arXiv:1305.3198v1 [hep-th] 14 May 2013

Three-BMN Correlation Functions:

Integrability vs. String Field Theory One-Loop Mismatch

Waldemar Schulgin^1, A. V. Zayakin^{2,3}

1Université Libre de Bruxelles and International Solvay Institutes, ULB-Campus Plaine CP231, B-1050 Brussels, Belgium

2 Departamento de Fiśica de Partículas Universidade de Santiago de Compostela and Instituto Galego de Física de Altas Enerxías (IGFAE) E-15782 Santiago de Compostela, Spain

3 Institute of Theoretical and Experimental Physics, B. Cheremushkinskaya ul. 25, 117259 Moscow, Russia

waldemar.schulgin@ulb.ac.be, a.zayakin@gmail.com

Abstract

We compare calculations of the three-point correlation functions of BMN operators at the one-loop (next-to-leading) order in the scalar SU(2) sector from the integrability expression recently suggested by Gromov and Vieira, and from the string field theory expression based on the effective interaction vertex by Dobashi and Yoneya. A disagreement is found between the form-factors of the correlation functions in the one-loop contributions. The order-of-limits problem is suggested as a possible explanation of this discrepancy.

Contents

1 Introduction 1

2 String Field Theory Computation 2

3 Integrability-assisted computation 6 3.1 BMN-BMN-BMN correlator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.2 BMN-BMN-BPS correlator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 Conclusion 11

5 Acknowledgements 12

A Theta-morphism 13

B Details for the integrability-assisted computation of the three BMN correlator 13

1 Introduction

Search for an exact matching between the perturbation theory calculations of anomalous dimensions in the N = 4 supersymmetric Yang-Mills and string theory has been driving the research in the AdS/CFT correspondence for a long time. It was pointed out by Beisert [1] that the correct comparison of the string and field-theoretical results would take place only when the full non-perturbative expressions are being compared. If one compares any expansions up to a certain degree the comparison may be obstructed by the non-commutativity of the limits. Namely, the string theory naturally admits the thermodynamic limit as its basic assumption and then is decomposed perturbatively in the coupling constant, whereas the field theory intrinsically relies on the coupling constant perturbative decomposition, while the thermodynamic limit is taken afterwards. Thus already in [2] Janik argued that a discrepancy between the string theory and the field theory may be explained in terms of the order-of-limits problem. In the two-point sector however the order-of-limits argument has finally been found redundant, since the originally observed three-loop discrepancy [3] and the breakdown of the BMN scaling at four loops [4] was later cured not by the invocation of the order-of-limits considerations but by the introduction of the correct crossing-symmetric phase factor [5, 6] into the S-matrix.

Thus the order-of-limits argumentation, after having been developed for explaining various discrepancies between the anomalous dimensions on the weak and strong coupling sides, has made place for more physical arguments instead. Now that one is in the possession of the full Bethe Ansatz for any coupling value and any chain length [7], the anomalous dimension of any operator is effectively known at either weak or strong coupling at arbitrary precision.

The three-point functions in the N = 4 SYM present a new challenge to the AdS/CFT correspondence statement. It has been pointed out by Georgiou [8] that even when an agreement is observed for the structure constants C_{123} at a certain loop order, the agreement should fail at a higher power of the coupling because of the order-of-limits problem. Thus the strong vs weak coupling match or mismatch would be reduced to an issue of a lucky coincidence, and would be devoid of physical meaning. For example, a discrepancy between subleading orders in λ^′ expansion of the weak and strong coupling limits for a heavy-heavy-light three-point correlator of scalars was reported by Bissi, Harmark and Orselli [9]. The natural question was how to interpret this result. On one hand, the argumentation proposed by Harmark, Kristjansson and Orselli [10] claimed that the near-BPS-states in fact must necessarily comply with the string results up to one-loop level. On the other hand, it has been stated in [11] that “from a more modern perspective” the match of the spectra in the Frolov-Tseytlin limit be “a fortunate accident”.

We believe that the issue on whether the matching between the structure coefficients in weakly or strongly coupled sector is an accident still remains a valid question. The whole story of how our knowledge of the spectra (i.e. the anomalous dimensions) of the two-point functions developed is instructive for having eliminated possible formal causes for different discrepancies in exchanging them for a better understanding of the physics behind the integrable chain both at the strong and at the weak coupling limit. In particular, these were the discrepancies between the perturbation theory and semiclassics that drove the discovery of e.g. the dressing phase and the Y-system technique that endow us with the full knowledge of the anomalous dimensions at any coupling and any length. Therefore, we believe that it is of utmost importance to collect the “experimental evidence” for (mis)match of the weak and strong coupling results in the various sectors of the theory even before we can interpret this (mis)match properly, as already implemented for the SO(6) sector in comparing the direct perturbative calculation vs. string field theory [12, 13], and for the SO(6)-extended conjectured version of the Gromov-Vieira formula against the string field theory in the leading order [14].

Here a test is performed at the next-to-leading order level for the correlation functions of three SU(2) BMN operators in the weak and strong coupling limits. On the strong coupling side in Section 2 our basic approach is the string field theory effective vertex quantum mechanics, using the approach suggested originally in [15, 16, 17] and employing the correct prefactor for the effective vertex found in [18]. On the weak coupling side treated in Section 3 the basic technique is the integrability-assisted calculation suggested by Gromov and Vieira [19]. What is found as a result of our comparison is the disagreement between the two calculations in the next-to-leading order, that is, in the first order in λ^′. We speculate in the Conclusion on whether the possible physical causes of it should be sought or this mismatch may be considered as a formal artifact related to the order-of-limits problem.

