arXiv:1305.2682v2 [hep-th] 25 Jun 2013

Prepared for submission to JHEP

Note on Entanglement Temperature for Low Thermal Excited States in Higher Derivative Gravity

Wu-zhong Guo,^{a,b,c} Song He,^{a,b} Jun Tao^{d,a,b} aState Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Science, Beijing 100190, People’s Republic of China bKavli Institute for Theoretical Physics China, CAS, Beijing 100190, China cUniversity of the Chinese Academy of Sciences, Beijing 100049, China dCenter for Theoretical Physics, College of Physical Science and Technology, Sichuan University, Chengdu, 610064, PR China

E-mail: wuzhong@itp.ac.cn, hesong@itp.ac.cn, taojun@scu.edu.cn

Abstract: We investigate the entanglement temperature of a small scale subsystem in low excited states by using holographic method. Especially, we study the entanglement entropy and entanglement temperature in higher derivative gravities which are considered as low thermal excitation of pure AdS gravity. We find that the entanglement entropy are related to the central charges of CFT living on the boundary. The relation between the variance of entanglement entropy and energy of a small scale subsystem has been also obtained. Furthermore, the relation is consistent with the first law-like relation that is proposed by Phys. Rev. Lett. 110, 091602 (2013). Finally, we derive the formula of the variance of entanglement entropy in general excited states in gravity background with the Fefferman-Graham coordinates and the entanglement temperature can be figured out in special case.

Keywords: Higher derivative gravity, Holographic entanglement entropy, gauge/gravity duality

Contents

1 Introduction 1

2 Entanglement temperature in D=4 CFT with dual 5-dimensional Lovelock gravity 3 2.1 HEE for 4-dimensional CFT 3 2.2 Variance of EE after low excitation 4 2.2.1 Subsystem with a round ball configuration 4 2.2.2 Subsystem with stripe configuration 6 2.3 Variance of energy and EE 8

3 Entanglement temperature in D=6 CFT with dual 7-dimensional Lovelock gravity 9 3.1 HEE for 6-dimensional CFT 9 3.2 Variance of EE after low thermal excitation 10

4 Entanglement temperature in aAdS 12 4.1 Asymptotical AdS in Fefferman-Graham gauge 13 4.2 Variance of EE and energy 13 4.3 Entanglement temperature with sphere profile 15

5 Conclusion and Discussion 16

Appendices 17

A Variation of HEE 17

B Surface term 18

C Energy momentum tensor on the boundary theory 20 C.1 5-dimensional Lovelock gravity 20 C.2 7-dimensional Lovelock gravity 21

1 Introduction

The AdS/CFT correspondence [1][2][3][4](also called by gauge/gravity duality) is a very important and fundamental relation which connects gravitational theories and quantum field theories. As an application in [5] Ryu and Takayanagi proposed a frame work for calculation of entanglement entropy of conformal field theory through AdS/CFT correspondence. Their approach is simple and elegant. The main point is that the entanglement entropy in

– 1 – field theory side can be mapped to an area of minimal surface in gravity side. The holographic entanglement entropy (HEE) have been proved in [6][7]. And there are so many evidences [8][9][10] to confirm the correspondence within AdS_3/CF T_2. As application of HEE, there are intensive studies [11–23] recently. More recently, in [24], a free falling particle in an AdS space mimic the holographic dual of local quenches and the HEE has been computed to show the evolution of quantum entanglement. In [25], an analytical framework for holographic counterpart of global quantum quenches. In [28], authors studied how a small perturbation of HEE evolves dynamically through solving the Einstein equation in AdS spaces.

In vacuum state entanglement entropy(EE) is proportional to the surface area(in many models)[26][27] in the leading divergent term, which is the original motivation for relating EE with black hole entropy. The EE is also an useful quantity to describe the quantum correlations between the in and out side of a subsystem in QFT. The behavior of EE in low excited states is also important to understand the quantum entanglement nature of the system. This topic has been studied by many authors, for example [30][31]. The elegant method of HEE could also be used to study the property of EE in low excited states of CFT, which may be related with the background perturbation of the bulk.

In [32] the authors go on this study about the low thermal excited state in the holographic view, and more, they find an interesting relation between the variance of energy and EE for the subsystem in low excited states of CFT, which is similar as the first law of thermodynamics, i.e., ΔE = T_{eff} ΔS, where they also introduce a universal quantity T_{eff} called entanglement temperature, which is only related with shape of the subsystem.

In this paper we will study the property of EE after low excitation in the holographic view. Considering that the HEE formula should have quantum correction when the bulk theory has higher curvature terms[14][15][33], we expect new property of EE would appear in low excited states. The general formula of HEE with the bulk theory containing arbitrary higher curvature terms is still a open question needed to further study. But the HEE formula for Lovelock gravity has been studied in [14][15] by comparing the logarithm term with the CFT prediction. In terms of [15][14][20][34], one can study the HEE with higher derivative gravity and see what will happen for the variance of EE of a small scale subsystem. Furthermore, the energy momentum tensor will also include contribution from higher derivative gravity. So it would also be interesting to investigate the first law-like relation and entanglement temperature that are proposed in [32] then.

This paper is organized as follows. In section 2 we calculate the entanglement temperature with roll ball profile and infinite stripe profile with a small scale in the 5-dimensional Lovelock gravity and study correction of the first law-like relation for these subsystems. In section 3, we extend to the holographic entanglement entropy and entanglement temperature for 7-dimensional Lovelock gravity. In section 4, we analyze the holographic entanglement entropy and entanglement temperature in asymptotical AdS with Fefferman-Graham gauged background in diverse dimension. Section 5 is devoted to conclusions and discussions. We put some details of the computations in this paper in the Appendix.

While proceeding with this project, we learned that the small overlap topic in section 4 was also studied in recent papers [28][29] which are reminded by Tadashi Takayanagi and

– 2 –

Mohsen Alishahiha.

2 Entanglement temperature in D=4 CFT with dual 5-dimensional Lovelock gravity

In this section, we will calculate the entanglement temperature in the 4-dimensional CFT with the dual 5-dimensional Lovelock gravity. To obtain the novel quantities, we should calculate the variance of entanglement entropy after low thermal excitation in two examples, i.e., the entangling surfaces are sphere and infinite stripe, and also the variance of the energy within the subsystem.

2.1 HEE for 4-dimensional CFT

The 5-dimensional Lovelock gravity can be realized by adding the Gauss-Bonnet term[35] to pure Einstein gravity theory. The theory can be described by the following action I = 1 2ℓ_p^3 ∫ d^5x √ −g [ R + 12 L^2 + λ_5L^2 2 L_4 ] , (2.1)

with

L_4 = R_{μνρσ} R^{μνρσ} − 4R_{μν} R^{μν} + R^2, (2.2)

and λ_5 denotes the coupling of Gauss-Bonnet gravity and L stands for the Radius of AdS background. In order to obtain a well-defined vacuum for the gravity theory, one has to have λ_5 ≤ 1/4. Additional constraint on the Gauss-Bonnet parameter λ_5 by considering the positivity of the energy flux and causality on the boundary theory is −7/36 ≤ λ_5 ≤ 9/100 [36–39]. The AdS Gauss-Bonnet (GB) gravity would admit a pure AdS solution[15],

ds^2 = L̃2 z^2

(−dt^2 + dz^2 + dx^2_1 + dx^2 + dx^2_3), (2.3)

L̃ is the effective AdS radius in Gauss-Bonnet gravity and is defined by L̃2=^{L2}_{f∞} with

f_∞ = 1 − √ 1 − 4λ_5 2λ_5

. (2.4)

The holographic entanglement entropy formula for the GB case is discussed in [14][15] [33]. The subsystem in a time slice of boundary is A, we recall that the HEE formula should be

S_A = 2π ℓ^3_p ∫ M d^3x √ h [ 1 + λ_5L^2R ] + 4π ℓ^3_p ∫ ∂M d^2x √ hλ_5L^2K, (2.5)

where the integral is evaluated on the bulk surface M, whose boundary is A, R is the Ricci scalar for the intrinsic geometry of M, and K is the trace of the extrinsic curvature of the boundary of M, h is the determinant of the induced metric on M. The second term in the first integral is present due to higher derivative gravity in the background. The minimal value of the functional (2.5) would give the entanglement entropy of the subsystem A.

– 3 –

2.2 Variance of EE after low excitation

Our purpose is to discuss the variance of the entanglement entropy for the low excited state of CFT from the holographic point of view. Following the logic given by [32], the low exciting state of the CFT is dual to the asymptotical AdS background and the pure AdS solution can be considered as the ground state of AdS GB gravity. Here we will assume the low excited state with the dual gravity background as^1[32]

ds^2 = L̃2 z^2 (−f(z)dt^2 + dz^2 g(z) + dx^2_1 + dx^2 + dx^2_3), (2.6)

where f(z) ≃ g(z) = 1 − mz^4, m reflects the asymptotical behavior of gravity background near the boundary. We identify the excitation as low thermal excitation in this paper.

In the next two subsections, we would like to discuss two special examples to see the behavior of the variance of the entanglement entropy after the low thermal excitation (2.6).

