arXiv:1305.3085v2 [gr-qc] 10 Jun 2013

Strong Curvature Naked Singularities in the Gravitational Collapse of a Homogeneous Weyssenhoff Fluid

Amir Hadi Ziaie,^{1, ∗} Paulo Vargas Moniz,^{2, 3, †} Arash Ranjbar,^{1, ‡} and Hamid Reza Sepangi^{1, §} 1Department of Physics, Shahid Beheshti University, G. C., Evin,Tehran, 19839, Iran 2 Departamento de Física, Universidade da Beira Interior, 6200 Covilhã, Portugal 3CENTRA-IST, Av. Rovisco Pais, 1, Lisboa, Portugal (Dated: June 11, 2013)

We consider the gravitational collapse of matter, whose content is a Weyssenhoff fluid, in the presence of a negative cosmological constant. Such fluid conveys effects that can be associated to fermionic spin-angular momentum features suitably averaged. Our purpose in this paper is precisely to investigate how those effects may influence the final outcome of the mentioned collapse. For a specific spacetime setup (namely the Tolman-Bondi marginally bound case), we obtain a family of exact solutions to the field equations, which exhibits a spacetime singularity. We further find that, for a specific subset of those solutions, the formation of trapped surfaces can be prevented. Whether a naked singularity emerges or not, this is shown to depend on parameters of the Weyssenhoff fluid, which are related to an averaged spin density as well as to an axial current. The nature of the central singularity is examined and it is shown that null trajectories can emerge from the singularity, exposing it at least to neighboring observers (locally naked singularity). Moreover, by examining the curvature growth along these null trajectories, we show that the singularity can be gravitationally strong, thus providing a counter-example to the cosmic censorship conjecture. Our results respect the regularity of the initial data and also the energy conditions, which are required for the physical reasonableness of the collapsing configuration.

PACS numbers: 04.50.Kd, 04.20.Dw, 04.20.Jb, 04.70.Bw Keywords: Torsion, Einstein-Cartan, Weyssenhoff fluid, Gravitational Collapse, Naked Singularities

I. INTRODUCTION

The study of the collapse of a massive star under its gravitational field has been one of the leading contemporary scientific challenges, namely in the context of general relativity (GR) [1]. A significant contribution has been to show that, under physically reasonable initial conditions, the spacetime describing the collapsing process (solution to the Einstein’s field equations) would inevitably admit singularities [2]. These singularities, occurring at the collapse end state, can either be hidden behind an event horizon or visible to distant observers. In the former, it is generally believed that the resulting singularities are necessarily covered by the spacetime event horizon and a black hole forms as the end product of a continual collapse process, as hypothesized by the cosmic censorship conjecture^1 (CCC) [5] (See also [6] for reviews on conjecture). The latter are classified as naked singularities, regions of the spacetime with ultrastrong density and curvature, whose existence in GR has been established under a variety of specific circumstances and for different models, with matter being constituted by, e.g. scalar fields [7], perfect fluids [8], imperfect fluids [9] and null strange quark fluids [10]. This research scope has also been taken to wider gravitational settings, such as f(R) theories [11] and Lovelock gravity [12] (see also [13] for some recent reviews).

Broadening the study of gravitational collapse and whether a naked singularity eventually emerges is therefore of significant importance and well motivated^2, in order to address the question whether the CCC (at least in its strong form) holds in more realistic collapse settings. Particularly, considering gravitational theories whose geometrical

∗Electronic address: ah ziaie@sbu.ac.ir †Electronic address: pmoniz@ubi.pt ‡Electronic address: a ranjbar@sbu.ac.ir §Electronic address: hr-sepangi@sbu.ac.ir 1 The CCC is categorized in two types, weak cosmic censorship conjecture (WCCC) and the corresponding strong version (SCCC).

WCCC states that there can be no singularity communicating with asymptotic observers, forbidding thus the occurrence of globally naked singularities, while SCCC asserts that timelike singularities never occur, prohibiting the formation of locally naked singularities[3]. Whereas the CCC concerns with stability of solutions to Einstein’s field equations, there is a second class of censorship conjectures [4] which asserts that all naked singularities that form are in some sense gravitationally weak.

2 The possible violation of cosmic censorship conjecture may provide us an opportunity to observationally extract the information from the physics beyond trans-Planckian regimes [14].

attributes (not present in GR) may affect the final asymptotic stages of the collapse. Of considerable interest would be to include specific features representing microscopic properties. More concretely, the spin-angular momentum of matter would be a relevant element, since the composition of a real star will include fermions. In other words, could ingredients mimicking spin effects, associated to fermions, potentially influence the final fate of a collapse scenario? In fact, if the effects of spin would be explicitly present, in particular, from fermions, then GR may no longer be the theory to describe the collapse dynamics. In GR, the energy-momentum couples to the metric. However, when the spin of particles is introduced in the framework, the spin is expected to couple to a geometrical quantity related to the rotational degrees of freedom in the spacetime. This point of view suggests research settings where the spacetime is non-Riemannian. Namely, generalizations of GR induced from the explicit presence of matter with such spin degrees of freedom^3. Non-withstanding the relevance of these scenarios, mentioned in footnote 3., we may, nevertheless, proceed into more tractable non-Riemannian spacetimes, constituting consistent extensions of GR. One such framework, which will allow non-trivial dynamical consequences to be extracted, is the Einstein-Cartan (EC) theory [17, 18], where the metric and torsion determine the geometrical structure of spacetime^4. The torsion can be interpreted as caused by microscopical effects, e.g., by supposed fermionic fields, but which are not taken explicitly into it [16].

Within the context of EC theories, it has been claimed that the initial curvature singularity can be regularized by induced repulsive effects, extracted from (averaged) spin interactions [22]. However, a curvature singularity at the final fate of a collapse process can still occur, even if an explicit presence of spin-torsion and spin-spin repulsive interactions [23] are taken into account. The argument that has been put forward was that since photons neither produce nor interact with the spacetime torsion, the causal structure of a EC manifold, which is determined by light signals, is the same as GR; hence the singularity theorems in GR can be generalized to the EC theory, by taking into account a combined energy-momentum tensor, which would include, by means of some suitable averaging procedure, spin contributions [24]. Nevertheless, we can also expect that in a collapsing scenario, such spin repulsive effects may prevent the formation of trapped surfaces, not allowing, therefore, the formation of an apparent horizon, instead of the singularity removal. Investigating, by means of a specific fluid framework within the EC theory, those (averaged) spin effects, on the collapse end-state, is precisely the objective of this paper. We will explore this purpose by means of a particular matter fluid, in the presence of a negative cosmological constant, as follows.

The gravitational collapse of matter when a cosmological constant, Λ, is present has been investigated in the literature [25], conveying the relevant effects of the cosmological constant term on the collapse process, in particular, in dynamics of the horizons [26]. Whereas a positive cosmological constant may contribute as a negative pressure to act against the gravitational pull, a negative Λ may add to the gravitational attraction. However, the consequences of considering matter with spin, when a cosmological constant is also taken into account, on the final fate of a gravitational collapse process, have not yet been studied. Thus, it is of interest to study the spin effects of a suitable collapsing matter in the presence of a cosmological constant. Being more concrete, we consider a spherically symmetric configuration in the presence of a negative cosmological constant, whose matter content is constituted by a homogeneous Weyssenhoff fluid [27], that collapses under its own gravity. We will obtain a class of solutions, where the dynamics of the apparent horizon will depend on the fluid source parameters, namely the averaged spin squared density and the square of the axial current. In particular, some of those solutions, namely for a negative cosmological constant, evolve towards a spacetime singularity at the final stages of the collapse. Quite interestingly, we will find a specific subset where, initially, the role of the negative cosmological constant is to strengthen the gravitational attraction through a positive pressure term and then, as the collapse proceeds, a repulsive pressure, computed from averaged spin-spin and spin-torsion interactions, balances the inward pressure, preventing trapped surfaces to form in the later stages of the collapse. Thus, the previously mentioned resulting singularity could be at least locally naked. Moreover, it is pertinent to point that our analysis in this paper will show that, depending on the fluid source parameters herein indicated, trapped surfaces can either be formed or, instead, avoided. Let us furthermore note that, in contrast to some alternative theories of gravity, like, e.g., the Gauss-Bonnet theory, in which the Misner- Sharp energy is modified [28], our approach will involve only the manipulation of the matter content. Hence, the Misner-Sharp energy, which is the key factor that determines the dynamics of the apparent horizon, is defined in

3 Supergravity [15] is perhaps the most well known such type of extension, with its associated spacetime within the class of Riemann- Cartan spaces. These constitute a specific type of affinely connected metric spaces, where the spacetime will have torsion [16]. Being more concrete, there is a subset of that particular type of metric spaces where fermions are explicit in the framework, thus establishing the presence of torsion into the geometry, allowing to bring about the Cartan-Sciama-Kibble (CSK) gravity theory (See [17] for more details). In particular, when by means of an explicit coupling to a massless Rarita-Schwinger fermion, it induces a geometrical structure where four dimensional (N = 1) supergravity can be subsequently conveyed.

4 Somewhat related to such settings, let us mention the teleparallel theories of gravity [19], as well as the Lyra theory [20]. This latter concerning the propagation of torsion by means of expressing it as the gradient of a scalar field. On the one hand, this scalar field can be suitably regarded as a gauge function, describing a torsion potential. On the other hand, as Brans-Dicke scalar field which couples non-minimally to the curvature [21].

the same manner as that in GR [29]. Furthermore, it is important to emphasize a feature that subsequently follows from our case study: the dynamics of the horizon formation (controlled by the Misner-Sharp energy) will be directly influenced by the dependence of the scale factor dynamics on the averaged spin square density and axial current fluid parameters.

The organization of this paper is then as follows. In section (II) we give a brief review on the background field equations of the EC theory in the presence of a Weyssenhoff fluid and a negative cosmological constant, which governs the dynamics of our collapsing process case study. Section (III) provides a family of solutions to the field equations, with some representing a collapse that leads to a spacetime singularity within a finite amount of time. In section (IV) we (i) study the dynamics of apparent horizon and induced spin effects on the formation or otherwise of trapped surfaces and (ii) show that a naked singularity might be formed as a possible outcome for a subset of collapsing scenarios. In section (V) we examine the curvature strength of the naked singularity and exhibit that the singularity is gravitationally strong in the sense of Tipler [30]. Our conclusions are presented in section (VI). In appendix (A) we present a suitable solution for an exterior region and subsequently we discuss therein the matching between interior and exterior regions.

II. EQUATIONS OF MOTION

The action for the EC theory can be written in the form [16] S = ∫ d^4x √ −g { −1 κ^2

(R̂ − 2Λ) + L_m } , (1)

where R̂ and L_m are the Ricci scalar (constructed from the affine connection Γ̂^α_{μν} )^5 and matter Lagrangian, respectively, and can be expressed, in general, as functions of independent background quantities, namely the metric field g_{μν} and the torsion T^α_{μν} ; Λ is the cosmological constant. We take the metric signature as (+, −, −, −) and κ^2 ≡ 16πG. The presence of torsion in the spacetime macroscopic structure can, theoretically, be attributed to anticipated microscopic fermionic matter fields with spin-angular momentum degrees of freedom. In general, the torsion tensor T^α_{μν} is geometrically defined as the antisymmetric part of the affine connection

T^α_{μν} = Γ̂^α_{μν} − Γ̂^α_{νμ}. (2)

In this paper, we take the matter part of the action to be described by a Weyssenhoff fluid [27], which macroscopically is a continuous medium but also conveys features that can be suitably associated to (averaged) spinor degrees of freedom of microscopic matter fields. Moreover, it has been shown that, with the assumption of the Frenkel condition (also known as Weyssenhoff condition), the setup may likewise be equivalently described by means of an effective fluid in a plain GR setting, where the effective energy momentum tensor contains additional (spin induced) terms [31]. More concretely, the Lagrangian for the matter content can then be subsequently decomposed as

L_m = L_{SF} + L_{AC} , (3)

in that L_{SF} contains the induced effects of a spinning fluid, which can be written in terms of a perfect fluid contribution and a characteristic spin part [32], while L_{AC} will correspond to the contribution of a minimal coupling spinor axial current with torsion [33]. A motivation for this latter term is as follows. It is reasonable to consider, in a collapse process, with matter with spin-angular momentum features, contracting to highly dense regimes, that those spin effects may no longer be neglected and a non-zero axial current is expected. Therefore, we could write^6

L_{AC} = J^μS_μ, (4)

where, explicitly, J^μ = ⟨ψ̄γ^5γ^μψ⟩ and S_μ = ϵ_{αβρμ}T^{αβρ} would supposedly be the corresponding (averaged) spinor axial current^7 and axial torsion vector, respectively.