2 String Field Theory Computation

The correlator of the three operators O_1(x_1)O_2(x_2)O_3(x_3) is characterized by its structure constant C_{123} defined as

⟨Ō_2(x_2)O_1(x_1)O_3(x_3)⟩ =

C_{123} |x_1 − x_2|^{Δ1+Δ2−Δ3}2 |x_2 − x_3|^{Δ2+Δ3−Δ1}2 |x_3 − x_1|^{Δ1+Δ2−Δ3}2

, (2.1)

where Δ_i are the dimensions of the operators. In this section the three-point structure constant is calculated from the point of view of string field theory. We follow the recipes of [20]. Namely, we start with their expression (2.1)

C_{123} = 1 μ(Δ_1 + Δ_3 − Δ_2) ( f J_1J_3 J_2

)_−^Δ1^{+Δ}3^{−Δ}2_2 Γ ( Δ_1 + Δ_3 − Δ_2 2 + 1 ) √ J_1J_2J_3 N ⟨1|⟨2|⟨3|H_3⟩, (2.2) where f = 1 4πμr(1 − r) , J_i being the R-charges of the respective chains, Δ_i the full dimensions of the corresponding operators, ⟨1|⟨2|⟨3|H_3⟩ the matrix element of the string effective Hamiltonian. The parameter μ is related to the Frolov–Tseytlin coupling λ^′ as μ = 1 √ λ^′. (2.3)

The concrete form of the normalization factor on the right hand side of (2.2) was figured out in[18] by expanding the result of an integral of three bulk-to-boundary propagators in the strong coupling regime for large Δ_i and neglecting all subleading terms. For the holographic string theory dictionary this means that the combinations of Δ_i’s in this has to be taken only at the leading order in 1/μ and must not be expanded further. The subleading terms in 1/μ will come only from the expansion of the matrix element on right and side of (2.2).

The string field theory calculation has the property of yielding always the finite result. Field-theoretically we interpret it as a cancellation of the log divergences of two-particle external-leg normalization with the proper three-particle divergences. Thus the string field theory assumes that our basis is indeed the proper basis of eigenstates in the respective order. It is well known that the extremal correlators require the basis redefinition already in the leading O(1/N)-order. The correlator is said to be extremal if for the lengths L_1, L_2, L_3 of its operators holds L_i + L_j − L_k = 0. (2.4)

Unlike those, the non-extremal correlators (for which L_i + L_j − L_k > 0 is always true) feel the basis redefinition only for the subleading corrections. Happily enough, string field theory based on the Dobashi–Yoneya improved vertex knows already about these redefinitions [20] and is therefore applicable even to the extremal case. The use of the Dobashi–Yoneya vertex and not of its earlier suggested analogs is justified by the next-leading-order two-point calculation [21] that has been proven to be the only vertex to yield the correct two-point subleading correlator.

The string field theory we are interested in is limited to the “tree-level” (leading topology, O (_{J 2} N ) -order) contribution, thus no string diagrams of the type considered in e.g. [22] need to be considered. They certainly do exist, but from [22] it is clear that the loop string field theory effects are 1/N suppressed. Thus the non-extremal correlator is a very neat object to be analyzed: if the general framework of duality is correct, the tree-level result in SFT is exact to all loops in terms of the gauge theory. The gauge theory result is meant at weak coupling g_{Y M} and small λ^′, whereas the string theory at g_s = g^2_{Y M} >> 1, yet it is also taken at small λ^′, which allows the comparison to be performed. To obtain the string field theory result at the given loop order one needs to expand expression (2.2) up to the corresponding order in 1/μ.

The string vertex is organized as |H⟩ = ∞∑ m=0 3∑ r=1 ω^{(r)}_m a_{(r)} a^{(r)†}_m a^{(r)}_m |E⟩,

where the operators a^{(r)†}_m and a^{(r)}_m are creation and annihilation operators for the oscillator modes with momentum number m, numeric coefficients^1 are a_{(1)} = r, a_{(2)} = −1, a_{(3)} = 1 − r, the frequency is ω^{(r)}_m = √ m^2 + (μa_{(r)})^2, and the exponential factor |E⟩ looks like

|E⟩ = exp [ − 1 2 ∞∑ m,n=−∞ 3∑ r=1 α^{(r)†}_m Ñ^{rs}_{mn}α^{(r)†}_n ] |0⟩ . Notice the two different bases of creation and annihilation operators used in the same formula, related as α_n = a_n − ia_{−n} √ 2 ,

α_{−n} = a_n + ia_{−n} √ 2 . Out of these two bases it is the α_n oscillators that correspond directly to the BMN operators. The Ñ matrices are taken from the work [17] (all indices m, n assumed to be positive): Ñ^{r,s}_{m,n} = Ñ^{r,s}_{−m,−n} = N̄^{r,s}_{−m,−n} − N̄^{r,s}_{m,n} 2 , Ñ^{r,s}_{m,−n} = Ñ^{r,s}_{−m,n} = − N̄^{r,s}_{−m,−n} + N̄^{r,s}_{m,n} 2 , where the matrices N̄_{m,n} are

N̄^{r,s}_{m,n} = 1 2π (−1)^{r(m+1)+s(n+1)} a_{(s})ω^{(r)}_m + a_{(r)}ω^{(s)}_n

|a_{(s)}a_{(r)}|(ω^{(r)}_m + μa_{(r)})(ω^{(s)}_n + μa_{(s)}) ω^{(r)}_m ω^{(s)}_n ,

N̄^{r,s}_{−m,−n} = − 1 2π (−1)^{r(m+1)+s(n+1)} a_{(s)}ω^{(r)}_m + a_{(r)}ω^{(s)}_n

|a_{(s)}a_{(r)}|(ω^{(r)}_m − μa_{(r)})(ω^{(s)}_n − μa_{(s)}) ω^{(r)}_m ω^{(s)}_n . These definitions are 1/μ exact up to any perturbative order: only exponentially small corrections ∼ e^{−μ} could be absent from them. For the non-extremal 3-BMN case one has

L_1 = Jr + 4, L_2 = J + 2, L_3 = J(1 − r) + 2, and Δ_1 = L_1 + n^2_1 + n^2_4 μ^2r^2

, Δ_2 = L_2 + n^2 μ^2

, Δ_1 = L_3 + n^2_3 μ^2(1 − r)^2 , For the extremal 2-BMN case there is a pair of oscillators less, thus

L_1 = Jr + 2, L_2 = J + 2, L_3 = J(1 − r),

1One should be careful not to confuse the numbers a_{(i)} with the creation and annihilation operators. We stick to the notation of Dobashi and Yoneya in [20].

and Δ_1 = L_1 + n^2_1 μ^2r^2

, Δ_2 = L_2 + n^2 μ^2

, Δ_3 = L_3.

