and green curves and dashed blue and yellow curves are the intersection of the time-slice {T_2} × R^3 and the set Y((⃗x, ⃗ξ), t_0, s_0). Inside the cones the red sphere is the set L^+(q) ∩ ({T_2} × R^3 ) that corresponds to the spherical wave produced by the point source at q.

Q^∗_{^g} instead of the usual causal parametrix Q = (□_{^g} + V (x, D))^{−1}. The wave u_τ = Q^∗F_τ . It satisfies by [75] ‖u_τ − u^N_τ ‖_Ck_{(J(p}−_{,p}+_{))} ≤ C_N τ^{−nN,k} (73)

where n_{N,k} → ∞ as N → ∞ and u^N_τ is a formal Gaussian beam [75] of order N having the form

u^N_τ (x) = exp(iτφ(x)) (_N ∑ n=0 U_n(x)τ^{−n} ) , (74)

where φ(x) = A(x) + iB(x) and A(x) and B(x) are real functions, B(x) ≥ 0, and B(x) vanishes only on γ_{y,η}(R) ∩ J^−_{^g} (W ), and for z = γ_{y,η}(t), and ζ = γ̇^♭_{y,η}(t), t < 0 we have dA|_z = ζ, dB|_z = 0, and the Hessian of B at z restricted to the orthocomplement of ζ (with

PSfrag replacements

Figure 12. The same situation that was described in Fig. 11, that is, the figure shows in the time-slice {T_2} × R^3 the singularities produced by four colliding spherical waves, when the parameter s_0 is very small. In this case the truncated cones degenerate to circles.

respect to ^g^+) is positive definite. Above, functions h and U_n can be chosen to be smooth and supported in any neighborhood V of y and any neighborhood of γ_{y,η}((−∞, 0]).

The source function F_τ can be constructed in local coordinates using the asymptotic representation of the gaussian beam, namely, by considering first F^{(series)} τ (x) = cτ^{−1/2} ∫ R e^{−τ s2} ϕ(s)f_τ (x; s)ds, where f_τ (x; s) = □_{^g}(H(s − x^0)u_τ (x)), ϕ ∈ C^∞_0 (R) has value 1 in some neighborhood of zero, and H(s) is the Heaviside function, and writing e^{−iτ p(x)}F^{(series)} τ (x) = e^{−iτ p(x)}F^{(1)}(x)τ^{−1} + e^{−iτ p(x)}F^{(2)}(x)τ^{−2} + O(τ^{−3}).

Then, F_τ can be defined by F_τ = F^{(1)}(x)τ^{−1}. Indeed, we see that □^{−1}_{^g} F^{(series)} τ = τ^{−1}Φ_τ (x) u_τ (x),

Φ_τ (x) = cτ^{1/2} ∫ R e^{−τ s2} ϕ(s)H(s − x^0)ds = { O(τ^{−N} ), for x_0 < 0, 1 + O(τ^{−N} ), for x_0 > 0.

Moreover, by writing □_{^g} = ^g^{jk}∂_j ∂_k + ^Γ^j∂_j , ^Γ^j = ^g^{pq}^Γ^j_{pq} we see that

f_τ (x; s) = ^g^{00}u_τ (x)δ^′(s − x^0) −2 3∑ j=1 ^g^{j0}(∂_j u_τ (x)) δ(s − x^0) − ^Γ^0u_τ (x) δ(x^0 − s).

Let us use normal coordinates centered at the point y so that Γ^j(0) = 0 and ^g^{jk}(0) is the Minkowski metric. Then we define p(x) = (x^0)^2 +φ(x) and see that the leading order term of F^{(series)}τ is given by F_τ = cτ^{−1/2}e^{−τ p(x)} ( 2x^0ϕ(x^0)U_0(x) + 2i(∂_0φ(x))U_0(x)ϕ(x^0) ) , where ∂_0φ|_y does not vanish.

3.6.4. Indicator function for singularities produced by interactions. Let y ∈ U and η ∈ T_{x0} M be a future pointing light-like vector. We will next make a test to see if (y, η^♭) ∈ WF (M^{(ℓ)}) with ℓ ≤ 4.

Using the functions M^{(ℓ)} defined in (62) with the pieces of plane waves u_j ∈ I(Λ(x_j , ξ_j; t_0, s_0)), j ≤ 4, and the source F_τ in (72), we define indicator functions Θ^{(ℓ)}_τ = ⟨F_τ , M^{(ℓ)}⟩_L2_{(U)}, ℓ = 1, 2, 3, 4,

(75)

We can write Θ^{(ℓ)}τ is a sum of terms T^{(ℓ),β}τ,σ and ~T^{(ℓ),β}τ,σ , where β ∈ Z_+ are just numbers indexing terms, and σ : {1, 2, . . . , ℓ} → {1, 2, . . . , ℓ} is in the set of permutations of ℓ indexes,

Θ^{(ℓ)}_τ = ∑ β∈J_ℓ ∑ σ∈Σ(ℓ) (T^{(ℓ),β}_{τ,σ} + ~T^{(ℓ),β}_{τ,σ} ).

To define the terms T^{(ℓ),β}τ,σ and ~T^{(ℓ),β}τ,σ appearing above, we use generic notations where we drop the index β, that is, we denote B_j = B^β_j and S_j = S^β_j . Then T^{(2),β}τ,σ are terms of the form

T^{(2),β}_{τ,σ} = ⟨F_τ , Q(B_2u_{σ(2)} · B_1u_{σ(1)})⟩_L2_{(M0)}

(76) = ⟨Q^∗F_τ , B_2u_{σ(2)} · B_1u_{σ(1)}⟩_L2_{(M0)} = ⟨u_τ , B_2u_{σ(2)} · B_1u_{σ(1)}⟩_L2_{(M0)},

and ~T^{(2),β}τ,σ = 0. Moreover, T^{(3),β}τ are of the form

T^{(3),β}_{τ,σ} = ⟨F_τ , Q(B_3u_{σ(3)} · C_1S_1(B_2u_{σ(2)} · B_1u_{σ(1)}))⟩_L2_{(M0)}

(77) = ⟨u_τ , B_3u_{σ(3)} · C_1S_1(B_2u_{σ(2)} · B_1u_{σ(1)})⟩_L2_{(M0)},

and ~T^{(3),β}τ,σ = 0. When we consider the 4th order interaction terms T^{(4),β}τ,σ we change our notations by commuting S_j and C_j and using Leibniz rule. For instance, if C_1 is a first order operator, we write C^β_1 S^β_1 (B^β_2 u_2 · B^β_1 u_1) = [C^β_1 , S^β_1 ](B^β_2 u_2 · B^β_1 u_1) + +S_1((C^β_1 B^β_2 u_2) · B^β_1 u_1) + S_1(B^β_2 u_2 · ((C^β_1 B^β_1 u_1)).

Using this we can eliminate the operators C^β_j and increase the order of the differential operators B^β_j and allow S^β_j also be a commutator of Q and C^β_j , that is, below we allow B^β_j and S^β_j to be of the form

B^β_j : (v_p)^{10+L}_{p=1} → (b^{r,(j,β)}p (x)∂^{⃗k(β,j)}x v_r(x))^{10+L}_{p=1} , and

(78) S^β_j = Q or S^β_j = I, or S^β_j = [Q, a(x)D^α], where |⃗k(β)| = ∑_4 j=1 k(β, j) ≤ 6. To simplify notations, we also enumerate again the obtained terms with the indexes β, that is, we consider β as an index running over a non-specified finite set. To simplify notations, we sometimes drop the super-index β below. With these notations,

T^{(4),β}_{τ,σ} = ⟨F_τ , Q(B_4u_{σ(4)} · S_2(B_3u_{σ(3)} · S_1(B_2u_{σ(2)} · B_1u_{σ(1)})))⟩_L2_{(M0)} = ⟨Q^∗F_τ , B_4u_{σ(4)} · S_2(B_3u_{σ(3)} · S_1(B_2u_{σ(2)} · B_1u_{σ(1)}))⟩_L2_{(M0)}

(79)

= ⟨(B_4u_{σ(4)}) · u_τ , S_2(B_3u_{σ(3)} · S_1(B_2u_{σ(2)} · B_1u_{σ(1)}))⟩_L2_{(M0)} = ⟨(B_3u_{σ(3)}) · S^∗_2 ((B_4u_{σ(4)}) · u^τ ), S_1(B_2u_{σ(2)} · B_1u_{σ(1)})⟩_L2_{(M0)} and ~T^{(4),β}_{τ,σ} = ⟨F_τ , Q(S_2(B_4u_{σ(4)} · B_3u_{σ(3)}) · S_1(B_2u_{σ(2)} · B_1u_{σ(1)}))⟩_{L2(M0)} = ⟨Q^∗F_τ , S_2(B_4u_{σ(4)} · B_3u_{σ(3)}) · S_1(B_2u_{σ(2)} · B_1u_{σ(1)})⟩_L2_{(M0)}

(80)

= ⟨S_2(B_4u_{σ(4)} · B_3u_{σ(3)}) · u_τ , S_1(B_2u_{σ(2)} · B_1u_{σ(1)})⟩_L2_{(M0)}. When σ is the identity, we will omit it in our notations and denote T^{(4),β}τ = T^{(4),β}_{τ,id} , etc.

In particular, the term ⟨F_τ , Q(A_2[u_4, Q(A_2[u_3, Q(A_2[u_2, u_1])])])⟩, where we recall that A_2[v, w] = ^g^{np}^g^{mq}v_{nm}∂_p∂_qw_{jk}, can be written as a sum of terms of the type T^{(4),β}τ,σ , we obtain one term that will later cause the leading order asymptotics. This term corresponds to σ = Id and the indexes k_1 = 6, k_2 = k_3 = k_2 = 0, and we enumerate this term to correspond β = β_1 := 1 (we define these indexes used later) ⃗S_{β1} = (Q, Q) and k^{β1}_1 = 6, k^{β1}_2 = k^{β1}_3 = k^{β1}_2 = 0.

(81)

3.6.5. Properties of indicator functions on a general manifold. To consider the properties of the indicator functions related to the sources f_j ∈ I(Y (x_j , ξ_j; t_0, s_0)), considered as sections of the bundle B^K , where (x_j , ξ_j) ∈ L^+M_0, x_j ∈ ^U, j ≤ 4, and the source F_τ determined by (y, η) ∈ L^+M_0, y ∈ ^U we denote in the following (x_5, ξ_5) = (y, η) and continue to use the notation (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1}.

Definition 3.3. We say that the geodesics corresponding to (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1} intersect and the intersection takes place at the point q if there is q ∈ M_0 such that for all j = 1, 2, 3, 4, there are t_j ∈ (0, t_j), t_j = ρ(x_j , ξ_j) such that q = γ_{xj ,ξj} (t_j). In this case that such q exists and is of the form q = γ_{x5,ξ5} (t_5), t_5 < 0, we say that (x_5, ξ_5) comes from the 4-intersection of rays corresponding to (⃗x, ⃗ξ) = ((x_j, ξ_j))^4_{j=1}.

Also, we say that q is the intersection point corresponding to (⃗x, ⃗ξ) and (x_5, ξ_5).

Let Λ^+_q be the lagrangian manifold Λ^+_q = {(x, ξ) ∈ T^∗M_0; x = γ_{q,ζ} (t), ξ^♯ = γ̇_{q,ζ}(t), ζ ∈ L^+_q M_0, t > 0} Note that the projection of Λ^+_q on M_0 is the light cone L^+_{^g} (q) \ {q}.

Below we say that a function F (z) is a meromorphic function of the variables z ∈ R^m if F (z) = P (z)/Q(z) where P (z) and Q(z) are real-analytic functions and Q(z) does not vanish identically. Next we consider (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1} and ϑ_0, t_0 > 0 that satisfy (see Fig. 13)

(i) x_j ∈ ^U, ξ_j ∈ L^+_{xj} M_0, x_j ∉ J^+_{^g} (x_k), for j, k ≤ 4, j ≠ k,

(82)

(ii) For all j, k ≤ 4, d_{^g}+ ((x_j , ξ_j), (x_k, ξ_k)) < ϑ_0, (iii) There is y ∈ ^μ such that for all j ≤ 4, d_{^g}+ (y, x_j) < ϑ_0, (iv) For j, k ≤ 4, j ≠ k, we have x_j (t_0) ∉ γ_{xk,ξk} (R_+ ).

Above, (x_j (h), ξ_j(h)) are defined in (69). We also consider a point x_6 ∈ U_{^g} that satisfies for (⃗x, ⃗ξ) and t_0 satisfies the condition For all j ≤ 4, x^{cut}_j = γ_{xj (t0),ξj (t0)}(t_j) ∉ J^−_{^g} (x_6),

(83)

where t_j := ρ(x_j (t_0), ξ_j(t_0)).

Then, we denote V((⃗x, ⃗ξ), t_0) = M_0 \ 4⋃ j=1 J^+_{^g} (γ_{xj (t0),ξj (t0)}(t_j)).

Observe that V((⃗x, ⃗ξ), t_0) is an open neighborhood of J^−_{^g} (x_6).

The condition (83) implies that when we consider the past of x_6, then no geodesics γ_{xj (t0 ),ξj (t0 )} has conjugate or cut points. Note that two such geodesics γ_{xj (t0),ξj (t0)}([0, ∞)) can intersect only once in V((⃗x, ⃗ξ), t_0).

In the proposition below we will consider four spherical waves u_j ∈ I^{n−1/2}(Λ(x_j , ξ_j; t_0, s_0)), j = 1, 2, 3, 4, where the order n is low enough, that is n ≤ −n_1. A suitable value of n_1 is n_1 = 12, and the reason for this is that we need to consider fourth order interaction terms and each interaction involves two derivativs.

Proposition 3.4. Let (⃗x, ⃗ξ) = ((x_j, ξ_j))^4_{j=1} be future pointing light-like vectors and x_6 ∈ U_{^g} satisfing (82)-(83). Let x_5 ∈ V((⃗x, ⃗ξ), t_0) ∩ U_{^g} and (x_5, ξ_5) be a future pointing light-like vector such that x_5 ∉ γ_{xj ,ξj} (R) for j ≤ 4, t_0 > 0, and x_5 ∉ Y = Y(((x_j, ξ_j))^4_{j=1}; t_0), see (55) and (70).

There exists n_1 ∈ Z_+ such that the following holds: When s_0 > 0 is small enough, the function Θ^{(ℓ)}τ , see (75), corresponding to the linear waves u_j ∈ I^{n−1/2}(Λ(x_j, ξ_j; t_0, s_0)), j ≤ 4, defined in Lemma 3.1 with n ≤ −n_1, and the source F_τ satisfies the following:

(i) If (x_5, ξ_5) does not come from the 4-intersection of rays corresponding to (⃗x, ⃗ξ), we have |Θ^{(4)}τ | ≤ C_N τ^{−N} for all N > 0.

PSfrag replacements

Figure 13. A schematic figure where the space-time is represented as the 2-dimensional set R^{1+1} . The figure shows the configuration in formulas (82) and (83). The points x_1 and x_2, marked with red dots, are the points from where we send light-like geodesics γ_{xj ,ξj} ([t_0, ∞)), j = 1, 2. The geodesics γ_{xj ,ξj} ([t_0, ∞)), j = 3, 4 are not in the figure. We assume the these geodesics intersect at point q that is shown as a red point. The geodesics γ_{xj ,ξj} ([t_0, ∞)) have cut points and the first cut points p_j are shown as golden points. The point x_6 ∈ U_{^g} is such that no cut points p_j of geodesics are in the causal past J^−(x_6) of the point x_6 shown with red lines. Observations are done at the point x_5 ∈ J^−(x_6) ∩ U_{^g}. The set J^−(x_6) has a neighborhood V = V((⃗x, ⃗ξ), t_0) that is the complement of the set

⋃_4 j=1 J^+(p_j ). The boundary of V is shown with green lines. The the black "diamond" is again the set J_{^g}(^p^−, ^p^+) and the black line is the geodesic ^μ. The domain inside the blue curve is the set U_{^g} where the sources are supported and the observations are done.

(ii) if (x_5, ξ_5) comes from the 4-intersection of rays corresponding to (⃗x, ⃗ξ) and q is the corresponding intersection point, q = γ_{xj ,ξj} (t_j ), then

Θ^{(4)}_τ ∼ ∞∑ k=m s_kτ^{−k} (84) as τ → ∞ where m = −4n+2. Here we use ∼ to denote that the terms have the same asymptotics up an error O(τ^{−N} ) for all N > 0.

Moreover, let b_j = (γ̇_{xj ,ξj} (t_j ))^♭ and b = (b_j )^5_{j=1} ∈ (T^∗_q M_0)^5, w_j be the principal symbols of the waves u_j at (q, b_j), and w = (w_j)^5_{j=1}. Then there is a real-analytic function G(b, w) such that the leading order term in (84) satisfies

s_m = G(b, w).

(85)

Proof. Below, to simplify notations, we denote K_j = K(x_j , ξ_j; t_0, s_0) and K_{123} = K_1 ∩ K_2 ∩ K_3 and K_{124} = K_1 ∩ K_2 ∩ K_4, etc. We will denote Λ_j = Λ(x_j, ξ : j; t_0, s_0) to consider also the singularities of K_j related to conjugate points.

Below we will consider separately the case when the following linear independency condition,

(LI) Assume if that J ⊂ {1, 2, 3, 4} and y ∈ J^−(x_6) are such that for all j ∈ J we have γ_{xj ,ξj} (t^′_j) = y with some t^′_j ≥ 0, then the vectors γ̇_{xj ,ξj} (t^′_j ), j ∈ J are linearly independent.

is valid and the case when (LI) is not valid.

Let us first consider the case when (LI) is valid.

By the definition of t_j, if the intersection γ_{x5,ξ5} (R_− )∩(∩^4_{j=1}γ_{xj ,ξj} ((0, t_j))) is non-empty, it can contain only one point. In the case that such a point exists, we denote it by q. When q exists, the intersection of K_j at this point are transversal and we see that when s_0 is small enough, the set ∩^4_{j=1}K_j consists only of the point q. Next we consider so small s_0 that this is true.

We consider two local coordinates Z : W_0 → R^4 and Y : W_1 → R^4 such that W_0, W_1 ⊂ V((⃗x, ⃗ξ), t_0), see definition after (83). We assume that local coordinates are such that K_j ∩ W_0 = {x ∈ W_0; Z^j(x) = 0} and K_j ∩ W_1 = {x ∈ W_1; Y^j (x) = 0} for j = 1, 2, 3, 4. In the Fig. 14, W_0 is a neighborhood of z and W_1 is the neighborhood of y. We note that the origin 0 = (0, 0, 0, 0) ∈ R^4 does not necessarily belong to the set Z(W_0) or the set Y (W_1), for instance in the case when the four geodesic γ_{xj ,ξj} do not intersect. However, this is the case when the four geodesic intersect at the point q, we need to consider the case when W_0 and W_1 are neighborhoods of 0. Note that W_0 and W_1 do not contain any cut points of the geodesic γ_{xj ,ξj} ([t_0, ∞).

We will denote z^j = Z^j (x). We assume that Y : W_1 → R^4 are similar coordinates and denote y^j = Y^j (x). We also denote below dy^j = dY^j and dz^j = dZ^j. Let Φ_0 ∈ C^∞_0 (W_0) and Φ_1 ∈ C^∞_0 (W_1).

Let us next considering the map Q^∗ : C^∞_0 (W_1) → C^∞(W_0). By [65], Q^∗ ∈ I(W_1 × W_0; Δ^′_{T M0} , Λ_{^g}) is an operator with a classical symbol and its canonical relation Λ^′_Q∗ is associated to a union of two intersecting lagrangian manifolds, Λ^′_Q∗ = Λ^′_{^g} ∪ Δ_{T M0} , intersecting cleanly [65]. Let ε_2 > ε_1 > 0 and B_{ε1,ε2} be a pseudodifferential operator on

M_0 which is microlocally smoothing operator (i.e., the full symbol vanishes in local coordinates) outside in the ε_2-neighborhood V_2 ⊂ T^∗M_0 of the set of the light like covectors L^∗M_0 and for which (I − B_{ε1,ε2} ) is microlocally smoothing operator in the ε_1-neighborhood V_2 of L^∗M_0. The neighborhoods here are defined with respect to the Sasaki metric of (T^∗M_0, ^g^+) and ε_2, ε_1 are chosen later in the proof. Let us decompose the operator Q^∗ = Q^∗_1 + Q^∗_2 where Q^∗_1 = Q^∗(I − B_{ε1,ε2} ) and Q^∗_2 = Q^∗B_{ε1,ε2} . As Λ_Q∗ = Λ_{^g} ∪ Δ^′_{T M0} , we see that then there is a neighborhood W_2 = W_2(ε_2) of L^∗M_0 × L^∗M_0 ⊂ (T^∗M_0)^2 such that the Schwartz kernel Q^∗_2(r, y) of the operator Q^∗_2 satisfies

WF(Q^∗_2) ⊂ W_2.

(86)

Moreover, Λ_Q∗_1 ⊂ Δ^′_{T M0} implying that Q^∗_1 is a pseudodifferential operator with a classical symbol, Q^∗_1 ∈ I(W_1 × W_0; Δ^′_{T M0} ), and Q^∗_2 ∈ I(W_1 × W_0; Δ^′_{T M0} , Λ_{^g}) is a Fourier integral operator (FIO) associated to two cleanly intersecting lagrangian manifolds, similarly to Q^∗.

In the case when p = 1 we can write Q^∗_p as

(Q^∗_1v)(z) = ∫ R^{4+4} e^{iψ1(z,y,ξ)}q_1(z, y, ξ)v(y) dydξ, (87)

where

ψ_1(z, y, ξ) = (y − z) · ξ, for (z, y, ξ) ∈ W_1 × W_0 × R^4 ,

(88)

and a classical symbol q_1(z, y, ξ) ∈ S^{−2}(W_1 × W_0; R^4 ), having a real valued principal symbol ~q_1(z, y, ξ) = χ(z, ξ) g_z(ξ, ξ) where χ(z, ξ) ∈ C^∞ is a cut-off function vanishing in a neighborhood of the set where g_z(ξ, ξ) = 0. Note that then Q_1 − Q^∗_1 ∈ Ψ^{−3}(W_1 × W_0).

Furthermore, let us decompose Q^∗_1 = Q^∗_{1,1} + Q^∗_{1,2} corresponding to the decomposition q_1(z, y, ξ) = q_{1,1}(z, y, ξ) + q_{1,2}(z, y, ξ) of the symbol, where q_{1,1}(z, y, ξ) = q_1(z, y, ξ)ψ_R(ξ), q_{1,2}(z, y, ξ) = q_1(z, y, ξ)(1 − ψ_R(ξ)), (89)

where ψ_R ∈ C^∞_0 (R^4 ) is a cut-off function that is equal to one in a ball B(R) of radius R specified below.

Next we start to consider the terms T^{(4),β}τ and ~T^{(4),β}τ of the type (79) and (80). In these terms, we can represent the gaussian beam u_τ (z) in W_1 in the form

u_τ (y) = e^{iτ φ(y)}a_5(y, τ)

(90)

where the function φ is a complex phase function having non-negative imaginary part such that Im φ, defined on W_1, vanishes exactly on the geodesic γ_{x5,ξ5} ∩ W_1. Note that γ_{x5,ξ5} ∩ W_1 may be empty. Moreover, a_5 ∈ S^0_{clas}(W_1; R) is a classical symbol.

Also, for y = γ_{x5,ξ5} (t) ∈ W_1 we have that dφ(y) = cγ̇_{x5,ξ5} (t)^♭, with c ∈ R \ {0}, is light-like.

We consider first the asymptotics of terms T^{(4),β}τ and ~T^{(4),β}τ of the type (79) and (80) where S_1 = S_2 = Q and, symbols a_j(z, θ_j ), j ≤ 3 and a_j (y, θ_j), j ∈ {4, 5} are scalar valued symbols written in the Z and Y coordinates, B_1, B_2, B_3 are multiplication operators with Φ_0, and B_4 is a multiplication operators with Φ_1 and consider section-valued symbols and general operators later.

Let us consider functions U_j ∈ I^{pj} (K_j), j = 1, 2, 3, supported in W_0 and U_4 ∈ I(K_4), supported in W_1, having classical symbols,

U_j (x) = ∫ R e^{iθj xj} a_j (x, θ_j )dθ_j, a_j ∈ S^{pj}_{clas}(W_{k(j)}; R), (91)

for all j = 1, 2, 3, 4 (Note that here the phase function is θ_j x^j = θ_1x^1 for j = 1 etc, that is, there is no summing over index j). We may assume that a_j (x, θ_j ) vanish near θ_j = 0.

As x_5 ∈ V((⃗x, ⃗ξ), t_0) ∩ U_{^g} and W_0, W_1 ⊂ V((⃗x, ⃗ξ), t_0), we see that an example of functions (91) are U_j(z) = Φ_{k(j)}(z)u_j(z), j = 1, 2, 3, 4, where u_j(z) are the pieces of the spherical waves. Here and below, k(j) = 0 for j = 1, 2, 3 and k(4) = 1 and we also denote k(5) = 1. Note that p_j = n correspond to the case when U_j ∈ I^n(K_j ) = I^{n−1/2}(N^∗K_j ).

Denote Λ_j = N^∗K_j and Λ_{jk} = N^∗(K_j ∩ K_k). By [28, Lem. 1.2 and 1.3], the pointwise product U_2 · U_1 ∈ I(Λ_1, Λ_{12}) + I(Λ_2, Λ_{12}) and thus by [28, Prop. 2.2], Q(U_2 · U_1) ∈ I(Λ_1, Λ_{12}) + I(Λ_2, Λ_{12}) and it can be written as

Q(U_2 · U_1) = ∫ R^2

e^{i(θ1z1+θ2z2)}c_1(z, θ_1, θ_2)dθ_1dθ_2.

(92)

Note that here c_1(z, θ_1, θ_2) is sum of product type symbols, see (26). As N^∗(K_1 ∩ K_2) \ (N^∗K_1 ∪ N^∗K_2) consist of vectors which are noncharacteristic for the wave operator, that is, the wave operator is elliptic in a neighborhood of this subset of the cotangent bundle, the principal symbol ~c_1 of c_1 on N^∗(K_1 ∩ K_2) \ (N^∗K_1 ∪ N^∗K_2) is given by

~c_1(z, θ_1, θ_2) ∼ s(z, θ_1, θ_2)a_1(z, θ_1)a_2(z, θ_2),

(93)

s(z, θ_1, θ_2) = 1/g(θ_1b^{(1)} + θ_2b^{(2)}, θ_1b^{(1)} + θ_2b^{(2)}) = 1/(2g(θ_1b^{(1)}, θ_2b^{(2)})).

Note that s(z, θ_1, θ_2) is a smooth function on N^∗(K_1 ∩ K_2) \ (N^∗K_1 ∪ N^∗K_2) and homogeneous of order (−2) in θ = (θ_1, θ_2). Here, we use ∼ to denote that the symbols have the same principal symbol. Let us next make computations in the case when a_j (z, θ_j ) ∈ C^∞(R^4 × R) is positively homogeneous for |θ_j | > 1, that is, we have a_j (z, s) = a^′_j (z)s^{pj} , where p_j ∈ N and |s| > 1. We consider T^{(4),β}τ =

∑_2 p=1 T^{(4),β}τ,p where T^{(4),β}τ,p is defined as T^{(4),β}τ by replacing the term Q^∗(U_4 · u_τ ) by Q^∗_p(U_4 · u_τ ).

Let us now consider the case p = 2 and choose the parameters ε_1 and ε_2 that determine the decomposition Q^∗ = Q^∗_1 + Q^∗_2. First, we observe that for p = 2 we can write using Z and Y coordinates

T^{(4),β}_{τ,2} = τ^4 ∫ R^{12} e^{iτ Ψ2(z,y,θ)}c_1(z, τθ_1, τθ_2)· (94)

· a_3(z, τθ_3)Q^∗_2(z, y)a_4(y, τθ_4)a_5(y, τ) dθ_1dθ_2dθ_3dθ_4dydz, Ψ_2(z, y, θ) = θ_1z^1 + θ_2z^2 + θ_3z^3 + θ_4y^4 + φ(y).

Denote θ = (θ_1, θ_2, θ_3, θ_4) ∈ R^4 . Consider the case when (z, y, θ) is a critical point of Ψ_2 satisfying Im φ(y) = 0. Then we have θ^′ = (θ_1, θ_2, θ_3) = 0 and z^′ = (z^1, z^2, z^3) = 0, y^4 = 0, d_yφ(y) = (0, 0, 0, −θ_4), implying that y ∈ K_4 and (y, d_yφ(y)) ∈ N^∗K_4. Since Im φ(y) = 0, we have that y = γ_{x5,ξ5} (t_0) with some t_0 ∈ R_− . As we have γ̇_{x5,ξ5} (t_0)^♭ = d_yφ(y) ∈ N^∗_y K_4, we obtain γ_{x5,ξ5} ([t_0, 0]) ⊂ K_4. However, this is not possible by our assumption x_5 ∉ ∪^4_{j=1}K(x_j , ξ_j; s_0) when s_0 is small enough. Thus the phase function Ψ_2(z, y, θ) has no critical points satisfying Im φ(y) = 0.

When the orders p_j of the symbols a_j are small enough, the integrals in the θ variable in (94) are convergent in the classical sense. Next we use properties of wave front set to compute the asymptotics of an oscillatory integrals and to this end we introduce the function

~Q^∗_2(z, y, θ) = Q^∗_2(z, y), (95)

that is, consider Q^∗_2(z, y) as a constant function in θ. Below, denote ψ_4(y, θ_4) = θ_4y^4 and r = dφ(y). Note that then d_{θ4} ψ_4 = y^4 and d_yψ_4 = (0, 0, 0, θ_4). Then in W_1 × W_0 × R^4

d_{z,y,θ}Ψ_2 = (θ_1, θ_2, θ_3, 0; r + d_yψ_4(y, θ_4), z^1, z^2, z^3, d_{θ4} ψ_4(y, θ_4)) = (θ_1, θ_2, θ_3, 0; dφ(y) + (0, 0, 0, θ_4), z^1, z^2, z^3, y^4)

and we see that if ((z, y, θ), d_{z,y,θ}Ψ_2) ∈ WF( ~Q^∗_2) and Im φ(y) = 0, we have (z^1, z^2, z^3) = 0, y^4 = d_{θ4} ψ_4(y, θ_4) = 0 and y ∈ γ_{x5,ξ5} . Thus z ∈ K_{123} and y ∈ γ_{x5,ξ5} ∩ K_4.

Let us use the following notations

z ∈ K_{123}, ω_θ := (θ_1, θ_2, θ_2, 0) = 3∑ j=1 θ_j dz^j ∈ T^∗_z M_0,

(96)

y ∈ K_4 ∩ γ_{x5,ξ5} , (y, w) := (y, d_yψ_4(y, θ_4)) ∈ N^∗K_4, r = dφ(y) = r_jdy^j ∈ T^∗_y M_0, κ := r + w.

Then, y and θ_4 satisfy y^4 = d_{θ4} ψ_4(y, θ_4) = 0 and w = (0, 0, 0, θ_4).

Note that by definition of the Y coordinates w is a light-like covector. By definition of the Z coordinates, ω_θ ∈ N^∗K_1 + N^∗K_2 + N^∗K_3 = N^∗K_{123}.

Let us first consider what happens if κ = r + w = dφ(y) + (0, 0, 0, θ_4) is light-like. In this case, all vectors κ, w, and r are light-like and satisfy κ = r + w. This is possible only if r ‖ w, i.e., r and w are parallel, see [81, Cor. 1.1.5]. Thus r + w is light-like if and only if r and w are parallel.

Consider next the case when (x, y, θ) ∈ W_1 × W_0 × R^4 is such that ((x, y, θ), d_{z,y,θ}Ψ_2) ∈ WF( ~Q^∗_2) and Im φ(y) = 0. Using the above notations (96), we obtain d_{z,y,θ}Ψ_2 = (ω_θ, r + w; (0, 0, 0, d_{θ4} ψ_4(y, θ_4))) = (ω_θ, dφ(y) + (0, 0, 0, θ_4); (0, 0, 0, y^4)), where y^4 = d_{θ4} ψ_4(y, θ_4) = 0, and thus we have ((z, ω_θ), (y, r + w)) ∈ WF(Q^∗_2) = Λ_Q∗_2 .

PSfrag replacements

Figure 14. A schematic figure where the space-time is represented as the 3-dimensional set R^{1+1} . In the figure we consider the case A1 where three geodesics intersect at z and the waves propagating near these geodesics interact and create a wave that hits the fourth geodesic at the point y, the produced singularities are detected by the gaussian beam source at the point x_5. Note that z and y can be conjugate points on the geodesic connecting them. In the case A2 the points y and z are the same.

As Λ_Q∗_2 ⊂ Λ_{^g} ∪Δ^′_{T M0} , this implies that one of the following conditions are valid: (A1) ((z, ω_θ), (y, r + w)) ∈ Λ_{^g}, or (A2) ((z, ω_θ), (y, r + w)) ∈ Δ^′_{T M0} .

Let γ_0 be the geodesic with γ_0(0) = z, γ̇_0(0) = ω^♯_θ. Then (A1) and (A2) are equivalent to the following conditions:

(A1) There is t_0 ∈ R such that (γ_0(t_0), γ̇_0(t_0)^♭) = (y, κ) and, the vector κ is light-like, or (A2) z = y and κ = −ω_θ.

Consider next the case when (A1) is valid. As κ is light-like, r and w are parallel. Then, as (γ_{x5,ξ5} (t_1), γ̇_{x5,ξ5} (t_1)^♭) = (y, r) we see that γ_0 is a continuation of the geodesic γ_{x5,ξ5} , that is, for some t_2 we have (γ_{x5,ξ5} (t_2), γ̇_{x5,ξ5} (t_2)) = (z, ω_θ) ∈ N^∗K_{123}. This implies that x_5 ∈ Y that is not possible by our assumptions. Hence (A1) is not possible.

Consider next the case when (A2) is valid. If we then would also have that r ‖ w then r is parallel to κ = −ω_θ ∈ N^∗K_{123}, and as (γ_{x5,ξ5} (t_1), γ̇_{x5,ξ5} (t_1)^♭) = (y, r) we would have x_5 ∈ Y. As this is not possible by our assumptions, we see that r and w are not parallel. This implies that ω_θ = −κ is not light-like.

For any given (⃗x, ⃗ξ) and (x_5, ξ_5) there exists ε_2 > 0 so that ({(y, ω_θ)}× T^∗M) ∩ W_2(ε_2) = ∅, see (86), and thus

({(y, ω_θ)} × T^∗M) ∩ WF(Q^∗_2)^′ = ∅.

