arXiv:1305.2011v2 [hep-th] 15 May 2013

Prepared for submission to JHEP

Asymptotic symmetries and thermodynamics of higher spin black holes in AdS_3

Michael Ferlaino, Timothy J. Hollowood and S. Prem Kumar

Department of Physics, Swansea University, Singleton Park, Swansea, SA2 8PP, U.K.

E-mail: pymf@swansea.ac.uk, t.hollowood@swansea.ac.uk,

s.p.kumar@swansea.ac.uk

Abstract: We study black holes carrying higher spin charge in AdS_3 within the framework of SL(N, R) × SL(N, R) Chern-Simons theory. Focussing attention on the N = 4 case, we explicitly analyze the asymptotic symmetry algebra of black hole solutions with a chemical potential for spin-four charge. We demonstrate that the background describes an RG flow between an IR fixed point with W_4 symmetry and a UV fixed point with W-symmetry associated to a non-principal embedding of sl(2) in sl(4). Matching Chern-Simons equations with Ward identities of the deformed CFT, we show that the UV stress tensor is twisted by a certain U(1) current, and the flow is triggered by an operator with dimension 4/3 at the UV fixed point. We find independent confirmation of this picture via a consistent formulation of thermodynamics with respect to this UV fixed point. We further analyze the thermodynamics of multiple branches of black hole solutions for N = 4, 5 and find that the BTZ-branch, dominant at low temperatures, ceases to exist at higher temperatures following a merger with a thermodynamically unstable branch. We also point out an interesting connection between the RG flows and generalized KdV hierarchies.

Contents

1 Introduction 2

2 SL(N, R) × SL(N, R) Chern-Simons Connections 4 2.1 Higher spin chemical potentials and zero temperature flows 5 2.2 Non-principal embeddings 7

3 Asymptotic UV Symmetry for SL(4, R) Black Hole 10 3.1 UV Ward identities 11 3.2 Asymptotic algebra for the (2, 1, 1) embedding 12 3.3 Matching black hole parameters to W-algebra currents 16 3.4 Matching to W^{(2,1,1)}_4 Ward identities 17 3.5 Summary 19

4 Thermodynamics 19 4.1 Holonomy conditions and phase structure 21 4.2 Thermodynamics of the UV fixed point 23

5 Discussions and Conclusions 23

A Conventions 26

B Decomposition of sl(4) Algebra 26

C Variations of SL(4, R) Currents 26 C.1 Poisson brackets for the W^{(2,1,1)}_4 algebra 28

D Dictionary Between W^{(2,1,1)}_4 Currents and Black Hole Connection 30

– 1 –

1 Introduction

Theories of gravity with interacting higher spin gauge fields have come to play a central role within the general theme of the AdS/CFT correspondence [1, 2]. Large- N gauge theories in the free limit, dual to tensionless limits of string theory, require the presence of infinite towers of higher spin gauge fields in the dual string theory [3–7]. The most concrete realizations of similar dualities involving higher spin gauge theory have been shown to arise in the context of large-N vector models in three [8– 11] and two dimensions [12–17]. Within the setting of AdS_3/CFT_2 duality, which is the focus of the present paper, the complexity of higher spin theories can be reduced as it becomes possible to truncate to a finite set of higher spin fields and formulate the system as SL(N, R) × SL(N, R) Chern-Simons theory [18–25]. These theories provide us not only with an opportunity to explore the holographic duality within a novel, tractable framework, but also allow us to study properties of black hole like objects in theories where diffeomorphism invariance is enlarged to a higher spin gauge symmetry.

Black hole configurations carrying spin-three charge in SL(3, R)×SL(3, R) Chern- Simons theory were constructed in [26], and shown to have several remarkable features. Notably, the black hole horizon ceases to be a gauge-invariant notion [27], and whether a configuration is a black hole or not is determined by the holonomy of the Chern-Simons connection around the Euclidean time circle. Indeed, fixing this holonomy guarantees that the first law of thermodynamics holds for the higher spin black holes [28, 29].

Another notable feature of the higher spin black holes as constructed in [26] is that a non-vanishing higher spin charge is obtained only when a chemical potential for the corresponding higher spin current is also turned on. In the language of the dual CFT_2, a chemical potential for any current with spin s > 2 can be viewed as an irrelevant deformation by an operator of dimension s. On general grounds such a deformation would spoil the ultraviolet (UV) behaviour of any CFT_2, and the associated grand canonical partition function can be viewed at best as an asymptotic expansion in powers of the higher spin chemical potential. It is surprising, therefore, that in the dual gravity picture of [26, 27, 30], while the higher spin chemical potential does alter the asymptotic AdS_3 (UV) geometry, the alteration is of a special nature: it corresponds to a flow to a new AdS_3 with a different radius and a different asymptotic symmetry algebra. Specifically, in the SL(3, R) × SL(3, R) Chern-Simons theory, the spin-three chemical potential induces a flow between a theory with W_3 symmetry and a different UV theory with W^{(2)}_3 symmetry (the Polyakov-Bershadsky algebra [31, 32]). These two symmetry algebras correspond to the two different embeddings of sl(2) in sl(3), the so-called principal and non-principal (or diagonal) embeddings, respectively.

– 2 –

The picture above is expected to naturally generalize for any (integer) N. However, the specifics of such generalizations are yet to be explored completely. It is not a priori obvious whether the new (UV) AdS_3 asymptotics, induced by a higher spin chemical potential, will always have a W-algebra symmetry associated to a nonprincipally embedded SL(2, R) in SL(N, R). For instance, as pointed out in [33] the naive central charge corresponding to a specific non-principal embedding is at odds with the value inferred from the AdS-radius of the asymptotic geometry, for generic N. Understanding the nature and symmetries of these UV fixed points is important if the grand canonical ensemble (on the gravity side) is to be taken seriously for generic finite values of the higher spin chemical potential. Eventually we would also want to make sense of the asymptotics of analogous black hole solutions within the hs[λ] Vasiliev theory [34, 35] dual to W_N minimal models in the ’t Hooft large-N limit [12, 16].

In this paper we investigate the theory with N = 4, deformed by a chemical potential for spin-4 charge. We perform an explicit analysis of the asymptotic symmetry algebra (classical Drinfeld-Sokolov reduction) for the resulting Chern-Simons connections, along the lines of [25]. We find that the black hole solution^1 indeed describes a flow between two conformal fixed points, with two different W-algebras. While the original theory has W_4 symmetry, the new UV fixed point exhibits a W-symmetry associated to the (2, 1, 1) embedding^2 of sl(2) in sl(4).

Importantly, we find that conformal transformations at the UV fixed point are generated by a twisted stress tensor, where the twisting/improvement is by an abelian current in the asymptotic symmetry algebra. The stress tensor improvement is inferred by requiring the Chern-Simons equations of motion to match with Ward identities in the UV fixed point theory. Precisely the same twisting is also necessary in order to explain why the ratio of central charges of the UV and IR W-algebras is determined by the ratio of the corresponding AdS radii. An immediate consequence of this is that the black hole solution can be viewed as a flow induced by a relevant deformation of the UV fixed point, via a chemical potential for a conserved current (with scaling dimension 4/3). Using the approach of [36, 37], we further show that formulating thermodynamics with respect to the UV fixed point independently confirms the results obtained from the analysis of the asymptotic symmetry algebra and Ward identities.

The existence of multiple branches of solutions to the holonomy conditions which determine a black hole background implies a rich thermodynamic phase structure which was explored in [37] within the SL(3, R) Chern-Simons theory (see also [38, 39]). Extending this to SL(4, R) and SL(5, R) theories, we find that there is

1The spin-4 black hole solution we study was first obtained in [33]. 2Embeddings of sl(2) in sl(N) are classified by integer partitions of N.

– 3 – a general pattern. The BTZ-branch of solutions^3 dominate the ensemble for low temperatures (equivalently, low chemical potential for fixed temperature), and eventually merge with a thermodynamically unstable branch and cease to exist beyond a critical temperature. In addition, the number of (real) branches increases rapidly with N.

Our analysis confirms the expectation that higher spin black hole solutions in SL(N, R) Chern-Simons theories are generically embedded within RG flows between an IR CFT with W_N symmetry and a UV CFT with a non-principal W-symmetry. In general, the stress tensor of the UV theory is twisted by an abelian current in such a way that the resulting ratio of UV and IR central charges agrees with the ratio of the UV and IR AdS-radii. In conjunction with the fact that the number of non-principal embeddings grows rapidly with N (as e^{√N} ), this makes non-principal embeddings important to investigate. It has been noted that in the semiclassical limit (fixed N and large Chern-Simons level), non-principal embeddings can lead to non-unitary theories with negative norm states [40]. However, it is also possible to arrive at semiclassical limits (large central charges) maintaining unitarity for certain types of non-principal embeddings [41].

The paper is organized as follows: In Section 2 we lay out our notation and conventions, and review some simple features of flows induced by higher spin chemical potentials. The goal of Section 3 is to obtain the asymptotic symmetry algebra for the spin-4 black hole in SL(4, R) Chern-Simons theory. This includes matching of Chern-Simons equations of motion to the Ward identities of the deformed UV CFT. In Section 4, we set up and analyze the thermodynamics of multiple black hole branches in SL(4) and SL(5) Chern-Simons theory. Technical details of the computations are relegated to Appendices A, B, C and D.

2 SL(N, R) × SL(N, R) Chern-Simons Connections

It is a remarkable fact that Einstein gravity in three dimensions, with a negative cosmological constant, can be reformulated as SL(2, R) × SL(2, R) Chern-Simons theory on a three-manifold M [42, 43]. It has now been realized that, more generally, SL(N, R) × SL(N, R) Cherns-Simons theory on M is an interacting theory of gravity and a tower of higher spin fields on AdS_3 [24, 25].

Introducing the coordinates (ρ, z, z̄) on M, asymptotically AdS_3 backgrounds in ordinary gravity correspond to flat connections in SL(2) × SL(2) Chern-Simons theory of the form

A = L_0 dρ + (L_1 e^ρ + · · · ) dz , Ā = −L_0 dρ + (−L_{−1} e^ρ + · · · ) dz̄ . (2.1)

3 These reduce to the BTZ black hole for zero higher spin chemical potential.

– 4 – where the ellipsis indicate subleading terms in the large ρ limit. We denote the sl(2, R) generators as {L_0, L_{±1}}, satisfying,

[L_1, L_{−1}] = 2L_0 , [L_{±1}, L_0] = ± L_{±1}. (2.2)

The complex coordinates (z, z̄) are related to the boundary Euclidean time t and spatial coordinate ϕ ≃ ϕ + 2π as z ≡ it + ϕ , z̄ ≡ it − ϕ . (2.3) There are several inequivalent ways of embedding sl(2) in sl(N), and each embedding is naturally associated to a distinct AdS_3 asymptotics, possibly dual to a distinct conformal fixed point field theory. Of these embeddings, the so-called principal embedding is special and the resulting theory can be viewed as Einstein gravity on AdS_3 coupled to higher spin fields with spins s = 3, 4, . . . , N. The principal embedding results upon choosing the generators L_0, L_{±1} appearing in eq. (2.1) to form the N-dimensional irreducible representation of sl(2).