To calculate the matrix element ⟨1|⟨2|⟨3|H_3⟩ for the three BMN case all the possible contractions are considered between the four magnons with the momenta n_1, −n_1, n_4, −n_4 and the other four magnons with momenta n_2, −n_2, n_3, −n_3. There are 24 such contractions of the type F_{abcd,a}′_b′_c′_d′ ≡ Ñ^{12}_{aa}′Ñ^{12}_{bb}′Ñ^{13}_{cc}′Ñ^{13}_{dd}′ , (2.5)

where a, b, c, d take the values of n_1, −n_1, n_4, −n_4, a^′, b^′, c^′, d^′ those of n_2, −n_2, n_3, −n_3 in all possible combinations. It should also be taken into account that the prefactor written in terms of α^{i†}_m, α^i_m operators looks like P ≡ ∑ n 3∑ r=1 ω^{(r)}_n a_{(r)} ( α^{(r)†}_n a^{(r)}_n + α^{(r)†}_{−n} a^{(r)}_{−n} + α^{(r)†}_n a^{(r)}_{−n} + α^{(r)†}_{−n} a^{(r)}_n ) . (2.6)

Therefore, while contracting the matrix element

⟨1|⟨2|⟨3|H_3⟩ = ⟨α^{(1)}_{n1} α^{(1)}_{−n1} α^{(1)}_{n4} α^{(1)}_{−n4} α^{(2)}_{n2} α^{(2)}_{−n2} α^{(3)}_{n3} α^{(3)}_{−n3} |P |E⟩

some of the momenta “change their sign” when they are contracted with |E⟩ through the prefactor P . Thus denoting auxiliary quantity F^{(1)}_{n1,n2,n3,n4} = F_{n1,n2,n3,n4,−n1,−n2,−n3,−n4} + F_{−n1,n2,n3,n4,n1,−n2,−n3,−n4} + +F_{n1,n2,n3,n4,n1,−n2,−n3,−n4} + F_{−n1,n2,n3,n4,−n1,−n2,−n3,−n4} , and similarly defining F^{(2)}_{...} , F^{(3)}_{...} , F^{(4)}_{...} for the permutations of the signs of magnon momenta n_2, n_3, n_4 respectively one obtains finally the matrix element ⟨1|⟨2|⟨3|H_3⟩ = ∑ n_i∈magnons ω^{(r)}_{ni} a_{(r)} F^{(i)}_{n1,n2,n3,n4} . Combinatorics for the two-BMN case is derived analogously. Taking these matrix elements ⟨1|⟨2|⟨3|H_3⟩ for the two-BMN and three-BMN cases together with the normalization factors of (2.2), the following results are obtained on the string field theory side.

(A) For the three-BMN case we obtain C_{SF T,3BMN} |_{n4→n1} = 1 N √ J 16 √ r ( 3n^2r^2 + n^2_1 ) sin^2 (πn_2r) π^2 √ (1 − r) ( n^2_1 − n^2r^2

)_2 × [ 1 + λ^′ 4 ( − 3n^2_1 r^2

− 2n^2 −

2n^2_3 (r − 1)^2 + 12n^2_1n^2 3n^2r^2 + n^2_1 )] . (2.7)

As has been mentioned above, the 1/μ-expanded expression for the correlator inherits the μ-dependence from the Neumann matrices and the effective vertex prefactor P , yet not from the Δ_i in the normalization factor^1_{μ(Δ1+Δ3−Δ2)} ( f^{J1J3}_{J2} )_−^Δ1^{+Δ}3^{−Δ}2_2 Γ (_{Δ1+Δ3−Δ2}

2 + 1 ) by Dobashi-Yoneya. There has been no weak-coupling calculation for the three-BMN correlator so far, thus it will be compared to the weakly-coupled side after the three-point correlator is computed using integrability in the next section.

(B) For the extremal correlator of two-BMN one-BPS one obtains C_{SF T,2BMN} = 2J^{3/2} N √ r^7(1 − r)n^2 sin^2 (πn_2r) π^2 ( n^2_1 − n^2r^2

)_2 [ 1 + λ^′ 4 ( n^2_1 r^2

− n^2 )] . (2.8)

Comparing this to the result of [23] for the extremal correlator C_{F T,2BMN} = 2J^{3/2} N √ r^7(1 − r)n^2 sin^2 (πn_2r) π^2 ( n^2_1 − n^2r^2

)_2 [ 1 + λ^′ 2 ( n^2_1 r^2

− n^2 )] , (2.9)

one sees that it does not match at next-to-leading order.

For the three-point function to have a proper scaling the operators have to be the eigenstates of the dilatation operator. In general, the eigenstates are mixed states between single and double trace operators. In the case of the extremal correlators the contribution from the double-trace operators could be of the same order in 1/N as from the single trace operators. The mixing at O(λ^′)-level affects the O(λ^{′0}) and O(λ^′)-contributions to the three-point function. The one-loop contribution becomes also affected from the mixing at two-loop level.

Having this in mind we should note that the result of [23] does include the mixing only at one-loop level where the string field theory computation should capture the mixing also at two-loop level. This makes the discrepancy at O(λ^′) in (2.8) and (2.9) plausible.

3 Integrability-assisted computation

The direct perturbative calculation of three-point function is straightforward and has been implemented since a long time. An ambitious project to cast the calculation of the three-point functions into the formalism of Bethe Ansatz was proposed in [24] and realized there at the leading order in coupling constant. This “three-point-functions from integrability” framework has been certainly inspired by the success of integrable systems describing the two-point functions (that is, the spectra of anomalous dimensions). In the leading order integrability has provided a combinatorial simplification, which is very important for calculating the correlation functions with more than two excitations per operator. Yet it is the next-to-leading order result of [19] that allows one to fully appreciate the convenience of the Bethe Ansatz calculation compared with the ordinary perturbation theory. Physically, the integrability calculation does not yet provide us with any new information like higher-order Hamiltonians or semiclassical descriptions of highly-excited states. However, a direct perturbative calculation would have required from us an explicit knowledge of the interaction Hamiltonians and the fudge-factors, the latter becoming increasingly more complicated with larger numbers of magnons. Surprisingly, integrability becomes a natural language to describe these complicated objects in terms of scalar products of Bethe states; contributions of the fudge-factors and Hamiltonian insertions are shown to be nicely packed into a simple structure of a determinant of a matrix, the size of which is proportional to the number of magnons rather than e.g. to the operator length. This simplifies the problem significantly and de facto proposes a new formalism rather than a rewriting of an old one. Thus, although “integrability calculation” is not independent physically from perturbation theory, it exists at the present level as a very special formalism that can be considered as a separate entry in the register of duality recipes. Therefore the tests done on the weak side of duality are expressly performed as tests of either perturbative theory, or “integrability-assisted” perturbation theory.

