arXiv:1305.2421v1 [hep-th] 10 May 2013

QMUL-PH-12-23

Two-loop Sudakov Form Factor in ABJM

A. Brandhuber, Ö. Gürdoğan, D. Korres, R. Mooney and G. Travaglini^1

Centre for Research in String Theory School of Physics and Astronomy Queen Mary University of London Mile End Road, London, E1 4NS, UK

Abstract

We compute the two-loop Sudakov form factor in three-dimensional N = 6 superconformal Chern-Simons theory, using generalised unitarity. As an intermediate step, we derive the non-planar part of the one-loop four-point amplitude in terms of box integrals. Our result for the Sudakov form factor is given by a single non-planar tensor integral with uniform degree of transcendentality, and is in agreement with the known infrared divergences of two-loop amplitudes in ABJM theory. We also discuss a number of interesting properties satisfied by related three-dimensional integral functions.

1 {a.brandhuber, o.c.gurdogan, d.korres, r.j.b.mooney, g.travaglini}@qmul.ac.uk

Contents

1 Introduction 2

2 Scattering amplitudes in ABJM theory 4 2.1 Superamplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Colour ordering at tree level . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Symmetry properties of amplitudes . . . . . . . . . . . . . . . . . . . . . . 6

3 The complete one-loop amplitude 7 3.1 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.2 Symmetry properties of the one-loop amplitude . . . . . . . . . . . . . . . 8 3.3 Derivation of the complete one-loop amplitude from cuts . . . . . . . . . . 8

4 The Sudakov form factor at one and two loops 10 4.1 One-loop form factor in ABJM . . . . . . . . . . . . . . . . . . . . . . . . 11 4.2 Two-loop form factor in ABJM . . . . . . . . . . . . . . . . . . . . . . . . 11 4.2.1 Two-particle cuts . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 4.2.2 Three-vertex cuts . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2.3 Three-particle cuts . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 4.2.4 Results and comparison to the two-loop amplitudes . . . . . . . . . 16

5 Maximally transcendental integrals in 3d 17

A Half-BPS operators 19

B Properties of the box integral 21 B.1 Rotation by 90^∘ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 B.2 An identity for the s-channel cuts of I(1, 2, 3, 4) and I(1, 2, 4, 3) . . . . . . 22

C Details on the evaluation of integrals 23 C.1 Two-loop master integrals in three dimensions . . . . . . . . . . . . . . . . 23 C.2 Reduction to master integrals . . . . . . . . . . . . . . . . . . . . . . . . . 24

1 Introduction

In this paper we continue our investigation of amplitudes and form factors in threedimensional N = 6 Chern-Simons matter theory, also known as ABJM [1]. This theory is closely related to the maximally supersymmetric theories constructed in [2, 3], and provides an interesting example of holographic duality in three dimensions.

One interesting fact about ABJM theory is the presence of very similar, hidden structures as in N = 4 super Yang-Mills (SYM). In particular, dual conformal symmetry [4], integrability, [5–7], duality with Wilson loops at four points [8–10], uniform transcendentality of the two-loop four-point [11, 12] and six-point amplitude [13], colour-kinematics duality [14] have made their appearance in both theories. Furthermore, several powerful methods to compute four-dimensional amplitudes could be adapted and generalised to three dimensions – BCFW recursion relations [15], generalised unitarity [4, 16–18], and Grassmannian formulations [19] of amplitudes.

With the broad aim of further exploring these similarities between ABJM and N = 4 SYM, we initiate here a study of form factors in ABJM. In the present paper we focus on Sudakov form factors of half-BPS operators, i.e. the overlap of a state created by an operator built from two scalars and a two-particle on-shell state. In N = 4 SYM, Sudakov form factors were first studied (at one and two loops) by van Neerven in [20]. More recently, these quantities were revisited and various generalisations and extensions were achieved: form factors with more than two external on-shell particles were considered in [21–24] at one loop, and BPS operators with more than two scalars were studied in [22]. In [25] the two-loop, three-point from factor was calculated using generalised unitarity and, alternatively, from symbology [26], and a remarkable link to Higgs plus one-jet amplitudes in QCD [27] was unearthed, providing a new example of the principle of maximal transcendentality, first observed in [28] for anomalous dimensions of composite operators. The calculation of the Sudakov form factor was pushed to three loops in [29], where it was also found that the result could be expressed in terms of a set of integral functions that individually are uniformly transcendental, and more recently its four-loop integrand was constructed in [30] using colour-kinematics duality [31]. In parallel there have been studies of form factors at strong coupling using AdS/CFT duality and integrability, initially in [32] and more recently in [33] where insertions of multiple operators were also considered.

As alluded to above, these studies revealed that much of the technology and mathematical structures known from amplitudes also apply to form factors, e.g. recursion relations and unitarity, integrability and Y-systems, maximal transcendentality, symbology, colour-kinematics duality. However, there are also marked differences, in particular the appearance of non-planar integral topologies and the absence of dual conformal/Yangian symmetry.

In this paper we find that the result for the two-loop Sudakov form factor in ABJM has uniform degree of transcendentality and captures correctly the infrared divergences of two-loop amplitudes. The slightly unusual observation is that it is expressed in terms of single non-planar integral function with a very peculiar numerator. This is different from the story in N = 4 SYM, where the two-loop form factor [20] is expressed in terms of a planar and a non-planar integral function which both have trivial numerators and are separately transcendental. The role of this special numerator is two-fold: it removes unphysical infrared divergences linked to internal three-particle vertices, and at the same time makes the result transcendental. We have investigated these issues for several planar two-loop topologies with very similar findings, i.e. choosing the numerators in such a way to remove unphysical infrared divergences makes these integral transcendental. These planar topologies do not appear in the ABJM form factor but are ingredients of the form factors in ABJ which is also transcendental.

There are some parallels with N = 4 SYM, namely there exist certain superficially dual-conformal integrands which upon integration lead to divergent results even with external massive kinematics [34]. There, this phenomenon was observed only at higher loops and it was shown that such integrals, which could potentially contribute to amplitudes, actually have vanishing coefficient. Similar observations were made in the study of two-loop amplitudes in ABJM [13], where important constraints on integral functions were inferred from the condition of vanishing triple cuts involving three-particle (and fiveparticle) amplitudes. It is the vanishing triple cuts, involving three-particle amplitudes, that we identify to guarantee the absence of unphysical infrared divergences and of terms which would spoil the uniform transcendentality of the result. Furthermore, these triple cuts give powerful constraints and cross-checks on the (numerators of) integral functions. This observation also points to more general questions in the study of amplitudes and form factors in three and four dimensions: what is a good basis of integral functions? What are the physical and practical criteria for the choice? What are the properties of this basis? Some of the desirable features would be that the expansion coefficients are ϵ-independent (in the case of ABJM this requires tensor integrals instead of scalar integrals) and that the integral functions individually are transcendental^1, but it would clearly be interesting to understand better the underlying physical and mathematical criteria for any potential choice. The ABJ(M) form factors seem to provide an interesting playground to study such issues.

The rest of the paper is organised as follows. After reviewing some general properties of ABJM amplitudes in Section 2, we present in Section 3 the calculation of the non-planar part of the one-loop four-point amplitude in this theory. The complete – planar plus nonplanar – integrand of the four-point amplitude is a key ingredient in the construction of the Sudakov form factor, which is discussed in Section 4. There, we derive this quantity firstly at one and then at two loops, using two- and three-particle cuts at the level of the integrand. As mentioned earlier, the result is expressed in terms of a single nonplanar integral topology with a special numerator, whose properties we discuss in detail. In particular, we consider certain three-vertex cuts, which put strong constraints on the form of these numerators. We also compare our result to the known infrared divergences of ABJM amplitude at two loops, finding complete agreement. Finally, in Section 5 we introduce three planar integral topologies which contribute to the ABJ form factor. We discuss their properties and present their maximally transcendental result. Three appendices contain details on half-BPS operators in ABJM, on the one-loop box function in terms of which the four-point amplitude is expressed, and on the reduction to master integrals of the integral topologies discussed in this paper.

1See [35] for a recent proposal in four dimensions.

2 Scattering amplitudes in ABJM theory

In the following we briefly review some key facts of ABJM theory, and in particular of its tree amplitudes, which appear in the construction of loop amplitudes and form factors using unitarity [36–39].^2

2.1 Superamplitudes

Three-dimensional N = 6 Chern-Simons matter theory [1] (or, in short, ABJM) is a quiver theory with gauge group U_k(N) × U_{−k}(N), where k and −k are the Chern-Simons levels of the gauge fields A_μ and Â_μ, respectively. The matter fields comprise four complex scalars ϕ^A and four fermions ψ^α_A, where A = 1, . . . , 4 is a SU(4) R-symmetry index and α = 1, 2 is a spin index. The fields (ϕ^A)^i_{j̄} and (ψ^α_A)^i_{j̄} transform in the bifundamental representation (N, N̄) of the gauge group, while (ϕ̄_A)^ī_j and (ψ̄^A_α )^ī_j transform in the (N̄, N), with i, j̄ = 1, . . . , N. An interesting variant of ABJM is the so-called ABJ theory, i.e. N = 6 Chern-Simons theory with gauge group U_k(N) × U_{−k}(N^′). In this case i = 1, . . . , N, j̄ = 1, . . . , N^′. Note that in the ABJ(M) theory the gauge fields are non-dynamical because of the topological nature of the Chern-Simons action, and hence they cannot appear as external states.