2.2.1 Subsystem with a round ball configuration In this subsection, we choose the subsystem A as a two-sphere with a radius R_0 in a time slice of the CFT living on the boundary. The bulk surface M can be parameterized as r = r(u) and z = z(u), where r is the radial direction of the ball, with u_{min} ≤ u ≤ u_{max}. So the induced line element on the bulk surface is

ds^2_D = L̃2 z^2 [( (1 + mz^4)ż^2 + ṙ^2 ) du^2 + r^2dΩ^2 ] , (2.7)

where the dot denotes the derivative with respect to u. Following the notation of [15], we define h_{uu} = h^{uu−1} = L̃2 z^2 ( (1 + mz^4)ż^2 + ṙ^2 ) , F = ln ( r z ) . (2.8)

We can also get the intrinsic Ricci scalar of M R_D = e^{−2F} 2 L̃2 − 4Δ^uF − 6h^{uu} Ḟ^2, (2.9)

where Δ_uF =^{1√}_{huu} ∂_u(^{1√}_{huu} Ḟ ). The trace of extrinsic curvature K of the boundary ∂M is K = − 2 √ h_{uu} Ḟ |_{u=umin} (2.10) 1We recall that the 5-dimensional Gauss-Bonnet-AdS black brane solution with a Ricci flat horizon is given by [40]

ds^2_{BB} =

L^2 z^2 [ − f(z)dt^2 + dx^2_1 + dx^2 + dx^2_3 + dz^2 f(z) ] ,

f(z) = 1 2λ5 ( 1 − √ 1 − 4λ5 ( 1 − z^4 z^4_h ) ) , where z_h is the horizon of the black brane. The asymptotical AdS background (2.6) is actually the above solution with the horizon z_h far away from the boundary. So we may call this kind of excited state of the CFT living on the boundary as the low thermal excitation.

– 4 –

Plug (2.10) and (2.9) into (2.5), one can obtain

S_A =

8π^2L̃^2 ℓ^3_p ∫ du √ h_{uu}e^{2F} (1 + L^2λ_5(e^{−2F} 2 L̃2 + 2h^{uu}(

Ḟ )^2)). (2.11)

It is convenient to parameterize r and z as following form r(u) = f ( u R_0 ) cos ( u R_0 ) , z(u) = f ( u R_0 ) sin ( u R_0 ) , with ϵ ≤ u ≤ R_0. (2.12)

Finally, we get S_A as a functional of f(^u_{R0} ). The minimal value of functional S_A corresponds to the holographic entanglement entropy. We first need to get the surface that minimizes the functional when the perturbation parameter m is turned off. S_A is functional of f(x) as S_A =

8π^2L̃^3 ℓ^3_p ∫ π_2 ϵ/R_0 dx cos^2(x) sin^3(x) √ 1 + ( d log f dx )^2 ( 1 + 2( L L̃)^2λ^5(tan^2(x) + cos^{−2}(x) 1 + (^{d log f}_{dx} )^2 ) ) . (2.13)

One should note that we should introduce the regulation procedure to make the S_A to be finite. The regulation scale is denoted by the ϵ in (2.13). Using Euler-Lagrange equation, we get d dx [d log f dx cos^2(x) sin^3(x)

(1 + 2f_∞λ_5 tan2(x) √ 1 + (^{d log f}_{dx} )^2 − f_∞λ_5 cos^{−2}(x) (1 + (^{d log f}_{dx} )^2)^{3/2} )] = 0. (2.14)

One solution is that f(x) is a constant. We fix the boundary condition as f(^u_{R0} ) = R_0. The the minimal surface can be parameterized as

r(u) = R_0 cos(u/R_0), z(u) = R_0 sin(u/R_0), with ϵ ≤ u ≤ π 2 R_0. (2.15)

The holographic entanglement entropy for pure AdS state is

S_A =

8π^2L̃^3 ℓ^3_p ∫ π_2 ϵ/R_0 dx cos^2(x) sin^3(x) ( 1 + 2( L L̃ )^2λ^5(tan^2(x) + cos^{−2}(x)) ) . (2.16)

We formally turn on m ≠ 0 (2.6)and consider it as a perturbation of the pure AdS background. Finally, we can consider the AdS-Gauss-Bonnet gravity with m as an excitation state with comparing with pure AdS with radius L̃. Then the holographic entanglement entropy after the excitation is the minimal value of the functional

S̃_A = 8π^2 L̃3 ℓ^3_p ∫ π_2 ϵ/R_0 dx cos^2(x) sin^3(x) √ 1 + mz^4ż^2 ( 1 + 2( L L̃ )^2λ^5(tan^2(x) + cos^{−2}(x) 1 + mz^4ż^2 ) ) .(2.17)

We can calculate the variance of the holographic entanglement entropy up to O(mR^4_0) as follows

ΔS_A = S̃_A − S_A (2.18)

– 5 –

Considering the limit mR^4_0 ≪ 1, we expand (2.17) to first order of mR^4_0 ≪ 1 and use (2.15) and then the variance of holographic entanglement entropy up to O(mR^4_0) is

ΔS_A =

8π^2L̃^3 ℓ^3_p mR^4_0 ∫ π_2 ϵ/R_0 dx( 1 2 sin x cos^4 x − λ_5

L^2 L̃2 sin x cos^4 x) = 8π^2L̃^3 ℓ^3_p ( 1 10 − 1 5 λ_5f_∞)mR^4_0. (2.19)

In the procedure of getting (2.19), we assume that the bulk surface that corresponds to the minimal functional does not change with turning on excitation. As appendix A shows, the configuration of bulk surface is protected after the low excitation up to O(mR^4_0). As a consistent check, we reproduce the result given in [32] with the Gauss-Bonnet parameter λ_5 = 0. According to AdS/CFT correspondence, the Gauss-Bonnet gravity parameters λ_5 would related with the two kinds of central charges of the CFT side. The A-type and B-type central charges [41]^2

c = π^2 L̃3 l^3_p

(1 − 2λ_5f_∞) , a = π^2 L̃3 l^3_p

(1 − 6λ_5f_∞) . (2.20)

According to( 2.20), we can rewrite ΔS_A as

ΔS_A = 4c 5 mR^4_0. (2.21)

One can see that the variance of the entanglement entropy after the low thermal excitation is related to the central charges of CFT. One will also see this property in entanglement entropy of subsystem with an infinite stripe profile.

2.2.2 Subsystem with stripe configuration In this subsection, we consider the subsystem with a stripe profile which is defined by −^l_2 < x_1 ≡ x <^l_2 and^{−l0}_2 < x_2, x_3 <^{l0}_2 where l_0 is infinite. We also consider the AdS Gauss-Bonnet solution (2.6) as a excitation of pure AdS gravity. Then the induced metric h_{μν} of the bulk surface after perturbation (or excitation) is

ds^2_S = L̃2 z^2

[(ẋ^2 + 1 + mz^4)dz^2 + dx^2 + dx^2_3]. (2.22)

Where x is parameterized as x = x(z) and the dot stands for the derivative with respect to z in this subsection. We denote h_{zz} = L̃2 z^2

(ẋ^2 + 1 + mz^4), e^{2F} = L̃2 z^2

. (2.23)

2Here we have used convention ⟨T^i_i⟩ = c 16π^2 C_{ijkl}C^{ijkl} − a 16π^2 (R_{ijkl}R^{ijkl} − 4R_{kl}R^{kl} + R^2). Where the ⟨T^i_i⟩ stands for the trace anomaly which have been well studied and a, c stands for different kinds of central charges. The a and c are equal at the limit λ5 → 0 [15].

– 6 –

The intrinsic Ricci curvature R_S is

R_S = − 4 √ h_{zz} ∂_z ( √ h_{zz}h^{zz}Ḟ ) − 6h^{zz}Ḟ^2. (2.24)

The trace of extrinsic curvature K of the boundary z = ϵ is K = − 2 √ h_{zz} Ḟ |_{z=ϵ}. (2.25)

Plug (2.24) and (2.25) into (2.5)

S_A =

2πl^2_0 ℓ^3_p ∫ dz √ h_{zz} L̃2 z^2

(1 + 2h^{zz}Ḟ^2). (2.26)

Firstly let’s turn off the perturbation, then the bulk is the pure AdS space. S_A is a functional of x(z) as follows

S_A(m = 0) =

4πl^2_0 ℓ^3_p ∫_{z∗} ϵ dz L̃3 z^3 ( √ 1 + ẋ^2 + 2λ

L^2 L̃2 1 √ 1 + ẋ^2

). (2.27)

Where z_∗ is the maximal value of z on the surface in the bulk, which is controlled by the following constraint l 2 = ∫_{z∗} 0 dzẋ. (2.28) With minimizing the functional (2.27), we get the following equation of motion ẋ 1 − 2λf_∞ + ẋ^2 (1 + ẋ^2)^{3/2} = z^3 z^3_∗

(2.29)