As shown by Gromov and Vieira in [19] integrability allows us to build up the expression for the three-point function structure coefficient up to the O(g^2)-order out of the following ingredients C_{123} = norms × simple × involved + O(g^4) .

Below we discuss the form and the meaning of each of these ingredients. Roughly speaking they can be understood in the following way: the involved factor contains matrix elements of the operator O_3 between the states 1 and 2. The norms factor precisely corresponds to the norms of Bethe states. The simple factor represents a phase of the wave-function of the third operator that is generated when transforming the rest of the expression into the structure of the ⟨1|O_3|2⟩ structure.

To apply this formalism the operators should be the Bethe eigenstates at two-loop level. The operator lengths are denoted as L_1, L_2, L_3 with corresponding number of magnons N_1, N_2, N_3 and Bethe vectors u = {u_i}, v = {v_i}, w = {w_i}. Below we shall use the terms “Bethe vector”, “Bethe state” and “operator” as complete synonyms.

• The first building block, norms, has the form^2

norms =

L_1L_2L_3 √ ⟨u|u⟩⟨v|v⟩⟨w|w⟩ , (3.1)

where ⟨u|u⟩ = ( 1 − 2g^2Γ_u − g^2Γ^2_u ) (( ⟨θ; u|θ; u⟩ )) θ , (( ⟨θ; u|θ; u⟩ )) θ = ∏ m≠k u_k − u_m + i u_k − u_m det j,k≤N_1 ∂ ∂u_j L i log x(u_k + i/2) u_k − i/2 + 1 i N_1∑

m≠k log u_k − u_m − i u_k − u_m + i ,

Γ_u = N_i∑

i=1 1 u^2_i +^1_4 , x(u) = u + √ u^2 − 4g^2 2g = u g − g u + . . . (3.2)

• The expression simple that corresponds to the phases of the third operator’s wavefunction has the form

simple =

( 1 − g^2Γ_w ) A_{N3} (p), (3.3) where

A_N (p) = (1 − g^2Γ^2_w) ∑ α∪ᾱ={p} (−1)^{|α|} ∏ k∈α,k̄∈ᾱ f(k, k̄) ∏ k̄∈ᾱ e^{iNk̄} (3.4)

2In [19] there are two conventions which go by the names of algebraic and coordinate Bethe ansatz normalizations, ⟨u|u⟩co =^1_{μ2} ⟨u|u⟩_{al} with μ = ( 1 − g^2Γ^2_u )^N∏ j=1 ( x(uj − i/2) x(uj + i/2) − 1 ) ∏ i<j f(ui, uj ) , f = ( 1 + i u − v ) ( 1 + g^2 (u^2 +^1_4 )(v^2 +^1_4 ) )

In this work we use algebraic Bethe ansatz normalization.

with α, ᾱ all possible partitions of the set of momenta, and |α| number of the elements in partition α, and f(k, k̄) = ( 1 + i w(k) − w(k̄) ) ( 1 + g^2 (w(k)^2 +^1_4 )(w(k̄)^2 +^1_4 ) ) . (3.5)

To simplify the building blocks of the final expression of the three-point function we denote the expression for the A_N without the (1 − g^2Γ^2_w) prefactor Ã_N .^3

• The expression involved corresponds to the scalar product of Bethe states. Scalar products of Bethe states lie at heart of the simplification offered by the integrability framework for the three-point correlation functions. The scalar products for Bethe eigenstates of simplest groups (e.g. SU(2)) were built as early as in the eighties (see e.g [25, 26, 27, 28]), later this technique was extended towards more complicated cases (non-compact groups, non-eigenstate vectors in the scalar products); see also references in e.g. [29]. The novelty of [19] was to use the scalar product for calculations of physical quantities, the three-point functions.

The scalar product could be expressed with the help of the so-called theta-morphism, which is a particular linear transformation of a function f that is related to some homogeneous integrable chain of length L. Introduce inhomogeneities θ_i, i = 1 . . . L, one per chain node, into the chain; then the theta-morphism ((f))_θ of the function f is defined as (( f(θ) )) ≡ f | | | |_{θi→0} + g^2 2 L∑ i=1 D^2_i f | | | |_{θi→0} , (3.6)

where D_i = ∂ ∂θ_i − ∂ ∂θ_{i+1} , with θ_{L+1} = θ_1 ,

see appendix A for more properties. Not going deeply into the physical origin, derivation and the meaning of the theta-morphism itself let us write out the recipe for the “involved” part of the calculation; in combination with the norms of the first two operators it could be written as

involved √ ⟨u|u⟩⟨v|v⟩ = (( ⟨θ^{(1)}; u|Ô_3|θ^{(2)}; v⟩ )) θ^{(1)} √(( ⟨θ^{(1)}; u|θ^{(1)}; u⟩ )) θ^{(1)} (( ⟨θ^{(2)}; v|θ^{(2)}; v⟩ )) θ^{(2)}

+ pure imaginary term .

(3.7) All other building blocks of the final expression of the three-point function are real at O(g^2)-order. This allows to absorb the imaginary term into the overall complex phase (the imaginary part being of order O(g^2) could influence the magnitude of the absolute value of the structure coefficient only at the g^4-level which we neglect).

3The relation derived in [19] is given in the coordinate Bethe ansatz normalization. Note that the relation between AN in coordinate and algebraic Bethe ansatz normalizations is

A^{(alg)}_N = μA^{(coord)}_N .

