arXiv:1305.3670v1 [hep-th] 16 May 2013

OUTP-13-10P

Viscosity and dissipative hydrodynamics from effective field theory

Sašo Grozdanov^1 and Janos Polonyi^2 1Rudolf Peierls Centre for Theoretical Physics, University of Oxford, 1 Keble Road, Oxford OX1 3NP, U.K.

2Strasbourg University, CNRS-IPHC, 23 rue du Loess, BP28 67037 Strasbourg Cedex 2, France (Dated: May 16, 2013)

Using the action principle for open systems, inspired by Schwinger’s Closed-Time-Path method, we construct the energy-momentum balance equation and the non-conserved first-order dissipative stress-energy tensor with the form predicted by phenomenological hydrodynamics. Hydrodynamical coefficients are shown to be field-dependent quantities, determined by the form of the effective CTP Goldstone action. An example reproducing a conformal field theory at the KSS bound is given.

Introduction — Effective theories of Goldstone modes are the appropriate framework to systematically derive hydrodynamics [1–3]. The equations of non-dissipative hydrodynamics have previously been generated using this description at zeroth order in the gradient expansion for relativistic fluids that are insensitive to static, noncompressional deformations [1, 2] and at second order by [4]. A serious limitation of this scheme is that dissipative forces cannot be derived from the variational principle. Our goal is, however, to develop a systematic scheme for the construction of hydrodynamics at all orders - including dissipation. One approach to this problem is to rely on linear response theory [5]. In this work, we will report on another method that describes dissipative fluids. By considering the effective action that emerges in the Closed-Time-Path (CTP) formalism introduced by Schwinger [6], the dissipative hydrodynamical equations of motion will be derived as variational equations at a phenomenological level directly in terms of an effective classical CTP field theory without a microscopic derivation. By varying the fields on only one of the two CTP time axes, we will obtain the energy-momentum balance equation containing a stress-energy tensor. However, this tensor will not be conserved due to interactions with the environment. Viscosity and other hydrodynamical coefficients will depend on the field profiles. We will end our discussion by giving an explicit example of a conformal field theory at the holographic KSS bound [7].

Closed systems — We begin with a classical field theory for an isolated system, described by the field ψ(x), which is invariant under time inversion. To maintain initial conditions for the equations of motion and to have the possibility of introducing effective interactions with dissipative forces into the Lagrangian formalism, we follow the CTP formalism in classical physics [8]. This is done by doubling the degrees of freedom [9], ψ → ψ̂ = (ψ^+, ψ^−), in such a manner that both members of the CTP doublet satisfy the same equation of motion, initial conditions and the relation ψ^+(t_f , x) = ψ^−(t_f , x) at the final time.

The action describing the dynamics of the CTP doublet fields is defined as

S_{CT P} [ψ̂] = ∫_{tf} t_i d^{d+1}x { L_s [ ψ^+ ] − L^∗_s [ ψ^− ]} , (1) where L_s [ψ] = L [ψ, ∂ψ] + iϵψ^2 differs from the original Lagrangian in that it splits the degeneracy of the CTP action for ψ^+(x) = ψ^−(x). The action (1) possesses a CTP symmetry related to the exchange of the two time axes, ψ^+ ↔ ψ^−, S_{CT P} [ψ^+, ψ^−] = −S^∗_{CT P} [ψ^−, ψ^+].

Open systems — It may be difficult or not instructive to observe all fundamental fields ψ. Instead, one may be interested in the effective dynamics of only ϕ, which is a subset or a certain combination of the elementary variables ψ. The effective dynamics of ϕ can be obtained by eliminating the remaining degrees of freedom - namely the environment - by using their equations of motion. The resulting effective action has a more involved structure than (1), namely

S_{ef f} [ϕ̂] = S_s[ϕ^+] − S^∗_s [ϕ^−] + S_i[ϕ̂], (2)

where single-axis S_s is made well-defined by imposing the condition δ^2S_i/δϕ^+δϕ^− ≠ 0 on the influence functional S_i. The imaginary part of the effective action, obtained by eliminating the environment variables using their equations of motion, remains infinitesimal as in the case of an isolated system and will be ignored below.

Let us assume that the gradient expansion in terms of space-time derivatives is applicable in the effective action (2). We impose identical initial conditions on the two time axes, ∂^n_t ϕ^+(t_i, x) = ∂^n_t ϕ^−(t_i, x), together with the auxiliary conditions ∂^n_t ϕ^+(t_f , x) = ∂^n_t ϕ^−(t_f , x) for all orders of derivatives labeled by n ≥ 0. Variational equations can thus still be derived in the CTP theory because the boundary contributions arising from partial integration cancel, due the above conditions. Furthermore, the solutions of the open system’s Euler-Lagrange equations of motion give ϕ^+ = ϕ^−.

