arXiv:1305.2919v1 [hep-th] 13 May 2013

Cosmic evolution from phase transition of 3-dimensional flat space

Arjun Bagchi,^{1, 2, ∗} Stephane Detournay,^{3, †} Daniel Grumiller,^{4, ‡} and Joan Simón^{1, §} 1School of Mathematics, University of Edinburgh, Edinburgh EH9 3JZ, United Kingdom 2Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA 3Center for the Fundamental Laws of Nature, Harvard University, Cambridge, MA 02138, USA 4Institute for Theoretical Physics, Vienna University of Technology, Wiedner Hauptstrasse 8–10/136, A-1040 Vienna, Austria (Dated: May 15, 2013)

Flat space cosmology spacetimes are exact time-dependent solutions of 3-dimensional gravity theories, such as Einstein gravity or topologically massive gravity. We exhibit a novel kind of phase transition between these cosmological spacetimes and the Minkowski vacuum. At sufficiently high temperature (rotating) hot flat space tunnels into a universe described by flat space cosmology.

PACS numbers: 04.60.Kz, 04.60.Rt, 04.70.Dy, 11.25.Tq, 98.80.Bp

Introduction. Phase transitions are ubiquitous in physics, with numerous applications in condensed matter physics, particle physics and cosmology. Interestingly, phase transitions can occur even between different spacetimes, for instance between black hole spacetimes and (hot) empty space [1]. In this work we exhibit a novel type of phase transition between cosmological spacetimes and (hot) flat space in three spacetime dimensions.

The existence of a phase transition is quite surprising given that flat space in three dimensions (φ ∼ φ + 2π)

ds^2 = − dt^2 + dr^2 + r^2 dφ^2 (1)

has few interesting features at first glance. It arises as an exact solution of the vacuum Einstein equations R_{μν} = 0. The Euclidean signature version of flat space allows to introduce a finite temperature by periodically identifying the Euclidean time (possibly with a rotation in φ). We call this hot flat space (HFS).

The other spacetime we shall be concerned with is flat space cosmology (FSC). FSC spacetimes [2, 3] [Λ(τ) := 1 + (Eτ)^2, y ∼ y + 2πr_0]

ds^2 = − dτ^2 +

(Eτ)^2 dx^2

Λ(τ)

+Λ(τ) ( dy+ (Eτ)^2 Λ(τ) dx )_2 (2) are locally flat [4] time-dependent exact solutions of the vacuum Einstein equations [5, 6]. For positive (negative) τ they describe expanding (contracting) universes from (towards) a cosmological horizon at τ = 0. The parameter E has inverse length dimension and corresponds physically to the temperature associated with FSC [7].

The main purpose of the present work is to exhibit a phase transition between the (Euclidean versions of the) spacetimes (1) and (2) within Einstein gravity and more general gravitational theories in three dimensions. Thus, remarkably time-dependent cosmological spacetimes can emerge from flat space by heating up the latter.

Flat space cosmological spacetimes. FSC spacetimes (2) are shifted-boost orbifolds of R^{1, 2} [2, 3] and correspond to flat space analogues of non-extremal rotating Bañados–Teitelboim–Zanelli (BTZ) black holes [8] in Anti-de Sitter (AdS). In flat space chiral gravity [9] FSC spacetimes are conjectured to be dual to nonperturbative states, again in full analogy to the role played by BTZ black holes in AdS quantum gravity. Their Bekenstein-Hawking entropy can be matched by a formula counting the asymptotic growth of states in the putative dual field theory [5, 6]. It is useful for our purposes to represent FSC (2) in terms of different coordinates. We make the coordinate transformation r̂_+t = −x, r_0φ = y + x and (r/r_0)^2 = 1 + (Eτ)^2 with E = r̂_+/r_0 and φ ∼ φ + 2π.

ds^2 = r̂^2_+ dt^2 − r^2 dr^2 r̂^2_+ (r^2 − r^2_0 )

+ r^2 dφ^2 − 2r̂_+r_0 dt dφ (3)

With no loss of generality we assume r_0, r̂_+ > 0. These solutions are compatible with asymptotically flat boundary conditions [9, 10]. In the absence of sources, (3) is the most general zero mode solution of the vacuum Einstein equations [11]. At vanishing r closed null curves are encountered, so that the locus r = 0 corresponds to a singularity in the causal structure.