Scalar product involving operators 1 and 2 is given by

⟨θ^{(1)}; u|Ô_3|θ^{(2)}; v⟩ =

N_3∏

m

N_1∏

n (u_n − θ̂^{(1)}_m + i/2)/

N_3∏

m

N_2∏

n (v_n − θ̂^{(1)}_m + i/2)

N_1∏

n<m (u_m − u_n)

N_2∏

n<m (v_n − v_m)

N_3∏

n<m (θ̂^{(1)}_n − θ̂^{(1)}_m ) det ( [G_{nm}] ⊕ [F_{nm}] ) .

(3.8)

The parameters θ^{(r)}_m living on the nodes , where r = 1, 2, 3, m = 1 . . . L_r, are auxiliary quantities necessary to perform the theta-morphism operation. Here where θ̂^{(1)}_m = θ̂^{(1)}_{L1+1−m} and

F_{nm} = 1 ( u_n − θ̂^{(1)}_m

)_2

+^1_4 , G_{nm} = L_1∏

a=1 v_m − θ^{(1)}_a + i/2 v_m − θ^{(1)}_a − i/2 ∏_{N1} k≠n(uk − vm + i) u_n − v_m − ∏_{N1} k≠n(uk − vm − i) u_n − v_m (3.9)

Combining previously discussed pieces gives at O(g^2)-order up to a complex phase factor

C_{123} = √ L_1L_2L_3 × ( 1 + g^2Γ_w + g^2Γ^2_w/2 ) √(( ⟨θ; w|θ; w⟩ )) θ × simple × involved √ ⟨1|1⟩⟨2|2⟩

= √ L_1L_2L_3 (( ⟨θ^{(1)}; u|Ô_3|θ^{(2)}; v⟩ )) θ^{(1)} ( 1 − g^2Γ_w/2 )~ A_{N3} (w) √(( ⟨θ^{(1)}; u|θ^{(1)}; u⟩ )) θ^{(1)} (( ⟨θ^{(2)}; v|θ^{(2)}; v⟩ )) θ^{(2)} (( ⟨θ^{(3)}; w|θ^{(3)}; w⟩ )) θ^{(3)}

. (3.10)

3.1 BMN-BMN-BMN correlator In this section the above formalism is applied to a specific computation of a three point function of three BMN operators. We consider a configuration of three BMN operators with lengths L_1 = rJ + 4 , L_2 = J + 2 , L_3 = J(1 − r) + 2 , (3.11)

the corresponding numbers of magnons are N_1 = 4, N_1 = 2, N_3 = 2 and the rapidities are

O_1 : u_1, −u_1, u_3, −u_3 , O_2 : v, −v , O_3 : w, −w . (3.12)

Inserting all the ingredients into the expression (3.10) (for details see Appendix B) one gets C_{GV,3BMN} | | n_4→n_1 = 1 N √ J 16 √ r sin^2(πn_2r) √ (1 − r)π^2 n^2_1 + 3n^2r^2 (n^2_1 − n^2r^2)^2 [ 1 + λ^′ 4 ( − 2n^2_3 (1 − r)^2 − n^2_1 r^2

− 2n^2 +

8n^2_1n^2 n^2_1 + 3n^2r^2 )] , (3.13)

where the limit n_4 → n_1 has been taken at the very end to keep the expression compact. We also used λ^′ =^{16π2g2}_{J 2} . This matches the SFT result (2.7) at the leading orders, but disagrees with it at the subleading order.

3.1.1 Comparison to the result of the string field theory computation

As demonstrated above there is complete matching of the three-BMN correlators in the leading order. This term with n_4-dependency restored has the following form C^0_{GV,3BMN} = C^0_{SF T,3BMN} = = 1 N √ J 8 √ r sin^2(πn_2r) √ (1 − r)π^2 ( n^2r^2 ( n^4_1 + n^4 ) − 5n^4_2r^4 ( n^2_1 + n^2_4 ) + n^2_1n^2_4 ( n^2_1 + n^2_4 ) + 6n^6_2r^6 ) ( n^2_1 − n^2r^2

)_2 ( n^2_4 − n^2r^2

)_2 .

(3.14)

The mismatch is happening at the O(λ^′)-order. The difference is coming from the terms depending on n_1 and n_4. To illustrate the difference the n_4 is restored in one of these terms, which then takes the form C^0_{GV,3BMN} ( 1 + λ^′ 4 ( . . . − n^2_1 r^2 + . . . )) −→ C^0_{GV,3BMN} ( 1 + λ^′ 4 ( . . . − 1 r^2 n^4_1 + n^4 n^2_1 + n^2_4 + . . . )) , C^0_{SF T,3BMN} ( 1 + λ^′ 4 ( . . . − 3n^2_1 r^2 + . . . )) −→ C^0_{SF T,3BMN} ( 1 + λ^′ 4 ( . . . − 2 r^2 n^4_1 + n^2_1n^2_4 + n^4

n^2_1 + n^2_4 + . . . )) . (3.15)

The different structures between these expressions will not allow to match both expression by sending n_1 or n_4 to zero. However, an interesting feature of this result is the observation that sending both n_1 and n_4 at the same time to zero will yield a matching expression on both sides C_{3BMN} | | | n_1,n_4→0 = 1 N √ J 48 sin^2(πn_2r) √ r^3(1 − r)π^2 1 n^2 ( 1 − λ^′ 2 ( n^2_3 (1 − r)^2

+ n^2 )) . (3.16)

3.2 BMN-BMN-BPS correlator In the formalism by Gromov–Vieira, the case of the extremal three-point correlators, like e.g. BMN-BMN-BPS, could be computed via

C_{123} = √ L_1L_2L_3 (( ⟨θ^{(1)}; u|Ô_3|θ^{(2)}; v⟩ )) θ^{(1)} √(( ⟨θ^{(1)}; u|θ^{(1)}; u⟩ )) θ^{(1)} (( ⟨θ^{(2)}; v|θ^{(2)}; v⟩ )) θ^{(2)}

. (3.17)

However, there is a subtlety involved concerning the mixing between single and double trace operators. At one loop the operators with well defined scaling dimensions are the mixed states of the single and double trace operators. In the non-extremal case, like e.g. the three point correlation function of three BMN operators, the contribution from the double trace operators at O(g^2) order is always subleading in 1/N compared to the one of the single trace operators. In the extremal case, the contribution from the double trace operators is of the same order in 1/N and becomes relevant already at the O(λ^{′0}) order.