(97)

Next we assume that ε_2 > 0 and also ε_1 ∈ (0, ε_2) are chosen so that (97) is valid. Then there are no (z, y, θ) such that ((z, y, θ), dΨ_2(z, y, θ)) ∈ WF(Q^∗_2) and Im φ(y) = 0. Thus by Corollary 1.4 in [20] or [75, Lem. 4.1] yields T^{(4),β}_{τ,2} = O(τ^{−N} ) for all N > 0. Alternatively, one can use the complex version of [22, Prop. 1.3.2], obtained using combining the proof of [22, Prop. 1.3.2] and the method of stationary phase with a complex phase, see [40, Thm. 7.7.17].

Thus to analyze the asymptotics of T^{(4),β}τ we need to consider only T^{(4),β}_{τ,1} . Next, we analyze the case when U_4 is a conormal distribution and has the form (91).

Let us thus consider the case p = 1. Now

U_4(y) · u_τ (y) = ∫ R^1 e^{iθ4y4+iτ φ(y)}a_4(y, θ_4)a_5(y, τ) dθ_4. (98)

Denoting by ψ_1(z, t, ξ) = (y − z) · ξ the phase function of the pseudodifferential operator Q^∗_1 we obtain by (87)

(Q^∗_1(U_4 · u_τ ))(z) = ∫ R^9 e^{i(ψ1(z,y,ξ)+θ4y4+τ φ(y))}q_1(z, y, ξ)· · a_4(y, θ_4)a_5(y, τ) dθ_4 dydξ. (99)

Then T^{(4),β}_{τ,1} = T^{(4),β}_{τ,1,1} + T^{(4),β}_{τ,1,2} , cf. (89), where T^{(4),β}_{τ,1,k} = ∫ R^{16} e^{i(θ1z1+θ2z2+θ3z3+ψ1(z,y,ξ)+θ4y4+τ φ(y))}c_1(z, θ_1, θ_2)· (100) · a_3(z, θ_3)q_{1,k}(z, y, ξ)a_4(y, θ_4)a_5(y, τ) dθ_1dθ_2dθ_3dθ_4dydzdξ, or T^{(4),β}_{τ,1,k} = τ^8 ∫ R^{16} e^{iτ (θ1z1+θ2z2+θ3z3+ψ1(z,y,ξ)+θ4y4+φ(y))}c_1(z, τθ_1, τθ_2)· (101) · a_3(z, τθ_3)q_{1,k}(z, y, τξ)a_4(y, τθ_4)a_5(y, τ) dθ_1dθ_2dθ_3dθ_4dydzdξ.

Let (z, θ, y, ξ) be a critical point of the phase function

Ψ_3(z, θ, y, ξ) = θ_1z^1 + θ_2z^2 + θ_3z^3 + (y − z) · ξ + θ_4y^4 + φ(y).

(102)

Then

∂_{θj} Ψ_3 = 0, j = 1, 2, 3 yield z ∈ K_{123},

(103) ∂_{θ4} Ψ_3 = 0 yields y ∈ K_4, ∂_z Ψ_3 = 0 yields ξ = ω_θ, ∂_ξ Ψ_3 = 0 yields y = z, ∂_yΨ_3 = 0 yields ξ = −∂_yφ(y) − w.

The critical points we need to consider for the asymptotics satisfy also

(104)

Im φ(y) = 0, so that y ∈ γ_{x5,ξ5} , Im dφ(y) = 0, Re dφ(y) ∈ L^{∗,+}_y M_0.

Next we analyze the terms T^{(4),β}_{τ,1,k} starting with k = 2. Observe that the 3rd and 5th equations in (103) imply that at the critical points ξ = (∂_{y1} φ(y), ∂_{y2} φ(y), ∂_{y3} φ(y), 0). Thus the critical points are bounded in the ξ variable. Let us now fix the parameter R determining ψ_R(ξ) in (89) so that ξ-components of the critical points are in a ball B(R) ⊂ R^4 . Using the identity e^{Ψ3} = |ξ|^{−2}(∇_z − ω_θ)^2e^{Ψ3} where ω_θ = (θ_1, θ_1, θ_1, 0) we can include the operator |ξ|^{−2}(∇_z − ω_θ)^2 in the integral (101) with k = 2 and integrate by parts. Doing this two times we can show that this oscillatory integral (101) with k = 2 becomes an integral of a Lebesgue-integrable function. Then, by using method of stationary phase and the fact that ψ_R(ξ) vanishes at all critical points of Ψ_3 where Im Ψ_3 vanishes, we see that T^{(4),β}_{τ,1,2} = O(τ^{−n}) for all n > 0.

Above, we have shown that the term T^{(4),β}_{τ,1,1} has the same asymptotics as T^{(4),β}τ . Next we analyze this term. Let (z, θ, y, ξ) be a critical point of Ψ_3(z, θ, y, ξ) such that y satisfies (104). Let us next use the same notations (96) which we used above. Then (103) and (104) imply z = y ∈ γ_{x5,ξ5} ∩ 4⋂ j=1 K_j, ξ = ω_θ = −r − w. (105)

Note that in this case all the four geodesics γ_{xj ,ξj} intersect at the point q and by our assumptions, r = dφ(y) is such a co-vector that in the Y - coordinates r = (r_j)^4_{j=1} with r_j ≠ 0 for all j = 1, 2, 3, 4. In particular, this shows that the existence of the critical point of Ψ_3(z, θ, y, ξ) implies that there exists an intersection point of γ_{x5,ξ5} and

⋂_4 j=1 K_j . Equations (105) imply also that r = 4∑ j=1 r_jdy^j = −ω_θ − w = − 3∑ j=1 θ_j dz^j − θ_4dy^4.

To consider the case when y = z, let us assume for a while that that W_0 = W_1 and that the Y -coordinates and Z-coordinates coincide, that is, Y (x) = Z(x). Then the covectors dz^j = dZ^j and dy^j = dY^j coincide for j = 1, 2, 3, 4. Then we have

r_j = −θ_j , i.e., θ := θ_j dz^j = −r = r_jdy^j ∈ T^∗_y M_0.

(106)

Let us apply the method of stationary phase to T^{(4),β}_{τ,1,1} as τ → ∞. Note that as c_1(z, θ_1, θ_2) is a product type symbol, we need to use the fact θ_1 ≠ 0 and θ_2 ≠ 0 for the critical points as we have by (106) and the fact that r = dφ(y)|_y ∉ N^∗K_{234} ∪ N^∗K_{134} as x_5 ∉ Y and assuming that s_0 is small enough.

In local Y and Z coordinates where z = y = (0, 0, 0, 0) we can use the method of stationary phase, similarly to proofs of [33, Thm. 1.11 and 3.4], to compute the asymptotics of (101) with k = 1. Let us explain this computation in detail. To this end, let us start with some preparatory considerations.

Let ϕ_1(z, y, θ, ξ) be a smooth bounded function in C^∞(W_0 × W_1 × R^4 × R^4 ) that is homogeneous of degree zero in the (θ, ξ) variables in the set {|(θ, ξ)| > R_0} with some R_0 > 0. Assume that ϕ_1(z, y, θ, ξ) is equal to one in a conic neighborhood, with respect to (θ, ξ), of the points where some of the θ_j or ξ_k variable is zero. Note that in this set the positively homogeneous functions a_j (z, θ_j /|θ_j |) may be nonsmooth. Let Σ ⊂ W_0 × W_1 × R^4 × R^4 be a conic neighborhood of the critical points of the phase function Ψ_3(y, z, θ, ξ). Also, assume that the function ϕ_1(y, z, θ, ξ) vanishes in the intersection of Σ and the set {|(θ, ξ)| > R_0}. Let Ψ_{(τ )}(z, y, θ, ξ) = θ_1z^1 + θ_2z^2 + θ_3z^3 + ψ_1(z, y, ξ) + θ_4y^4 + τφ(y)

be the phase function appearing in (100). Note that Σ contains the critical points of Ψ_{(τ )} for all τ > 0. Let

L_τ = ϕ_1(z, y, τ^{−1}θ, τ^{−1}ξ) |d_{z,y,θ,ξ}Ψ_{(τ )}(z, y, θ, ξ)|^2 (d_{z,y,θ,ξ}Ψ_{(τ )}(z, y, θ, ξ))· d_{z,y,θ,ξ}, so that

L_τ exp(Ψ_{(τ )}) = ϕ_1(z, y, τ^{−1}θ, τ^{−1}ξ) exp(Ψ_{(τ )}).

(107)

Note that if Im φ(y) = 0, then y ∈ γ_{x5,ξ5} and hence dφ(y) does not vanish and that when τ is large enough, the function Ψ_{(τ )} has no critical points in the support of ϕ_1. Using these we see that γ_{x5,ξ5} ∩ W_1 has a neighborhood V_1 ⊂ W_1 where |dφ(y)| > C_0 > 0 and there are C_1, C_2, C_3 > 0 so that if τ > C_1, y ∈ V_1, and (z, y, θ, ξ) ∈ supp (ϕ_1) then |d_{z,y,θ,ξ}Ψ_{(τ )}(z, y, θ, ξ)|^{−1} ≤ C_2 τ − C_3 . (108)

After these preparatory steps, we are ready to compute the asymptotics of T^{(4),β}_{τ,1,1} . To this end, we first transform the integrals in (101) to an integral of a Lebesgue integrable function by using integration by parts of |ξ|^{−2}(∇_z − ω_θ)^2 as explained above. Then we decompose T^{(4),β}_{τ,1,1} into three terms T^{(4),β}_{τ,1,1} = I_1 + I_2 + I_3. To obtain the first term I_1 we include the factor (1 − ϕ_1(z, y, θ, ξ)) in the integral (101) with k = 1. The integral I_1 can then be computed using the method of stationary phase similarly to the proof of [33, Thm. 3.4]. Let χ_1 ∈ C^∞(W_1) be a function that is supported in V_1 and vanishes on γ_{x5,ξ5} . The terms I_2 and I_3 are obtained by including the factor ϕ_1(z, y, τ^{−1}θ, τ^{−1}ξ)χ_1(y) and ϕ_1(z, y, τ^{−1}θ, τ^{−1}ξ)(1 − χ_1(y)) in the integral (100) with k = 1, respectively. (Equivalently, the terms I_2 and I_3 are obtained by including the factor ϕ_1(z, y, θ, ξ)χ_1(y) and ϕ_1(z, y, θ, ξ)(1 − χ_1(y)) in the integral (101) with k = 1, respectively.) Using integration by parts in integral (100) and inequalities (107) and (108), we see that that I_2 = O(τ^{−N} ) for all N > 0. Moreover, the fact that Im φ(y) > c_1 > 0 in W_1 ∩ V_1 implies that I_3 = O(τ^{−N} ) for all N > 0.

Combining the above we obtain the asymptotics

T^{(4),β}_τ ∼ τ^{4+4−16/2−2+ρ−2} ∞∑ k=0 c_kτ^{−k} = τ^{−4+ρ} ∞∑ k=0 c_kτ^{−k}, (109)

c_0 = h(z^{(0)})c_1(0, −r_1, −r_2)~a_3(0, −r_3)~q_1(0, 0, −(r_1, r_2, r_3, 0))~a_4(0, −r_4)~a_5(0, 1),

where ρ =

∑_5 j=1 p_j and ~a_j is the principal symbol of a_j etc. The factor h(z^{(0)}) is non-vanishing and is determined by the determinant of the Hessian of the phase function φ at q. A direct computation shows that det(Hess_{z,y,θ,ξ}Ψ_3(z^{(0)}, y^{(0)}, θ^{(0)}, ξ^{(0)}) = 1. Above, (z^{(0)}, y^{(0)}, θ^{(0)}, ξ^{(0)}) is the critical point satisfying (103) and (104), where in the local coordinates (z^{(0)}, y^{(0)}) = (0, 0) and h(z^{(0)}) is constant times powers of values of the cut-off functions Φ_0 and Φ_1 at zero. Recall that we considered above the case when B_j are multiplication operators with these cut-off functions. The term c_k depends on the derivatives of the symbols a_j and q_1 of order less or equal to 2k at the critical point. If Ψ_3(z, θ, y, ξ) has no critical points, that is, q is not an intersection point, we obtain the asymptotics T^{(4),β}_{τ,1,1} = O(τ^{−N} ) for all N > 0.

For future reference we note that if we use the method of stationary phase in the last integral of (101) only in the integrals with respect to z and ξ, yielding that at the critical point we have y = z and ξ = ω_β(θ) = (θ_1, θ_2, θ_3, 0), we see that T^{(4),β}_{τ,1,1} can be written as

T^{(4),β}_{τ,1,1} = cτ^4 ∫ R^8 e^{i(θ1y1+θ2y2+θ3y3+θ4y4)+iτ φ(y)}c_1(y, θ_1, θ_2)· (110)

· a_3(y, θ_3)q_{1,1}(y, y, ω_β(θ))a_4(y, θ_4)a_5(y, τ) dθ_1dθ_2dθ_3dθ_4dy

= cτ^8 ∫ R^8 e^{iτ (θ1y1+θ2y2+θ3y3+θ4y4+φ(y))}c_1(y, τθ_1, τθ_2)· · a_3(y, τθ_3)q_{1,1}(y, y, τω_β(θ))a_4(y, τθ_4)a_5(y, τ) dθ_1dθ_2dθ_3dθ_4dy. Next, we consider the terms ~T^{(4),β}τ of the type (80). Such term is an integral of the product of u_τ and two other factors Q(U_2 · U_1) and Q(U_4 · U_3). As the last two factors can be written in the form (92), one can see using the method of stationary phase that ~T^{(4),β}τ has similar asymptotics to T^{(4),β}τ as τ → ∞, with the leading order coefficient ~c_0 = ~h(z^{(0)})~c_1(0, −r_1, −r_2)~c_2(0, −r_3, −r_4) where ~c_2 is given as in (93) with symbols ~a_3 and ~a_4, and moreover, ~h(z^{(0)}) is a constant times powers of values of the cut-off functions Φ_0 and Φ_1 at zero.

This proves the claim in the special case where u_j are conormal distributions supported in the coordinate neighborhoods W_{k(j)}, a_j are positively homogeneous scalar valued symbols, S_j = Q, and B_j are multiplication functions with smooth cut-off functions.

By using a suitable partition of unity and summing the results of the above computations, similar results to the above follows when a_j are general classical symbols that are B-valued and the waves u_j are supported on J^+_{^g} (supp (f_j)). Also, S_j can be replaced by operators of type (78) and B_j can replaced by differential operator without other essential changes expect that the highest order power of τ changes. Then, in the asymptotics of terms T^{(4),β}τ the function h(z^{(0)}) in (109) is a section in dual bundle (B_L)^4. The coefficients of h(z^{(0)}) in local coordinates are polynomials of ^g^{jk}, ^g_{jk}, ^ϕ_ℓ, and their derivatives at z^{(0)}. Similar representation is obtained for the asymptotics of terms ~T^{(4),β}τ .

As we integrated by parts two times the operator (∇_z − ω_θ)^2 and the total order of of B_j is less or equal to 6, we see that it is enough to assume above that the symbols a_j (z, θ_j ) are of order (−12) or less. The leading order asymptotics come from the term where the sum of orders of B_j is 6 and p_j = n for j = 1, 2, 3, 4, p_5 = 0 so that m = −4 − ρ + 6 = 4n + 2. We also see that the terms containing permutation σ = σ_β of the indexes of the spherical waves can be analyzed analogously. This proves (84).

Making the above computations explicitly, we obtain an explicit formula for the leading order coefficient s_m in (84) in terms of b and w, multiplied with the power (−1/2) of the determinant of the Hessian of the phase function Ψ_3 at the critical point q in the Z-coordinates determined by (⃗x, ⃗ξ) and (x_5, ξ_5). This show that s_m coincides with some real-analytic function G(b, w) multiplied by a non-vanishing function R(p, (⃗x, ⃗ξ), (x_5, ξ_5)), corresponding to the power of the Hessian, that depends on the phase function φ in the Z coordinates. This proves the claim in the case when the linear independency condition (LI) is valid.

Next, consider the case when the linear independency condition (LI) is not valid. Again, by the definition of t_j, if the intersection γ_{x5,ξ5} (R_− ) ∩ (∩^4_{j=1}γ_{xj ,ξj} ((0, t_j))) is non-empty, it can contain only one point. In the case that such a point exists, we denote it by q.

When (LI) is not valid, we have that the linear space span(b_j ; j = 1, 2, 3, 4) ⊂ T^∗_q M_0 has dimension 3 or less. We use the facts that for w ∈ I(Λ_1, Λ_2) we have WF(w) ⊂ Λ_1 ∪ Λ_2 and the fact, see [22, Thm. 1.3.6] WF(v · w) ⊂ WF(v) ∪ WF(w) ∪ {(x, ξ + η); (x, ξ) ∈ WF(v), (x, η) ∈ WF(w)}. Let us next consider the terms corresponding to the permutation σ = Id. The above facts imply that ~G^{(4),β} in (62) satisfies

WF( ~G^{(4),β} ) ∩ T^∗_q M_0 ⊂ Z_{s0} := X_{s0} ∪ ⋃ 1≤j≤4 N^∗K_j ∪ ⋃ 1≤j<k≤4 N^∗K_{jk}, where X_{s0} = X ((⃗x, ⃗ξ); t_0, s_0). Also, for

w_{123} = B^β_3 u_3 · C^β_1 S^β_1 (B^β_2 u_2 · B^β_1 u_1), appearing in (63), we have WF(w_{123}) ⊂ Z_{s0} and thus using Hörmander’s theorem [42, Thm. 26.1.1], we see that WF(S^β_2 (w_{123})) ⊂ Λ^{(3)}, where Λ^{(3)} is the flowout of Z_{s0} in the canonical relation of Q. Then

π(Λ^{(3)}) ⊂ Y_{s0} ∪ ⋃ 1≤j≤4 K_j ∪ ⋃ 1≤j<k≤4 K_{jk}, where Y_{s0} = Y((⃗x, ⃗ξ); t_0, s_0) and π : T^∗M_0 → M_0 is the projection to the base point.

Observe that E = span(b_j ; j = 1, 2, 3, 4) ⊂ T^∗_q M_0 has dimension 3 or less, Λ^{(3)} ∩ T^∗_q M_0 ⊂ E and WF(u_4) ∩ T^∗_q M_0 ⊂ E. Thus, G^{(4),β} = B^β_4 u_4 · C^β_2 S^β_2 (w_{123}) satisfies WF(G^{(4),β} )∩T^∗_q M_0 ⊂ E. Now, E ⊂ Z_{s0} . By our assumption, (q, b_5) ∉ X ((⃗x, ⃗ξ); t_0), and thus, cf. (62), we see that ⟨u_τ , Q( ∑ β≤n_1 G^{(4),β} + ~G^{(4),β} )⟩ = O(τ^{−N} )

for all N > 0 when s_0 is small enough. The terms where the permutation σ is not the identity can be analyzed similarly. This proves the claim in the case when the linear independency condition (LI) is not valid. □

Proposition 3.5. Let the assumptions of Proposition 3.4 be valid. Moreover, assume that (x_5, ξ_5) comes from the 4-intersection of rays corresponding to (⃗x, ⃗ξ) and q is the corresponding intersection point.

Then the point x_5 has a neighborhood V so that M^4 in V satisfies M^4|_V ∈ I(V ; Λ^+_q ).

Proof. Let us fix (x_j , ξ_j), j ≤ 4, s_0, and the waves u_j ∈ I(K_j ), j ≤ 4.

Let us consider the same condition (LI) that was used in the proof of Prop. 3.4. First we observe that if (LI) is not valid, we see using the proof of Prop. 3.4, (see the end of the proof where the case when (LI) is not valid is considered) that M^{(4)} is C^∞ smooth in V \(Y ∪

⋃_4

j=1 K_j ).

Thus to prove the claim of the proposition we can assume that (LI) is valid.

Let us decompose F^{(4)}, given by (62) and (63)-(64) as F^{(4)} = F^{(4)}_1 + F^{(4)}_2 where F^{(4)}p is defined similarly to F^{(4)} in (62) and (63)-(64) by modifying these formulas so that the operator S^β_1 is replaced by S^β_{1,p}, where S^β_{1,p} = Q_p, when S^β_1 = Q, and S^β_{1,p} = (2 − p)I, when S^β_1 = I. Here, the operators Q_p are defined as above using the parameters ε_2 and ε_1 defined below.

Using formulae (62), (91), (92), and (99) we see that near near q in the Y coordinates M^{(4)}_1 = QF^{(4)}_1 can be calculated using that

F^{(4)}_1 (y) = ∫ R^4 e^{iyj θj} b(y, θ) dθ, (111)

where K_j in local coordinates is given by {y^j = 0} and b(y, θ) is a finite sum of terms that are products of some of the following terms: at most one product type symbol c_l(y, θ_j, θ_k) ∈ S(W_0; R × (R \ {0})) (they appear in the terms (79)-(80) where the S^β_j operators are Q and do not appear if these operators are the identity), and one ore more term which is either the symbols a_j (y, θ_j) ∈ S^n(W_0; R), or the functions q_1(y, y, ω_β(θ)), cf. (110), where ω_β(θ) is equal to some of the vectors (θ_1, θ_2, θ_3, 0), (θ_1, θ_2, 0, θ_4), (θ_1, 0, θ_3, θ_4), or (0, θ_1, θ_3, θ_4), depending on the permutation σ.

Let us consider next the source F_τ is determined by the functions (p, h) in (72). Then using the method of stationary phase gives the asymptotics, c.f. (110),

⟨u_τ , F^{(4)}_1 ⟩∼τ^8 ∫ R^8 e^{iτ (φ(y)+yj θj )}(a_5(y, τ), b(y, τθ))_{^G}dθdy ∼ ∞∑ k=m s_k(p, h)τ^{−k} where ^G is a Riemannian metric of the fiber of B^L at y, that is isomorphic to R^{10+L} , and the critical point of the phase function is y = 0 and θ = −dφ(0). As we saw above, we have that when ε_2 > 0 is small enough then for p = 2 we have ⟨u_τ , F^{(4)}p ⟩ = O(τ^{−N} ) for all N > 0.

Let us choose sufficiently small ε_3 > 0 and choose a function χ(θ) ∈ C^∞(R^4 ) that vanishes in a ε_3-neighborhood (in the ^g^+ metric) of A_q,

A_q := N^∗_q K_{123} ∪ N^∗_q K_{134} ∪ N^∗_q K_{124} ∪ N^∗_q K_{234}

(112)

and is equal to 1 outside the (2ε_3)-neighborhood of this set.

Let ϕ ∈ C^∞_0 (W_1) be a function that is one near q. Also, let b_0(y, θ) = ϕ(y)χ(θ)b(y, θ) be a classical symbol, p =

∑_4

j=1 p_j , and let F^{(4),0}(y) ∈ I^{p−4}(q) be the conormal distribution that is given by the formula (111) with b(y, θ) being replaced by b_0(y, θ).

When ε_3 is small enough (depending on the point x_5), we see that F_τ is determined by functions (p, h) and the corresponding gaussian beams u_τ propagating on the geodesic γ_{x5,ξ5} (R) such that the geodesic passes through x_5 ∈ V , we have ⟨u_τ , F^{(4),0}⟩ ∼ ∞∑ k=m s_k(p, h)τ^{−k}, that is, we have ⟨u_τ , F^{(4),0}⟩ − ⟨u_τ , F^{(4)}⟩ = O(τ^{−N} for all N. When γ_{x5,ξ5} (R) does not pass through q, we have that ⟨u_τ , F^{(4)}⟩ and ⟨u_τ , F^{(4),0}⟩ are both of order O(τ^{−N} ) for all N > 0. Let V ⊂ V((⃗x, ⃗ξ), t_0) \ ⋃_4 j=1 γ_{xj ,ξj} ([0, ∞)), see (83), be an open set.

By varying the source F_τ , defined in (72), we see, by multiplying the solution with a smooth cut of function and using Corollary 1.4 in [20] in local coordinates, or [64], we see that the function M^4 − QF^{(4),0} has no wave front set in T^∗(V ) and it is thus C^∞-smooth function in V .

As by [28], Q : I^{p−4}({q}) → I^{p−4−3/2,−1/2}(N^∗({q}), Λ^+_q ), the above implies that

M^4|_{V \Y} ∈ I^{p−4−3/2}(V \ Y; Λ^+_q ),

(113)

where Y = Y((⃗x, ⃗ξ), t_0, s_0). When x_5 if fixed, choosing s_0 to be small enough, we obtain the claim. □

Next we will show that the function G is not identically vanishing.

3.6.6. WKB computations and the indicator functions in the Minkowski space. To show that the function (85) is not identically vanishing, we will consider waves in Minkowski space.

In this section ^g_{jk} = diag (−1, 1, 1, 1) denotes the metric in the standard coordinates of the Minkowski space R^4 . Below we call the principal symbols of the linearized waves the polarizations to emphasize their physical meaning. To show that G(b, w) is non-vanishing, recall that w = (w_j)^5_{j=1} where for j ≤ 4 the polarizations w_j = (v_j , v^′_j), represented as a pair of metric and scalar field polarizations, the metric part of the polarization v_j has to satisfy 4 linear conditions. Because of this, below we study the case when all polarizations of the matter fields at q vanish, that is, v^′_j = 0 for all j, and v_j satisfies 4 conditions. In this case, in Minkowski space the function G(v, 0, b) can be analyzed by assuming that there are no matter fields, which we do next. Later we return to the case of general polarizations. Next, we denote the g-components amplitudes by v_j = v^{(j)}.

Instead of the indicator function Θ^{(4)}(v, 0, b) given in (84) parametrized by (v, 0, b) we will consider the function parametrized by the variables (v, b), where b = (b^{(j)})^5_{j=1}, b^{(j)} ∈ R^4 , are as before but v = (v^{(j)})^5_{j=1} are the amplitudes of the linear waves taking values in symmetric 4×4 matrices. In addition, we assume that the waves u_j(x), j = 1, 2, 3, 4, solving the linear wave equation in the Minkowski space, are of the form

u_j(x) = v^{(j)} ( b^{(j)}_p x^p )_a + , t^a_+ = |t|^aH(t), where b^{(j)}p dx^p, p = 1, 2, 3, 4 are four linearly independent light-like covectors of R^4 , a > 0 and v^{(j)} are constant 4 × 4 matrices. We also assume that b^{(5)} is not in the linear span of any three vectors b^{(j)}, j = 1, 2, 3, 4. In the following, we denote b^{(j)} · x := b^{(j)}p x^p.

Let us next consider the wave produced by interaction of two plane wave type solutions in the Minkowski space.

Next, we will consider an operator Q_0, which is an algebraic inverse of □_{^g} in Minkowski space, that we will define for certain products of Heaviside functions and polynomials. Let b^{(1)} = (1, p^1, p^2, p^3) and b^{(2)} = (1, q^1, q^2, q^3) be light like vectors. We use the notations

v^{a1,a2} (x; b^{(1)}, b^{(2)}) = (b^{(1)} · x)^{a1}_+ · (b^{(2)} · x)^{a2}_+

and define

Q_0(v^{a1,a2} (x; b^{(1)}, b^{(2)})) = 1 2(a_1 + 1)(a_2 + 1) ^g(b^{(1)}, b^{(2)}) v^{a1+1,a2+1}(x; b^{(1)}, b^{(2)}).

Then □_{^g}(Q_0(v^{a1,a2} (x; b^{(1)}, b^{(2)}))) = v^{a1,a2} (x; b^{(1)}, b^{(2)}). Note that the function v^{a1,a2} (x; b^{(1)}, b^{(2)}) is a product of two plane waves and it is supported in the causal future of the space-like set K_{12}. This implies that

Q_0(v^{a1,a2} (x; b^{(1)}, b^{(2)})) = Q(v^{a1,a2} (x; b^{(1)}, b^{(2)}))

where Q is the causal inverse of the wave operator □ in the Minkowski space.

Similarly to the above we denote

v^{a,0}_τ (x; b^{(4)}, b^{(5)}) = u_4(x) u^τ_0(x), u_4(x) = (b^{(4)} · x)^a_+, u^τ_0(x) = e^{iτ b(5)·x}.

Then □_{^g}(v^{a,0}_τ (x; b^{(4)}, b^{(5)})) = 2a ^g(b^{(4)}, b^{(5)})iτ v^{a−1,0}_τ (x; b^{(4)}, b^{(5)}) and hence we define

(114)

Q_0(v^{a,0}_τ (x; b^{(4)}, b^{(5)})) = 1 2i(a + 1) ^g(b^{(4)}, b^{(5)})τ v^{a+1,0}_τ (x; b^{(4)}, b^{(5)}).

Later, we will consider the relation between Q_0 and the causal inverse Q.

Next we prove that the indicator function G(v, b) in (85) does not vanish identically by showing that it coincides with the formal indicator function G^{(m)}(v, b), which is a real-analytic function that does not vanish identically

Below, let x = (x^0, x^1, x^3, x^4) be the standard coordintes in the Minkowski space and let z = (z^j )^4_{j=1} be light-like coordinates z^j = b^{(z)} · x. We denote x = X(z) and z = Z(x). Also, let P be a vector such that b^{(5)} · x = P · z.

Let h ∈ C^∞_0 (R^4 ) be a function that has value 1 in a neigbhorhood of x = 0, T_0 > 1 be such that supp (h) is contained in the set {x; x^0 < T_0}.

Let χ = χ(x^0) ∈ C^∞(R) be zero for x^0 > T_0 + 1 and one for x^0 < T_0. We define the (Minkowski) indicator function (c.f. (85))

G^{(m)}(v, b) = lim_{τ →∞} τ^m( ∑ β≤n_1 ∑ σ∈Σ(4) T^{(m),β}_{τ,σ} + ~T^{(m),β}_{τ,σ} ), where the super-index (m) refers to the word "Minkowski". Above, σ : {1, 2, 3, 4} → {1, 2, 3, 4} runs over all permutations of indexes of the waves u_j, where b = (b^{(1)}, b^{(2)}, . . . , b^{(5)}) and T^{(m),β}τ,σ and ~T^{(m),β}τ,σ are counterparts of the functions T^{(4),β}τ and ~T^{(4),β}τ , see (79)-(80), obtained by replacing the pieces of the spherical waves and the gaussian beam by plane waves by replacing the parametrix Q with a formal parametrix Q_0 and including in the obtained formula a smooth cut off function h ∈ C^∞_0 (M) which is one near the intersection point of the waves, and permutating indexes, that is,

T^{(m),β}_{τ,σ} = ⟨S^0_2 (u^τ · B_4u_{σ(4)}), h · B_3u_{σ(3)} · S^0_1 (B_2u_{σ(2)} · B_1u_{σ(1)})⟩_L2_{(R}4_),

(115) ~T^{(m),β} τ,σ = ⟨u^τ , h · S^0_2 (B_4u_{σ(4)} · B_3u_{σ(3)}) · S^0_1 (B_2u_{σ(2)} · B_1u_{σ(1)})⟩_L2_{(R}4_),

(116)

where u_j = v_{(j)}(b^{(j)} · x)^a_+, j = 1, 2, 3, 4 and

u^τ (x) = χ(x^0)v_{(5)} exp(iτb^{(5)} · x).

Moreover, B_j = B_{j,β} and finally, S^0_j = S^0_{j,β} ∈ {Q_0, I}. We note that here that the algebraic inverse Q_0 is used to replace both the causal parametrix Q and the anti-causal parametrix Q^∗, and the commutator terms do not appear at all.

Let us now consider the orders of the differential operators appearing above. The orders k_j = ord(B^β_j ) of the differential operators B^β_j , defined in (78), depend on ⃗S^0_β = (S^0_{1,β}, S^0_{2,β}) as follows: When β is such that ⃗S0_β = (Q_0, Q_0), for the terms T^{(m),β}_{τ,σ} we have

k_1 + k_2 + k_3 + k_4 ≤ 6, k_3 + k_4 ≤ 4, k_4 ≤ 2

(117)

and for the terms ~T^{(m),β}τ,σ we have

k_1 + k_2 + k_3 + k_4 ≤ 6, k_1 + k_2 ≤ 4, k_3 + k_4 ≤ 4.

(118)

When β is such that ⃗S^0_β = (I, Q_0) we have for terms T^{(m),β}τ,σ k_1 + k_2 + k_3 + k_4 ≤ 4, k_4 ≤ 2,

(119) and for terms ~T^{(m),β}τ,σ we have k_1 + k_2 + k_3 + k_4 ≤ 4, k_1 + k_2 ≤ 2.

(120)

When β is such that ⃗S^0_β = (Q_0, I), both for the terms T^{(m),β}τ,σ and ~T^{(m),β} τ,σ we have k_1 + k_2 + k_3 + k_4 ≤ 4, k_3 + k_4 ≤ 2.

(121) Finally, when β is such that ⃗S^0_β = (I, I), for the terms T^{(m),β}τ,σ and ~T^{(m),β}τ,σ we have k_1 + k_2 + k_3 + k_4 ≤ 2.

Lemma 3.6. When b^{(j)}, j = 1, 2, 3, 4 are linearly independent lightlike co-vectors and light-like co-vector b^{(5)} is not in the linear span of any three vectors b^{(j)}, j = 1, 2, 3, 4 we have G(w, b) = G^{(m)}(v, b) when w_{(j)} = (v_{(j)}, 0) ∈ R^{10} × R^L .

Proof. Let us start by considering the relation of Q_0 with the causal inverse Q in (114). Let w_{τ,0} = Q_0(v^{a,0}_τ ( · ; b^{(4)}, b^{(5)})) = ∫ R e^{iθ4z4+iτ P ·z}a_4(z, θ_4)dθ_4, w_τ = Q^∗(J), J = u_4 · (χ · u^τ_0), where

J(z) = χ(X^0(z)) □w_{τ,0} = ∫ R e^{iθ4z4+iτ P ·z}(τb_1(z, θ_4) + b_2(z, θ_4))a_5(z, τ)dθ_4, where a_5(z, τ) = 1. Then □(w_τ − χw_{τ,0}) = J_1, for x ∈ R^4 , J_1 = [□, χ]w_{τ,0} = ∫ R e^{iθ4z4+iτ P ·z}(τb_3(z, θ_4) + b_4(z, θ_4))dθ_4, where b_3(z, θ_4) and b_4(z, θ_4) are supported in the domain T_0 < X^0(z) < T_0 + 1 and w_τ − χw_{τ,0} is supported in domain X^0(z) < T_0 + 1 . Thus w_τ = χw_{τ,0} + Q^∗J_1.