This is a cubic equation for ẋ, there are three solutions for ẋ. We are only interested in the solution of this equation with λ is near 0. In this case, we can continuously connect AdS Gauss-Bonnet gravity with the solution of λ = 0, i.e., the pure Einstein gravity. Here we consider the pure AdS gravity as a ground state of AdS GB gravity. Assuming that λ is close to 0 and λf_∞ ≪ 1, we can solve the equation (2.29) with expanding as small parameter λf_∞. Up to the O(λf_∞), we get

ẋ = (1 + 2λf_∞)

z^3 z^3_∗ √ 1 −^{z6}_{z6∗}

. (2.30)

Using the constraint (2.28), we can get z_∗

z_∗ = lΓ(^1_6 ) 2(1 + 2λf_∞)Γ(^2_3 ) √ π . (2.31)

With turning on the excitation (2.6), the functional of the entangling surface is

S_A(m) =

4πl^2_0 ℓ^3_p ∫_{z∗} ϵ dz L̃3 z^3 ( √ 1 + mz^4 + ẋ^2 + 2λ

L^2 L̃2 1 √ 1 + mz^4 + ẋ^2

) (2.32)

– 7 –

Using the conclusion in Appendix A we get the variance of the HEE is

ΔS_A = S_A(m) − S_A(m = 0) = 2mL̃^3πl^2_0 ℓ^3_p ∫_{z∗} ϵ dzz 1 − 2λf_∞ + ẋ^2 (1 + ẋ^2)^{3/2}

, (2.33)

Use ml^4 ≪ 1 and plug the solution of ẋ (2.30) into (2.34):

ΔS_A =

2mL̃^3πl^2_0z^2_∗ (1 + 2λf_∞)ℓ^3_p

∫_1 ϵ/z_∗ duu √ 1 − u^6 = mL̃^3 √ πl^2_0l^2 20(1 + 2λf_∞)^3ℓ^3_p

Γ(^1_3 )Γ(^1_6 )^2 Γ(^2_3 )^2Γ(^5_6 ) ≃ a 2π^2 m √ πl^2_0l^2 10 Γ(^1_3 )Γ(^1_6 )^2 Γ(^2_3 )^2Γ(^5_6 )

, (2.34)

where we use (2.20) in the last step. ΔS depends on the A-type central charge of CFT living on the boundary with the assumption that λf_∞ ≪ 1. (2.34) will reproduce result in [32] with λ → 0.

2.3 Variance of energy and EE

In [32] they have proposed a universal relation between the variance of the energy and the entanglement entropy for a small subsystem A on the boundary theory. The universal relation induce a novel concept called by entanglement temperature. We would like to obtain the entanglement temperature in higher derivative gravity. We apply to calculate the boundary energy-stress tensor in the low excitation AdS Gauss-Bonnet background in Appendix C. The t − t component of the energy-stress tensor [42][43] corresponds to the energy density (C.8) T_{tt} = 3mL̃^3(1 − 2λ_5f_∞) 2ℓ^3_p

(2.35)

For the sphere case, the variance of energy in the subsystem is

ΔE =

2πm(1 − 2f_∞λ_5)L̃^3R^3_0 ℓ^3_p

. (2.36)

The entanglement temperature defined by [32] is 1 T_{ent} = ΔS ΔE = 2π 5 R_0. (2.37)

We find that the relation is same as the result of [32] for the 2-sphere in the 4-dimensional CFT. The dependence of the central charges of variance of entanglement entropy do not appear for entanglement temperature. The entanglement temperature is proportional to the inverse of R_0. As we will see in d=7 dimensional Lovelock gravity the sphere would also admit this property in the next section.

– 8 –

For the infinite stripe, the variance of energy in the subsystem is

ΔE =

3(1 − 2f_∞λ)mlL̃^3l^2_0 2ℓ^3_p

. (2.38)

The entanglement temperature is 1 T_{ent} = ΔS ΔE = a c √ π 30 Γ(^1_3 )Γ(^1_6 )^2 Γ(^2_3 )^2Γ(^5_6 ) l. (2.39)

Where we have used (2.20). The entanglement temperature in infinite stripe subsystem is similar to the sphere case, but entanglement temperature depends on the two kinds of central charges of CFT living on the boundary.

In limit ml^4 → 0, the entanglement entropy in CFTs, as shown in (2.39), satisfies a universal relation analogous to the first law of thermodynamics proposed by [32]. Comparing with the exact result given by [32], one can find that the coefficient of l have included the contribution from higher derivative gravity. With taking the λ = 0, one can reproduce the coefficient of l in [32]. We find that the coefficient of l is no longer universal constant that is only related to the shape of the entangling surface, but may be related with the central charges of the CFT.

3 Entanglement temperature in D=6 CFT with dual 7-dimensional Lovelock gravity

In this section, we will continue to study entanglement temperature in the D=6 CFT with dual 7-dimensional Lovelock gravity.

3.1 HEE for 6-dimensional CFT

The cubic gravity interaction would appear in Lovelock gravity in 7 dimensional Lovelock gravity[35]. The 7-dimensional Lovelock gravity action is I = 1 2ℓ^5_p ∫ d^7x √ −g( 30 L^2

+ R +

L^2 12 λ_7L_4(R) −

L^4 24 μ_7L_6(R)). (3.1)

Where L_4(R) is the curvature-squared term (i.e., the Gauss-Bonnet term) and L_6(R) is the cubic term, which is as follows [15]

L_6(R) = 1 2^3 δ^{ν1ν2...ν6} μ_1μ_2...μ_6 R μ_1μ_2 ν_1ν_2 ...R μ_5 μ_6 ν_5ν_6 . (3.2) Where δ^{ν1 ν2...ν6} μ_1 μ_2...μ_6 is the totally antisymmetric product of Kronecker delta symbols.

The 7 dimensional Lovelock gravity also admit the pure AdS solution with the effective radius L̃^2 =^{L2}_{f∞} , f_∞ is one special root of following equation

1 = f_∞ − f^2_∞λ_7 − f^3_∞μ_7. (3.3)

– 9 –

Where f_∞ can go to f_∞ = 1 with λ_7, μ_7 → 0 continuously. One can turn off the coupling of cubic term to obtain the f_∞ which is defined previous section (2.4).

The behavior of holographic entanglement entropy has been studied in [15] for the Lovelock gravity. In this section, we are interested in the variation of holographic entanglement entropy after low excitation of pure AdS. For 7 dimensional Lovelock gravity, the holographic entanglement entropy should be the minimal value of the following functional^3

S_A = 2π ℓ^5_p ∫ M d^5x √ h ( 1 + λ_7L^2 6 R − μ_7L^4 8 (R_{μνκσ}R^{μνκσ} − 4R_{μν} R^{μν} + R^2) )

+ S_{surfaceterm}. (3.4)

Where h is the determinant of the induced metric on the bulk surface M, R_{μνκσ} is the Riemann tensor of M. The surface term is added to functional to make the variational problem work well. Following [44], the surface term should be

S_{surfaceterm} = 2π ℓ^5_p ∫ ∂M d^4x √ h_{∂M} ( λ_7L2 3 K − μ_7L^4 8 (4R^B K − 8R^B_{ij} K^{ij} − 4 3 K^3 + 4KK_{ij} K^{ij} − 8 3 K_{ij} K^{jk}K^i_k) ) . (3.5)

Where ∂M is the boundary of M, K_{ij} and K are the extrinsic curvature and the trace of extrinsic curvature on boundary ∂M, R^B_{ij} and R^B are the intrinsic Ricci tensor and Ricci scalar of the boundary ∂M respectively. In the following part, we will discuss the case that the entangling surface in the 6-dimensional CFT is a 4-dimensional sphere with radius R_0.

3.2 Variance of EE after low thermal excitation

We continue to consider low thermal excitation for 6-dimensional CFT. For simplicity, we choose μ_7 = −^{λ27}_3^4.

The low thermal excitation of pure AdS in 7D Lovelock gravity can be expressed by

ds^2 = L̃2 z^2 (−f(z)dt^2 + dz^2 g(z) + dr^2 + r^2dΩ^2), (3.7)

3 There is no general formula for HEE for higher derivative gravity as shown in [15]. For the entangling surfaces with rotation symmetry, logarithm divergent term of HEE from the (3.4) is consistent with calculation from pure CFT side. In this paper, we will only focus on the entangling surface is 4-dimensional sphere in (3.4). Therefore, it is reasonable to use (3.4) as the formula for HEE. We refer readers to [15] for more general discussion.

4Here we consider the pure AdS as a ground state of Lovelock gravity. Generally speaking, the third order Lovelock gravity with general parameters [45] can not admit the black hole solution(3.6) without the constrain condition μ7 = −^{λ27}_3 . With this condition, we can get a simple black brane solution[46]

ds^2 =

L^2 z^2 [ − f(z)dt^2 + dz^2 f(z) + 5∑ i=1 dx^{i2} ] , (3.6)

f(z) = 1 λ7 ( 1 − (1 − 3λ7 ( 1 − z^6 z^6_h

) 1_3 ) ,

when z_h is far away from boundary, we get (3.7).Here we get f∞ =^{1−(1−3λ7 )} 1 3 λ7 by taking μ7 = −^{λ27}_3 into (3.3).