The work of [26] showed that even if one were to focus attention on the principal embedding to formulate a higher spin theory of gravity on AdS_3, with an asymptotic W_N ×W_N symmetry algebra, one may be forced to also consider theories arising from non-principal embeddings of sl(2). At least, this is the case for the SL(3, R)×SL(3, R) Chern-Simons theory. In particular, black hole solutions carrying a spin-3 charge necessarily modify the AdS_3 asymptotics by inducing a flow that connects to a new UV fixed point whose symmetry algebra, W^{(2)}_3 ×W^{(2)}_3 , is associated to a non-principal embedding of sl(2) in sl(3).

Two questions naturally follow from the considerations above: (i) whether the construction of higher spin black holes can be generalized to SL(N, R) Chern-Simons theory, and, (ii) whether every such higher spin generalization involves an RG flow between two CFTs with different W-algebras. Attempts to answer similar questions have already been made in [34] and [33]. Our motivation is to focus on these issues carefully, and then to further explore the thermodynamic phase structure of such higher spin solutions, and possibly generalize the results of [37].

2.1 Higher spin chemical potentials and zero temperature flows

Following the conventions of [44] for the principal embedding of sl(2), we label the generators of sl(N) as {L_0, L_{±1}} and {W^{(s)}m } with m = −(s − 1), . . . (s − 1), for all s = 3, 4, . . . N: [L_i, L_j] = (i − j)L_{i+j} , [L_i, W^{(s)}_m ] = (i(s − 1) − m) W^{(s)}_{i+m} . (2.4)

The {L_i} constitute the N-dimensional representation of sl(2), and the generators W^{(s)}m have weight −m with respect to L_0. Matrix representations for all the generators can be found as outlined in Appendix A.

– 5 –

The asymptotically AdS Chern-Simons connections (A, Ā) can be re-expressed in terms of ρ-independent flat connections (a, ā), where the dependence on the radial coordinate is obtained via a gauge transformation generated by L_0

A = b^{−1} ab + b^{−1}db , Ā = b ā b^{−1} + b db^{−1} , b = e^{L0ρ} . (2.5)

A chemical potential μ_s for spin-s charge can be viewed as a deformation of the W_N CFT by the spin-s current operator W_s(z),

I_{CFT} → I_{CFT} + ∫ d^2z ( μ_s W_s + μ̄_s W_s ) , (2.6)

where we will assume μ̄_s = μ_s. The constant Chern-Simons connections, a ≡ a_z dz + a_{z̄} dz̄ , ā ≡ ā_z dz + ā_{z̄} dz̄ , (2.7) are then changed accordingly to reflect the deformation by the spin-s current. In particular, the equations of motion (flatness conditions) obeyed by the connections must reproduce the Ward identities for various currents in the deformed CFT. This procedure has been explicitly demonstrated for SL(3, R) in [26, 27, 30] and for the SL(4, R) Chern-Simons connections in [33].

The upshot of these results is that in the presence of chemical potentials for higher spin charges, the (zero temperature) Chern-Simons connections acquire both holomorphic and anti-holomorphic components,

a_z = L_1 , a_{z̄} = N∑ s=3 μ_s W^{(s)}_{s−1} , (2.8)

ā_{z̄} = − L_{−1} , ā_z = N∑ s=3 (−1)^{(s−1)} μ_s W^{(s)}_{−s+1} ,

[a_z, a_{z̄}] = [ā_z, ā_{z̄}] = 0 .

By construction, these are constant, flat connections and encode the RG flows induced by deformations of the conformal field theory by (N −2) higher spin conserved currents. Since a spin-s current, W_s, is a local operator of dimension s ≥ 3, these are irrelevant deformations of the CFT, a fact reflected in the ρ-dependent gauge fields (A, Ā), A = e^ρ L_1 dz + (_N ∑ s=3 μ_s W^{(s)}_{s−1} e^{(s−1)ρ} ) dz̄ + L_0 dρ , (2.9)

Ā = −e^ρ L_{−1} dz̄ + (_N ∑ s=3 (−1)^{(s−1)} μ_s W^{(s)}_{−s+1} e^{(s−1)ρ} ) dz − L_0 dρ .

– 6 –

Higher spin chemical potentials modify the asymptotics of the original AdS_3 spacetime, as would be expected for deformations of the CFT by irrelevant operators. The spacetime metric is obtained from the gauge connections in a standard way,

ds^2 = 1 4 ϵ_N Tr [ (A − Ā)^2 ] , ϵ_N = Tr L^2_0 =^1_{12} N(N^2 − 1). (2.10)

With the higher-spin chemical potentials switched on, at zero temperature, we find,

ds^2 = dρ^2 + (dϕ^2 − dt^2) ( e^{2ρ} + N∑ s=3 e^{2(s−1)ρ} μ^2_s t^{(s)}_{s−1} 4ϵ_N ) . (2.11)

The numerical coefficients t^s_{(s−1)} are not important at this stage, and can be read off from the expression for the Cartan-Killing form for SL(N, R) given in Appendix A of [44].

The metric (2.11) represents a flow between two different AdS geometries. Specifically, for non-vanishing μ_N , it interpolates between an AdS_3 with unit radius ( e^ρ ≪ 1) and one with radius^1_{N−1} (e^ρ ≫ 1). Along this flow the system passes by other putative fixed points dual to AdS_3 geometries with radii^1_{s−1} , for every non-zero μ_s. It is not a priori obvious what the properties of CFTs dual to these new AdS_3 geometries are. It has been shown for the specific case of SL(3, R), that deformation by the spin-3 current leads to a UV conformal fixed point with W^{(2)}_3 symmetry [26, 27, 37].

Applying simple scaling arguments to the metric (2.9) for large ρ, we learn that the flow is generated by deforming the putative UV fixed point (dual to AdS_3 with radius^1_{N−1} ) by a tower of relevant operators with dimensions

Δ_{UV} = N + s − 3 N − 1 , s = 3, 4, . . . , N . (2.12) Interestingly, in the large-N limit these operators form a continuum with 1 < Δ_{UV} < 2. It would be natural to assume that the new putative fixed points in the UV should be related to non-principal embeddings of sl(2) in sl(N), generalizing the picture for N = 3. However, certain doubts about the possibility of such an interpretation have been raised (see e.g.[33]). Discussion of this point will be crucial to our analysis.

2.2 Non-principal embeddings

The asymptotic UV form of the connections (2.9) with only a single chemical potential μ_s are related to a non-principally embedded sl(2) in sl(N) with generators {L̂_{±1}, L̂_0}. The step generators are related to the two elements W^{(s)}_{±(s−1)} which take

– 7 – the form [44] (a ‘∗’ indicates a non-zero matrix entry),

W^{(s)}_{−s+1} = 0 · · · ∗ · · · 0 0 0 · · · ∗ 0 0 0 0 · · · ∗ . . . . . . .. . . . 0 0 0 · · · 0

, W^{(s)}_{s−1} =

0 0 0 · · · 0 · · · 0 0 · · · 0 ∗ · · · 0 · · · 0 . . ∗ . . . .. . . 0 0 ∗ · · · 0

. (2.13)

The relation with the sl(2) embedding is that, up to an overall conjugation,

L̂_1 = W^{(s)}_{s−1} , L̂_{−1} = UW^{(s)}_{−s+1}U^{−1} , (2.14)

where U is a particular element of the Cartan subgroup U = diag(λ_1, . . . , λ_N ) needed to ensure that the commutator of L̂_1 with L̂_{−1} has the correct form.

In general different embeddings of sl(2) in sl(N) are classified by the partitions of N [40, 44, 47, 48]. While the principal embedding corresponds to the partition (N), the more general embeddings with L̂_1 = W^{(s)}_{s−1} correspond to other partitions of the form (p^{n1}_1 , p^{n2}_2 ). Below, we will restrict attention to the case with s = N, i.e. when the CFT is deformed by a chemical potential for the highest spin current (s = N). This has the advantage of being technically simpler, but nevertheless illustrates the more general features that we wish to understand. In this case, the relation with the sl(2) has L̂_{±1} = W^{(N)}_{±(N−1)}. The partition in this case is (2, 1^{N−1}) and the branching of the adjoint of sl(N) in terms of a direct sum of irreducible representations of the sl(2) is N^2 − 1^{(2,1N−1 )} → 3 + 2(N − 2) · 2 + (N − 2)^2 · 1 (2.15) The embedding defines the semi-simple decomposition of the algebra as

sl(N) → sl(2) ⊕ sl(N − 2) ⊕ u(1) , (2.16)

and thus the asymptotic symmetries should include sl(N −2) and u(1) affine algebras.

With only a spin-N chemical potential, μ, the UV asymptotics is controlled by

a_{z̄} ∼ 0 . . . 0 0 0 0 . . . 0 0 0 0 . . . μ 0 0 0 , ā_z ∼ 0 0 0 μ . . . 0 0 0 0 . . . 0 0 0 0 . . . 0

. (2.17)

These are proportional to the generators W^{(N)}_{N−1} and W^{(N)}_{−N+1}, respectively. For this case, the ρ-dependent gauge connection has the form (after a coordinate rescaling), A = ( W^{(N)}_{N−1} e^ρ + . . . ) dz +^1_{N−1} L_0 dρ , (2.18)

Ā = ( −W^{(N)}_{−N+1} e^ρ + . . . ) dz̄ −^1_{N−1} L_0 dρ .