This singularity is screened by a cosmological horizon at the surface r = r_0, so that the region r ≥ r_0 is regular. The horizon’s surface gravity determines its (Hawking-) temperature T_0 = β^{−1}_0 as T_0 = r̂^2_+/(2πr_0). The angular velocity of the horizon is given by Ω_0 = r̂_+/r_0. The local temperature T and angular velocity Ω measured at some cut-off surface r = const. acquire a Tolman factor [12] T = T_0 √ g_{tt} = r̂_+ 2πr_0 = E 2π Ω = Ω_0 √ g_{tt} = 1 r_0

. (4)

The result for temperature (4) agrees with the one by Cornalba, Costa and Kounnas [7], who calculated thermal radiation from cosmological particle production in the time-dependent background (2).

Strategy of the calculation. Given some values of temperature and angular velocity (4) we pose the question which of the spacetimes (1), (3) is preferred thermodynamically. To this end we continue to Euclidean signature and compare which of the smooth Euclidean solutions has smaller free energy.

Free energy can then be derived from the canonical partition function Z(T, Ω) = ∫ Dg e^{−Γ[g]} = ∑ g_c e^{−Γ[gc(T, Ω)]} × Z_{fluct} (5)

where the path integral is performed over all continuous Euclidean metrics g compatible with the boundary conditions enforced by the temperature T and angular velocity Ω. In the semi-classical approximation, the leading contribution comes from the Euclidean action Γ evaluated on smooth classical solutions g_c compatible with the boundary conditions. We are not concerned here with subleading contributions from fluctuations encoded in Z_{fluct}.

Smooth Euclidean saddle points. The Euclidean version of flat space (1) is simple, but we need also the Euclidean continuation of FSC (3). A natural choice is

t = iτ_E r̂_+ = −ir_+ (6)

which then leads to Euclidean FSC

ds^2_E = r^2_+ ( 1−^{r20}_{r2} ) dτ^2_E + dr^2

r^2_+(1 −^{r20}_{r2} )

+r^2 ( dφ− r_+r_0 r^2 dτ_E

)_2 . (7) Requiring the absence of conical singularities on the FSC horizon fixes the periodicities of the angular coordinate φ and Euclidean time τ_E. Consider r^2 = r^2_0 + ϵρ^2. In the near-horizon (ϵ → 0) approximation, the Euclidean metric (7) can be written as

ds^2_E ≈ ϵ r^2_+ ( dρ^2 +ρ^2 r^4_+ r^2_0 dτ^2_E ) +r^2_0 ( dφ− r_+ r_0 dτ_E

)_2 . (8)

Smoothness requires the identifications

τ_E ∼ τ_E + 2πr_0 r^2_+

= τ_E +β_0 φ ∼ φ+ 2π r_+

= φ+β_0Ω_0 , (9)

since the term proportional to ϵ demands a precise τ_E periodicity and the transverse direction φ − τ_E r_+/r_0 must stay fixed as one moves around the thermal τ_E circle. The expressions for Hawking-temperature T_0 = β^{−1}_0 = r^2_+/(2πr_0) and angular velocity Ω_0 = r_+/r_0 agree with their Minkowski counterparts above Eq. (4) as well as with the flat limit expressions of the ones for inner horizon BTZ thermodynamics [13, 14].

Defining the ensemble. We declare two Euclidean saddle points to be in the same ensemble if

1. they have the same temperature T = β^{−1} and angular velocity Ω given by (4),

2. the two metrics obey flat space boundary conditions [9, 10], and

3. the solutions do not have conical singularities.

Note that requirement 2. is somewhat different from what we would usually assume, namely that the metrics asymptote to the same one at infinity. The peculiarities of the boundary conditions [9, 10] for flat space solutions imply that there are leading terms in the metric that can fluctuate like the g_{tt} term. Note finally that the absence of conical singularities does not automatically imply the absence of asymptotic conical defects! A crucial counterexample is FSC (7), which has an asymptotic conical defect if r^2_+ ≠ 1, since in the large r limit ds^2_E = r^2_+ dτ^2_E + dr^2/r^2_+ + r^2 dφ^2 + . . . , where φ is 2πperiodic [39]. On the other hand, Euclidean HFS,

ds^2_{HFS} = dτ^2_E + dr^2 + r^2 dφ^2 (10)

has no conical defects since it has periodicities (τ_E , φ) ∼ (τ_E , φ + 2π) ∼ (τ_E + β, φ + Φ) where inverse temperature β = T^{−1} and angular potential Φ = βΩ are given by (4).