– 10 – with f(z) ≃ g(z) = 1 − mz^6, m is a parameter which corresponds to the asymptotical behavior of the gravity background. The induced metric of bulk surface M is

ds^2_M = L̃2 z^2 ( (1 + mz^6)dz^2 + dr^2 + r^2dΩ^2_4 ) . (3.8)

We parameterize the surface M as r = r(u) = f(u/R_0) cos(u/R_0) and z = z(u) = f(u/R_0) sin(u/R_0), with ϵ ≤ u ≤^π_2 R, and define h_{uu} = L̃2 z^2 ( (1 + mz^6)ż^2 + ṙ^2 ) , F = log ( r z ) . (3.9)

Taking the parametrization of the bulk surface M into (3.4), we would get a functional of f(x) as follows

S_A =

2πL̃^5S_4 ℓ^5_p ∫ π_2 ϵ/R_0 dx cos^4(x) sin^5(x) √ 1 + ( d log f dx )^2 [ 1 + λ_7f_∞ 6 (12 tan^2(x) + 12 1 cos^2(x) 1 1 + (^{d log f}_{dx} )^2 ) − f^2_∞μ_7 ( 3 tan^4(x) − 1 cos^4(x) ( 1 1 + (^{d log f}_{dx} )^2

)^2 + 6 tan^2(x) 1 cos^2(x) 1 1 + (^{d log f}_{dx} )^2 )] . (3.10)

The details of the calculation is given in Appendix B. With turning off the low thermal excitation, the minimal value of functional S_A corresponds to the surface M:

r(u) = R_0 cos(u/R_0), z(u) = R_0 sin(u/R_0), with ϵ ≤ u ≤ π 2 R_0. (3.11)

As shown in Appendix A, the low thermal excitation do not affect the configuration of bulk surface up to O(mR^6_0), we can calculate the variance of S_A after the perturbation is turned on ( 3.7).

ΔS_A =

2mR^6_0πL̃^5S_4

ℓ^5_p ∫ π_2 ϵ/R_0 dx (1 2 sin(x) cos^6(x) + λ_7f_∞ sin^3(x) cos^4(x) − λ_7f_∞ sin(x) cos^4(x) − 3 2 f^2_∞μ_7 sin^5(x) cos^2(x) − 3 2 f^2_∞μ_7 sin(x) cos^2(x) + 3f^2_∞μ_7 sin^3(x) cos^2(x) )

= mR^6_0πL̃^5S_4

7ℓ^5_p

(1 − 2λ_7f_∞ − 3f^2_∞μ_7) = mR^6_0πS_4 7 (− 56B_1 9 + 128B_2). (3.12)

Where S_4 is the volume of the 4-dimensional unit sphere. We have expressed the formula in terms of the central charges of 6-dimensional CFT in the last step (3.12). Where we have quoted the holographic expressions for the four types of central charges denoted by

– 11 –

A, B_1, B_2, B_3 [47]^5

B_1 = L̃5 ℓ^5_p

−9 + 26f_∞λ_7 + 51f^2_∞μ_7 288 , B_2 = L̃5 ℓ^5_p

−9 + 34f_∞λ_7 + 75f^2_∞μ_7

1152 , B_3 = L̃5 ℓ^5_p

1 − 2f_∞λ_7 − 3f^2_∞μ_7 384 , A = π^3L̃^5 ℓ^5_p

3 − 10f_∞λ_7 − 45f^2_∞μ_7 6 . (3.13)

In Appendix C we get the energy-stress tensor of CFT with the dual bulk background (3.6). The variance of the energy is easy to obtain

ΔE = ( 1 − 2f_∞λ_7 − 3μ_7f^2_∞ ) mR^5_0L̃^5S_4 2ℓ^5_p = mR^5_0S_4 2 (− 56B_1 9 + 128B_2). (3.14)

Both (3.12) and (3.14) show that the higher derivative gravity will make contribution to the variation of entanglement entropy and energy-stress tensor, as we expected. The entanglement temperature is 1 T_{ent} = 2π 7 R_0 (3.15)

(3.12)(3.14) shows that the variation of entanglement entropy and energy momentum tensor of theory living on boundary should be related to CFT data. The behavior of entanglement temperature (3.15) for the round ball shaped subsystem calculated in both 5-dimensional and 7-dimensional Lovelock gravity cases do not depends on CFT data.

4 Entanglement temperature in aAdS

To extend our analysis about the entanglement temperature, we can consider background in Fefferman-Graham coordinates corresponds to a special excitation of the dual CFT.

5In six dimensions, the trace anomaly can be expressed by [47]

T^i_i = 3∑ i=1 BiIi + AE6, where I1 = C_{ijkl}C^{jmnk} Cm^{il}_n, I2 = Cij^{kl}C_{kl}^{mn}Cmn^{ij} , I3 = C_{ijkl}(δ^i_m∇^2 + 4R^im − 6 5 Rδ^i_m)C^{mjkl}, E6 = 1 192π^3 L6, where C_{ijkl} is the Weyl tensor, L6(R) is defined as (3.2).

– 12 –

4.1 Asymptotical AdS in Fefferman-Graham gauge We assume the CFT is living on the d-dimensional flat space. The entangling surface is a codimension 2 surface which is parameterized by the coordinate {x_a}, with a = 1, 2, ...d−2. And we use the Gauss coordinate, the other space coordinate is y, the metric is

ds^2_{CF T} = −dt^2 + dy^2 + h_{ab}(y, x_a)dx^adx^b. (4.1)

To study the asymptotical AdS space, it is convenient to use the Fefferman-Graham coordinates in background,

ds^2_{F G} =

L^2 z^2 ( dz^2 + g_{ij} (z, x)dx^idx^j ) . (4.2)

It has been show that g_{ij} (z, x) allow an expanding as follows

g_{ij}(z, x) = g^{(0)}_{ij} (x) + g^{(2)}_{ij} (x)z^2 + ... + g^{(d)}_{ij} (x)z^d + Hz^d log z... (4.3)

Where the d is even. Via the conformal symmetry and Einstein equation the term g^{(2k)}_{ij} up to order d − 2 and H can be computable from g^{(0)}_{ij} which is the dual boundary metric. g^{(d)}_{ij} is undetermined by boundary metric. Our interesting case is the dual CFT lives on the flat spacetime, i.e., g^{(0)}_{ij} = η_{ij}. We consider the case that the term g^{(2k)}_{ij} up to order d − 2 and H are all vanishing. The asymptotical AdS is ds^2_{Bulk} = L^2 z^2 [ dz^2 + ( η_{ij} + δη_{ij} (x)z^d ) dx^idx^j ] . (4.4)

Where we have denoted δη_{ij} ≡ g^{(d)}_{ij} . We can use (4.1) and write in an explicit form as ds^2_{Bulk} = L^2 z^2 [ dz^2 − dt^2 + δη_{ti}z^ddtdx^i + dy^2 + δη_{yi}z^ddydx^i + (h_{ab} + δη_{ab}z^d)dx^adx^b ] . (4.5)

We consider general low excitation of the pure AdS gravity would correspond to (4.5). We can use the holographic method to analyze the variance of EE and relation with variance of the energy of the subsystem.

4.2 Variance of EE and energy When the excitation is turned off, i.e., the background should go back to pure AdS. We can get the entanglement entropy of the subsystem A by minimizing the functional of bulk surface M, which is parameterized as z = z(y). Here we have assumed the entangling surface has the symmetry to make the parametrization possible. The induced metric g_{μν} on M is

ds^2_m =

L^2 z^2 ( (1 + z^{′2})dy^2 + h_{ab}dx^adx^b ) , (4.6)

where z^′ ≡^{dz}_{dy} . S = 2π ℓ^{d−1}_p ∫ M dyd^{d−2}x √ g = 2πL^{d−1} ℓ^{d−1}_p ∫ M dyd^{d−2}x √ 1 + z^{′2} z^{d−1} √ h, (4.7)

– 13 – with h ≡ det h_{ab}. We can find the minimal surface M_0 with a solution z = z_0(y). When the excitation is turned on, the entanglement entropy would also make a change and the induced metric on M would become g̃_{μν} = g_{μν} + δg_{μν} ,

ds̃^2_M =

L^2 z^2 ( (1 + z^{′2} + δη_{yy} z^d)dy^2 + (h_{ab} + δη_{ab}z^d)dx^adx^b + δη_{ya}z^ddydx^a ) , (4.8)

We use statement in Appendix A to get the variance of holographic entanglement entropy. The perturbation does not change the shape of M up to O(δg_{μν} ). So we just need expand the functional S̃ = 2π ℓ^{d−1}_p ∫ M dyd^{d−2}x √ g̃. (4.9)

to O(δg_{μν} ) and keep the minimal surface to be M_0 with z = z_0(y).

