arXiv:1305.2875v2 [gr-qc] 30 May 2013

arXiv:1305.2875 KA–TP–11–2013 (v2)

Black-hole solution without curvature singularity and closed timelike curves

F.R. Klinkhamer^∗

Institute for Theoretical Physics, Karlsruhe Institute of Technology (KIT), 76128 Karlsruhe, Germany

Abstract

With a prescribed Coulomb-type energy-momentum tensor, an exact solution of the Einstein field equations over a nonsimply-connected manifold is presented. This spherically symmetric solution has neither curvature singularities nor closed timelike curves. It can be considered to be a regularization of the singular Reissner–Nordström solution over a simply-connected manifold.

PACS numbers: 04.20.Cv, 02.40.Pc, 04.20.Jb, 04.70.Dy Keywords: general relativity, topology, exact solutions, quantum aspects of black holes

∗Electronic address: frans.klinkhamer@kit.edu

The vacuum Einstein field equations over M_4 = R^4 have a spherically symmetric solution, the Schwarzschild solution [1–4]. Recently, a ‘simple’ modification of the standard Schwarzschild solution has been suggested [5], which has no curvature singularity but does have closed timelike curves inside the Schwarzschild event horizon. Here, we show that a further ‘simple’ modification allows us, in principle, to eliminate these closed timelike curves.

The basic idea is as follows. The problematic closed timelike curves of the modified Schwarzschild solution [5] trace back to the fact that the original singularity was spacelike [4]. But it is well-known that the singularity of the standard Reissner–Nordström solution [6–9] is timelike. This suggest, first, to add a small electric charge and, then, to modify the resulting Reissner–Nordström solution in order to arrive at a nonsingular solution. This suggestion turns out to be correct, as will be shown in the following.

In this article, we consider spherically symmetric solutions of the Einstein field equations [4], R^ν_μ − 1 2 R δ^ν_μ = 8π T^ν_μ , (1a)

for units with G_N = c = 1, where the energy-momentum tensor T^ν_μ is set equal to a prescribed energy-momentum tensor Θ^ν_μ (using spherical coordinates), T^ν_μ (t, r, θ, ϕ) = Θ^ν_μ (t, r, θ, ϕ) ≡ Q^2 8π r^4 diag(−1, −1, 1, 1) . (1b)

This particular Θ^ν_μ corresponds to the energy-momentum tensor of a Coulomb-type electric field. The standard Reissner–Nordström solution [6, 7] in the exterior region has a metric given by the following line element: ds^2 | | |^{r>r+}_{RN} = − ( 1 − 2M r + Q^2 r^2 ) dt^2 + ( 1 − 2M r + Q^2 r^2 )_{−1} dr^2 +r^2 ( dθ^2 + sin^2 θ dϕ^2 ) , (2)

with coordinates t ∈ R, r > r_+ ≡ M + √ M^2 − Q^2, θ ∈ [0, π], and ϕ ∈ [0, 2π). Here, M can be interpreted as the mass of the central object and Q as its electric charge.

The corresponding nonsingular solution of the Einstein field equations will be seen to have a further length parameter b (an operational definition of b will be given later). The three parameters of the solution are assumed to be related as follows:

0 < Q^2 < M^2 , (3a)

0 < b < ζ_− , (3b) with definitions ζ_± ≡ M ± √ M^2 − Q^2 . (4)

Note that, for the classical theory, the electric charge |Q| can be arbitrarily small, as long as it remains nonzero.

For the construction of the nonsingular solution, we can simply refer to Carter’s original article [9] for the standard Reissner–Nordström solution and follow the same modification procedure as used in our previous article [5] for the Schwarzschild solution. As we are primarily interested in the removal of the curvature singularity, we focus on the spacetime region III (ζ < ζ_−). No essential change occurs for the spacetime regions I and II (ζ ≥ ζ_−), because they do not reach the singularity (see Fig. 1b of Ref. [9] or Fig. 25 of Ref. [4]).