Cosmic phase transition in Einstein gravity. The considerations above are valid for any 3-dimensional (3d) gravity theory supporting flat space boundary conditions. From now on we focus on the simplest such theory, namely Einstein gravity. Its Euclidean action reads [40]

Γ = − 1 16πG ∫ d^3x √ g R− 1 8πG lim_{r→∞} ∫ d^2x √ γ K . (11)

Here G is the Newton constant, γ the determinant of the induced metric at the asymptotic boundary r → ∞ and K the trace of extrinsic curvature. On-shell the bulk term vanishes in (11). HFS (10) yields √ γ = r and K = 1/r.

FSC (8) yields √ γ = r_+r + O(1/r) and K = r_+/r + O(1/r^3). Thus, we obtain on-shell

Γ_{HFS} = − β 4G Γ_{FSC} = − β_0 r^2_+ 4G = − πr_0 2G . (12)

Plugging the on-shell actions (12) into (5) establishes the respective canonical partition functions Z(T, Ω). The free energy is obtained from F (T, Ω) = −T ln Z, where T is the Tolman corrected temperature analogue to (4).

F_{HFS} = T Γ_{HFS} = − 1 4G F_{FSC} = T Γ_{FSC} = − r_+ 4G (13)

So our main conclusion is that there is a phase transition between HFS and FSC as summarized below (r_+ > 0):

r_+ > 1 : FSC is the dominant saddle. r_+ < 1 : HFS is the dominant saddle. (14) r_+ = 1 : FSC and HFS coexist.

The phase transition occurs at the critical temperature

T_c = 1 2πr_0 = Ω 2π . (15)

Thus, at sufficiently high temperatures, HFS “melts” and tunnels into FSC. Conversely, increasing rotation leads to higher critical temperatures making HFS more stable. So, at sufficiently high angular velocity, FSC “falls apart” and tunnels to HFS.

Entropy. Given the free energy (13) we can derive all thermodynamical variables of interest by standard methods. For HFS the free energy is constant, and thus all quantities besides temperature and angular rotation are trivial. In particular the entropy of HFS vanishes. By contrast, FSC has non-trivial thermodynamics [5, 6]. As a consistency check on the validity of our result (13) we show now that we recover the correct entropy.

Let us first rewrite the free energy in terms of temperature and angular rotation.

F_{FSC}(T, Ω) = − π T 2G Ω

(16)

The thermodynamical entropy S = − ∂F_{FSC} ∂T | | |_{Ω=const.} = 2πr_0 4G (17)

then coincides precisely with the Bekenstein–Hawking entropy, which in turn coincides with the entropy derived from a Cardy-like formula valid for Galilean conformal algebras [5, 6]. Our result (17) not only confirms the analysis of [5, 6], it strengthens their conclusions since we have derived above the Bekenstein–Hawking law from first principles, rather than assuming its validity.

First law. For FSC another thermodynamical quantity of interest is the angular momentum J = − ∂F_{FSC} ∂Ω | | T =const. = − r_+r_0 4G (18)

which enters in the first law of thermodynamics

dF = −S dT − J dΩ . (19)

Integrating the first law yields F = U −T S−ΩJ = U with the (non-positive) internal energy U = ΩJ = −2M/r_+, where M = r^2_+ 8G (20)

is the mass parameter. The first law is also obeyed by internal energy, dU = T dS + Ω dJ, and by quantities without Tolman factor, − dM = T_0 dS +Ω_0 dJ. The unusual signs appearing here are reminiscent of inner horizon thermodynamics [13–17].

Matching the solutions via S-transformation. We connect now FSC and HFS by the flat space analogue of a modular S-transformation in a Conformal Field Theory (CFT). This is useful for a field-theoretic interpretation of our results. The flat space S-transformation reads [41] S : ( β_0, Φ_0 ) → ( β^′_0, Φ^′_0 ) = ( 4π^2β_0 Φ^2_0 , − 4π^2 Φ_0 ) . (21)