The momenta of the particles can be written efficiently in the three-dimensional spinor helicity formalism as p_{αβ} := λ_αλ_β , (2.1) where λ_α are commuting spinors. The states of the ABJM theory can be packaged into two Nair superfields [40, 41],

Φ(λ, η) = ϕ^4(λ) + η^Aψ_A(λ) + 1 2 ϵ_{ABC} η^Aη^Bϕ^C (λ) + 1 3! ϵ_{ABC} η^Aη^Bη^C ψ_4(λ) , (2.2)

Φ̄(λ, η) = ψ̄^4(λ) + η^Aϕ̄_A(λ) + 1 2 ϵ_{ABC} η^Aη^Bψ̄^C (λ) + 1 3! ϵ_{ABC} η^Aη^Bη^Cϕ̄_4(λ) , (2.3)

where η^A, A = 1, 2, 3 are Grassmann coordinates parameterising an N = 3 superspace. The superfields Φ and Φ̄ carry colour indices Φ^i_{j̄} and Φ̄^ī_j . Note that Φ is bosonic while Φ̄ is fermionic. This description breaks the SU(4) R-symmetry of the theory down to a manifest U(3).

Colour-ordered partial amplitudes were introduced in [42], and we denote them as A(Φ̄_1, Φ_2, . . . , Φ_n). An important feature of ABJ(M) is that any amplitude with an odd number of particles vanishes, as a simple consequence of gauge invariance. Invariance under translations and supersymmetry transformations ensures that amplitudes are proportional to δ^{(3)}(P )δ^{(6)}(Q), where Q^A_α and P_{αβ} are the total momentum and supermomentum of n particles, respectively:

P_{αβ} := n∑ i=1 λ_{i,α}λ_{i,β} , Q^A_α := n∑ i=1 λ_{i,α}η^A_i . (2.4)

2In this paper we follow the conventions of Section 2 and Appendix A of [17] for the ABJM superamplitudes and the three-dimensional spinor helicity formalism, respectively.

ℓ_1p_1 p_2 p_3 p_4

Figure 1: The one-loop box function in (2.7).

The first non-vanishing amplitude of the theory occurs at four points, and is the basic building block of higher-point amplitudes. At tree level it is given by the following compact expression [43],

A^{(0)}_4 (¯ 1, 2, ¯3, 4 ) = i δ^{(6)}(Q)δ^{(3)}(P ) ⟨1 2⟩ ⟨2 3⟩ . (2.5)

As usual, component amplitudes can be obtained by extracting the coefficient of the appropriate monomial in the η_i variables. For instance, in order to pick the component amplitude A (¯ ϕ_A(p_1), ϕ^4(p_2), ϕ̄_4(p_3), ϕ^A(p_4) ) we need to expand the fermionic delta function δ^{(6)}(Q) and keep the term (η_1)^1(η_2)^0(η_3)^3(η_4)^2⟨1 3⟩⟨3 4⟩^2.

The one-loop colour-ordered four-point superamplitude^3 was constructed in [11], and is equal to^4 A^{(1)} ( ¯1, 2, ¯3, 4 ) = iA^{(0)} ( ¯1, 2, ¯3, 4 ) N I(1, 2, 3, 4) , (2.6)

where s_{ij} = (p_i + p_j )^2. The one-loop integral I(1, 2, 3, 4) is defined by

I(1, 2, 3, 4) := ∫ d^Dℓ iπ^{D/2} s_{12} Tr(ℓ p_1 p_4) + ℓ^2 Tr(p_1 p_2 p_4) ℓ^2(ℓ − p_1)^2(ℓ − p_1 − p_2)^2(ℓ + p_4)^2

, (2.7)

with D = 3 − 2ϵ. Note that Tr(abc) = 2ϵ(a, b, c) := 2ϵ_{μνρ}a^μb^ν c^ρ.

Explicit evaluation of the right-hand side of (2.6) shows that A^{(1)}(¯1, 2, ¯3, 4) is of O(ϵ), and hence vanishes in three dimensions [11]. This is consistent with the fact that all oneloop amplitudes in ABJM can be expanded in terms of one-loop triangle functions [16], as expected from dual conformal invariance. The vanishing of the four-point amplitude then follows since one-mass (and two-mass) triangles vanish in three dimensions. Very interestingly, the box function with the particular numerator in (2.7) is also dual conformal invariant, as was demonstrated in [11] using a five-dimensional embedding formalism. Furthermore, the expression for A^{(1)}(¯1, 2, ¯3, 4) given in (2.6) is correct to all orders in the dimensional regularisation parameter ϵ. In the following, the integrand of (2.7) will be a crucial ingredient in applying unitarity at the integrand level.

3 Here, and in what follows, we use the normalisation 1/(iπ^{D/2}) per loop. In [11], the normalisation is 1/(2π)^D.

4We suppress the Chern-Simons level k, which will be reinstated at the end of our two-loop calculation.

¯1 2 ¯34 ¯1 2 ¯34

Figure 2: The two possible colour orderings [1, 2, 3, 4] and [1, 4, 3, 2] appearing in the fourpoint tree-level amplitude (2.10).

2.2 Colour ordering at tree level

As is well known from experience in N = 4 SYM, starting from two loops, cuts of form factors receive contributions from non-planar amplitudes which are as leading as those arising from the planar amplitudes (see for example [44, 25]). For our present purposes, we will need the complete (planar and non-planar) one-loop amplitude in ABJM at four points. We recall that complete tree amplitudes, denoted here by Ã, are given by [42, 7] Ã(¯1, 2, . . . , n) = ∑ P_n sgn(σ)A^{(0)} ( σ(¯1), σ(2), σ(¯3), . . . , σ(n) ) [ σ(¯1), σ(2), σ(¯3), . . . , σ(n) ] , (2.8) where P_n := (S_{n/2} × S_{n/2})/C_{n/2} are permutations of n sites that only mix even (bosonic) and odd (fermionic) particles among themselves, modulo cyclic permutations by two sites, and the function sgn(σ) is equal to −1 if σ involves an odd permutation of the odd (fermionic) sites, and +1 otherwise. A^{(0)}(¯1, 2, ¯3 . . . , n) are colour-ordered tree amplitudes, and we have also defined [ ¯1, 2, ¯3, . . . , n ] := δ^{ī1}_{ī2} δ^{i2}_{i3} δ^{ī3}_{ī4} · · · δ^{in}_{i1} . (2.9)

In the following we will just write [ 1, 2, · · · , n] without specifying if a particle is barred (i.e. fermionic) or un-barred (bosonic), with the understanding that the first entry in the bracket always represents a fermionic field.

As an example, we consider the complete four-point amplitude at tree level. It includes the two colour structures [1, 2, 3, 4] and [1, 4, 3, 2] (see Figure 2) and is given by the following expression:

Ã^{(0)}(¯1, 2, ¯3, 4) = A^{(0)}(¯1, 2, ¯3, 4) ([ 1, 2, 3, 4 ] − [ 1, 4, 3, 2] ) . (2.10)

We have also used that A^{(0)}(¯1, 2, ¯3, 4) = A^{(0)}(¯3, 2, ¯1, 4) , (2.11) a fact that follows from (2.5).

2.3 Symmetry properties of amplitudes

It is useful to recall the following general relations for colour-ordered amplitudes [16]:

A^{(l)}(¯1, 2, ¯3 · · · , n) = (−)^{n2 −1} A^{(l)}(¯3, 4, · · · , ¯1, 2) , (2.12) and A^{(l)}(¯1, 2, ¯3 · · · , n) = (−)^{n(n−2)8 +l} A^{(l)}(¯1, n, n − 1, n − 2, · · · , ¯3, 2) . (2.13)

We note that complete amplitudes should behave under exchange of any two particles as the spin-statistics theorem requires. In particular we expect

Ã^{(l)}(¯1, 2, ¯3, 4) = − Ã^{(l)}(¯3, 2, ¯1, 4) , (2.14)

at any loop order. This requires this explains the presence of the crucial minus sign between the two possible colour structures in (2.10).

3 The complete one-loop amplitude

3.1 Results

In this section we present our result for the complete four-point amplitude at one loop in ABJM. As mentioned earlier, this amplitude will be needed in order to construct the two-particle cuts of the two-loop form factor. The one-loop four-point amplitude is given by the sum of a planar and non-planar contribution:

Ã^{(1)}(¯1, 2, ¯3, 4) = A^{(1)}_P (¯1, 2, ¯3, 4) + A^{(1)}_{NP}(¯1, 2, ¯3, 4) , (3.1)

where

A^{(1)}_P (¯1, 2, ¯3, 4) = i N A^{(0)}(¯1, 2, ¯3, 4) I(1, 2, 3, 4) ([ 1, 2, 3, 4] + [ 1, 4, 3, 2] ) , (3.2) and A^{(1)}_{NP}(¯1, 2, ¯3, 4) = − 2 i A^{(0)}(¯1, 2, ¯3, 4) [( I(1, 2, 3, 4) − I(4, 2, 3, 1) ) [1, 2][3, 4] − ( I(2, 3, 4, 1) − I(1, 3, 4, 2) ) [1, 4][3, 2] ] . (3.3)

Note that the double-trace structure [1, 2] is

[1, 2] = δ^{ī1}_{ī2} δ^{i2}_{i1} . (3.4)

The complete one-loop amplitude can also be written in the following way,

Ã(1)(¯1, 2, ¯3, 4) A^{(0)}(¯1, 2, ¯3, 4) =i { I(1, 2, 3, 4) [ N ( [1, 2, 3, 4] + [1, 4, 3, 2] ) − 2[1, 2][3, 4] − 2[1, 4][3, 2] ]

+ 2 [ I(4, 2, 3, 1)[1, 2][3, 4] − I(1, 3, 4, 2)[1, 4][3, 2] ]} . (3.5)

3.2 Symmetry properties of the one-loop amplitude

Before discussing the derivation of (3.1), it is instructive to prove that A^{(1)}_P and A^{(1)}_{NP} are antisymmetric under the swap ¯1 ↔ ¯3 (see (2.14)). In order to show this one needs to use (2.11) and the following relations satisfied by the one-loop box (2.7): I(a, b, c, d) = − I(b, c, d, a) , I(a, b, c, d) = −I(c, b, a, d) . (3.6) These relations state that by cyclically shifting the labels of the external legs of the box function (2.7) by one unit one picks a minus sign; and similarly if one swaps two nonadjacent legs. Both relations are straightforward to prove using the definition (2.7) of the box function. One then finds,

I(3, 2, 1, 4) − I(4, 2, 1, 3) = I(2, 3, 4, 1) − I(1, 3, 4, 2) , I(2, 1, 4, 3) − I(3, 1, 4, 2) = I(1, 2, 3, 4) − I(4, 2, 3, 1) . (3.7)

Using (3.7) we get

A^{(1)}_P (¯1, 2, ¯3, 4) = −A^{(1)}_P (¯3, 2, ¯1, 4) ,

A^{(1)}_{NP}(¯1, 2, ¯3, 4) = −A^{(1)}_{NP}(¯3, 2, ¯1, 4) . (3.8)

Notice the presence of a minus sign between the two non-planar colour structure [1, 2][3, 4] and [1, 4][3, 2] appearing in the non-planar one-loop amplitude (3.3).