5 The Ricci curvature scalar R̂ is rewritten in terms of the usual Ricci curvature scalar R (constructed from the Christoffel connection) and the contortion K^α_{μν} , as R̂ = R + K^α_{ρα}K^{ρλ}_λ − K_{αρλ}K^{ρλα}.

6 γ^μ is defined by means of [γ^μ, γ^ν ] = 2g^{μν} , γ^5 = iγ_0γ_1γ_2γ_3 is a chiral Dirac matrix, ψ is a fermion field, ψ̄ = ψ^†γ^0 is the conjugate fermion field and ϵ_{αβρμ} is the totally antisymmetric Levi-Civita tensor.

7 In a high energy limit, due to quantum effects, the averaged spin axial vector would be non-zero [33].

For the purpose of clarity, nonetheless the previous paragraph, let us in the following be more precise concerning the matter content in our case study and discuss therefore the equations of motion. Variation of the action with respect to the torsion [31] results in

T^{μνα} + 2g^{μ[ν} T^{α]} = κ^2τ^{ανμ}, (5)

where T^μ = T^{ρμ}_ρ and τ^{μνα} being defined as τ^{μνα} := 1 √ −g δ( √ −gL_m) δK_{μνα} := τ^{μνα}_{AC} + τ^{μνα}_{SF} . (6) Moreover, τ^{μνα}_{SF} = −^1_2 S^{μν} u^α, where u^α is the fluid 4-velocity, therefore conveying the corresponding spin fluid contribution. S^{μν} is subsequently designated as the antisymmetric spin density tensor, constituting the effective source of torsion and K_{μνα} is the contortion, which has the following form in terms of torsion K^μ_{αβ} = 1 2 ( T^μ_{αβ} − T^μ_{α β} − T^μ_{β α} ) . (7)

In the EC theory, in contrast to the metric, the torsion is not really a dynamical field: the left hand side of equation (5) contains no derivatives of the torsion tensor and indeed appears as a purely algebraic equation. Torsion can therefore be eliminated by replacing it with the spin density S^μ_ν and hence, implying a modification to Einstein’s field equations, by means of additional characteristic (spin induced) matter terms. Using the Frenkel condition^8, S^{μν} u_ν = 0, the torsion constraint equation (5) may be rewritten in the form T^{μνα} = −κ^2 ( 2ϵ^{μναρ}J_ρ − 1 2 S^{να}u^μ ) . (8)

We can at this point more advisedly show how the employed Weyssenhoff fluid can fit the Frenkel condition. More concretely, this condition results in an algebraic relationship between the spin density tensor and torsion, as

T_ν = T^μ_{νμ} = κu^μS_{νμ}, (9)

which can also be retrieved directly from the formalism proposed in [34]. Therefore, by virtue of the Frenkel condition, this means that the only remaining degrees of freedom of the torsion are the traceless components of the torsion tensor. Furthermore, the axial torsion vector can be written with the assistance of equations (7) and (8), as S_μ = ϵ_{αβρμ} ( 2K^{αβρ} ) = 12κ^2J_μ + 1 2 κ^2ϵ_{αβρμ}S^{αβ} u^ρ. (10) It is now straightforward to obtain the dynamical equations of motion, varying the action (1), with respect to the dynamical field, g^{μν} , which can be written as G_{μν} − Λg_{μν} − K^α_{μα}K^λ_{νλ} − 1 2 T^α_{ρμ}T^ρ_{να} − 1 2 T^α_{μλ}T^λ_{α ν} − 1 4 T_{μρλ}T^{ρλ}_ν + 1 8 g_{μν} ( 4K^α_{ρα}K^{λρ}_λ + 2T^{αρλ}T_{ρλα} − T^{αρλ}T_{αρλ} ) = κ^2 2 T_{μν} . (11)

Substituting then for the contortion from equation (7) into the above equation and using equation (8), we subsequently get G_{μν} − Λg_{μν} − κ^4 [ g_{μν} J^2 + 2J_μJ_ν − 1 4 g_{μν} J_σ ϵ^{αρλσ} S_{ρλ}u_α − 1 2 J_σ ϵ^{ρλσ}_{(μ} u_{ν)}S_{ρλ} + 1 32 g_{μν} S_{ρλ}S^{ρλ} − 1 8 S_{μλ}S^λ_ν + 1 16 u_μu_ν S_{ρλ}S^{ρλ} ] = κ^2 2 ( T^{SF}_{μν} + T^{AC}_{μν} ) , (12)

8 It translates into saying that the intrinsic spin contribution (in the form of the antisymmetric spin density tensor) of a matter field is spacelike in the rest frame of the fluid.

where J^2 = J_μJ^μ. The energy momentum tensor contains two contributions, from the axial current, T^{AC}_{μν} , and the spin fluid, T^{SF}_{μν} , which can be expressed, after employing a suitable spin averaging^9, as

⟨T^{AC}_{μν} ⟩ = −8κ^2g_{μν} J^2 − 4κ^2J_μJ_ν , (13) ⟨T^{SF}_{μν} ⟩ = − 2κ^2 3 u_μu_ν σ^2 + κ^2 6 g_{μν} σ^2 + [(ρ_{SF} + p_{SF} )u_μu_ν − p_{SF} g_{μν} ] , (14)

where we considered for spin averaged quantities [31]

⟨S_{μν} S^{μν} ⟩ = 2σ^2, (15) ⟨S^ρ_μ S_{νρ}⟩ = 2 3 (g_{μν} − u_μu_ν ) σ^2, (16)

⟨S_{μν} J^α⟩ = 0. (17)

From a macroscopic point of view, the spin fluid can therefore be considered as a contribution from a usual perfect fluid, with associated energy density ρ_{SF} and pressure p_{SF} , plus, as induced from a microscopic perspective and suitably averaged, the first two terms in equation (14), which relate to characteristic spin contributions, coming into play. Inserting equations (13) and (14) into (12), together with the above spin averaging, we can finally obtain the dynamical field equations for our case study, as [31]

G_{μν} − Λg_{μν} = κ^4 [ −3g_{μν} J^2 + 1 16 g_{μν} σ^2 − 1 8 u_μu_ν σ^2 ] + κ^2 2 [(ρ_{SF} + p_{SF} )u_μu_ν − p_{SF} g_{μν} ] . (18)

III. SOLUTIONS TO THE FIELD EQUATIONS

Owing to the lack of satisfactory tools to deal with the global properties of Einstein’s field equations and respective solutions, together with their severe non-linearity, no proofs of the weak or strong versions of CCC have yet been formulated. In this context, several authors have pointed that the Lemaître-Tolman-Bondi (LTB) spacetime [36] (the simplest generalization of the Friedmann-Robertson-Walker (FRW) model), is one of the candidates^{10} for a counterexample to the CCC. Collapse settings studied so far imply the formation of a curvature singularity being either naked for certain initial LTB configurations and covered for other initial conditions. In [38] it was shown that the central singularity of the marginally bound LTB model can be shell-focusing and naked. Work along the same line has proved that this is true for the bound case [39]. The study of LTB collapse has been widely carried out by many authors [40] and the main results, found from these analyses in connection with the concept of singularities and CCC, are summarized as follows: (i) The collapse process always leads to a central curvature singularity; (ii) Depending on the nature of the initial data, the resulting singularity can be either locally or globally naked; (iii) A generic singularity forms in the sense that there exists an infinite number of outgoing non-spacelike geodesics terminating at the singularity in the past; (iv) The singularity is gravitationally strong in the sense of Tipler [30]. In this section, within the framework introduced in the previous section, we will find a class of collapse solutions which lead to the formation of a spacetime singularity and study the formation or avoidance of trapped surfaces till the occurrence of the singularity in the next section.There is a paucity of physically reasonable exact solutions due to intrinsic difficulties to overcome, once spacetimes with less symmetry (inhomogeneities and anisotropies being present) are employed, so we here restrict ourselves to a special but manageable class of LTB models and parametrize the interior line element (which is recognized as of FLRW geometry) as [41]

ds^2 = dt^2 − R^′(t, r)dr^2 − R(t, r)^2dΩ^2, (19)

9 The spin-spin and spin-torsion interactions are significant in microscopic ranges, i.e., at sufficiently high matter densities. This means that the EC theory is not directly challenging general relativity at large scales. Therefore, regarding our herein case study, in order to take into account the macroscopic effects of spin contributions , within the context of EC theory, a suitable averaging procedure on the spin densities is assumed [35]. It is worth mentioning that in the process of taking the average of a spherically symmetric isotropic system of randomly oriented spin particles, the average of spin density tensor is assumed to vanish, ⟨S^{μν} ⟩=0, but for the spin squared terms ⟨S^{μν} S_{μν} ⟩ ≠ 0.

10 An exact solution to Einstein’s field equations, which in addition to its broad usage in an inhomogeneous cosmological models has been extensively used to describe the spherical gravitational collapse of an inhomogeneous self-gravitating dust cloud [37].

where R(t, r) = ra(t) is the physical radius of the collapsing star, with a(t) being the scale factor, R^′(t, r) = ∂R(t, r)/∂r and dΩ^2 being the standard line element on the unit 2-sphere. With the above choice of the area radius, the resulting interior spacetime is homogeneous and isotropic for which the field equations read

3H^2 − Λ = κ^4 [ −3J(t)^2 − σ(t)^2 16 ] + κ^2 2 ρ_{SF} (t) ≡ ρ_{eff} (t), (20)

−2Ḣ − 3H^2 + Λ = κ^4 [ 3J(t)^2 − σ(t)^2 16 ] + κ^2 2 p_{SF} (t) ≡ p_{eff} (t), (21)

where H = Ṙ/R = ȧ/a is the rate of collapse. Since we are interested in a continual collapse process, Ṙ(t, r) must be negative. Notice that we may consider the cosmological constant term as vacuum energy density [42]. The continuity equation for the matter fluid is therefore

ρ̇_{SF} + 3H(ρ_{SF} + p_{SF} ) = κ^2 [ 12JJ̇ + σσ̇ 4 + 3H 4 σ^2 ] . (22)

As we mentioned in sect. II, the geometry and matter content effectively induce a macroscopic perfect fluid contribution, with barotropic equation of state p_{SF} = wρ_{SF} , together with intrinsic spin contributions, that are present in the form of averaged quadratic terms of spin quantities (that may admit a possible microscopic representation). Such a microscopic matter scenario could be that of a concrete spin fluid, directly related to a particle content formed by, e.g., unpolarized fermions^{11}. It is plausible to assume that the fermions participating in the collapse process behave as ultra-relativistic particles; thus, the number density (n_f ) of a fermionic gas, employing the Fermi-Dirac distribution, can be approximated by n_f ∝ a^{−3} (see [46] for more details). So, the square of spin density and axial current (which are proportional to n^2_f [31, 32, 35]) depend on the scale factor, as^{12}

J^2 = J^2_0 a^{−6}, σ^2 = σ^2_0 a^{−6}. (23)

However, we proceed with a general setup where J^2 = J^2_0 a^n and σ^2 = σ^2_0 a^n (n ∈ N^− ), and in sect. IV we present the results corresponding to n = −6. Therefore, from (22) it is easy to obtain^{13} the energy density

ρ_{SF} (a) = C_0a^{−3(1+w)} + α n + 3(1 + w) a^n, w ≠ −1 (24)

C_0 = ( ρ_{iSF} − αa^n_i n + 3(1 + w) ) a^{3(1+w)} i , (25) α = κ^2 8 [ (n + 6)σ^2_0 + 48nJ^2_0 ] , (26)

whence it follows that solving the equations (20) and (21) leads to

H^2 = ℓa^n + κ^2 6 C_0a^{−3(1+w)} + Λ 3 , (27)

where ρ_{iSF} and a_i being the initial values of the energy density and the scale factor, respectively, and

ℓ = κ^4 [ σ^2_0 (1 − w) − 48J^2_0 (1 + w) 16(n + 3(1 + w)) ] . (28)

11 In a realistic description of the collapse of a star, whose matter content is fermion dominated, it is conceivable that the effective spinning fluid be polarized. Thus, a spin alignment due to the presence of strong magnetic fields (cf. [43]) may potentially affect the collapse dynamics and therefore, quite possibly, its final outcome. Moreover, from a macroscopic viewpoint, each particle in the cluster undergoing gravitational collapse may also have orbital angular momentum, so that the net effect of all the particles is to introduce a nonzero tangential pressure in the energy momentum tensor. Such rotational effects on the collapse procedure (e.g., gravitational collapse of a system of counter-rotating particles - the“ Einstein cluster”[44]) have been studied in [45]. It is shown therein that, depending on the strength of the angular momentum, trapped surface formation can be avoided, thus allowing the singularity to be visible.