S̃ = 2π ℓ^{d−1}_p ∫ M_0 dyd^{d−2}x (√ g(1 + 1 2 g^{μν} δg_{μν} + O(δg^2_{μν} )) ) (4.10)

Then we get ΔS = S̃ − S = 2π ℓ^{d−1}_p ∫ M_0 dyd^{d−2}x ( 1 2 √ gg^{μν} δg_{μν} + O(δg^2_{μν} )) ) . (4.11)

We can read δg_{μν} by comparing (4.8) with (4.6). The result is

ΔS = πL^{d−1} ℓ^{d−1}_p ∫ M_0 dyd^{d−2}x √ h √ 1 + z^{′2}_0 z_0 ( δη_{yy} 1 + z^{′2}_0 + h^{ab}δη_{ab} ) . (4.12)

Now we turn to calculate the variance of energy of the subsystem after the low excitation of the ground state (pure AdS). The energy-stress tensor for the CFT living on the boundary is T_{ij} = dL^{d−1} ℓ^{d−1}_p δη_{ij} (4.13)

The conformal symmetry would restrict the energy-stress tensor to be traceless, i.e., T_{ij} η^{ij} = 0. According to (4.13) δη_{ij} would also restrict to be traceless, in the coordinate (4.1) we get − δη_{tt} + δη_{yy} + h^{ab}δη_{ab} = 0. (4.14) The variance of energy of the subsystem A is

ΔE = ∫ A dyd^{d−2}x √ hT_{tt} = dL^{d−1} ℓ^{d−1}_p ∫ A dyd^{d−2}x √ hδη_{tt}. (4.15) Using (4.13)(4.14), we rewritten (4.12) as

ΔS = π d ∫ A dyd^{d−2}x √ h √ 1 + z^{′2}_0 z_0 ( T_{tt} − z^{′2}_0 1 + z^{′2}_0 T_{yy} ) . (4.16)

The variance of holographic entanglement entropy (4.16) of the subsystem A is only related to T_{tt} and T_{yy}, i.e., the variance energy density and the strength of pressure in the direction normal to the entangling surface.

– 14 –

4.3 Entanglement temperature with sphere profile

In this subsetion, we would like to consider the subsystem A to be an (d − 2)-dimensional sphere with radius R_0 as a example to investigate the entanglement temperature. We get h_{ab}dx^adx^b = y^2dΩ^2_{d−2}. It is easy to get the minimal surface M_0, z_0 = √ R^2_0 − y^2, with 0 ≤ y ≤ R_0. Taking this solution into (4.16), we get

ΔS = π d ∫ A dyd^{d−2}x √ h ( R_0T_{tt} − y^2 R_0 T_{yy} ) (4.17)

We can rewrite the above formula in a more compact form by using ( 4.15),

ΔS = πR_0 d ΔE − π ∫ A dyd^{d−2}x √ h y^2 R_0

T_{yy}. (4.18)

We find that the second term on the right hand side of (4.18) is not linear dependence on ΔE generally. There is possibility to break first law-like relation in some special cases. We do not consider the dynamic constrain [28] of the perturbation of the bulk background in this paper. At this stage, we have no exact statement about whether the first law-like relation will be hold or not. The (4.18) shows that ΔS highly depend on the configurations of subsystem and dynamic constrain of the perturbation.

In the low thermal excitation, δη_{tt} and δη_{yy} are constant. Here we take them to be function of the coordinate y which is normal to the sphere. Generally speaking, we assume δη_{tt} = ∑ i m_{(i)}( y R_0

)^i, (4.19) δη_{yy} = ∑ i n_{(i)}( y R_0

)^i. (4.20)

The parameters m_{(i)}, n_{(i)} ≪ 1. Taking (4.19) into (4.15), we get

ΔE = dL^{d−1}R^{d−1}_0 S_{d−2} 2ℓ^{d−1}_p ∑ i m_{(i)} d + i − 1 . (4.21)

Taking (4.19) and (4.20) into (4.12), we get ΔS,

ΔS = 2πR_0 d ΔE − πL^{d−1}R^d_0S_{d−2} ℓ^{d−1}_p ∑ i n_{(i)} d + i + 1

. (4.22)

Or by using (4.21),

ΔS = 2πR_0 d ( 1 − A B ) ΔE, (4.23)

with A = ∑ i n_{(i)} d + i + 1 , B = ∑ i m_{(i)} d + i − 1 . (4.24)

In this example, the ΔS is also proportional to the variance ΔE and the entanglement temperature is related to m_{(i)} and n_{(i)}, which correspond to the low excitation mode.

– 15 –

When n_i = m_{(i)} = 0, for i ≥ 1, and n_{(0)} =^m_d , m_{(0)} =^{(d−1)m}_d , (4.23) recover the result of [32], i.e., ΔS =^{2πR0}_{d+1} ΔE.

This example shows that the first law-like relation and entanglement temperature is not so obvious that it will need to be more carefully study. It is worth to study entanglement temperature in subsystem with general configurations and excitations.

5 Conclusion and Discussion

The entanglement entropy is a useful quantity to describe the entanglement structure of the CFT in vacuum state. It is also interesting to study the property of the entanglement entropy after low excitation of the vacuum state. In this paper, we mainly focus on the entanglement entropy property of the low excited state in higher derivative gravity by using the holographic method. The variance of the HEE would contain more information of the CFT after the low thermal excitation. The entanglement temperature will absorb the contribution from higher derivative gravity. When assuming the bulk theories are Lovelock gravity, one considers these solutions are the low excited state of vacuum of CFT. We just turn on the low thermal excitation and we get the variance of the entanglement entropy for sphere and infinite stripe profile. Combing the variation of energy of these subsystem on the boundary, one can find a novel relation which is first law-like theorem for entanglement entropy. Finally, we also obtain the entanglement temperature which is similar to [32] and the coefficient absorb the contribution of higher derivative gravity. We find that the entanglement temperature should depend on the central charges of corresponding CFT in strip shaped subsystem in 5-dimensional Lovelock gravity. The behavior of entanglement temperature for the round ball shaped subsystem calculated in both 5-dimensional and 7-dimensional Lovelock gravity cases do not depends on CFT data.

Finally, we study more general low excited states in the Fefferman-Graham coordinates. We get the general result of variance of entanglement entropy (4.16), which is related with the t − t and y − y component of energy-stress tensor. The variance of the entanglement entropy with the energy density and pressure which is normal to the entangling surface in general excited states. At this stage, we can not conclude whether the first law-like relation will be hold or not. We have show (4.18) shows that ΔS highly depend on the configurations of subsystem and dynamic constrain of the perturbation. We also take a subsystem A with a (d − 2)-dimensional sphere as an example to show the entanglement temperature and the first law-like relation. This may give us more clues to study the quantum entanglement structure of the low excited CFT and more insight to the probable first law relation of entanglement entropy.

In the future, we would like to study the entanglement temperature and entanglement density in general higher derivative gravity. Although there is no universal formula to count the entanglement entropy in general higher derivative gravities, it is worth to try and check whether the first and second law like theorem are correct. One more project is to study the HEE and entanglement temperature of subsystem with other general configurations. Finally, authors [48][49][50][51] have used potential construction approach to generate some

– 16 – gravity solutions analytically. These solutions are good place to study the dynamics of entanglement entropy [28].

Acknowledgements

The authors are grateful to Ronggen Cai, Danning Li, Li Li, Miao Li, Tianjun Li, Junbao Wu and Haitang Yang for useful conversations and correspondence. WG especially thanks Miao Li for supports and encouragements. Further we should thank for Tadashi Takayanagi’s nice suggestions and comments on this version. SH are supported in part by the National Natural Science Foundation of China (No.10821504, No.10975168 and No.11035008, No. 11147106), and in part by Shanghai Key Laboratory of Particle Physics and Cosmology under grant No.11DZ2230700. WG are supported by the National Natural Science Foundation of China (Grant Nos. 11275247 and 10821504). WG and SH would like to appreciate “The 7th Asian Winter School on Strings, Particles and Cosmology ” hold in Beijing, China for financial support. SH would like to thank the “Spring School on Superstring Theory and Related Topics” held at ICTP, Italy for their hospitality and financial support. SH also would like appreciate the general financial support from China Postdoctoral Science Foundation No. 2012M510562.