3.3 Derivation of the complete one-loop amplitude from cuts

We now briefly outline the strategy for the derivation of the complete one-loop amplitude (3.1), which is very similar to that in N = 4 SYM, see for example [45]. We consider the two-particle cuts of the complete one-loop amplitude, which are obtained by merging two tree-level amplitudes summed over all possible colour structures and internal particle species. We will see that each cut can be re-expressed in terms of cuts of sums of box functions (2.7). The sum over internal species is (partially) performed via an integration over the Grassmann variables η_{ℓ1} and η_{ℓ2} associated to the cut momenta. If one of the particles crossing is bosonic and the other is fermionic we also have to add to this the same expression with ℓ_1 ↔ ℓ_2 – this is necessary only for the s- and t-cuts. For instance, the s-cut integrand of the one-loop amplitude is^5

Ã^{(1)}(¯1, 2, ¯3, 4)|_{s−cut} = 1 2 ∫ d^3η_{ℓ1} d^3η_{ℓ2} Ã^{(0)}(¯1, 2, −ℓ̄_2, −ℓ_1) × Ã^{(0)}(¯3, 4, ℓ̄_1, ℓ_2) + ℓ_1 ↔ ℓ_2 .

(3.9)

5For convenience we include here a factor of^1_2 in the definition of the (symmetrised) cuts. In practice it means that we take the average of the two contributions in the s- and t-cuts, and multiply the u-cut with a symmetry factor as two identical (super)particles cross the cut.

The one-loop amplitude has cuts in the s-, t- and u-channels, for which we find the following integrands:

Ã^{(1)}(¯1, 2, ¯3, 4)|_{s−cut} = i 2 A^{(0)}(¯1, 2, ¯3, 4) c_s S_{12}I(1, 2, 3, 4)|_{s−cut} ,

Ã^{(1)}(¯1, 2, ¯3, 4)|_{t−cut} = i 2 A^{(0)}(¯1, 2, ¯3, 4) c_t S_{23}I(1, 2, 3, 4)|_{t−cut} ,

Ã^{(1)}(¯1, 2, ¯3, 4)|_{u−cut} = i 2 A^{(0)}(¯1, 2, ¯3, 4) c_u S_{13}I(3, 1, 2, 4)|_{u−cut} , (3.10)

where the colour factors c_s, c_t, c_u are

c_s = N[1, 2, 3, 4] + N[1, 4, 3, 2] − 2[1, 2][3, 4] , c_t = N[1, 2, 3, 4] + N[1, 4, 3, 2] − 2[1, 4][3, 2] , c_u = 2[1, 2][3, 4] − 2[1, 4][3, 2] , (3.11)

and we recall that by A^{(0)}(¯1, 2, ¯3, 4) we denote the colour-ordered four-point amplitude. Furthermore, we indicate by S_{ab}I(a, b, c, d)|_{sab−cut}, the s_{ab}-cut of the one-loop box function I(a, b, c, d) in (2.7), symmetrised in the cut loop momenta ℓ_1 and ℓ_2, which are defined such that ℓ_1 + ℓ_2 = p_a + p_b,

S_{12}I(1, 2, 3, 4)|_{s−cut} = sTr(ℓ_1p_1p_4) (ℓ_1 − p_1)^2(ℓ_1 + p_4)^2

+ ℓ_1 ↔ ℓ_2 ,

S_{23}I(1, 2, 3, 4)|_{t−cut} =

(−t)Tr(ℓ_1p_1p_2) (ℓ_1 − p_1)^2(ℓ_1 + p_2)^2

+ ℓ_1 ↔ ℓ_2 ,

S_{13}I(3, 1, 2, 4)|_{u−cut} = uTr(ℓ_2p_3p_4) (ℓ_2 − p_3)^2(ℓ_2 + p_4)^2

+ ℓ_1 ↔ ℓ_2 . (3.12)

We should stress here that despite the simplified notation the cut momenta ℓ_1 and ℓ_2 are different for the three distinct channels under considerations. For instance, ℓ_1 +ℓ_2 = p_1 +p_2 for the s-cut, while ℓ_1+ℓ_2 = p_2+p_3 in the t-cut and ℓ_1+ℓ_2 = p_1+p_3 in the u-cut. Recall that the symmetrisation in the cut momenta in the s- and t-channel coefficients originates from summing over all possible particle species that can propagate on the cut legs, while in the u cut there is a single configuration allowed, and the result turns out to be automatically symmetric in ℓ_1 and ℓ_2.

Next we merge the cuts into box functions. For the planar structures [1, 2, 3, 4] and [1, 4, 3, 2] this is immediate as the only function consistent with the s- and t-cuts in (3.10) and vanishing u-cut is I(1, 2, 3, 4). Hence, the corresponding planar amplitude is

i A^{(0)}(¯1, 2, ¯3, 4) N ( [1, 2, 3, 4] + [1, 4, 3, 2] ) I(1, 2, 3, 4) , (3.13)

thus arriving at the expression (3.2) for the planar part of the full one-loop amplitude.^6 For the non-planar terms [1, 2][3, 4] and [1, 4][3, 2] we need to use the results of Appendix B.2 and in particular (B.13), which we reproduce here, S_{ab}I(a, b, c, d)|_{sab−cut} = S_{ab}I(a, b, d, c)|_{sab−cut} . (3.14) 6Note that at the level of the integral we can simply replace S_{12}I(1, 2, 3, 4) by 2 I(1, 2, 3, 4).

Firstly, we note that an immediate consequence of this result is that S_{23}I(2, 3, 4, 1)|_{t−cut} − S_{23}I(2, 3, 1, 4)|_{t−cut} = 0 , (3.15) in other words the combination I(2, 3, 4, 1)−I(2, 3, 1, 4), symmetrised in the loop momenta ℓ_1 and ℓ_2, with ℓ_1 +ℓ_2 = p_2 +p_3, has a vanishing t-channel cut as expected for the coefficient of the [1, 2][3, 4] colour structure (see (3.11)). For the same combination we find, using I(2, 3, 4, 1) = −I(1, 2, 3, 4), the symmetrised s-cut − S_{12}I(1, 2, 3, 4)|_{s−cut} , (3.16) and similarly, for the symmetrised u-cut we obtain S_{13}I(3, 1, 4, 2)|_{u−cut} = S_{13}I(3, 1, 2, 4)|_{u−cut} , (3.17) where we have used I(2, 3, 1, 4) = −I(3, 1, 4, 2) and (B.13), which allows us to swap the last two legs on the symmetrised u-cut. Comparing with (3.10) and (3.11) we can uniquely fix the coefficient of the non-planar structure [1, 2][3, 4]:

2 i A^{(0)}(¯1, 2, ¯3, 4) [1, 2][3, 4] [ I(2, 3, 4, 1) − I(2, 3, 1, 4) ] , (3.18)

or, using the first relation of (3.6),

− 2 i A^{(0)}(¯1, 2, ¯3, 4) [1, 2][3, 4] [ I(1, 2, 3, 4) − I(4, 2, 3, 1) ] . (3.19)

One can proceed similarly for the coefficient of the other non-planar structure [1, 4][3, 2], arriving at the result quoted earlier in (3.3). Note that in that result we use the freedom to rename loop momenta in order to eliminate the various symmetrisations introduced by the operation S_{ab} above.

4 The Sudakov form factor at one and two loops

We now move on to the form factors of gauge-invariant, single-trace scalar operators O = Tr ( ϕ^{A1}ϕ̄_{B1} ϕ^{A2}ϕ̄_{B2} . . . ϕ^{AL}ϕ̄_{BL} ) χ^{B1...BL} A_1...A_L , (4.1)

where A and B are indices of the 4 and ¯4 representation of the R-symmetry group SU(4). The operators (4.1) are half BPS if χ is a symmetric traceless tensor in all the A_i and B_i indices separately (see for example [5, 6]). For L = 2, the relevant operator is^7

O^A_B = Tr ( ϕ^Aϕ̄_B − δ^A_B 4 ϕ^Kϕ̄_K ) . (4.2)

In the rest of the paper we will focus on the Sudakov form factor ⟨(ϕ̄_A)^{ī1}_{i1} (p_1) (ϕ^4)^{i2}_{ī2} (p_2)|Tr(ϕ̄_Aϕ^4)(0)|0⟩ := [1, 2] F (q^2) , (4.3)

where q := p_1 + p_2 and A ≠ 4, and we recall that [1, 2] := δ^{ī1}_{ī2} δ^{i2}_{i1} . At tree level,

F^{(0)}(q^2) = 1 . (4.4) We will now derive this quantity at one and two loops.