12 In general, σ^2_0 and J^2_0 are the source parameters for spin square density and axial current, respectively, and should not be confused with their initial values defined as σ^2_i = σ^2_0 a^n_i and J^2_i = J^2_0 a^n_i .

13 The choice w = −1 is discussed separately at the end of this section, because it corresponds to a non-singular case.

A collapsing solution can be found by imposing the following restriction on the barotropic index as a function of J_0 and σ_0 w = σ^2_0 − 48J^2_0 σ^2_0 + 48J^2_0

, − 1 < w ≤ 1, (29)

where the limiting value of w → 1 corresponds to J^2_0 → 0. We can solve for the rate of collapse as H = − [ γa^{−3(1+w)} + β

] 1_2

, (30)

where γ = κ^2 6 C_0, β = Λ 3 . (31)

We find the interior solution as a(t) = [ |Λ| 3γ ( 1 + tan^2 [ arctan (√ 3H^2_i |Λ| ) + 3 2 (1 + w) √ |Λ| 3 (t − t_i) ] )]_{− 13(1+w)} , (32)

where t_i and H_i are an initial time at which the collapse starts and the initial rate of the collapse and we have set arg [ arctan (√_{3H2} i |Λ| )] ∈ ( −^π_2 ,^π_2 ) . This solution exhibits a collapse process which terminates in a spacetime singularity at a finite amount of time, provided that^{14} Λ < 0. The condition H^2_i > 0 puts the following restriction on the initial rate of collapse γ > − Λ 3 a^{3(1+w)} i . (33)

The singular epoch t_s, which is defined as a(t_s) = 0, is given by

t_s = t_i + [ 2 (1 + w) √ 3|Λ| ] [ (2k + 1)π 2 − arctan (√ 3H^2_i |Λ| )] , k = 0, 1, 2, ... (34) at which the Kretschmann invariant R^{μναβ} R_{μναβ} and the effective energy density diverge.

Regarding the case w = −1, equation (22) leads to the following expression for the energy density ρ_{SF} = ρ_{iSF} + α n (a^n − a^n_i ). (35)

From equations (20) and (21) we can solve for the collapse rate as H = ± [ H^2_i + κ^4 σ^2_0 8n (a^n − a^n_i )

] 1_2

. (36)

From the above equation we see that the collapse begins with an initially negative rate (the minus sign) and proceeds till the scale factor reaches a critical value, a_c,

a_c = [ a^n_i − 8n κ^4σ^2_0

H^2_i ] 1_n , (37)

at which H(a_c) = 0. Beyond that the collapse procedure may turn to an expanding phase which corresponds to the situation^{15} in which H jumps from a − to a + branch [48]. This occurs at the time

t_c = t_i − 2 n √ H^2_i −^{κ4}_{8n} σ^2_0 a^n_i arctanh [√ H^2_i H^2_i −^{κ4}_{8n} σ^2_0 a^n_i ] , (38)

14 If Λ > 0, the scale factor does not vanish at a finite real time.

15 It should be noticed that if no bounce occurs and the collapse goes beyond a_c, the effective energy density of the collapsing object would be negative and, as a result, the weak energy condition will be violated. The gravitational collapse of regions with negative energy density has been discussed in the literature, mainly in the context of topological black holes [47]. It has been claimed that topology changing processes, due to quantum fluctuations of spacetime would be a possible scenario to convey such behavior. However, discussing this is not in the scope of this paper.

and the Kretchmann invariant and the energy density behave regularly, thus no singularity forms^{16}.

IV. SPIN EFFECTS ON THE DYNAMICS OF APPARENT HORIZON

We are now in a position to examine whether the obtained singularity is hidden behind an horizon or is visible by distant observers. The singularity is covered within an event horizon if trapped surfaces emerge early enough before the singularity formation and may be visible if the apparent horizon, which is the outermost boundary of trapped surfaces, is failed or delayed to form during the collapse process. The key factor that determines the dynamics of the apparent horizon is the Misner-Sharp energy [50] which describes the mass enclosed within the shell labeled by r at the time t, and is defined as [29] M(t, r) = R(t, r) 2 [1 + g^{μν} ∂_μR(t, r)∂_ν R(t, r)] = R(t, r)Ṙ(t, r)^2 2 . (39)

It is worth mentioning that in our case study the effects of torsion show themselves as an addition to the energy momentum tensor, more precisely by means of taking into account the contributions of a fluid (associated with matter with spin) to the geometry. It thus affects the dynamics of the apparent horizon. The spacetime is said to be trapped, untrapped and marginally trapped if, respectively, 2M(t, r) R(t, r) > 1, 2M(t, r) R(t, r) < 1, 2M(t, r) R(t, r) = 1. (40)

The field equations (20) and (21) can then be rewritten as [51] 2M^′(t, r) R^2R^′

= ρ_{eff} (t) + ρ_Λ ≡ ρ_{total} (t), − 2Ṁ(t, r) R^2Ṙ

= p_{eff} (t) + p_Λ ≡ p_{total} (t), (41)

Let us remind that our choice of setting and matter content can be interpreted in that a supposedly microscopic nature of the spin density and axial current would allow their effects to be macroscopically exhibited, in such a way that the effective equation of state parameter, w, would be determined by the source parameters, J^2_0 and σ^2_0 . With regard to the fact that the matter Lagrangian contains the spin density and axial current terms, we expect that the Hamiltonian as well depends on σ^2_0 and J^2_0 . Therefore, based on the Fermi-Dirac distribution, the energy density and pressure (and as a result the effective barotropic index) of a Fermi gas could be expressed in terms of σ^2_0 and J^2_0 . Thus, we seek for the conditions on σ^2_0 and J^2_0 under which the trapped surfaces may be avoided and the resulting singularity could be at least locally naked. Integrating the first expression in equation (41), we have for our solution (we have henceforth set n = −6) 2M(t, r) R(t, r) = r^2 3 [ 3γ a(t)^{−4} [_{σ2} 0 −24J 2 0 σ20 +48J20 ] + Λa(t)^2 ] = r^2a(t)^2H(t)^2. (42)

From the above relation, it is seen that for σ^2_0 < 24J^2_0 , if the ratio (2M/R) < 1 at the initial time or equivalently

r^2 3 3γa^{−4} [_{σ2} 0 −24J 2 0 σ20 +48J20 ] i + Λa^2_i < 1, (43) which is required by the regularity condition [52], then it would stay less than one till the singular epoch, leading to the trapped surface avoidance. However, if σ^2_0 > 24J^2_0 , as the collapse proceeds, the ratio 2M/R turns to be greater than one and thus the trapped surface formation takes place earlier than the formation of the singularity, to subsequently cover it^{17}. From the second part of equation (41), the effective pressure can be obtained as p_{total} = 3γ ( σ^2_0 − 48J^2_0 σ^2_0 + 48J^2_0 ) a(t) −6σ20 σ20 +48J20 − Λ. (44)

16 It should be noted that singularities of the type of big-rip, sudden or even type III, do not happen herein, since ρ and p are finite at t = t_c. A type IV singularity does not occur either, since the higher derivatives of H do not diverge at t = t_c. We further note that the weak energy condition is violated in this special case (w = −1) while for the other sensible types mentioned in this footnote, the weak energy condition is satisfied (see [49] and references therein).

17 Since σ^2_i = σ^2_0 a^{−6}_i and J^2_i = J^2_0 a^{−6}_i , the conditions on formation or otherwise of trapped surfaces can be rewritten as σ^2_i > 24J^2_i or σ^2_i < 24J^2_i , respectively. The rest of the conditions for the physical reasonableness, i.e., (43),(45), (48), (49) and (51), can also be rewritten in terms of these parameters.

The initial data of the collapsing configuration can thus be chosen so that the effective pressure be positive at initial epoch, which can be achieved if^{18} 3γ ( σ^2_0 − 48J^2_0 σ^2_0 + 48J^2_0 ) a −6σ20 σ20 +48J20

i − Λ > 0. (45)

As the collapse proceeds, the first term in the right hand side of (44) dominates the second one and the effective pressure becomes negative for σ^2_0 < 24J^2_0 . Therefore, we can deduce that, at later stages of the collapse, the failure of formation of trapped surfaces is accompanied by a negative pressure [53]. From the second part of equation (41), it is seen that the occurrence of negative pressure implies Ṁ < 0, which can also be verified from the time derivative of equation (42) for σ^2_0 < 24J^2_0 ; this can be interpreted as the star continuously radiating away its matter content as the collapse process advances. On the other hand, if σ^2_0 > 48J^2_0 , which satisfies the condition for trapped surface formation (σ^2_0 > 24J^2_0 ), the pressure is initially positive and remains positive up to the final stages of the collapse. For the limiting value σ^2_0 = 48J^2_0 , which corresponds to a macroscopic dust fluid, the collapse ends in a black hole with the exterior solution, after a suitable spacetime matching, as the Schwarzchild-anti-de Sitter spacetime (cf. Appendix (A) for more details ).

Although the pressure (44) is allowed to get negative values, the collapse process will only be physically reasonable if the energy conditions (weak, dominant and null) are preserved throughout the collapse. The weak energy condition implies that the energy density as measured by any local observer is non-negative. Thus, along any non-spacelike vector, the following conditions have to be satisfied ρ_{total} ≥ 0, ρ_{total} + p_{total} ≥ 0. (46) We thus have

ρ_{total} = Λ + 3γa(t)^{−3(1+w)} ≥ 0, ρ_{total} + p_{total} = 3γ(1 + w)a(t)^{−3(1+w)} ≥ 0. (47)

If the first inequality holds initially, it will remain valid at later times, therefore it is enough to satisfy

Λ + 3γa^{−3(1+w)} i ≥ 0, (48)

which is exactly the same as (33). Since Λ < 0, it clearly needs to have γ > 0. The condition γ > 0 is also sufficient for the validity of the second inequality. Therefore, the initial set up for the energy density of the spin fluid has to satisfy ρ_{iSF} ≥ αa^n_i n + 3(1 + w)

, n = −6. (49)

This subsequently guarantees the validity of the weak energy condition. We note that the second inequality in (46) implies the validity of the null energy condition. Another energy condition, which is frequently used, is the dominant energy condition (ρ_{eff} ≥ |p_{eff} |), stating that, for any timelike observer, the local energy flow of matter is non-spacelike. This ensures that the sound velocity in a collapsing medium cannot exceed the speed of light. For our solution (30), the dominant energy condition holds if

2Λ + 3γ(1 − w)a(t)^{−3(1+w)} ≥ 0. (50)

It is obvious that if the above condition is satisfied initially, it would hold during the final stages of the collapse. It is then sufficient that

144J^2_0 σ^2_0 + 48J^2_0 γa^{−3(1+w)} i + Λ ≥ 0. (51)

Figure 1 shows numerically the allowed region for σ^2_0 and J^2_0 , for a chosen set of values of ρ_{0SF} , a_i, which satisfy condition (43), i.e., the regularity condition, positivity of the effective pressure at initial time, i.e., equation (45) together with the weak (48) and (49) and dominant energy conditions (51).

It is of interest to consider these two following special cases, in order to show what happens when the effect of one of the sources i.e., spin density or axial current, may be negligible.

18 A positive pressure is needed in order that the star begins to collapse under its own gravity.

FIG. 1: The allowed values of σ^2_0 and J^2_0 for ρi_{SF} = 5.5, n = −6 and ai = 0.9. The line σ^2_0 = 24J^2_0 separates the initial configurations which will lead to trapped (σ^2_0 > 24J^2_0 , brown zone) or untrapped (σ^2_0 < 24J^2_0 , yellow zone) regions. The units have been set so that κ = 1 and Λ = −1.

• If J^2_0 ≪ σ^2_0 , i.e. the effects which can be associated with high energy regimes are negligible, then the interaction term containing the axial spinor current (4) disappears; this case is effectively equivalent to stiff matter with w = 1 in the presence of a negative cosmological constant, from which we obtain 2M(t, r) R(t, r) = r^2 3 [ 3γ a(t)^{−4} + Λa(t)^2 ] , p_{eff} = 3γa(t)^{−6} − Λ, (52)

and hence, as the singularity is reached, the apparent horizon forms to cover it. It should be noticed that the effect of spin is implicitly present in γ (see (31) and second term of (24)).