The Ansatz metric for ζ > b is then given by the following line element [9]: ds^2 | | |^{b<ζ<ζ−} = ( 1 − 2M ζ + Q^2 ζ^2 ) ( 2 cos 2ψ + cos 2ξ

)_2 ( − dψ^2 + dξ^2 )

+ζ^2 ( dΘ^2 + sin^2 Θ dΦ^2 ) , (5a)

with angular coordinates Θ and Φ of unspecified range and ζ > b implicitly given in terms of the coordinates ψ ∈ R and ξ ∈ (−π/2, π/2) by the relation F (ζ) | | |^{b<ζ<ζ−} = − sin 2ξ | sin 2ξ| [ tan(ψ + ξ) + cot(ψ − π/2 − ξ) ] > F (b) , (5b)

where the explicit expression for the function F (ζ) is somewhat cumbersome. Specifically, the function F (ζ) is obtained as the solution of the differential equation dF/dζ = 2/(1 − 2M/ζ + Q^2/ζ^2) with boundary condition F (0) = 0: F (ζ) | |^{b≤ζ<ζ−} = 2 ( ζ + 2 M^2 − Q^2 √ M^2 − Q^2 [ arctanh ( M − ζ √ M^2 − Q^2 ) − arctanh ( M √ M^2 − Q^2 )]

+M log ( Q^2 − 2 M ζ + ζ^2 Q^2 ) ) . (5c)

The next step is to consider the time coordinate T ∈ R and the coordinates of the noncompact, orientable, nonsimply-connected manifold ~M_3, discussed extensively in Refs. [10–12]. This manifold ~M_3 (its topology will be recalled later) is described by three coordinates charts, (X_n, Y_n, Z_n), for n = 1, 2, 3. Here, we only give explicitly the chart-2 coordinates, which we abbreviate as follows: (X_2, Y_2, Z_2) ≡ (X, Y, Z).

For the Ansatz metric from (5a), the coordinate T can be introduced in the standard way [4, 9] and the coordinate Y by the following replacement [5]: Y = s(X, Z) √ ζ ( ψ, ξ )_2

− b^2 , (6) with a sign function s ∈ {−1, +1} depending on the angular coordinates X and Z. From the resulting Ansatz metric (5a) in terms of coordinates (T, X, Y, Z), the region–III line element with the defect at ζ = b included is then found to have the form: ds^2 | | |^{b≤ζ<ζ−} chart-2 = − ( 1 − 2M ζ + Q^2 ζ^2 ) dT^2 + ( 1 − 2M ζ + Q^2 ζ^2 )_{−1} Y^2 ζ^2 dY^2 +ζ^2 ( dZ^2 + sin^2 Z dX^2 ) , (7a) ζ = √ b^2 + Y^2 . (7b) Extension of the very same Ansatz metric (5a) gives the nonsingular metric for the regions I (ζ_+ ≤ ζ) and II (ζ_− ≤ ζ < ζ_+), implying that the apparent singularities at ζ = ζ_± in (7a) can be removed by appropriate coordinate transformations. See Refs. [4, 9] for further details.

This completes the construction of our ‘new’ metric (7). Note that (7a) takes precisely the form of the original Reissner–Nordström metric (2) if (Y^2/ζ^2) dY^2 is replaced by dζ^2 according to (7b). But, as emphasized in Ref. [5], the crucial point here is the replacement (7b) instead of the naive replacement ζ = b + |Y |, which gives, for example, a delta-function singularity at Y = 0 for the Ricci scalar (cf. Sec. 5.2.3 in Ref. [11]).

In fact, the Riemann curvature tensor R^κ_{λμν} (T, X, Y, Z) from the metric (7) is found to be even in Y and finite at Y = 0. The Ricci tensor R^ν_μ (T, X, Y, Z) from (7) equals (Q^2/ζ^4) diag(1, 1, −1, −1) and the Ricci scalar R(T, X, Y, Z) vanishes identically. The metric (7) solves, therefore, the Einstein field equations (1a) for a prescribed energy-momentum tensor Θ^ν_μ (T, X, Y, Z) of the diagonal form (1b) with 1/r^4 replaced by 1/ζ^4 = 1/(b^2 +Y^2)^2.

The spacetime from the metric (7) copied to all charts corresponds to a noncompact, orientable, nonsimply-connected manifold without boundary. This spacetime has the topology ~M = R × ~M_3 , (8a)

~M_3 ≃ RP^3 − {point} , (8b)

where RP^3 is the 3-dimensional real projective plane (topologically equivalent to a 3-sphere with antipodal points identified). The main result of this article is that the factor R in (8a) corresponds to the timelike direction of the metric (7), making for a spacelike hypersurface ~M_3. In turn, this observation implies the absence of closed timelike curves, at least, in the spacetime region III near the ζ = b core.