APPENDIX

A Variation of HEE

In this appendix, we will give a brief proof that the method to calculate the variance of HEE with turning on low excitation is reasonable. The basic logic is that the low excitation of the CFT corresponds to turning on small perturbation term related to m_i in the pure AdS background. The perturbation is described by some dimensionless parameters m_1...m_i...m_k, which are quite small, i.e., m_i ≪ 1(1 ≤ i ≤ k). We only care about the leading effect of m_i in changing the classical configuration of entangling surface. The holographic entanglement entropy is given by minimizing the functional S_A of entanglement surface M, which is parameterized by z = z(x, ..., y), where x, ..., y are the boundary coordinates. When the perturbation is turn off, the background goes back to pure AdS, we assume that the minimal S_A(z_0, m_i = 0) corresponds to the surface m z = z_0(x, ..., y). Then δS_A δz |_{z=z0} = 0 (A.1)

with turning on the perturbation, S_A is still functional of the bulk surface with the parameters m_i(1 ≤ i ≤ k), i.e., S̃_A ≡ S_A(z; m_1, ..., m_k). In principle, we can variance S_A and get the minimal value with a solution z̃ ≡ z(x, ..., y; m_1, ..., m_k). With assuming that the perturbation is quite small, we can expand z = z(x, ..., y; m_1, ..., m_k) up to first order of the parameters m_i(1 ≤ i ≤ k). z(x, ..., y; m_1, ..., m_k) = z_0(x, ..., y) + δz(x, ..., y; m_1 , ..., m_k). (A.2)

– 17 –

We have denoted δz(x, ..., y; m_1 , ..., m_k) = m_iz^{(i)}(x, ..., y). We can also expand S̃_A as

S̃_A ≡ S_A(z; m_1, ..., m_k) = S_A(z, m_i = 0) + m_iS^{(i)}(z). (A.3)

After low thermal excitation, the holographic entanglement entropy should be S_A(z̃; m_1, ..., m_k) = S_A(z_0(x, ..., y) + δz(x, ..., y; m_1 , ..., m_k); m_1, ..., m_k) = S_A(z_0(x, ..., y) + δz(x, ..., y; m_1 , ..., m_k)) + m_iS^{(i)}(z_0(x, ..., y) + δz(x, ..., y; m_1 , ..., m_k)) + O(m^2_i ) = S_A(z_0(x, ..., y)) + δS_A δz |_{z=z0} δz(x, ..., y; m_1 , ..., m_k) + m_iS^{(i)}(z_0) + O(m^2_i )

= S_A(z_0(x, ..., y)) + m_iS^{(i)}(z_0) + O(m^2_i ). (A.4)

Where we have used ( A.1). Finally, the variance of the holographic entanglement entropy ΔS_A = m_iS^{(i)}(z_0) + O(m^2_i ). In other word, the variance of the shape of the bulk surface do not give contribution to variance of the functional S_A up to O(m_i).

B Surface term

In this subsection, we will list some details about the surface term which make the variation to be well defined. The bulk surface M is parameterized as r = r(u) and z = z(u), with u_i ≤ u ≤ u_f . So the boundary ∂M is the hypersurface u = u_i. Using the induced metric on M, we can get R_{μνκσ}R^{μνκσ} = 1 6 (R^B − 12h^{uu}Ḟ^2)^2 + 16(Δ_uF + h^{uu}Ḟ^2)^2, R_{μν} R^{μν} = 1 4 ( R^B − 4(Δ_uF + 4h^{uu}Ḟ^2)

)_2

+ 16(Δ_uF + h^{uu}Ḟ^2)^2,

R^2 = (R^B − 8Δ_uF − 20h^{uu}Ḟ^2)^2. (B.1)

Where Δ_uF ≡^{1√}_{huu} ∂_u^{Ḟ√}_{huu} . The boundary is a 4-dimensional sphere with radius e^{2F} L̃^2, we get R^B_{ij} =^{3hij}_{e2F L̃2} and R^B =^{12}_{e2F L̃2} , where h_{ij} is the induced metric on the boundary ∂M. The normal outward unit vector to ∂M is n_ν = − √ h_{uu}δ_{uν} . It is easy to get the extrinsic curvature K_{νμ} = ▽_ν n_μ|_{u=ui} and its trace, where ▽ is defined on the bulk surface M can be obtain as follows

K_{uu} = K_{ui} = K_{iu} = 0, K_{ij} = − Ḟ h_{ij} √ h_{uu} |_{u=ui} . (B.2)

The surface term ( 3.5) are listed K = − 4Ḟ √ h_{uu} |_{u=ui} , R^BK = −e^{−2F} 48Ḟ L̃2√h_{uu} |^{u=ui} , R^{Bij}K^{ij} = −e^{−2F} 12Ḟ L̃2√h_{uu} |^{u=ui} , KK_{ij} K^{ij} = −16 ( Ḟ √ h_{uu} )_3 |_{u=ui} , K_{ij} K^{jk}K^i_k) = −4 ( Ḟ √ h_{uu} )_3

|_{u=ui} . (B.3)

– 18 –

The surface term can be expressed

S_{surfaceterm} = 2π ℓ^5_p ∫ dΩ_4L̃^4e^{4F} ( − 4λ_7L^2 3 Ḟ √ h_{uu} − μ_7L^4 8 (−e^{−2F} 96Ḟ L̃2√h_{uu} + 32( Ḟ √ h_{uu} )^3 ) |_{u=ui} . = 2πS_4L̃^4 ℓ^5_p e^{4F} ( − 4λ_7L^2 3 Ḟ √ h_{uu} − μ_7L^4 8 (−e^{−2F} 96Ḟ L̃2√h_{uu} + 32( Ḟ √ h_{uu} )^3 ) |_{u=ui} . (B.4)

Where S_4 is the volume of the 4-dimensional unit sphere. Using ( B.1), we get ( 3.4) as

S_A =

2πL̃^4S_4 ℓ^5_p ∫_{uf} u_i du √ h_{uu}e^{4F} [ 1 + λL^2 6 ((R^B − 8Δ_uF − 20h^{uu}Ḟ^2)) − μL^4 8 (e^{4F} 24 L̃4 + 120(h^{uu}

Ḟ^2)^2 − e^{−2F} 144h^{uu}

Ḟ 2 L̃2 + 96Δ^uF h^{uu}

Ḟ^2 − e^{−2F} Δ_uF 96 L̃2 ) ] +S_{surfaceterm}. (B.5)

By integrating by parts, we get

S_A =

2πL̃^4S_4

ℓ^5_p ∫_{uf} u_i du √ h_{uu}e^{4F} [ 1 + λ_7L^2 6 (e^{−2F} 12 L̃2 + 12h^{uu}

Ḟ^2)

− L^4μ_7 ( e^{−4F} 3 L̃4 − (h^{uu} Ḟ^2)^2 + e^{−2F} 6 L̃2 h^{uu} Ḟ^2 )] − 8πλ_7L^2L̃^4S_4 3ℓ^5_p e^{4F} Ḟ √ h_{uu} |^{u=uf}_{u=ui} − 2πμ_7L^4L̃^4S_4 ℓ^5_p ( 4e^{4F} ( Ḟ √ h_{uu} )^3 − e^{2F} 12 L̃2 Ḟ √ h_{uu} ) |^{u=uf}_{u=ui} + S_{surfaceterm}. (B.6)

As we can see the surface term exactly cancel the boundary contribution from the integration by parts. S_A is

S_A =

2πL̃^4S_4 ℓ^5_p ∫_{uf} u_i du √ h_{uu}e^{4F} [ 1 + λ_7L^2 6 (e^{−2F} 12 L̃2 + 12h^{uu}

Ḟ^2)

− L^4μ_7 ( e^{−4F} 3 L̃4 − (h^{uu} Ḟ^2)^2 + e^{−2F} 6 L̃2 h^{uu} Ḟ^2 )] . (B.7)

To minimal functional, one can obtain the following configuration which can be parameterized r and z as r(u) = f(u/R_0) cos(u/R_0), z(u) = f(u/R_0) sin(u/R_0), with ϵ ≤ u ≤ π 2 R_0. (B.8)

One can find that S_A is a functional of f(x):

S_A =

2πL̃^5S_4

ℓ^5_p ∫ π_2 ϵ/R_0 dx cos^4(x) sin^5(x) √ 1 + ( d log f dx )^2 [ 1 + λ_7f_∞ 6 (12 tan^2(x) + 12 1 cos^2(x) 1 1 + (^{d log f}_{dx} )^2 ) − f^2_∞μ_7 ( 3 tan^4(x) − 1 cos^4(x) ( 1 1 + (^{d log f}_{dx} )^2

)^2 + 6 tan^2(x) 1 cos^2(x) 1 1 + (^{d log f}_{dx} )^2 )] . (B.9)

– 19 –

From the above action, the equation of motion can be obtain

0 = cot^4(x) csc(x)G^{′′}(x) ( 2λf_∞ + 3μ_7f^2_∞ − 1 ) + cot(x) csc(x)G^′(x)^7 ( f_∞ ( 4λ csc^2(x) − 3μ_7f_∞ ) + 2 cot^2(x) ( λf_∞ + 2 csc^2(x) ) + cot^4(x) ) + 1 2 (cos(2x) + 9) cot^3(x) csc^3(x)G^′(x) ( − 2λf_∞ − 3μ_7f^2_∞ + 1 ) + 1 8 cot(x) csc^5(x)G^′(x)^5 ( − 2λf_∞ + 45μ_7f^2_∞ − 12 cos(2x) ( 6λf_∞ + 3μ_7f^2_∞ − 5 ) − cos(4x) ( 6λf_∞ + 9μ_7f^2_∞ − 3 ) + 57 )

+ 1 8 cot(x) csc^5(x)G^′(x)^3 ( − 58λf_∞ − 3μ_7f^2_∞ − cos(4x) ( 6λf_∞ + 9μ_7f^2_∞ − 3 ) − 12 cos(2x) ( 8λf_∞ + 9μ_7f^2_∞ − 5 ) + 57 ) + cot^2(x) csc^3(x)G^′(x)^2G^{′′}(x) ( −4λf_∞ − 15μ_7f^2_∞ + cos(2x) ( 2λf_∞ + 3μ_7f^2_∞ − 1 ) − 1 ) + cot(x)G^′(x)^4G^{′′}(x) ( λf_∞(cos(2x) − 5) cot(x) csc^3(x)

+ 3μ_7f^2_∞ ( 4 csc^2(x) + 1 ) sec(x) + cot^3(x)(− csc(x)) ) (B.10)

with G(x) = log f(x). Where the prime is derivative with respect to x. The Euler- Lagrange equation allow a solution that f = Constant. The minimal value of functional S_A corresponds to the surface M classically.

r(u) = R_0 cos(u/R_0), z(u) = R_0 sin(u/R_0), with ϵ ≤ u ≤ π 2 R_0. (B.11)

Where we have used boundary condition f(u/R_0) = R_0.