• For the case in which σ^2_0 ≪ J^2_0 , the spin fluid would be diluted (i.e., the number density of interacting spinning particles ≈ 0). This corresponds to w → −1 (w ≠ −1) where we have 2M(t, r) R(t, r) = r^2 3 [3γ + Λ] a(t)^2, p_{eff} = −3γa(t)^{−ϵ} − Λ, (53)

where ϵ =^{σ20}_{8J 20} ≪ 1. It can thus be concluded that, as the singularity is approached, the ratio 2M/R stays finite and thus trapped surfaces are avoided during the collapse process. Similarly, as it noted in the above mentioned case, the effect of spin would be implicitly present in γ. However, this herein situation must be taken with care, in view of physical reasonableness conditions, e.g., satisfying energy conditions.

One may ask whether the initial configurations of a collapse scenario that separately lead to trapped or untrapped regions could change when the spin effects become more manifest, i.e., how the value of n, the power of scale factor dependence of spin densities, may influence the contribution of initial data that results in trapped or untrapped regions. In figure 2, we have made a numerical integration to calculate the ratio of the area of trapped to untrapped regions as a function of ρ_{iSF} and n. We see that for a constant value of n, the greater ρ_{iSF} the greater this ratio. Also as the initial profile of the energy density grows while the value of n decreases, the contribution of the initial data that leads to a trapped region increases, as compared to those that lead to untrapped region. In figure 3 we have plotted separately the ratio of the area of trapped to untrapped regions as a function of n for fixed values of initial energy density of spin fluid (left plot) and of ρ_{iSF} for fixed values of n (right plot). In the left plot, we see that, as ρ_{iSF} increases, the curves for a same choice of n have higher values for the mentioned ratio, signaling that the domain where to find initial configurations that induce trapped region in the spacetime, increases, as compared to those that lead to untrapped regions. However, as n decreases to more negative values, all the curves tend to smaller ratios, showing that when the spin effects become more overriding, there is a broader initial data set from which the

FIG. 2: The ratio of trapped to untrapped regions as a function of initial energy density of the spin fluid, ρi_{SF} , and of n (see sentence below equation (23)), which conveys an indication of the magnitude of the square of spin density and axial current presence. The initial value of the scale factor has been set to be ai = 0.4 and we have chosen the units so that κ = 1 and Λ = −1.

FIG. 3: The ratio of trapped to untrapped regions as a function of n for different values of initial energy density of the spin fluid (left plot), and of ρi_{SF} for different values of n. The initial value of the scale factor has been set to be ai = 0.4 and we have chosen the units so that κ = 1 and Λ = −1.

collapse commences in such a way that trapped surfaces are avoided till the late stages of the scenario. As we see in the right plot, the ratio increases as the initial energy density of the spin fluid gets larger, implying that there is a wider initial data set from which, as the collapse begins, the trapped surface formation takes place; Whereas the more negative the value of n the wider the space of initial data for which trapped surfaces are failed to form till the singularity formation. This shows that the influence of spin effects is related to the value of n, which may establish the range of initial data in determining the final fate of the collapse.

Let us now focus on the nature of the central singularity, which occurs at R(a(t_s), 0) = 0. This type of singularity is at least locally naked if there exist future-directed outgoing null rays with past endpoint at the singularity. This means that along such light signals the area radius increases, i.e., dR/dr > 0. From the line element we have for the null rays dt dr = a(t), (54)

and thus, along the radial null geodesics, we get dR dr = ∂R ∂r + ∂R ∂t dt dr = a(t) [ 1 + Ṙ(t, r) ] . (55)

Using the standard procedure developed in [52], we introduce the auxiliary variables u and Y so that u ≡ r^η η > 0, Y ≡ R u . (56)

We then have the following expression in the limit close to the central singularity, as

Y_0 ≡ lim_{R→0} u→0 R u = lim_{R→0} u→0 dR du = lim_{R→0} u→0 1 ηr^{η−1} dR dr = lim_{R→0} u→0 a(t) ηr^{η−1} [ 1 + Ṙ(t, r) ] . (57)

From equation (30) we can substitute for Ṙ(t, r) = ra(t)H to find Y_0, as

Y_0 = lim_{R→0} u→0 Y η [ 1 − ra(t) ( γa(t)^{−3(1+w)} + Λ 3 ) 1_2 ]

= lim_{R→0} u→0 Y η [ 1 − γ^{12} Y r^η ( Y r^{η−1} )_− 3_{2 (1+w)} ( 1 + Λ 3γ ( Y r^{η−1} )_{3(1+w)}

) 1_2 ]

= lim_{R→0} u→0 Y η [ 1 − γ^{12} Y r^η ( Y r^{η−1} )_− 3_{2 (1+w)} { 1 + ∞∑ k=1 Binomial [ 1 2 , k ] ( Λ 3γ )_k ( Y r^{η−1} )_{3k(1+w)} }]

= lim_{R→0} u→0 Y η [ 1 − γ^{12} r^{− η2 (1+3w)+ 32 (1+w)}Y^{− 12 (1+3w)} − ( Λ 6γ^12 ) r^{η2 (5+3w)− 32 (1+w)}Y^{12 (5+3w)} + ... ] , (58)

where Binomial[^1_2 , k] ≡

(_1 2 k ) = ( 2k k )_{(−1)k+1}

2^{2k} (2k−1) and in the last line we have kept the terms up to first order in the

curly brackets. In order to have a finite value for Y_0 the terms including r must not diverge. This can be achieved if we set the power of r in the mth term^{19} in the last expression above to be zero, which fixes η as

η_m =

3(1 + w)(2m − 3) (6m − 7) + 3w(2m − 3) , m = 1, 2, 3, ... (59) where η_m is the value of η for which the power of r in the mth term vanishes. Then, the power of r in all the lower order terms becomes positive, with η = η_m , and thus the associated terms vanish in the limit r → 0. If equation (58) admits a solution (a real positive root Y = Y_0), then there exists a null trajectory reaching the singularity at r = 0 with a definite outgoing tangent Y_0 and thus the singularity is at least locally naked. Otherwise, the singularity cannot be naked and the collapse culminates in a black hole. Setting m = 2, i.e. up to second order in the last line of equation (58), we obtain in the region near the singularity

Y_0 = [ − 6γ^{1/2} Λ (η_2 − 1)

]^2_{5+3w} , η_2 =

3(1 + w) 5 + 3w

. (60)

The left plot of figure 4 shows the region where the condition for trapped surfaces avoidance (σ^2_0 < 24J^2_0 ), together with where the existence of the real positive values for Y_0 (60) is respected. However, we should be careful concerning the physical reasonableness of the gravitational collapse scenario and validity of the regularity condition as conveyed in section IV. Let us be more precise. The gray zone in the right plot of figure 4 identifies where (i) real values for Y_0 are to be found and (ii) also corresponds to those physically permitted values of σ^2_0 and J^2_0 according to equations (43), (45), (48), (49), (51). In other words, therein real positive roots for (58) exist and the conditions demanding the physical reasonableness of a collapse scenario and regularity condition are satisfied. The relevant feature is that, altogether, it implies that the resulting singularity can be at least visible to its neighboring observers, i.e., a locally naked singularity can be formed as the collapse end product.

19 The first term including r corresponds to m = 1.

FIG. 4: The left plot shows the region where σ^2_0 < 24J^2_0 and Y0 ∈ R^+, i.e., where trapped surfaces are avoided and a null geodesic reaching the singularity at r = 0 with a definite outgoing tangent Y0 can exist. The gray zone in right plot further shows the region where the conditions mentioned in section (IV) are preserved, in addition to the ones in the left plot. We have set ρi_{SF} = 5.5, n = −6 and ai = 0.9 and units have been chosen so that κ = 1 and Λ = −1.

V. STRENGTH OF THE NAKED SINGULARITY

In order to make more concrete our discussion in the previous section, we need to investigate the curvature strength of the naked singularity, which is an important aspect of its physical nature and geometrical importance. The main underlying idea is to examine the rate of curvature growth along non-spacelike geodesics ending at the singularity, in the limit of approaching to it. The singularity is said to be gravitationally strong in the sense of Tipler [30] if every collapsing volume element is crushed to zero size at the singularity, otherwise it is known as weak. It is widely believed that when there is a strong curvature singularity forming, the spacetime cannot be extended through it and is geodesically incomplete. While, if the singularity is gravitationally weak, it may be possible to extend the spacetime through it classically. In order that the singularity be gravitationally strong, there must exist at least one non-spacelike geodesic with the tangent ξ^μ, along which the following condition holds in the mentioned limit

Ψ = lim_{λ→0} λ^2R_{μν} ξ^μξ^ν > 0, (61)

where R_{μν} is the Ricci tensor and λ being an affine parameter which vanishes at the singularity. Let us now consider an outgoing radial null geodesic having the tangent ξ^μ = dx^μ/dλ = (ξ^t, ξ^r, 0, 0). We note that since ξ^μ is an affinely parametrized null geodesic, we have

ξ^μξ_μ = 0, ξ^μ∇_μξ^ν = 0. (62)

From the null condition for ξ^μ, with the help of spacetime metric (19), we can obtain dt dr = ξ^t ξ^r = a(t), (63)

while the geodesic equation results in the following differential equations

ξ^tξ̇^t + aȧ(ξ^r )^2 = 0,

ξ^tξ̇^r + 2 ȧ a ξ^tξ^r = 0, (64)

which gives the vector field tangent to null geodesics as

ξ^μ = (a^{−1}, a^{−2}, 0, 0). (65)

Next we proceed to check the quantity given by (61) which, with the use of field equation (18), reads as

Ψ ∝ lim_{λ→0} λ^2T_{μν} ξ^μξ^ν = lim_{λ→0} λ^2 [ T_{tt}(ξ^t)^2 + T_{rr}(ξ^r)^2 ] = lim_{λ→0}

3γ(1 + w)λ^2 a^{5+3w}

, (66)

where use has been made of equations (63) and (65) and the null energy condition (47). Subsequently, we find that

Ψ ∝ lim_{λ→0}

6γ(1 + w)

(5 + 3w)a^{3(1+w)} [ Ḣ + (4 + 3w)H 2

] . (67)

Substituting for the rate of collapse from equation (30), we finally get Ψ ∝ σ^2_0 (σ^2_0 + 48J^2_0 ) 8(σ^2_0 + 12J^2_0 )^2

> 0. (68)

Therefore, the strong curvature condition is fulfilled along the singular null geodesics and thus the naked singularity is gravitationally strong in the sense of [30].

VI. CONCLUDING REMARKS

The study of the end-state of a massive star, collapsing within its own gravity [52], benefits when, in some suitable manner, spinorial (e.g., fermions) degrees of freedom are taken into account. To our knowledge, the literature concerning this research line is somewhat scarce^{20}, see e.g., [23]. Torsion is perhaps one of the important consequences of coupling gravity to fermions. In general, this leads to consider non-Riemannian spacetimes, where differences with respect to GR dynamics can be expected and hence explored. Supergravity with matter fields [15] provides an interesting such setting to explore: gravity will be directly coupled to fermions, explicitly present, inducing that the spacetime geometry will have torsion^{21}. The well known and established CSK [16] theories can also be a starting point, where the classical Einstein-Maxwell-Dirac theory of spinors is formulated [55].

Nevertheless, the presence of fermionic fields may not bring an easily discussable set up to investigate the final outcome of a gravitational collapse. There are, however, other, perhaps more manageable, theories. They employ torsion but just to mimic effects of matter with spin degrees of freedom on gravitational systems.

We therefore took such workable approach in the herein paper. More precisely, we studied the gravitational collapse of a massive star, whose matter content was taken as a Weyssenhoff fluid [27] in the context of the EC theory [24]. A negative Λ included to provide an initially positive pressure, such that a collapsing process can initially be set up. Being more concrete, we have torsion in the geometry, thus producing a non-Riemannian spacetime, where no fermions appear explicitly (in the spacetime torsion terms). The torsion is not, however, a dynamical field, being therefore eliminated by means of algebraic expressions. Furthermore, the subsequently retrieved effective equations of motion are those of Einstein’s, but with terms brought from the mentioned Weyssenhoff fluid, with those induced by (a suitably averaging of) spin terms, that can be suitably related to the torsion. In addition, we have restricted ourselves to a special but manageable class of LTB models, namely the marginal bound case (see [41] for more details), where the interior line element (which is recognized as of FLRW geometry) allows a particularly manageable framework to investigate. The corresponding effective energy momentum from a macroscopic perspective, has a perfect fluid contribution, plus those due induced from the spin interactions. In particular, the corresponding barotropic index is determined by source parameters, J_0 and σ_0, that represent those (average) spin terms. A relevant feature is that this effective matter can, within specific conditions, convey a negative pressure effect. As a consequence, this may induce the avoidance of trapped surfaces formation. Investigating, the initial conditions dependence of the final outcome of collapse would allow to convey concrete predictions.