Here, we can write

J_1(z) = u^{(1)}_4 (z)u^{τ,(1)}(z) + u^{(2)}_4 (z)u^{τ,(2)}(z), where

(122)

u^{(1)}_4 (z) = ∫ R e^{iθ4z4} b_3(z, θ_4)dθ_4,

u^{τ,(1)}(z) = τu^τ (z),

u^{(2)}_4 (z) = ∫ R e^{iθ4z4} b_4(z, θ_4)dθ_4,

u^{τ,(2)}(z) = u^τ (z).

Let us now substitute this in to the above microlocal computations done in the proof of Prop. 3.4.

Recall that b^{(j)}, j = 1, 2, 3, 4, are four linearly independent covectors. This means that a condition analogous to (LI) in the proof of Prop. 3.4 is satisfied, and that b^{(5)} is not in the space spanned by any of three of the co-vectors b^{(j)}, j = 1, 2, 3, 4. Also, observe that hyperplanes K_j = {x ∈ R^4 ; b^{(j)} · x = 0} intersect at origin of R^4 . Thus, we see that the arguments in the proof of Prop. 3.4 are valid mutatis mutandis if the phase function of the gaussian beam φ(x) is replaced by the phase function of the plane wave, b^{(5)} · x, and the geodesic γ_{x5,ξ5} , on which the gaussian beam propagates, is replaced by the whole space R^4 . In particular, as b^{(5)} is not in the space spanned by any of three of those co-vectors, the case (A1) in the proof of Prop. 3.4 cannot occur. In particular, we see that the leading order asymptotics of the terms T^β_{τ,σ} and ~T^β_{τ,σ} does not change as these asymptotics are obtained using the method of stationary phase for the integral (110) and the other analogous integrals at the critical point z = 0. In other words, we can replace the gaussian beam by a plane wave in our considerations similar to those in the proof of Prop. 3.4.

Using (122) and the fact that b_3(z, θ_4) and b_4(z, θ_4) vanish near z = 0, we see that if u_4 and u^τ are replaced by u^{(j)}_4 and u^{τ,(j)}, respectively, where j ∈ {1, 2} and we can do similar computations based on the method of stationary phase as are done in the proof of Proposition 3.4. Then both terms T^β_{τ,σ} and ~T^β_{τ,σ} have asymptotics O(τ^{−N} ) for all N > 0 as τ → ∞. In other words, in the proof of Prop. 3.4 the term w_τ = Q^∗(u_4u^τ ) can be replaced by χw_{τ,0} without changing the leading order asymptotics. This shows that G(w, b) = G^{(m)}(v, b), where w_{(j)} = (v_{(j)}, 0) ∈ R^{10} × R^L . □

Proposition 3.7. Let X be the set of (b, v^{(2)}, v^{(3)}, v^{(4)}), where b is a 5- tuple of light-like covectors b = (b^{(1)}, b^{(2)}, b^{(3)}, b^{(4)}, b^{(5)}) and v^{(j)} ∈ R^{10} , j = 2, 3, 4 are the polarizations that satisfy the equation (54) with respect to b^{(j)}, i.e., the divergence condition for the principal symbols. Also, let a ∈ Z_+ be large enough. Then for (b, v^{(2)}, v^{(3)}, v^{(4)}) in a generic (i.e. open and dense) subset of X there exist linearly independent vectors v^{(5)}q , q = 1, 2, 3, 4, 5, 6, so that if v^{(5)} ∈ span({v^{(5)}p ; p = 1, 2, 3, 4, 5, 6}) is non-zero, then there exists a vector v^{(1)} for which the pair (b^{(1)}, v^{(1)}) satisfies the equation (54) and G^{(m)}(v, b) ≠ 0 with v = (v^{(1)}, v^{(2)}, v^{(3)}, v^{(4)}, v^{(5)}).

Proof. To show that the coefficient G^{(m)}(v, b) of the leading order term in the asymptotics is non-zero, we consider a special case when the direction vectors of the intersecting plane waves in the Minkowski space are the linearly independent light-like vectors of the form

b^{(5)} = (1, 1, 0, 0), b^{(j)} = (1, 1 − 1 2 ρ^2_j , ρ_j + O(ρ^3_j ), ρ^3_j ), j = 1, 2, 3, 4,

where ρ_j > 0 are small parameters for which ‖b^{(5)} − b^{(j)}‖_{(R}4_{,^g}+_) = ρ_j (1 + o(ρ_j )), j = 1, 2, 3, 4.

(123) With an appropriate choice of O(ρ^3_k) above, the vectors b^{(k)}, k ≤ 5 are light-like and

^g(b^{(5)}, b^{(j)}) = −1 + (1 − 1 2 ρ^2_j ) = − 1 2 ρ^2_j ,

^g(b^{(k)}, b^{(j)}) = − 1 2 ρ^2_k − 1 2 ρ^2_j + O(ρ_kρ_j ).

Below, we denote ω_{kj} = ^g(b^{(k)}, b^{(j)}). We consider the case when the orders of ρ_j are (Note here the "unordered" numbering 4-2-3-1) ρ_4 = ρ^{100}_2 , ρ_2 = ρ^{100}_3 , and ρ_3 = ρ^{100}_1 .

(124) Note that when ρ_1 is small enough, b^{(5)} is not a linear combination of any three vectors b^{(j)}, j = 1, 2, 3, 4.

The coefficient G^{(m)} of the leading order asymptotics is computed by analyzing the leading order terms of all 4th order interaction terms, similar to those given in (115) and (116). We will start by analysing the most important terms T^{(m),β}τ of the type (115) when β is such that ⃗S_β = (Q_0, Q_0). When k_j = k^β_j is the order of B_j , and we denote ⃗k_β = (k^β_1 , k^β_1 , k^β_3 , k^β_4 ), we see that

T^{(m),β}_τ = ⟨Q_0(B_4u_4 · u^τ ), h · B_3u_3 · Q_0(B_2u_2 · B_1u_1)⟩

(125) = C P_β ω_{45}τ 1 ω_{12} ⟨v^{a−k4+1,0} τ ( · ; b^{(4)}, b^{(5)}), h · u_3 · v^{a−k2+1,a−k1+1}( · ; b^{(2)}, b^{(1)})⟩ = C P_β ω_{45}τ 1 ω_{12} ∫ R^4

(b^{(4)} · x)^{a−k4+1}

+ e^{iτ (b(5) ·x)}h(x)(b^{(3)} · x)^{a−k3}_+ ·

· (b^{(2)} · x)^{a−k2+1}_+ (b^{(1)} · x)^{a−k1+1}_+ dx, where P = P_β is a polarization factor involving the coefficients of B_j , the directions b^{(j)}, and the polarization v_{(j)}. Moreover, C = C_a is a generic constant depending on a and β but not on b^{(j)} or v_{(j)}.

We will analyze the polarization factors later, but as a sidetrack, let us already now explain the nature of the polarization term when β = β_1, see (81). Observe that this term appear only when we analyze the term ⟨F_τ , Q(A[u_4, Q(A[u_3, Q(A[u_2, u_1])])])⟩ where all operators A[v, w] are of the type A_2[v, w] = ^g^{np}^g^{mq}v_{nm}∂_p∂_qw_{jk}, cf. (65) and (66). Due to this, we have the polarization factor

P_{β1} = (v^{rs}_{(4)}b^{(1)}_r b^{(1)}_s )(v^{pq}_{(3)}b^{(1)}_p b^{(1)}_q )(v^{nm}_{(2)} b^{(1)}_n b^{(1)}_m )D,

(126)

where v^{nm}_{(ℓ)} = ^g^{nj}^g^{mk}v^{(ℓ)}_{jk} and D = ^g_{nj} ^g_{mk}v^{nm}_{(5)} v^{jk}_{(1)}. (127)

We will postpone the analysis of the polarization factors P_β in T^{(m),β}τ with β ≠ β_1 later.

Let us now return back to the computation (125). We next use in R^4 the coordinates y = (y^1, y^2, y^3, y^4)^t where y^j = b^{(j)}_k x^k, i.e., and let A ∈ R^{4×4} be the matrix for which y = A^{−1}x. Let p = (A^{−1})^tb^{(5)}. In the y-coordinates, b^{(j)} = dy^j for j ≤ 4 and b^{(5)} =

∑_4

j=1 p_j dy^j and

p_j = ^g(b^{(5)}, dy^j) = ^g(b^{(5)}, b^{(j)}) = ω_{j5} = − 1 2 ρ^2_j .

Then b^{(5)} · x = p · y. We use the notation p_j = ω_{j5} = −^1_2 ρ^2_j , that is, we denote the same object with several symbols, to clarify the steps we do in the computations.

Then det(A) = 8ρ^{−3}_1 ρ^{−2}_2 ρ^{−1}_3 (1 + O(ρ_1)) and

T^{(m),β}_τ = CP_β ω_{45}τ det(A) ω_{12} ∫ (R_+)^4 e^{iτ p·y}h(Ay)y^{a−k4+1}_4 y^{a−k3}_3 y^{a−k2+1}_2 y^{a−k1+1}_1 dy. Using repeated integration by parts we see that

(128)

T^{(m),β}_τ = Cdet(A) P_β

(iτ)^{−(12+4a−|⃗kβ |)}(1 + O(τ^{−1})) ρ^{2(a−k4+1+2)}

4 ρ^{2(a−k3 +1)}

3 ρ^{2(a−k2+2)}

2 ρ^{2(a−k1 +1+2)} 1 . Note that here and below O(τ^{−1}) may depend also on ρ_j , that is, we have |O(τ^{−1})| ≤ C(ρ_1, ρ_2, ρ_3, ρ_4)τ^{−1}.

To show that G^{(m)}(v, b) is non-vanishing we need to estimate P_{β1} from below. In doing this we encounter the difficulty that P_{β1} can go to zero, and moreover, simple computations show that as the pairs (b^{(j)}, v^{(j)}) satisfies the divergence condtion (54) we have v^{ns}_{(r)}b^{(j)}n b^{(j)}s = O(ρ_r + ρ_j ). However, to show that G^{(m)}(v, b) is non-vanishing for some v we consider a particular choice of polarizations v^{(r)}, namely

v^{(r)}_{mk} = b^{(r)}_m b^{(r)}_k , for r = 2, 3, 4, but not for r = 1, 5

(129) so that for r = 2, 3, 4, we have ^g^{nm}b^{(r)}_n v^{(r)}_{mk} = 0, ^g^{mk}v^{(r)}_{mk} = 0, ^g^{nm}b^{(r)}_n v^{(r)}_{mk} − 1 2 (^g^{mk}v^{(r)}_{mk})b^{(r)}_k = 0.

Note that for this choice of v^{(r)} the linearized divergence conditions hold. Moreover, for this choice of v^{(r)} we see that for ρ_j ≤ ρ^{100}_r v^{ns}_{(r)}b^{(j)}_n b^{(j)}_s = ^g(b^{(r)}, b^{(j)}) ^g(b^{(r)}, b^{(j)}) = ρ^4_r + O(ρ^5_r).

(130)

In particular, when β = β_1, so that k_{β1} = (6, 0, 0, 0) and the polarizations are given by (129), we have P_{β1} = (D + O(ρ_1))ρ^4_1· ρ^4_1· ρ^4_1, where D is the inner product of v^{(1)} and v^{(5)} given in (127). Then the term T^{(m),β1}τ , which later turns out to have the strongest asymptotics in our considerations, has the asymptotics

T^{(m),β1} τ = L_τ , where

(131)

L_τ = Cdet(A)(iτ)^{−(6+4a)}(1 + O(τ^{−1}))⃗ρ^{−2(⃗a+⃗1)}ρ^{−4}_4 ρ^{−2}_2 ρ^0_3ρ^{20}_1 D, where ⃗ρ = (ρ_1, ρ_2, ρ_3, ρ_4), ⃗a = (a, a, a, a), and ⃗1 = (1, 1, 1, 1). To compare different terms, we express ρ_j in powers of ρ_1 as explained in formula (124), that is, we write ρ^{n4}_4 ρ^{n2}_2 ρ^{n3}_3 ρ^{n1}_1 = ρ^m_1 with m = 100^3n_4 + 100^2n_2 + 100n_3 + n_1. In particular, we will below write L_τ = C_{β1} (⃗ρ) τ^{n0} (1 + O(τ^{−1})) as τ → ∞ for each fixed ⃗ε, and C_{β1} (⃗ε) = c^′_{β1} ρ^{m0}_1 (1 + o(ρ_1)) as ρ_1 → 0.

Below we will show that c^′_{β1} does not vanish for generic (⃗x, ⃗ξ) and (x_5, ξ_5) and polarizations v. We will consider below β ≠ β_1 and show that also these terms have the asymptotics

T^{(m),β}_τ = C_β(⃗ρ) τ^n(1 + O(τ^{−1})) as τ → ∞ for each fixed ⃗ε, and C_β(⃗ε) = c^′_β ρ^m_1 (1 + o(ρ_1)) as ρ_1 → 0.

When we have that either n ≤ n_0 and m < m_0, or n < n_0, we say that T^{(m),β}τ has weaker asymptotics than T^{(m),β1}τ and denote T^{(m),β}τ ≺ L_τ .

As we consider here the asymptotic of five small parameters τ^{−1} and ε_i, i = 1, 2, 3, 4, and compare in which order we make them tend to 0, let us explain the above ordering in detail. Above, we have chosen the order: first τ^{−1}, then ε_4, ε_2, ε_3 and finally, ε_1. In correspondence with this choice we can introduce an ordering on all monomials cτ^{−cτ} ε^{n4}_4 ε^{n3}_3 ε^{n2}_2 ε^{n1}_1 . Namely, we say that

C^′τ^{−n′τ} ε^{n′4}_4 ε^{n′3}_3 ε^{n′2}_2 ε^{n′1}_1 ≺ Cτ^{−nτ} ε^{n4}_4 ε^{n3}_3 ε^{n2}_2 ε^{n1}_1

(132) if C ≠ 0 and one of the following holds

(i) if n_τ < n^′_τ ;

(ii) if n_τ = n^′_τ but n_4 < n^′_4;

(iii) if n_τ = n^′_τ and n_4 = n^′_4 but n_2 < n^′_2;

(iv) if n_τ = n^′_τ and n_4 = n^′_4, n_2 = n^′_2 but n_3 < n^′_3; (v) if n_τ = n^′_τ and n_4 = n^′_4, n_3 = n^′_3, n_2 = n^′_2 but n_1 < n^′_1.

Note that this ordering is not a partial ordering.

Then, we can analyze terms T^{(m),β}τ,σ and ~T^{(m),β}τ,σ in the formula for

Θ^{(4)}_τ = Θ^{(4)}_{τ,⃗ε} = ∑ β∈J_ℓ ∑ σ∈Σ(ℓ) ( T^{(m),β}_{τ,σ} + ~T^{(m),β}_{τ,σ} ) . (133)

Note that here the terms, in which the permutation σ is either the identical permutation id or the permutation σ_0 = (2, 1, 3, 4), are the same.

Remark 3.3. We can find the leading order asymptotics of the strongest terms in the decomposition (133) using the following algorithm. First, let us multiply Θ^{(4)}_{τ,⃗ε} by τ^{^nτ} , where ^n_τ = min_β n_τ (β). Taking then τ → ∞ will give non-zero contribution from only those terms T^{(m),β}τ,σ and ~T^{(m),β}τ,σ where n_τ (β) = ^n_τ . This corresponds to step (i) above. Multiplying next by ε^{−^n4}_4 , where ^n_4 = min_β n_4(β) under the condition that n_τ (β) = ^n_τ and taking ε_4 → 0 corresponds to selecting terms T^{(m),β}τ,σ with n_τ (β) = ^n_τ and n_4(β) = ^n_4 and terms ~T^{(m),β}τ,σ with ~n_τ (β) = ^n_τ and ~n_4(β) = ^n_4. This corresponds to step (ii). Continuing this process we obtain a scalar value that gives the leading order asymptotics of the strongest terms in the decomposition (133).

The next results tells what are the strongest terms in (133).

Proposition 3.8. In (133), the strongest term are T^{(m),β1}τ = T^{(m),β1}_{τ,id} and T^{(m),β1}τ,σ_0 in the sense that for all (β, σ) ̸∈ {(β_1, id), (β_1, σ_0)} we have T^{(m),β}τ,σ ≺ T^{(m),β1}_{τ,id} . Proof. When ⃗S_β = (S_1, S_2) = (Q_0, Q_0), similar computations to the above ones yield ~T^{(m),β} τ = ⟨u^τ , h · Q_0(B_4u_4 · B_3u_3) · Q_0(B_2u_2 · B_1u_1)⟩

= Cdet(A)P_β

(iτ)^{−(12+4a−|⃗kβ |)}(1 + O(τ^{−1})) ρ^{2(a−k4 +2)}

4 ρ^{2(a−k3 +1+2)}

3 ρ^{2(a−k2 +2)}

2 ρ^{2(a−k1 +1+2)} 1 .

Let us next consider the case when ⃗S_β = (S_1, S_2) = (I, Q_0). Again, the computations similar to the above ones show that

T^{(m),β}_τ = ⟨Q_0(u^τ · B_4u_4), h · B_3u_3 · I(B_2u_2 · B_1u_1)⟩

= i CP_βdet(A)

(iτ)^{−(10+4a−|⃗kβ |)}(1 + O(τ^{−1})) ρ^{2(a−k4 +1+2)}

4 ρ^{2(a−k3 +1)}

3 ρ^{2(a−k2 +1)}

2 ρ^{2(a−k1+1)} 1

and ~T^{(m),β} τ = ⟨u^τ , h · Q_0(B_4u_4 · B_3 u_3) · I(B_2 u_2 · B_1 u_1)⟩

= P_βCdet(A)

(iτ)^{−(10+4a−|⃗kβ |)}(1 + O(τ^{−1})) ρ^{2(a−k4+2)} 4 ρ^{2(a−k3 +1+2)}

3 ρ^{2(a−k2+1)}

2 ρ^{2(a−k1 +1)} 1 . When ⃗S_β = (S_1, S_2) = (Q_0, I) we have ~T^{(m),β}τ = T^{(m),β}τ and T^{(m),β}_τ = ⟨I(u^τ · B_4u_4), h · B_3u_3 · Q_0(B_2u_2 · B_1u_1)⟩,

= iP_β det(A)C (iτ)^{−(10+4a−|⃗kβ |)}(1 − O(τ^{−1})) ρ^{2(a−k4 +1)}

4 ρ^{2(a−k3 +1)}

3 ρ^{2(a−k2 +2)}

2 ρ^{2(a−k1 +1+2)} 1 , and finally when ⃗S_β = (S_1, S_2) = (I, I) ~T^{(m),β} τ = ⟨u^τ , h · I(B_4u_4 · B_3u_3) · I(B_2u_2 · B_1u_1)⟩

= P_βC_adet(A) (iτ)^{−(8+4a−|⃗kβ |)}(1 + O(τ^{−1})) ρ^{2(a−k4 +1)}

4 ρ^{2(a−k3 +1)}

3 ρ^{2(a−k2 +1)}

2 ρ^{2(a−k1+1)} 1 . Next we consider all β such that ⃗S^β = (Q_0, Q_0) but β ≠ β_1. Then ~T^{(m),β} τ = Cdet(A)(iτ)^{−(6+4a)}(1 + O(τ^{−1}))⃗ρ^{−2(⃗a+⃗1)+2⃗kβ} ρ^{−2}_4 ρ^{−2}_2 ρ^{−4}_3 ρ^{−4}_1 · P_β

where ⃗k_β is as in (117). Note that for β = β_1 we have P_{β1} = (D + O(ρ_1))ρ^4_1· ρ^4_1· ρ^4_1 while β ≠ β_1 we just use an estimate P_β = O(1). Then we see that ~T^{(m),β}τ ≺ L_τ .

When β is such that ⃗S^β = (Q_0, I), we see that

T^{(m),β}_τ = Cdet(A)(iτ)^{−(10+4a−|⃗kβ |)}(1 + O(τ^{−1}))⃗ρ^{−2(⃗a+⃗1)+2⃗kβ} ρ^0_4ρ^{−2}_2 ρ^0_3ρ^{−4}_1 P_β, ~T^{(m),β} τ = Cdet(A)(iτ)^{−(10+4a−|⃗kβ |)}(1 + O(τ^{−1}))⃗ρ^{−2(⃗a+⃗1)+2⃗kβ} ρ^{−2}_4 ρ^0_2ρ^{−4}_3 ρ^0_1P_β

where P_β = O(1) and ⃗k_β is as in (121) and hence T^{(m),β}τ ≺ L_τ and ~T^{(m),β} τ ≺ L_τ . When β is such that ⃗S^β = (I, Q_0) or ⃗S^β = (I, I), using inequalities of the type (119) and (120) in appropriate cases, we see that T^{(m),β}τ ≺ L_τ and ~T^{(m),β}τ ≺ L_τ .

The above shows that all terms T^{(m),β}τ and ~T^{(m),β}τ with maximal allowed k.s have asymptotics with the same power of τ but their ⃗ρ asymptotics vary, and when the asymptotic orders of ρ_j are given as explained in after (124), there is only one term, namely L_τ = T^{(m),β1}τ , that has the strongest order asymptotics given in (131).

Next we analyze the effect of the permutation σ : {1, 2, 3, 4} → {1, 2, 3, 4} of the indexes j of the waves u_j. We assume below that the permutation σ is not the identity map.

Recall that in the computation (125) there appears a term ω^{−1}_{45} ∼ ρ^{−2}_4 . As this term does not appear in the computations of the terms ~T^{(m),β} τ,σ , we see that ~T^{(m),β}τ,σ ≺ L_τ . Similarly, if σ is such that σ(4) ≠ 4, the term ω^{−1}_{45} does not appear in the computation of T^{(m),β}τ,σ and hence T^{(m),β1} τ,σ ≺ L_τ . Next we consider the permutations for which σ(4) = 4. Next we consider σ that is either σ = (3, 2, 1, 4) or σ = (2, 3, 1, 4).

These terms are very similar and thus we analyze the case when σ = (3, 2, 1, 4). First we consider the case when β = β_2 is such that ⃗S^{β2} = (Q_0, Q_0), ⃗k_{β2} = (2, 0, 4, 0) This term appears in the analysis of the term A^{(1)}[u_{σ(4)}, Q(A^{(2)}[u_{σ(3)}, Q(A^{(3)}[u_{σ(2)}, u_{σ(1)}])])] when (A^{(1)}, A^{(2)}, A^{(3)}) = (A_2, A_1, A_2), see (68). By a permutation of the indexes in (125) we obtain the formula

T^{(m),β2} τ,σ = c^′_1det(A)(iτ)^{−(6+4a)}(1 + O(τ^{−1}))⃗ρ^{−2(⃗a+⃗1)}

(134) · (ω_{45}ω_{32})^{−1}ρ^{2(k4 −1)}_4 ρ^{2k3}_1 ρ^{2(k2 −1)}_2 ρ^{2(k1−1)}_3 P_{β2} , ~P_{β2} = (v^{pq}_{(4)}b^{(1)}_p b^{(1)}_q )(v^{rs}_{(3)}b^{(1)}_r b^{(1)}_s )(v^{nm}_{(2)} b^{(3)}_n b^{(3)}_m )D.

Hence, in the case when we use the polarizations (129), we obtain T^{(m),β2} τ,σ = c_1(iτ)^{−(6+4a)}(1 + O(τ^{−1}))⃗ρ^{−2(⃗a+⃗1)}ρ^{−4}_4 ρ^{−2}_2 ρ^{0+4}_3 ρ^{6+8}_1 D.

Comparing the power of ρ_3 in the above expression, we see that in this case T^{(m),β2}τ,σ ≺ L_τ . When σ = (3, 2, 1, 4), we see in a straightforward way also for other β for which ⃗S^β = (Q_0, Q_0), that T^{(m),β}τ,σ ≺ L_τ .

When σ = (1, 3, 2, 4), we see that for all β with |⃗k_β| = 6,

T^{(m),β}_{τ,σ} = Cdet(A)(iτ)^{−(6+4a)}(1 + O( 1 τ ))⃗ρ^{−2(⃗a−⃗k+⃗1)}ω^{−1}_{45} ω^{−1}_{13} ρ^{−2}_4 ρ^0_2ρ^{−2}_3 ρ^{−2}_1 P_β

= Cdet(A)(iτ)^{−(6+4a)}(1 + O( 1 τ ))⃗ρ^{−2(⃗a−⃗k+⃗1)}ρ^{−4}_4 ρ^0_2ρ^{−2}_3 ρ^{−4}_1 P_β .

Here, P_β = O(1). Thus when σ = (1, 3, 2, 4), by comparing the powers of ρ_2 we see that T^{(m),β}τ,σ ≺ L_τ . The same holds in the case when |⃗k_β| < 6. The case when σ = (3, 1, 2, 4) is similar to σ = (1, 3, 2, 4). This proves Proposition 3.8 □ Summarizing; we have analyzed the terms T^{(m),β}τ,σ corresponding to any β and all σ except σ = σ_0 = (2, 1, 3, 4). Clearly, the sum ∑ β T^{(m),β}τ,σ_0 is equal to the sum ∑ β T^{(m),β}_{τ,id} . Thus, when the asymptotic orders of ρ_j are given in (124) and the polarizations satisfy (129), we have

G^{(m)}(v, b) = lim_{τ →∞} ∑ β,σ T^{(m),β}τ,σ (iτ)^{(6+4a)}

= lim_{τ →∞}

2T^{(m),β1} τ (1 + O(ρ_1)) (iτ)^{(6+4a)}

= 2c_1det(A)(1 + O(ρ_1)) ⃗ρ^{−2(⃗a+⃗1)}ρ^{−4}_4 ρ^{−2}_2 ρ^0_3ρ^{20}_1 D.

(135) Notice that here ρ_j depend only on b^{(k)}, k = 1, 2, 3, 4, 5.

Let Y = sym(R^{4×4} ) and consider the quadratic form B : (v, w) → ^g_{nj}^g_{mk}v^{nm}w^{jk} as a inner product in Y . Then D = B(v^{(5)}, v^{(1)}).

Let L(b^{(j)}) denote the subspace of dimension 6 of the symmetric matrices v ∈ Y that satisfy equation (54) with covector b^{(j)}.

Let L be the real analytic manifold consisting of η = (b, v, V^{(1)}, V^{(5)}), where b = (b^{(1)}, b^{(2)}, b^{(3)}, b^{(4)}, b^{(5)}) is a sequence of light-like vectors and v = (v^{(2)}, v^{(3)}, v^{(4)}) satisfy v_{(j)} ∈ L(b^{(j)}) for all j = 2, 3, 4, and V^{(1)} = (v^{(1)}p )^6_{p=1} be basis of L(b^{(1)}) and V^{(5)} = (v^{(5)}p )^6_{p=1} be vectors in Y such that B(v^{(5)}p , v^{(1)}q ) = δ_{pq} for p ≤ q.

We define for η ∈ L

κ(η) := det ( G^{(m)}(v_{(p,q)}, b)

)_6 p,q=1 , where v_{(p,q)} = (v^{(1)}_p , v^{(2)}, v^{(3)}, v^{(4)}, v^{(5)}_q ).

Then κ(η) is a real-analytic function on L.

Let us next consider linearly independent light-like vectors, ^b = (^b^{(1)},^b^{(2)},^b^{(3)},^b^{(4)},^b^{(5)}) satisfying (123) with ⃗ρ given in (124) with some small ρ_1 > 0 and let the polarizations ^v = (^v^{(2)}, ^v^{(3)}, ^v^{(4)}) be such that ^v^{(j)} ∈ L(b^{(j)}), j = 2, 3, 4, are those given by (129), and ^V^{(1)} = (^v^{(1)}p )^6_{p=1} be a basis of L(b^{(1)}). Let ^V^{(5)} = (^v^{(5)}p )^6_{p=1} be vectors in Y such that B(^v^{(5)}p , ^v^{(1)}q ) = δ_{pq} for p ≤ q. When ρ_1 > 0 is small enough, formula (135) yields that κ(^η) ≠ 0 for ^η = (^b, ^v, ^V^{(1)}, ^V^{(5)}). As κ(η) is a realanalytic function on L, we see that κ(η) is non-vanishing on a generic subset of the component of L containing ^η. Note that for any b there is η = (b, v, V^{(1)}, V^{(5)}) that is in this component.

Consider next η = (b, v, V^{(1)}, V^{(5)}) that is in the component of L containing ^η. As v^{(5)} → G^{(m)}(v, b) is linear and thus κ(η) can be considered as an alternative 6-multilinear form of V^{(5)}. Thus if ~v^{(5)} = ∑_6

p=1 a_pv^{(5)}p ≠ 0 is such that G^{(m)}(v^{(1)}, v, ~v^{(5)}, b) = 0 for all v^{(1)} ∈ L(b^{(1)}), we see that κ(η) = 0. As the image of a open and dense set in the projection (b, v, V^{(1)}, V^{(5)}) → (b, v) is open and dense, we conclude that for an open and dense set of pairs (b, v) there is V^{(5)} so that for all ~v^{(5)} ∈ span(V^{(5)}) there is v^{(1)} ∈ L(b^{(1)}) such that G^{(m)}(v^{(1)}, v, ~v^{(5)}, b) ≠ 0. □

4. Observations in normal coordinates

4.1. Detection of singularities. Above we have considered the singularities of the metric g in the wave gauge coordinates, that is, we have used the coordinates of manifold M_0 where the metric g solves the ^greduced Einstein equations. As the wave gauge coordinates may also be non-smooth, we do not know if the observed singularities are caused by the metric or the coordinates. Because of this, we next consider the metric in normal coordinates.

Let (g^{⃗ε}, ϕ^{⃗ε}) be the solution of the ^g-reduced Einstein equation (10) with the source f_{⃗ε} given in (59). We emphasize that g^{⃗ε} is the metric in the ^g-wave gauge coordinates.

Let (z, η) ∈ U_{(z0,η0)}(^h) and denote by μ_{⃗ε}([−1, 1]) = μ_g⃗ε_{,z,η}([−1, 1]) the freely falling observers, i.e. time-like geodesic, on (M_0, g^{⃗ε}) having the same initial data as μ_{^g,z,η}, see Sect. 1.1. When ~r ∈ (−1, 1], we call the family μ_{⃗ε}([−1, ~r]), where ⃗ε = (ε_j )^4_{j=1}, ε_j ≥ 0 the observation geodesics and note that ⃗ε may be here the zero-vector. For given (z, η), let us choose (Z_j(−1))^4_{j=1} to be linearly independent vectors at μ_{^g,z,η}(−1) such that Z_1(−1) = μ̇_{^g,z,η}(−1). For s ∈ [−1, 1], let Z_{j,⃗ε}(s) be the parallel translation of Z_j(−1) along μ_{⃗ε}. Also, assume that μ_{⃗ε}([−1, 1]) ⊂ U_{⃗ε} for |⃗ε| small enough and denote p_{⃗ε} = μ_{⃗ε}(~r) where ~r < 1.

Let then Ψ_{⃗ε} denote normal coordinates of (M_0, g^{⃗ε}) defined using the center p_{⃗ε} and the frame Z_{j,⃗ε}, j = 1, 2, 3, 4. Below, we denote μ_0 = μ_{⃗ε}|_{⃗ε=0} and Z_{j,0} = Z_{j,⃗ε}|_{⃗ε=0}. We say that these normal coordinates are associated to the observation geodesics μ_{⃗ε}, see Fig. 15.

Next we consider the metric g^{⃗ε} in the normal coordinates and study when ∂^4_{⃗ε} (Ψ_{⃗ε})_∗g^{⃗ε}|_{⃗ε=0} is smooth. Below, we denote g_{⃗ε} = g^{⃗ε} and U_{⃗ε} = U_g⃗ε . Recall that ^U = U_{^g}. In the next Lemma, we consider observations in normal coordinates, see Fig. 15.

PSfrag replacements

Figure 15. A schematic figure where the space-time is represented as the 3-dimensional set R^{1+2} . The future light cone L^+_{^g} (q) corresponding to the point q is shown as a red cone. The green curve is the geodesic μ_0 = μ_{^g,z,η}. This geodesic intersect the future light cone L^+_{^g} (q) at the point x. The black vectors are the frame (Z_j) that is obtained using parallel translation along the geodesic μ_0. Near the intersection point x we use the normal coordinates centered at x and associated to the frame obtained via parallel translation.

Lemma 4.1. Let u^{⃗ε} = (g^{⃗ε}, ϕ^{⃗ε}) be the solution of the reduced Einstein equations (10) with the source f_{⃗ε} given in (59), and μ_{⃗ε}([−1, ~r]), −1 < ~r < 1 be the observation geodesics in U_{⃗ε}. Let us consider at the point p_{⃗ε} = μ_{⃗ε}(~r) the frame Z_{j,⃗ε} = Z_{j,⃗ε}(~r) and let Ψ_{⃗ε} : W_{⃗ε} → Ψ_{⃗ε}(W_{⃗ε}) ⊂ R^4 be the normal coordinates centered at p_{⃗ε} and associated to the frame (Z_{j,⃗ε})^4_{j=1}. Denote W = W_0.

Let S ⊂ ^U be a smooth 3-dimensional surface such that p_0 = p_{⃗ε}|_{⃗ε=0} ∈ S and g^{(α)} = ∂^α_{⃗ε} g^{⃗ε}|_{⃗ε=0}, ϕ^{(α)}_ℓ = ∂^α_{⃗ε} ϕ^{⃗ε}_ℓ|_{⃗ε=0}, for |α| ≤ 4, α ∈ {0, 1}^4, and assume that g^{(α)} and ϕ^{(α)}_l are in C^∞(W ) for |α| ≤ 3 and g^{(α0)}pq |_W ∈ I^{m0} (W ∩ S) and ϕ^{(α0)}_l |_W ∈ I^{m0} (W ∩ S) for α_0 = (1, 1, 1, 1).

(i) Assume that S∩W is empty. Then ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗g_{⃗ε})|_{⃗ε=0} and ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗ϕ^{⃗ε}_ℓ )|_{⃗ε=0} are C^∞-smooth in Ψ_0(W ).

(ii) Assume that μ_0([−1, 1]) intersets S transversally at p_0. Consider the conditions (a) There is a 2-contravariant tensor field v that is a smooth section of T W ⊗ T W such that v(x) ∈ T_xS ⊗ T_xS for x ∈ S and the principal symbol of ⟨v, g^{(α0)}⟩ ∈ I^{m0} (W ; W ∩ S) is non-vanishing at p_0.

(b) The principal symbol of ϕ^{(α0)}_ℓ is non-vanishing at p_0 for some ℓ = 1, 2, . . . , L. If (a) or (b) holds, then either ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗g_{⃗ε})|_{⃗ε=0} or ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗ϕ^{⃗ε}_ℓ)|_{⃗ε=0} is not C^∞-smooth in Ψ_0(W ).