C Energy momentum tensor on the boundary theory

In this section, we would like to deal with the energy momentum tensor of CFT when the dual gravity are 5-dimensional AdS GB gravity and 7-dimensional Lovelock gravity respectively. To define the proper boundary stress-energy tensor, the total gravitational action should have following contribution from three parts[42][43]

I = I_{bulk}(g_{ij} ) + I_{surf}(g_{ij} ) + I_{ct}(γ_{ij} ). (C.1)

I_{bulk}(g_{ij} ) denotes for the bulk dynamics, I_{surf}(g_{ij} ) denotes for surface terms contribution and I_{ct}(γ_{ij} ) denotes the terms to make the total action to be finite.

C.1 5-dimensional Lovelock gravity

The 5-dimensional gravity action with the Gauss-Bonnet term in the bulk M with a boundary ∂M is[52][53][54] I_{ren} = 1 2ℓ^3_p ∫ M d^5x √ −g[ 12 L^2

+ R + λ_5L^2 2 L_4] − 1 2ℓ_p^3 ∫ ∂M d^4x √ −γ [ 2K − 3 L + 2λ_5L^2 ( J − (R_{ij} − 1 2 Rγ_{ij})K^{ij} )] + I_{ct}, (C.2)

– 20 – with J_{ij} = 1 3 (2KK_{ik}K^k_j + K_{kl}K^{kl}K_{ij} − 2K_{ik}K^{kl}K_{lj} − K^2K_{ij} ), J = J_{ij} γ^{ij} . (C.3) Where K_{ij} and K are respective the extrinsic curvature and its trace of the boundary ∂M, γ_{ij} is the induced metric on the boundary ∂M, R_{ij} and R are respective the induced Ricci tensor and Ricci scalar of the boundary ∂M. The metric of the bulk theory is (2.6). To regulate the theory, we restrict to the region z ≥ ϵ and the surface term is evaluated at z = ϵ. As the boundary is flat the term R_{ij} and R do not contribute. The induced metric γ_{ij} =^{L̃2}_{ϵ2} g_{ij} (x, ϵ), where the leading term of g_{ij} (x, ϵ) expanded as ϵ is the flat metric g^{ij}_{(0)}. Then the one point function of stress-energy tensor of the dual CFT is given by [42][43] T_{ij} = 2 √ − det g_{(0)} δI_{ren} δg^{ij}_{(0)} = lim_{ϵ→0} (L̃2 ϵ^2 2 √ −γ δI_{ren} δγ^{ij} ) . (C.4)

Two terms will contribute to the finite part of boundary energy-stress tensor according to (C.2), one is from the O(ϵ^2) of the Brown-York tensor T^{BY}_{ij} on the boundary z = ϵ, with T^{BY}_{ij} = − 1 ℓ^3_p [ (K_{ij} − Kγ_{ij}) + λ_5L^2(3J_{ij} − Jγ_{ij} ) ] , (C.5)

other one is from the counter term. In our case, the counter term is very simply for the boundary is flat. There is only one necessary counter term I_{ct} = − 1 ℓ^3_p ∫ ∂M d^dx (d − 1) √ −γ L^′ , (C.6)

where L^′ depends on L and Gauss-Bonnet parameter λ_5. The explicit formula about L^′ for (C.2) is

L^′ =

3L̃^3L −3L̃^3 + 3L̃^2L + 2L^3λ_5

. (C.7)

Directly evaluate (C.5) using (2.6), we get T_{tt} = 3mL̃^3(1 − 2λ_5f_∞) 2ℓ^3_p

. (C.8)

We can see that the contribution tensor from Gauss bonet gravity is related to the term which is proportional to λ. If one turns off the Gauss-Bonnet correction, the energy density can be reduced to that of CFT with the dual pure Einstein gravity[32].

C.2 7-dimensional Lovelock gravity

In this subsection, we will deal with energy momentum tensor in the 6-dimensional CFT with the dual 7-dimensional Lovelock gravity. We recall that the gravity action should

– 21 – be[54] I_{ren} = 1 2ℓ^5_p ∫ d^7x √ −g( 30 L^2

+ R +

L^2 12 λ_7L_4(R) −

L^4 24 μ_7L_6(R)) − 1 2ℓ^5_p ∫ d^6x √ −γ [ 2K − 5 L + λ_7L^2 3 ( J − 2(R_{ij} − 1 2 Rγ_{ij})K^{ij} )

− μ_7L^4 4 ( P − 2G̃_{ij} K^{ij} − 12R_{ij} J^{ij} + 2RJ − 4KR_{ijkl}K^{ik}K^{jl} − 8R_{ijkl}K^{ik}K^j_mK^{ml} )] + I_{ct}. (C.9)

with P_{ij} = 1 5 [( K^4 − 6K^2K_{mn}K^{mn} + 8KK_{mn}K^n_k K^{km} − 6K_{mn}K^{nk}K_{kl}K^{lm} + 3(K_{mn}K^{mn})^2 ) K_{ij} − (4K^3 − 12KK_{kl}K^{kl} + 8K_{mn}K^n_l K^{lm})K_{ik}K^k_j − 24KK_{il}K^{lk}K_{km}K^m_j + 12(K^2 − K_{mn}K^{mn})K_{il}K^{lk}K_{kj} + 24K_{ik}K^{kl}K_{lm}K^{mn}K_{nj} ] , P = γ_{ij}P^{ij} (C.10) and G̃_{ij} = 2(R_{ikmn}R^{kmn}_j − 2R_{ikjl}R^{kl} − 2R_{ik}R^k_j + RR_{ij}) − 1 2 (R_{ijkl}R^{ijkl} − 4R_{ij} R^{ij} + R^2)γ_{ij} . (C.11) we can get the dual CFT stress-energy tensor using the same procedure mentioned in above section, (C.4) should be T_{ij} = 2 √ − det g_{(0)} δI_{ren} δg^{ij}_{(0)} = lim_{ϵ→0} (L̃4 ϵ^4 2 √ −γ δI_{ren} δγ^{ij} ) . (C.12)

The Brown-York tensor is T^{BY}_{ij} = − 1 ℓ^5_p [ (K_{ij} − Kγ_{ij}) + λ_7L^2 6 (3J_{ij} − Jγ_{ij} ) − μ_7L^4 8 (5P_{ij} − P γ_{ij}) ] . (C.13)

The counter term is still as the form (C.6), but L^′ should also depend on the new parameters λ_7 and μ_7. The explicit formula about L^′ for (C.9) is

L^′ =

15L̃^5L −15L̃^5 + 15L̃^4L + 10L̃^2L^3λ_7 + 9L^5μ_7

. (C.14)

In our special asymptotically AdS_7 background ( 3.7), the boundary is regularized at z = ϵ, the boundary is flat, we obtain t − t component of the energy-stress tensor, T_{tt} = 5mL̃ ( L̃4 − 2L̃2L2λ_7 − 3L4μ_7 ) 2ℓ^5_p = 5mL̃^5 (1 − f_∞λ_7)^2 2ℓ^5_p

(C.15)

Where we have used the constraint condition μ_7 = −^{λ2}_3 and L̃^2 =^{L2}_{f∞} in the last step. As a consistent check, if one turns off the Lovelock gravity, one can reproduce the energy density of CFT which is dual to pure Einstein gravity.

– 22 –

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.

Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

[3] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[4] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories, string theory and gravity,” Phys. Rept. 323, 183 (2000) [arXiv:hep-th/9905111].

[5] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from AdS/CFT,” Phys. Rev. Lett. 96, 181602 (2006) [hep-th/0603001].

[6] A. Lewkowycz and J. Maldacena, “Generalized gravitational entropy,” arXiv:1304.4926 [hep-th].

[7] H. Casini, M. Huerta and R. C. Myers, “Towards a derivation of holographic entanglement entropy,” JHEP 1105, 036 (2011) [arXiv:1102.0440 [hep-th]].

[8] M. Headrick, “Entanglement Renyi entropies in holographic theories,” Phys. Rev. D 82, 126010 (2010) [arXiv:1006.0047 [hep-th]].

[9] T. Hartman, “Entanglement Entropy at Large Central Charge,” arXiv:1303.6955 [hep-th].

[10] T. Faulkner, “The Entanglement Renyi Entropies of Disjoint Intervals in AdS/CFT,” arXiv:1303.7221 [hep-th].