– 8 –

Here we encounter the crucial point: the connections involve L_0, which differs from the generator of the two dimensional representation of sl(2), namely L̂_0: 1 N−1 L_0 =^1_2 diag(1 ,^{N−3}_{N−1} , . . . , −^{N−3}_{N−1} , −1) , L̂_0 = diag(^1_2 , 0, 0, . . . ,^1_2 ) . (2.19)

Therefore, as implied by the AdS radii, the central charges of the UV and IR conformal points are related by

c_{UV} = 1 (N − 1)^2 c_{IR} , (2.20)

whereas one would have expected the ratio of the UV and IR central charges to be given by the ratio of the quadratic Casimirs of the representations, namely Tr(L̂^2_0)/Tr(L^2_0) = 6/(N(N^2 − 1)). Only for the specific case of N = 3, do both expressions yield the same result, c_{UV} = c_{IR}/4. This observation suggests that the asymptotic symmetry algebra implied by the Chern-Simons connection (2.18) needs to be carefully examined. In fact L_0 differs from the two dimensional generator L̂_0 by a re-scaling and some U(1) element, say J_0, 1 N − 1 L_0 = L̂_0 + J_0 . (2.21)

Although this is puzzling at first sight, such a shift can be easily accounted for in the CFT by an “improved” stress tensor,

T → ~T = T + ∂J_0 , (2.22)

where J_0 is an abelian current with zero mode J_0. In such a situation, the conformal transformations are actually generated by a twisted stress tensor ~T which has a different central charge as compared to the “canonical” stress tensor. We will show below, by explicit evaluation of the asymptotic symmetry algebra for the (2, 1, 1) embedding in sl(4), the emergence of precisely such a twisted stress tensor in the W-algebra of the UV CFT. In the general case, it is worth noting that the element L_0 provides a consistent gradation of the whole algebra

[L_0, W^{(s)}_m ] = −mW^{(s)}_m (2.23)

and for the non-principal embedding with L̂_1 = W^{(s)}_{s−1} one has 1 s − 1 L_0 = L̂_0 + J^{(s)}_0 , (2.24)

where J^{(s)}_0 is some Cartan element and one expects that the stress tensor of the UV fixed point is similarly improved with c_{UV} = c_{IR}/(s − 1)^2.

– 9 –

3 Asymptotic UV Symmetry for SL(4, R) Black Hole

In this Section we focus on the spin-4 black hole solution in SL(4, R) Chern-Simons theory. This solution was first obtained in [33], and many of its features pointed out. Our motivation for revisiting this solution is two-fold. The black hole background provides a flat connection whose asymptotics (IR and UV) have the form dictated by eqs. (2.9) and (2.17). The spin-4 black hole is described by the constant connection in the highest weight representation,

a = a_z dz + a_{z̄} dz̄ (3.1)

a_z = ( L_1 −^π_{5k} L L_{−1} −^π_{12k} Q_3 W^{(3)}_{−2} +^π_{18k} Q_4 W^{(4)}_{−3} )

a_{z̄} = μ ( W^{(4)}_3 −^{3π}_{5k} L W^{(4)}_1 +^π_{2k} Q_3 W^{(3)}_0 +^{3π}_{5k} Q_4 L_{−1} +

(_{3π2}

25k^2 L

2 +^π_{6k} Q_4 ) W^{(4)}_{−1}

−^{2π2}_{25k2} LQ_3 W^{(3)}_{−2} − (_{π2} 12k^2 Q3

2 +^{π3}_{125k3} L^3 −^{11π2}_{450k2} LQ_4 ) W^{(4)}_{−3} ) , with a similar expression for the barred connection. Here Q_3, Q_4 are the spin-3 and spin-4 charges respectively, and μ is a chemical potential conjugate to the spin-4 charge. The flatness of the connection, [a_z, a_{z̄}] = 0, implies that a_{z̄} may be expressed as a traceless function of a_z, and for the spin-4 black hole we have

a_{z̄} = −^{41π}_{25k} L μ a_z + μ ( a^3_z − 1 4 Tr a^3_z ) . (3.2)

The thermodynamic charges L, Q_3 and Q_4 are then related to traces of powers of the holomorphic component of the connection A, 2π L = k 2 Tr (a_z)^2 , (3.3)

−2π Q_3 = k 3 Tr (a_z)^3 ,

−2π Q_4 +^{41π2}_{25k} L^2 = k 4 Tr (a_z)^4 .

As pointed out in [36], the relation between thermodynamic charges and the traces of the connection is quite general and one may define the charges for a given SL(N, R) gauge field in terms of the traces Tr (a^p_z) , p = 2, 3, . . . , N.

The values of the thermodynamic charges as a function of temperature and chemical potential are fixed by the smoothness condition on the holonomy of the gauge field around the thermal circle [26, 29, 30]. We will return to this when we discuss the thermodynamics of higher spin black holes. For now, our main focus is establishing the W-algebra of the UV conformal fixed point associated to the spin-4 black hole solution.

– 10 –

3.1 UV Ward identities

In the original works [26, 27] the general form of the Chern-Simons connection describing a higher spin black hole was used to obtain the Ward identities of the CFT deformed by a chemical potential for a higher spin current. The basic strategy is to consider a more general ansatz for the black hole gauge connection in the highest weight representation, allowing all the parameters (thermodynamic charges and potentials) to acquire dependence on the boundary coordinates (z, z̄). The equations of motion satisfied by these, following from the flatness of the connection, can then be matched onto the Ward identities for the currents of the appropriate W-algebra in the CFT deformed by a higher spin chemical potential.

In order to perform this analysis for the UV fixed point implied by the black hole gauge connection, after a co-ordinate rescaling (a constant gauge transformation) we write the SL(4, R) gauge field (3.1) in the general form,

a = (_1

6 W^{(4)}_3 + 2∑ ℓ=−3 w_ℓ W^{(4)}_ℓ + 2∑ ℓ=−2 v_ℓ W^{(3)}_ℓ + u_0 L_0 + u_{−1} L_{−1} ) dz̄ (3.4)

+ ( λ L_1 + λ_{−1} L_{−1} + λ_{−2} W^{(3)}_{−2} + λ_{−3} W^{(4)}_{−3} ) dz . The analysis for the barred gauge field ā proceeds identically, so we restrict attention to the unbarred sector. The constant gauge transformation in question is generated by L_0, so that a → e^{−ΛL0} a e^{ΛL0} with e^Λ = (6μ)^{−1/3} and

λ = (6μ)^{−1/3} . (3.5)

Rewriting the connection (3.1) in this form, allows to switch our perspective from the IR to the UV. In particular, for large radial coordinate ρ, the a_{z̄} component provides an AdS_3 “background” of radius 1/3, whilst a_z acts as a relevant “deformation”. The parameters appearing in the gauge field are related simply to those in (3.1) via rescalings by powers of μ.

If we allow all deformation parameters in (3.4) to depend on the boundary coordinates (z, z̄), the flatness conditions

da + a ∧ a = 0 , (3.6)

are satisfied if certain constraints are imposed on the deforming parameters,

¯∂λ = 0 , w_2 = v_2 = v_1 = u_0 = 0 , (3.7)

λ_{−1} = 2λ w_1 ; λ_{−2} = −λ v_0 ; λ_{−3} =^5_9 λ u_{−1} ,

– 11 – which then lead to nine independent Ward identities for nine currents,

∂u_{−1} = 2λ ¯∂w_1 , ∂v_0 = −3λ v_{−1} , ∂v_{−1} = λ(−4v_{−2} +^{32}_5 v_0 w_1) , (3.8)

∂v_{−2} = 2λ ( w_1 v_{−1} +^3_5 v_0w_0 − ¯∂v_0 ) , ∂w_0 = λ

(_{10} 9 u_{−1} − 4w_{−1} + 8w^2_1 ) , ∂w_1 = −3λ w_0 , ∂w_{−2} =^4_3 λ ( u_{−1}w_1 + 4w_1 w_{−1} − 4v^2_0 − 6w_{−3} ) , ∂w_{−1} = 6λw_0w_1 − 5λw_{−2} , ∂ ( w_{−3} −^3_{20} w^2_0 −^1_3 v^2_0 +^2_5 w_1w_{−1} ) =^5_9 λ ¯∂u_{−1} .

In the absence of the deformation λ (which is required to be holomorphic in z), all nine currents are anti-holomorphic. The deformation introduces a holomorphic dependence in the currents and the Chern-Simons equations of motion can be viewed as anomalous Ward identities, induced by the deforming relevant operator in the UV CFT. The precise form of the above equations is determined by the OPEs between currents and the deforming operators.

Our task now is to demonstrate that the parameters above can indeed be mapped uniquely to a set of currents generating a W-algebra associated to the (2, 1, 1) nonprincipal embedding. This identification of the currents will proceed in steps:

• First, we will make explicit the form of an SL(4, R) gauge field in terms of asymptotic symmetry currents which generate the W^{(2,1,1)}_4 symmetry algebra, associated to the (2, 1, 1) embedding.

• Using an SL(4, R) gauge transformation, we will cast the UV portion of the black hole connection in the form which allows immediate identification of the mapping between the parameters u_i, v_i, w_i and the currents of the W^{(2,1,1)}_4 algebra.

• Finally, we will show that the Chern-Simons equations of motion (3.8) precisely reproduce the Ward identities for the W^{(2,1,1)}_4 currents, with a unique choice for the relevant operator perturbing the UV fixed point.

3.2 Asymptotic algebra for the (2, 1, 1) embedding

We begin by deriving the W-algebra by considering an sl(4, R) connection representing AdS_3 in the “standard” (2, 1, 1) embedding:

A_{AdS} = L̂_1 e^ρ dz + L̂_0 dρ , Ā_{AdS} = −L̂_{−1} e^ρ dz − L̂_0 dρ , (3.9)

L̂_1 ≡^1_6 W^{(4)}_3 , L̂_{−1} ≡^1_6 W^{(4)}_{−3} , L̂_0 = diag (^1_2 , 0, 0, −^1_2 )

– 12 –

Note that this gauge field is different from (2.18) which describes the asymptotics of the black hole. The generator of ρ-translations in that case is L_0 which differs from L̂_0 by a certain U(1) generator. Nevertheless, as we show below, the asymptotic symmetry algebras for the two gauge connections are essentially the same. To determine the asymptotic symmetry algebra for the AdS background represented by eq. (3.9), we adapt the procedure outlined in [25] (see also [41]). In this approach, an asymptotically AdS connection must satisfy:^4

(A − A_{AdS}) | |_{ρ→∞} = O(1) , (Ā − Ā_{AdS}) | |_{ρ→∞} = O(1) . (3.10)

The most general SL(4, R) Chern-Simons connection, in the (2, 1, 1) embedding, is (at a constant z̄ slice)