In a compact manner, our main results are as follows:

• The reasonableness of our case study requires the initial setting of the effective energy density and the initial value of the scale factor to satisfy specific ranges. These are (i) the regularity condition on the absence of trapped

20 With respect to the initial cosmological singularity, there seems to have been more efforts in analysing it when fermionic terms impose modifications in the classical equations (explicitely by means of fermionic degrees of freedom being present or induced (by means of some averaged quantitites)), see e.g., ([22, 31–35, 54–56]).

21 Besides other features that local supersymmetry could have brought.

surfaces at an initial epoch, (ii) the validity of the energy conditions and (iii) the positivity of the effective pressure at an initial time. When these conditions are satisfied, then formation or otherwise of trapped surfaces during the collapse process may occur if σ^2_0 > 24J^2_0 or σ^2_0 < 24J^2_0 , respectively. It is indeed the competition between the source parameters of the axial current, J^2_0 , and of the interacting spinning fluid, σ^2_0 , or equivalently between their initial values σ^2_i and J^2_i , together with the Λ < 0 set up, that decides the escape or entrapment of null rays and thus the final outcome of the collapse scenario.

• We further examined the nature of the singularity by considering a null geodesic coming out of it. We concluded that the outgoing tangent to this geodesic is positive definite and thus the resulting singularity, depending on the parameters σ^2_0 and J^2_0 , can be at least locally naked. In this case the null rays will be initially emerging from the singularity and traveling for a while but they begin to re-converge and fall back into the singularity without actually reaching a faraway observer. Thus, only the strong version of CCC is violated but the weak form is preserved, i.e., the singularity would not be globally naked. To prove that, it is necessary to show that there exist infinite non-spacelike geodesics with positive definite tangent reaching distant observers and ending at the singularity [57].

• The spin effects become more effective for more negative values of the parameter n, see figure 2. Therefore, as it has been therein depicted, we expect that, among the whole set of possible initial data, our freedom to choose those for which trapped surfaces are averted will increase, as n takes more negative values. This should be contrasted to those that lead to a continual gravitational collapse in which trapped surface formation takes place.

• A special case, in which the equation of state of spin fluid was p_{SF} = −ρ_{SF} , was considered separately and it was found that no singularity occurs.

Let us emphasize that it was usually expected that torsion (as supposedly produced by the spin-angular momentum of fermionic matter) inducing a repulsive pressure, would prevent the formation of singularities [22],[58]. However, such repulsive spin effects of matter may merely be, as our results seem to suggest, that trapped surfaces formation are avoided throughout the dynamical process of the gravitational collapse, i.e., not only do they not avoid the singularity formation (either hidden behind an event horizon or visible), but also, in the case in which a naked singularity forms, it can be gravitationally strong. The validity of null energy condition guarantees the validity of the strong curvature condition.

Furthermore, as we near in closing this paper, there are a few features employed herein that may require some additional elaboration. Firstly, we could consider the possibility of relaxing the Frenkel condition, therefore taking a more general matter content (cf. section II this paper). However, if such a modification is employed, then the number of degrees of freedom of the torsion tensor would increase. Seemingly bringing a more complicated setting to deal with, we also expect that extra (torsion related) terms will appear in the field equations. These can potentially affect the dynamics of the collapse and the final outcome. Secondly, it can be pointed that the spacetime set up we assumed for the gravitational collapse, is a rather specific case. Nonetheless, the scenario herein investigated is rich enough (by means of the EC context and the presence of torsion as well as of the Weyssenhoff fluid) to provide quite interesting new physical results. However, for a realistic isolated body such as a dense star, we would expect that the density distribution would typically grow when the regions near the center are approached and reduces once we move away from the center. Thirdly, the final outcome of the collapse setting of such a dust cloud was studied in [37], where the effects of inhomogeneous density distribution were also taken into account, and a broad class of collapse solutions exhibiting strong curvature naked singularities has been found. Investigating the gravitational collapse of an inhomogeneous Weyssenhoff fluid, beyond the herein presented model, could be valuable but surely with difficulties: in addition to find (exact or even approximate) solutions for an inhomogeneous setting, taking averages of spin densities (and other related quantities) in the presence of the inhomogeneities is not straightforward. Beside the effects of inhomogeneity, it is worth mentioning that shear effects of the collapsing matter can also play a relevant role in determining the collapse end state. In [59], it was shown that shear effects are important in determining the final outcome of a gravitational collapse setting.

Finally, we would like to present a few possible subsequent lines of exploration, motivated by the research work that substantiated this paper. Besides the direction pointed in footnote 11., which may require some degree of spatial anisotropy to be considered (either geometrically and matter-like, i.e., not a perfect fluid), it could also be of interest to further explore that J_0 is related to a fermionic vacuum expected value, as ψ̄ψ is proportional to the number density of fermions. The axial current has been pointed in the literature as responsible for Lorentz violation. Constraints have been put on some of the torsion components due to recent Lorentz violation investigations [60]. Moreover, although being a wider set-up with respect to GR, it could be fruitful to enlarge action (1). More concretely, replacing the cosmological constant by some scalar matter. This would allow to establish the limits of dominance of any matter component (and associated intrinsic effects), towards a concrete gravitational collapse outcome, where, e.g., bosonic and fermionic matter (mimicked or not) would be competing. Perhaps more challenging, it would be curious to employ a Weyssenhoff fluid description that could have different features whether we use s =^1_2 fermion or a Rarita-Schwinger field, with s =^3_2 spin angular momentum. The gravitational theory of such particles in the presence of torsion has been discussed in [61]. Hence, how would gravitationally collapsing matter, with dominant fermionic content, with either s =^3_2 field features or instead s =^1_2 , differ concerning the physical outcome, by means of a Weyssenhoff fluid-like description?

Acknowledgments

The authors are grateful to D. Malafarina and R. Goswami for useful discussions and to F. W. Hehl for helpful correspondence.

Appendix A: Exterior solution

Having established the occurrence of naked singularities in our gravitational collapse setting, in terms of exact solutions to Einstein’s field equations, let us discuss that situation from a more astrophysical perspective. Let us be more precise. From a theoretical viewpoint, the surface of a collapsing star divides the whole spacetime into two regions: the interior region, filled up with matter and radiation; and the exterior one, which is usually filled up with all types of radiation coming out of the star^{22}. Since the exterior region of a realistic astrophysical object is surrounded by a radiation zone, the Schwarzschild metric may no longer be a good approximation as model the external region of such a star. It should be modeled by more suitable spacetimes, namely the Vaidya spacetime [63, 64]. The Vaidya solution has been vastly studied in gravitational collapse [65] and particularly to describe the formation of naked singularities [66, 67]. In the presence of a cosmological constant, it has been shown that the collapse of the spherically symmetric matter bulk will result in naked singularities rather than black holes [68]. It has also been pointed out that the formation of naked singularities violate the CCC but not the hoop conjecture [66, 69]. From an observational perspective, recent developments suggest that naked singularities arising from the exact solutions to Einstein’s field equations can take different configurations. Not surprisingly, the observational aspects of such objects should be diverse and interesting. If these objects do exist in nature, it would be decisive in any astrophysical attempt to investigate how they may interact with their surroundings in order to understand whether they can be observed and how. In [70] it was discussed that a naked singularity, if present, can be observationally distinguished from a Schwarzschild black hole because of the physical properties of their accretion disks which may form around them. In addition, gravitational lensing effects due to extreme curvature regions provides one with a suitable tool to seek the observational signatures coming out from a naked singularity [71]. In [72] it was shown that lensing characteristics of such objects are qualitatively different from those formed as Schwarzschild black holes. Our aim in this appendix is to complete the full spacetime geometry herein presented for the spherically symmetric gravitational collapse, via matching the homogeneous interior spacetime to a suitable inhomogeneous exterior spacetime, employing the junction conditions [73].

Let us consider a timelike 3D hypersurface Σ resulting from the isometric pasting of two hypersurfaces Σ^+ and Σ^−, which, respectively, bound the 4D exterior (V^+) and interior (V^−) spacetimes. For the interior region, we take the line element (19) in the FRW form as

ds^2_− = dt^2 − a^2(t)dr^2 − a^2(t)(r^2dθ^2 + r^2 sin^2 θdϕ^2), (A1)

where the interior coordinates are labeled as { X^μ_− } ≡ {t, r, θ, ϕ}. The line element for the exterior region in retarded (exploding) null coordinates is taken as [52]

ds^2_+ = f(v, R)dv^2 + 2dvdR − R^2(dθ^2 + sin^2 θdϕ^2), (A2)

where f(v, R) = 1 − 2M(R, v)/R, with M(R, v) being the Vaidya mass, the radiation coordinates are labeled as { X^μ_+ } ≡ {v, R, θ, ϕ}, with v being the retarded null coordinate labeling different shells of radiation and R being the

22 It may be arguable that there would be a boundary layer between the interior of the star and its exterior which needs the use of junction conditions at two surfaces with different characteristics (see e.g. [62]). However this approach is out of the scope of this work.

Vaidya radius. We assume that Σ is endowed with an intrinsic line element given by

ds^2_Σ = dτ^2 − Y^2(τ)(dθ^2 + sin^2 θdϕ^2), (A3)

Here y^a = {τ, θ, ϕ}, (a = 0, 2, 3) are the coordinates of Σ with τ being the time coordinate defined on it, and we have chosen the angular coordinates θ and ϕ to be continuous. The governing equations of hypersurface Σ in the coordinates X^μ_± are given by

r − r_Σ = 0 in V^+, R − R_Σ = 0 in V^−. (A4)

Using the above two equations, the interior and exterior induced metrics on Σ^− and Σ^+ take the form, respectively

ds^2_Σ− = dt^2 − a^2(t)r^2_Σ(dθ^2 + sin^2 θdϕ^2), (A5) and ds^2_Σ+ = [ f ( v(t), R(t) ) v̇^2 + 2Ṙv̇ ] dt^2 − R^2(t)(dθ^2 + sin^2 θdϕ^2). (A6)

We assume that there is no surface stress-energy or surface tension at the boundary (see e.g. [74] for study of junction conditions for boundary surfaces and surface layers) and then, according to junction conditions, for a smooth matching in the absence of surface layer, the induced metrics, when approaching Σ from the exterior or interior spacetimes, must obey

ds^2_Σ = ds^2_Σ− = ds^2_Σ+ , (A7)

which gives f ( v(t), R(t) ) v̇^2 + 2Ṙv̇ = 1, R(t) = r_Σa(t) = Y (τ), (A8)

where an overdot denotes d/dt. Next, we need to compute the components of the extrinsic curvature of the interior and exterior hypersurfaces. The unit spacelike normal vector fields to these hypersurfaces are given by

n^−_μ = [0, a(t), 0, 0] , n^+_μ = 1 [ f(v, R)v̇^2 + 2Ṙv̇

] 1_2 [ −Ṙ, v̇, 0, 0 ] . (A9)

Let us take X^μ = X^μ(y^a) as the parametric equations of Σ. The extrinsic curvature or second fundamental form of the hypersurface Σ is a three-tensor, defined as [75]

K_{ab} ≡ e^ν_ae^μ_b ∇_μn_ν , (A10)

where e^ν_a = ∂X^ν /∂y^a are the basis vectors tangent to the hypersurafce Σ (tetrads defined on Σ that bring the three and four dimensional quantities in connection) and the covariant derivative is taken with respect to Christoffel symbols, {_γ νμ } . The above expression can be re-written into the following form as K_{ab} ≡ [ ∂n_ν ∂X^μ − {_γ νμ } n_γ ] e^ν_ae^μ_b = ∂n_ν ∂X^μ e^ν_ae^μ_b − {_γ νμ } e^ν_ae^μ_b n_γ = ∂ ∂X^μ (n_ν e^ν_a) e^μ_b − ∂ ∂X^μ ( ∂X^ν ∂y^a ) ∂X^μ ∂y^b n_ν − {_γ νμ } ∂X^ν ∂y^a ∂X^μ ∂y^b n_γ = − ∂^2X^ν ∂y^a∂y^c ∂y^c ∂X^μ ∂X^μ ∂y^b n_ν − {_γ νμ } ∂X^ν ∂y^a ∂X^μ ∂y^b n_γ = −n_ν [ ∂^2X^ν ∂y^a∂y^b − {_ν αμ } ∂X^α ∂y^a ∂X^μ ∂y^b ] . (A11)