The formalism of Gromov/Vieira uses mappings between the single trace operators and the Bethe eigenstates which means this formalism cannot give the complete three-point function but only the contribution from the single trace operators. This phenomenon could also be seen explicitly in the case of the BMN-BMN-BPS three point function. The eq. (3.17) is applied to the configuration with the lengths

L_1 = rJ + 2 , L_2 = J + 2 , L_3 = J(1 − r) ,

and the rapidities O_1 : u, −u , O_2 : v, −v , and obtain C_{GV,2BMN} = 2J^{3/2} N √ r^7(1 − r)n^2 sin^2 (πn_2r) π^2 ( n^2_1 − n^2r^2

)_2 [( 1 + n^2_1 n^2r^2 ) − λ^′ 2 (n^2_1 − n^2r^2)^2 n^2r^4 ] . (3.18)

The mixing with the double trace operators is already relevant at the tree level of the three point function. Note that the extremal three-point function at O(λ^′)-order might also get some contributions from the mixing of the operators at two-loop order. As shown in [30], the inclusion of the double trace operators will change the tree level contribution by a factor

C^{double trace}

123 = ( 1 + n^2_1 n^2r^2 ) C^{without double trace}

123 . (3.19)

With the one-loop mixing contribution taken into account it is clear that the O(λ^{′0}) of the integrability calculation matches the perturbative computations, see e.g. [23].

Concerning the λ^′-correction we are aware of two perturbative computations in the above sector. The one by Beisert et al. [23] apparently takes into account the contributions from the mixing of the single trace with double trace operators and that’s why cannot be compared. The authors of [31] compute the λ^′ correction for the tree-point function without taking the mixing into account. Their result is given for n_1 = 0 (see their eq.34) which exactly matches the one obtained from the formula (3.17).

4 Conclusion

Let us collect here the results of the calculations:

1. The extremal (two-BMN, one-BPS) correlator from integrability (the Gromov–Vieira formalism) fully coincides at NLO with the purely single-trace part of the perturbative extremal correlator.

2. The extremal correlator from the string field theory with the Dobashi-Yoneya vertex does not match the extremal correlator from the Gromov-Vieira integrability-assisted formalism at NLO.

3. The non-extremal (three-BMN) correlators from the string field theory and from integrability match in the leading order and do not match in the subleading order.

Statement (1) has nothing remarkable in it; it merely says that apparently no obvious mistakes have been done in the calculation and ensures that the one-loop results at weak coupling (the perturbative field theory and the integrability-assisted computation) are equally adequate in describing the weakly-coupled limit for single trace operators.

The formalism of Gromov and Vieira does not capture the contributions from non-single trace operators and thus cannot take the effects related to the operator redefinition into account which become relevant in the case of the extremal correlator. One should note, as had been pointed out already by Beisert et al. [23] that the single-to-double trace mixing matrix might also influence the λ^′-order correlator by the terms of λ^{′2}-order in the mixing matrix, therefore the λ^′-terms in the weakly-coupled limit must be considered to be reliable only after the next-next-to-leading order of mixing matrix has been elaborated.

This means that the statement (2) potentially contains an interplay of the effects related to this operator redefinition and to some fundamental mismatch between the weakly and strongly coupled theories. Thus one should rather analyze the mismatch (3) instead to which operator redefinition does not contribute.

What is the possible origin of this mismatch? The first guess would be to invoke the order-of-limits argument that we have discussed in the Introduction. This would be the most natural explanation, yet we have seen in the story with the two-point particle spectra that some discrepancies originally explained via the different order of the limits had eventually found a more physical explanation.

Furthermore, one could try to argue that there is still some non-traced error or typo in the next-leading-order formula by Gromov and Vieira, existence of which is not absolutely excluded, since very few analytic calculations have been implemented using it so far.

However, there could exist in principle a more fundamental mismatch between the strongly and weakly coupled sectors at next-to-leading order. This would certainly be the most intriguing scenario, since it would challenge our current understanding of the AdS/CFT duality for the three-point correlation function sector.

To choose between these logical alternatives, we hope for more tests to be performed in the nearest future, in particular those extending beyond the SU(2) sector, taking into account fermions or considering short operators and going beyond the Frolov-Tseytlin limit.

5 Acknowledgements

We would like to thank Gianluca Grignani who collaborated at the initial stage of this project. We thank Pedro Vieira for his valuable comments and remarks and Kolya Gromov for enlightening correspondence. The work of W.S. is partially supported by a Marina Solvay fellowship, by IISN - Belgium (conventions 4.4511.06 and 4.4514.08), by the “Communauté Française de Belgique” through the ARC program and by the ERC through the “SyDuGraM” Advanced Grant. The work of Andrey Zayakin is funded in part by the Spanish grant FPA2011-22594, by Xunta de Galicia (Consellería de Educación, grant INCITE09 206 121 PR and grant PGIDIT10PXIB206075PR), by the Consolider-Ingenio 2010 Programme CPAN (CSD2007- 00042), by FEDER, and is supported in part by the Ministry of Education and Science of the Russian Federation under contract 14.740.11.0081, NSh 3349.2012.2, the RFBR grants 10-01-

00836 and 10-02-01483. W.S. would like to thank the physics departments of the Universities of Perugia and Santiago de Compostela, and A.Z. would like to thank Université Libre de Bruxelles for the hospitality while this work was in progress.

A Theta-morphism

Up to the O(g^2)-order the θ-morphism is given by (( f(θ) )) = f | | |_{θi→0} + g^2 2 L∑ i=1 D^2_i f | | |_{θi→0} + O(g^4) , (A.1)

where D_i = ∂ ∂θ_i − ∂ ∂θ_{i+1} , with θ_{L+1} = θ_1 .