A_z = 1∑ n=−1 L_n(z) L̂_n e^{nρ} + J(z) J + 1∑ A=−1 J_A(z) J^A + ∑ m=± 12 ,a,b=± G^{ab}_m (z) G^{ab}_m e^{mρ} A_{z̄} = 0 , (3.11)

and similarly for the barred connection. The 15 generators of sl(4) are split into a triplet {L_n}, four doublets {G^{ab}_m } and four singlets {J, J^A} of sl(2):

15 → 3 + 4 · 2 + 4 · 1 . (3.12)

The explicit form for these generators is summarized in eq. (B.2) (Appendix (B)). The four sl(2) singlets {J^A, J} generate an SL(2)^′ × U(1) symmetry. We now impose the asymptotically AdS requirement by setting to zero the coefficients of all generators with positive weight under L̂_0, and by fixing the coefficient of L̂_1 to unity^5,

L_1 = 1 , G^{ab}_{1/2} = 0 . (3.13)

The constraint L_1 = 1 is first class and generates gauge transformations which can be used to set L_0 = 0. So we may take the gauge-fixed, asymptotically AdS connection to be,

A_z = L̂_1 e^ρ + J(z)J + 1∑ A=−1 J_A(z) J^A + ∑ a,b=± G_{ab}(z) G^{ab}_{−1/2} e^{−ρ/2} +L̂_{−1} L(z) e^{−ρ} , (3.14)

4The following formulae are true for the embedding associated to L̂_1 = W^{(N)}_{N−1}. For a more general embedding, L̂_1 = W^{(s)}_{s−1} it is necessary to take L̂_{−1} = UW^{(s)}_{−s+1}U^{−1} where U is an element of the Cartan subgroup, such that {L̂_{±1}} are generators of sl(2). Then the equation for the barred connection must be generalized slightly to include a gauge transformation (UĀU^{−1} −Ā_{AdS}) | |_{ρ→∞} = O(1)._5

It is not a priori clear how to directly apply the same procedure to a connection representing the flow in eqs. (2.17) and (3.4), because dilatations (ρ-translations) are generated by^1_3 L_0, instead of L̂_0 and hence the ρ-dependence is different from eq. (3.14).

– 13 – leaving nine undetermined functions which will eventually be identified with symmetry currents. In explicit matrix form, the asymptotically AdS, Chern-Simons gauge field is determined by the connection

a_z = e^{ρL̂0} A_ze^{−ρL̂0} , a_z =

1 2 J G_{++} G_{−+} L

0 −^1_2 J +^1_2 J_0 J_− −G_{−−}

0 −J_+ −^1_2 J −^1_2 J_0 G_{+−}

1 0 0^1_2 J

(3.15)

The asymptotic symmetries of this background are those SL(4, R) gauge transformations which preserve the form of the gauge-fixed connection i.e. the gauge fixed connection, whilst not invariant, retains its specified form. The most general infinitesimal SL(4, R) gauge transformations, holomorphic in z, are given by

A_z → A_z + ∂_zΛ + [A_z, Λ] , (3.16) Λ = 1∑ n=−1 ε_n(z) L̂_n + γ(z) J + 1∑ A=−1 η_A(z) J^A + ∑ m=±1/2,a,b=± χ^{ab}_m (z) G^{ab}_m .

These transformations preserve the form of the AdS connection only if the gauge parameters satisfy certain relations,

ε_0 = −ε^′_1 , (3.17)

ε_{−1} =^1_2 ε^{′′}_1 − L ε_1 +^1_2 G_{−−} χ^{++}_+ +^1_2 G_{−+} χ^{+−}_+ −^1_2 G_{+−} χ^{−+}_+ −^1_2 G_{++} χ^{−−}_+ ,

χ^{−+}_− = −χ^{−+ ′}_+ + ε_1 G_{−+} + J_− χ^{++}_+ −^1_2 J_0 χ^{−+}_+ − J χ^{−+}_+ ,

χ^{+−}_− = −χ^{+− ′}_+ + ε_1 G_{+−} − J_+ χ^{−−}_+ +^1_2 J_0 χ^{+−}_+ + J χ^{+−}_+ ,

χ^{−−}_− = −χ^{−− ′}_+ + ε_1 G_{−−} + J_− χ^{+−}_+ −^1_2 J_0 χ^{−−}_+ + J χ^{−−}_+ ,

χ^{++}_− = −χ^{++ ′}_+ + ε_1 G_{++} − J_+ χ^{−+}_+ +^1_2 J_0 χ^{++}_+ − J χ^{++}_+ .

Hence there are nine independent gauge transformations generated by gauge parameters ε_1, γ, η_a, χ^{ab}_+ which preserve the form of the asymptotically AdS connection. It is straightforward to deduce the variations of all currents under the independent gauge transformations. The variations of the currents are listed in eqs. (C.1)-(C.4). The

– 14 – gauge transformations of the currents completely determine the asymptotic symmetry algebra since the Poisson brackets of the charges can be read off directly from the above transformations. Specifically, the symmetry variation of any phase space functional is given by [25]

δ_ΛF = {Q(Λ), F } , Q(Λ) ≡ − k 2π ∫ dϕ Tr (a_ϕ Λ^+) , (3.18)

where Λ^+ picks out the components of Λ with non-negative weights with respect to L̂_0, and it is understood that the charges are computed on a constant time slice. Explicitly, we obtain

Q(Λ) = −^k_{2π} ( G_{++} χ^{−−} + G_{+−} χ^{−+} − G_{−+} χ^{+−} − G_{−−} χ^{++} + L ε_1 + J γ +^1_2 J_0 η_0 − J_+ η_− − J_−η_+ ) . (3.19)

The resulting Poisson brackets for the W-algebra generated by the currents are listed in (C.7). It is important to note that to recover the correct dependence of the central charge on the Chern-Simons level, we must correctly normalize the currents, which we can do by performing the rescalings

L → −^{2π}_k L , G_{ab} → −^{2π}_k G_{ab} , J_± → −^{2π}_k J_± , J_0 → −^{4π}_k J_0 , J → −^{2π}_k J .

It also becomes clear from the Poisson brackets that in order for the spin-^3_2 currents to have a regular tensor transformation law, the naive stress tensor L needs to be modified, L → T = L −^{2π}_k (_1 2 J^2 + J^2_0 − J_+ J_− ) . (3.20)

We recognize this modification as the Sugawara form for the stress tensor of the sl(2)^′ ⊕ u(1) affine algebra. Since we are working in a semiclassical limit (k → ∞), terms non-linear in the currents appear with a power of k^{−1}, and in addition we can ignore normal ordering effects from such terms. The Poisson brackets imply the following non-trivial OPEs for the currents of the W^{(2,1,1)}_4 -algebra:

T (z) T (0) ∼ 3k z^4 + 2 z^2 T + 1 z ∂T , T (z) G_{ab}(0) ∼ 3 2z^2 G_{ab} + 1 z ∂G_{ab} , (3.21)

T (z) J_A(0) ∼ 1 z^2

J_A + 1 z ∂J_A , T (z) J(0) ∼ 1 z^2 J + 1 z ∂J ,

– 15 –

J_0(z) J_0(0) ∼ − k 2z^2

, J_+(z) J_−(0) ∼ k z^2 − 2 z J_0 , J_0(z) J_±(0) ∼ ± 1 z J_±(0) ,

J(z) J(0) ∼ − k z^2 , G_{±∓}(z) G_{±±}(0) ∼ 2 z^2

J_± + 1 z ∂J_± ∓ 2 k z J J_± ,

J(z) G_{a±}(0) ∼ ∓ G_{a±} z , J_0(z) G_{±a}(0) ∼ ± 1 2z G_{±a} , J_∓(z) G_{±a}(0) ∼ ± 1 2z G_{∓a} ,

G_{−∓}(z) G_{+±}(0) ∼ 2k z^3 + 2 z^2

(J_0 ∓ J) + 2 z ( ∂J_0 ∓ ∂J +^1_2 T ) + k^{−1} 1 z ( 2J_+J_− − 2J^2_0 ± JJ_0 −^3_2 J^2 ) .

The currents of the W-algebra comprise of the stress tensor T , four sl(2)^′ ⊕ u(1) currents and four spin-^3_2 currents G_{ab}. The central charge is ĉ = 6k, which is precisely what we expect from a two dimensional embedding of sl(2). The levels of the U(1) currents J_0 and J are negative, and the OPEs contain non-linear terms that are suppressed by k^{−1} in the large-k regime, which is also the regime in which the classical Chern-Simons description is valid. The algebra agrees with the semiclassical limit of the result quoted in [41].

3.3 Matching black hole parameters to W-algebra currents

Having determined the explicit form of the W-algebra corresponding to the standard (2, 1, 1) embedding, we turn our attention to the black hole gauge connection. We first note that the anti-holomorphic component, a_{z̄} of eq. (3.4) can be put in the form of eq. (3.15), using an SL(4, R) gauge transformation:

a_{z̄} → Ω^{−1} (a_{z̄} + ∂_{z̄}) Ω , Ω = 1 10 1 0 −4 √ 3 w_1 −3 w_0 0 1 0 4 √ 3 w_1 0 0 1 0 0 0 0 1

, (3.22)

which results in a dictionary between the parameters of the black hole gauge connection and the W-algebra currents, that we quote in eq. (D.1). With these identifications in place the SL(4, R) Chern-Simons equations (3.8) can be rewritten in terms of anti-holomorphic W-algebra currents. Noting that precisely the same identifications hold for the Chern-Simons connection in the barred sector, we list the equations obeyed by the holomorphic currents which acquire anti-holomorphic pieces due to

– 16 – the UV deformation,

¯∂T̃ =^1_3 λ ∂O , ¯∂J_+ = 4λ J_0 , ¯∂J = √ 3λ (G_{++} − G_{+−}) (3.23)

¯∂O = −^{50}_3 λ ∂J_+ , ¯∂J_0 = −^1_2 λ (O − 6J_− + 8J^2_+) ¯∂J_− = −λ {√ 3(G_{−−} + G_{−+}) +^{16}_3 (∂J_+ + 2J_0J_+) }

√ 3 ¯∂ (G_{++} − G_{+−}) = −λ { 2 √ 3 (G_{−−} − G_{−+}) + 12 J J_+ }

√ 3 ¯∂ (G_{−+} − G_{−−}) = −2λ {_{8√} 3 (G_{++} − G_{+−}) J_+ + 3 (2J_0J + ∂J) }

where the improved stress tensor ~T and the operator O are defined as

~T = T +^1_3 ∂J_0 , O = √ 3 (G_{++} + G_{+−}) + 2J_− +^8_3 J^2_+ . (3.24)

This “improved” stress tensor is forced upon us as the natural combination that appears in the dictionary (D.1) between the parameters of the black hole connection and the W-algebra currents. All currents are holomorphic in the absence of the deformation parameter λ. To summarize, we have re-expressed the Chern-Simons equations of motion in terms of currents of the W^{(2,1,1)}_4 -algebra. It remains to show that these equations are precisely Ward identities in the theory obtained by perturbing the UV fixed point by the relevant operator O.