Now, if we take X^μ_+(y^a) and X^μ_−(y^a) as parametric relations for the hypersurfaces Σ^+ and Σ^− on the exterior and interior regions, we get, respectively K^±_{ab} = −n^±_μ [ ∂^2X^μ_± ∂y^a∂y^b + Γ̂^{μ±}_{νσ} ∂X^ν_± ∂y^a ∂X^σ_± ∂y^b ] . (A12)

Here we should be careful on the second term containing the asymmetric affine connection defined in (2). Since in EC theory, torsion cannot propagate outside the spin matter distribution [76], the connection for the exterior region is precisely the Christoffel symbol, whose non-vanishing components are {_v vv }_+ = − f_{,R} 2 , {_R vv }_+ = 1 2 (f_{,v} + ff_{,R}) , {_R vR }_+ = f_{,R} 2 , (A13)

where “,_R ≡ ∂/∂R”, “,_v ≡ ∂/∂v” and f = f(v, R). In order to calculate the nonzero components of (A12) we proceed by noting that

∂^2X^v_+ ∂τ^2 = 2v̈ ( fv̇^2 + 2Ṙv̇ ) − v̇ ( Ṙf_{,R}v̇2 + 2fv̇v̈ + 2R̈v̇ + 2Ṙv̈ )

2 ( fv̇^2 + 2Ṙv̇

)_2 ,

∂^2X^R_+ ∂τ^2 = 2R̈ ( fv̇^2 + 2Ṙv̇ ) − Ṙ ( Ṙf_{,R}v̇2 + 2fv̇v̈ + 2R̈v̇ + 2Ṙv̈ )

2 ( fv̇^2 + 2Ṙv̇

)_2

. (A14)

Substituting the above expressions into equation (A12) and having in mind that ∂θ/∂τ = ∂ϕ/∂τ = 0, we finally get

K^+_{tt} = − v̇^2 [ ff_{,R}v̇ + f_{,v}v̇ + 3f_{,R}Ṙ ] + 2 ( v̇R̈ − Ṙv̈ )

2 ( fv̇^2 + 2Ṙv̇

) 3_2 ,

K^{+θ}_θ = K^{+ϕ}_ϕ = fv̇ + Ṙ R √ fv̇^2 + 2Ṙv̇

. (A15)

In the process of obtaining the extrinsic curvature of Σ, proceeding from the interior region, we should note that the connection through which the extrinsic curvature tensor is calculated is no longer symmetric, owing to the presence of spin matter. Therefore, we need to begin with

Γ̂^{μ−}_{να} = Γ̂^{μ−}_{(να)} + Γ̂^{μ−}_{[να]} = {^μ_{να}} + K^μ_{να} = {^μ_{να}} + 1 2 (T^μ_{να} − T^μ_{ν α} − T^μ_{α ν} ) . (A16)

Substituting for the torsion tensor from equation (8) and rearranging the terms, we find

Γ̂^{μ−}_{να} = {^μ_{να}} + κ^2 2 [ 2 ( ϵ^{μ ρ}_{ν α} + ϵ^{μ ρ}_{α ν} − ϵ^{μ ρ}_{να} ) J_ρ + 1 2 ( S_{να}u^μ − S^μ_αu_ν − S^μ_ν u_α ) ] . (A17)

A subsequently suitable spacetime averaging reveals that the second term in square brackets gets vanished since the connection is linear with respect to the spin density tensor. However, the first term may not generally become zero since the axial current is a timelike vector field. Substituting for the averaged affine connection into the minus sign of (A12) we have K^−_{ab} = −n^−_μ [ ∂^2X^μ_− ∂y^a∂y^b + {_μ να } ∂X^ν_− ∂y^a ∂X^α_− ∂y^b + κ^2 ( ϵ^{μ ρ}_{ν α} + ϵ^{μ ρ}_{α ν} − ϵ^{μ ρ}_{να} ) ∂X^ν_− ∂y^a ∂X^α_− ∂y^b ⟨J_ρ⟩ ] , (A18)

from which we readily find that, the third term in parentheses vanishes due to antisymmetrization property of Levi- Civita tensor and the partial derivatives. After a straightforward calculation we find

K^−_{tt} = 0, K^{−θ}_θ = K^{−ϕ}_ϕ = 1 r_Σa(t)

. (A19)

However, due to the presence of the third term in (A18) there may remain other components of the extrinsic curvature tensor though the spacetime is spherically symmetric. Let us calculate them to show that these terms vanish too. The (t, θ) component reads K^−_{tθ} = −a(t) { ∂^2r ∂t∂θ + {_r να } ∂X^ν_− ∂t ∂X^α_− ∂θ + κ^2 ( ϵ^{r ρ}_{ν α} + ϵ^{r ρ}_{α ν} ) ∂X^ν_− ∂t ∂X^α_− ∂θ ⟨J_ρ⟩ } . (A20) since ⟨J_ρ⟩ has only a time component, the Levi-Civita tensor vanishes for the two repeated indices and we get

K^−_{tθ} = K^−_{tϕ} = 0. (A21)

The remaining component can be calculated in the same way as

K^−_{θϕ} = K^−_{ϕθ} = −κ^2a(t) ( ϵ^{r t}_{θ ϕ} + ϵ^{r t}_{ϕ θ} ) ⟨J_t⟩ = 0, (A22)

since both the Levi-Civita tensors are equal but with the opposite signs. Using (A8), the continuity of the extrinsic curvatures across Σ implies the following relations

fv̇ + Ṙ = 1, (A23)

v̇^2 [ (ff_{,R} + f_{,v})v̇ + 3f_{,R}Ṙ ] + 2 ( v̇R̈ − Ṙv̈ ) = 0. (A24)

Taking derivatives of (A23) and the first part of (A8) we have

2Ṙv̈ = ḟv̇^2, 2ṘR̈ = −ḟv̇ ( 2Ṙ + fv̇ ) , (A25)

hence we can construct the following relation as R̈v̇ = −v̈ ( 2Ṙ + fv̇ ) . (A26)

Substituting (A26) and the first part of (A25) into (A24), we finally find

K^+_{tt} = − f_{,v}v̇^2 2Ṙ = 0, (A27)

which clearly shows that f(v, R) must be a function of R only. Solving equations (A23) and first part of (A8) we get the four-velocity of the boundary, as seen from an exterior observer, as

V^α = ( v̇, Ṙ, 0, 0 ) = [ 1 + √ 1 − f f , − √ 1 − f, 0, 0 ] , (A28)

where a minus sign for Ṙ has been chosen since we are dealing with a collapse setting. From the second component of the above vector field and the interior solution (30), we find, for a smooth matching of the interior and exterior spacetimes, that the Vaidya mass must be equal to the interior mass function, as

2M(R) = Λ 3 R^3 + 2M_0R^{−3w}, (A29)

where M_0 = (1/12)κ^2C_0r^{3(1+w)}_Σ . Therefore, the exterior spacetime reads

ds^2_+ = [ 1 − Λ 3 R^2 − 2M_0R^{−4} (_{σ2} 0 −24J 2 0 σ20 +48J20 )] dv^2 + 2dvdR − R^2(dθ^2 + sin^2 θdϕ^2). (A30)

It is seen that for σ^2_0 = 48J^2_0 , the exterior spacetime turns to Schwarzchild-anti de Sitter metric in retarded null coordinates [66, 77, 78], and for σ^2_0 > 24J^2_0 , a dynamical horizon evolves to cover the singularity. For σ^2_0 < 24J^2_0 , as we saw in section (IV), the apparent horizon may fail to form till the singularity formation. From equations (42) and (A29) and the first component of (A28), it can be easily checked that the radial null geodesic that has escaped from the singularity at t_s, can be extended to the exterior spacetime as the Vaidya null geodesic. Hence a naked singularity may be produced in the gravitational collapse of the homogeneous Weyssenhoff fluid.

[1] V. P. Frolov and I. D. Novikov, “Black Hole Physics: Basic Concepts and New Developments (Fundamental Theories of Physics”, Springer (1998).

[2] S. W. Hawking and G. F. R. Ellis, “The Large Scale Structure of Space-Time”, Cambridge University Press (Cambridge, 1973).

[3] A. Królak, “Nature of singularities in gravitational collapse,” Prog. Theor. Phys. Suppl. 136 (1999) 45, [arXiv:gr-qc/9910108];

P. R. Brady, I. G. Moss and R. C. Myers, “Cosmic Censorship: As Strong As Ever,” Phys. Rev. Lett. 80 (1998) 3432, [arXiv:gr-qc/9801032];

R. M. Wald “Gravitational Collapse and Cosmic Censorship”, [arXiv:gr-qc/9710068].

[4] R. P. A. C. Newman “Topological Properties and Global Structure of Spacetime”, ed V. de Sabbata (New York: Plenum) (1986).

[5] R. Penrose, “Gravitational collapse: The role of general relativity,” Riv. Nuovo Cimento 1 (1969) 252 [Gen. Rel. Grav. 34 (2002) 1141];

R. Penrose, in “General relativity, An Einstein Centenary Survey”, edited by S. W. Hawking and W. Israel (Cambridge University Press, Cambridge, England, 1973);

R. Penrose, in “Gravitational Radiation and Gravitational Collapse,” IAU Symposium 64, ed. C. DeWitt-Morettee, Reidel, Drdrecht (1974).

[6] C. J. S. Clarke, “A title of cosmic censorship,” Class. Quantum Grav. 11 (1994) 1375;

R. M. Wald, “Gravitational Collapse and Cosmic Censorship,” [arXiv:gr-qc/9710068];

S. Jhingan and G. Magli, “Gravitational collapse of fluid bodies and cosmic censorship: analytic insights,” [arXiv:gr-qc/9903103];

T. P. Singh, “Gravitational Collapse, Black Holes and Naked Singularities,” J. Astrophys. Astron. 20 (1999) 221 [arXiv:gr-qc/9805066].

[7] R. Giambò,“Gravitational collapse of homogeneous scalar fields,” Class. Quant. Grav. 22 (2005) 2295 [arXiv:gr-qc/0501013];

S. Bhattacharya, R. Goswami and P. S. Joshi, “Collapse and dispersal in massless scalar field models,” Int. J. Mod. Phys. D 20 (2011) 1123 [arXiv:1010.1757[gr-qc]];

S. Bhattacharya, “Singular and non-singular endstates in massless scalar field collapse,” [arXiv:1107.4112[gr-qc]]; Y. Tavakoli, J. Marto, A. H. Ziaie and P. V. Moniz, “Gravitational collapse with tachyon field and barotropic fluid,” Gen. Rel. Grav. 45 (2013) 819 [arXiv:1105.0445[gr-qc]].

[8] T. Harada, “Final fate of the spherically symmetric collapse of a perfect fluid’” Phys. Rev. D 58 (1998) 104015 [arXiv:gr-qc/9807038];

T. Harada and H. Maeda, “Convergence to a self-similar solution in general relativistic gravitational collapse,” Phys. Rev. D 63 (2001) 084022 [arXiv:gr-qc/0101064];

R. Goswami and P. S. Joshi, “What role pressures play to determine the final end-state of gravitational collapse?,” Class. Quant. Grav. 19 (2002) 5229 [arXiv:gr-qc/0206086];

R. Giambò, F. Giannoni, G. Magli and P. Piccione, “Gravitational collapse of barotropic spherical fluids,” Gen. Rel. Grav. 36 (2004) 1279 [arXiv:gr-qc/0303043];

J. F. Villas da Rocha and A. Wang, “Collapsing Perfect Fluid in Higher Dimensional Spherical Spacetimes,” Class. Qaunt. Grav. 17 (2000) 2589 [arXiv:gr-qc/0007004];

R. Giambò, F. Giannoni, G. Magli and P. Piccione, “Naked singularities formation in perfect fluids collapse,” Class. Quant. Grav. 20 (2003) 4943.