Proof. (i) Using the metric g_{⃗ε} in the ^g-wave gauge coordinates we can compute the Ψ_{⃗ε}-coordinates and thus find (Ψ_{⃗ε})_∗g_{⃗ε}. As g^{(α)}, and thus ∂^α_{⃗ε} Ψ_{⃗ε}|_{⃗ε=0} for |α| ≤ 3 and g^{(α0)} and ∂^{α0}_{⃗ε} Ψ_{⃗ε}|_{⃗ε=0} are smooth in Ψ_0(W ), we see that ∂^4_{⃗ε} (Ψ_{⃗ε})_∗g_{⃗ε}|_{⃗ε=0} is smooth in Ψ_0(W ). This proves (i).

(ii) Let g^{⃗ε} denote the metric in the ^g wave gauge coordinates on M_0. Denote γ_{⃗ε}(t) = μ_{⃗ε}(t + ~r). Let X : W_0 → V_0 ⊂ R^4 , X(y) = (X^j(y))^4_{j=1} be such local coordinates in W_0 that X(p_0) = 0 and X(S ∩ W_0) = {(x^1, x^2, x^3, x^4) ∈ V_0; x^1 = 0} and y(t) = X(γ_0(t)) = (t, 0, 0, 0). Note that the coordinates X are independent of ⃗ε.

Let ^Y_j(t) be ^g-parallel vector fields on γ_0(t) such that ^Y_j(0) = ∂/∂X^j are the coordinate vector fields corresponding to the coordinates X. Let b^k_j ∈ R be such that ^Y_j(0) = b^k_j Z_{0,k}(~r) and define Y^{⃗ε}_j (t) = b^k_j Z_{⃗ε,k}(t + ~r).

To do computations in local coordinates, let us denote ~g^{(α)} = ∂^α_{⃗ε} (X_∗g^{⃗ε})|_{⃗ε=0}, ~ϕ^{(α)}_ℓ = ∂^α_{⃗ε} (X_∗ϕ^{⃗ε}_ℓ )|_{⃗ε=0}, for |α| ≤ 4, α ∈ {0, 1}^4. We note that as the X-coordinates are independent of ⃗ε, we have ∂^α_{⃗ε} (X_∗g^{⃗ε})|_{⃗ε=0} = X_∗(∂^α_{⃗ε} (g^{⃗ε})|_{⃗ε=0}). In the local X coordinates, let v(x) = v^{pq}(x)^∂_{∂xp}^∂_{∂xq} be such that v^{pq}(x) = 0 if (p, q) ∉ {2, 3, 4}^2 and x ∈ X(S ∩ W_0).

Let R^{⃗ε} be the curvature tensor of g^{⃗ε} and define the functions h^{⃗ε}_{mk}(t) = g^{⃗ε}(R^{⃗ε}(γ̇_{⃗ε}(t), Y^{⃗ε}_m(t))γ̇_{⃗ε}(t), Y^{⃗ε}_k (t)), J_v(t) = ∂^4_{⃗ε} (^v^{mq} h^{⃗ε}_{mq}(t))|_{⃗ε=0}, where ^v^{mq} = v^{mq}(0) ∈ R^{4×4} . Here we can consider ^v^{mq} as a constant matrix or alternatively, a tensor field whose representation in the X coordinates is given by a constant matrix.

Observe that J_v(t) is a function defined on the geodesic γ_0(t), t ∈ I that is parametrized along arc length and thus it has a coordinate invariant definition. As all ⃗ε derivatives of order 3 or less of g_{⃗ε} are smooth, we see that if ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗g_{⃗ε})|_{⃗ε=0} would be smooth near 0 ∈ R^4 , then also ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗R^{⃗ε})|_{⃗ε=0} and ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗γ̇_{⃗ε})|_{⃗ε=0} and ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗Y^{⃗ε}_k )|_{⃗ε=0} would be smooth, and thus also the function J_v(t) would be smooth near t = 0. Hence, to show that the ∂^4_{⃗ε} -derivatives of the metric tensor in the normal coordinates are not smooth, it is enough to show that for some values of ^v^{mq} the function J_v(t) is non-smooth at t = 0.

The curvature tensor and thus h^{⃗ε}_{mk} can be written in the X coordiantes as a sum of terms which are products of the x-derivatives of g_{⃗ε} up to order 2, its inverse matrix g^{−1}_{⃗ε} , evaluated at γ_{⃗ε}(t), and the vector fields γ̇_{⃗ε}(t) and Y^{⃗ε}_k (t). When we apply the product rule in the differentation and the chain rule (when we compute e.g. ∂_{⃗ε}(g^{jk}_{⃗ε} (γ^{⃗ε}(t))), the first derivative ∂_{ε1} operates either to ∂^β_x g_{⃗ε}, with |β| ≤ 2, or γ̇_{⃗ε}(t), or Y^{⃗ε}_k (t), or due to chain rule, it produces the x-derivatives of ^g multiplied by ∂_{ε1} γ_{⃗ε}(t). As in W all ε-derivatives of the metric tensor g_{⃗ε} up to order 3 are smooth, we see that all other ε-derivatives, namely ∂_{εj} , j = 2, 3, 4 have to operate on the same term on which the ∂_{ε1} derivative operated or otherwise, the produced term is C^∞-smooth in the X-coordinates. Thus we need to consider only terms where all four ε-derivatives operate on the same term.

Below, Γ_{⃗ε} are the connection coefficients corresponding to g_{⃗ε}. We will work in the X coordinates and denote ~R(x) = ∂^4_{⃗ε} X_∗(R_{⃗ε})(x)|_{⃗ε=0}, and ~Γ^j_{nk} and ~γ^j are the analogous 4th order ε-derivatives, and denote ~g = ~g^{(α0)}. For simplicity we also denote X_∗^g and X_∗ ^ϕ_l by ^g and ^ϕ_l, respectively.

We analyze the functions of t ∈ I = (−t_1, t_1), e.g., a(t), where t_1 > 0 is small. We say that a(t) is of order n if a( · ) ∈ I^n({0}).

When a(t) solves an ordinary differential equation (ODE) of the type ∂_ta(t) + K(t)a(t) = b(t), a(0) = a_0 where K(t), b(t) ∈ I^n({0}), we say that a(t) solves an ODE involving K(t). When n < −1, this implies, due to [28] and bootstrap arguments, that then a ∈ I^{n−1}({0}), i.e., a is one order smoother than b and K.

When t_0 is small enough, S ⊂ M_0 intersects γ_0 = γ_{⃗ε}|_{⃗ε=0} only at the point p_0, and the intersection there is transversal. Then, we see that the restrictions of conormal distributions in I(M_0; S) on γ_0 are conormal distributions associated to the submanifold {p_0} ⊂ γ_0. Thus by the assumptions of the theorem, (∂^β_x ~g_{jk})(γ(t)) ∈ I^{m0+β1} ({0}) when β = (β_1, β_2, β_3, β_4). As ^g and ^ϕ_l are C^∞-smooth in W_0 and the geodesic γ_0 intersects S transversally, we see that (~γ(t), ∂_t~γ(t)) = ∂^4_{⃗ε} (γ^{⃗ε}(t), ∂_tγ^{⃗ε}(t))|_{⃗ε=0} and ~Y_k = ∂^4_{⃗ε} Y^{⃗ε}_k |_{⃗ε=0} in the X-coordinates are solutions of ODEs (the latter one obtained by differentiating, with respect to ⃗ε, the equation ∇^{⃗ε}_{γ̇⃗ε} Y^{⃗ε}_k = 0) with coefficients depending on the Christoffel symbols, i.e., on the derivatives ∂^4_{⃗ε} (∂_j g^{⃗ε}_{pq})|_{⃗ε=0} ∈ I^{m0 +1}({0}). Thus (~γ(t), ∂_t~γ(t)) and ~Y_k are in I^{m0} ({0}).

As the curvature R_{⃗ε} depends on the 2nd order derivatives of the metric, the above analysis shows that ~R|_{γ0(t)} ∈ I^{m0 +2}({0}). Thus in the X coordinates ∂^4_{⃗ε} (h^{⃗ε}_{mk}(t))|_{⃗ε=0} ∈ I^{m0 +2}({0}) can be written as

∂^4_{⃗ε} (h^{⃗ε}_{mk}(t))|_{⃗ε=0} = ^g( ~R(γ̇_0(t), ^Y_m(t))γ̇_0(t), ^Y_k(t)) + smoother terms = ^g_{kq} ~R^q_{11m} + smoother terms = ^g_{qk}( ∂ ∂x^1 ~Γ^q_{1m} − ∂ ∂x^m ~Γ^q_{11}) + smoother terms = 1 2 ( ∂ ∂x^1 ( ∂~g_{km} ∂x^1 + ∂~g_{k1} ∂x^m − ∂~g_{1m} ∂x^k ) − ∂ ∂x^m ( ∂~g_{k1} ∂x^1 + ∂~g_{k1} ∂x^1 − ∂~g_{11} ∂x^k ) ) + smoother terms,

where all "smoother terms" are in I^{m0 +1}({0}).

Later, we will use the fact that ∂/∂x^1 raises the order of the singularity by one.

Consider next the case (a). Assume next that for given (k, m) ∈ {2, 3, 4}^2, the principal symbol of ~g^{(α0)}_{km} is non-vanishing at 0 = X(p_0). Let v be such a tensor field that v^{mk}(0) = v^{km}(0) ≠ 0 and v^{in}(0) = 0 when (i, n) ∉ {(k, m), (m, k)}. Then the above yields (in the formula below, we do not sum over k, m)

J_v(t) = e_{km}v^{km}∂^4_{⃗ε} (h^{⃗ε}_{mk}(t))|_{⃗ε=0} = e_{km} 2 ^v^{km} ( ∂ ∂x^1 ∂~g_{km} ∂x^1 ) + smoother terms,

where e_{km} = 2 − δ_{km}. Thus the principal symbol of J_v(t) in I^{m0} ({0}) is non-vanishing and J_v(t) is not a smooth function. Thus in this case ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗g_{⃗ε})|_{⃗ε=0} is not smooth.

Next, we consider the case (b). Assume that there is ℓ such that the principal symbol of the field ~ϕ_ℓ is non-vanishing. As ∂_t~γ(t)) ∈ I^{m0} ({0}), we see that ~γ(t)) ∈ I^{m0 +1}({0}), Then as ϕ^{⃗ε}_ℓ are scalar fields,

j_ℓ(t) = ∂^4_{⃗ε} ( ϕ^{⃗ε}_ℓ (γ_{⃗ε}(t))) )| |_{⃗ε=0} (136) = ~ϕ_ℓ(^γ(t)) + ~γ^j (t) ∂ ^ϕ_ℓ ∂x^j (^γ(t)) + smoother terms, where j_ℓ ∈ I^{m0} ({0}) and the smoother terms are in I^{m0+1}({0}). Again, if both ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗g_{⃗ε})|_{⃗ε=0} and ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗ϕ^{⃗ε}_ℓ)|_{⃗ε=0} are smooth, we see that j_ℓ(t) is smooth, too. Thus to show the claim it is enough to show that j_ℓ(t) is not smooth at t = 0.

In (136), ∂_1 ~ϕ_ℓ has the order (m_0 + 1). As we saw above, ~γ(t) and ∂_t~γ(t) have the order m_0. Thus j_ℓ(t) is not smooth which proves the claim. □

PSfrag replacements

Figure 16. A schematic figure where the space-time is represented as the 3-dimensional set R^{1+2} . The lightlike geodesic emanating from the point q is shown as a red curve. The point q is the intersection of lightlike geodesics corresponding to the starting points and directions (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1}. A light like geodesic starting from q passes through the point y and has the direction η at y. The black points are the first conjugate points on the geodesics γ_{xj (t0),ξj (t0 )}([0, ∞)), j = 1, 2, 3, 4, and γ_{q,ζ} ([0, ∞)). The figure shows the case when the interaction condition (I) is satisfied for y ∈ ^U with lightlike vectors (⃗x, ⃗ξ).

Next we use the above result to detect singularities in normal coordinates. We will consider the condition that an intersection point q exists and the light cone of q intersects y: We say that the interaction condition (I) is satisfied for y ∈ ^U with light-like vectors (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1} and t_0 ≥ 0, if

(I) There exists q ∈

⋂_4

j=1 ^γ_{xj (t0 ),ξj (t0 )}((0, t_j)), t_j = ρ(x_j (t_0), ξ_j(t_0)), ζ ∈ L^+_q (M_0, ^g) and t ≥ 0 such that y = ^γ_{q,ζ} (t).

where (x_j (h), ξ_j(h)) are given in (69) and the function ρ is defined in (20), see Fig. 16. When (I) holds, we sometimes say that it holds for y with parameters q, ζ, t, t_0, and η = ∂_t^γ_{q,ζ} (t).

Let W_j (s) = W_j (s; x_j, ξ_j) be the s-neighborhood of (x_j , ξ_j) in T M_0 in the Sasaki metric corresponding to ^g^+.

As earlier, let μ_{⃗ε}([−1, 1]) be a family of observation geodesics in (U_{⃗ε}, g_{⃗ε}), determined by a geodesic μ_0([−1, 1]) ⊂ U_{^g} of (M_0, ^g) and Ψ_{⃗ε} : W_{⃗ε} = B_g+_{⃗ε} (p_{⃗ε}, R_1) → R^4 be the normal coordinates at the point p_{⃗ε} = μ_{⃗ε}(~r), −1 ≤ ~r < 1 associated to the frame (Z_{j,⃗ε}(~r))^4_{j=1} obtained by the parallel translation along the geodesic μ_{⃗ε}.

Next we investigate when some solution u^{⃗ε} corresponding to (⃗x, ⃗ξ) has observable singularities in the normal coordinates Ψ_{⃗ε} determined by the observation geodesics μ_{⃗ε}([−1, 1]), that have the center y = μ_{⃗ε}(~r) and the frame obtained by parallel translation along μ_{⃗ε}([−1, 1]). Below, we denote μ_{⃗ε} = μ_0 when ⃗ε = ⃗0 and say that Ψ_{⃗ε} are the normal coordinates associated to μ_{⃗ε}([−1, 1]) and y.

Using such normal coordinates, we define that point y ∈ ^U, satisfy the singularity detection condition (D) with light-like directions (⃗x, ⃗ξ) and t_0, ^s > 0 if

(D) For any s, s_0 ∈ (0, ^s) there are (x^′_j , ξ^′_j) ∈ W_j(s; x_j , ξ_j), j = 1, 2, 3, 4, and f_j ∈ I_S^{n−3/2}(Y ((x^′_j, ξ^′_j); t_0, s_0)), see (57) and (59), and a family of observation geodesics μ_{⃗ε}([−1, 1]) with y = μ_0(~r), such that when u_{⃗ε} of is the solution of (10) with the source f_{⃗ε} =

∑_4 j=1 ε_jf_j and Ψ_{⃗ε} are the the normal coordinates corresponding to the center μ_{⃗ε}(~r) and the frame obtained by parallel translation along μ_{⃗ε}([−1, 1]), then the function ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗u_{⃗ε})|_{⃗ε=0} is not C^∞-smooth in any neighborhood of 0 = Ψ_0(y).

Below we use the Y((⃗x, ⃗ξ); t_0, ^s) set defined in (71).

Lemma 4.2. Let (⃗x, ⃗ξ), and t_j with j = 1, 2, 3, 4, t_0 > 0, and x_6 ∈ ^U satisfy (82)-(83). Let t_0, ^s > 0 and assume that y ∈ V((⃗x, ⃗ξ), t_0) ∩ U_{^g} satisfies y ∉ Y((⃗x, ⃗ξ); t_0, ^s) ∪ ⋃_4 j=1 γ_{xj ,ξj} (R). Then (i) If y does not satisfy condition (I) with (⃗x, ⃗ξ) and t_0 then y does not satisfy the condition (D) with (⃗x, ⃗ξ) and t_0, ^s > 0.

(ii) Assume y ∈ ^U satisfies the condition (I) with (⃗x, ⃗ξ) and t_0 and parameters q, ζ, and 0 < t < ρ(q, ζ). Then y satisfies condition (D) with (⃗x, ⃗ξ), t_0, and any sufficiently small ^s > 0.

Proof. (i) If y ∉ Y((⃗x, ⃗ξ); t_0, ^s) ∪

⋃_4 j=1 γ_{xj ,ξj} (R), the same condition holds also for (⃗x^′, ⃗ξ^′) close to (⃗x, ⃗ξ). Thus Prop. 3.4, Prop. 3.5, and Lemma 4.1 imply that (i) holds.

(ii) Let μ_{⃗ε}([−1, 1]) be a family of observation geodesics such that y = μ_0(~r) and Ψ_{⃗ε} be the normal coordinates associated to μ_{⃗ε}([−1, 1]) and y.

Let R_1 > 0 be such that B_{^g}+ (y, R_1) ⊂ V((⃗x, ⃗ξ), t_0)∩ ^U, see (83). Our aim is next to show that there is a source f_{⃗ε} so that ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗u_{⃗ε})|_{⃗ε=0} is not C^∞-smooth in B_{^g}+ (y, R_1) for any R_1 > 0. By making R_1 smaller if necessary, we see that when ^s > 0 is small enough, we have that if p is a cut point of γ_{xj ,ξj} ([t_0, ∞)) for some j ≤ 4, then B_{^g}+ (y, R_1) ∩ J^+_{^g} (p) = ∅ and B_{^g}+ (y, R_1) ∩ Y((⃗x, ⃗ξ); t_0, ^s) ∪ ⋃_4 j=1 γ_{xj ,ξj} (R) = ∅. Let η = ∂_t^γ_{q,ζ} (t) and denote (y, η) = (x_5, ξ_5). Let t_j ∈ R be such that ^γ_{xj ,ξj} (t_j ) = q and denote b_j = ∂_t^γ_{xj ,ξj} (t_j ), j = 1, 2, 3, 4, 5. Note that then b_5 = ζ, x_5 = y, and t_5 = t.

By Propositions 3.4 and 3.7, arbitrarily near to b_j ∈ L^+_q M_0 there are b^′_j ∈ L^+_q M_0 and polarizations v^{(j)} ∈ R^{10+L} , j = 2, 3, 4, i.e., principal symbols at (q, b^′_j), and linearly independent polarizations v^{(5)}p ∈ R^{10+L} , p = 1, 2, 3, 4, 5, 6, and v^{(1)}r ∈ R^{10+L} , r = 1, 2, 3, 4, 5, 6, having the following properties:

(a) All j ≤ 4, v^{(j)}, j = 2, 3, 4, and v^{(1)}r , r = 1, 2, . . . , 6 are such that their metric components (i.e., g-components of (g, ϕ)) satisfy the divergence conditions for the symbols (54) with the covector ξ being b^′_j and b^′_1, respectively.

(b) If v^{(5)} ∈ X_5 = span({v^{(5)}p ; p = 1, 2, 3, . . . , 6}) \ {0} then there exists a vector v^{(1)} ∈ X_1 = span({v^{(1)}r ; r = 1, 2, 3, . . . , 6}) such that for v = (v^{(1)}, v^{(2)}, v^{(3)}, v^{(4)}, v^{(5)}) and b^′ = (b^′_j )^5_{j=1} we have G(v, b^′) ≠ 0.

Let s ∈ (0, ^s) and x^′_j = ^γ_{q,b}′_j (−t_j ) and ξ^′_j = ∂_t^γ_{q,b}′_j (−t_j ), j = 1, 2, . . . , 4, and ξ^′_5 = ∂_t^γ_{q,b}′_5 (t_5). As the function ρ is lower semicontinuous, we can assume that the b^′_j are above chosen to be so close to b_j that t_j > ρ(q, b^′_j ), (x^′_j , ξ^′_j) ∈ W_j (s; x_j , ξ_j) and x^′_5 ∈ V((⃗x, ⃗ξ), t_0) ∩ U_{^g}, see (83). We denote (⃗x^′, ⃗ξ^′) = ((x^′_j , ξ^′_j))^4_{j=1}.

As ρ(q, ζ) > t, and the function ρ is lower semi-continuous, we can also assume that b^′_5 is so close to ζ that ρ(q, b^′_5) > t and x^′_5 ∈ B_{^g}+ (y, R_1). By assuming that V ⊂ B_{^g}+ (y, R_1) is a sufficiently small neighborhood of x^′_5, we have that S := L^+_{^g} (q) ∩ V is a smooth 3-submanifold.

Next, consider the parametrix Q^∗_{^g} corresponding to the linear wave equation with a reversed causality and the gaussian beam u_τ = Q^∗_{^g}F_τ , produced by a source F_τ and function h given in (72). When h(x^′_5) = w and w is the principal symbol (i.e. the polarization) of u_τ at (q, b^′_5), we can use the techniques of [44, 75], see also [4, 43] to obtain an analogous result to Lemma 3.2 for the propagation of singularities along the geodesic ^γ_{q,b}′_5 ([0, −t_5]), and see that w = (R_{(5)})^∗w, where R_{(5)} is a bijective linear map similar to map R_{(5)}(q, b^′_5; x^′_5, ξ^′_5) considered in the formula (56), that is obtained by solving a system of linear ordinary differential equations along the geodesic connecting q to x^′_5. Let us also denote R_{(1)} = R(q, b^′_1; x^′_1, ξ^′_1) and recall that the map R_{(1)} is bijective, too.

Consider next b^′ and w^{(2)}, w^{(3)}, w^{(4)} as parameters and let

W_5 = {(R_{(1)})^{−1}w^{(1)}, (R^∗_{(5)})^{−1}w^{(5)}) ; w^{(5)} ∈ X_5, w^{(1)} ∈ X_1,

and G(w, b^′) ≠ 0 for w = (w^{(1)}, w^{(2)}, w^{(3)}, w^{(4)}, w^{(5)})}.

Let W_5 = π_2(W_5) ∪ {0}, where π_2 : (w_1, w_5) → w_1. When w^{(5)} ∈ W_5 is non-zero, there is w^{(1)} ∈ X_1 such that (w^{(1)}, w^{(5)}) ∈ W_5. Then, by Lemma 3.2, there are f_j ∈ I_S^{n−3/2}(Y ((x^′_j, ξ^′_j); t_0, s_0)) that have the principal symbols w^{(j)} = R(q, b^′_j ; x^′_j, ξ^′_j)^{−1}w^{(j)} at (x^′_j , ξ^′_j), j ≤ 4. Moreover, let u_{⃗ε} = (g^{⃗ε}, ϕ^{⃗ε}) be the solution corresponding to f_{⃗ε} =

∑_4 j=1 ε_jf_j and u_τ = Q^∗_{^g}F_τ is a past propagating gaussian beam sent in the direction (x^′_5, −ξ^′_5), defined in (72) with functions F_τ and h(x) such that h(x^′_5) = w^{(5)}. Then we see for M^{(4)} = ∂^4_{⃗ε} u_{⃗ε}|_{⃗ε=0} that the inner product ⟨F_τ , M^{(4)}⟩_{L2( ^U)} is not of the order O(τ^{−N} ) for all N > 0. Next, let us continue w^{(5)} from the point x^′_5 to a smooth section of B^L. Then the above implies that the function x → ⟨w^{(5)}(x), M^{(4)}(x)⟩_BL is not smooth in any neighborhood of x^′_5.

Roughly speaking, this means that in the wave gauge coordinates M^{(4)} has wave front set at (x^′_5, ξ^′_5) with a polarization that is not perpendicular to w^{(5)}.

Let us consider a family of observation geodesics μ^′_{⃗ε}([0, 1]) such that p_{⃗ε} = μ^′_{⃗ε}(~r) satisfies p_0 = x^′_5 and that for some r_−, r_+ ∈ (−1, 1) satisfying r_− < ~r < r_+, the curve ^γ(r) = μ_0(r), r ∈ [r_−, r_+], is a causal geodesic that intersects S only at x^′_5, the intersection is transversal, and ^γ ⊂ V . Let Ψ_{⃗ε} be the normal coordinates at p_{⃗ε} associated to the observation geodesics μ^′_{⃗ε}([−1, 1]) centered at the point μ^′_{⃗ε}(~r).

Let X = symm(T_x′_5 M_0 ⊗ T_x′_5 M_0) + R^L be the linear space of dimension (10 + L). By the property (b) above, W_5 ⊂ X is a linear subspace containing X_5 that has dimension 6 and the dimension of V_5 = symm(T_x′_5 S ⊗ T_x′_5 S) + R^L ⊂ X is (6 + L). Thus the dimension of V_5 ∩ W_5 is at least two. In particular, it contains a non-zero vector.

Next, let w^{(5)} ∈ (W_5 ∩ V_5) \ {0} and w^{(1)} ∈ (R_{(1)})^{−1}X_1 be such that (w^{(1)}, w^{(5)}) ∈ W_5. By Lemma 4.1, we then see that ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗u_{⃗ε})|_{⃗ε=0} is not C^∞-smooth in any neighborhood of Ψ_0(x^′_5). This means that there are sources f_j ∈ I_S^{n−3/2}(Y ((x^′_j , ξ^′_j); t_0, s_0)) with polarizations (w^{(1)}, w^{(2)}, w^{(3)}, w^{(4)}) that cause singularities in ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗u_{⃗ε})|_{⃗ε=0} near Ψ_0(x^′_5), that is, the singularities that one can observe in the normal coordinates. As R_1 is arbitrarily small so that x^′_5 can be assumed to be in an arbitrary neighborhood of y, we see using the above and the normal coordinates associated a family of observation geodesics μ_{⃗ε}([−1, 1]) and y = μ_0(~r) that condition (D) is valid for y. This proves (ii). □

Above we considered the solution u_{⃗ε} and a source f_{⃗ε} satisyfing the conditions (60) in the wave guide coordinates. However, we do not know the wave guide coordinates in the set (U_g, g) and thus thus we do not know which element of the data set D(^g, ^ϕ, ε), see (15), corresponds to the source f_{⃗ε}. This problem is solved in the following lemma.

PSfrag replacements

Figure 17. A schematic figure where the space-time is represented as the 3-dimensional set R^{1+1} . The figure shows the objects used in the proof of Lemma 4.3. Figure displays the subsets of (M_0, ^g). The green diamond in the figure is the set V where the source is supported. The dashed line shows the set from which all causal curves intersect the surface Σ ⊂ ^U.

Lemma 4.3. Assume that we are given D(^g, ^ϕ, ε) where ε > 0 is small enough. Let 0 < r_3 < r_2 < r_1, where r_1 is the parameter used to define W_g and s_− + r_1 < s_1 < s_+. When ε_1, ε_2 > 0 are small enough the following holds:

(i) Assume that we are given (U^′, g^′, ϕ^′, F^′) such that the equivalence class [(U^′, g^′, ϕ^′, F^′)] is in D(^g, ^ϕ, ε), and moreover, we have N^{(16)}_{^g} (g^′) < ε_1, N^{(16)}(F^′) < ε_1, and

K^′ ⊂ I_g′ (μ_g′ (s_1 − r_2), μ_g′ (s_1)) where K^′ = supp (F^′).

(137)

Then we can determine a source F ∈ C^∞_0 (W_{^g}) such that (U^′, g^′, ϕ^′, F^′) ∈ [(U_g, g|_{Ug} , ϕ|_{Ug} , F |_{Ug} )], where (g, ϕ) is the solution of the ^g-reduced Einstein equations (10) with the source F .

(ii) Let K ⊂ ^U be a compact set such that K ⊂ I_{^g}(μ_{^g}(s_1 − r_3), μ_{^g}(s_1)).

(138)

When F ∈ C^∞_0 (W_{^g}) satisfies supp (F ) ⊂ K and N^{(16)}(F ) < ε_2, we can find the element [(U_g, g|_{Ug} , ϕ|_{Ug} , F |_{Ug} )] in D(^g, ^ϕ, ε), where (g, ϕ) is the solution of the ^g-reduced Einstein equations (10) with the source F . Moreover, we can find (Ψ_μ)_∗g and (Ψ_μ)_∗ϕ where Ψ_μ are normal coordinates associated to a given geodesic μ = μ_{g,z,η}([−1, 1]) ⊂ U_g, that is, these normal coordinates are centered at the end point of μ and are associated to the frame obtained by parallel translation along μ.

Proof. (i) As [(U^′, g^′, ϕ^′, F^′)] ∈ D(^g, ^ϕ, ε), there exists a source F on M_0 and a solution (g, ϕ) of the ^g-reduced Einstein equations (10) on M_0 with the source F such that (U_g, g|_{Ug} , ϕ|_{Ug} , F |_{Ug} ) ∈ [(U^′, g^′, ϕ^′, F^′)].

By definition, (U_g, g|_{Ug} , ϕ|_{Ug} , F |_{Ug} ) ∈ [(U^′, g^′, ϕ^′, F^′)]. This implies that there exists a diffeomorphic isometry f : (U^′, g^′) → (U_g, g). Let us next denote the causal domain in (U^′, g^′) by I^+_g′ (p^′) and I^−_g′ (p^′) etc., where p^′ ∈ U^′. Let V^′ = I_g′ (μ_g′ (s_1 −r_2), μ_g′ (s_1)) and denote V = f(V^′), see Fig. 17. For clarity, we denote the causal domains in (M, g) by I^+_g (p) and I^−_g (p), etc., where p ∈ M.

Let Σ^′ ⊂ U^′ be a smooth space-like 3-dimensional surface such that J^+_g′ (K^′)∩Σ^′ = ∅ and for all x ∈ cl(V^′) any non-extendable past-directed causal curve in (U^′, g^′) starting from x intersects Σ^′. Then the spacelike surface Σ = f(Σ^′) ⊂ ^U is such that (J^−_g′ (Σ^′), g^′) is isometric to (J^−_{Ug ,g}(Σ), g) and also to (J^−_{^g} (Σ), ^g). Next we identify these sets as well Σ^′ and Σ. Then the restriction f_1 = f|_J −_{g′ (V} ′_{)∩J} +_{g′ (Σ)}, that is, the isometry f_1 : (J^−_g′ (V^′) ∩ J^+_g′ (Σ), g^′) → (J^−_g (V ) ∩ J^+_g (Σ), g), is the identity map in a neighborhood of Σ.

Assume next that ε_1 and r_2 are so small that f(J^−_g′ (V^′) ∩ J^+_g′ (Σ)) ⊂ ^U. Considering the particular case when (U ′, g′, ϕ′, F ′) is equal to (U_g, g, ϕ, F ) and f_1 is the identity map, we see using the harmonicity condition (155) that f_1 is also a (g^′, ^g)-wave map f_1 : J^−_g′ (V^′)∩J^+_g′ (Σ) → ^U that is an identity map near Σ. Thus, as the given data contain the pairs (U^′, g^′) and ( ^U, ^g) and we have fixed above the surface Σ, we can determine f_1 by solving a Cauchy problem for the wave map equation. Hence, we can find F = (f_1)_∗F^′ in f_1(J^−_g′ (V^′) ∩ J^+_g′ (Σ)). As F vanishes outside this this set, we can find F in ^U by extending the obtained function by zero. This proves (i).

(ii) Assume that ε_2 ∈ (0, ε) is so small that the Einstein equation (10) have solution (g, ϕ) for all F ∈ H , where

H = {F ∈ C^∞_0 (W_{^g}); K = supp (F ) satisfies (138) and N^{(16)}_{^g} (F ) < ε_2}.

When ε_2 > 0 and r_3 > 0 are small enough, for any F ∈ H is such that the unique solution (g, ϕ) and F satisfy N^{(16)}_{^g} (g) < ε_1 and (137). Then, there is a unique equivalence class [(U_g, g|_{Ug} , ϕ|_{Ug} , F |_{Ug} )] ∈ D(^g, ^ϕ, ε) and thus the map M : H → D(^g, ^ϕ, ε) is injective. Observe that for given [(U_g, g|_{Ug} , ϕ|_{Ug} , F |_{Ug} )] ∈ D(^g, ^ϕ, ε) we can verify if it belongs in H . By (i) we can construct the inverse of the map M : H → M(H ), and thus we can construct also the map M : H → M(H ). Hence, when F ∈ H , we can determine [(U_g, g|_{Ug} , ϕ|_{Ug} , F |_{Ug} )] and represent g and ϕ in the normal coordinates given in the claim. This yields (ii). □ By Lemma 4.3, for the smooth sources f_{⃗ε} satisfying conditions (60) and |⃗ε| small enough we can find (Ψ_{⃗ε})_∗u_{⃗ε} where Ψ_{⃗ε} are the normal coordinates associated to an observation geodesic on (M_0, g_{⃗ε}), where u_{⃗ε} = (g_{⃗ε}, ϕ_{⃗ε}). The non-smooth sources F , given on ^U e.g. in the Fermi coordinates of ( ^U, ^g), for which N^{(16)}(F ) < ε, can clearly been approximated by smooth sources. Thus when (⃗x, ⃗ξ) and the observation geodesic μ_0([−1, 1]) are given as well as the data set D(^g, ^ϕ, ε), for the sources f_{⃗ε} with f_j ∈ I_S^{n−3/2}(Y ((x^′_j, ξ^′_j); t_0, s_0)), where (−n) is large enough and (x^′_j, ξ^′_j) ∈ W(s; x_j , ξ_j), we can compute the derivatives ∂^4_{⃗ε} ((Ψ_{⃗ε})_∗u_{⃗ε})|_{⃗ε=0}. Hence, using the observation geodesics μ_{⃗ε}([−1, 1]) and μ_0(~r) = y we can check if the condition (D) is valid for y with the given (⃗x, ⃗ξ), s_0 and t_0 or not.

5. Determination of light observation sets for Einstein equations In this section we use only the metric ^g and denote often ^g = g, ^γ = γ, U = U_{^g}, etc. Below, let cl(A) denote the closure of the set A.

Our next aim is to handle the technical problem that in the set Y((⃗x, ⃗ξ)), see (71) we have not analyzed if we observe singularities or not. To/aim this end, we define next the sets S_{reg}((⃗x, ⃗ξ), t_0) of points near which we observe singularities in a 3-dimensional set.

Definition 5.1. Let (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1} be a collection of light-like vectors with x_j ∈ U_g and t_0 > 0. We define to S((⃗x, ⃗ξ), t_0) be the set of those y ∈ U_g that satisfies the property (D) with (⃗x, ⃗ξ) and t_0 and some ^s > 0. Moreover, let S_{reg}((⃗x, ⃗ξ), t_0) be the set of the points y_0 ∈ S((⃗x, ⃗ξ), t_0) having a neighborhood W ⊂ U_g such that the intersection W ∩S((⃗x, ⃗ξ), t_0) is a non-empty smooth 3-dimensional submanifold. We denote S^{cl}(⃗x, ⃗ξ), t_0) = cl (S_{reg}((⃗x, ⃗ξ), t_0)) ∩ U_g. Note that the data D(^g, ^ϕ, ε) determines the sets S^{cl}((⃗x, ⃗ξ), t_0). Our goal is to show that S^{cl}((⃗x, ⃗ξ), t_0) coincides with the intersection of the light cone L^+_g (q) and U_g where q is the intersection point of the geodesics corresponding to (⃗x, ⃗ξ), see Fig. 15 and 16.