We start with the FSC metric (8). Changing coordinates r^2 = r^2_0 + r^2_+r^{′2}, τ_E = τ^′_E/r_+ − φ^′r_0/r^2_+, φ = φ^′/r_+ yields flat space ds^2 = dτ^{′2}_E + dr^{′2} + r^{′2} dφ^{′2}. In terms of the new coordinates, the periodicities read (τ^′_E , φ^′) ∼ (τ^′_E − β^′_0, φ^′ + Φ^′_0) ∼ (τ^′_E , φ^′ + 2π) with β^′_0 = 2πr_0 = 4π^2β_0/Φ^2_0 and Φ^′_0 = 2πr_+ = −4π^2/Φ_0. These are precisely the values obtained from the S-transformation (21). Therefore, FSC with periodicities (β_0, Φ_0) is equivalent to HFS with S-dual periodicities (β^′_0, Φ^′_0). This is the flat space analogue of the AdS_3/CFT_2 statement that thermal AdS_3 with modular parameter τ is equivalent to a BTZ black hole with S-dual modular parameter −1/τ (see e.g. [18]).

Consistency check. The analysis above lets us resolve a seemingly puzzling conceptual issue. In flat space (1) there appears to be no preferred scale, so how is it possible that there is a critical temperature? The key observation is that we are considering flat space with fixed angular rotation, which does provide a length scale L = 2πr_0. The critical temperature (15) is reached precisely when the periodicity in Euclidean time is one in units of L. We can interpret this property from a field theory perspective, where L is associated with the twist of one of the cycles of the torus on which the field theory lives. Consistently, the critical temperature (15) coincides with the self-dual point of the S-transformation (21).

Beyond Einstein gravity We generalize now our results to another interesting 3d theory of gravity, namely topologically massive gravity (TMG) [19].

Γ^{TMG} = Γ − 1 32πG μ ∫ d^3x CS (22)

If the Chern–Simons coupling constant μ tends to infinity we recover the Einstein gravity action (11). The Chern– Simons term expressed in terms of the Christoffel symbols reads CS = ϵ^{λμν} Γ^σ_{λρ} ( ∂_μΓ^ρ_{νσ} +^2_3 Γ^ρ_{μτ} Γ^τ_{νσ} ) . TMG has all solutions of Einstein gravity, since any spacetime with vanishing Ricci tensor also has vanishing Cotton tensor, C_{μν} = ε_μ^{λσ} ∇_λ ( R_{νσ} −^1_4 g_{νσ} R ) = 0, and thereby trivially solves the field equations of TMG, R_{μν} +^1_μ C_{μν} = 0. We assume with no loss of generality that μ is positive.

A complication in TMG is that it is not known how to compute free energy from the on-shell action. We proceed by assuming the validity of the first law of thermodynamics (19) and then integrate it. For this we need the angular momentum at finite μ, J(μ) = J −^1_μ M, and entropy. The latter can be calculated using Solodukhin’s conical deficit method [20] or Tachikawa’s generalization of the Wald entropy for theories with a gravitational Chern– Simons term [21].

S^{TMG} =

2π r_0 4G + 1 μ 2π r_+ 4G (23)

The first term is compatible with the Einstein result (17) obtained in the limit μ → ∞. The second term is compatible with the conformal Chern–Simons gravity (CSG) result obtained in the limit G → ∞, 8μG = 1/k, which we now derive. To this end, we exploit the flat space chiral gravity conjecture that the dual field theory is a chiral CFT with central charge c = 24k [9] and use a chiral version of the Cardy formula.

S^{CSG} = 2π √ c h_L 6 = 4πk r_+ (24)

In the second equality we used the result for the Virasoro zero mode charge h_L = k r^2_+ [9]. Integrating the first law (19) with the results above yields the free energy

F^{TMG}_{FSC} = − π T 2G Ω ( 1 + π T μ ) . (25)

Comparing the free energies (25) and F^{TMG}_{HFS} = −^1_{4G} we see that that there is again a phase transition between HFS and FSC as summarized below (μ, r_0, r_+ > 0):

r_+ ( 1 +^{r+}_{2μr0} ) > 1 : FSC is the dominant saddle.

r_+ ( 1 +^{r+}_{2μr0} ) < 1 : HFS is the dominant saddle. (26)

r_+ ( 1 +^{r+}_{2μr0} ) = 1 : FSC and HFS coexist.

Consequently, if r_+ is sufficiently large HFS is thermodynamically not the preferred spacetime and will tunnel to FSC. Thus, our phase transition is not a unique feature of Einstein gravity and arises also in TMG [42]. The phase transition occurs at the critical temperature

T^{TMG}_c = μ 2π ( √ 1 + 2Ω μ − 1 ) . (27)

It could be interesting to extend our results to other 3d models, like New Massive Gravity [22], pure fourth-order gravity [23] or generalizations thereof.