7More details on half-BPS operators, as well as conventions are discussed in Appendix A.

Fq ϕ4(p_2) ϕ̄_A(p_1) ℓ_1ℓ^2

Figure 3: The q^2 cut of the Sudakov form factor. Note that the amplitude on the right-hand side of the cut is summed over all possible colour orderings.

4.1 One-loop form factor in ABJM

At one loop it is possible to determine the integrand of the form factor from a single unitarity cut in the q^2 channel. As shown in Figure 3, on one side of the cut there is the Sudakov form factor and on the other side the complete four-point amplitude, both at tree level. The colour-ordered tree amplitude is given in (2.5). Let us work out the colour factor first. It is given by

δ^{īℓ2}_{īℓ1} δ^{iℓ1}_{iℓ2} (δ^{ī1}_{ī2} δ^{i2}_{iℓ1} δ^{īℓ1}_{īℓ2} δ^{iℓ2}_{i1} − δ^{ī1}_{īℓ2} δ^{i2}_{i1} δ^{īℓ1}_{ī2} δ^{iℓ2}_{iℓ1} ) = (N^′ − N)δ^{ī1}_{ī2} δ^{i2}_{i1} . (4.5)

Obviously, the one-loop form factor vanishes identically in ABJM theory, because in this case N^′ = N.

We now consider the kinematic part. Since the operator is built solely out of scalars, only the four-point scalar amplitude can appear in the cut. To match the particles of the tree amplitude in Figure 3, we pick the (η_1)^1(η_{ℓ1} )^3(η_{ℓ2} )^2(η_2)^0 component from the δ^6(Q) to write the q^2 cut of the one-loop form factor as:

δ^{(6)}(Q) | |_{(η1 )1(ηℓ1 )3(ηℓ2 )2(η2)0} ⟨1 2⟩⟨2 ℓ_1⟩ = ⟨ℓ_1 ℓ_2⟩^2⟨1 ℓ_1⟩ ⟨1 2⟩⟨2 ℓ_1⟩ = ⟨1 2⟩⟨1 ℓ_1⟩ ⟨2 ℓ_1⟩ = − Tr(ℓ_1p_1p_2) 2(ℓ_1 · p_2)

, (4.6)

which can be immediately lifted to a full integral as it is the only possible cut of the form factor. Thus we get,

F^{(1)}(q^2) = (N^′ − N) ∫ d^Dℓ_1 iπ^{D/2} Tr(ℓ_1p_1p_2) ℓ^2_1 (ℓ_1 − p_2)^2(ℓ_1 − p_1 − p_2)^2

. (4.7)

The integral in (4.7) is a linear triangle and is of O(ϵ). Hence, we conclude that the oneloop Sudakov form factor in ABJ theory vanishes in strictly three dimensions. Moreover, the three-dimensional integrand vanishes in ABJM theory but is non-vanishing for N ≠ N^′ and can (and does) participate in unitarity cuts at two loops in ABJ theory. Note, that the vanishing of the one-loop form factors in ABJ(M) is consistent with the infrared finiteness of one-loop amplitudes in ABJ(M).

4.2 Two-loop form factor in ABJM

Next, we come to the computation of the two-loop Sudakov form factor. In order to construct an ansatz for its integrand we will make use of two-particle cuts, and fix potential remaining ambiguities with various three-particle cuts described in detail in Sections 4.2.2 and 4.2.3.

Three-particle cuts are very useful because they receive contributions from planar as well as non-planar integral functions at the same time, and thus are particularly constraining. A special feature of ABJM theory is that all amplitudes with an odd number of external particles vanish and, as a consequence, all cuts involving such amplitudes are identically zero [13]. In our case this observation will be important for triple cuts, where three- and five-particle amplitudes would appear.

A particular type of such cuts, first considered in [13] in the context of loop amplitudes in ABJM, involves three adjacent cut loop momenta meeting at a three-point vertex. The vanishing of these cuts imposes strong constraints on the form of the loop integrands. We will discuss and exploit this later in this section, where we will also make the intriguing observation that integral functions with numerators satisfying such constraints are transcendental and free of certain unwanted infrared divergences.

4.2.1 Two-particle cuts

We begin by considering the cut shown in Figure 4, which contains a tree-level Sudakov form factor merged with the integrand of the complete one-loop, four-point amplitude. The internal particle assignment is fixed and is determined by the particular operator we consider. The integrand of this cut is schematically given by

F^{(0)}(ℓ̄_2, ℓ_1)[ℓ_2, ℓ_1] Ã^{(1)} (¯ ϕ_A(p_1), ϕ^4(p_2), ϕ̄_4(−ℓ_1), ϕ^A(−ℓ_2) ) , (4.8)

where we picked the relevant component amplitude of the complete one-loop amplitude Ã(1), given in (3.1), and we recall that the colour factor [a, b] is defined in (3.4).

We begin by working out the colour structures that will appear in the result. Firstly we consider the planar amplitude (3.2) and combine it with the part of the non-planar amplitude (3.3) containing I(1, 2, −ℓ_1, −ℓ_2). Intriguingly, by contracting this with the tree-level form factor (given in (4.3) and (4.4)) we obtain a vanishing result: ( N ( [1, 2, ℓ_1, ℓ_2] + [1, ℓ_2, ℓ_1, 2] ) − 2[1, 2][ℓ_1, ℓ_2] ) [ℓ_2, ℓ_1] = 0 . (4.9)

We now consider the remaining contributions arising from the non-planar one-loop amplitude (3.3). There are two possible colour contractions to consider,

c^{(1)}_{NP} := 2 [1, 2][ℓ_1, ℓ_2][ℓ_2, ℓ_1] = 2 N^2[1, 2] , (4.10) and c^{(2)}_{NP} := 2 [ℓ_1, 2][1, ℓ_2][ℓ_2, ℓ_1] = 2 [1, 2] . (4.11)

Note that (4.11) is subleading in the large N limit, and can be discarded in the large-N limit. Moreover, the corresponding coefficient actually vanishes which implies that the two-loop form factor does not have non-planar corrections.

We now need to determine the coefficient of c^{(1)}_{NP}. On the two-particle cut ℓ^2_1 = ℓ^2 = 0 its integrand is given by the appropriate component tree-level amplitude (4.6) times a

Fq ϕ4(p_2) ϕ̄_A(p_1) ℓ_1ℓ^2

Figure 4: Tree-level form factor glued to the complete one-loop amplitude.

particular box integral (3.3):

C^{(NP)}_1 |_{s−cut} := 1 2 ⟨12⟩⟨1ℓ_1⟩ ⟨2ℓ_1⟩ I(−ℓ_2, 2, −ℓ_1, 1) + ℓ_1 ↔ ℓ_2 . (4.12)

Recall that we have to symmetrise in order to include all particle species in the sum over intermediate on-shell states. Since I(−ℓ_2, 2, −ℓ_1, 1) is antisymmetric under ℓ_1 ↔ ℓ_2 the complete cut-integrand can be written as^8

C^{(NP)}_1 |_{s−cut} := 1 2 ( ⟨12⟩⟨1ℓ_1⟩ ⟨2ℓ_1⟩ − ⟨12⟩⟨1ℓ_2⟩ ⟨2ℓ_2⟩ ) I(−ℓ_2, 2, −ℓ_1, 1) (4.13) = − 1 2 ∫ d^Dℓ_3 iπ^{D/2} q^2 [ Tr (p_1p_2ℓ_1ℓ_3) − q^2ℓ^2_3 ] ℓ^2_3 (ℓ_1 − ℓ_3)^2(p_1 − ℓ_3)^2(ℓ_3 − ℓ_1 + p_2)^2 . Summarising, the two-particle cut indicates that the two-loop form factor is expressed in terms of a single crossed triangle with a particular numerator, represented in Figure 5,

XT(q^2) = ∫ d^Dℓ_1d^Dℓ_3 (iπ^{D/2})^2 q^2 [ Tr (p_1p_2ℓ_1ℓ_3) − q^2ℓ^2_3 ] ℓ^2_1 ℓ^2 ℓ^2_3 (ℓ_1 − ℓ_3)^2(p_1 − ℓ_3)^2(ℓ_3 − ℓ_1 + p_2)^2

, (4.14)

so that C^{(NP)}_1 = − 1 2 XT(q^2) . (4.15)

For future convenience we will define

xt := q^2 [ Tr (p_1p_2ℓ_1ℓ_3) − q^2ℓ^2_3 ] ℓ^2_1 ℓ^2 ℓ^2_3 (ℓ_1 − ℓ_3)^2(p_1 − ℓ_3)^2(ℓ_3 − ℓ_1 + p_2)^2

. (4.16)

The result of the evaluation of XT(q^2) is quoted in (4.25) and shows that this quantity has maximal degree of transcendentality. Before evaluating XT(q^2), we use triple cuts in order to confirm the correctness of the ansatz obtained from two-particle cuts.

8Similarly as done earlier for the complete one-loop amplitude, we include a factor of 1/2 in the symmetrisation.

ℓ_4ℓ^3ℓ_6ℓ^1ℓ2qp1 p2

Figure 5: The crossed triangle integral arising from gluing a tree form factor with the complete one-loop four-point amplitude. The arrow in the middle denotes the location where the momentum q = p_1 + p_2 is injected. We call these integrals “crossed triangles” because they have the topology of the master integral (C.4). Note however that the latter integral is non-transcendental, while the particular numerator in (4.14) makes this integral transcendental.