3.4 Matching to W^{(2,1,1)}_4 Ward identities

We have seen that the asymptotic form of the SL(4, R) Chern-Simons connection (2.8) describes the introduction of a chemical potential for spin-4 charge in the W_4 CFT. The corresponding deformation is irrelevant from the perspective of this (IR) conformal fixed point. The connection, however, describes a flow to a new (UV) AdS geometry. From the background metric, we infer that the RG flow results from perturbing the UV fixed point by an operator of dimension 4/3 as measured by the stress tensor whose zero mode is L̂_0 +^1_3 J_0. Therefore, by inspecting the W^{(2,1,1)}_4 algebra above, we conclude that the UV stress tensor appropriate for describing the RG flow background is

~T = T +^1_3 J^′_0 . (3.25)

There are precisely three operators with dimension 4/3 (as measured by ~T ) at the

– 17 –

UV fixed point, hence we write the perturbing operator as

O = g_+ G_{++} + g_− G_{+−} + g_1 J_− + g_2 J^2_+ . (3.26)

Once the UV field theory is deformed by this operator,

I_{UV} → I_{UV} + λ ∫ d^2z ( O(z) + O(z̄) ) , (3.27)

all CFT currents obey “Ward identities” that are completely determined by their Poisson brackets/OPEs with the deforming operator O. Currents which were holomorphic at the fixed point acquire anti-holomorphic pieces (and vice-versa) along the flow, governed by their respective OPE’s with O. Making use of the identity ∂_{z̄} (_1 z ) = 2πδ^2(z, z̄), to linear order in λ, using the OPEs for the W-algebra, we find the Ward identities of the perturbed UV conformal fixed point: ⟨ ¯∂T̃ ⟩ = λ 3 ⟨∂O⟩ , ⟨ ¯∂J_+⟩ = 2λ g_1 ⟨J_0⟩ , ⟨ ¯∂J⟩ = λ⟨(g_+ G_{++} − g_− G_{+−})⟩ , ⟨ ¯∂O⟩ = −2λ ⟨(g_1g_2 + g_+g_−) ∂J_+⟩ , ⟨ ¯∂J_0⟩ = −^1_2 λ ⟨ ( O − 3g_1 J_− + 3g_2 J^2_+ ) ⟩ , ⟨ ¯∂J_−⟩ = −λ ⟨(g_+ G_{−+} + g_− G_{−−} + 2g_2 ∂J_+ + 4g_2 J_0J_+)⟩ , (3.28)

⟨ ¯∂(g_+ G_{++} − g_− G_{+−})⟩ = −λ⟨{4g_+g_− J J_+ − g_1 (g_+G_{−+} − g_−G_{−−})}⟩ ,

⟨ ¯∂(g_+G_{−+} − g_−G_{−−})⟩ = −2λ⟨{g_+g_−(∂J + 2JJ_0) + g_2J_+(g_+G_{++} − g_−G_{+−})}⟩ .

Comparing with the Chern-Simons equations of motion we immediately notice beautiful agreement once the deformation parameters are fixed to

g_+ = g_− = √ 3 , g_1 = 2 , g_2 = 8 3 . (3.29)

Using the OPEs (3.21) the central charge as measured by the improved stress tensor T̃ is given by

c_{UV} =

20 k 3 . (3.30)

On the other hand, the central charge of the W_4 CFT in the IR is given by

c_{IR} = 12 k Tr(L^2_0) = 60k . (3.31)

Therefore, c_{UV}/c_{IR} = 1/9, as expected from the ratio of the respective AdS-radii (2.20). Note that this does not violate the c-theorem because Lorentz invariance is not preserved by the flow.

– 18 –

3.5 Summary

In this section we have demonstrated by explicit computation, that the Chern-Simons connection representing a spin-4 black hole in SL(4, R) Chern-Simons theory, also describes a flow between two CFT’s characterized by different W-algebras. In particular, we have shown that the UV conformal fixed point has a W-algebra associated to the (2, 1, 1) non-principal embedding of sl(2) in sl(4). Crucially, conformal transformations of this UV CFT are generated by a twisted stress tensor T̃ . Our analysis strongly suggests that an analogous picture will continue to be valid for general higher spin black holes in SL(N, R) and that these will correspond to flows between CFT’s associated to the principal and some non-principal embedding of sl(2) in sl(N).

4 Thermodynamics

We have presented evidence that some of the key features of higher-spin black hole backgrounds in AdS_3, originally found in [26] for SL(3, R) Chern-Simons theory, can be naturally generalized to SL(N, R) theories with N > 3. In particular the black holes with higher spin charge continue to be embedded within flows between CFT’s characterized by W-algebras corresponding to different embeddings of sl(2) in sl(N). It is now interesting to ask whether the thermodynamics of these black holes and in particular the interplay between multiple branches of solutions [37] also generalizes in a simple way.

Thermodynamic action: Our approach towards the thermodynamics will first follow the general idea outlined in [36], which was explicitly applied to spin-three black holes in [37]. As pointed out in [28] this so-called “holomorphic” formulation of thermodynamics differs from the “canonical” formulation followed in [49] and [28].

In order to be identified with black holes, the sl(4) connections in eq. (3.1), must also satisfy a smoothness condition in Euclidean signature. In particular, the holonomy of the gauge field around the Euclidean thermal circle must be trivial. This is analogous to the requirement of regularity of the Euclidean black hole metric in ordinary gravity [26, 27, 44]. The smoothness condition in turn implies that the holonomy of the gauge field should lie in the center of the gauge group, which then constrains the eigenvalues of the connection a_t. To describe a higher spin black hole which is connected smoothly to the usual BTZ black hole at μ = 0, we require exp (∮ β a_t ) = exp (2πiL_0) , a_t ≡ i(a_z + a_{z̄}) . (4.1)

This condition fixes the eigenvalues of the matrix βa_t, to match those of the dilatation

– 19 – generator L_0 ≡ diag(^3_2 ,^1_2 , −^1_2 , −^3_2 ), so that

Tr(a^2_t ) = −20π^2T^2 , Tr(a^3_t ) = 0 , det(a_t) = 9π^4T^4 . (4.2)

Requiring that the holonomies be fixed, automatically guarantees that the first law of thermodynamics is obeyed by the solutions [28, 29]. In the approach of [36] the on-shell Euclidean action of the Chern-Simons theory reads

I_{on−shell} = ik 4π ∫ dt dϕ [ Tr(a_t a_ϕ) − Tr(ā_t ā_ϕ) ] . (4.3)

This is purely a boundary contribution (in the so-called angular quantization picture) since the bulk Chern-Simons action simply vanishes on-shell. On the other hand, a free variation of the Chern-Simons bulk and boundary terms yields δI = − ik 4π ∫ T^2

dt dϕ [ Tr (a_ϕ δa_t − a_t δa_ϕ) − (a → ā) ] , (4.4)

where the variation includes the effect of changing the modular parameter of the boundary torus, or the inverse temperature β. Assuming a non-rotating configuration, explicit evaluation of this using the connections (3.1) (or those in [37] for SL(3, R)) shows that I does not transform as a thermodynamic grand potential.

δI = −8πQ_4 β dμ − 4πdQ_4 (βμ) − dβ (I_{on−shell} β^{−1}) . (4.5)

This can, however, be fixed by a Legendre transform of I,

I → I + 4πQ_4 (βμ) . (4.6)

It is now straightforward to deduce that the correct thermodynamical action which yields the expected variations with respect to the inverse temperature β and the chemical potential μ, ∂I_{th} ∂β = 4πL , ∂I_{th} ∂(βμ) = − 4π Q_4 , (4.7)

is given by, Φ ≡ β^{−1} I_{th} = −4πL + 12πμ Q_4 . (4.8)

Φ is the grand potential, and we have assumed that the barred and unbarred sectors contribute equally to the total energy and spin-four charge, for the non-rotating configuration. From this we deduce the thermodynamic entropy S = 1 T (8πL − 16π μ Q_4) . (4.9)

– 20 –

We may also readily verify, that the formulae for the entropy and the grand potential can be directly deduced from the Chern-Simons connections as

Φ = −k Tr ( a^2_z +^3_2 a_z a_{z̄} ) , (4.10)

S = 2ik β Tr(a_t a_z) = 2k β Tr ( a^2_z + a_z a_{z̄} ) . This expression for entropy was pointed out in [28, 29]. In particular, in [29], it was shown that this entropy formula (for non-rotating solutions) can be obtained by evaluating the Chern-Simons action “off-shell” on appropriately regularized singular connections, i.e. those with non-trivial holonomy around the Euclidean time circle.

Note that our expressions for the entropy and the energy differ from those in the canonical formulation where the energy includes terms non-linear in L. In the holomorphic formulation we adopt, the energy is naturally defined as the expectation value of the Hamiltonian of the undeformed theory.

4.1 Holonomy conditions and phase structure

In [37], the potentially rich thermodynamic phase structure of the spin-3 black hole solutions in SL(3, R) Chern-Simons theory was shown. The main feature was the existence of multiple branches of black hole solutions of which only one is smoothly connected to the BTZ black hole at μ = 0. Perhaps the most remarkable feature of the thermodynamics of spin-3 black holes is that the BTZ branch ceases to exist beyond a critical value of the chemical potential (at fixed temperature).^6 At this critical point, the BTZ branch merges with a thermodynamically unstable branch. Finally, the physics at ultra-high temperature (or fixed temperature, ultra-high chemical potential) is remarkably well described by the thermodynamics of a UV CFT with W^{(2)}_3 symmetry.

It is now easy to verify whether this thermodynamic phase structure generalizes in a simple way to SL(N, R) theories with N = 4, 5. Black hole solutions require trivial holonomy of the Chern-Simons connection (3.1) around the time circle. For N = 4, we obtain three algebraic equations for the three charges L, Q_3 and Q_4. The equations have multiple roots, with six real branches (out of a total of 27 roots). Remarkably, the phase diagram bears a strong similarity to the SL(3, R) theory. Once again, the BTZ branch ceases to exist beyond a critical value of √ μ T . 6One possible resolution is that beyond this point one must allow for complex roots of the holonomy conditions, since SL(3, C ) is the true gauge group of the Euclidean theory. In that case the BTZ-branch continues to exist beyond this critical chemical potential, as a complex saddle point, until eventually at some higher μ there is a first order transition to the phase that dominates in the UV.