Let us next motivate the analysis we do below: We will consider how to create an artificial point source using interaction of spherical waves propagating along light-like geodesics γ_{xj ,ξj} (R_+ ) where (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1} are perturbations of a light-like (y, ζ), y ∈ ^μ. We will use the fact that for all q ∈ J(p^−, p^+) \ ^μ there is a light-like geodesic γ_{y,ζ} ([0, t]) from y = ^μ(f^−_{^μ} (q)) to q with t ≤ ρ(y, ζ). We will next show that when we choose (x_j , ξ_j) to be suitable perturbations of ∂_t^γ_{y,ζ} (t_0), t_0 > 0, it is possible that all geodesics ^γ_{xj ,ξj} (R_+ ) intersect at q before their first cut points, that is, ^γ_{xj ,ξj} (r_j) = q, r_j < ρ(x_j , ξ_j). We note that we can not analyze the interaction of the waves if the geodesics intersect after the cut points as then the spherical waves can have caustics. Such interactions of wave caustics can, in principle, cause propagating singularities. Thus the sets S^{cl}((⃗x, ⃗ξ), t_0) contain singularities propagating along the light cone L^+_g (q) and in addition that they may contain singularities produced by caustics that we do not know how to analyze (that could be called "messy waves"). Fortunately, near an open and dense set of geodesics μ_{z,η} the nice singularities propagating along the light cone L^+_g (q) arrive before the "messy waves". This is the reason why we consider below the first observed singularities on geodesics μ_{z,η}. Let us now return to the rigorous analysis.

Below in this section we fix t_0 to have the value t_0 = 4κ_1, cf. Lemma 2.10. Recall the notation that

(x(t_0), ξ(t_0)) = (γ_{x,ξ}(t_0), γ̇_{x,ξ}(t_0)),

(⃗x(t_0), ⃗ξ(t_0)) = ((x_j (t_0), ξ_j(t_0)))^4_{j=1}.

Lemma 5.2. Let ϑ > 0 be arbitrary, q ∈ J(p^−, p^+) \ ^μ and let y = ^μ(f^−_{^μ} (q)) and ζ ∈ L^+_y M_0, ‖ζ‖_g+ = 1 be such that γ_{y,ζ} ([0, r_1]), r_1 > t_0 = 4κ_1 is a longest causal (in fact, light-like) geodesic connecting y to q. Then there exists a set G of 4-tuples of light-like vectors (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1} such that the points x_j (t_0) = γ_{xj ,ξj} (t_0) and the directions ξ_j(t_0) = γ̇_{xj ,ξj} (t_0) have the following properties:

(i) x_j ∈ U_g, x_j ∉ J^+(x_k) for j ≠ k, (ii) d_g+ ((x_l, ξ_l), (y, ζ)) < ϑ for l ≤ 4, (iii) q = γ_{xj ,ξj} (r_j) and ρ(x_j (t_0), ξ_j(t_0)) + t_0 > r_j , (iv) when (⃗x, ⃗ξ) run through the set G, the directions (γ̇_{xj ,ξj} (r_j))^4_{j=1} form an open set in (L^+_q M_0)^4.

In addition, G contains elements (⃗x, ⃗ξ) for which (x_1, ξ_1) = (y, ζ).

Proof. Let η = γ̇_{y,ζ} (r_1) ∈ L^+_q M_0. Let us choose light-like directions η_j ∈ T_qM_0, j = 1, 2, 3, 4, close to η so that η_j and η_k are not parallel for j ≠ k. In particular, it is possible (but not necessary) that η_1 = η. Let t : M → R be a time-function on M that can be used to identify M and R × N. Moreover, let us choose T ∈ (t(y), t(γ_{y,ζ}(r_0 − t_0))) and for j = 1, 2, 3, 4, let s_j > 0 be such that t(γ_{q,ηj} (−s_j )) = T . Choosing first T to be sufficiently close t(y) and then all η_j, j = 1, 2, 3, 4 to be sufficiently close to η and defining x_j = γ_{q,ηj} (−s_j ) and ξ_j = γ̇_{q,ηj} (−s_j ) we obtain the pairs (x_j , ξ_j) satisfying the properties stated in the claim. As vectors η_j can be varied in sufficiently small open sets so that the properties stated in claim stay valid, we obtain that claim concerning the open set of light-like directions.

The last claim follows from the fact that η_1 may be equal to η and T = t(y). □

Next we analyze the set S^{cl}((⃗x, ⃗ξ), t_0) = cl (S_{reg}((⃗x, ⃗ξ), t_0)). We recall that the set e_U (q) is the points on μ_{z,η} on which the light cone L^+_g (q) is observed at the earliest time, see Def. 2.4.

Lemma 5.3. Let (⃗x, ⃗ξ), and t_j = ρ(x_j (t_0), ξ_j(t_0)) with j = 1, 2, 3, 4, t_0 = 4κ_1, and x_6 ∈ U_g and satisfy (82)-(83) and assume that ϑ_0 in (82) and Lemma 2.10 is so small that for all j ≤ 4, x_j ∈ I_g(μ_g(s − r_1), μ_g(s)) = I^+_g (μ_g(s − r_1)) ∩ I^−_g (μ_g(s)) with some s ∈ (s_− + r_1, s_+), where r_1 appears in Lemma 4.3. Let V((⃗x, ⃗ξ), t_0) be the set defined in (83) and consider y ∈ V((⃗x, ⃗ξ), t_0) ∩ U_g. Then

(i) Recall that if y = γ_{q,ζ} (t) with t ≤ ρ(q, ζ), then y ∈ e_U (q). Assume that y satisfies the condition (I) with (⃗x, ⃗ξ) and t_0 with parameters q, ζ, and t such that 0 ≤ t ≤ ρ(q, ζ), that is, y ∈ e_U (q). Then y ∈ S^{cl}((⃗x, ⃗ξ), t_0). (ii) Assume y does not satisfy condition (I) with (⃗x, ⃗ξ) and t_0. Then y has a neighborhood that does not intersect S_{reg}((⃗x, ⃗ξ), t_0). In particular, y ∉ S^{cl}((⃗x, ⃗ξ), t_0). (iii) If S^{cl}((⃗x, ⃗ξ), t_0) ∩ V((⃗x, ⃗ξ), t_0) ≠ ∅ then the geodesics corresponding to (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1} intersect (see Def. 3.3) and there is a unique point q ∈ V((⃗x, ⃗ξ), t_0) where the the intersection takes place.

The point q considered in Lemma 5.3 (iii) is the earliest point in the set ∩^4_{j=1}γ_{xj ,ξj} ([t_0, ∞)) and we denote it by q = Q((⃗x, ⃗ξ), t_0). If such intersection point does not exists, we define Q((⃗x, ⃗ξ), t_0) to be the empty set.

Proof. (i) Clearly, if t = 0 so that q ∈ U_g, we have q ∈ S^{cl}((⃗x, ⃗ξ), t_0).

Assume next that 0 < t < ρ(q, ζ). Let r_2 > 0 and V (y, r_2) be the set of points y^′ ∈ B_g+ (y, r_2) such that there exists a family of observation geodesics μ_{⃗ε}([−1, 1]) and y^′ = μ_{⃗ε}(~r) satisfying condition (D). Let Γ = exp^g_q (X ((⃗x, ⃗ξ), t_0), see (71), be the set of points on the light cone on which singularities caused by 3-interactions may appear. Then the closure of L^+_g (q)\Γ is L^+_g (q). As t < ρ(q, ζ), we see that when r_2 > 0 is small enough, B_g+ (y, r_2) ∩ L^+_g (q) is a smooth 3-submanifold having non-empty intersection with any neighborhood of y and B_g+ (y, r_2) ∩ Γ is a submanifold of dimension 2. Moreover, we see using Lemma 4.2 that for r_2 > 0 small enough that B_g+ (y, r_2) ∩ (L^+_g (q) \ Γ) ⊂ V (y, r_2) and V (y, r_2) ⊂ L^+_g (q). Thus (L^+_g (q) \ Γ) ∩ U_g ⊂ S_{reg} ⊂ L^+_g (q) ∩ U_g, where the complement of Γ in L^+_g (q) is dense in L^+_g (q). The claim (i) follows from this in the case when t < ρ(q, ζ).

Assume next that y = γ_{q,ζ} (t) where ζ is light-like vector and t = ρ(q, ζ). Let t_j < t be such that t_j → t as j → ∞. Then the t_j < ρ(q, ζ) and the above yields y_j = γ_{q,ζ} (t_j ) ∈ S^{cl}((⃗x, ⃗ξ), t_0). As y_j → y as j → ∞ we see that y ∈ S^{cl}((⃗x, ⃗ξ), t_0). This proves (i).

(ii) It follows from the assumption that either there are no intersection point q or that y ∉ L^+_g (q). If y ∉ A = Γ ∪

⋃_4 j=1 γ_{xj ,ξj} ([t_0, ∞)), it follows from Lemma 4.2 that y has a neighborhood V that does not intersect the set S((⃗x, ⃗ξ), t_0). If y ∈ A, we see, using the fact that y does not satisfy condition (I) with (⃗x, ⃗ξ) and t_0, that y has a neighborhood V such that V \ A does not intersect S((⃗x, ⃗ξ), t_0). The Hausdorff dimension of the set A ∩ V is less or equal to 2. Thus V ∩ S_{reg}((⃗x, ⃗ξ), t_0) = ∅. This proves (ii).

(iii) Using the conditions posed for (⃗x, ⃗ξ), t_0 and t_j with j = 1, 2, 3, 4, and x_6 we see that geodesics γ_{xj ,ξj} ([t_0, ∞) can intersect only once in V((⃗x, ⃗ξ), t_0). Moreover, if there is no such intersection, the above shows that S^{cl}((⃗x, ⃗ξ), t_0) ∩ V((⃗x, ⃗ξ), t_0) = ∅, which proves the claim (iii). □

Recall that D(^g, ^ϕ, ε) determines the sets S^{cl}((⃗x, ⃗ξ), t_0). Below, denote S^{cl}_{z,η}((⃗x, ⃗ξ), t_0) = e_{z,η}(S^{cl}((⃗x, ⃗ξ), t_0)), (see (18) and Def. 5.1).

Next we summarize the above results in a form that is convenient below.

Lemma 5.4. Let (⃗x, ⃗ξ), and t_j = ρ(x_j (t_0), ξ_j(t_0)) with j = 1, 2, 3, 4, t_0 = 4κ_1, and x_6 ∈ U_g and conditions (82)-(83) are some satisfied with some sufficiently small ϑ_0.

Let (z, η) ∈ U_{z0,η0} . Then we have (i) If Q((⃗x, ⃗ξ), t_0) = ∅ or Q((⃗x, ⃗ξ), t_0) ∉ J^−(x_6) then S^{cl}_{z,η}((⃗x, ⃗ξ), t_0) ∩ J^−(x_6) = ∅, (139)

(ii) If Q((⃗x, ⃗ξ), t_0) ≠ ∅ and q = Q((⃗x, ⃗ξ), t_0) ∈ J^−(x_6) then S^{cl}_{z,η}((⃗x, ⃗ξ), t_0) ∩ J^−(x_6) = { {y_{z,η}}, if y_{z,η} ∈ J^−(x_6), ∅, if y_{z,η} ∉ J^−(x_6), (140)

where y_{z,η} = μ_{z,η}(f^+_{μ(z,η)}(q)), i.e., e_{z,η}(q) = {y_{z,η}}.

Note that this lemma combined with Theorem 1.2 prove Theorem 1.4 in the case when there are no cut points on the manifold (M, g). Later we consider general manifolds with cut points.

Proof. The claim (i) follows by applying Lemma 5.3 (ii) for all points y ∈ J^−(x_6) ∩ U_g.

Let us next consider the claim (ii). Denote V = V((⃗x, ⃗ξ), t_0). Let q = Q((⃗x, ⃗ξ), t_0). Then q ∈ J^−(x_6) ⊂ V.

Let y ∈ U_g ∩V. If y ∉ L_g(q), Lemma 5.3 yields y ∉ S^{cl}((⃗x, ⃗ξ), t_0). On the other hand, if y ∈ e_U (q), Lemma 5.3 yields that y ∈ S^{cl}((⃗x, ⃗ξ), t_0). Thus e_U (q) ∩ V ⊂ S^{cl}((⃗x, ⃗ξ), t_0) ⊂ L_g(q) yielding e_{z,η}(q) ∩ V = e_{z,η}(S^{cl}((⃗x, ⃗ξ), t_0)) ∩ V. (141)

If y_{z,η} ∈ J^−(x_6) then J^−(x_6) ⊂ V implies that e_{z,η}(q) ∩ V = {y_{z,η}}. On the other hand, if y_{z,η} ∉ J^−(x_6), then e_{z,η}(F ) ∩ J^−(x_6) = e_{z,η}(q) ∩ J^−(x_6) = ∅. This yields (ii). □

Below, let t_0 = 4κ_1, cf. Lemma 2.10 and K_{t0} ⊂ ^U be the set of points x = γ_{y,ζ} (r) where y = ^μ(s), s ∈ [s^−, s^+], ζ ∈ L^+_y M_0 satisfies g^+(ζ, ζ) = 1 and r ∈ [0, 2t_0). Recall that U_{z0,η0} = U_{z0,η0} (^h) was defined using the parameter ^h. We see that if t^′_0 > 0 and ^h^′ ∈ (0, ^h) are small enough and (z, η) ∈ U_{z0,η0} (^h^′), then the longest geodesic from x ∈ K_t′_0 to the point e_{z,η}(x) is contained in U_g, and hence we can determine the point e_{z,η}(x) for such x and (z, η). Let us replace the parameters ^h and t_0 by ^h′ and t′_0, correspondingly in our considerations below. Then we may assume that in addition to the data given in the original formulation of the problem, we are given also the set e_U (K_{t0} ). Next we do this.

For technical reasons, we will next replace U by V = U ∩ I^−(^p^+) and consider the sets e_V (q), q ∈ J^+(^p^−) ∩ I^−(^p^+).

Next we consider step-by-step construction of the set e_V (J^+(^p^−) ∩ I^−(^p^+)) by constructing e_V (J^+(y) ∩ I^−(^p^+)) with y = ^μ(s) and decreasing s in small steps. The difficulty we encounter here is that we do not know how the spherical waves propagating along geodesics interact after the geodesics have a cut point.

Our aim is construct sets Z_k = e_V (I^−(^p^+) ∩ J^+(y_k)) \ e_V (I^−(^p^+) ∩ J^+(y_{k−1})), with Z_0 = ∅ and y_k = ^μ(s_k), s_k < s_{k−1}, s_0, . . . , s_K ∈ [s_−, s_+] with s_K = s_− and s_0 being close to s_+. The union of Z_k, k = 1, 2, . . . , K is the set e_V (J^+(^p^−) ∩ I^−(^p^+)). The idea of this construction is to choose s_j so that when Z_{k−1} is constructed we obtain the sets Z_k as a union of sets e_V (γ_{y,ζ} ([0, r(y, ζ)))) where y ∈ ^μ([s_k, s_{k−1})), ζ is lightlike, and r(y, ζ) is chosen so that the geodesic γ_{y,ζ} ([t_0, r(y, ζ))) does not contain cut points and does not intersect J^+(y_{k−1}) but still lies in I^−(^p^+).

The construction is the following:

Let below κ_1, κ_2, κ_3 be constants given in Lemma 2.10. Let s_0 ∈ [s_−, s_+] be so close to s_+ that J^+(^μ(s_0)) ∩ I^−(^p^+) ⊂ K_{t0} . Then the given data determines e_V (J^+(^μ(s_0))∩I^−(^p^+)). Moreover, let s_k < s_{k−1}, s_0, . . . , s_K ∈ [s_−, s_+] be such that s_{j+1} > s_j − κ_3 and s_K = s_−, and denote y_k = ^μ(s_k), see Fig. 18 for the points y_1 and y_2.

Above, e_V (J^+(^μ(s_0)) ∩ I^−(^p^+)) was determined from the data. Next we use induction: We consider s_1 ∈ (s_−, s_+) and assume we are given e_V (J^+(y_1) ∩ I^−(^p^+)) with y_1 = ^μ(s_1). Let us then consider s_2 ∈ (s_1 − κ_3, s_1). Our next aim is to find the light observation points e_V (J^+(y_2)∩ I^−(^p^+)) with y_2 = ^μ(s_2). To this end we need to make the following definitions (see Fig. 18, 19, and 20).

PSfrag replacements

Figure 18. A schematic figure where the space-time is represented as the 2-dimensional set R^{1+1} . In section 5 we consider geodesic γ_{y2,ζ2} ([0, ∞)) sent from y_2 = ^μ(s_2). We consider two cases corresponding to geodesics γ_{y2,ζ2} ([0, ∞)) and γ_y′_{2,ζ}′_2 ([0, ∞)). For t_0 > 0, the first cut point p_2, denoted by a golden point in the figure, of the geodesic γ_{y2,ζ2} ([t_0, ∞)) is either outside the set J_g(^p^−, ^p^+) or is in the set J^+(y_1), denoted by the green boundary, where y_1 = ^μ(s_1). At the point ~p = μ_{z,η}((S(y, ζ, z, η, s_1))) we observe the first time on the geodesic μ_{z,η} ∩I^−(^p) that the geodesic γ_{y2,ζ2} ([0, ∞)) has entered in the set J^+(y_1). The red curve is μ_{z,η} Let m(z, η) = sup{s ≤ 1; μ_{z,η}(s) ∈ I^−(^p^+)}, (z, η) ∈ U_{z0,η0} . (142)

Note that we can determine m(z, η) using U_g.

Definition 5.5. Let s_− ≤ s_2 < s_1 ≤ s_+ satisfy s_1 < s_2 + κ_3, let s ∈ [s_2, s_1), y_j = ^μ(s_j), j = 1, 2, y = ^μ(s) and ζ ∈ L^+_y U, ‖ζ‖_g+ =

PSfrag replacements

Figure 19. A schematic figure where the space-time is represented as the 2-dimensional set R^{1+1} . We consider the geodesics emanating from a point x(r) = γ_{(y}′_{2,ζ}′_{2)}(r), When r is smallest value for which x(r) ∈ J^+(y_1), a light-like geodesic (black line segment) emanating from x(r) is observed at the point ~p ∈ μ_{z,η} ∩ I^−(^p^+). Then ~p = μ_{z,η}(S(y, ζ, z, η, s_1)). When r is small enough so that x(r) ∉ J^+(y_1), the light-geodesics (red line segments) can be observed on μ_{z,η} in the set J^−(~p). Moreover, when r is such that x(r) ∈ J^+(y_1), the light-geodesics can be observed at μ_{z,η} in the set J^+(~p). The golden point is the cut point on γ_y′_{2,ζ}′_2 ([t_0, ∞)) and the singularities on the light-like geodesics starting before this point (brown line segments) can be analyzed, but after the cut point the singularities on the light-like geodesics (magenta line segments) are not analyzed in this paper.

1. Moreover, recall that here g = ^g and let (z, η) ∈ W_{z0,η0} and μ = μ(z, η) = μ(g, z, η) = μ_{g,z,η} and recall that ^μ = μ(g, z_0, η_0).

When γ_{y,ζ} (R_+ ) intersects J^+(^μ(s_1)) ∩ I^−(^p^+) we define S(y, ζ, z, η, s_1) = min(m(z, η), f^+_{μ(z,η)}(q_0)), (143)

where q_0 = γ_{y,ζ} (r_0) and r_0 > 0 is the smallest r ≥ 0 such that γ_{y,ζ} (r) ∈ J^+(^μ(s_1)). In the case when γ_{y,ζ} (R_+ ) does not intersect J^+(^μ(s_1)) ∩ I^−(^p^+), we define S(y, ζ, z, η, s_1) = m(z, η).

In other words, if S(y, ζ, z, η, s_1) < m(z, η), then it is the first time when γ_{y,ζ} (t) is observed on μ(z, η) to enter the set J^+(^μ(s_1)) ∩ I^−(^p^+).

Definition 5.6. Let s ∈ [s_2, s_1), y = ^μ(s) and ζ ∈ L^+_y U, ‖ζ‖_g+ = 1.

For ϑ ∈ (0, ϑ_0), let R^{(0)}_ϑ (y, ζ) be the set of (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1} such that

(i) (x_j , ξ_j) ∈ L^+U_g, j = 1, 2, 3, 4, (ii) (x_1, ξ_1) = (y, ζ) and (x_k, ξ_k), k = 2, 3, 4 are in ϑ-neighborhood of (y, ζ) in (T M_0, g^+) and x_l ∉ J^+_g (x_j ) for j, l = 1, 2, 3, 4, Also, we define R_ϑ(y, ζ, z, η, s_1) to be the set of 4-tuples compatible with earlier observations near μ_{z,η}, that is, the set R_ϑ(y, ζ, z, η, s_1) consist of all such (⃗x, ⃗ξ) ∈ R^{(0)}_ϑ (y, ζ) for which we have

(iii) there is an open neighborhood W_0 ⊂ U_{z0,η0} of (z, η) such that

S^{cl}_{z1,η1} ((⃗x, ⃗ξ), t_0) ∈ e_{z1,η1} (J^+(y_1) ∩ I^−(^p^+)), for all (z_1, η_1) ∈ W_0, and S^{cl}_{z1,η1} ((⃗x, ⃗ξ), t_0) ∈ I^−(^p^+), for all (z_1, η_1) ∈ W_0.

We denote R^{(0)}(y, ζ) = R^{(0)}_{ϑ0} (y, ζ) and R(y, ζ, z, η, s_1) = R_{ϑ0} (y, ζ, z, η, s_1).

Below, let κ_4 = min(κ_2, κ_0) cf. Lemma 2.10. Let R_0(y, ζ, s_1) ∈ [0, ∞] be the smallest value for which q_0 = γ_{y,ζ} (r_0) ∈ ∂J^+(^μ(s_1)), or R_0(y, ζ, s_1) = ∞ if no such value of r exists. By Lemma 2.10 (iv), γ_{y,ζ} ([0, t_0]) does not intersect J^+(y_1) ∩ I^−(^p^+). Thus, if γ_{y,ζ} ([0, ∞)) intersects J^+(y_1) ∩ I^−(^p^+) if and only if γ_{y,ζ} ([t_0, ∞)) intersects it.

Lemma 5.7. Assume that y = ^μ(s), y_1 = ^μ(s_1) with −1 < s_1 − κ_3 ≤ s < s_1 < s^+, ζ ∈ L^+_y M, ‖ζ‖_g+ = 1. Then for all δ > 0 there is ϑ_1(y, ζ, s_1, δ) > 0 such that if 0 < ϑ < ϑ_1(y, ζ, s_1, δ) and (⃗x, ⃗ξ) ∈ R^{(0)}_ϑ (y, ζ) and for some j = 1, 2, 3, 4, we have t_j = ρ(x_j (t_0), ξ_j(t_0)) < T (x_j(t_0), ξ_j(t_0)), then the cut point p_j = γ_{xj (t0),ξj (t0)}(t_j) of the geodesics γ_{xj (t0),ξj (t0)}([0, ∞)) satisfies either

(i) p_j ∉ J^−(^p^+), or (ii) it holds that r_0 = R_0(y, ζ, s_1) < ∞, q_0 = γ_{y,ζ} (r_0) satisfies q_0 ∈ J^−(^μ(s_{+2})) and r_1 = r_0 + κ_4 < t_0 + ρ(y(t_0), ζ(t_0)) and q_1 = γ_{y,ζ} (r_1) satisfy q_1 ∈ I^−(^μ(s_{+3})), cf. (1) and text above it, and f^+_{μ(z,η)}(p_j) > f^+_{μ(z,η)}(q_1) − δ.

Proof. We start with a Lipschitz estimate that we will need below. Consider r > 0 such that γ_{y,ζ} (r) ∈ J^−(^μ(s_{+3})) and let (⃗x, ⃗ξ) ∈ R^{(0)}(y, ζ). Using the Lipschitz estimate (24) for the geodesic flow in J(^μ(−1), ^μ(1)), we see that there are L_0 = L_0(y, ζ, r) > 0 and ϑ_2(y, ζ, r) > 0 such that if 0 < ϑ < ϑ_2(y, ζ, r) and d_g+ ((x_j , ξ_j), (y, ζ)) < ϑ then d_g+ (γ_{xj ,ξj} (r), γ_{y,ζ} (r)) < L_0ϑ. (144)

Next, let t_2 = ρ(y, ζ), t_3 = ρ(y(t_0), ζ(t_0))+t_0, and (⃗x, ⃗ξ) ∈ R^{(0)}(y, ζ). Let q_2 = γ_{y,ζ} (t_2) and q_3 = γ_{y,ζ} (t_3). By Lemma 2.10 (i)-(ii), we see that if t_2 ≥ R_1 +κ_0 then ρ(x_j (t_0), ξ_j(t_0))+t_0 > R_1 and hence p_j ∉ J^−(^μ(s_{+2})). Thus it is enough to consider the case when t_2 < R_1 + κ_0 We see using Lemma 2.10 (ii) that t_3 ≥ t_2 + 3κ_2. Note that q_3 = γ_{y(t0),ζ(t0)}(ρ(y(t_0), ζ(t_0))) is the first cut point on γ_{y(t0),ζ(t0 )}([0, ∞)). If this cut point satisfies q_3 ∈ J^−(^μ(s_{+2})), then by Lemma 2.10 (iii), we have f^−_{^μ} (q_3) > f^−_{^μ} (q_2) + 3κ_3 ≥ s_2 + 3κ_3, implying q_3 ∈ I^+(y_1) as s_1 < s_2 + 2κ_3. Thus the first cut point q_3 on γ_{y(t0),ζ(t0)}([0, ∞)) satisfies (see Fig. 18)

q_3 ∈ I^+(y_1) or q_3 ∉ J^−(^μ(s_{+2})).

(145)

Below, we consider two cases separately: In case (a): q_3 ∉ J^−(^μ(s_{+2})). In case (b): q_3 ∈ J^−(^μ(s_{+2})).

Assume next the alternative (b) is valid.

Then by (145) we have q_3 ∈ I^+(y_1) and hence γ_{y,ζ} ([0, ∞)) intersects J^+(y_1) ∩ J^−(^μ(s_{+2})). There exists the smallest number r_0 > 0 such that γ_{y,ζ} (r_0) ∈ ∂J^+(y_1). We define q_0 = γ_{y,ζ} (r_0) ∈ ∂J^+(y_1). Note that then q_0 ∈ J^−(^μ(s_{+2})).

Let r_1 = r_0 + κ_4. Then by Lemma 2.10 (i), we have q_1 = γ_{y,ζ} (r_1) ∈ I^−(^μ(s_{+3})).

Using Lemma 2.10 (iii) for the point q_0, we see that as f^−_{^μ} (q_0) = s_1 < s + 2κ_3, we have r_0 < ρ(y, ζ) + κ_2. On the other hand, by Lemma 2.10 (ii), ρ(x_j (t_0), ξ_j(t_0))+t_0 > ρ(y, ζ)+3κ_2, and hence ρ(x_j (t_0), ξ_j(t_0))+t_0 > r_0 + 2κ_2 ≥ r_1 + κ_2.

Let S^∗ = f^+_{μ(z,η)}(q_1) and δ > 0. As the functions (x, ξ) → γ_{x,ξ}(r_1) and q → f^+_{μ(z,η)}(q) are continuous and f^+_{μ(z,η)}(q_1) > S^∗ − δ, we see that when there is ϑ_1(y, ζ, s_1, r_1, δ) such that if 0 < ϑ < ϑ_1(y, ζ, s_1, r_1, δ) then q^′_j = γ_{xj ,ξj} (r_1) satisfies f^+_{μ(z,η)}(q^′_j ) > S^∗ − δ. As q^′_j < p_j, we have f^+_{μ(z,η)}(p_j) > S^∗ − δ.

Let us next consider the case when the alternative (a) is valid, that is, q_3 ∉ J^−(^μ(s_{+2})).

Let r_4 = r_4(y, ζ, s_2) > 0 be the smallest number such that γ_{y,ζ} (r_4) ∈ ∂J^−(^μ(s_{+2})) and define q_4 = γ_{y,ζ} (r_4). Then using this and the definition of q_4, we have t_3 = ρ(y(t_0), ζ(t_0)) + t_0 > r_4. As (x, ξ) → ρ(x, ξ) is a lower-semicontinuous function, there exists ϑ_3(y, ζ, s_1) > 0 such that if 0 < ϑ < ϑ_3(y, ζ, s_1) then ρ(x_j (t_0), ξ_j(t_0)) + t_0 > r_4.

Observe that q_4 ∉ J(^μ(s_{−2}), ^p^+) = J^+(^μ(s_{−2})) ∩ J^−(^p^+) and thus h_2 := d_g+ (q_4, J(^μ(s_{−2}), ^p^+)) > 0. Using (144) we see that there exists ϑ_1(y, ζ, s_1) ∈ (0, ϑ_3(y, ζ, s_1)) such that if 0 < ϑ < ϑ_1(y, ζ, s_1) and (⃗x, ⃗ξ) ∈ R^{(0)}_ϑ (y, ζ), then x_j ∈ J^+(^μ(s_{−2})) and

d_g+ (γ_{xj ,ξj} (r_4), q_4) < 1 2 h_2, and hence

d_g+ (γ_{xj ,ξj} (r_4), J(^μ(s_{−2})), ^p^+)) > 1 2 h_2.

Assume next that 0 < ϑ < ϑ_1(y, ζ, r_4). Then, as x_j ∈ J^+(^μ(s_{−2})), we have γ_{xj ,ξj} (r_4) ∈ J^+(^μ(s_{−2})) and hence γ_{xj ,ξj} (r_4) ∉ J^−(^p^+). Then ρ(x_j (t_0), ξ_j(t_0)) + t_0 > r_4 and γ_{xj ,ξj} (r_4) ∉ J^−(^p^+) imply that p_j = γ_{xj (t0),ξj (t0)}(ρ(x_j (t_0), ξ_j(t_0))) ∉ J^−(^p^+). This proves the claim. □

Next our aim is show that we can determine the function S(y, ζ, z, η, s_1). To this end we have to take care of the difficulty that the geodesic γ_{y,ζ} can exit U_g, later return to it and intersects the geodesic ^μ or a geodesic μ_{z,η}. This happen for instance in the Lorentzian manifold R ×S^3. First we consider the case when the geodesic γ_{y,ζ} does not intersect e.g. a geodesic μ_{z,η}.

Lemma 5.8. Let s_− ≤ s_2 ≤ s < s_1 ≤ s_+ satisfy s_1 < s_2 + κ_3, let y_j = ^μ(s_j), j = 1, 2, y = ^μ(s) and ζ ∈ L^+_y U, ‖ζ‖_g+ = 1. Assume that (z, η) ∈ U_{z0,η0} is such that γ_{y,ζ} ([t_0, ∞)) does not intersect μ_{z,η}([−1, 1]).

There is ϑ_3(y, ζ, s_1, z, η) > 0 such that if 0 < ϑ < ϑ_3(y, ζ, s_1, z, η) and (⃗x, ⃗ξ) ∈ R^{(0)}_ϑ (y, ζ) the following holds:

If ρ(x_j (t_0), ξ_j(t_0)) < T (x_j (t_0), ξ_j(t_0)) for some j = 1, 2, 3, 4, then the cut point p_j = γ_{xj (t0),ξj (t0)}(ρ(x_j (t_0), ξ_j(t_0))) satisfies either p_j ∉ J^−(^p^+) or f^+_{μ(z,η)}(p_j ) > S(y, ζ, z, η, s_1). Proof. We denote below S = S(y, ζ, z, η, s_1). The fact that γ_{y,ζ} ([t_0, ∞)) does not intersect μ_{z,η}([−1, 1]) implies that when ϑ > 0 is small enough, we have that (⃗x, ⃗ξ) ∈ R^{(0)}_ϑ (y, ζ) that γ_{xj ,ξj} ([t_0, ∞)) does not intersect μ_{z,η}([−1, 1]). Assume next that ϑ is so small that this is valid.

Using a short-cut argument that if t_2 > t_1 then for all j = 1, 2, 3, 4, f^+_{μ(z,η)}(γ_{xj ,ξj} (t_2)) > f^+_{μ(z,η)}(γ_{xj ,ξj} (t_1)). (146)

Assume that ρ(x_j (t_0), ξ_j(t_0)) < T (x_j (t_0), ξ_j(t_0)) for some j = 1, 2, 3, 4. We can assume that p_j ∈ J^−(^p^+) as otherwise the claim is proven.

By Lemma 5.7 (ii), then r_0 = R(y, ζ, s_1) < ∞, γ_{y,ζ} ([t_0, ∞)) intersects J^+(y_1) ∩ I^−(^μ(s_{+2}))), and q_0 = γ_{y,ζ} (r_0) ∈ ∂J^+(y_1). Let r_1 = r_0 + κ_4 so that q_1 = γ_{y,ζ} (r_1) ∈ I^−(^μ(s_{+3})). Using (146) we see the S_1 = f^+_{μ(z,η)}(q_1) > S, and define δ = (S_1 − S)/2 > 0. By Lemma 5.7, when 0 < ϑ < ϑ_1(y, ζ, s_1, δ), we have ρ(x_j (t_0), ξ_j(t_0)) + t_0 > r_1 and f^+_{μ(z,η)}(p_j) > S_1 − δ > S. □

Definition 5.9. Let T (y, ζ, z, η, s_1) be the infimum of s ∈ [−1, m(z, η)] for which for every ϑ ∈ (0, ϑ_0) there exists (⃗x, ⃗ξ) ∈ R_ϑ(y, ζ, z, η, s_1) such that μ_{z,η}(s) = e_{z,η}(S^{cl}((⃗x, ⃗ξ), t_0)) if such values of s exist, and otherwise, let T (y, ζ, z, η, s_1) = m(z, η).