4.2.2 Three-vertex cuts

To confirm the uplift of the two-particle cut to the integral (4.14), we will study additional cuts. We begin by considering three-point vertex cuts involving three adjacent legs meeting at a three-point vertex. These cuts were first examined in [13], where it was observed that they must vanish since there are no three-particle amplitudes in ABJM theory. Calling k_1, k_2 and k_3 the momenta meeting at the vertex, we have

k_1 + k_2 + k_3 = 0 , k^2_1 = k^2 = k^2_3 = 0 . (4.17)

The conditions (4.17) imply that all spinors associated to these momenta are proportional, thus ⟨k_1 k_2⟩ = ⟨k_2 k_3⟩ = ⟨k_3 k_1⟩ = 0 . (4.18)

As an example consider the three-point vertex cut of XT(q^2) with momenta ℓ_2, ℓ_4 and ℓ_6 := ℓ_2 − ℓ_4 (see Figure 5 for the labelling of the momenta). Importantly, the form factor is expected to vanish as the three momenta belonging to a three-point vertex become null. By rewriting the numerator of (4.14) using only cut momenta, it is immediately seen that it vanishes, since Tr [ p_1p_2(p_1 − ℓ_2)(p_1 − ℓ_6) ] − q^2(p_1 − ℓ_6)^2 = −Tr [ p_1p_2(p_1 − ℓ_2)ℓ_6 ] − q^2(p_1 − ℓ_6)^2 = −Tr(p_1p_2p_1ℓ_6) + 4(p_1 · p_2)(p_1 · ℓ_6) = 0 , (4.19)

where we have used ⟨ℓ_2ℓ_6⟩ = 0 to set Tr(p_1p_2ℓ_2ℓ_6) = 0. It is easy to see that all other three-vertex cuts of the integral (4.14) vanish in a similar fashion because of the particular form of its numerator.

Important consequences of these specific properties of the numerator of the integral function (4.14) are that the result is transcendental as we will show below and is free of unphysical infrared divergences related to internal three-point vertices. These divergences appear generically in three-dimensional two-loop integrals with internal three-vertices even if the external kinematics is massive (unlike in four dimensions) and it appears that master integrals with appropriate numerators to cancel these peculiar infrared divergences are a preferred basis for amplitudes and form factors in ABJM. Related discussions in the context of ABJM amplitudes have appeared in [13, 46]. Note that for form factors we do not have dual conformal symmetry, which gives further constraints on the structure of the numerators of integral functions appearing in amplitudes.

4.2.3 Three-particle cuts

Fq ϕA(p_2) ϕ̄_4(p_1) = 0

Figure 6: The (vanishing) three-particle cut of the two-loop Sudakov form factor.

The remaining cut we will study is a triple cut of the type illustrated in Figure 6. These cuts may potentially detect additional integral functions which have no two-particle cuts at all, and are thus very important. Moreover, such cuts are sensitive to both planar and non-planar topologies. In this triple cut, a tree-level amplitude is connected to a tree-level form factor by three cut propagators. Due to the vanishing of amplitudes with an odd number of external legs in the ABJM theory, the triple cut in question vanishes. We will now check that the triple cut of the two-loop crossed triangle XT of (4.14), which we have detected using two-particle cuts, is indeed equal to zero.

To this end, we note that there are two possible ways to perform a triple-cut on XT, shown in Figures 7a and 7b. The cut loop momenta are called ℓ_2, ℓ_5 and ℓ_3 and satisfy

ℓ_2 + ℓ_5 + ℓ_3 = p_1 + p_2 , ℓ^2 = ℓ^2_5 = ℓ^2_3 = 0 . (4.20)

We observe that these two cuts cannot be converted into one another by a simple relabelling of the cut momenta because of the non-trivial numerators. The A-cut depicted in Figure 7a of the non-planar integrand is: XT | |_{3-p cut A} = −q^2 ⟨1 2⟩ ⟨ℓ_3 ℓ_5⟩⟨ℓ_5 2⟩⟨1 ℓ_3⟩

. (4.21)

After a similar calculation, the B-cut of this integral, depicted in Figure 7b, turns out to be identical to the A-cut: XT | |_{3-p cut B} = XT | |_{3-p cut A} = −q^2 ⟨1 2⟩ ⟨ℓ_3 ℓ_5⟩⟨ℓ_5 2⟩⟨1 ℓ_3⟩

. (4.22)

A quick way to establish the vanishing of the triple cuts consists in symmetrising in the particle momenta p_1 and p_2, which is allowed since the Sudakov form factor is a function of q^2. This symmetrisation gives − q^2⟨1 2⟩ ⟨ℓ_3 ℓ_5⟩ [ 1 ⟨ℓ_5 2⟩⟨1 ℓ_3⟩ − 1 ⟨ℓ_5 1⟩⟨2 ℓ_3⟩ ] = − q^4 ⟨1|ℓ_5|2⟩ ⟨1|ℓ_3|2⟩ . (4.23) ℓ_3ℓ_5ℓ_2qp_1 p_2

(a) The A-cut.

ℓ_5ℓ_3ℓ^2qp1 p2

(b) The B-cut.

Figure 7: The two triple cuts of the crossed triangle, with ℓ_2 + ℓ_3 + ℓ_5 = q. In the second figure we have relabelled the loop momenta in order to merge the two contributions.

This expression is symmetric in ℓ_5 and ℓ_3. In evaluating the triple cut one has to introduce a jabobian proportional to ϵ(ℓ_2, ℓ_3, ℓ_5) [13] which effectively makes this triple cut vanish upon integration. This implies that the complete answer for the two-loop form factor in ABJM is proportional XT(q^2) and no additional integral functions have to be introduced.

4.2.4 Results and comparison to the two-loop amplitudes

Combining the information from the unitarity cuts discussed above, we conclude that the two-loop Sudakov form factor in ABJM is given by a single non-planar integral

F_{ABJM}(q^2) = −2 ( N k )_2 ( − 1 2 ) XT(q^2) , (4.24)

where XT(q^2) is defined in (4.14) and we have reintroduced the dependence on the Chern- Simons level k. The integral XT(q^2) can be computed by reduction to master integrals using integration by parts identities. The details of the reductions are provided in Appendix C. The expansion of the result in the dimensional regularisation parameter ϵ can then be found using the expressions for the the master integrals (C.1)–(C.4). Plugging these masters into the reduction (C.5), we arrive at

XT(q^2) = ( −q^2e^{γE} μ^2 )_{−2ϵ} [ π ϵ^2 + 2π log 2 ϵ − 4π log^2 2 −

2π^3 3 + O(ϵ) ] , (4.25)

where γ_E is the Euler-Mascheroni constant. One comment is in order here. We have derived (4.25) in a normalisation where the the loop integration measure is written as d^Dl/(iπ^{D/2}). This should be converted to the standard one d^Dl/(2π)^D. At two loops, this implies that (4.25) has to be multiplied by a factor of −1/(4π)^D. The result in the standard normalisation is then

F_{ABJM}(q^2) = − 1 (4π)^3 ( N k )_2 ( −q^2e^{γE} 4πμ^2 )_{−2ϵ} [ π ϵ^2 + 2π log 2 ϵ − 4π log^2 2 −

2π^3 3 + O(ϵ) ] . (4.26) We note that F(q^2) can be expressed more compactly by introducing a new scale

μ^{′2} := 8π e^{−γE} μ^2 , (4.27) in terms of which we get

F_{ABJM}(q^2) = 1 64π^2 ( N k )_2 ( −q^2 μ^{′2} )_{−2ϵ} [ − 1 ϵ^2

+ 6 log^2 2 +

2π^2 3 + O(ϵ) ] , (4.28)

which is our final result.

We now discuss two consistency checks that confirm the correctness of (4.28). Firstly, we recall that the Sudakov form factor captures the infrared divergences of scattering amplitudes. We now check that (4.28) matches the infrared poles of the four-point amplitude evaluated in [11, 12]. Here we quote its expression as given in [12]:

A^{(2)}_4 = − 1 16π^2

A^{(0)}_4 [ (−s/μ^{′2})^{−2ϵ} 4ϵ^2 + (−t/μ^{′2})^{−2ϵ} 4ϵ^2 − 1 2 log^2 ( −s −t ) − 4ζ_2 − 3 log^2 2 ] , (4.29) where μ^′ is related to μ in the same way as in (4.27). Hence, the Sudakov form factor (4.28) is in perfect agreement with the form of the infrared divergences of (4.29). Secondly, we have also checked that the expansion of our result in terms of master integrals (i.e. the expansion of the two-loop non-planar triangle XT defined in (4.14)) is identical to that obtained from the Feynman diagram based result of [47]. This implies that the cut-based calculation of this paper and the Feynman diagram calculation of [47] agree to all orders in ϵ – even though we have been using cuts in strictly three dimensions.

5 Maximally transcendental integrals in 3d

As discussed in section 4.2.2, the integrand xt that appears in the Sudakov form factor in ABJM has a particular numerator such that all the cuts which isolate a three-point vertex vanish. We have observed in this example that this property ensures that the integral XT has a uniform (and maximal) degree of transcendentality – failure to obey the triple-cut condition, for instance by altering the form of the numerator, would result in the appearance of new terms with lower degree of transcendentality. In this section we present further integrals that vanish in these three-particle cuts and have maximal degree of transcendentality. These integrals are expected to appear in the form factor of ABJ theory where cancellations between colour factors such as that in (4.9), do not occur.