It satisfies (( f(θ)g(θ) )) θ = (( f(θ) )) θ (( g(θ) )) θ + g^2 L∑ i=1 D_if D_ig . (A.2)

If one of the functions is symmetric (( f_{sym}(θ)g(θ) )) θ = (( f_{sym}(θ) )) θ (( g(θ) )) θ . (A.3)

The property which relates it to the Zhukovsky variable ((^L∑ i=1 log u − θ^i + i/2 u − θ^i − i/2 )) θ = L log x(u + i/2) x(u − i/2) + O(g^4) , x(u) = u g − g u + O(g^3) . (A.4)

B Details for the integrability-assisted computation of the three BMN correlator

In this appendix we list all the intermediate computational steps necessary for computing the three point function of three BMN operators of lengths

L_1 = rJ + 4, L_2 = J + 2, L_3 = J(1 − r) + 2

and rapidities

O_1 : u_1, −u_1, u_3, −u_3 O_2 : v, −v O_3 : w, −w (B.1)

which up to the O(g^2)-order are given by

u_1 = Jr + 3 2πn_1 + g^2 4πn_1 Jr + 3 u_3 = Jr + 3 2πn_4 + g^2 4πn_4 Jr + 3 v = J − 1 2πn_2 + g^2 4πn_2 J − 1 w = J(1 − r) + 1 2πn_3 + g^2 4πn_3 J(1 − r) + 1

(B.2)

For the computation below we also need to know the momenta of the third operator which is up to the O(g^2)-order

p^{(3)}_1 = −p^{(3)}_2 = 2πn_3 J(−1 + r) ( 1 − g^2 J^2

8π^4n^4_3 J^2(−1 + r)^4 ) (B.3)

• The norms with the θ-morphism are given by (( ⟨θ; u|θ; u⟩ )) θ = (2πn_1)^8 J^4r^4 ( 1 + g^2 J^2

8(2πn_1)^2

r^2 ) , (( ⟨θ; v|θ; v⟩ )) θ = (2πn_2)^4

J^2 ( 1 + g^2 J^2

4(2πn_2)^2 ) , (( ⟨θ; w|θ; w⟩ )) θ = (2πn_3)^4 J^2(1 − r)^2 ( 1 + g^2 J^2

4(2πn_3)^2 (1 − r)^2 ) . (B.4)

The denominator in the final expression (B.11) is given by ( (( ⟨θ; u|θ; u⟩ )) θ (( ⟨θ; v|θ; v⟩ )) θ (( ⟨θ; w|θ; w⟩ )) θ )_{−1/2} = (2π)^8 n^2_1n^2n^2_3n^2_4 (Jr)^2[J(1 − r)]J × × ( 1 + g^2 J^2

8π^2 ( n^2_1 + n^2_4

r^2

+ n^2 + n^2_3 (−1 + r)^2 )) . (B.5)

• The normalization coefficient √ L_1L_2L_3 in the large J-limit is given by √ L_1L_2L_3 = √ Jr J (1 − r)J . (B.6) • Ã for the operator with two magnons and rapidities w, −w becomes

Ã_{N3} (w) = ( 1 − f(p_1, p_2)e^{2ip2} − f(p_2, p_1)e^{2ip1} + e^{2i(p1+p2} ) ,

f(p_i, p_j) = ( 1 + i w(p_i) − w(p_j ) ) ( 1 + g^2 (w(p_i)^2 +^1_4 )(w(p_j )^2 +^1_4 ) )

which combined with ( 1 − g^{2 Γw}_2 ) gives ( 1 − g^2

Γ_w 2 ) Ã_{N3} = 8π^2n^{23} J^2(−1 + r)^2

+ O(g^4) . (B.7)

• Computationally, the most complicated expression is (( ⟨θ^1; u|O_3|θ^{(2)}; v⟩ )) . We use the property of the theta-morphism applied to a product of factors. Then we Taylor expand the determinant expression up to cubic order in θ and execute the theta-morphism up to O(g^2)-order. (( ⟨θ^1; u|O_3|θ^{(2)}; v⟩ )) θ^{(1)} = (( prefactor × det ( [G_{mn}] ⊕ [F_{nm}] ))) θ^{(1)}

= (θ^{(1)}_1 − θ^{(1)}_2 ) (( prefactor )) θ^{(1)} ( D^{0,0}_{g0} + g^2(D^{0,0}_{g2} + 3D^{0,2}_{g0} − D^{1,1}_{g0} ) ) + cross term (B.8) with

D^{p,q} = det ( G_{nm} | | θ_a=0 ⊕ ( Φ^p_n Φ^{q+1}_n ) ) , Φ^p = 1 p! ( − ∂ ∂u_n )_p 1 u^2_n + 1/4 .

n goes in our case from 1 to N_1, which makes ( Φ^p_n Φ^{q+1}_n ) two by four matrix.

The cross term which comes from g^2 ∑ i D_i(prefactor) × D_i(determinant) includes a factor of D^{0,1} which is zero.

(θ^{(1)}_1 − θ^{(1)}_2 ) (( prefactor )) θ^{(1)} = π^3r^2 J^3 n_1n_4n^5_2 (n^2_1 − n^2_4)^2 ( 1 + g^2 J^2

8π^2 r^2

(n^2_1 + n^2_4 − 3n^2r^2) ) , (B.9)

(( ⟨θ^{(1)}; u|Ô_3|θ^{(1)}; v⟩ )) θ^(1) | | | |_{n4→n1} = − 32(2π)^4 J^4r^2 n^4_1n^2(n^2_1 + 3n^2r^2) (n_1 − n^2r^2)^2 ( 1 + g^2 J^2

(2π)^2

r^2

3n^4_1 + 17n^2_1n^2r^2 n^2_1 + 3n^2r^2 ) . (B.10)

Combining all the intermediate results together gives C_{GV,3BMN} = 16 √ r sin^2(πn_2r) √ J(1 − r)π^2 n^2_1 + 3n^2r^2 (n^2_1 − n^2r^2)^2 ( 1 + g^2 J^2

4π^2 ( − 2n^2_3 (1 − r)^2 − n^2_1 r^2

− 2n^2 +

8n^2_1n^2 n^2_1 + 3n^2r^2 )) . (B.11)

References

[1] N. Beisert, “The Dilatation operator of N=4 super Yang-Mills theory and integrability,” Phys.Rept. 405 (2005) 1–202, arXiv:hep-th/0407277 [hep-th].

[2] R. A. Janik, “The AdS(5) x S**5 superstring worldsheet S-matrix and crossing symmetry,” Phys.Rev. D73 (2006) 086006, arXiv:hep-th/0603038 [hep-th].