PSfrag replacements

Figure 20. A schematic figure where the space-time is represented as the 2-dimensional set R^{1+1} . In section 5 we consider geodesics γ_{xj ,ξj} ([0, ∞)), j = 1, 2, 3, 4, that all intersect for the first time at a point q. In the figure we consider only geodesics γ_{xj ,ξj} ([0, ∞)), j = 1, 2. When we consider geodesics γ_{xj ,ξj} ([t_0, ∞)), j = 1, 2 with t_0 > 0, they may have cut points at x^{cut}_j = γ_{xj ,ξj} (t_j). In the figure γ_{xj ,ξj} ([0, t_j)) are colored by black and the geodesics γ_{xj ,ξj} ([t_j, ∞)) are colored by green. In the figure the geodesics intersect at the point q before the cut point and for the second time at p after the cut point. We can analyze the singularities caused by the spherical waves that interact at q but not the interaction of waves after the cut points of the geodesics. It may be that e.g. the intersection at p causes new singularities to appear and we observe those in ^U. As we cannot ianalyze these singularities, we consider these singularities as "messy waves". However, the "nice" singularities caused by the interaction at q propagate along the future light cone of the point q arrive to ^U so that on a dense and open subset of geodesics μ_{g,z,η} these "nice" singularities are observed before the "messy waves". Due to this we consider the first singularities observed on geodesics μ_{g,z,η}. Lemma 5.10. Let s_− ≤ s_2 ≤ s < s_1 ≤ s_+ satisfy s_1 < s_2 + κ_3, let y_j = ^μ(s_j ), j = 1, 2, y = ^μ(s) and ζ ∈ L^+_y U, ‖ζ‖_g+ = 1, and (z, η) ∈ U_{z0,η0} . Then

(i) We always have T (y, ζ, z, η, s_1) ≥ S(y, ζ, z, η, s_1). (ii) Assume that (z, η) ∈ U_{z0,η0} is such that γ_{y,ζ} ([t_0, ∞)) does not intersect μ_{z,η}([−1, 1]). Then T (y, ζ, z, η, s_1) = S(y, ζ, z, η, s_1).

(iii) For all (z, η) ∈ U_{z0,η0} we have S(y, ζ, z, η, s_1) = min(m(z, η), lim inf_{(z1,η1)→(z,η)} T (y, ζ, z_1, η_1, s_1)). Proof. In the proof we continue to use the notations given in Def. 5.6 and denote T = T (y, ζ, z, η, s_1). The objects used in the proof are shown in Figs. 19 and 20.

(i) Let s^+_1 < S(y, ζ, z, η, s_1) and x_6 = μ_{z,η}(s^+_1 ). Note that as then s^+_1 < m(z, η). As μ_{z,η}(m(z, η)) ∈ J^−(^p^+), we have x_6 ≪ ^p^+.

Let δ ∈ (0, S(y, ζ, z, η, s_1) − s^+_1 ). Assume that (⃗x, ⃗ξ) ∈ R^{(0)}_ϑ (y, ζ) with some 0 < ϑ < ϑ_1(y, ζ, s_1, r_1, δ), where ϑ_1(y, ζ, s_1, r_1, δ) is defined in Lemma 5.7.

Assume that for some j = 1, 2, 3, 4 it holds that ρ(x_j (t_0), ξ_j(t_0)) < T (x_j(t_0), ξ_j(t_0)) and consider the cut point p_j = γ_{xj (t0 ),ξj (t0 )}(ρ(x_j (t_0), ξ_j(t_0))). By Lemma 5.7, p_j either satisfies p_j ∉ J^−(^p^+), or alternatively, r_0 = R(y, ζ, s_1) < ∞ and q_0 = γ_{y,ζ} (r_0) ∈ ∂J^+(y_1) and for r_1 = r_0 + κ_4 we have q_1 = γ_{y,ζ} (r_1) ∈ I^−(^μ(s_{+3})) and

f^+_{μ(z,η)}(q_1) ≥ f^+_{μ(z,η)}(q_0) = S(y, ζ, z, η, s_1) and f^+_{μ(z,η)}(p_j) ≥ f^+_{μ(z,η)}(q_1) − δ ≥ S(y, ζ, z, η, s_1) − δ > s^+_1 . Notice that in the latter case f^+_{μ(z,η)}(p_j) > s^+_1 .

Thus in all cases the cut points p_j of geodesics γ_{xj (t0),ξj (t0)} satisfy p_j ∉ J^−(x_6). Assume below that ϑ is so small enough that the above holds.

Next, assume that the geodesics corresponding to (⃗x, ⃗ξ) ∈ R^{(0)}_ϑ (y, ζ) intersect at some point q ∈ J^−(x_6). Then e_{z,η}(q) ∩ J^−(x_6) = {μ_{z,η}(~s)} with ~s = f^+_{μ(z,η}(q) ≤ s^+_1 . Hence Lemma 5.4 yields that S^{cl}_{z,η}((⃗x, ⃗ξ), t_0)∩ J^−(x_6) is equal to {μ_{z,η}(~s)}. However, for all q^′ ∈ γ_{y,ζ} ∩ (J^+(y_1) ∩ I^−(^p^+)), we have e_{z,η}(q^′) = {μ_{z,η}(s^′)} with s^′ ≥ S(y, ζ, z, η, s_1). As ~s ≤ s^+_1 < S(y, ζ, z, η, s_1), we see that the condition (iii) in Def. 5.6 can not be satisfied for (⃗x, ⃗ξ) and hence (⃗x, ⃗ξ) ∉ R_ϑ(y, ζ, z, η, s_1).

Assume next that (⃗x, ⃗ξ) ∈ R_ϑ(y, ζ, z, η, s_1). The above yields that either the geodesics corresponding to (⃗x, ⃗ξ) do not intersect, that is, Q((⃗x, ⃗ξ), t_0) = ∅ or the intersection point q = Q((⃗x, ⃗ξ), t_0) is not in J^−(x_6). Then we see using Lemma 5.4 that S^{cl}((⃗x, ⃗ξ), t_0) ∩ J^−(x_6) = ∅. As S^{cl}((⃗x, ⃗ξ), t_0) is closed, we have either e_{z,η}(S^{cl}((⃗x, ⃗ξ), t_0)) = ∅ or μ_{z,η}(s^+_1 ) = x_6 ≪ e_{z,η}(S^{cl}((⃗x, ⃗ξ), t_0)). By definition of T , this gives that T ≥ s^+_1 . As above s^+_1 < S(y, ζ, z, η, s_1) was arbitrary, this yields T ≥ S(y, ζ, z, η, s_1).

(ii) Denote below S = S(y, ζ, z, η, s_1). If S = m(z, η) and the claim holds trivially. Thus, let us assume below that S < m(z, η). By definition (143), this implies that r_0 = R(y, ζ, s_1) < ∞ and q_0 = γ_{y,ζ} (r_0) ∈ ∂J^+(y_1) is such that f^+_{μ(z,η)}(q_0) = S.

By Lemma 5.8, if ρ(x_j (t_0), ξ_j(t_0)) < T (x_j (t_0), ξ_j(t_0)) for some j = 1, 2, 3, 4, and ϑ is small enough, the cut point p_j = γ_{xj (t0),ξj (t0)}(ρ(x_j (t_0), ξ_j(t_0))) satisfies either p_j ∉ J^−(^p^+) or f^+_{μ(z,η)}(p_j) > S.

As S < m(z, η) and above holds for all j ∈ {1, 2, 3, 4}, we see that there is s_∗ ∈ (S, m(z, η)) such that p_j = γ_{xj (t0),ξj (t0)}(ρ(x_j (t_0), ξ_j(t_0))) ∉ J^−(μ(s_∗)). We observe that then (⃗x(t_0), ⃗ξ(t_0)) satisfies conditions (82)-(83) with x_6 = μ(s_∗) and q_0 ∈ I^−(x_6).

Let s^′ ∈ (S, s_∗). Note that then μ_{z,μ}(s^′) ∈ I^−(x_6). As f^+_{μ(z,η)}(q_0) = S, the functions (z_1, η_1) → f^+_{μ(z1 ,η1)}(q_0) and (z_1, η_1) → μ_{z1,η1} (s^′) are continuous, we see that (z, η) has a neighborhood W_1 ⊂ U_{z0,η0} such that for all (z_1, η_1) ∈ W_1 we have f^+_{μ(z1 ,η1)}(q_0) < s^′ and μ_{z1,η1} (s^′) ⊂ I^−(x_6). In particular then e_{z1,η1} (q_0) = {μ_{z1,η1} (f^+_{μ(z1 ,η1)}(q_0))} ⊂ I^−(x_6). Then by Lemma 5.4, S^{cl}_z′_{1,η}′_1 ((⃗x, ⃗ξ), t_0)) ∩ J^−(x_6) coincides with the set e_z′_{1,η}′_1 (q_0) ∩ J^−(x_6) for all (z^′_1, η^′_1) ∈ U_{z0,η0} . This and the above imply that S^{cl}_{z1,η1} (((⃗x, ⃗ξ), t_0) = e_{z1,η1} (q_0) when (z_1, η_1) ∈ W_1. As q_0 ∈ J^+(y_1) ∩ I^−(^p^+), we have (⃗x, ⃗ξ) = ((x_j , ξ_j))^4_{j=1} ∈ R_ϑ(y, ζ, z, η, s_1).

The above shows that there is (⃗x, ⃗ξ) ∈ R_ϑ(y, ζ, z, η, s_1) such that the geodesics corresponding to (⃗x, ⃗ξ) intersect in q_0 and μ_{z,η}(s) = S^{cl}_{z,η}(((⃗x(t_0), ⃗ξ(t_0)), t_0) with s = S = f^+_{μ(z,η)}(q_0).

Hence T (y, ζ, z, η, s_1) ≤ S = S(y, ζ, z, η, s_1) and the claim (ii) follows from (i).

(iii) Using standard results of differential topology, we see that there is an open and dense set W ⊂ U_{z0,η0} such that if (z, η) ∈ W then μ_{z,η}([−1, 1]) does not intersect γ_{y,ζ} ([t_0, ∞)).

Let q_0 = γ_{y,ζ} (r_0) ∈ ∂J^+(y_1) be the point defined in the proof of (ii). By Lemma 2.3 (v), the function (z, η) → f^+_{z,η}(q_0) is continuous and as M_0 \ I^−(^p^+) is closed, similarly to the first part of the proof of Lemma 2.3 (v), we see that the function (z, η) → m(z, η) is lowersemicontinuous. As S(y, ζ, z, η, s_1) = min(m(z, η), f^+_{z,η}(q_0)) the claim (iii) follows easily from (ii). □

Next we reconstruct e_V (q) when q runs over a geodesic segment.

Lemma 5.11. Let s_− ≤ s_2 ≤ s < s_1 ≤ s_+ satisfy s_1 < s_2 + κ_3, let y_j = ^μ(s_j), j = 1, 2, y = ^μ(s), and ζ ∈ L^+_y U, ‖ζ‖_g+ = 1. When we are given the data set D(^g, ^ϕ, ε), we can determine the collection {e_V (q); q ∈ (γ_{y,ζ} ([t_0, ∞)) ∩ I^−(^p^+)) \ J^+(y_1)}, where V = U ∩ I^−(^p^+).

Proof. In the proof, we consider y, ζ, s_1, and t_0 as fixed parameters and do not always indicate the dependency on the other parameters on those.

Let us denote by W = W(y, ζ) ⊂ U_{z0,η0} the open and dense set of those (z, η) ∈ U_{z0,η0} for which μ_{z,η}([−1, 1]) ∩ γ_{y,ζ} ([t_0, ∞)) = ∅.

Next, let (z, η) ∈ W and denote S = S(y, ζ, z, η, s_1). Let 0 < ϑ < ϑ_3(y, ζ, s_1, z, η) and consider (⃗x, ⃗ξ) ∈ R^{(0)}_ϑ (y, ζ).

We define x^′ = x^′(z, η) := μ_{z,η}(S(y, ζ, z, η, s_1)). Then x^′ ∈ ∂J^+(q_0), x^′ ∈ J^−(^p^+).

As 0 < ϑ < ϑ_3(y, ζ, s_1, z, η), using Lemma 5.8 we see that if ρ(x_j (t_0), ξ_j(t_0)) < T (x_j(t_0), ξ_j(t_0)) for some j = 1, 2, 3, 4, then p_j = γ_{xj (t0),ξj (t0)}(ρ(x_j (t_0), ξ_j(t_0))) either satisfies p_j ∉ J^−(^p^+) or f^+_{μ(z,η)}(p_j ) > S. In both cases the cut points p_j of geodesics γ_{xj (t0),ξj (t0 )} satisfy p_j ∉ J^−(x^′).

Recall that for (⃗x, ⃗ξ) we denote the first intersection point of the geodesics γ_{xj ,ξj} by q = Q(⃗x, ⃗ξ) if such intersection point exists and otherwise we define Q(⃗x, ⃗ξ) = ∅.

With the above definitions all cut points satisfy p_j ∉ J^−(x^′) for all j ≤ 4. By definition of x^′ and Lemma 5.4, we see using x^′ as the point x_6, that if the geodesic corresponding to (⃗x, ⃗ξ) intersect at some point q = Q(⃗x, ⃗ξ) ≪ x^′ we have S^{cl}_{z,η}((⃗x, ⃗ξ), t_0) = e_{z,η}(q) ≪ x^′, and otherwise, S^{cl}_{z,η}((⃗x, ⃗ξ), t_0) ∩ I^−(x^′) = ∅.

Consider next a general (z, η) ∈ U_{z0,η0} , that is, we do not anymore require that (z, η) ∈ W(y, η). We say that a sequence ((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1} is a A_{z,η}(y, ζ) sequence and denote ((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1} ∈ A_{z,η}(y, ζ), if (⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}) ∈ R^{(0)}_{ϑ(ℓ)}(y, ζ) with ϑ(ℓ) = 1/ℓ and there is ℓ_0 > 0 such that either there is p ∈ μ_{z,η} such that for all ℓ ≥ ℓ_0 S^{cl}_{z,η}((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}), t_0) ∩ I^−(x^′(z, η)) = {p} or alternatively, for all ℓ ≥ ℓ_0 S^{cl}_{z,η}((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}), t_0) ∩ I^−(x^′(z, η)) = ∅. Note that as x^′(z, η) = μ_{z,η}(S(y, ζ, z, η, s_1)) ≤ ^p^+, we have I^−(x^′(z, η)) ⊂ I^−(^p^+) and we can therefore have S^{cl}_{z,η}((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}), t_0) ∩ I^−(x^′(z, η)) = S^{cl}_{z,η}((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}), t_0) ∩ μ_{z,η}((−1, S(y, ζ, z, η, s_1))). We denote then

p_{z,η}(((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1}) = S^{cl}_{z,η}((⃗x^{(ℓ1)}, ⃗ξ^{(ℓ1)}), t_0) ∩ I^−(x^′(z, η)) where ℓ_1 above is chosen so that the right hand side does not change if ℓ_1 is replaced with any larger value. Note that we can use any ℓ_1 ≥ ℓ_0. Note that here p_{z,η}(((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1}) is in fact a set-valued function; its value can either be one point, or an empty set.

We say also that ((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1} is a A(y, ζ) sequence if there is open and dense set W^′ ⊂ U_{z0,η0} and a non-empty open set W^′_0 ⊂ W^′ such that ((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1} is a A_{z,η}(y, ζ) sequence for all (z, η) ∈ W^′ and the set p_{z,η}(((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1}) is non-empty for all (z, η) ∈ W^′_0.

Next, let us denote the A(y, ζ) sequences by X = ((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1}. Observe that D(^g, ^ϕ, ε) determines the points x^′(z, η), the sets A(y, ζ), and p_{z,η}(X ) for X ∈ A(y, ζ).

Let (z, η) ∈ W and consider a A_{z,η}(y, ζ) sequence X = ((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1}. Below, we use x_6 = x^′(z, η). We consider two cases separately:

Case (a): Assume that for all ℓ large enough the geodesics corresponding to (⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}) intersect at a point q_ℓ ∈ (I^−(^p^+) ∩ I^−(x^′(z, η))) \ J^+(y_1). As e_{z,η}(q_ℓ) ≪ x_6, Lemma 5.4 implies e_{z,η}(q_ℓ) = S^{cl}_{z,η}((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}), t_0) for ℓ is large enough. By definition of X we have e_{z,η}(q_ℓ) = p_{z,η}(X ) for all ℓ large enough. Recall that when e_{z,η}(q_ℓ) is given for all (z, η) ∈ W^′_0 we can determine by Lemma 2.6 the point q_ℓ uniquely. Thus we see that the points q_ℓ have to coincide when ℓ is large enough. Next we denote the point q_ℓ, when ℓ is large enough, by q.

Case (b): Assume that there are arbitrarily large ℓ such that the intersection point q_ℓ of the geodesics corresponding to (⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}) is not in (I^−(^p^+) ∩ I^−(x^′(z, η))) \ J^+(y_1) or it does not exists. Then, when ℓ is large enough, then the set S^{cl}_{z,η}(⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}), t_0) does not intersect I^−(^p^+) ∩ I^−(x^′(z, η)).

By definition, for all X = ((⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}))^∞_{ℓ=1} ∈ A(y, ζ) there is a nonempty open set W^′_0 such that for large enough ℓ the intersection of S^{cl}_{z,η}(⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}), t_0) and I^−(^p^+)∩I^−(x^′(z, η)) is non-empty for all (z, η) ∈ W^′_0. Thus, as W^′_0 ∩ W is non-empty, we see that the case (b) is not possible. Thus for all X ∈ A(y, ζ) the case (a) has to hold and we have a well-defined intersection point q = Q(⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}) where the geodesics corresponding to (⃗x^{(ℓ)}, ⃗ξ^{(ℓ)}) intersect when ℓ is large enough. Below we denote it by Q(X ) = q. This point has to be on the geodesic γ_{y,η}, and by the above considerations, we see that it has to in the set γ_{y,ζ} ([t_0, ∞)) ∩ (I^−(^p^+) \ J^+(y_1)). On the other hand, by Lemma 5.2, for all q ∈ γ_{y,ζ} ([t_0, ∞)) ∩ (I^−(^p^+) \ J^+(y_1)) and all ϑ > 0 there is (⃗x, ⃗ξ) ∈ R_ϑ(y, ζ) such that the geodesics corresponding to (⃗x, ⃗ξ) intersect at q. As q ∈ I^−(^p^+), we see that there is an open set W^′_0 ⊂ W such that for all (z, η) ∈ W^′_0 we have μ_{z,η}((−1, m(z, η)))∩L^+_g (q) ≠ ∅ and thus f^+_{μ(z,η)}(q) < m(z, η). Combining these observations we conclude that the set {Q(X ); X ∈ A(y, ζ)} coincides with the set γ_{y,ζ} ([t_0, ∞)) ∩ (I^−(^p^+) \ J^+(y_1)).

When W^′ is equal to the set W we have

p_{z,η}(X ) ∩ (I^−(^p^+) ∩ I^−(x^′(z, η))) =

(147) e_{z,η}(Q(X )) ∩ (I^−(^p^+) ∩ I^−(x^′(z, η))) for all (z, η) ∈ W^′.

Note that then the equation (147) is valid in particular when W^′ = W. Unfortunately, we have not above determined the set W and thus can not assumed it to be known. However, for any open and dense set W^′ the intersection of W^′ ∩ W is an open and dense subset of W and thus {p_{z,η}(X ); (z, η) ∈ W^′ ∩ W} = ⋃ (z,η)∈W^′∩W μ_{z,η}((−1, m(z, η))) ∩ e_V (q) is a dense subset of e_V (q) ∩ I^−(^p^+). Hence for all open and dense sets W^′,

e_V (q) ∩ I^−(^p^+) ⊂ cl({p_{z,η}(X ); (y, η) ∈ W^′}) ∩ I^−(^p^+)

and the equality holds when W^′ is the set W. Using this we see that if we take the intersection of the all sets cl({p_{z,η}(X ); (y, η) ∈ W^′}) ∩ I^−(^p^+) where W^′ ⊂ U_{z0,η0} is an open and dense subset, we obtain the set e_V (q) for q = Q(X ), where V = U_g ∩ I^−(^p^+).

Doing this construction for all for X ∈ A(y, ζ), we determine the set e_V ((γ_{y,ζ} ([t_0, ∞)) ∩ I^−(^p^+)) \ J^+(y_1)). □

The above shows that the given data D(^g, ^ϕ, ε) determine the collection {e_V (q); q ∈ γ_{y,ζ} ([t_0, ∞)) ∩ (I^−(^p^+) \ J^+(y_1))} for all y = ^μ(s) and ζ ∈ L^+_y M_0, ‖ζ‖_g+ = 1, where s ∈ [s_1 − κ_3, s_1). Taking the union of all such collections and e_V (J^+(^μ(s_1)) ∩ I^−(^p^+)) and e_V (K_{t0} ∩ J^+(^μ(s))), we obtain the set e_V (J^+(^μ(s)) ∩ I^−(^p^+)). Iterating this construction for s_2, s_3, . . . , s_K , with s_{k+1} ∈ (s_k − κ_3, s_k), we can find e_V (I(^μ(s^′), ^p^+)) for all s_− < s^′ < s_+.

Let now for s_− < s^′ < s^{′′} < s_+. Observe that e_V (q) ∈ e_V (J^+(^μ(s)) ∩ I^−(^p^+)) satisfies e_V (q) ∈ e_V (I(^μ(s^′), ^μ(s^{′′}))) if and only if e_{z0,η0} (q) ≪ ^μ(s^{′′}). Thus we can find the sets e_V (I(^μ(s^′), ^μ(s^{′′}))) for all s_− < s^′ < s^{′′} < s_+.

By Theorem 1.2 we can reconstruct the manifold I(^μ(s^′), ^μ(s^{′′})) for all s_− < s^′ < s^{′′} < s_+. Glueing these constructions together we obtain I(^p^−, ^p^+) and the conformal structure on it. This proves Theorem 1.4. □ Proof. (of Thm. 1.5) As noted in Appendix B, by assuming that Condition A is valid and by making the parameter ^h determining U_g smaller, there are adaptive source function, or S-functions, given in the formula (170) in Appendix B with L ≥ 5 and K = L · (L!) + 1. for which the Assumption S is valid. Next we consider these S-functions.

Let us denote by (g^′, ϕ^′) the solutions of (7) with some sources (F_1, F_2) supported compactly in U_g′ . We want to find out when the observations (U_g′ , g^′|_{Ug′} , ϕ^′|_{Ug′} , F_1, F_2), representing an equivalence class in D^{alt}(^g, ^ϕ, ε) that satisfy the conservation law ∇^g_j (T^{jk}(g, ϕ) + F^{jk}_1 ) = 0, are equivalent to the observations of some solution (g, ϕ) of the model (10) when the S-functions are given by the formula (170) in Appendix

B. To do this, assume that we are given the restrictions of ^g and the solution of (7), denoted g^′, ϕ^′ in U_g′ and (F_1, F_2). Then we can compute

R^′ := F_1, S_ℓ = (F_2)_ℓ, ℓ = 1, 2, . . . , L,

Z^′ := L∑ ℓ=1 S_ℓϕ^′_ℓ and find P^′ := R^′ − Z^′g^′. After we have found these functions, we test if equations (165) and (166) in the Appendix B hold for g = g^′, ϕ = ϕ^′, P = P^′, Z = Z^′, R = R^′, Q_{L+1} = Z and some functions (Q_ℓ)^L_{ℓ=1} that are compactly supported in U_g = U_g′ . If this is the case the functions g, ϕ in U_g and (P, Q), supported in U_g, are restrictions of the solutions of (10) with the S-functions given by the formula (170) in Appendix B with some P and Q.

Clearly, all solutions (10) with the S-functions (170) correspond to the solutions of (7) with some (F_1, F_2),

Summarizing, for a given (U_g′ , g^′|_{Ug′} , ϕ^′|_{Ug′} , F_1, F_2) that represents an equivalence class in D^{alt}(^g, ^ϕ, ε) and satisfies the conservation law ∇^g_j (T^{jk}(g, ϕ) + F^{jk}_1 ) = 0, we can find out if there exists an element (U_g′ , g^′|_{Ug′} , ϕ^′|_{Ug′} , F ) ∈ D(^g, ^ϕ, ε) with some F supported in U_g′ , and if so, we can find this element. Hence, when we are given the collection D^{alt}(^g, ^ϕ, ε), we can choose from it all elements that correspond to some element of D(^g, ^ϕ, ε), and thus we can find D(^g, ^ϕ, ε). The claim follows then from Theorem 1.4. □

Proof. (of Corollary 1.6) In the above proof of Theorem 1.4, we used the assumption that ^Q = 0 and ^P = 0 to obtain equations (62). In the setting of Cor. 1.6 where the background source fields ^Q and ^P are not zero, we need to assume in the computations related to sources (59) that there are neighborhoods V_j of the geodesics γ_j that satisfy supp (f_j) ⊂ V_j , the linearized waves u_j = Q_{^g}f_j satisfy singsupp(u_j) ⊂ V_j, and V_i ∩ V_j ∩ (supp ( ^Q) ∪ supp ( ^P )) = ∅ for i ≠ j. To this end, we have first consider measurements for the linearized waves and check for given (⃗x, ⃗ξ) that no two geodesic γ_{xj ,ξj} (R_+ ) do intersect at U_{^g} and restrict all considerations for such (⃗x, ⃗ξ). Notice that such (⃗x, ⃗ξ) form an open and dense set in (T U_{^g})^4. If then the width ^s of the used spherical waves is chosen to be small enough, we see that condition V_i ∩ V_j ∩ (supp ( ^Q) ∪ supp ( ^P )) = ∅ is satisfied.

The above restriction causes only minor modifications in the above proof and thus, mutatis mutandis, we see that we can determine the conformal type of the metric in all relatively compact subsets I_{^g}(^μ(s^′), ^μ(s^{′′}))\ (supp ( ^Q) ∪ supp ( ^P )), s_− < s^′ < s^{′′} < s_+, of I_{^g}(^p^−, ^p^+) \ (supp ( ^Q) ∪ supp ( ^P )). By glueing these manifolds and U_{^g} together, we find the conformal type of the metric in I_{^g}(^p^−, ^p^+). After this the claim follows from Corollary 1.3. □ 5.1. A discussion on an application for a dark matter related example. The determination of the conformal class of the Lorentzian metric considered above can be done also for a model that is related to dark matter and energy [73]. We note that by reconstructing the conformal class of the metric tensor g in area of space that contain dark matter but not usual "observable matter" tells how the "dark matter" would change the path of light rays that would travel in this area, even the path of light rays on which we can not do direct measurements.

Let us consider a model where the fields ϕ_ℓ, ℓ ≤ L−1 can be observed and correspond to "usual" matter. The field ϕ_L could correspond to "dark" matter. We write ϕ = (ϕ^′, ϕ_L), where ϕ^′ = (ϕ_ℓ)^{L−1}_{ℓ=1} and Q = (Q^′, Q_L), where Q^′ = (Q_ℓ)^{L−1}_{ℓ=1} .

Moreover, we assume that in the model (10) the adaptive source functions S_ℓ(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g) are such that S_ℓ(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g) = ~S_ℓ(ϕ^′, ∇^gϕ^′, Q^′, ∇^gQ^′, P, ∇^gP, g), (148) for ℓ ≤ L − 1, S_L(ϕ, ∇^gϕ, Q, ∇^gQ, P, ∇^gP, g) = 0. We consider the model (10) assuming that Q_L = 0 and that we can observe only the g and ϕ^′ components of the waves in U_g. Moreover, we assume that the Assumption B is valid with permutations σ for which L ∉ {σ(j); j = 1, 2, 3, 4, 5}. Analyzing the wave equation in the ^g wave map coordinates, we see that the ϕ_L component of linearized waves (ġ, ϕ̇) satisfies (^g^{jk}∂_j ∂_k − ^g^{pq} ^Γ^j_{pq}∂_j + m)ϕ̇_L = −(ġ^{jk}∂_j ∂_k + ġ^{pq} ^Γ^j_{pq}∂_j )^ϕ_L. (149)

Thus, using the notations introduced earlier in the paper, we consider (⃗x, ⃗ξ) such that γ_{xj ,ξj} ([t_0, ∞)) intersect at a point q and that there is a light-like geodesic from q to the point y ∈ U_{^g}. Assume that K_j ⊂ L^+_{^g} (x_j ) are such that γ_{xj ,ξj} ([t_0, ∞)) ⊂ K_j and consider linearized waves u̇^{(j)} = (ġ^{(j)}, ϕ̇^{(j)}) ∈ I(K_j ), j = 1, 2, 3, 4. We showed earlier that in a generic case the interaction of the waves at q can be observed in normal coordinates at y at least in two polarizations, that is, in two components of u̇^{(j)}. If we do not observe the ϕ_L component of the waves, then the interaction of the waves can be observed in normal coordinates at y at least in one polarization. We also showed that there are some principal symbols of the waves u̇^{(j)} at q that produce such observable singularities and these principal symbols are such that the ϕ-components of the principal symbols are zero. In particular, the ϕ_L-component the principal symbols of u̇^{(j)} is zero at (q, η) ∈ N^∗K_j . As the linearized equation (149) contains no derivatives of ġ, we see then that the ϕ_L-component the principal symbols of u̇^{(j)} is zero also at (x_j , ξ^♭_j) that is on the same bicharacteristic as (q, η). A linearized wave u̇^{(j)} with such principal symbol can be produced with sources Q for which Q_L = 0, that is, without source terms in the "dark" matter component. Because of the above considerations, we see that with a slight modification of the proof, we can find the conformal type of the metric.

Appendix A: Reduced Einstein equation

In this section we review known results on Einstein equations and wave maps.

A.1. Summary of the used notations. Let us recall some definitions given in Introduction, in the Subsection 1.3.4. Let (M, ^g) be a C^∞-smooth globally hyperbolic Lorentzian manifold and ~g be a C^∞- smooth globally hyperbolic metric on M such that ^g < ~g.

Recall that there is an isometry Φ : (M, ~g) → (R × N, ~h), where N is a 3-dimensional manifold and the metric ~h can be written as ~h = −β(t, y)dt2 + h(t, y) where β : R × N → (0, ∞) is a smooth function and h(t, · ) is a Riemannian metric on N depending smoothly on t ∈ R. As in the main text identify these isometric manifolds and denote M = R × N. Also, for t ∈ R, recall that M(t) = (−∞, t) × N. We use parameters t_1 > t_0 > 0 and denote M_j = M(t_j ), j ∈ {0, 1}. We use the time-like geodesic ^μ = μ_{^g}, μ_{^g} : [−1, 1] → M_0 on (M_0, ^g) and the set K_j := J^+_{~g} (^p^−) ∩ M_j with ^p^− = ^μ(s_−) ∈ (0, t_0) × N, s_− ∈ (−1, 1) and recall that J^+_{~g} (^p^−) ∩ M_j is compact and there exists ε_0 > 0 such that if ‖g − ^g‖_C0_{b (M1;^g}+_) < ε_0, then g|_{K1} < ~g|_{K1} , and in particular, we have J^+_g (p) ∩ M_1 ⊂ K_1 for all p ∈ K_1.

Let us use local coordinates on M_1 and denote by ∇_k = ∇_{Xk} the covariant derivative with respect to the metric g to the direction X_k = ∂ ∂x^p and by ^∇k = ^∇Xk the covariant derivative with respect to the

metric ^g to the direction X_k.

A.2. Reduced Ricci and Einstein tensors. Following [26] we recall that

Ric_{μν} (g) = Ric^{(h)}_{μν} (g) + 1 2 (g_{μq} ∂Γ^q ∂x^ν + g_{νq} ∂Γ^q ∂x^μ ) (150)

where Γ^q = g^{mn}Γ^q_{mn},

Ric^{(h)}_{μν} (g) = − 1 2 g^{pq} ∂^2g_{μν} ∂x^p∂x^q + P_{μν} , (151)

P_{μν} = g^{ab}g_{ps}Γ^p_{μb}Γ^s_{νa} + 1 2 ( ∂g_{μν} ∂x^a Γ^a + g_{νl}Γ^l_{ab}g^{aq}g^{bd} ∂g_{qd} ∂x^μ + g_{μl}Γ^l_{ab}g^{aq}g^{bd} ∂g_{qd} ∂x^ν ).

Note that P_{μν} is a polynomial of g_{jk} and g^{jk} and first derivatives of g_{jk}. The harmonic Einstein tensor is

Ein^{(h)}_{jk} (g) = Ric^{(h)}_{jk} (g) − 1 2 g^{pq}Ric^{(h)}_{pq} (g) g_{jk}.

(152)

The harmonic Einstein tensor is extensively used to study Einstein equations in local coordinates where one can use the Minkowski space R^4 as the background space. To do global constructions with a background space (M, ^g) one uses the reduced Einstein tensor. The ^greduced Einstein tensor Ein_{^g}(g) and the ^g-reduced Ricci tensor Ric_{^g}(g) are given by

(Ein_{^g}(g))_{pq} = (Ric_{^g}(g))_{pq} − 1 2 (g^{jk}(Ric_{^g}g)_{jk})g_{pq}, (153)

(Ric_{^g}(g))_{pq} = Ric_{pq}g − 1 2 (g_{pn} ^∇_q ^F^n + g_{qn} ^∇_p ^F^n) (154)

where ^F^n are the harmonicity functions given by

^F^n = Γ^n − ^Γ^n, where Γ^n = g^{jk}Γ^n_{jk}, ^Γ^n = g^{jk}^Γ^n_{jk}, (155)

where Γ^n_{jk} and ^Γ^n_{jk} are the Christoffel symbols for g and ^g, correspondingly. Note that ^Γ^n depends also on g^{jk}. As Γ^n_{jk} − ^Γ^n_{jk} is the difference of two connection coefficients, it is a tensor. Thus ^F^n is tensor (actually, a vector field), implying that both (Ric_{^g}(g))_{jk} and (Ein_{^g}(g))_{jk} are 2-covariant tensors. Observe that the ^g-reduced Einstein tensor is sum of the harmonic Einstein tensor and a term that is a zeroth order in g,

(Ein_{^g}(g))_{μν} = Ein^{(h)}_{μν} (g) + 1 2 (g_{μq} ∂^Γ^q ∂x^ν + g_{νq} ∂^Γ^q ∂x^μ ). (156)

A.3. Wave maps and reduced Einstein equations. Let us consider the manifold M_1 = (−∞, t_1) × N with a C^m-smooth metric g^′, m ≥ 8, which is a perturbation of the metric ^g and satisfies the Einstein equation Ein(g^′) = T^′ on M_1,

(157) or equivalently,

Ric(g^′) = ρ^′, ρ^′_{jk} = T^′_{jk} − 1 2 ((g^′)^{nm}T^′_{nm})g^′_{jk} on M_1.