Concluding remarks. We conclude with some remarks concerning four dimensions. The Gross–Perry–Yaffe instability of 4-dimensional HFS due to nucleation of Schwarzschild black holes [24] is qualitatively different from the instability discussed in the present work, since the former only involves static spacetimes. Our transition from HFS into FSC is also different from the wellknown quantum creation of universes [25–27], since the latter requires the presence of some form of matter, like a scalar field with non-vanishing self-interaction potential. Given these differences to previous constructions, it would be interesting to generalize our results to four (or higher) dimensions. This could be feasible, since also 4- (or higher-) dimensional AdS allows the construction of BTZ-like quotients, see [28] for a careful analysis and references therein for the original literature.

We are grateful to Hamid Afshar, Alejandra Castro, Michael Gary, Gaston Giribet, Gim Seng Ng, Jan Rosseel, Friedrich Schöller, Ricardo Troncoso for discussions, and especially to Reza Fareghbal for collaboration during the initial stages of this work. DG dedicates this paper to the memory of Gerhard Adam and numerous discussions about thermodynamics with him. AB thanks the Center for Theoretical Physics, MIT for hosting him during this work. AB’s stay at MIT was sponsored by an Early Career grant awarded jointly by the Scottish University Physics Alliance and the Edinburgh Partnership in Engineering and Mathematics. The work of JS and AB was partially supported by the Engineering and Physical Sciences Research Council (EPSRC) [grant number EP/G007985/1] and the Science and Technology Facilities Council (STFC) [grant number ST/J000329/1]. SD was supported by the Fundamental Laws Initiative of the Center for the Fundamental Laws of Nature, Harvard University. DG was supported by the START project Y435-N16 of the Austrian Science Fund (FWF) and the FWF project P21927-N16. AB and DG thank the Galileo Galilei Institute for Theoretical Physics for the hospitality and the INFN for partial support during the completion of this work.

∗ Electronic address: arjun.bagchi@ed.ac.uk † Electronic address: sdetourn@physics.harvard.edu ‡ Electronic address: grumil@hep.itp.tuwien.ac.at § Electronic address: j.simon@ed.ac.uk [1] S. W. Hawking and D. N. Page, Commun. Math. Phys.

87, 577 (1983).

[2] L. Cornalba and M. S. Costa, Phys.Rev. D66, 066001 (2002), hep-th/0203031.

[3] L. Cornalba and M. S. Costa, Fortsch.Phys. 52, 145 (2004), hep-th/0310099.

[4] S. Deser, R. Jackiw, and G. ’t Hooft, Annals Phys. 152, 220 (1984).

[5] G. Barnich, JHEP 1210, 095 (2012), 1208.4371. [6] A. Bagchi, S. Detournay, R. Fareghbal, and J. Simon, Phys. Rev. Lett. 110, 141302 (2012), 1208.4372.

[7] L. Cornalba, M. Costa, and C. Kounnas, Nucl.Phys.

B637, 378 (2002), hep-th/0204261.

[8] M. Bañados, C. Teitelboim, and J. Zanelli, Phys. Rev.

Lett. 69, 1849 (1992), hep-th/9204099.

[9] A. Bagchi, S. Detournay, and D. Grumiller, Phys.Rev.Lett. 109, 151301 (2012), 1208.1658.

[10] G. Barnich and G. Compere, Class.Quant.Grav. 24, F15 (2007), gr-qc/0610130.

[11] G. Barnich, A. Gomberoff, and H. A. Gonzalez, Phys.Rev. D86, 024020 (2012), 1204.3288.

[12] R. C. Tolman, Relativity, Thermodynamics, and Cosmology (Oxford University Press, Oxford, 1934).

[13] A. Castro and M. J. Rodriguez, Phys.Rev. D86, 024008 (2012), 1204.1284.

[14] S. Detournay, Phys.Rev.Lett. 109, 031101 (2012), 1204.6088.

[15] F. Larsen, Phys.Rev. D56, 1005 (1997), hep-th/9702153. [16] M. Cvetic and F. Larsen, Phys.Rev. D56, 4994 (1997), hep-th/9705192.