We begin by considering the following planar integral function:

LT(q^2) = ∫ d^Dℓ_1d^Dℓ_3 (iπ^{D/2})^2

−q^2 [ Tr(p_1 ℓ_3 p_2 ℓ_1) − (ℓ_1 − p_1)^2(ℓ_3 − p_2)^2] ℓ^2_1 (p_1 + p_2 − ℓ_1)^2 ℓ^2_3 (p_1 + p_2 − ℓ_3)^2(ℓ_1 − ℓ_3)^2(ℓ_3 − p_2)^2 = ( −q^2e^{γE} μ^2 )_{−2ϵ} [ − π 4ϵ^2 − π log 2 ϵ + 2π log^2 2 −

5π^3 8 + O(ϵ) ] ,

(5.1)

which is shown in Figure 8a. It is easy to see that the three vertex cut {ℓ_1, ℓ_3, ℓ_5} vanishes, since on this cut the numerator can be placed in the form

⟨ℓ_1 1⟩⟨ℓ_3 2⟩⟨1 2⟩⟨ℓ_3 ℓ_1⟩ , (5.2)

after using a Schouten identity. (5.2) vanishes because ⟨ℓ_3 ℓ_1⟩ = 0 on this cut.

qℓ^1 ℓ_4ℓ_3ℓ_5ℓ^6p^1 p^2

(a) The LT topology qℓ^1 ℓ_3ℓ_5p^1 p^2

(b) The CT topology qℓ^1ℓ^3 ℓ_5p1 p2

(c) The FAN topology

Figure 8: The three maximally transcendental integrals considered in (5.1), (5.6) and (5.7).

A further property of (5.1) emerges when we consider particular triple cuts involving two adjacent massless legs, which in three dimensions are associated with soft gluon exchange [13]. With reference to Figure 8a, we cut the three momenta ℓ_3, ℓ_6 and ℓ_4. The cut conditions ℓ^2_3 = ℓ^2_6 = ℓ^2_4 = 0 together with the masslessness of p_1 and p_2 can only be satisfied if ℓ_6 becomes soft, that is

ℓ_6 → 0 , ℓ_4 → p_1 , ℓ_3 → p_2 . (5.3)

In this limit, the second term of (5.1) vanishes since ℓ_3 − p_2 = ℓ_6 → 0. The first term becomes −q^2 Tr(p_1 ℓ_3 p_2 ℓ_1) 8ϵ(ℓ_3, p_1, p_2) → −q^2 ⟨2|ℓ_1|1⟩ 4⟨12⟩ , (5.4)

where 8ϵ(ℓ_3, p_1, p_2) is the Jacobian.^9 After restoring the remaining propagators we are left with 2ϵ(ℓ_1, p_1, p_2) ℓ^2_1(ℓ_1 − p_2)^2(q − ℓ_1)^2

, (5.5)

which reproduces the one-loop integrand of the one-loop form factor, given earlier in (4.7).

Other examples of integrals with different topologies that satisfy the three-particle cut condition are depicted in Figures 8b and 8c. The definitions of the integrals as well as

9This Jacobian arises from re-writing the δ-functions of the cut momenta, ℓ^2_3 = ℓ^2_4 = ℓ^2_6 = 0, in terms of p_1, p_2 and ℓ_6.

their values are listed below:

CT(q^2) = ∫ d^Dℓ_1d^Dℓ_3 (iπ^{D/2})^2

Tr(p_1, p_2, ℓ_3, ℓ_1) ℓ^2_1 (p_1 + p_2 − ℓ_1)^2 ℓ^2_3 (ℓ_1 − ℓ_3)^2 (ℓ_3 − p_2)^2 = ( −q^2e^{γE} μ^2 )_{−2ϵ} [ − π 4ϵ^2 + 7π^3 24 + O(ϵ) ] ,

(5.6)

FAN(q^2) = ∫ d^Dℓ_1d^Dℓ_3 (iπ^{D/2})^2

Tr(p_1, p_2, ℓ_3, ℓ_1) ℓ^2_1 ℓ^2_3 (p_1 + p_2 − ℓ_1 − ℓ_3)^2 (ℓ_1 − p_1)^2 (ℓ_3 − p_2)^2 = ( −q^2e^{γE} μ^2 )_{−2ϵ} [ − π 4ϵ^2 + 7π^3 24 + O(ϵ) ] .

(5.7)

Note that the ϵ expansion of (5.6) and (5.7) agree up to O(1). It is simple to show that these integrals satisfy the properties discussed earlier, for example by setting {ℓ_1, ℓ_3, ℓ_5} on shell in CT and {ℓ_1, p_1, ℓ_5} in FAN and similarly for all other possible three-vertex cuts.

The reductions of the integrals considered in this section in terms of scalar master integrals through IBP identities can be found in Appendix C.

Acknowledgements

It is a pleasure to thank Marco Bianchi, Massimo Bianchi, Silvia Penati, and especially Congkao Wen and Konstantin Wiegandt for stimulating discussions, and Donovan Young for informing us of his independent calculation of the Sudakov form factor from Feynman diagrams [47]. ÖG and DK would like to thank Jurgis Pas̆ukonis for several Mathematica consultations. This work was supported by the STFC Grant ST/J000469/1, “String theory, gauge theory & duality”.

A Half-BPS operators

In this appendix we briefly recall how half-BPS operators are introduced in ABJM theory. Consider the variation of operators of the form Tr ( ϕ^Iϕ̄_J ) with I ≠ J. Setting for example I = 1 and J = 4, this expands to δTr ( ϕ^1ϕ̄_4 ) = Tr ( δϕ^1ϕ̄_4 + ϕ^1δϕ̄_4 ) . (A.1)

Following [48], we use the transformations:

δϕ^I = i ω^{IJ} ψ_J , (A.2) δϕ̄_I = i ψ̄^J ω_{IJ} . (A.3)

The ω_{IJ} ’s are given in terms of the (2 + 1)-dimensional Majorana spinors, ϵ_i (i = 1, . . . , 6) which are the supersymmetry generators:

ω_{IJ} = ϵ_i(Γ^i)_{IJ} , (A.4) ω^{IJ} = ϵ_i ( (Γ^i)^∗ )_{IJ} , (A.5)

that are antisymmetric in I, J. The 4 × 4 matrices Γ^i are given by:

Γ^1 = σ_2 ⊗ 1_2 , Γ^4 = −σ_1 ⊗ σ_2 , (A.6) Γ^2 = −iσ_2 ⊗ σ_3 , Γ^5 = σ_3 ⊗ σ_2 , (A.7) Γ^3 = iσ_2 ⊗ σ_1 , Γ^6 = −i1_2 ⊗ σ_2 , (A.8)

and satisfy the following relations, { Γ^i, Γ^{j†} } = 2δ_{ij} , (Γ^i)_{IJ} = − (Γ^i)_{IJ} , (A.9) 1 2 ϵ^{IJKL}Γ^i_{KL} = − ( Γ^{j†} )_{IJ} = ( (Γ^i)^∗ )_{IJ} , (A.10)

leading to ( ω^{IJ} ) α = ((ω_{IJ} )^∗)_α , ω^{IJ} = 1 2 ϵ^{IJKL}ω_{KL} . (A.11) Explicitly, ω_{IJ} is given by the following matrix:

ω_{IJ} = 0 −iϵ_5 − ϵ_6 −iϵ_1 − ϵ_2 ϵ_3 + iϵ_4 iϵ_5 + ϵ_6 0 ϵ_3 − iϵ_4 −iϵ_1 + ϵ_2 iϵ_1 + ϵ_2 −ϵ_3 + iϵ_4 0 iϵ_5 − ϵ_6 −ϵ_3 − iϵ_4 iϵ_1 − ϵ_2 −iϵ_5 + ϵ_6 0

. (A.12)

The term ϕ^1δϕ̄_4 yields

ϕ^1δϕ̄_4 = ϕ^1 [ −ψ̄^1(ϵ_3 + iϵ_4) + iψ̄^2(ϵ_1 + iϵ_2) − iψ̄^3(ϵ_5 + iϵ_6) + 0 ] . (A.13)

Therefore, requiring ϕ^1δϕ̄_4 = 0 the conditions are:

ϵ_1 + iϵ_2 = 0 , ϵ_3 + iϵ_4 = 0 , ϵ_5 + iϵ_6 = 0 ,

(A.14)

which relate half of the generators with the other half by constraining the components ω_{4J} = 0.

Note that because of the relations (A.11) which set components of the form ω_{4L} to zero, the entries ω^{IJ} with I, J ∈ (1, 2, 3) automatically vanish implying that δϕ^I = 0 ⇐⇒ I ∈ (1, 2, 3). This procedure may be iterated to show that generally the operators Tr (¯ ϕ_I ϕ^J ) for I ≠ J are indeed half-BPS. In the present work the operators under consideration are of the type O = Tr (ϕ^Aϕ̄_4) , (A.15)

where A ≠ 4.

B Properties of the box integral

ℓ_3ℓ^2 ℓ_4ℓ_1 1 2 34

Figure 9: Four-point one-loop box.

The box integral function (2.7) was constructed and used in [11], and has several interesting properties that have been exploited in the present work. This section presents and proves (some of) these properties.