Assume also that g^′ = ^g in the domain A, where A = M_1 \ K_1 and ‖g^′ − ^g‖_C2_{b (M1,^g}+_) < ε_0, so that (M_1, g^′) is globally hyperbolic. Note that then T^′ = ^T in the set A and that the metric g^′ coincides with ^g in particular in the set M^− = R_− × N

We recall next the considerations of [13]. Let us consider the Cauchy problem for the wave map f : (M_1, g^′) → (M, ^g), namely □_g′_{,^g}f = 0 in M_1,

(158) f = Id, in R_− × N, (159) where M_1 = (−∞, t_1)×N ⊂ M. In (158), □_g′_{,^g}f = g^′ · ^∇^2f is the wave map operator, where ^∇ is the covariant derivative of a map (M_1, g^′) → (M, ^g), see [13, formula (7.32)]. In local coordinates X : V → R^4 of V ⊂ M_1, denoted X(z) = (x^j (z))^4_{j=1} and Y : W → R^4 of W ⊂ M, denoted Y (z) = (y^A(z))^4_{A=1}, the wave map f : M_1 → M has representation Y (f(X^{−1}(x))) = (f^A(x))^4_{A=1} and the wave map operator in equation (158) is given by

(□_g′_{,^g}f)^A(x) = (g^′)^{jk}(x) ( ∂ ∂x^j ∂ ∂x^k f^A(x) − Γ^{′n}_{jk}(x) ∂ ∂x^n f^A(x)

(160)

+^Γ^A_{BC} (f(x)) ∂ ∂x^j f^B(x) ∂ ∂x^k f^C (x) )

where ^Γ^A_{BC} denotes the Christoffel symbols of metric ^g and Γ^{′j}_{kl} are the Christoffel symbols of metric g^′. When (158) is satisfied, we say that f is wave map with respect to the pair (g^′, ^g). The important property of the wave maps is that, if f is wave map with respect to the pair (g^′, ^g) and g = f_∗g^′ then, as follows from (160), the identity map Id : x → x is a wave map with respect to the pair (g, ^g) and, the wave map equation for the identity map is equivalent to (cf. [13, p. 162])

Γ^n = ^Γ^n, where Γ^n = g^{jk}Γ^n_{jk}, ^Γ^n = g^{jk}^Γ^n_{jk}

(161)

where the Christoffel symbols ^Γ^n_{jk} of the metric ^g are smooth functions.

As g = g^′ outside a compact set K_1 ⊂ (0, t_1) × N, we see that this Cauchy problem is equivalent to the same equation restricted to the set (−∞, t_1) × B_0, where B_0 ⊂ N is such an open relatively compact set that K_1 ⊂ (0, t_1] × B_0 with the boundary condition f = Id on (0, t_1] × ∂B_0. Then using results of [38], that can be applied for equations on manifold as is done in Appendix C, and combined with the Sobolev embedding theorem, we see^3 that there is ε_1 > 0 such that if ‖g^′ − ^g‖_Cm_{b (M1;^g}+_) < ε_1, then there is a map f : M_1 → M satisfying the Cauchy problem (158)-(159) and the solution depends continuously, in C^{m−5}_b ([0, t_1] × N, g^+), on the metric g^′. Moreover, by the uniqueness of the wave map, we have f|_{M1\K1} = id so that f(K_1) ∩ M_0 ⊂ K_0.

As the inverse function of the wave map f depends continuously, in C^{m−5}_b ([0, t_1] × N, g^+), on the metric g^′ we can also assume that ε_1 is so small that M_0 ⊂ f(M_1).

Denote next g := f_∗g^′, T := f_∗T^′, and ρ := f_∗ρ^′ and define ^ρ = ^T −^1_2 (Tr ^T )^g. Then g is Cm−6-smooth and the equation (157) implies

Ein(g) = T on M_0.

(162)

3See also: Thm. 4.2 in App. III of of [13], and its proof for the estimates for the time on which the solution exists.

As f is a wave map, g satisfies (161) and thus by the definition of the reduced Einstein tensor, (153), we have Ein_{pq}(g) = (Ein_{^g}(g))_{pq} on M_0.

This and (162) yield the ^g-reduced Einstein equation (Ein_{^g}(g))_{pq} = T_{pq} on M_0.

(163) This equation is useful for our considerations as it is a quasilinear, hyperbolic equation on M_0. Recall that g coincides with ^g in M_0 \ K_0. The unique solvability of this Cauchy problem is studied in e.g. [13, Thm. 4.6 and 4.13] and [38] and in Appendix C below. A.4. Relation of the reduced Einstein equations and for the original Einstein equation. The metric g which solves the ^g-reduced Einstein equation Ein_{^g}(g) = T is a solution of the original Einstein equation Ein(g) = T if the harmonicity functions ^F^n vanish identically. Next we recall the result that the harmonicity functions vanish on M_0 when (Ein_{^g}(g))_{jk} = T_{jk}, on M_0,

(164) ∇_pT^{pq} = 0, on M_0, g = ^g, on M_0 \ K_0.

To see this, let us denote Ein_{jk}(g) = S_{jk}, S^{jk} = g^{jn}g^{km}S_{nm}, and T^{jk} = g^{jn}g^{km}T_{nm}. Following the standard arguments, see [13], we see from (153) that in local coordinates

S_{jk} − (Ein_{^g}(g))_{jk} = 1 2 (g_{jn} ^∇_k ^F^n + g_{kn} ^∇_j ^F^n − g_{jk} ^∇_n ^F^n). Using equations (164), the Bianchi identity ∇_pS^{pq} = 0, and the basic property of Lorentzian connection, ∇_kg^{nm} = 0, we obtain 0 = 2∇_p(S^{pq} − T^{pq}) = ∇_p(g^{qk} ^∇_kF^p + g^{pm} ^∇_m ^F^q − g^{pq} ^∇_n ^F^n) = g^{pm}∇_p ^∇_m ^F^q + (g^{qk}∇_p ^∇_k ^F^p − g^{qp}∇_p ^∇_n ^F^n) = g^{pm}∇_p ^∇_m ^F^q + W^q( ^F ) where ^F = ( ^F^q)^4_{q=1} and the operator

W : ( ^F^q)^4_{q=1} → (g^{qk}(∇_p ^∇_k ^F^p − ∇_k ^∇_p ^F^p))^4_{q=1} is a linear first order differential operator which coefficients are polynomial functions of ^g_{jk}, ^g^{jk}, g_{jk}, g^{jk} and their first derivatives.

Thus the harmonicity functions ^F^q satisfy on M_0 the hyperbolic initial value problem g^{pm}∇_p ^∇_m ^F^q + W^q( ^F ) = 0, on M_0, ^F^q = 0, on M_0 \ K_0, and as this initial Cauchy problem is uniquely solved by [13, Thm. 4.6 and 4.13] or [38], we see that ^F^q = 0 on M_0. Thus equations (164) yield that Einstein equation Ein(g) = T holds on M_0.

Appendix B: An example satisfying Assumption S Next we give an example of functions S_ℓ(ϕ, ∇ϕ, Q^′, ∇^gP, Q_K , ∇Q_K , g) in the model (10) for which Assumption S is valid.

Let L ≥ 5, g be a C^2-smooth metric and ϕ = (ϕ_ℓ)^L_{ℓ=1} be C^2-smooth functions on ^U ⊂ M. Let us fix a symmetric (0,2)-tensor P and a scalar function Z that are C^2-smooth and compactly supported in ^U. Let [P_{jk}(x)]^4_{j,k=1} be the coefficients of P in local coordinates.

To obtain adaptive source functions satisfying the assumption S, let us start implications of the conservation law (11). To this end, consider C^2-smooth functions S_ℓ(x) on ^U. The conservation law (11) gives for all j = 1, 2, 3, 4 equations (see [13, Sect. 6.4.1]) 0 = 1 2 ∇^g_p(g^{pk}T_{jk}) = L∑ ℓ=1 (g^{pk}∇^g_p∂_kϕ_ℓ) ∂_jϕ_ℓ − (m_ℓϕ_ℓ∂_pϕ_ℓ)δ^p_j + 1 2 ∇^g_p(g^{pk}g_{jk}S_ℓϕ_ℓ + g^{pk}P_{jk})

= L∑ ℓ=1 (g^{pk}∇^g_p∂_kϕ_ℓ − m_ℓϕ_ℓ) ∂_jϕ_ℓ + 1 2 ∇^g_p(g^{pk}g_{jk}S_ℓϕ_ℓ + g^{pk}P_{jk})

= L∑ ℓ=1 S_ℓ ∂_j ϕ_ℓ + 1 2 ∇^g_p(g^{pk}g_{jk}S_ℓϕ_ℓ) + 1 2 g^{pk}∇^g_pP_{jk}

= (_L ∑ ℓ=1 S_ℓ ∂_j ϕ_ℓ ) + 1 2 ∂_j (_L ∑ ℓ=1 S_ℓϕ_ℓ ) + 1 2 g^{pk}∇^g_pP_{jk}. Recall that S_ℓ should satisfy L∑ ℓ=1 S_ℓϕ_ℓ = Z. (165)

Then, the conservation law (11) holds if we have L∑ ℓ=1 S_ℓ ∂_j ϕ_ℓ = − 1 2 g^{pk}∇^g_pR_{jk}, R_{jk} = (P_{jk} + g_{jk}Z), (166)

for j = 1, 2, 3, 4.

Equations (165) and (166) give together five point-wise equations for the functions S_1, . . . , S_L.

Next we denote the set of permutations σ : {1, 2, . . . , L} → {1, 2, . . . , L} by Σ(L). Next we assume Condition A, that is, that at any x ∈ cl( ^U) there is a permutation σ : {1, 2, . . . , L} → {1, 2, . . . , L} such that the 5 × 5 matrix (B^σ_{jk}(^ϕ(x), ∇^ϕ(x)))_{j,k≤5} is invertible, where (B^σ_{jk}(ϕ(x), ∇ϕ(x)))_{j,k≤5} = ( ( ∂_j ϕ_{σ(ℓ)}(x))_{j≤4, ℓ≤5} (ϕ_{σ(ℓ)}(x))_{ℓ≤5} ) . Let V_σ ⊂ cl( ^U) be the set where (B^σ_{jk}(^ϕ(x), ∇^ϕ(x)))_{j,k≤5} is invertible.

Below, let us use K = L · (L!) + 1 and identify the set index set {1, 2, . . . , K − 1} with the the set Σ(L) × {1, 2, . . . , L}. We consider a R^K valued function Q(x) = (Q^′(x), Q_K (x)), where Q^′ = (Q_{σ,ℓ})_{ℓ∈{1,2,...,L}, σ∈Σ(L)}. Note that we have introduced the following renumbering: identify the set index set {1, 2, . . . , ~K − 1} with the the set Σ(L) × {1, 2, . . . , L} using a bijective map j → (σ(j), l_j ).

Also, below R_{jk} = P_{jk} + g_{jk}Z and we set Q_K = Z. (167)

Our next aim is to consider first a fixed permutation σ and point x ∈ V_σ, and construct scalar functions S_{σ,ℓ}(Q^′, Q_K , R, g, ϕ), ℓ = 1, 2, . . . , L that satisfy 5∑ ℓ=1 S_{σ,ℓ}(Q^′, Q_K , R, g, ϕ) ∂_jϕ_{σ(ℓ)} = − 1 2 g^{pk}∇^g_pR_{jk} − L∑ ℓ=6 Q_{σ,ℓ} ∂_j ϕ_{σ(ℓ)}, (168) 5∑ ℓ=1 S_{σ,ℓ}(Q^′, Q_K , R, g, ϕ) ϕ_{σ(ℓ)} = Q_K − L∑ ℓ=6 Q_{σ,ℓ}ϕ_{σ(ℓ)}. (169)

Recall that for x ∈ V_σ the matrix B^σ(ϕ, ∇ϕ) = (B^σ_{jk}(ϕ(x), ∇ϕ(x)))^5_{j,k=1} is invertible.

Let (Y_σ(ϕ, ∇ϕ))(x) = (B^σ(ϕ, ∇ϕ))^{−1} for x ∈ V_σ, and zero for x ∉ V_σ. Then we define S_{σ,ℓ} = S_{σ,ℓ}(Q^′, Q_K , R, g, ϕ), ℓ = 1, 2, . . . , L, to be (S_{σ,ℓ})_{ℓ≤5} = Y (ϕ, ∇ϕ) ( (−^1_2 g^{pk}∇^g_pR_{jk} − ∑_L ℓ=6 Q_{σ,ℓ} ∂_j ϕ_{σ(ℓ)})_{j≤4} Q_K − ∑_L ℓ=6 Q_{σ,ℓ}ϕ_{σ(ℓ)} ) (170) = Y (ϕ, ∇ϕ) ( (−^1_2 g^{pk}∇^g_pR_{jk} Q_K ) + Q_{σ,ℓ}, (S_{σ,ℓ})_{ℓ≥6} = (Q_{σ,ℓ})_{ℓ≥6}. Observe that Q_{~σ,ℓ}, with ~σ ≠ σ, do not appear in the formula (170).

Above, Z and P were fixed. Let us now choose Q^′ to be arbitrary C^1-functions. Recall that R_{jk} = P_{jk} + g_{jk}Z. Then, we see that if we denote (note that we later will change the meaning of symbols S_ℓ) Q_K = Z, S_{σ,ℓ} = S_{σ,ℓ}(ϕ, ∇ϕ, Q^′, Q_K , ∇Q_K , ∇^gP, g), we see that the equations (165) and (166) are satisfied in x ∈ V_σ when functions S_ℓ are replaced by S_{σ,ℓ}. Moreover, we see that the derivative of S_σ = (S_{σ,ℓ})^L_{ℓ=1} with respect to (Q^′, Q_K , R), that is, D_Q′_{,QK ,R}S_σ (^ϕ, ^∇^ϕ, Q^′, Q_K , R, ^g) : R^{K+4} → R^L (171) is surjective.

Let us next combine the above constructions that were done for a single σ. Let ψ_σ ∈ C^∞(cl( ^U)) be the partition of unity such that supp (ψ_σ) ⊂ V_σ and ∑ σ∈Σ(L) ψσ(x) = 1 in cl( ^U).

We define S_ℓ(ϕ, ∇ϕ, Q^′, Q_K , ∇Q_K , ∇^gP, g) = ∑ σ∈Σ(L) ψ_σ(x) S_{σ,ℓ}(ϕ, ∇ϕ, Q^′, Q_K , ∇Q_K , ∇^gP, g), Let us next denote Q_K = Z, S_ℓ = S_ℓ(ϕ, ∇ϕ, Q^′, Q_K , ∇Q_K , ∇^gP, g). Then we see, using the partition of unity, that the functions S_ℓ satisfy the equations (165) and (166) for all x ∈ ^U.

Using the fact that Q_{~σ,ℓ}, with ~σ ≠ σ, do not appear in the formula (170) and that derivatives (171) are surjective, we see that in the derivative of S = (S_ℓ)^L_{ℓ=1}, c.f. Assumption S, with respect to (Q^′, Q_K , R), that is, D_Q′_{,QK ,R}S(^ϕ, ^∇^ϕ, Q^′, Q_K , R, ^g) : R^{K+4} → R^L is surjective^4 at all x ∈cl(U_{^g}). Hence (iii) in the Assumption S is valid.

Appendix C: Stability and existence of the direct problem. Let us start by explaining how we can choose a C^∞-smooth metric ~g such that ^g < ~g and (M, ~g) is globally hyperbolic: When v(x) the eigenvector corresponding to the negative eigenvalue of ^g(x), we can choose a smooth, strictly positive function η : M → R_+ such that

4We make the following note related the case considered in the main part of the paper when Q, P, R ∈ I^m(Y ), where Y is 2-dimensional sufrace, and we need to use the principal symbol r of R as an independent variable: Let us consider also a point x_0 ∈ M_0 and η be a light-like covector choose coordinates so that g = diag (−1, 1, 1, 1) and η = (1, 1, 0, 0). When c = (c^k)^4_{k=1} ∈ R^4 and P^{jk} = C^{jk} (x · η)^a_+, where C^{jk} is such a symmetric matrix that C^{11} = c_1, C^{12} = C^{21} =^1_2 c_2, C^{13} = C^{31} = c_3, and C^{14} = C^{41} = c_4 and other C^{jk} are zeros. Then we have

∇^g_j (C^{jk} (x · η)^a_+) = η_j P^{jk} = (C^{1k} + C^{2k} )(x · η)^{a−1}_+ = c_k(x · η)^{a−1}_+ .

As we can always choose coordinates that ^g and η have at a given point the above forms, we can obtain arbitrary vector r, as principal symbol of R, by considering Q^′, Q_{L+1}, P ∈ I^m(Y ), where Y is 2-submanifold, with principal symbols of ~p and ~z satisfing equations corresponding to equations ^g^{jk} ^∇_j (p_{kn} + z^g_{kn}) ∈ I^m(Y ), and the sub-principal symbols of p_{kn} and z vary arbitrarily.

~g^′ := ^g − ηv ⊗ v < ~g. Then (M, ~g^′) is globally hyperbolic, ~g^′ is smooth and ^g < ~g^′. Thus we can replace ~g by the smooth metric ~g^′ having the same properties that are required for ~g.

Let us now return to consider existence and stability of the solutions of the Einstein-scalar field equations. Let t = t(x) be local time so that there is a diffeomorphism Ψ : M → R × N, Ψ(x) = (t(x), Y (x)), and S(T ) = {x ∈ M_0; t(x) = T }, T ∈ R are Cauchy surfaces. Let t_0 > 0. Next we identify M and R × N via the map Ψ and just denote M = R × N. Let us denote M(t) = (−∞, t) × N, and M_0 = M(t_0). By [5, Cor. A.5.4] the set K = J^+_{~g} (^p^−) ∩ M_0, where ^p^0 ∈ M_0, is compact. Let N_1, N_2 ⊂ N be such open relatively compact sets with smooth boundary that N_1 ⊂ N_2 and Y (J^+_{~g} (^p^0) ∩ M_0) ⊂ N_1.

To simplify citations to existing literature, let us define ~N to be a compact manifold without boundary such that N_2 can be considered as a subset of ~N. Using a construction based on a suitable partition of unity, the Hopf double of the manifold N_2, and the Seeley extension of the metric tensor, we can endow ~M = (−∞, t_0) × ~N with a smooth Lorentzian metric ^g^e (index e is for "extended") so that {t} × ~N are Cauchy surfaces of ~N and that ^g and ^g^e coincide in the set Ψ^{−1}((−∞, t_0) × N_1) that contains the set J^+_{^g} (^p^0) ∩ M_0. We extend the metric ~g to a (possibly non-smooth) globally hyperbolic metric ~g^e on ~M_0 = (−∞, t_0) × ~N) such that ^g^e < ~g^e.

To simplify notations below we denote ^g^e = ^g and ~g^e = ~g on the whole ~M_0. Our aim is to prove the estimate (32).

Let us denote by t = t(x) the local time. Recall that when (g, ϕ) is a solution of the scalar field-Einstein equation, we denote u = (g − ^g, ϕ − ^ϕ). We will consider the equation for u, and to emphasize that the metric depends on u, we denote g = g(u) and assume below that both the metric g is dominated by ~g, that is, g < ~g. We use the pairs u(t) = (u(t, · ), ∂_tu(t, · )) ∈ H^1( ~N) × L^2( ~N) and the notations v(t) = (v(t), ∂_tv(t)) etc. Let us consider a generalization of the system (30) of the form □_{g(u)}u + V (x, D)u + H(u, ∂u) = R(x, u, ∂u)F + K, x ∈ ~M_0, (172)

supp (u) ⊂ K,

where □_{g(u)} is the Lorentzian Laplace operator operating on the sections of the bundle B^L on M_0 and supp (F ) ∪ supp (K) ⊂ K. Note that above u = (g − ^g, ϕ − ^ϕ) and g(u) = g. Also, F → R(x, u, ∂u)F is a linear first order differential operator which coefficients at x are depending smoothly on u(x), ∂_j u(x) and the derivatives of (^g, ^ϕ) at x and V (x, D) = V^j(x)∂_j + V (x) is a linear first order differential operator which coefficients at x are depending smoothly on the derivatives of (^g, ^ϕ) at x, and finally, H(u, ∂u) is a polynomial of u(x) and ∂_j u(x) which coefficients at x are depending smoothly on the derivatives of (^g, ^ϕ) such that ∂^α_v ∂^β_wH(v, w)|_{v=0,w=0} = 0 for |α| + |β| ≤ 1. By [80, Lemma 9.7], the equation (172) has at most one solution with given C^2-smooth source functions F and K. Next we consider the existence of u and its dependency on F and K.

Below we use notations, c.f. (30) and (41) R(u, F ) = R(x, u(x), ∂u(x))F (x), H(u) = H(u(x), ∂u(x)). Note that u = 0, i.e., g = ^g and ϕ = ^ϕ satisfies (172) with F = 0 and K = 0. Let us use the same notations as in [38] cf. also [46, section 16], to consider quasilinear wave equation on [0, t_0] × ~N. Let H^{(s)} ( ~N) = H^s( ~N) × H^{s−1}( ~N) and

Z = H^{(1)} ( ~N), Y = H^{(k+1)} ( ~N), X = H^{(k)} ( ~N).

The norms on these space are defined invariantly using the smooth Riemannian metric h = ^g|_{{0}× ~N} on ~N. Note that H^{(s)} ( ~N) are in fact the Sobolev spaces of sections on the bundle π : B_K → ~N, where B_K denotes also the pull back bundle of B_K on ~M in the map id : {0} × ~N → ~M_0, or on the bundle π : B_L → ~N. Below, ∇_h denotes the standard connection of the bundle B_K or B_L associated to the metric h. Let k ≥ 4 be an even integer. By definition of H and R we see that there are 0 < r_0 < 1 and L_1, L_2 > 0, all depending on ^g, ^ϕ, K, and t_0, such that if 0 < r ≤ r_0 and

‖v‖_{C([0,t0];H} (k+1)_{( ~N))} ≤ r, ‖v^′‖_{C([0,t0];H} (k+1)_{( ~N ))} ≤ r,

(173)

‖F ‖_{C([0,t0];H}(k+1)_{( ~N ))} ≤ r^2, ‖K‖_{C([0,t0];H}(k+1)_{( ~N ))} ≤ r^2 ‖F^′‖_{C([0,t0];H}(k+1)_{( ~N ))} ≤ r^2, ‖K^′‖_{C([0,t0];H}(k+1)_{( ~N))} ≤ r^2

then

‖g(· ; v)^{−1}‖_{C([0,t0];H}s_{( ~N))} ≤ L_1,

(174)

‖H(v)‖_{C([0,t0];Hs−1( ~N))} ≤ L_2r^2, ‖H(v^′)‖_{C([0,t0];Hs−1( ~N))} ≤ L_2r^2, ‖H(v) − H(v^′)‖_{C([0,t0];H}s−1_{( ~N ))} ≤ L_2r ‖v − v^′‖_{C([0,t0];H} (s)_{( ~N ))}, ‖R(v^′, F^′)‖_{C([0,t0];H}s−1_{( ~N))} ≤ L_2r^2, ‖R(v, F )‖_{C([0,t0];H}s−1_{( ~N))} ≤ L_2r^2, ‖R(v, F ) − R(v^′, F^′)‖_{C([0,t0];Hs−1( ~N ))} ≤ L_2r ‖v − v^′‖_{C([0,t0];H} (s)_{( ~N))} + L_2‖F − F^′‖_{C([0,t0];H}s+1_{( ~N ))∩C}1_{([0,t0];H}s_{( ~N))},

for all s ∈ [1, k + 1].

Next we write (172) as a first order system. To this end, let A(t, v) : H^{(s)} ( ~N) → H^{(s−1)} ( ~N) be the operator A(t, v) = A_0(t, v) + A_1(t, v) where in local coordinates and in the local trivialization of the bundle B^L A_0(t, v) = − ( 0 I 1 g^{00}(v)

∑_3 j,k=1 g jk(v)^∂_{∂xj}^∂_{∂xk}^1_{g00(v)} ∑_3 m=1 g^{0m}(v)^∂_{∂xm} )

with g^{jk}(v) = g^{jk}(t, · ; v) is a function on ~N and

A_1(t, v) = −1 g^{00}(v) ( 0 0 ∑_3

j=1 B^j(v)^∂_{∂xj} B^0(v) )

where B^j (v) depend on v(t, x) and its first derivatives, and the connection coefficients (the Christoffel symbols) corresponding to g(v). We denote S = (F, K) and

f_S (t, v) = (f^1_S (t, v), f^2_S (t, v)) ∈ H^{(k)} ( ~N), where f^1_S (t, v) = 0, f^2_S (t, v) = R(v, F )(t, · ) − H(v)(t, · ) + K(t, · ).

Note that when (173) are satisfied with r < r_0, inequalities (174) imply that there exists C_2 > 0 so that

‖f_S (t, v)‖_Y + ‖f_S′ (t, v^′)‖_Y ≤ C_2r^2,

(175) ‖f_S (t, v) − f_S (t, v^′)‖_Y ≤ C_2r ‖v − v^′‖_{C([0,t0];Y )}.

Let U^v(t, s) be the wave propagator corresponding to metric g(v), that is, U^v(t, s) : h → w, where w(t) = (w(t), ∂_tw(t)) solves

(□_{g(v)} + V (x, D))w = 0 for (t, y) ∈ [s, t_0] × ~N, with w(s, y) = h.

Let S = (∇^∗_h∇_h +1)^{k/2} : Y → Z be an isomorphism. As k is an even integer, we see using multiplication estimates for Sobolev spaces, see e.g. [38, Sec. 3.2, point (2)], that there exists c_1 > 0 (depending on r_0, L_1, and L^2) so that A(t, v)S−SA(t, v) = C(t, v), where ‖C(t, v)‖_{Y →Z} ≤ c_1 for all v satisfying (173). This yields that the property (A2) in [38] holds, namely that SA(t, v)S^{−1} = A(t, v) + B(t, v) where B(t, v) extends to a bounded operator in Z for which ‖B(t, v)‖_{Z→Z} ≤ c_1 for all v satisfying (173). Alternatively, to see the mapping properties of B(t, v) we could use the fact that B(t, v) is a zeroth order pseudodifferential operator with H^k-symbol.

Thus the proof of [38, Lemma 2.6] shows that there is a constant C_3 > 0 so that ‖U^v(t, s)‖_{Z→Z} ≤ C_3 and ‖U^v(t, s)‖_{Y →Y} ≤ C_3 (176)

for 0 ≤ s < t ≤ t_0. By interpolation of estimates (176), we see also that ‖U^v(t, s)‖_{X→X} ≤ C_3, (177)

for 0 ≤ s < t ≤ t_0.

Let us next modify the reasoning given in [46]: let r_1 ∈ (0, r_0) be a parameter which value will be chosen later, C_1 > 0 and E be the space of functions u ∈ C([0, t_0]; X) for which ‖u(t)‖_Y ≤ r_1 and

(178) ‖u(t_1) − u(t_2)‖_X ≤ C_1|t_1 − t_2|

(179) for all t, t_1, t_2 ∈ [0, t_0]. The set E is endowed by the metric of C([0, t_0]; X). We note that by [46, Lemma 7.3], a convex Y -bounded, Y -closed set is closed also in X. Similarly, functions G : [0, t_0] → X satisfying (179) form a closed subspace of C([0, t_0]; X). Thus E ⊂ X is a closed set implying that E is a complete metric space. Let W = {(F, K) ∈ C([0, t_0]; H^{k+1}( ~N))^2; sup_{t∈[0,t0]} ‖F (t)‖_{Hk+1( ~N)} + ‖K(t)‖_{Hk+1( ~N)} < r_1}.

Following [46, p. 44], we see that the solution of equation (172) with the source S ∈ W is found as a fixed point, if it exists, of the map Φ_S : E → C([0, t_0]; Y ) where Φ_S (v) = u is given by

u(t) = ∫_t 0 U^v(t, ~t)f_S (~t, v) d~t, 0 ≤ t ≤ t_0. Below, we denote u^v = Φ_S (v).

As Φ_{S0} (0) = 0 where S_0 = (0, 0), we see using the above and the inequality ‖ · ‖_X ≤ ‖ · ‖_Y that the function u^v satifies

‖u^v‖_{C([0,t0];Y )} ≤ C_3C_2t_0r^2_1, ‖u^v(t_2) − u^v(t_1)‖_X ≤ C_3C_2r^2_1|t_2 − t_1|, t_1, t_2 ∈ [0, t_0].

When r_1 > 0 is so small that C_3C_2(1 + t_0) < r^{−1}_1 and C_3C_2r^2_1 < C_1 we see that ‖Φ_S (v)‖_{C([0,t0];Y )} < r_1 and ‖Φ_S (v)‖_C0,1_{([0,t0];X)} < C_1. Hence Φ_S (E) ⊂ E and we can consider Φ_S as a map Φ_S : E → E.

As k > 1 +^3_2 , it follows from Sobolev embedding theorem that X = H^{(k)} ( ~N) ⊂ C^1( ~N)^2. This yields that by [46, Thm. 3], for the original reference, see Theorems III-IV in [45], ‖(U^v(t, s) − U^{v′} (t, s))h‖_X ≤ C_3 ( sup_{t′∈[0,t]} ‖A(t^′, v) − A(t^′, v^′)‖_{Y →X} ‖U^v(t^′, 0)h‖_Y )

≤ C^2_3 ‖v − v^′‖_{C([0,t0];X)}‖h‖_Y . Thus,

‖U^v(t, s)f_S (s, v) − U^{v′} (t, s)f_S (s, v^′)‖_X ≤ ‖(U^v(t, s) − U^{v′} (t, s))f_S (s, v)‖_X + ‖U^{v′} (t, s)(f_S (s, v) − f_S (s, v^′))‖_X ≤ (1 + C_3)^2C_2r^2_1‖v − v^′‖_{C([0,t0];X)}.

This implies that

‖Φ_S (v) − Φ_S (v^′)‖_{C([0,t0];X)} ≤ t_0(1 + C_3)^2C_2r^2_1‖v − v^′‖_{C([0,t0];X))}.

Assume next that r_1 > 0 is so small that we have also

t_0(1 + C_3)^2C_2r^2_1 < 1 2 . cf. Thm. I in [38] (or (9.15) and (10.3)-(10.5) in [46]). For S ∈ W this implies that Φ_S : E → E is a contraction with a contraction constant C_L ≤^1_2 , and thus Φ_S has a unique fixed point u in the space E ⊂ C^{0,1}([0, t_0]; X).

Moreover, elementary considerations related to fixed point of the map Φ_S show that u in C([0, t_0]; X) depends in E ⊂ C([0, t_0]; X) Lipschitz-continuously on S ∈ W ⊂ C([0, t_0]; H^{k+1}( ~N))^2. Indeed, if ‖S − S^′‖_{C([0,t0];H}k+1_)2 < ε, we see that ‖f_S (t, v) − f_S′ (t, v)‖_Y ≤ C_2ε, t ∈ [0, t_0], (180)

and when (175) and (176) are satisfied with r = r_1, we have

‖Φ_S (v) − Φ_S′ (v^′)‖_{C([0,t0];Y )} ≤ C_3C_2t_0r^2_1.

Hence

‖Φ_S (v) − Φ_S′ (v)‖_{C([0,t0];Y )} ≤ t_0C_3C_2ε.

This and standard estimates for fixed points, yield that when ε is small enough the fixed point u^′ of the map Φ_S′ : E → E corresponding to the source S^′ and the fixed point u of the map Φ_S : E → E corresponding to the source S satisfy

‖u − u^′‖_{C([0,t0];X)} ≤ 1 1 − C_L t_0C_3C_2ε.

(181)

Thus the solution u depends in C([0, t_0]; X) Lipschitz continuously on S ∈ C([0, t_0]; H^{k+1}( ~N))^2 (see also [46, Sect. 16], and [80]). In fact, for analogous systems it is possible to show that u is in C([0, t_0]; Y ), but one can not obtain Lipschitz or Hölder stability for u in the Y -norm, see [46], Remark 7.2.

Finally, we note that the fixed point u of Φ_S can be found as a limit u = lim_{n→∞} u_n in C([0, t_0]; X), where u_0 = 0 and u_n = Φ_S (u_{n−1}). Denote u_n = (g_n −^g, ϕ_n − ^ϕ). We see that if supp (u_{n−1}) ⊂ J_{^g}(supp (S)) then also supp (g_{n−1} − ^g) ⊂ J_{^g}(supp (S)). Hence for all x ∈ M_0 \ J_{^g}(supp (S)) we see that J^−_{gn−1} (x) ∩ J_{^g}(supp (S)) = ∅. Then, using the definition of the map Φ_S we see that supp (u_n) ⊂ J_{^g}(supp (S)). Using induction we see that this holds for all n and hence we see that the solution u satisfies

supp (u) ⊂ J_{^g}(supp (S)).

(182)

Appendix D: An inverse problem for a non-linear wave equation. In this appendix we explain how a problem for a scalar wave equation can be solved with the same techniques that we used for the Einstein equations.

Let (M_j, g_j), j = 1, 2 be two globally hyperbolic (1 + 3) dimensional Lorentzian manifolds represented using global smooth time functions as M_j = R × N_j, μ_j = μ_j ([−1, 1]) ⊂ M_j be a time-like geodesic and U_j ⊂ M_j be open, relatively compact neighborhood of μ_j([s_−, s_+]), −1 < s_− < s_+ < 1. Let M^0_j = (−∞, T_0) × N_j where T_0 > 0 is such that U_j ⊂ M^0_j . Consider the non-linear wave equation

□_{gj} u(x) + a_j(x) u(x)^2 = f(x) on M^0_j , supp (u) ⊂ J^+_{gj} (supp (f)),

(183)

where supp (f) ⊂ U_j, □_gu = − 4∑ p,q=1 det(−g(x))^{−1/2} ∂ ∂x^p ( (−det(g(x))^{1/2}g^{pq}(x) ∂ ∂x^q u(x) ) , det(g) = det((g_{pq}(x))^4_{p,q=1}), f ∈ C^6_0 (U_j ) is a controllable source, and a_j is a non-vanishing C^∞-smooth function. Our goal is to prove the following result:

Theorem 5.12. Let (M_j, g_j), j = 1, 2 be two open, smooth, globally hyperbolic Lorentzian manifolds of dimension (1 + 3). Let p^+_j = μ_j(s_+), p^−_j = μ_j(s_−) ∈ M_j the points of a time-like geodesic μ_j = μ_j([−1, 1]) ⊂ M_j , −1 < s_− < s_+ < 1, and let U_j ⊂ M_j be an open relatively compact neighborhood of μ_j([s_−, s_+]) given in (2). Let a_j : M_j → R, j = 1, 2 be C^∞-smooth functions that are non-zero on M_j .

Let L_{Uj} , j = 1, 2 be measurement operators defined in an open set W_j ⊂ C^6_0 (U_j ) containing the zero function by setting L_{Uj} : f → u|_{Uj} , f ∈ C^6_0 (U_j), (184)

where u satisfies the wave equation (183) on (M^0_j , g_j).