[9] P. Szekeres and V. Iyer, “Spherically symmetric singularities and strong cosmic censorship,” Phys. Rev. D 47 (1993) 4362;

S. Barve, T. P. Singh, and L. Witten, “Spherical gravitational collapse: tangential pressure and related equations of state,” Gen. Rel. Grav. 32 (2000) 697 [arXiv:gr-qc/9901080];

A. A. Coley and B. O. J. Tupper, “Viscous fluid collapse,” Phys. Rev. D 29 (1984) 2701; K. Lake, “Collapse of radiating imperfect fluid spheres,” Phys. Rev. D 26 (1982) 518.

[10] S. G. Ghosh and N. Dadhich, “Gravitational collapse of null strange quark fluid and cosmic censorship,” Gen. Rel. Grav.

35 359 (2003);

T. Harko, K. S. Cheng, “Collapsing strange quark matter in Vaidya geometry,” Phys. Lett. A 266 249 (2000). [11] A. H. Ziaie, K. Atazadeh and S. M. M. Rasouli, “Naked singularity formation in f(R) gravity,” Gen. Rel. Grav. 43 (2011) 2943 [arXiv:1106.5638[gr-qc]].

[12] N. Bedjaoui, P. G. LeFloch, J. M. Martìn-Garcìa and J. Novak, “Existence of naked singularities in Brans-Dicke theory of gravitation. An analytical and numerical study,” Class. Quant. Grav. 27 (2010) 245010 [arXiv:1008.4238[gr-qc]].

[13] P. S. Joshi, “Gravitational collapse: The story so far,” Pramana 55 (2000) 529 [arXiv:gr-qc/0006101];

P. S. Joshi and D. Malafarina, “Recent developments in gravitational collapse and spacetime singularities,” Int. J. Mod. Phys. D 20 (2011) 2641 [arXiv:1201.3660 [gr-qc]];

M. Celerier, and P. Szekeres, “Timelike and null focusing singularities in spherical symmetry: A solution to the cosmological horizon problem and a challenge to the cosmic censorship hypothesis,” Phys. Rev. D 65 (2002) 123516; R. Giambò, F. Giannoni, G. Magli and P. Piccione,“ New solutions of Einstein equations in spherical symmetry: The Cosmic censor to the court,” Commun. Math. Phys. 235 (2003) 546 [arXiv:gr-qc/0204030]; T. Harada, H. Iguchi and K. Nakao,“ Physical processes in naked singularity formation,” Prog. Theor. Phys 107 (2002) 449 [arXiv:gr-qc/0204008];

R. Penrose “Black holes and relativistic stars,” edited by R. M. Wald (Chicago, IL: University of Chicago press 1998). [14] T. Harada, K. -i. Nakao, “Border of spacetime,” Phys. Rev. D 70 (2004) 041501 [arXiv:gr-qc/0407034]. [15] D. Z. Freedman and A. Van Proeyen, “Supergravity”, Cambridge University Press (Cambridge, 2012). [16] T. Ortin, “Gravity and strings”, Cambridge University Press (Cambridge, 2004).

[17] M. Blagojević and F. W. Hehl, “Gauge Theories of Gravitation a Reader with Commentaries,” World Scientific Pub Co

Inc; reprint edition [Imperial College Press, (London, March 2013)].

[18] F. W. Hehl, P. von der Heyde, and G. D. Kerlick and J. M. Nester, “General relativity with spin and torsion: Foundations and prospects,” Rev. Mod. Phys. 48 (1976) 393.

[19] K. Hayashi and T. Shirafuji, “New general relativity,” Phys. Rev. D 19 (1979) 3524;

H. I. Arcos and J. G. Pereira, “Torsion Gravity: a Reappraisal,” Int. J. Mod. Phys. D 13 (2004) 2193 [arXiv:gr-qc/0501017]. [20] G. Lyra, “Über eine Modifikation der riemannschen Geometric,” Math. Z. 54 (1951) 52;

D. K. Sen and J. R. Vanstone, “On Weyl and Lyra Manifolds ,” J. Math. Phys. 13 (1972) 990; A. H. Ziaie, A. Ranjbar and H. R. Sepangi, “Trapped surfaces in Lyra geometry,” in progress.

[21] H. H. Soleng, “Scalar-tensor theory of gravitation with spin-scalar-torsion coupling,” Class. Quant. Grav. 5 (1988) 1489;

ibid, “Motion of photons in scalar-tensor theory of gravitation with spin-torsion coupling,” Class. Quant. Grav. 5 (1988) 1501.

[22] M. Gasperini, “Repulsive gravity in the very early Universe,” Gen. Rel. Grav. 30 (1998) 1703 [arXiv:gr-qc/9805060]. [23] W. Arkuszewski, W. Kopczynski and V. N. Ponomariev, “Matching Conditions in the Einstein-Cartan Theory of Gravitation,” Commun. Math. Phys. 45 (1975) 183.

[24] F. W. Hehl, P. von der Heyde and G. D. Kerlick, “General relativity with spin and torsion and its deviations from Einstein’s theory,” Phys. Rev. D 10 (1974) 1066.

[25] S. S. Deshingkar, S. Jhingan, A. Chamorro, and P. S. Joshi, “Gravitational collapse and the cosmological constant,” Phys.

Rev. D 63 (2001) 124005 [arXiv:gr-qc/0010027];

M. Cissoko, J. C. Fabris, J. Gariel, G. L. Denmat, and N. O. Santos, “Gravitational dust collapse with cosmological constant,” [arXiv:gr-qc/9809057];

A. Ilha, A. Kleber, and J. P. S. Lemos, “Dimensionally continued Oppenheimer-Snyder gravitational collapse II: Solutions in odd dimensions,” J. Math. Phys. 40 (1999) 3509 [arXiv:gr-qc/9902054];

J. P. S. Lemos, “Gravitational collapse to toroidal, cylindrical and planar black holes with gravitational and other forms of radiation,” Phys. Rev. D 57 (1998) 4600 [arXiv:gr-qc/9709013];

D. Markovic and S. L. Shapiro, “Gravitational collapse with a cosmological constant,” Phys. Rev. D 61 (2000) 084029 [arXiv:gr-qc/9912066];

K. Lake, “Gravitational collapse of dust with a cosmological constant,” Phys. Rev. D 62 (2000) 027301 [arXiv:gr-qc/0002044];

A. Ilha and J. P. S. Lemos, “Dimensionally continued Oppenheimer-Snyder gravitational collapse I: Solutions in even dimensions,” Phys. Rev. D 55 (1997) 1788 [arXiv:gr-qc/9608004];

W. L. Smith and R. B. Mann, “Regular central structures in topologically nontrivial anti-de Sitter spacetimes,” Phys. Rev. D 58 (1998) 124021 [arXiv:gr-qc/9806013]; ibid, “Formation of Topological Black holes from Gravitational Collapse,” 56 (1997) 4942 [arXiv:gr-qc/9703007].

[26] U. Brauer and E. Malec, “Trapped surfaces in expanding open universes,” Phys. Rev. D 45 (1992) R1836;

T. Shiromizu, K. Nakao, H. Kodama, and K. Maeda, “Can large black holes collide in de Sitter space-time? An inflationary scenario of an inhomogeneous universe,” Phys. Rev. D 47 (1993) R3099;

S. M. Hayward, T. Shiromizu, and K. Nakao, “A Cosmological Constant Limits the Size of Black Holes,” Phys. Rev. D 49 (1994) 5080 [arXiv:gr-qc/9309004].

[27] J. Weyssenhoff and A. Raabe, “Relativistic dynamics of spin-fluids and spin-particles,” Acta Phys. Polon. 9 (1947) 7;

J. Weyssenhoff, in: Max-Planck-Festschrift-1958. Kockel et al., eds. (Deutscher Verlap Wissensch., Berlin. 1958) p. 155; F. Halbwachs, “Théorie Relativiste des Fluides à Spin,” (Gauthier-Villars, Paris, 1960); G. A. Maugin, “Sur les fluides relativistes à spin,” Ann. Inst. Henri Poincaré 20 (1974) 41.

[28] H. Maeda, “Final fate of spherically symmetric gravitational collapse of a dust cloud in Einstein-Gauss-Bonnet gravity,” Phys. Rev. D 73 (2006) 104004 [arXiv:gr-qc/0602109];

ibid, “Effects of Gauss-Bonnet term on the final fate of gravitational collapse,” Class. Quant. Grav. 23 (2006) 2155 [arXiv:gr-qc/0504028].

[29] S. A. Hayward, “Quasilocal gravitational energy,” Phys. Rev. D 49 (1994) 831;

ibid, “General laws of black hole dynamics,” Phys. Rev. D 49 (1994) 6467; ibid, “Gravitational energy in spherical symmetry,” Phys. Rev. D 53 (1994) 1938.

[30] F. J. Tipler, “Singularities in conformally flat spacetimes ,” Phys. Lett. A 67 (1977) 8;

F. J. Tipler, C. J. S. Clarke and G. F. R. Ellis, in “General Relativity and Gravitation”, edited by A. Held (Plenum, New York, 1980), vol. 2, p. 97;

C. J. S. Clarke, “The Analysis of Space-time Singularities”, Cambridge University Press (Cambridge, 1993). [31] G. de Berredo-Peixoto and E. A. de Freitas, “On the torsion effects of a relativistic spin fluid in early cosmology,” Class.

Quant. Grav. 26 (2009) 175015 [arXiv:0902.4025[gr-qc]].

[32] M. Gasperini, “Spin-dominated inflation in the Einstein-Cartan theory,” Phys. Rev. Lett. 56 (1986) 2873. [33] I. L. Shapiro, “Physical aspects of the space-time torsion,” Phys. Rep. 357 (2002) 113 [arXiv:hep-th/0103093]. [34] Y. N. Obukhov and V. A. Korotky, ”The Weyssenhoff fluid in Einstein-Cartan theory,” Class. Quan. Grav. 4 (1987) 1633. [35] I. S. Nurgaliev and W. N. Ponomariev, “The earliest evolutionary stages of the universe and space-time torsion,” Phys.

Lett. B 130 (1983) 378.

[36] G. Lemaître, “L’Univers en Expansion,” Ann. Soc. Sci. Bruxelles I A 53 (1933) 51- [in French], English translation: “The Expanding Universe,” Gen. Rel. Grav. 29 (1997) 641;

H. Bondi, “Spherically symmetric models in general relativity,” Mon. Not. R. Astron. Soc. 107 (1947) 410;

R. C. Tolman,“Effect of Inhomogeneity on Cosmological Models,” Proc. Natl. Acad. Sci. U.S.A. 20 (1934) 169. [37] P. S. Joshi and I. H. Dwivedi, “Naked Singularities in Spherically Symmetric Inhomogeneous Tolman-Bondi Dust Cloud Collapse,” Phys. Rev. D 47 (1993) 5357, [arXiv:gr-qc/9303037].

[38] D. M. Eardley and L. Smarr, “Time functions in numerical relativity: Marginally bound dust collapse,” Phys. Rev. D 19 (1979) 2239.

[39] D. Christodoulou, “Violation of cosmic censorship in the gravitational collapse of a dust cloud,” Commun. Math. Phys.

93 (1984) 171.

[40] R. P. A. C. Newman, “Strengths of naked singularities in Tolman-Bondi spacetimes,” Class. Quantum Grav. 3 (1986) 527;

A. Ori and T. Piran, “Naked singularities and other features of self-similar general-relativistic gravitational collapse,” Phys. Rev. D 42 (1990) 1068;

P. S. Joshi and I. H. Dwivedi, “The structure of naked singularity in self-similar gravitational collapse,” Commun. Math. Phys. 146 (1992) 333;

I. H. Dwivedi and P. S. Joshi, “Cosmic censorship violation in non-self-similar Tolman-Bondi models,” Class. Quantum Grav. 9 (1992) L69;

P. S. Joshi and T. P. Singh, “Role of initial data in the gravitational collapse of inhomogeneous dust,” Phys. Rev. D 51 (1995) 6778;

S. Jinghan, P. S. Joshi, and T. P. Singh, “The final fate of spherical inhomogeneous dust collapse: II. Initial data and causal structure of the singularity,” Class. Quantum Grav. 13 (1996) 3057;

S. S. Deshingkar, P. S. Joshi, and I. H. Dwivedi, “Physical nature of the central singularity in spherical collapse,” Phys. Rev. D 59 (1999) 044018;

S. G. Ghosh and A. Banerjee, “Non-marginally bound inhomogeneous dust collapse in higher dimensional space-time,” Int. J. Mod. Phys. D 12 (2003) 639, [arXiv:gr-qc/0212067].