B.1 Rotation by 90^∘

The first property we wish to discuss is what could be called a π/2 rotation symmetry. Focusing on the numerator of the box integrand,

N = s Tr(ℓ_1p_1p_4) + ℓ^2_1 Tr(p_1p_2p_4), (B.1)

we can eliminate ℓ_1 in favour of ℓ_3 and arrange to have only the external legs p_2, p_3, p_1 appear in the numerator. Using momentum conservation, we can re-write N as

N = (−t − u) Tr ((ℓ_3 + 1)p_1(−p_1 − p_2 − p_3)) + (ℓ_3 + p_1) Tr (p_1p_2(−p_1 − p_2 − p_3)) (B.2) = − [ t Tr(ℓ_3p_2p_1) + ℓ^2_3 Tr(p_2p_3p_4) ] + R , where R = s Tr(ℓ_3p_3p_1) − u Tr(ℓ_3p_2p_1) − 2(ℓ_3 · p_1)Tr(p_2p_3p_1) . (B.3)

In three dimensions the loop momentum ℓ_3 can be expressed as a function of the external momenta p_1, p_2, p_3 as ℓ_3 = αp_1 + βp_2 + γp_3 , (B.4)

where α, β, γ are arbitrary coefficients. When this identity is used in the expression for R, we find that R vanishes identically zero in three dimensions. Hence

s Tr(ℓ_1p_1p_4) + ℓ^2_1 Tr(p_1p_2p_4) = −t ( Tr(ℓ_3p_2p_1) + ℓ^2_3 Tr(p_2p_3p_4) ) . (B.5)

It is also interesting to write down explicitly the s- and t-cut of the one-loop box. Starting from the expression of the box integral

I(1, 2, 3, 4) := ∫ d^Dℓ iπ^{D/2} N ℓ^2(ℓ − p_1)^2(ℓ − p_1 − p_2)^2(ℓ + p_4)^2

, (B.6) with N given in (B.1), we first consider the s-cut of this function. This gives

I(1, 2, 3, 4)|_{s-cut} = s Tr(ℓ_1p_1p_4) ℓ^2_3 ℓ^2_4

, (B.7)

which upon using ℓ_3 = ℓ_1 − p_1 and ℓ_4 = −(ℓ_1 + p_4) becomes

I(1, 2, 3, 4)|_{s-cut} = s⟨41⟩ ⟨4ℓ_1⟩⟨ℓ_11⟩ . (B.8)

Similarly the t-channel expression of the full integrand is

I(1, 2, 3, 4) = t Tr(ℓ_3p_2p_1) + ℓ^2_3 Tr(p_2p_3p_1) ℓ^2_1 ℓ^2 ℓ^2_3 ℓ^2_4

. (B.9)

The t-cut of I(1, 2, 3, 4) is immediately written using the three-dimensional identity (B.5),

I(1, 2, 3, 4)|_{t-cut} = − t Tr(ℓ_3p_2p_1) ℓ^2_1 ℓ^2

(B.10) = t⟨12⟩ ⟨1ℓ_3⟩⟨ℓ_32⟩ . Finally, if we re-introduce the tree-level amplitude prefactor A^{(0)}(¯1, 2, ¯3, 4) = 1/(⟨12⟩⟨23⟩), we can write down the two cuts of the one-loop amplitude,

A^{(0)}(¯1, 2, ¯3, 4) × I(1, 2, 3, 4)|_{s-cut} = − ⟨34⟩ ⟨4ℓ_1⟩⟨ℓ_11⟩ , (B.11)

A^{(0)}(¯1, 2, ¯3, 4) × I(1, 2, 3, 4)|_{t-cut} = ⟨23⟩ ⟨1ℓ_3⟩⟨ℓ_32⟩ . (B.12)

B.2 An identity for the s-channel cuts of I(1, 2, 3, 4) and I(1, 2, 4, 3)

Here we discuss an intriguing property of the three-dimensional cuts of I(1, 2, 3, 4). We consider the s-channel cut of this function and symmetrise it in the cut loop momenta ℓ_1 and ℓ_2, where ℓ_1 + ℓ_2 = p_1 + p_2. The result we wish to show is that the symmmetrised three-dimensional cuts of I(1, 2, 3, 4) and I(1, 2, 4, 3) are in fact identical:

I(1, 2, 3, 4)|_{s-cut} + ℓ_1 ↔ ℓ_2 = I(1, 2, 4, 3)|_{s-cut} + ℓ_1 ↔ ℓ_2 . (B.13)

In order to do so, we use (B.8) to write

I(1, 2, 3, 4)|_{s-cut} + ℓ_1 ↔ ℓ_2 = s⟨41⟩ ( 1 ⟨4|ℓ_1|1⟩ + 1 ⟨4|ℓ_2|1⟩ ) (B.14) = s⟨41⟩ ( ⟨4|ℓ_1 + ℓ_2|1⟩ ⟨4|ℓ_1|1⟩⟨4|ℓ_2|1⟩ )

= s ⟨41⟩⟨4|2|1⟩ ⟨4|ℓ_1|1⟩⟨4|ℓ_2|1⟩ , where in the last step momentum conservation was used. Again using (B.8) this time for the s-cut of I(1, 2, 4, 3) one can write,

I(1, 2, 4, 3)|_{s-cut} = s⟨31⟩ ⟨3ℓ_1⟩⟨ℓ_11⟩ , (B.15)

and hence

I(1, 2, 4, 3)|_{s-cut} + ℓ_1 ↔ ℓ_2 = s⟨31⟩ ( ⟨3|ℓ_1 + ℓ_2|1⟩ ⟨3|ℓ_1|1⟩⟨3|ℓ_2|1⟩ ) (B.16) = ⟨31⟩⟨3|2|1⟩ ⟨3|ℓ_1|1⟩⟨3|ℓ_2|1⟩ . Next we compare (B.14) to (B.16):

I(1, 2, 3, 4)|_{s-cut} I(1, 2, 4, 3)|_{s-cut} = ⟨41⟩⟨4|2|1⟩ ⟨31⟩⟨3|2|1⟩ ⟨3|ℓ_1|1⟩⟨3|ℓ_2|1⟩ ⟨4|ℓ_1|1⟩⟨4|ℓ_2|1⟩ (B.17) = ⟨1|4|2⟩ ⟨1|3|2⟩ ⟨ℓ_1|3|ℓ_2⟩ ⟨ℓ_1|4|ℓ_2⟩ = 1 ,

thus proving (B.13).

C Details on the evaluation of integrals

The integral in our result (4.24) can be reduced to a set of four scalar, single-scale, master integrals using integration by parts identities and the FIRE package [49] for Mathematica.In this appendix we present the details of this reduction as well as the values of these master integrals.

C.1 Two-loop master integrals in three dimensions

The master integrals that appear at two loops, in particular in our result appear in the reduction of our result (4.24), are given in D = 3 − 2ϵ dimensions by the following expressions:

SUNSET(q^2) = = − ( −q^2 μ^2 )_{−2ϵ} Γ (_1 2 − ϵ )_3

Γ (2ϵ) Γ (_3 2 − 3ϵ ) (C.1)

TRI(q^2) = = −(−q^2)^{−1} ( −q^2 μ^2 )_{−2ϵ} Γ (_1 2 − ϵ )_2

Γ (−2ϵ) Γ

(_3 2 + ϵ ) Γ (2 + 2ϵ) ϵ(1 + 2ϵ)^2Γ

(_1 2 − 3ϵ ) (C.2)

GLASS(q^2) = = (−q^2)^{−1} ( −q^2 μ^2 )_{−2ϵ} Γ (_1 2 − ϵ )_4 Γ (_1 2 + ϵ

)_2

Γ (1 − 2ϵ)^2

(C.3)

TrianX(q^2) = = (−q^2)^{−3} ( −q^2 μ^2 )_{−2ϵ} e^{−2γE ϵ} [ 4π ϵ^2 + π(3 + 8 log 2) ϵ − 2π 3 ( 81 + 4π^2 + 6 log 2 (4 log 2 − 9) ) + π 6 ( −π^2(7 + 40 log 2)

+ 8 ( 69 + 6 log 2 + 2 log^2 2(8 log 2 − 27) − 113ζ_3 ) ) ϵ + O(ϵ) ] ,

(C.4)

where we use the conventions of [50] for the integration measure. The first three of these integrals are planar and their expressions in all orders in ϵ can be easily obtained by first computing their Mellin-Barnes representations most conveniently using the AMBRE package [51] and then performing the Mellin-Barnes integrations using the MB tools, in particular MB.m [50] and barnesroutines.m by David Kosower. The expansion around ϵ = 0 of the TRI and GLASS topologies has uniform degree of transcendentality, while this is not the case for the SUNSET and TrianX topologies.

C.2 Reduction to master integrals

Here we present the reductions of the integral (4.14) that appears in our result (4.24) in terms of the master integrals (C.1)–(C.4) of the previous section:

XT(q^2) =

7(D − 3)(3D − 10)(3D − 8) 2(D − 4)^2(2D − 7)

SUNSET(q^2) (C.5)

+ (−q^2)

5(D − 3)(3D − 10) 2(D − 4)(2D − 7)

TRI(q^2) + (−q^2)^3 D − 4 4(2D − 7)

TrianX(q^2) .

Note that the GLASS topology does not appear in XT(q^2). Two other integrals we have considered are:

LT(q^2) = 8 − 3D D − 3 SUNSET(q^2) + q^2 ( GLASS(q^2) − TRI(q^2) ) , (C.6)

CT(q^2) = FAN(q^2) = ( 1 4ϵ − 3 2 ) SUNSET(q^2) . (C.7)

References

[1] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals, JHEP 0810 (2008) 091 [arXiv:0806.1218 [hep-th]].

[2] J. Bagger and N. Lambert, Gauge symmetry and supersymmetry of multiple M2- branes, Phys. Rev. D 77 (2008) 065008 [arXiv:0711.0955 [hep-th]].

[3] A. Gustavsson, Algebraic structures on parallel M2-branes, Nucl. Phys. B 811 (2009) 66 [arXiv:0709.1260 [hep-th]].

[4] Y. -t. Huang and A. E. Lipstein, Dual Superconformal Symmetry of N=6 Chern- Simons Theory, JHEP 1011 (2010) 076 [arXiv:1008.0041 [hep-th]].

[5] J. A. Minahan and K. Zarembo, The Bethe ansatz for superconformal Chern-Simons, JHEP 0809, 040 (2008) [arXiv:0806.3951 [hep-th]].