– 21 –

Figure 1: Energy and the grand potential for the six branches corresponding to spin-4 black holes in SL(4, R) Chern-Simons theory.

Performing the analogous excercise for SL(5, R) Chern-Simons theory, we find a much larger number of roots, ranging between 46 real roots for small T and 18 real branches for larger temperatures (at fixed μ). The universal features of the

Figure 2: Energy versus temperature for real branches corresponding to spin-5 black holes from SL(5, R) Chern-Simons theory.

solutions are self-evident. In particular, the disappearance of the BTZ-branch is a robust feature. The other striking feature is the rapid growth in the number of solutions with N. This is due to the fact that there are N − 1 holonomy conditions on the N − 1 thermodynamical charges and the order of the polynomial equations arising from the holonomy conditions effectively grows as ∼ N^2 for large N. It would be a very interesting excercise to uncover the large-N scaling of the number of real branches and whether the rapid growth of this number has implications for the presence or absence of phase transitions in the theory with an infinite tower of higher spin fields.

– 22 –

4.2 Thermodynamics of the UV fixed point

Finally we turn to a non-trivial consistency check of the picture we have presented thus far. This is provided by the construction of a thermodynamical action for the UV fixed point in terms of the appropriate variables for that theory. This is once again analogous to, and a generalization of the situation with the spin-3 black hole, discussed in [37]. To obtain the UV thermodynamics, we rewrite the flat connections, after a constant gauge transformation (rescaling),

â =

(_1

6 W^{(4)}_3 + w_1 W^{(4)}_1 + w_{−3} W^{(4)}_{−3} + w_{−1} W^{(4)}_{−1} + v_{−2} W^{(3)}_{−2} + (4.11)

+ v_0 W^{(3)}_0 + u_{−1} L_{−1} ) dz̄ + λ ( L_1 + 2w_1 L_{−1} − v_0 W^{(3)}_{−2} +^5_9 u_{−1} W^{(4)}_{−3} ) dz , where we have swapped the z and z̄ coordinates. Now we can compute the complete variation of the action and deduce thermodynamic quantities following the steps already outlined above. We calculate the variation of the Chern-Simons action (4.4) after a suitable Legendre transform, using the equations of motion (3.8) and the relation between Chern-Simons variables and W-algebra currents (D.1), and we find, δÎ = −4π ⟨T̃ ⟩ dβ − 4π ⟨O⟩ d(λβ) . (4.12) ⟨T̃ ⟩ and ⟨O⟩ are the expectation values of the UV stress tensor and the deforming current ((3.20),(3.24)), obtained from the asymptotic symmetry algebra and the Ward identities. Therefore the energy as measured with respect to the UV fixed point coincides with the expectation value of the stress tensor obtained using different methods, and λ can be viewed as a chemical potential for the conserved current O (scaling dimension^4_3 ). Note that in Euclidean signature, the energy density is proportional to −⟨ ~T ⟩. The grand potential for this ensemble is

Φ̂ = 4π ⟨ ~T ⟩ + 4πλ ⟨O⟩ = −k Tr (â^2_z +^3_2 â_z â_{z̄}) . (4.13)

Before we leave the discussion of the thermodynamics, the outstanding issue that we do not solve here is to provide a definition of the free energy which interpolates smoothly between the IR and UV definitions we have provided above in (4.10) and (4.13), respectively.

5 Discussions and Conclusions

The goal of this work was to analyze in detail the asymptotic symmetries of higher spin black hole solutions in SL(N, R) Chern-Simons theory. Although we restricted attention to the case with highest spin chemical potential for simplicity, our analysis

– 23 – confirms the general expectation that these solutions should correspond to flows linking a W_N CFT to one with a non-principal W-algebra. To be more specific, we conjecture that the UV limit associated to the element W^{(s)}_{s−1} will involve the W-algebra for the sl(2) embedding with L̂_1 = W^{(s)}_{s−1}. The only subtlety in this identification is that the stress tensor of the UV fixed point must be appropriately twisted by U(1) currents which always arise in non-principal embeddings of sl(2) in sl(N).

The most interesting question is whether an analogous study can be performed for black hole solutions in hs[λ] Vasiliev theory which is related by the proposal of Gaberdiel and Gopakumar to a ’t Hooft large-N limit of the W_N minimal models. Higher spin black hole solutions in this theory, constructed perturbatively in the chemical potential [34], do alter the asymptotics in the same way as in SL(N, R) Chern-Simons theories. It would definitely be interesting to understand if these imply an RG flow between a W_N minimal model and another (unitary) CFT. Nonprincipal embeddings of certain kinds (e.g. the next-to-principal embedding) have been argued to have semiclassical limits which are unitary [41]. In any case, it appears that SL(N) Chern-Simons theories in the semiclassical limit (fixed N, large k) yield results related by analytic continuation to the hs[λ] theory or the unitary W_N models in the ’t Hooft limit [16, 50]. Therefore, it is plausible that a similar picture is realized for RG flows within this framework.

The analysis of the thermodynamics of multiple branches of black hole solutions in the large-N limit is another fascinating question for the future. We have already seen that the number of solutions to the holonomy equations increases rapidly with N. Since the BTZ-branch of solutions disappears for high temperatures (as a real solution to the holonomy conditions) this is accompanied by putative discontinuous phase transitions [37]. The discretuum of solutions at large-N may well be responsible for smoothing out and eliminating such discontinuities as seen at zero chemical potential [51]. Conical defect states [44, 52] carrying higher spin charge, are also likely to play an important role in this limit.

There are very close and interesting parallels between the RG flows associated to higher spin black holes as we have described and the theory of generalized KdV hierarchies [53, 54]. The latter are naturally associated to the affine generalisation of g = sl(N) realized as a loop algebra ^g = sl(N) ⊗ C [ξ, ξ^{−1} ].^7 The connection with the RG flows is that the Chern-Simons equation-of-motion is a flatness condition for the gauge connection (a_z, a_{z̄}) which can be interpreted as the Lax equation of the hierarchy associated to the pair of “flows” (z, z̄). In the context of the integrable hierarchies, a central role is played by a particular Heisenberg subalgebra of ^g. These are maximal abelian subalgebras of the affine algebra which are classified

7We denote the spectral parameter as ξ to avoid confusion with the spacetime variable z.

– 24 – by conjugacy classes of g. In the present context, we need to take the Heisenberg subalgebra associated to the Coxeter element of the Weyl group of sl(N) which in the N-dimensional representation take the form

Λ^{(s,n)} = ξ^n ( W^{(s)}_{s−1} + ξY_{s−1−N} ) , (5.1)

where Y_{s−1−N} is a particular element with [L_0, Y_{s−1−N} ] = (s − 1 − N)Y_{s−1−N} determined by the condition that [Λ^{(s,n)}, Λ^{(s′,n′)}] = 0. The basic Lax operator of the hierarchy is

L = ∂_z + q + Λ^{(1,0)} . (5.2)

The flows of the hierarchy are then given by ∂L ∂t^{(s,n)} = [L, A^{(s,n)}] , (5.3)

The definition of q and A^{(s,n)} above is described fully in [53], however, in the present context we can identify q + Λ^{(1,0)} = a_z (with ξ = 0). The RG flow when a given μ_s is turned on is then associated to a particular flow of the hierarchy with z̄ = t^{(s,0)} and A^{(s,0)} = a_{z̄} (again with ξ = 0). The fact that the equations are integrable means that there are an infinite number of conserved quantities which in turn means that the Ward identities of the 2d QFT that interpolates between the UV and IR CFTs can be written as an infinite set of conservation equations. This implies that the non-relativistic interpolating QFT is integrable. Another important property of the integrable hierarchy is that the equations can be written in Hamiltonian form for each element of the Heisenberg subalgebra [54]. The corresponding Poisson structure associated to the flow t^{(s,0)} is then naturally identified with the generalized W-algebra for the non-principal embedding with L̂_1 = W^{(s)}_{s−1}.

Acknowledgments

We would like to thank Justin David for several enjoyable discussions and for collaboration during early stages of the project. The authors were supported in part by STFC grant ST/G000506/1.

– 25 –

A Conventions

We follow the conventions adopted in [44] for defining and obtaining matrix representations of sl(N, R) elements. After taking {L_0, L_{±1}} to be the N-dimensional representations of sl(2), the explicit form for the other generators can be deduced using

W^{(s)}_m = (−1)^{s−m−1}

(s + m − 1)!

(2s − 2)! [L_{−1}, [L_{−1}, . . . [L_{−1} s−m−1 terms , L^{s−1}_1 ] . . .]] (A.1)

B Decomposition of sl(4) Algebra

The sl(4) generators branch into irreducible representations of sl(2) as,

15 → 3 + 4 · 2 + 4 · 1 . (B.1)

and the algebra naturally decomposes as sl(4) → sl(2) ⊕ sl(2)^′ ⊕ u(1). Explicitly, under this branching, the 15 generators of sl(4) are:

sl(2) : L̂_0 =^1_3 L_0 +^1_3

(_1 2 W^{(4)}_0 −^1_{10} L_0 ) , L̂_{±1} = −^1_6 W^{(4)}_{±3} , (B.2)

sl(2)^′ : J_0 =^1_{10} L_0 −^1_2 W^{(4)}_0 , J^± =^1_5 L_{±1} −^1_2 W^{(4)}_{±1} ,

u(1) : J =^1_2 W^{(3)}_0 ,

G^{+ ±}_{1/2} =^1_2^√_3 ( −W^{(4)}_2 ±^1_2 W^{(3)}_2 ) , G^{− ±}_{−1/2} =^1_2^√_3 ( W^{(4)}_{−2} ±^1_2 W^{(3)}_{−2} ) , G^{∓ ±}_{±1/2} = ±^1_2^√_3 ( W^{(3)}_{±1} − W^{(4)}_{±1} −^3_5 L_{±1} ) , G^{± ±}_{∓1/2} = ±^1_2^√_3

(_3 5 L_{∓1} + W^{(4)}_{∓1} + W^{(3)}_{∓1} ) . The generators G^{ab}_m are labelled by their weights m = ±^1_2 , a = ±, b = ± with respect to L̂_0, J and J^0, respectively. The algebra of these generators is the global part of the W^{(2,1,1)}_4 algebra.