[3] J. Callan, Curtis G., T. McLoughlin, and I. Swanson, “Holography beyond the Penrose limit,” Nucl.Phys. B694 (2004) 115–169, arXiv:hep-th/0404007 [hep-th].

[4] D. Serban and M. Staudacher, “Planar N=4 gauge theory and the Inozemtsev long range spin chain,” JHEP 0406 (2004) 001, arXiv:hep-th/0401057 [hep-th].

[5] N. Beisert, “On the scattering phase for AdS(5) x S**5 strings,”

Mod.Phys.Lett. A22 (2007) 415–424, arXiv:hep-th/0606214 [hep-th].

[6] N. Beisert, B. Eden, and M. Staudacher, “Transcendentality and Crossing,” J.Stat.Mech. 0701 (2007) P01021, arXiv:hep-th/0610251 [hep-th].

[7] N. Beisert, C. Ahn, L. F. Alday, Z. Bajnok, J. M. Drummond, et al., “Review of AdS/CFT Integrability: An Overview,” Lett.Math.Phys. 99 (2012) 3–32,

arXiv:1012.3982 [hep-th].

[8] G. Georgiou, “SL(2) sector: weak/strong coupling agreement of three-point correlators,” JHEP 1109 (2011) 132, arXiv:1107.1850 [hep-th].

[9] A. Bissi, T. Harmark, and M. Orselli, “Holographic 3-Point Function at One Loop,” JHEP 1202 (2012) 133, arXiv:1112.5075 [hep-th].

[10] T. Harmark, K. R. Kristjansson, and M. Orselli, “Matching gauge theory and string theory in a decoupling limit of AdS/CFT,” JHEP 0902 (2009) 027,

arXiv:0806.3370 [hep-th].

[11] J. Escobedo, N. Gromov, A. Sever, and P. Vieira, “Tailoring Three-Point Functions and Integrability II. Weak/strong coupling match,” JHEP 1109 (2011) 029,

arXiv:1104.5501 [hep-th].

[12] G. Grignani and A. Zayakin, “Three-point functions of BMN operators at weak and strong coupling II. One loop matching,” arXiv:1205.5279 [hep-th].

[13] G. Grignani and A. Zayakin, “Matching Three-point Functions of BMN Operators at Weak and Strong coupling,” JHEP 1206 (2012) 142, arXiv:1204.3096 [hep-th].

[14] A. Bissi, G. Grignani, and A. Zayakin, “The SO(6) Scalar Product and Three-Point Functions from Integrability,” arXiv:1208.0100 [hep-th].

[15] M. Spradlin and A. Volovich, “Superstring interactions in a p p wave background,” Phys.Rev. D66 (2002) 086004, arXiv:hep-th/0204146 [hep-th].

[16] M. Spradlin and A. Volovich, “Superstring interactions in a pp wave background. 2.,” JHEP 0301 (2003) 036, arXiv:hep-th/0206073 [hep-th].

[17] Y.-H. He, J. H. Schwarz, M. Spradlin, and A. Volovich, “Explicit formulas for Neumann coefficients in the plane wave geometry,” Phys.Rev. D67 (2003) 086005,

arXiv:hep-th/0211198 [hep-th].

[18] S. Dobashi and T. Yoneya, “Resolving the holography in the plane-wave limit of AdS/CFT correspondence,” Nucl.Phys. B711 (2005) 3–53,

arXiv:hep-th/0406225 [hep-th].

[19] N. Gromov and P. Vieira, “Tailoring Three-Point Functions and Integrability IV.

Theta-morphism,” arXiv:1205.5288 [hep-th].

[20] S. Dobashi and T. Yoneya, “Impurity non-preserving 3-point correlators of BMN operators from PP-wave holography. I. Bosonic excitations,” Nucl.Phys. B711 (2005) 54–82, arXiv:hep-th/0409058 [hep-th].

[21] G. Grignani, M. Orselli, B. Ramadanovic, G. W. Semenoff, and D. Young, “AdS/CFT versus string loops,” JHEP 0606 (2006) 040, arXiv:hep-th/0605080 [hep-th].

[22] G. Grignani, M. Orselli, B. Ramadanovic, G. W. Semenoff, and D. Young, “Divergence cancellation and loop corrections in string field theory on a plane wave background,” JHEP 0512 (2005) 017, arXiv:hep-th/0508126 [hep-th].

[23] N. Beisert, C. Kristjansen, J. Plefka, G. Semenoff, and M. Staudacher, “BMN correlators and operator mixing in N=4 superYang-Mills theory,” Nucl.Phys. B650 (2003) 125–161, arXiv:hep-th/0208178 [hep-th].

[24] J. Escobedo, N. Gromov, A. Sever, and P. Vieira, “Tailoring Three-Point Functions and Integrability,” JHEP 1109 (2011) 028, arXiv:1012.2475 [hep-th].

[25] N. Reshetikhin, “A method of functional equations in the theory of exactly solvable quantum systems,” Lett.Math.Phys. 7 (1983) 205–213.

[26] N. Y. Reshetikhin, “ Calculation of the norm of Bethe vectors in models with SU(3)- symmetry,” Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo Instituta im. V. A. Steklova AN SSSR 150 (1986) 196–213.

[27] A. Izergin, “Partition function of the six-vertex model in a finite volume,” Sov. Phys.

Dokl. 32 (1987) 878–879.

[28] N. Slavnov, “Calculation of scalar products of wave functions and form factors in the framework of the algebraic bethe ansatz,” Teoret. Mat. Fiz. 79 (1989) 232240.

[29] O. Foda and M. Wheeler, “Variations on Slavnov’s scalar product,”

JHEP 1210 (2012) 096, arXiv:1207.6871 [math-ph].

[30] N. R. Constable, D. Z. Freedman, M. Headrick, and S. Minwalla, “Operator mixing and the BMN correspondence,” JHEP 0210 (2002) 068, arXiv:hep-th/0209002 [hep-th].

[31] C.-S. Chu, V. V. Khoze, and G. Travaglini, “Three point functions in N=4 Yang-Mills theory and pp waves,” JHEP 0206 (2002) 011, arXiv:hep-th/0206005 [hep-th].