[6] D. Bak and S. -J. Rey, Integrable Spin Chain in Superconformal Chern-Simons Theory, JHEP 0810 (2008) 053 [arXiv:0807.2063 [hep-th]].

[7] A. E. Lipstein, Integrability of N = 6 Chern-Simons Theory, arXiv:1105.3231 [hep-th].

[8] J. M. Henn, J. Plefka and K. Wiegandt, Light-like polygonal Wilson loops in 3d Chern-Simons and ABJM theory, JHEP 1008 (2010) 032 [Erratum-ibid. 1111 (2011) 053] [arXiv:1004.0226 [hep-th]].

[9] K. Wiegandt, Equivalence of Wilson Loops in N = 6 super Chern-Simons matter theory and N = 4 SYM Theory, Phys. Rev. D 84 (2011) 126015 [arXiv:1110.1373 [hep-th]].

[10] M. S. Bianchi, G. Giribet, M. Leoni and S. Penati, Light-like Wilson loops in ABJM and maximal transcendentality, arXiv:1304.6085 [hep-th].

[11] W. -M. Chen and Y. -t. Huang, Dualities for Loop Amplitudes of N=6 Chern-Simons Matter Theory, JHEP 1111 (2011) 057 [arXiv:1107.2710 [hep-th]].

[12] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati and A. Santambrogio, Scattering Amplitudes/Wilson Loop Duality In ABJM Theory, JHEP 1201 (2012) 056 [arXiv:1107.3139 [hep-th]].

[13] Y. -t. Huang and S. Caron-Huot, The two-loop six-point amplitude in ABJM theory, arXiv:1210.4226 [hep-th].

[14] T. Bargheer, S. He and T. McLoughlin, New Relations for Three-Dimensional Supersymmetric Scattering Amplitudes, Phys. Rev. Lett. 108 (2012) 231601 [arXiv:1203.0562 [hep-th]].

[15] D. Gang, Y. -t. Huang, E. Koh, S. Lee and A. E. Lipstein, Tree-level Recursion Relation and Dual Superconformal Symmetry of the ABJM Theory, JHEP 1103 (2011) 116 [arXiv:1012.5032 [hep-th]].

[16] T. Bargheer, N. Beisert, F. Loebbert and T. McLoughlin, Conformal Anomaly for Amplitudes in N=6 Superconformal Chern-Simons Theory, J. Phys. A 45 (2012) 475402 [arXiv:1204.4406 [hep-th]].

[17] A. Brandhuber, G. Travaglini and C. Wen, A note on amplitudes in N=6 superconformal Chern-Simons theory, JHEP 1207 (2012) 160 [arXiv:1205.6705 [hep-th]].

[18] A. Brandhuber, G. Travaglini and C. Wen, All one-loop amplitudes in N=6 superconformal Chern-Simons theory, JHEP 1210 (2012) 145 [arXiv:1207.6908 [hep-th]].

[19] S. Lee, Yangian Invariant Scattering Amplitudes in Supersymmetric Chern-Simons Theory, Phys. Rev. Lett. 105, 151603 (2010), [arXiv:1007.4772 [hep-th]].

[20] W. L. van Neerven, Infrared Behavior Of On-shell Form-factors In A N=4 Supersymmetric Yang-mills Field Theory, Z. Phys. C 30, 595 (1986).

[21] A. Brandhuber, B. Spence, G. Travaglini and G. Yang, Form Factors in N=4 Super Yang-Mills and Periodic Wilson Loops, JHEP 1101, 134 (2011) [arXiv:1011.1899 [hep-th]].

[22] L. V. Bork, D. I. Kazakov and G. S. Vartanov, On form factors in N=4 SYM, JHEP 1102, 063 (2011) [arXiv:1011.2440 [hep-th]].

[23] A. Brandhuber, O. Gurdogan, R. Mooney, G. Travaglini and G. Yang, Harmony of Super Form Factors, JHEP 1110, 046 (2011) [arXiv:1107.5067 [hep-th]].

[24] L. V. Bork, On NMHV form factors in N=4 SYM theory from generalized unitarity, JHEP 1301, 049 (2013) [arXiv:1203.2596 [hep-th]].

[25] A. Brandhuber, G. Travaglini and G. Yang, Analytic two-loop form factors in N=4 SYM, JHEP 1205 (2012) 082 [arXiv:1201.4170 [hep-th]].

[26] A. B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, Classical Polylogarithms for Amplitudes and Wilson Loops, Phys. Rev. Lett. 105, 151605 (2010) [arXiv:1006.5703 [hep-th]].

[27] T. Gehrmann, M. Jaquier, E. W. N. Glover and A. Koukoutsakis, Two-Loop QCD Corrections to the Helicity Amplitudes for H → 3 partons, JHEP 1202, 056 (2012) [arXiv:1112.3554 [hep-ph]].

[28] A. V. Kotikov, L. N. Lipatov, A. I. Onishchenko and V. N. Velizhanin, Three loop universal anomalous dimension of the Wilson operators in N=4 SUSY Yang-Mills model, Phys. Lett. B 595 (2004) 521 [Erratum-ibid. B 632 (2006) 754] [hep-th/0404092].

[29] T. Gehrmann, J. M. Henn and T. Huber, The three-loop form factor in N=4 super Yang-Mills, JHEP 1203, 101 (2012) [arXiv:1112.4524 [hep-th]].

[30] R. H. Boels, B. A. Kniehl, O. V. Tarasov and G. Yang, Color-kinematic Duality for Form Factors, JHEP 1302, 063 (2013) [arXiv:1211.7028 [hep-th]].

[31] Z. Bern, J. J. M. Carrasco and H. Johansson, New Relations for Gauge-Theory Amplitudes, Phys. Rev. D 78, 085011 (2008) [arXiv:0805.3993 [hep-ph]].

[32] J. Maldacena and A. Zhiboedov, Form factors at strong coupling via a Y-system, JHEP 1011, 104 (2010) [arXiv:1009.1139 [hep-th]].

[33] Z. Gao and G. Yang, Y-system for form factors at strong coupling in AdS5 and with multi-operator insertions in AdS3, arXiv:1303.2668 [hep-th].

[34] G. P. Korchemsky, J. M. Drummond and E. Sokatchev, Conformal properties of four-gluon planar amplitudes and Wilson loops, Nucl. Phys. B 795 (2008) 385 [arXiv:0707.0243 [hep-th]].

[35] J. M. Henn, Multiloop integrals in dimensional regularization made simple, arXiv:1304.1806 [hep-th].

[36] Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, One Loop N Point Gauge Theory Amplitudes, Unitarity And Collinear Limits, Nucl. Phys. B 425 (1994) 217 [arXiv:hep-ph/9403226].

[37] Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, Fusing gauge theory tree amplitudes into loop amplitudes, Nucl. Phys. B 435, 59 (1995) [arXiv:hep-ph/9409265].

[38] Z. Bern, L. J. Dixon, D. A. Kosower, Two-loop g —> gg splitting amplitudes in QCD, JHEP 0408 (2004) 012 [arXiv:hep-ph/0404293].

[39] R. Britto, F. Cachazo, B. Feng, Generalized unitarity and one-loop amplitudes in N=4 super-Yang-Mills, Nucl. Phys. B725 (2005) 275-305 [arXiv:hep-th/0412103].

[40] V. P. Nair, A Current Algebra For Some Gauge Theory Amplitudes, Phys. Lett. B 214, 215 (1988).

[41] Y. -t. Huang and A. E. Lipstein, Amplitudes of 3D and 6D Maximal Superconformal Theories in Supertwistor Space, JHEP 1010 (2010) 007 [arXiv:1004.4735 [hep-th]].

[42] T. Bargheer, F. Loebbert and C. Meneghelli, Symmetries of Tree-level Scattering Amplitudes in N=6 Superconformal Chern-Simons Theory, Phys. Rev. D 82 (2010) 045016 [arXiv:1003.6120 [hep-th]].

[43] A. Agarwal, N. Beisert and T. McLoughlin, Scattering in Mass-Deformed N ≥ 4 Chern-Simons Models, JHEP 0906 (2009) 045 [arXiv:0812.3367 [hep-th]].

[44] T. Gehrmann, J. M. Henn and T. Huber, The three-loop form factor in N=4 super Yang-Mills, JHEP 1203 (2012) 101 [arXiv:1112.4524 [hep-th]].

[45] B. Feng, Y. Jia and R. Huang, Relations of loop partial amplitudes in gauge theory by Unitarity cut method, Nucl. Phys. B 854 (2012) 243 [arXiv:1105.0334 [hep-ph]].

[46] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati and A. Santambrogio, Scattering in ABJ theories, JHEP 1112 (2011) 073 [arXiv:1110.0738 [hep-th]].

[47] D. Young, Form Factors of Chiral Primary Operators at Two Loops in ABJ(M).

[48] S. Terashima, On M5-branes in N=6 Membrane Action, JHEP 0808 (2008) 080 [arXiv:0807.0197 [hep-th]].

[49] A. V. Smirnov, Algorithm FIRE – Feynman Integral REduction, JHEP 0810 (2008) 107 [arXiv:0807.3243 [hep-ph]].

[50] M. Czakon, Automatized analytic continuation of Mellin-Barnes integrals, Comput.

Phys. Commun. 175 (2006) 559 [hep-ph/0511200].

[51] J. Gluza, K. Kajda, T. Riemann and V. Yundin, Numerical Evaluation of Tensor Feynman Integrals in Euclidean Kinematics, Eur. Phys. J. C 71 (2011) 1516 [arXiv:1010.1667 [hep-ph]].

[52] T. Gehrmann, T. Huber and D. Maitre, Two-loop quark and gluon form-factors in dimensional regularisation, Phys. Lett. B 622 (2005) 295 [hep-ph/0507061].