Assume that there is a diffeomorphic isometry Φ : U_1 → U_2 so that Φ(p^−_1 ) = p^−_2 and Φ(p^+_1 ) = p^+_2 and the measurement maps satisfy

((Φ^{−1})^∗ ∘ L_{U1} ∘ Φ^∗)f = L_{U2} f for all f ∈ W where W is some neighborhood of the zero function in C^6_0 (U_2).

Then there is a diffeomorphism Ψ : I(p^−_1 , p^+_1 ) → I(p^−_2 , p^+_2 ), and the metric Ψ^∗g_2 is conformal to g_1 in I(p^−_1 , p^+_1 ) ⊂ M_1, that is, there is β(x) such that g_1(x) = β(x)(Ψ^∗g_2)(x) in I(p^−_1 , p^+_1 ).

We note that the smoothness assumptions assumed above on the functions a and the source f are not optimal. The proof, presented below, is based on using the interaction of singular waves. The techniques used can be modified used to study different non-linearities, such as the equations □_{^g}u + a(x)u^3 = f, □_{^g}u + a(x)u^2_t = f, or □_{g(x,u(x))}u = f, but these considerations are outside the scope of this paper.

Theorem 5.12 can be applicable for example in the mathematical analysis of non-destructive testing or imaging in non-linear medium e.g, in imaging the non-linearity of the acoustic material parameter inside a given body when it is under large, time-varying, possibly periodic, changes of the external pressure and at the same time the body is probed with small-amplitude fields. Such acoustic measurements are analogous to the recently developed Ultrasound Elastography imaging technique where the interaction of the elastic shear and pressure waves is used for medical imaging, see e.g. [37, 62, 63, 72]. There, the slowly progressing shear wave is imaged using a pressure wave and the image of the shear wave inside the body is used to determine approximately the material parameters. In other words, the changes which the elastic wave causes in the medium are imaged using the interaction of the s-wave and p-wave components of the elastic wave.

Let us also consider some implications of theorem 5.12 for inverse problems for a non-linear equation involving a time-independent metric g(t, y) = −dt^2 + 3∑ α,β=1 h_{αβ}(y)dy^αdy^β, (t, y) ∈ R × N. (185)

The metric (185) corresponds to the hyperbolic operator ∂^2_t −Δ_h, with a time-independent Riemannian metric h = (h_{αβ} (y))^3_{α,β=1}, y ∈ N, where N is a 3-dimensional manifold and Δ_hu(y, t) = 3∑ α,β=1 ∂ ∂y^α ( h^{αβ} (y) ∂ ∂y^β u(t, y) ) . Corollary 5.13. Let (M_j, g_j), M_j = R × N_j , j = 1, 2 be two open, smooth, globally hyperbolic Lorentzian manifolds of dimension (1 + 3). Assume that g_j is the product metric of the type (185), g_j = −dt^2 + h_j (y), j = 1, 2. Let p^+_j = μ_j(s_+), p^−_j = μ_j (s_−) ∈ (0, T_0) × N_j be points of a time-like geodesic μ_j = μ_j([−1, 1]) ⊂ M_j , −1 < s_− < s_+ < 1, and to fix the time variable, assume that μ_j(s_−) ∈ {1} × N_j .

Let U_j ⊂ (0, T_0) × N_j be an open relatively compact neighborhood of μ_j([s_−, s_+]) given in (2). Let a_j : M_j → R, j = 1, 2 be C^∞-smooth functions that are non-zero on M_j and x = (t, y) ∈ R × N.

For j = 1, 2, consider the non-linear wave equations ( ∂^2 ∂t^2 − Δ_{hj} )u(t, y) + a_j (y, t)(u(t, y))^2 = f(t, y) on (0, T_0) × N_j ,

supp (u) ⊂ J^+_{gj} (supp (f)),

(186)

where f ∈ C^6_0 (U_j ), j = 1, 2. Let L_{Uj} : f → u|_{Uj} be the measurement operator (184) for the wave equation (186) with the Riemannian metric h_j (x) and the coefficient a_j (x, t) for j = 1, 2, defined in some C^6_0 (U_j ) neighborhood of the zero function.

Assume that there is a diffeomorphism Φ : U_1 → U_2 of the form Φ(t, y) = (t, ϕ(y)) so that

((Φ^{−1})^∗ ∘ L_{U1} ∘ Φ^∗)f = L_{U2} f

for all f ∈ W where W is some neighborhood of the zero function in C^6_0 (U_2).

Then there is a diffeomorphism Ψ : I^+(p^−_1 ) ∩ I^−(p^+_1 ) → I^+(p^−_2 ) ∩ I^−(p^+_2 ) of the form Ψ(t, y) = (ψ(y), t), the metric Ψ^∗g_2 is isometric to g_1 in I^+(p^−_1 ) ∩ I^−(p^+_1 ), and a_1(t, y) = a_2(t, ψ(y)) in I^+(p^−_1 ) ∩ I^−(p^+_1 ).

Next we consider the proofs.

Proof. (of Theorem 5.12). We will explain how the proof of Theorem 1.4 for the Einstein equation needs to be modified to obtain the similar result for the non-linear wave equation.

Let (M, ^g) be a smooth globally hyperbolic Lorentzian manifold that we represent using a global smooth time function as M = (−∞, ∞)×N, and consider M^0 = (−∞, T ) × N ⊂ M. Assume that the set U, where the sources are supported and where we observe the waves, satisfies U ⊂ [0, T ] × N. The results of section 3.2 concerning the direct problem for Einstein equations can be modified for the wave equation

□_{^g}u + au^2 = f, in M^0 = (−∞, T ) × N,

(187) u|_{(−∞,0)×N} = 0, where a = a(x) is a smooth, non-vanishing function. Here we denote the metric by ^g to emphasize the fact that it is independent on the solution u. Below, let Q be the causal inverse operator of □_{^g}.

When f in C_0([0, t_0]; H^6_0 (B)) ∩ C^1_0 ([0, t_0]; H^5_0 (B)) is small enough, we see by using [80, Prop. 9.17] and [38, Thm. III], see also (181) in Appendix C, that the equation (187) has a unique solution u ∈ C_0([0, t_0]; H^5(N)) ∩ C^1_0 ([0, t_0]; H^4(N)). Moreover, we can consider the case when f = εf_0 where ε > 0 is small. Then, we can write

u = εw_1 + ε^2w_2 + ε^3w_3 + ε^4w_4 + E_ε where w_j and the reminder term E_ε satisfy w_1 = Qf, w_2 = −Q(a w_1 w_1), w_3 = −2Q(a w_1 w_2)

= 2Q(a w_1 Q(a w_1 w_1)), w_4 = −Q(a w_2 w_2) − 2Q(a w_1 w_3) = −Q(a Q(a w_1 w_1) Q(a w_1 w_1)) +4Q(a w_1 Q(a w_1 w_2)) = −Q(a Q(a w_1 w_1) Q(a w_1 w_1)) −4Q(a w_1 Q(a w_1 Q(a w_1 w_1))), ‖E_ε‖_{C([0,t0];H}4_{0 (N))∩C}1_{([0,t0];H}3_{0 (N))} ≤ Cε^5.

If we consider sources f_{⃗ε}(x) =

∑_4 j=1 ε_jf_{(j)}(x), ⃗ε = (ε_1, ε_2, ε_3, ε_4), and the corresponding solution u_{⃗ε} of (187), we see that

M^{(4)} = ∂^4_{⃗ε} u_{⃗ε}|_{⃗ε=0} = ∂_{ε1} ∂_{ε2} ∂_{ε3} ∂_{ε4} u_{⃗ε}|_{⃗ε=0} = − ∑ σ∈Σ(4) ( Q(a Q(a u_{(σ(1))} u_{(σ(2))}) Q(a u_{(σ(3))} u_{(σ(4))}))

(188)

+4Q(a u_{(σ(1))} Q(a u_{(σ(2))} Q(a u_{(σ(3))} u_{(σ(4))}))) ) , where u_{(j)} = Qf_{(j)} and Σ(ℓ) is the set of permutations of the set {1, 2, 3, . . . , ℓ}. The results of Lemma 3.1 can be replaced by the results of [28, Prop. 2.1] as follows. Using the same notations as in Lemma 3.1, let Y = Y (x_0, ζ_0; t_0, s_0), K = K(x_0, ζ_0; t_0, s_0), and Λ_1 = Λ(x_0, ζ_0; t_0, s_0), and consider a source f ∈ I^{n−3/2}(Y ). Then u = Qf satisfies u|_{M0\Y} ∈ I^{n−1/2}(M_0 \ Y ; Λ_1). Assume that (x, ξ), (y, η) ∈ L^+M are on the same bicharacteristics of □_{^g}, and x < y, that is, ((x, ξ), (y, η)) ∈ Λ^′_{^g}. Moreover, assume that (x, ξ) ∈ N^∗Y . Let ~b(x, ξ) be the principal symbol of f at (x, ξ) and ~a(y, η) be the principal symbol of u at (y, η). Then ~a(y, η) depends linearly on ~f(x, ξ) and ~a(y, η) vanishes if and only if ~f(x, ξ) vanishes.

Analogously to the Einstein equations, we consider the indicator function Θ^{(4)}_τ = ⟨F_τ , M^{(4)}⟩_L2_{(U)},

(189) where M^{(4)} is given by (188) with u_{(j)} = Qf_{(j)}, j = 1, 2, 3, 4, where f_{(j)} ∈ I^{n−3/2}(Y (x_j , ξ_j; t_0, s_0)), n ≤ −n_1, and F_τ is the source producing a gaussian beam Q^∗F_τ that propagates to the past along the geodesic γ_{x5,ξ5} (R_− ), see (72).

Similar results to the ones given in Proposition 3.4 are valid. Let us consider next the case when (x_5, ξ_5) comes from the 4-intersection of rays corresponding to (⃗x, ⃗ξ) = ((x_j, ξ_j))^4_{j=1} and q is the corresponding intersection point, that is, q = γ_{xj ,ξj} (t_j) for all j = 1, 2, 3, 4, 5. Then

Θ^{(4)}_τ ∼ ∞∑ k=m s_kτ^{−k} (190)

as τ → ∞ where m = −4n + 4. Moreover, let b_j = (γ̇_{xj ,ξj} (t_j ))^♭ and b = (b_j )^5_{j=1} ∈ (T^∗_q M_0)^5, w_j be the principal symbols of the waves u_{(j)} at (q, b_j), and w = (w_j)^5_{j=1}. Then we see as in Proposition 3.4 that there is a real-analytic function G(b, w) such that the leading order term in (84) satisfies s_m = G(b, w).

(191)

The proof of Prop. 3.7 dealing with Einstein equations needs significant changes and we need to prove the following:

Proposition 5.14. The function G(b, w) given in (191) for the nonlinear wave equation is a non-identically vanishing real-analytic function.

Proof. Let us use the notations introduced in Prop. 3.7.

As for the Einstein equations, we consider light-like vectors

b_5 = (1, 1, 0, 0), b_j = (1, 1 − 1 2 ρ^2_j , ρ_j + O(ρ^3_j ), ρ^3_j ), j = 1, 2, 3, 4,

in the Minkowski space R^{1+3} , endowed with the standard metric g = diag (−1, 1, 1, 1), where the terms O(ρ^3_k) are such that the vectors b_j , j ≤ 5, are light-like. Then

g(b_5, b_j ) = − 1 2 ρ^2_j , g(b_k, b_j ) = − 1 2 ρ^2_k − 1 2 ρ^2_j + O(ρ_kρ_j ).

Below, we denote ω_{kj} = g(b_k, b_j). Note that if ρ_j < ρ^4_k, we have ω_{kj} = −^1_2 ρ^2_k + O(ρ^3_k).

For the wave equation, we use different parameters ρ_j than for the Einstein equations, and define (so, we use here the "unordered" numbering 4-2-1-3) ρ_4 = ρ^{100}_2 , ρ_2 = ρ^{100}_1 , and ρ_1 = ρ^{100}_3 .

(192) Below in this proof, we denote ⃗ρ → 0 when ρ_3 → 0 and ρ_4, ρ_2, and ρ_1 are defined using ρ_3 as in (192).

Let us next consider in Minkowski space the coordinates (x^j )^4_{j=1} such that K_j = {x^j = 0} are light-like hyperplanes and the waves u_j = u_{(j)} that satisfy in the Minkowski space □u_j = 0 and can be written as

u_j(x) = ∫ R e^{ixj θ}a_j (x, θ) dθ, a_j (x, θ^′) ∈ S^n(R^4 ; R \ 0), j ≤ 4, and u^τ (x) = χ(x^0)w_{(5)} exp(iτb^{(5)} · x).

Note that the singular supports of the waves u_j, j = 1, 2, 3, 4, intersect then at the point ∩^4_{j=1}K_j = {0}. Analogously to the definition (85) we considered for Einstein equations, we define the (Minkowski) indicator function

G^{(m)}(v, b) = lim_{τ →∞} τ^m( ∑ β≤n_1 ∑ σ∈Σ(4) T^{(m),β}_{τ,σ} + ~T^{(m),β}_{τ,σ} ), where

T^{(m),β}_{τ,σ} = ⟨Q_0(u^τ · αu_{σ(4)}), h · αu_{σ(3)} · Q_0(αu_{σ(2)} · u_{σ(1)})⟩, ~T^{(m),β} τ,σ = ⟨u^τ , hα Q_0(αu_{σ(4)} · u_{σ(3)}) · Q_0(αu_{σ(2)} · u_{σ(1)})⟩.

As for Einstein equations, we see that when α is equal to the value of the function a(t, y) at the intersection point q = 0 of the waves, we have G^{(m)}(v, b) = G(v, b).

Similarly to the Lemma 3.4 we analyze next the functions

Θ^{(m)}_τ = ∑ β∈J_ℓ ∑ σ∈Σ(4) (T^{(m),,β} τ,σ + ~T^{(m),β}_{τ,σ} ).

Here (m) refers to "Minkowski". We denote T^{(m),β}τ = T^{(m),β}_{τ,id} and ~T^{(m),β} τ = ~T^{(m),β}_{τ,id} . Let us first consider the case when the permutation σ = id. Then, as in the proof of Prop. 3.7, in the case when ⃗S^β = (Q_0, Q_0), we have T^{(m),β}_τ = C_1det(A)· (iτ)^m(1 + O( 1 τ ))⃗ρ^{2⃗n}(ω_{45}ω_{12})^{−1}ρ^{−4}_4 ρ^{−4}_2 ρ^{−4}_1 ρ^2_3· P

= C_2det(A)· (iτ)^m(1 + O( 1 τ ))⃗ρ^{2⃗n}ρ^{−4−2}_4 ρ^{−4}_2 ρ^{−4−2}_1 ρ^{−2}_3 · P

where P is the product of the principal symbols of the waves u_j at zero, ⃗ρ^{2⃗n} = ρ^{2n}_1 ρ^{2n}_2 ρ^{2n}_3 ρ^{2n}_4 , and C_1 and C_2 are non-vanishing. Similarly, a direct computation yields ~T^{(m),β} τ = C_1det(A)· (iτ)^n(1 + O( 1 τ ))⃗ρ^{2⃗n}(ω_{43}ω_{21})^{−1}ρ^{−4}_4 ρ^{−4}_2 ρ^{−4}_1 ρ^{−4}_3 · P

= C_2det(A)· (iτ)^m(1 + O( 1 τ ))⃗ρ^{2⃗n}ρ^{−4}_4 ρ^{−4}_2 ρ^{−4−2}_1 ρ^{−4−2}_3 · P,

where again, P is the product of the principal symbols of the waves u_j at zero and C_1 and C_2 are non-vanishing.

Considering formula (188), we see that for the wave equation we do not need to consider the terms that for the Einstein equations correspond to the cases when ⃗S^β = (Q_0, I), ⃗S^β = (I, Q_0), or ⃗S^β = (I, I) as the corresponding terms do not appear in formula (188).

Let us now consider permutations σ of the indexes (1, 2, 3, 4) and compare the terms

L^{(m),β}_σ = lim_{τ →∞} τ^mT^{(m),β}_{τ,σ} ,

~L^{(m),β}_σ = lim_{τ →∞} τ^m ~T^{(m),β}_{τ,σ} .

Due to the presence of ω_{45}ω_{12} in the above computations, we observe that all the terms ~L^{(m),β}τ,σ /L^{(m),β}_{τ,id} → 0 as ⃗ρ → 0, see (192). Also, if σ ≠ (1, 2, 3, 4) and σ ≠ σ_01 = (2, 1, 3, 4), we see that ~L^{(m),β}τ,σ /L^{(m),β}_{τ,id} → 0 as ⃗ρ → 0. Also, we observe that L^{(m),β}τ,σ_1 = L^{(m),β}_{τ,id} . Thus we see that the equal terms L^{(m),β}τ,σ_1 = L^{(m),β}_{τ,id} that give the largest contributions as ⃗ρ → 0 and that when P ≠ 0 the sum S(⃗ρ, P) = ∑ σ∈Σ(4) (L^{(m),β}_{τ,σ} + ~L^{(m),β}_{τ,σ} ) is non-zero when ρ_3 > 0 is small enough and ρ_4, ρ_2, and ρ_1 are defined using ρ_3 as in (192). As the indicator function is real-analytic, this shows that the indicator function in non-vanishing in a generic set. □

We need also to change the the singularity detection condition (D) with light-like directions (⃗x, ⃗ξ) as follows: We define that point y ∈ ^U, satisfies the singularity detection condition (D^′) with light-like directions (⃗x, ⃗ξ) and t_0, ^s > 0 if

(D^′) For any s, s_0 ∈ (0, ^s) there are (x^′_j , ξ^′_j) ∈ W_j (s; x_j, ξ_j), j = 1, 2, 3, 4, and f_{(j)} ∈ I_S^{n−3/2}(Y ((x^′_j, ξ^′_j); t_0, s_0)), and such that if u_{⃗ε} of is the solution of (187) with the source f_{⃗ε} =

∑_4 j=1 ε_jf_{(j)}, then the function ∂^4_{⃗ε} u_{⃗ε}|_{⃗ε=0} is not C^∞-smooth in any neighborhood of y.

When condition (D) is replace by (D^′), the considerations in the Sections 4 and 5 show that we can recover the conformal class of the metric. This proves Theorem 5.12. □

Proof. (of Corollary 5.13). Let us denote W_j = I^+(p^−_j )∩I^−(p^+_j ) ⊂ M_j . By Theorem 5.12, there is a map Ψ : W_1 → W_2 such that the product type metrics g_1 = −dt^2 +h_1(y) and g_2 = −dt^2 +h_2(y) are conformal. At the vector field V = ∂/∂x^0 satisfies ∇^{gj} V = 0, for given μ_1(s) = x_0 = (y_0, t_0), s ∈ [s_−, s_+] we can consider all smooth paths a : [0, 1] → W_1 that satisfy a(0) = x_0 = (y_0, t_0) and g_1(ȧ(s), V ) = 0. The set of the end points of such paths is equal to the set W_1 ∩ ({t_0} × N_1). Considering all such paths on W_1 and the analogous paths on W_2, we see that Ψ : W_1 ∩ ({t_0} × N_1) → W_2 ∩ ({t_0} × N_2) is a diffeomorphism. Hence

Ψ : W_1 → W_2 has the form Ψ(t, y) = (t, ~ψ(y, t)). This means that we can determine uniquely the foliation given by the t-coordinate. As the metric tensors g_1 and g_2 are conformal and their (0, 0)-components in the (t, y) coordinates satisfy (g_1)_{00} = −1 and (g_2)_{00} = −1, we conclude that g_1 and g_2 are isometric. Moreover, as g_1 and g_2 are independent of t, we see that there is a diffeomorphism Ψ : W_1 → W_2 of the form Ψ(t, y) = (t, ψ(y)) such that g_1 = Ψ^∗g_2. Note also that if π_2 : (t, y) → y, then h_1 = ψ^∗h_2 on π_2(W_1). Thus, we can assume next that the metric tensors g_1 and g_2 are isometric and identify the sets W_1 and W_2 denoting W = W_1 = W_2.

As the linearized waves u_{(j)} = Qf_{(j)} depend only on the metric g, using the proof of Theorem 5.12 we see that the indicator functions G(b, w) for (U_1, g_1, a_1) and (U_1, g_1, a_1) coincide for all b and w. This implies that a_1(t, y)^3 = a_2(t, y)^3 for all (t, y) ∈ W . Hence a_1(t, y) = a_2(t, y) for all (t, y) ∈ W . □

Acknowledgements. The authors did part of this work at MSRI in Fall 2010, The Newton Institute in Fall 2011, the Fields Institute in the Spring 2012 and the Mittag-Leffler Institute in the Spring of 2013. They would like to express their gratitude to these institutions for their hospitality.

YK was partly supported by EPSRC.

ML was partly supported by the Finnish Centre of Excellence in Inverse Problems Research 2006-2011 and 2012-2017.

GU was partly supported by NSF. He was also partly supported by a Clay Senior Award at MSRI, a Chancellor Professorship at UC Berkeley, a Rothschild Distinguished Visiting Fellowship at the Newton Institute and by the Fondation de Sciences Mathématiques de Paris.

References

[1] P. Alinhac: Non-Unicite du Probleme de Cauchy, Annals of Mathematics, 117 (1983), 77–108.

[2] M. Anderson, A. Katsuda, Y. Kurylev, M. Lassas, M. Taylor: Boundary regularity for the Ricci equation, Geometric Convergence, and Gel’fand’s Inverse Boundary Problem, Inventiones Mathematicae 158 (2004), 261-321.

[3] N. Andersson, G. Comer: Relativistic Fluid Dynamics: Physics for Many Different Scales, Living Rev. Relativity 10 (2007), 1 [4] V. Babich, V. Ulin: The complex space-time ray method and “quasiphotons.”

(Russian) Zap. Nauchn. Sem. LOMI 117 (1981), 5–12.

[5] C. Bär, N. Ginoux, F. Pfäffle: Wave equations on Lorentzian manifolds and quantization, ESI Lectures in Mathematics and Physics, 2007, 202 pp.

[6] J. Beem, P. Ehrlich, K. Easley: Global Lorentzian geometry, Pure and. Applied Mathematics, vol. 67 ; Dekker, 1981, p. 270 [7] M. Belishev: An approach to multidimensional inverse problems for the wave equation. (Russian) Dokl. Akad. Nauk SSSR 297 (1987), 524–527.

[8] M. Belishev, Y. Kurylev: To the reconstruction of a Riemannian manifold via its spectral data (BC-method). Comm. PDE 17 (1992), 767–804.

[9] Y. Berezanskii: The uniqueness theorem in the inverse problem of spectral analysis for the Schrödinger equation. (Russian) Trudy Moskov. Mat. Obsch., 7 (1958), 1–62.

[10] J. Beem, P. Ehrlich, K. Easley: Global Lorentzian geometry, Pure and. Applied Mathematics, vol. 67 ; M, Dekker, 1981.

[11] A. Bernal, M. Sanchez: Globally hyperbolic spacetimes can be defined as "causal" instead of "strongly causal", Class. Quant. Grav. 24 (2007) 745-750.

[12] A. Bernal, M. Sanchez: Smoothness of time functions and the metric splitting of globally hyperbolic spacetimes. Comm. Math. Phys. 257 (2005), 43–50.

[13] Y. Choquet-Bruhat, General relativity and the Einstein equations. Oxford Univ. Press, 2009. xxvi+785 pp.

[14] Y. Choquet-Bruhat, D. Christodoulou, M. Francaviglia: On the wave equation in curved spacetime. Ann. Inst. H. Poincaré Sect. A (N.S.) 31 (1979), no. 4, 399-414 (1980).

[15] D. Christodoulou: The formation of black holes in general relativity. EMS Monographs in Mathematics. European Mathematical Society (EMS) 2009. x+589 pp.

[16] D. Christodoulou: Global existence of generalized solutions of the spherically symmetric Einstein-scalar equations in the large. Comm. Math. Phys. 106 (1986), 587-621.

[17] D. Christodoulou, S.Klainerman: The global nonlinear stability of the Minkowski space, Princeton University Press, Princeton, U.S.A., 1993.

[18] M. Dafermos: Black hole formation from a complete regular past, Comm.

Math. Phys. 289 (2009), no. 2, 579-596 [19] M. Dafermos: The evolution problem in general relativity. Current developments in mathematics, 2008, 1–66, Int. Press, Somerville, MA, 2009.

[20] J.-M. Delort: F.B.I. transformation. Second microlocalization and semilinear caustics. Lecture Notes in Mathematics, 1522. Springer, Berlin, 1992. vi+101 pp. [21] N. Dencker: On the propagation of polarization sets for systems of real principal type, Journal of Functional Analysis 46 (1982), 351-372 [22] J. Duistermaat: Fourier Integral Operators, Birkhäuser Boston, 1996. x+142 pp. [23] G. Eskin: Inverse hyperbolic problems and optical black holes. Comm. Math.

Phys. 297 (2010), 817–839.

[24] F. de Felice, C. Clarke: Relativity on Curved Manifolds, Cambridge Monographs on Mathematical Physics.

[25] M. Fridman, et al., Demonstration of temporal cloaking Nature 481 (2012), 62–65.

[26] A. Fischer, J. Marsden: The Einstein evolution equations as a first-order quasilinear symmetric hyperbolic system. I. Comm. Math. Phys. 28 (1972), 1–38 [27] R. Geroch: Domain of dependence. J. Mathematical Phys. 11 (1970), 437–449. [28] A. Greenleaf, G., Uhlmann: Recovering singularities of a potential from singularities of scattering data. Comm. Math. Phys. 157 (1993), 549–572.

[29] A. Greenleaf, G. Uhlmann: Estimates for singular Radon transforms and pseudodifferential operators with singular symbols. J. Funct. Anal. 89 (1990), no. 1, 202–232.

[30] A. Greenleaf, Y. Kurylev, M. Lassas, G. Uhlmann: Invisibility and Inverse Problems. Bulletin of the American Mathematical Society 46 (2009), 55-97 [31] A. Greenleaf, Y. Kurylev, M. Lassas, G. Uhlmann: Full-wave invisibility of active devices at all frequencies. Comm. Math. Phys. 275 (2007), 749-789.

[32] A. Greenleaf, M. Lassas, G. Uhlmann: On nonuniqueness for Calderon’s inverse problem, Math. Res. Lett. 10 (2003), no. 5-6, 685-693.

[33] A. Grigis, J. Sjöstrand: Microlocal analysis for differential operators: an introduction, LMS, 1999.

[34] V. Guillemin, G. Uhlmann: Oscillatory integrals with singular symbols. Duke Math. J. bf 48 (1981), 251–267.

[35] T. Helin, M. Lassas, L. Oksanen: An inverse problem for the wave equation with one measurement and the pseudorandom source. To appear in Analysis and PDE.

[36] J. Henry, J. Heasley: High-resolution imaging from Mauna Kea: the triple quasar in 0.3-arc s seeing. Nature (1986) 321: 139–142.

[37] P. Hoskins Principles of ultrasound elastography, Ultrasound (20) 2012, 8-15. [38] T. Hughes, T. Kato; J. Marsden: Well-posed quasi-linear second-order hyperbolic systems with applications to nonlinear elastodynamics and general relativity. Arch. Rational Mech. Anal. 63 (1976), 273–294 [39] S. Hawking, G. Ellis: The Large Scale Structure of Space-Time, Cambridge press.

[40] L. Hörmander: The analysis of linear partial differential operators I. Springer- Verlag, 1985, viii+525 pp [41] L. Hörmander: The analysis of linear partial differential operators III.

Springer-Verlag, 1985, viii+525 pp [42] L. Hörmander: The analysis of linear partial differential operators IV.

Springer-Verlag, 1985, vii+352 pp.

[43] A. Katchalov, A system of coordinate for describing the "quasiphoton". (Russian) Zap. Nauch. Semin. LOMI, 140 (1984), 73–76.

[44] A. Katchalov, Y. Kurylev, M. Lassas: Inverse boundary spectral problems.

Chapman-Hall/CRC, Boca Raton, FL, 2001. xx+290 pp [45] T. Kato: Linear evolution equations of “hyperbolic” type, II, Journal of the Mathematical Society of Japan 4 (1973), 648-666.

[46] T. Kato: Quasi-linear equations of evolution, with applications to partial differential equations. Spectral theory and differential equations, pp. 25–70. Lecture Notes in Math., Vol. 448, Springer, 1975.

[47] A. Katsuda, Y. Kurylev, M. Lassas: Stability of boundary distance representation and reconstruction of Riemannian manifolds, Inv. Prob. Imaging 1 (2007), 135-157.

[48] Y. Kurylev, M. Lassas, G. Uhlmann: Rigidity of broken geodesic flow and inverse problems. Amer. J. Math. 132 (2010), 529–562.

[49] E. Kazarovets E, N. Samus, O. Durlevich: 76nd Name-List of Variable Stars, Inf. Bull. Variable Stars, IBVS No.5135, 2001.

[50] S. Klainerman and I. Rodnianski: Improved local well-posedness for quasilinear wave equations in dimension three, Duke Math. J. 117 (2003), 1-124.

[51] S. Klainerman, I. Rodnianski: Improved local well-posedness for quasi-linear wave equations in dimension three, Duke Math. J., 117 (2003), no 1 , 1-124.

[52] S. Klainerman, I. Rodnianski: A Kirchoff-Sobolev parametrix for wave equations in a curved space-time. Journ Hyperb. Diff. Eqts 4, (2007), 401-433 [53] S. Klainerman, I. Rodnianski: Rough solutions to the Einstein vacuum equations, Annals of Mathematics, 161 (2005), 1143-1193 [54] S. Klainerman, I. Rodnianski: On the formation of trapped surfaces, Acta Math. 208 (2012), 211-333.

[55] M. Kriele: Spacetime: foundations of general relativity and differential geometry, Springer 2001.

[56] T. Kundic, et al.: A Robust Determination of the Time Delay in 0957 + 561A, B and a Measurement of the Global Value of Hubble’s Constant, Astrophysical Journal 482 (1997), 75-82.

[57] L. Landau, E. Lifshitz: The Classical Theory of Fields, Pergamon Press, 1971. [58] H. Lindblad, I. Rodnianski: Global existence for the Einstein vacuum equations in wave coordinates. Comm. Math. Phys. 256 (2005), no. 1, 43-110.

[59] H. Lindblad: Global solutions of quasilinear wave equations. Amer. J. Math.

130 (2008), no. 1, 115-157.

[60] M. Maggiore: Gravitational Waves: Volume 1: Theory and Experiments, Oxford U. Press, 2007, 576 pp.

[61] M. McCall et al: A spacetime cloak, or a history editor, Journal of Optics 13 (2011), 024003 [62] J. McLaughlin, D. Renzi: Shear Wave Speed Recovery in Transient Elastography And Supersonic Imaging Using Propagating Fronts, Inverse Problems 22 (2006), 681-706.

[63] J. McLaughlin, D. Renzi, K. Parker, C. Wu: Shear Wavespeed Recovery Using Moving Interference Patterns Obtained in Sonoelastography Experiments, J. Acoustic Soc. Am. 121 (2007), 2438-2446.

[64] A. Melin, J. Sjöstrand: Fourier integral operators with complex-valued phase functions, in Fourier Integral Operators and Partial Differential Equations, Lecture Notes in Math. 459, Springer, 1975.

[65] R. Melrose, G. Uhlmann: Lagrangian intersection and the Cauchy problem.

Comm. Pure Appl. Math. 32 (1979), 483–519.

[66] R. Melrose, N. Ritter: Interaction of nonlinear progressing waves for semilinear wave equations. Ann. of Math. 121 (1985), 187–213.

[67] R. Melrose, N. Ritter: Interaction of progressing waves for semilinear wave equations. II. Ark. Mat. 25 (1987), 91–114.

[68] A. Nachman, J., Sylvester, G. Uhlmann; An n-dimensional Borg-Levinson theorem. Comm. Math. Phys. 115 (1988), 595–605.

[69] NASA and ESA: "The Gravitational Lens G2237 + 0305". HubbleSite, September 13, 1990.

[70] S. Nojiri: Inverse problem - reconstruction of dark energy models, Modern Physics Letters A, 25 (2010), 859-873.

[71] B. O’Neill, Semi-Riemannian geometry. With applications to relativity. Pure and Applied Mathematics, 103. Academic Press, Inc., 1983. xiii+468 pp.

[72] J. Ophir et al.: Elastography: ultrasonic estimation and imaging of the elastic properties of tissues. Proc Inst Mech Eng H. 1999;213(3):203-33.

[73] P. Peebles and B. Ratra: The cosmological constant and dark energy, Reviews of Modern Physics 75 (2003), 559Ð606.

[74] T. Padmanabhan: Gravitation: Foundations and Frontiers, Cambridge University press, 700 pp, 2010.

[75] J. Ralston: Gaussian beams and the propagation of singularities. Studies in partial differential equations, 206–248, MAA Stud. Math., 23, 1982 [76] J. Rauch, M. Reed: Singularities produced by the nonlinear interaction of three progressing waves; examples. Comm. PDE 7 (1982), 1117–1133.

[77] A. Rendall: Partial differential equations in general relativity. Oxford University Press, 2008. xvi+279 pp.

[78] A. Rendall: Local and global existence theorems for the Einstein equations.

Living Rev. Relativ. 3 (2000), 2000-1, 36 pp.

[79] G. Rhee: An estimate of the Hubble constant from the gravitational lensing of quasar Q0957+561, Nature 350 (1991), 211-212.

[80] H. Ringström: The Cauchy Problem in General Relativity, EMS, 2009, 307 pp.

[81] R. Sachs, H. Wu: General relativity for mathematicians, Springer, 1977.

xii+291 pp [82] T. Shiota: An inverse problem for the wave equation with first order perturbation. Amer. J. Math. 107 (1985), 241–251.

[83] D. Tataru: Unique continuation for solutions to PDE’s; between Hörmander’s theorem and Holmgren’s theorem. Comm. PDE 20 (1995), 855–884.

[84] D. Tataru: Unique continuation for operators with partially analytic coefficients. J. Math. Pures Appl. 78 (1999), 505–521.

[85] A. Taub: Relativistic Fluid Mechanics Annual Review of Fluid Mechanics 10 (1978), 301-332.

[86] A. Vasy: Diffraction by edges. Modern Phys. Lett. B 22 (2008), no. 23, 2287– 2328.

[87] A. Vasy: Propagation of singularities for the wave equation on manifolds with corners. Ann. of Math. (2) 168 (2008), 749–812.

Yaroslav Kurylev, UCL; Matti Lassas, University of Helsinki; Gunther Uhlmann, University of Washington, and University of Helsinki. y.kurylev@ucl.ac.uk, Matti.Lassas@helsinki.fi, gunther@math.washington.edu