[11] T. Nishioka, S. Ryu and T. Takayanagi, ‘Holographic Entanglement Entropy: An Overview,” J. Phys. A A 42, 504008 (2009) [arXiv:0905.0932 [hep-th]].

[12] T. Albash and C. V. Johnson, “Holographic Entanglement Entropy and Renormalization Group Flow,” JHEP 1202, 095 (2012) [arXiv:1110.1074 [hep-th]].

[13] R. C. Myers and A. Singh, “Comments on Holographic Entanglement Entropy and RG Flows,” arXiv:1202.2068 [hep-th].

[14] J. de Boer, M. Kulaxizi and A. Parnachev, “Holographic Entanglement Entropy in Lovelock Gravities,” JHEP 1107, 109 (2011) [arXiv:1101.5781 [hep-th]].

[15] L. -Y. Hung, R. C. Myers and M. Smolkin, “On Holographic Entanglement Entropy and Higher Curvature Gravity,” JHEP 1104, 025 (2011) [arXiv:1101.5813 [hep-th]].

[16] T. Nishioka and T. Takayanagi, “AdS Bubbles, Entropy and Closed String Tachyons,” JHEP 0701, 090 (2007) [hep-th/0611035].

[17] J. -R. Sun, “Note on Chern-Simons Term Correction to Holographic Entanglement Entropy,” JHEP 0905, 061 (2009) [arXiv:0810.0967 [hep-th]].

[18] I. R. Klebanov, D. Kutasov and A. Murugan, “Entanglement as a probe of confinement,” Nucl. Phys. B 796, 274 (2008) [arXiv:0709.2140 [hep-th]].

[19] A. Pakman and A. Parnachev, “Topological Entanglement Entropy and Holography,” JHEP 0807, 097 (2008) [arXiv:0805.1891 [hep-th]].

[20] N. Ogawa and T. Takayanagi, “Higher Derivative Corrections to Holographic Entanglement Entropy for AdS Solitons,” JHEP 1110, 147 (2011) [arXiv:1107.4363 [hep-th]].

– 23 –

[21] R. -G. Cai, S. He, L. Li and Y. -L. Zhang, “Holographic Entanglement Entropy in Insulator/Superconductor Transition,” JHEP 1207, 088 (2012) [arXiv:1203.6620 [hep-th]].

[22] R. -G. Cai, S. He, L. Li and Y. -L. Zhang, “Holographic Entanglement Entropy on P-wave Superconductor Phase Transition,” JHEP 1207, 027 (2012) [arXiv:1204.5962 [hep-th]].

[23] R. -G. Cai, S. He, L. Li and L. -F. Li, “Entanglement Entropy and Wilson Loop in Stúckelberg Holographic Insulator/Superconductor Model,” JHEP 1210, 107 (2012) [arXiv:1209.1019 [hep-th]].

[24] M. Nozaki, T. Numasawa and T. Takayanagi, “Holographic Local Quenches and Entanglement Density,” arXiv:1302.5703 [hep-th].

[25] T. Hartman and J. Maldacena, “Time Evolution of Entanglement Entropy from Black Hole Interiors,” arXiv:1303.1080 [hep-th].

[26] M B Hastings, “An area law for one-dimensional quantum systems”, J. Stat. Mech. (2007) P08024[quant-ph/0705.2024]

[27] M. Srednicki, “Entropy and area,” Phys. Rev. Lett. 71, 666 (1993) [hep-th/9303048].

[28] M. Nozaki, T. Numasawa, A. Prudenziati and T. Takayanagi, “Dynamics of Entanglement Entropy from Einstein Equation,” arXiv:1304.7100 [hep-th].

[29] D. Allahbakhshi, M. Alishahiha and A. Naseh, “Entanglement Thermodynamics,” arXiv:1305.2728 [hep-th].

[30] Francisco Castilho Alcaraz, Miguel Ibanez Berganza, German Sierra, “Entanglement of low-energy excitations in Conformal Field Theory,” Phys.Rev.Lett.106:201601,2011[ arXiv:1101.2881[cond-mat]].

[31] L. Masanes, “An Area law for the entropy of low-energy states,” Phys. Rev. A 80, 052104 (2009) [arXiv:0907.4672 [quant-ph]].

[32] J. Bhattacharya, M. Nozaki, T. Takayanagi and T. Ugajin, “Thermodynamical Property of Entanglement Entropy for Excited States,” Phys. Rev. Lett. 110, 091602 (2013) [arXiv:1212.1164 [hep-th]].

[33] D. V. Fursaev, “Proof of the holographic formula for entanglement entropy,” JHEP 0609, 018 (2006) [hep-th/0606184].

[34] R. C. Myers and A. Sinha, “Seeing a c-theorem with holography,” Phys. Rev. D 82, 046006 (2010) [arXiv:1006.1263 [hep-th]].

[35] David Lovelock, “The Einstein Tensor and Its Generalizations”, J. Math. Phys. 12 (1971) 498.

[36] M. Brigante, H. Liu, R. C. Myers, S. Shenker and S. Yaida, “Viscosity Bound Violation in Higher Derivative Gravity,” Phys. Rev. D 77, 126006 (2008) [arXiv:0712.0805 [hep-th]].

[37] M. Brigante, H. Liu, R. C. Myers, S. Shenker and S. Yaida, “The Viscosity Bound and Causality Violation,” Phys. Rev. Lett. 100, 191601 (2008) [arXiv:0802.3318 [hep-th]].

[38] A. Buchel and R. C. Myers, “Causality of Holographic Hydrodynamics,” JHEP 0908, 016 (2009) [arXiv:0906.2922 [hep-th]].

[39] D. M. Hofman, “Higher Derivative Gravity, Causality and Positivity of Energy in a UV complete QFT,” Nucl. Phys. B 823, 174 (2009) [arXiv:0907.1625 [hep-th]].

– 24 –

[40] R. -G. Cai, “Gauss-Bonnet black holes in AdS spaces,” Phys. Rev. D 65, 084014 (2002) [hep-th/0109133].

[41] S. ’i. Nojiri and S. D. Odintsov, “On the conformal anomaly from higher derivative gravity in AdS / CFT correspondence,” Int. J. Mod. Phys. A 15, 413 (2000) [hep-th/9903033].

[42] K. Skenderis, “Lecture notes on holographic renormalization,” Class. Quant. Grav. 19, 5849 (2002) [hep-th/0209067].

[43] S. de Haro, S. N. Solodukhin and K. Skenderis, “Holographic reconstruction of space-time and renormalization in the AdS / CFT correspondence,” Commun. Math. Phys. 217, 595 (2001) [hep-th/0002230].

[44] R. C. Myers, R. Pourhasan and M. Smolkin, “On Spacetime Entanglement,” arXiv:1304.2030 [hep-th].

[45] M. H. Dehghani and M. Shamirzaie, “Thermodynamics of asymptotic flat charged black holes in third order Lovelock gravity,” Phys. Rev. D 72, 124015 (2005) [hep-th/0506227].

[46] X. -H. Ge, S. -J. Sin, S. -F. Wu and G. -H. Yang, “Shear viscosity and instability from third order Lovelock gravity,” Phys. Rev. D 80, 104019 (2009) [arXiv:0905.2675 [hep-th]].

[47] F. Bastianelli, S. Frolov and A. A. Tseytlin, “Conformal anomaly of (2,0) tensor multiplet in six-dimensions and AdS / CFT correspondence,” JHEP 0002, 013 (2000) [hep-th/0001041].

[48] D. Li, S. He, M. Huang and Q. -S. Yan, “Thermodynamics of deformed AdS_5 model with a positive/negative quadratic correction in graviton-dilaton system,” JHEP 1109, 041 (2011) [arXiv:1103.5389 [hep-th]].

[49] S. He, Y. -P. Hu and J. -H. Zhang, “Hydrodynamics of a 5D Einstein-dilaton black hole solution and the corresponding BPS state,” JHEP 1112, 078 (2011) [arXiv:1111.1374 [hep-th]].

[50] R. -G. Cai, S. He and D. Li, “A hQCD model and its phase diagram in

Einstein-Maxwell-Dilaton system,” JHEP 1203, 033 (2012) [arXiv:1201.0820 [hep-th]].

[51] R. -G. Cai, S. Chakrabortty, S. He and L. Li, “Some aspects of QGP phase in a hQCD model,” JHEP 1302, 068 (2013) [arXiv:1209.4512 [hep-th]].

[52] M. Cvetic, S. ’i. Nojiri and S. D. Odintsov, “Black hole thermodynamics and negative entropy in de Sitter and anti-de Sitter Einstein-Gauss-Bonnet gravity,” Nucl. Phys. B 628, 295 (2002) [hep-th/0112045].

[53] J. E. Lidsey, S. ’i. Nojiri and S. D. Odintsov, “Brane world cosmology in (anti)-de Sitter Einstein-Gauss-Bonnet-Maxwell gravity,” JHEP 0206, 026 (2002) [hep-th/0202198].

[54] M. H. Dehghani and R. B. Mann, “Thermodynamics of rotating charged black branes in third order Lovelock gravity and the counterterm method,” Phys. Rev. D 73, 104003 (2006) [hep-th/0602243].

– 25 –