C Variations of SL(4, R) Currents

We list below the transformation laws for the currents under infinitesimal SL(4, R) transformations that preserve the form of the asymptotically AdS background in the

– 26 –

(2, 1, 1) embedding. In all equations below we drop the subscript on χ^{ab}_+ . The non-

trivial gauge transformations are:

Variations of L:

δ_εL = −^1_2 ε^{′′′}_1 + 2L ε^′_1 + ε_1 L^′ , (C.1)

δ_χ++ L = −^3_2 χ^{++ ′} G_{−−} + ( −^1_2 G^′_{−−} − G_{−−} ( J −^1_2 J_0 ) − G_{+−} J_− ) χ^{++},

δ_χ−+ L =^3_2 χ^{−+ ′} G_{+−} +

(_1 2 G^′_{+−} + G_{+−} ( J +^1_2 J_0 ) − G_{−−} J_+ ) χ^{−+} , δ_χ+− L = −^3_2 χ^{+− ′} G_{+−} + ( −^1_2 G^′_{−+} + G_{−+} ( J +^1_2 J_0 ) − G_{++} J_− ) χ^{+−}, δ_χ−− L =^3_2 χ^{−− ′} G_{++} +

(_1 2 G^′_{++} − G_{++} ( J −^1_2 J_0 ) − G_{−+} J_+ ) χ^{−−} . Variations of U(1) current:

δ_γ J = γ^′ (C.2)

δ_χ++ J = G_{−−} χ^{++} , δ_χ−− J = G_{++} χ^{−−} ,

δ_χ+− J = −G_{−+} χ^{+−} , δ_χ−+ J = −G_{+−} χ^{−+} .

Variations of SL(2)^′ currents:

δ_{η0} J_0 = η^′_0 , δ_{η−} J_0 = 2J_+ η_− , δ_{η+} J_0 = −2J_− η_+ , δ_χ−− J_0 = −G_{++} χ^{−−} ,

δ_χ++ J_0 = −G_{−−} χ^{++} , δ_χ+− J_0 = −G_{−+} χ^{+−} , δ_χ−+ J_0 = −G_{+−} χ^{−+} . (C.3)

δ_{η+} J_+ = η^′_+ − 2J_0 η_+ ; δ_{η0} J_+ = J_+ η_0 ; δ_χ+− J_+ = −G_{++}χ^{+−} ; δ_χ++ J_+ = −G_{+−}χ^{++} .

δ_{η−} J_− = η^′_− + J_0 η_− ; δ_{η0} J_− = −J_− η_0 ; δ_χ−+ J_− = −G_{−−}χ^{−+} ; δ_χ−− J_− = −G_{−+}χ^{−−} .

Variations of spin-^3_2 currents:

δ_εG_{±+} =^3_2 G_{±+} ε^′_1 + ( G^′_{±+} + G_{±+} J ∓^1_2 G_{±+} J_0 ± G_{∓+} J_± ) ε_1 , (C.4)

δ_εG_{±−} =^3_2 G_{±−} ε^′_1 + ( G^′_{±−} − G_{±−} J ∓^1_2 G_{±−} J_0 ∓ G_{∓−} J_± ) ε_1 ,

– 27 – δ_χ++ G_{++} = −χ^{++ ′′} + χ^{++ ′} (J_0 − 2J) + χ^{++}

(_1 2 J^′_0 − J^′ + J_+ J_− −^1_4 J^2_0 + J J_0 − J^2 + L )

δ_χ−+ G_{++} = − 2J_+χ^{−+ ′} − (2J J_+ + J^′_+)χ^{−+} (C.5)

δ_γ G_{++} = − G_{++} γ δ_{η0} G_{++} =^1_2 G_{++} η_0 δ_{η+} G_{++} = − G_{−+} η_+

δ_χ−+ G_{−+} = −χ^{−+ ′′} − χ^{−+ ′} (J_0 + 2J) + χ^{−+} ( −^1_2 J^′_0 − J^′ + J_+ J_− −^1_4 J^2_0 − J J_0 − J^2 + L )

δ_χ++ G_{−+} = 2J_−χ^{++ ′} + (2J J_− + J^′_−)χ^{++}

δ_γ G_{−+} = − G_{−+} γ δ_{η0} G_{−+} = −^1_2 G_{−+} η_0 δ_{η−} G_{−+} = G_{++} η_− δ_χ−− G_{−−} = −χ^{−− ′′} − χ^{−− ′} (J_0 − 2J) + χ^{−−} ( −^1_2 J^′_0 + J^′ + J_+ J_− −^1_4 J^2_0 + J J_0 − J^2 + L )

δ_χ+− G_{−−} = 2J_−χ^{+− ′} + (−2J J_− + J^′_−)χ^{+−}

δ_γ G_{−−} = G_{−−} γ δ_{η0} G_{−−} = −^1_2 G_{−−} η_0 δ_{η−} G_{−−} = G_{+−} η_−

δ_χ+− G_{+−} = −χ^{+− ′′} + χ^{+− ′} (J_0 + 2J) + χ^{+−}

(_1 2 J^′_0 + J^′ + J_+ J_− −^1_4 J^2_0 − J J_0 − J^2 + L )

δ_χ−− G_{+−} = −2J_+χ^{+− ′} + (2J J_+ − J^′_+)χ^{−−}

δ_γ G_{+−} = G_{+−} γ δ_{η0} G_{+−} =^1_2 G_{+−} η_0 δ_{η+} G_{+−} = −G_{−−} η_+ .

C.1 Poisson brackets for the W^{(2,1,1)}_4 algebra

Using the gauge variations of the currents, we arrive at the following set of Poisson brackets which determine the W-algebra. In order to express our results in terms of appropriately normalized currents, we have performed the rescalings

L → −^{2π}_k L , G_{ab} → −^{2π}_k G_{ab} , J_± → −^{2π}_k J_± , J_0 → −^{4π}_k J_0 , J → −^{2π}_k J (C.6) {L(z), L(z^′)} = −2L(z) δ^′(z − z^′) − L^′ δ(z − z^′) −^k_{4π} δ^{′′′}(z − z^′) , (C.7) {L(z), G_{±+}(z^′)} = −^3_2 δ^′(z − z^′) G_{±+}(z) −^1_2 δ(z − z^′) G^′_{±+}(z) −^{2π}_k (G_{±+} J ∓ G_{±+} J_0 ± G_{∓+} J_±) δ(z − z^′) ,

– 28 –

{L(z), G_{±−}(z^′)} = −^3_2 δ^′(z − z^′) G_{±−}(z) −^1_2 δ(z − z^′)G^′_{±−}(z) −^{2π}_k (−G_{±−} J ∓ G_{±−} J_0 ∓ G_{∓−} J_±) δ(z − z^′) ,

{L(z), J(z^′)} = 0 , {L(z), J_{0,±}(z^′)} = 0 , {J(z), J(z^′)} =^k_{2π} δ^′(z − z^′) ,

{J_0(z), J_0(z^′)} =^k_{4π} δ^′(z − z^′) , {J_0(z), J_±(z^′)} = ∓^k_{2π} J_± δ(z − z^′) ,

{J_+(z), J_−(z^′)} = −^k_{2π} δ^′(z − z^′) − 2J_0 δ(z − z^′) ,

{G_{±∓}(z), G_{±±}(z^′)} = 2 J_±(z) δ^′(z − z^′) + J^′_± δ(z − z^′) ±^{4π}_k J J_± δ(z − z^′) ,

{G_{−∓}(z), G_{+±}(z^′)} = −^k_{2π} δ^{′′}(z − z^′) + δ^′(z − z^′) (2J_0(z) ∓ 2J(z)) − δ(z − z^′) L + δ(z − z^′) (J^′_0(z) ∓ J^′(z)) +^{2π}_k δ(z − z^′) (J_+ J_− − J^2_0 ± 2j J_0 − j^2 ) , {J(z), G_{a±}(z^′)} = ∓δ(z − z^′) G_{a,±} , {J_0(z), G_{±,a}(z^′)} = ± 1 2 δ(z − z^′) G_{±,a} , {J_∓(z), G_{±,a}(z^′)} = ± G_{∓,a} δ(z − z^′) .

These Poisson brackets define the W^{(2,1,1)}_4 algebra. A final adjustment is necessary in order to ensure that the currents have standard tensor-like transformation properties. This is easily achieved by a shift of L which yields the correct stress tensor,

L → T = L −^{2π}_k (_1 2 J^2 + J^2_0 − J_+ J_− ) . (C.8)

We then obtain the following Poisson brackets involving the stress tensor T ,

{T (z), G_{ab}(z^′)} = −^3_2 δ^′(z − z^′) G_{ab}(z) −^1_2 δ(z − z^′) G^′_{ab}(z) , (C.9) {T (z), J(z^′)} = −δ^′(z − z^′) J(z) , {T (z), J_A(z^′)} = −δ^′(z − z^′) J_A(z) , {G_{−∓}(z), G_{+±}(z^′)} = δ^{′′}(z − z^′) + δ^′(z − z^′) (2J_0(z) ∓ 2J(z)) − δ(z − z^′) T (z) + δ(z − z^′) (J^′_0(z) ∓ J^′(z)) +^{2π}_k δ(z − z^′) (2J_+ J_− − 2J^2_0 ± j J_0 −^3_2 j^2 ) .

The Poisson brackets above define the W-algebra associated to the non-principally embedded Chern-Simons connection

– 29 –

D Dictionary Between W^{(2,1,1)}_4 Currents and Black Hole Connection

The gauge transformation Ω (eq. (3.22)) on the generalized SL(4, R) black hole connection (3.4), turns it into the general form shown in eq. (3.15) allowing us to read off the parameters of the black hole background in terms of W-algebra currents,

v_0 = −^1_2 J , v_{−1} =^1_2^√_3 (G_{+−} − G_{++}) , v_{−2} =^1_{12} (√ 3 G_{−−} − √ 3 G_{−+} − 2J J_+ )

w_1 =^5_6 J_+ , w_0 =^5_9 J_0 , w_{−1} =^1_2 J_− −^1_6 J^2_+ −^1_2^√_3 (G_{+−} + G_{++}) ,

w_{−2} =^1_3 ¯∂J_+ −^1_9 J_0J_+ −^1_2^√_3 (G_{−−} + G_{−+}) ,

w_{−3} = −^1_6 L +^1_{36} ¯∂J_0 +^1_{18} J^3_+ +^1_{216} J^2_0 +^1_6^√_3 (G_{+−} + G_{++}) J_+ ,

u_{−1} = −^1_5 J_− −^4_{15} J^2_+ −^{√3}_{10} (G_{+−} + G_{++}) . (D.1)

A further rescaling as indicated in eq. (C.6) is necessary in order to express the result in terms of correctly normalized currents.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [hep-th/9711200].