The Kretschmann curvature scalar over the manifold (8) is given by K ≡ R_{μνρσ} R^{μνρσ} = 8 ( 6 M^2 ζ^2 − 12 M Q^2 ζ + 7 Q^4 ) ζ^8

, (9) which remains finite because ζ > 0 according to (7b) with b > 0. For fixed values of M and Q obeying condition (3a), K(ζ) drops monotonically with ζ. This fact allows for an operational definition of b from the maximum value of K.

Mathematically speaking, the nonsingular solution (7) with parameters (3) can be considered to be a “regularization” of the singular Reissner–Nordström solution. But it is also possible that this nonsingular solution appears in a physical context. In fact, we can repeat verbatim the discussion of the last two paragraphs in Ref. [5], making only a few minor changes.

Start from a nearly flat spacetime (metric approximately equal to the Minkowski metric), where a large amount of matter with total mass M and with vanishing net charge Q = 0 is arranged to collapse in a spherically symmetric way. Within the realm of classical Einstein gravity, one expects to end up with part of the singular Schwarzschild solution. But, very close to the final curvature singularity, something else may happen due to quantum effects.

Considering a precursor mass ΔM ∼ ℏ/(b c) ≪ M and using typical curvature values from the expressions for the Kretschmann curvature scalar, the local spacetime integral of the action density related to the Schwarzschild solution differs from that related to (7) by an amount ≲ ℏ. Then, as argued by Wheeler in particular, the local topology of the manifold may change by a quantum jump if b is sufficiently close to L_{Planck} ≡ (ℏ G_N /c^3)^{1/2}. In addition, the strong gravitational fields may lead to electron-positron pair creation, possibly with one charge expelled towards spatial infinity. These two quantum processes combined may result in a transition from a simply-connected manifold without localized charge to a nonsimply-connected manifold with localized charge Q = ± |Q_{electron}| ≡ ± e. Hence, if the transition amplitude between the different topologies is nonzero for appropriate matter content, then quantum mechanics can operate a change between the classical Schwarzschild solution and the classical solution (7) with an additional charge ∓ e at infinity, thereby removing the curvature singularity while avoiding closed timelike curves in the core region.

ACKNOWLEDGMENTS

This work has been supported, in part, by the “Helmholtz Alliance for Astroparticle Physics HAP,” funded by the Initiative and Networking Fund of the Helmholtz Association.

[1] K. Schwarzschild, “Über das Gravitationsfeld eines Massenpunktes nach der Einsteinschen Theorie,” Sitzungsberichte der Deutschen Akademie der Wissenschaften zu Berlin, Klasse für Mathematik, Physik, und Technik (1916), pp. 189–196.

[2] M.D. Kruskal, “Maximal extension of Schwarzschild metric,” Phys. Rev. 119, 1743 (1960). [3] G. Szekeres, “On the singularities of a Riemannian manifold,” Publ. Math. Debrecen 7, 285 (1960).

[4] S.W. Hawking and G.F.R. Ellis, The Large Scale Structure of Space-Time (Cambridge Univ.

Press, Cambridge, England, 1973).

[5] F.R. Klinkhamer, “Black-hole solution without curvature singularity,” arXiv:1304.2305. [6] H. Reissner, “Über die Eigengravitation des elektrischen Feldes nach der Einsteinschen Theorie,” Annalen der Physik 50, 106 (1916).

[7] G. Nordström, “On the energy of the gravitational field in Einstein’s theory,” Proceedings Academy of Sciences of Amsterdam 26, 1201 (1918).

[8] J.C. Graves and D.R. Brill, “Oscillatory character of Reissner-Nordstrom metric for an ideal charged wormhole,” Phys. Rev. 120, 1507 (1960).

[9] B. Carter, “The complete analytic extension of the Reissner-Nordström metric in the special case e^2 = m^2,” Phys. Lett. 21, 423 (1966).

[10] S. Bernadotte and F.R. Klinkhamer, “Bounds on length scales of classical spacetime foam models,” Phys. Rev. D 75, 024028 (2007); arXiv:hep-ph/0610216.

[11] M. Schwarz, “Nontrivial spacetime topology, modified dispersion relations, and an SO(3)- Skyrme model,” PhD Thesis, KIT (Verlag Dr. Hut, München, Germany, 2010).

[12] F.R. Klinkhamer and C. Rahmede, “Nonsingular spacetime defect,” arXiv:1303.7219.