[17] A. Curir, Lett.Nuovo Cim. 31, 517 (1981). [18] P. Kraus, Lect.Notes Phys. 755, 193 (2008), hepth/0609074.

[19] S. Deser, R. Jackiw, and S. Templeton, Phys. Rev. Lett.

48, 975 (1982).

[20] S. N. Solodukhin, Phys. Rev. D74, 024015 (2006), hepth/0509148.

[21] Y. Tachikawa, Class. Quant. Grav. 24, 737 (2007), hepth/0611141.

[22] E. A. Bergshoeff, O. Hohm, and P. K. Townsend, Phys.

Rev. Lett. 102, 201301 (2009), 0901.1766.

[23] S. Deser, Phys. Rev. Lett. 103, 101302 (2009), 0904.4473. [24] D. J. Gross, M. J. Perry, and L. G. Yaffe, Phys. Rev.

D25, 330 (1982).

[25] Y. Zeldovich and A. A. Starobinsky, Sov.Astron.Lett. 10, 135 (1984).

[26] V. Rubakov, Phys.Lett. B148, 280 (1984). [27] A. Vilenkin, Phys.Rev. D30, 509 (1984).

[28] S. Aminneborg and I. Bengtsson, Class.Quant.Grav. 25, 095019 (2008), 0801.3163.

[29] G. W. Gibbons and S. W. Hawking, Phys. Rev. D15, 2752 (1977).

[30] J. W. York, Jr., Phys. Rev. Lett. 28, 1082 (1972). [31] H. Bondi, M. van der Burg, and A. Metzner, Proc. Roy.

Soc. London A269, 21 (1962).

[32] R. Sachs, Phys. Rev. 128, 2851 (1962). [33] A. Bagchi, Phys.Rev.Lett. 105, 171601 (2010). [34] A. Bagchi and R. Fareghbal, JHEP 1210, 092 (2012), 1203.5795.

[35] A. Bagchi and R. Gopakumar, JHEP 0907, 037 (2009), 0902.1385.

[36] A. Bagchi, R. Gopakumar, I. Mandal, and A. Miwa, JHEP 1008, 004 (2010), 0912.1090.

[37] K. Hotta, T. Kubota, and T. Nishinaka, Nucl.Phys.

B838, 358 (2010), 1003.1203.

[38] S. Detournay, T. Hartman, and D. M. Hofman, Phys.Rev. D86, 124018 (2012), 1210.0539.

[39] This property can be understood as limiting case of geometric properties between two BTZ horizons. The Euclidean geometry between the inner and the outer horizon in general has a conical singularity on either of the two horizons, depending on how the periodicities are fixed. Suppose that we fix them such that the inner horizon is free from a conical singularity. Then the outer horizon has a conical defect and a conical singularity. In the flat space limit the outer horizon is pushed toward infinity, so that the conical singularity is not part of the manifold. Nevertheless, asymptotically there is a conical defect.

[40] We use the standard Einstein–Hilbert action with Gibbons–Hawking–York boundary term [29, 30] for calculating the on-shell action. It turns out that flat space boundary conditions [9, 10] require another boundary counterterm for a well-defined variational principle. However, this additional boundary term does not contribute to the on-shell action and therefore is irrelevant for our current purposes. A detailed analysis of the variational principle is in preparation with Friedrich Schöller.

[41] The asymptotic symmetry algebra in 3d flat space is the infinite dimensional BMS3 [10, 31, 32]. The field theory dual to 3d flat space has the same symmetry algebra, which is isomorphic to the 2-dimensional (2d) Galilean Conformal Algebra [33, 34] studied earlier in the context of non-relativistic AdS/CFT [35, 36]. The microscopic derivation of the Cardy-like entropy formula in the field theory makes use of the counterpart of modular invariance in 2d CFTs. The latter can be derived either by looking at the limit of the 2d CFT modular transformation [6, 37], or by using the bulk symmetries directly ([5], following methods outlined in [38]).

[42] By contrast, a novel feature of FSC in TMG is that specific heat at constant angular velocity is positive (rather than zero), C^{TMG} = T ∂S^{TMG}/∂T =^1_μ^{2π r+}_{4G} > 0. The inequality holds, since we assumed r+, μ > 0. It implies that the Gaussian fluctuations contained in Z_{fluct} in (5) do not destabilize the system. Note that specific heat vanishes linearly with temperature as T tends to zero, just like a free Fermi gas at low temperature.