[2] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150].

[3] S. E. Konstein, M. A. Vasiliev and V. N. Zaikin, “Conformal higher spin currents in any dimension and AdS / CFT correspondence,” JHEP 0012, 018 (2000) [hep-th/0010239].

[4] P. Haggi-Mani and B. Sundborg, “Free large N supersymmetric Yang-Mills theory as a string theory,” JHEP 0004, 031 (2000) [hep-th/0002189].

[5] B. Sundborg, “Stringy gravity, interacting tensionless strings and massless higher spins,” Nucl. Phys. Proc. Suppl. 102, 113 (2001) [hep-th/0103247].

[6] A. Mikhailov, “Notes on higher spin symmetries,” hep-th/0201019.

[7] E. Sezgin and P. Sundell, “Massless higher spins and holography,” Nucl. Phys. B 644, 303 (2002) [Erratum-ibid. B 660, 403 (2003)] [hep-th/0205131].

– 30 –

[8] I. R. Klebanov and A. M. Polyakov, “AdS dual of the critical O(N) vector model,” Phys. Lett. B 550, 213 (2002) [hep-th/0210114].

[9] S. Giombi and X. Yin, “Higher Spin Gauge Theory and Holography: The Three-Point Functions,” JHEP 1009, 115 (2010) [arXiv:0912.3462 [hep-th]].

[10] S. Giombi and X. Yin, “Higher Spins in AdS and Twistorial Holography,” JHEP 1104, 086 (2011) [arXiv:1004.3736 [hep-th]].

[11] C. -M. Chang, S. Minwalla, T. Sharma and X. Yin, “ABJ Triality: from Higher Spin Fields to Strings,” arXiv:1207.4485 [hep-th].

[12] M. R. Gaberdiel and R. Gopakumar, “An AdS3 Dual for Minimal Model CFTs,” Phys. Rev. D 83, 066007 (2011) [arXiv:1011.2986 [hep-th]].

[13] M. R. Gaberdiel, R. Gopakumar, T. Hartman and S. Raju, “Partition Functions of Holographic Minimal Models,” JHEP 1108, 077 (2011) [arXiv:1106.1897 [hep-th]].

[14] M. R. Gaberdiel and T. Hartman, “Symmetries of Holographic Minimal Models,” JHEP 1105, 031 (2011) [arXiv:1101.2910 [hep-th]].

[15] C. -M. Chang and X. Yin, “Higher Spin Gravity with Matter in AdS3 and Its CFT Dual,” arXiv:1106.2580 [hep-th].

[16] M. R. Gaberdiel and R. Gopakumar, “Triality in Minimal Model Holography,” JHEP 1207, 127 (2012) [arXiv:1205.2472 [hep-th]].

[17] M. R. Gaberdiel and R. Gopakumar, “Minimal Model Holography,” arXiv:1207.6697 [hep-th].

[18] M. P. Blencowe, “A Consistent Interacting Massless Higher Spin Field Theory In D = (2+1),” Class. Quant. Grav. 6, 443 (1989).

[19] E. Bergshoeff, M. P. Blencowe and K. S. Stelle, “Area Preserving Diffeomorphisms And Higher Spin Algebra,” Commun. Math. Phys. 128, 213 (1990).

[20] M. Bordemann, J. Hoppe and P. Schaller, “Infinite Dimensional Matrix Algebras,” Phys. Lett. B 232, 199 (1989).

[21] M. A. Vasiliev, “Quantization on sphere and high spin superalgebras,” JETP Lett.

50, 374 (1989) [Pisma Zh. Eksp. Teor. Fiz. 50, 344 (1989)].

[22] M. A. Vasiliev, “Higher Spin Algebras And Quantization On The Sphere And Hyperboloid,” Int. J. Mod. Phys. A 6, 1115 (1991).

[23] E. S. Fradkin and V. Y. .Linetsky, “Supersymmetric Racah basis, family of infinite dimensional superalgebras, SU(infinity + 1—infinity) and related 2-D models,” Mod. Phys. Lett. A 6, 617 (1991).

[24] M. Henneaux and S. -J. Rey, “Nonlinear W_{infinity} as Asymptotic Symmetry of Three-Dimensional Higher Spin Anti-de Sitter Gravity,” JHEP 1012, 007 (2010) [arXiv:1008.4579 [hep-th]].

[25] A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, “Asymptotic symmetries of three-dimensional gravity coupled to higher-spin fields,” JHEP 1011,

– 31 –

007 (2010) [arXiv:1008.4744 [hep-th]]. A. Campoleoni, S. Fredenhagen and S. Pfenninger, “Asymptotic W-symmetries in three-dimensional higher-spin gauge theories,” JHEP 1109, 113 (2011) [arXiv:1107.0290 [hep-th]].

[26] M. Gutperle and P. Kraus, “Higher Spin Black Holes,” JHEP 1105, 022 (2011) [arXiv:1103.4304 [hep-th]].

[27] M. Ammon, M. Gutperle, P. Kraus and E. Perlmutter, “Spacetime Geometry in Higher Spin Gravity,” JHEP 1110, 053 (2011) [arXiv:1106.4788 [hep-th]].

[28] J. de Boer and J. I. Jottar, “Thermodynamics of Higher Spin Black Holes in AdS_3,” arXiv:1302.0816 [hep-th].

[29] P. Kraus and T. Ugajin, “An Entropy Formula for Higher Spin Black Holes via Conical Singularities,” arXiv:1302.1583 [hep-th].

[30] M. Ammon, M. Gutperle, P. Kraus and E. Perlmutter, “Black holes in three dimensional higher spin gravity: A review,” arXiv:1208.5182 [hep-th].

[31] A. M. Polyakov, “Gauge Transformations and Diffeomorphisms,” Int. J. Mod. Phys.

A 5, 833 (1990).

[32] M. Bershadsky, “Conformal field theories via Hamiltonian reduction,” Commun.

Math. Phys. 139, 71 (1991).

[33] H. -S. Tan, “Aspects of Three-dimensional Spin-4 Gravity,” JHEP 1202, 035 (2012) [arXiv:1111.2834 [hep-th]].

[34] P. Kraus and E. Perlmutter, “Partition functions of higher spin black holes and their CFT duals,” JHEP 1111, 061 (2011) [arXiv:1108.2567 [hep-th]].

[35] S. F. Prokushkin and M. A. Vasiliev, “Higher spin gauge interactions for massive matter fields in 3-D AdS space-time,” Nucl. Phys. B 545, 385 (1999) [hep-th/9806236].

[36] M. Banados, R. Canto and S. Theisen, “The Action for higher spin black holes in three dimensions,” JHEP 1207, 147 (2012) [arXiv:1204.5105 [hep-th]].

[37] J. R. David, M. Ferlaino and S. P. Kumar, “Thermodynamics of higher spin black holes in 3D,” JHEP 1211, 135 (2012) [arXiv:1210.0284 [hep-th]].

[38] B. Chen, J. Long and Y. -n. Wang, “Black holes in Truncated Higher Spin AdS_3 Gravity,” JHEP 1212, 052 (2012) [arXiv:1209.6185 [hep-th]].

[39] B. Chen, J. Long and Y. -N. Wang, “Phase Structure of Higher Spin Black Hole,” JHEP 1303, 017 (2013) [arXiv:1212.6593 [hep-th]].

[40] A. Castro, E. Hijano and A. Lepage-Jutier, “Unitarity Bounds in AdS_3 Higher Spin Gravity,” JHEP 1206, 001 (2012) [arXiv:1202.4467 [hep-th]].

[41] H. Afshar, M. Gary, D. Grumiller, R. Rashkov and M. Riegler, “Semi-classical unitarity in 3-dimensional higher-spin gravity for non-principal embeddings,” arXiv:1211.4454 [hep-th].

– 32 –

[42] A. Achucarro and P. K. Townsend, “A Chern-Simons Action for Three-Dimensional anti-De Sitter Supergravity Theories,” Phys. Lett. B 180, 89 (1986).

[43] E. Witten, “(2+1)-Dimensional Gravity as an Exactly Soluble System,” Nucl. Phys.

B 311, 46 (1988).

[44] A. Castro, R. Gopakumar, M. Gutperle and J. Raeymaekers, “Conical Defects in Higher Spin Theories,” JHEP 1202, 096 (2012) [arXiv:1111.3381 [hep-th]].

[45] M. R. Gaberdiel, T. Hartman and K. Jin, “Higher Spin Black Holes from CFT,” JHEP 1204, 103 (2012) [arXiv:1203.0015 [hep-th]].

[46] P. Kraus and F. Larsen, “Partition functions and elliptic genera from supergravity,” JHEP 0701, 002 (2007) [hep-th/0607138].

[47] E. B. Dynkin, “Semisimple subalgebras of semisimple Lie algebras,” Trans. Am.

Math. Soc. 6, 111 (1957).

[48] J. de Boer and T. Tjin, “The Relation between quantum W algebras and Lie algebras,” Commun. Math. Phys. 160, 317 (1994) [hep-th/9302006].

[49] A. Perez, D. Tempo and R. Troncoso, “Higher spin gravity in 3D: black holes, global charges and thermodynamics,” arXiv:1207.2844 [hep-th]; A. Perez, D. Tempo and R. Troncoso, “Higher spin black hole entropy in three dimensions,” arXiv:1301.0847 [hep-th].

[50] E. Hijano, P. Kraus and E. Perlmutter, “Matching four-point functions in higher spin AdS_3/CFT_2,” arXiv:1302.6113 [hep-th].

[51] S. Banerjee, A. Castro, S. Hellerman, E. Hijano, A. Lepage-Jutier, A. Maloney and S. Shenker, “Smoothed Transitions in Higher Spin AdS Gravity,” arXiv:1209.5396 [hep-th].

[52] A. Campoleoni, T. Prochazka and J. Raeymaekers, “A note on conical solutions in 3D Vasiliev theory,” arXiv:1303.0880 [hep-th].

[53] M. F. De Groot, T. J. Hollowood and J. L. Miramontes, “Generalized Drinfeld-Sokolov hierarchies,” Commun. Math. Phys. 145, 57 (1992).

[54] N. J. Burroughs, M. F. de Groot, T. J. Hollowood and J. L. Miramontes, “Generalized Drinfeld-Sokolov hierarchies 2: The Hamiltonian structures,” Commun. Math. Phys. 153, 187 (1993) [hep-th/9109014].

– 33 –