[41] M. Bojowald, R. Goswami, R. Maartens, and P. Singh, “Black Hole Mass Threshold from Nonsingular Quantum Gravitational Collapse,” Phys. Rev. Lett. 95 (2005) 091302;

R. Goswami, P. S. Joshi and P. Singh, “Quantum Evaporation of a Naked Singularity,” Phys. Rev. Lett. 96 (2006) 031302; R. Giambò, “Gravitational collapse of homogeneous perfect fluid in higher order gravity theories,” J. Math. Phys. 50 (2009) 012501.

[42] S. M. Carroll, “The Cosmological Constant,” Living Rev. Rel. 4 (2001) 1 [arXiv:astro-ph/0004075]. [43] B. Kuchowicz, “Cosmology with spin and torsion. Part II. Spatially homogeneous aligned spin models with the Weyssenhoff fluid,” Acta Cosmologica 4, (1976) 67;

D. Tsoubelis, “Einstein-Cartan-Sciama-Kibble cosmological models with spinning matter and magnetic field,” Phys. Rev. D 23, (1981) 823;

V. De Sabbata and M. Gasperini, “A cosmological interpretation of the magnetic field of the celestial bodies,” Lett. Nouvo Cimento, 27, (1980) 133;

ibid, “Spin Alignment In A Neutron Star,” Lett. Nouvo Cimento, 27, (1980) 289.

[44] A. Einstein,“Stationary system with spherical symmetry consisting of many gravitating masses,” Ann. Math. 40 (1939) 922;

P. S. Florides, “A New Interior Schwarzschild Solution,” Proc. Roy. Soc. Lon. A 337 (1974) 529. [45] T. Harada, H. Iguchi, and K. -i. Nakao, “Naked singularity formation in the collapse of a spherical cloud of counterrotating particles,” Phys. Rev. D 58 (1998) 041502(R);

S. Jhingan and G. Magli, “Black holes versus naked singularities formation in collapsing Einstein clusters,” Phys. Rev. D 61 (2000) 124006;

H. Kudoh, T. Harada and H. Iguchi, “Birth of a timelike naked singularity,”, Phys. Rev. D 62 (2000) 104016. [46] T. Padmanabhan, “Cosmology and Astrophysics Through Problems ”, Cambridge University Press (Cambridge, 1996). [47] R. B. Mann, “Black Holes of Negative Mass,” Class. Quant. Grav. 14 (1997) 2927 [arXiv:gr-qc/9705007]. [48] R. Goswami, P. S. Joshi and D. Malafarina, “Scalar field collapse and cosmic censorship,” [arXiv:1202.6218[gr-qc]]. [49] S. Nojiri, S. D. Odintsov and S. Tsujikawa, “Properties of singularities in the (phantom) dark energy universe,” Phys. Rev.

D 71 (2005) 063004 [arXiv:hep-th/0501025].

[50] C. W. Misner and D. H. Sharp, “Relativistic Equations for Adiabatic, Spherically Symmetric Gravitational Collapse,” Phys. Rev 136 (1964) B571.

[51] I. H. Dwivedi and P. S. Joshi, “On the occurrence of naked singularity in spherically symmetric gravitational collapse,” Commun. Math. Phys. 166 (1994) 117;

M. E. Cahill and G. C. McVittie, “Spherical Symmetry and MassEnergy in General Relativity. I. General Theory,” J. Math. Phys. 11 (1970) 1382;

ibid, “Spherical Symmetry and MassEnergy in General Relativity. II. Particular Cases,” J. Math. Phys. 11 (1970) 1392; L. Herrera, N. O. Santos, “Energy content of a slowly collapsing gravitating sphere,” Gen. Rel. Grav. 27 (1995) 1071.

[52] P. S. Joshi, “Gravitational Collapse and Space-Time Singularities”, Cambridge University Press (Cambridge, 2007); [53] P. S. Joshi and R. Goswami, “On trapped surface formation in gravitational collapse,” Class. Quant. Grav. 24 (2007) 2917 [arXiv:0711.0426 [gr-qc]].

[54] S. D. Brechet, M. P. Hobson and A. N. Lasenby, “Classical big-bounce cosmology: dynamical analysis of a homogeneous and irrotational Weyssenhoff fluid,” Class. Quantum Grav. 25 (2008) 245016;

N. J. Poplawski, “Cosmology with torsion: An alternative to cosmic inflation,” Phys. Lett. B 694 (2010) 181. [55] N. J. Poplawski, “Torsion as electromagnetism and spin,” Int. J. Theor. Phys. 49 (2010) 1481 [arXiv:0905.4284[gr-qc]]. [56] A. F. da F. Teixeira, “Homogeneous, nonsingular, closed Einstein-Cartan cosmological model,” Phys. Rev. D 31 (1985)

2132.

[57] R. Giambò, “Global visibility of naked singularities,” J. Math. Phys. 47, (2006) 022501 [arXiv:gr-qc/0603120];

S. G. Ghosh, S. B. Sarwe and R. V. Saraykar, “Collapsing perfect fluid in self-similar five dimensional space-time and cosmic censorship,” Phys. Rev. D. 66, (2002) 084006;

T. P. Singh and P. S. Joshi, “The Final Fate of Spherical Inhomogeneous Dust Collapse,” Class. Quantum Grav. 13 (1996) 559 [arXiv:gr-qc/9409062].

[58] N. J. Poplawski, “Nonsingular, big-bounce cosmology from spinor-torsion coupling,” Phys. Rev. D 85 (2012) 107502 [arXiv:1111.4595[gr-qc]];

N. J. Poplawski, “Big bounce from spin and torsion,” Gen. Rel. Grav. 44 (2012) 1007 [arXiv:1105.6127[astro-ph.CO]]; A Trautman, “Spin and torsion may avert gravitational singularities,” Nature, (Phys. Sci.), 242 (1973) 7; W. Kopczynski, “A non-singular Universe with torsion,” Phys. Lett. A 39 (1972) 219; ibid, “An anisotropic universe with torsion,” Phys. Lett. A 43 (1973) 63.

[59] P. S. Joshi, R. Goswami and N. Dadhich, “The critical role of shear in gravitational collapse,” [arXiv:gr-qc/0308012];

S. M. C. V. Gonçalves, “Shear-free gravitational collapse is strongly censored,” Phys. Rev. D 69 (2004) 021502(R), [arXiv:gr-qc/0312123];

P. S. Joshi, N. Dadhich and R. Maartens, “Why do naked singularities form in gravitational collapse?,” Phys. Rev. D 65 (2002) 101501, [arXiv:gr-qc/0109051];

F. C. Mena, B. C. Nolan and R. Tavakol, “The role of anisotropy and inhomogeneity in Lemaitre-Tolman-Bondi collapse,” Phys. Rev. D 70 (2004) 084030, [arXiv:gr-qc/0405041].

[60] V. A. Kostelecky, N. Russell and J. D. Tasson, “Constraints on Torsion from Lorentz Violation,” Phys. Rev. Lett. 100 (2008) 111102 [arXiv:0712.4393 [gr-qc]].

[61] T. Watanabe and M. J. Hayashi, “General Relativity with Torsion,” [arXiv:gr-qc/0409029]. [62] C. Barrabès and W. Israel, “Thin shells in general relativity and cosmology: The lightlike limit”, Phys. Rev. D 43 (1991) 1129.;

P. Haines and J. D. Harris, “Thin shells in flat McVittie space-times,” Astrophys. J. 418 (1993) 579; P. O. Mazur and E. Mottola, “Gravitational vacuum condensate stars,” Proc. Nat. Acad. Sci., 111 (2004) 9545; S. Jhingan, I. H. Dwivedi, S. Barve, “Depletion of energy from Naked Singular regions during gravitational collapse,” Phys. Rev. D 84 (2011) 024001.

[63] P. C. Vaidya, “The gravitational field of a radiating star,” Proc. Indian Acad. Sci. A 33 (1951) 264; Reprinted, Gen. Rel.

Grav. 31 (1999) 119. .

[64] W. B. Bonnor, A. K. G. de Oliveira and N. O. Santos, “Radiating spherical Collapse,” Phys. Rep. 181 (1989) 269. [65] P. S. Joshi, “Global Aspects in Gravitation and Cosmology,” (Clendron, Oxford, 1993).

[66] S. G. Ghosh, “Charged Null Fluid Collapse in Anti-de Sitter Spacetimes and Naked Singularities,” Phys. Rev. D 62 (2000) 127505 [arXiv:gr-qc/0106060].

[67] A. Papapetrou, in A random walk in general relativity, ed.N. Dadhich, J. Krishna Rao, J. V. Narlikar and C. V. Vishveshwara, (Wiley Eastern, New Delhi 1985);

Y. Kuroda, “ Naked Singularities in the Vaidya Spacetime,” Prog. Theor. Phys. 72 (1984) 63; K. Lake, “Naked singularities in gravitational collapse which is not self-similar,” Phys. Rev. D 43 (1991) 1416; I. H. Dwivedi and P. S. Joshi, “On the nature of naked singularities in Vaidya spacetimes,” Class. Quantum Grav. 6 (1989) 1599; ibid, Class. Quantum Grav. 8 (1991) 1339;

S. M. Wagh, S. D. Maharaj, “Naked Singularity of the Vaidya-deSitter Spacetime and Cosmic Censorship Hypothesis,” Gen. Rel. Grav. 31 (1999) 975;

A. Beesham, S. G. Ghosh, “Naked Singularities in the Charged Vaidya-deSitter Spacetime,” Int. J. Mod. Phys. D 12 (2003) 801;

T. Harko, K. S. Cheng, “Collapsing strange quark matter in Vaidya geometry,” Phys. Lett. A 266 (2000) 249; S. G. Ghosh, Naresh Dadhich, “On naked singularities in higher dimensional Vaidya space-times,” Phys. Rev. D 64 (2001) 047501;

T. Harko, “Gravitational collapse of a Hagedorn fluid in Vaidya geometry,” Phys. Rev. D 68 (2003) 064005. [68] J. P. S. Lemos, “Collapsing shells of radiation in antide Sitter spacetimes and the hoop and cosmic censorship conjectures,” Phys. Rev. D 59 (1999) 044020 [arXiv:gr-qc/9812078].

[69] K. S. Thorne, in “Magic without magic”, ed. J. R. Klander (Freeman, San Francisco, 1972). [70] P. S. Joshi, D. Malafarina, and R. Narayan, Class. Quantum Grav. 28 (2011) 235018.

[71] K. S. Virbhadra, D. Narasimha and S. M. Chitre, “Role of the scalar field in gravitational lensing,” Astron. Astrophys.

337 (1998) 1.

[72] K. S. Virbhadra, and G. F. R. Ellis, “Schwarzschild black hole lensing,” Phys. Rev. D 62 084003 (2000);

K. S. Virbhadra, and G. F. R. Ellis, “Gravitational lensing by naked singularities,” Phys. Rev. D 65 103004 (2002); K. S. Virbhadra and C. R. Keeton, “Time delay and magnification centroid due to gravitational lensing by black holes and naked singularities,” Phys. Rev. D 77 (2008) 124014;

K. S. Virbhadra, “Relativistic images of Schwarzschild black hole lensing,” Phys. Rev. D 79 (2009) 083004;

[73] W. Israel, “Singular hypersurfaces and thin shells in general relativity”, Nuovo Cimento B, 44 (1996) 1; ibid, Nuovo Cimento B 48 (1967) 463.

[74] K. Lake, in Vth Brazilian school of cosmology and gravitation edited b M. Novello (World Scientific, Singapore, 1987);

P. Musgrave and K. Lake, “ Junctions and thin shells in general relativity using computer algebra: I. The Darmois-Israel formalism,” Class. Quantum Grav. 13 (1996) 1885; ibid, “Junctions and thin shells in general relativity using computer algebra: II. The null formalism,” Class. Quantum Grav. 14 (1997) 1285.

[75] E. Poisson, “A Relativist’s Toolkit: The Mathematics of Black-Hole Mechanics”, Cambridge University Press (Cambridge, 2007).

[76] V. de Sabbata and M. Gasperini, “Introduction to gravitation”, World Scientific Pub Co Inc; First Edition (July 1986). [77] T. A. Madhav, R. Goswami, and P. S. Joshi, “Gravitational collapse in asymptotically anti-de Sitter or de Sitter backgrounds,” Phys. Rev. D 72 (2005) 084029 [arXiv:gr-qc/0502081].

[78] A. Wang and Y. Wu, “Generalized Vaidya Solutions,” Gen. Rel. Grav. 31 (1999) 107 [arXiv:gr-qc/9803038].