As an example of this formalism, it is instructive to consider a non-relativistic one-dimensional particle whose effective theory is defined by the Lagrangians

L_s = 1 2 ( mẋ^2 − mω^2x^2 ) , L_i = γ 2 ( x^−ẋ^+ − x^+ẋ^− ) . (3)

The corresponding equations of motion describe a damped harmonic oscillator,

mẍ^± + γẋ^∓ + mω^2x^± = 0 =⇒ x^+ = x^−. (4)

The conservation of energy is obviously violated by L_i.

Energy-momentum conservation— Using the single time-axis formalism, let us consider a system S^+ coupled to an environment, represented by S^−, which together form a closed system with conserved energy-momentum. However, the energy-momentum of only S^+ is not conserved, and the energy-momentum balance equation can be derived from the space-time dependent variation, ϕ(x) → ϕ(x+a(x)). The equation of motion for a(x), the balance equation, can be written in the form of a tensor divergence as

∂_μT^{μν} = R^ν . (5)

The energy-momentum conservation in S^+ is violated by translationally non-invariant dynamics when R^μ ≠ 0. Equivalently, Eq. (5) can be derived by using the invariance of the action integral under space-time reparametrisations x → x + a(x) and applying the Euler-Lagrange equation of motion to the O(a) term. However, the separation of the balance equation into the divergence of a tensor and a vector is not unique in either method.

In CTP, the naïve application of the Noether theorem to the action (2) gives, due to the CTP symmetry, an identically vanishing stress-energy tensor for fields that satisfy the equations of motion. However, the trivial cancellation between the time axes can be avoided and the balance equation can be derived by varying only one of the CTP doublet fields, which we identify as the system

S^+ : ϕ^+(x) → ϕ^+(x + a(x)), S^− : ϕ^−(x) → ϕ^−(x). (6)

We propose to identify the CTP T^{μν} in (5) with the stress-energy tensor of the system S^+, obtained when the energy-momentum exchange with the environment S^− is suppressed. The system-environment energy-momentum exchange is treated in the CTP effective theory as the energy-momentum exchange between the two time axes. It is described by the influence functional S_i, which couples ϕ^+ and ϕ^−, and is thus not invariant under (6). The variations arising from such couplings can be filtered out by the coordinate-reparametrisation method, reparametrising only ϕ^+(x) and its derivatives while leaving ϕ^− unchanged, as in (6). The method splits precisely the energy-momentum flow between the system (ϕ^+) and the environment (ϕ^−), which, after the full reparametrisation in CTP, would contribute equally to the total T^{μν} = 0. When only ϕ^+ is reparametrised, the field ϕ^+ “does not see” the inhomogeneities of ϕ^−. The action integral is clearly not invariant, and T^{μν} , which is defined as the coefficient of ∂_μa_ν in the change of the action due to this partial reparametrisation is not conserved. The use of the equations of motion yields (5), with R^μ ≠ 0.

Hydrodynamics — An effective field theory describing hydrodynamics has recently been developed in terms of a gradient expansion of Goldstone modes arising from the broken translational invariance [1, 2]. The dynamics of the Goldstone modes, ϕ^I , with I = {1, 2, 3}, is given in flat 3 + 1 space-time dimensions with metric η_{μν} = diag (−1, 1, 1, 1) and displays internal symmetries under rigid translations, ϕ^I → ϕ^I + α^I , with α^I = const., rotations, ϕ^I → R^I_J ϕ^J , with R^I_J ∈ SO(3), and reparametrisation ϕ^I → ξ(ϕ), with det ( ∂ξ^I /∂ϕ^J ) = 1.

On top of that, relativistic hydrodynamics also requires the Poincaré symmetry. The gradient expansion is constructed by counting the number of derivatives acting on the vector field,

K^μ = 1 6 ϵ^{μα1α2 α3} ϵ_{IJK} ∂_{α1} ϕ^I ∂_{α2} ϕ^J ∂_{α3} ϕ^K ≡ P^{μα}_K ∂_αϕ^K , (7)

a combination of gradients of the Goldstone modes allowed by the symmetries. The current is automatically conserved, ∂_μK^μ = 0, and keeps the comoving coordinates constant along its direction, i.e. K^μ∂_μϕ^I = 0. Introducing another scalar field b, we write

K^μ = bu^μ, where u^μu_μ = −1, b^2 = −K^μK_μ. (8)

In Eq. (7), we defined P^{μα}_K , for which two useful projector identities can be derived using the properties of K^μ,

P^{μν}_K ∂^λϕ^K = 1 3 ( K^μΔ^{νλ} − K^ν Δ^{μλ} ) , (9)

P^{μν}_K ∂^λ∂_ν ϕ^K = 1 3 ∂^λK^μ, (10)

with Δ^{μν} = η^{μν} + u^μu^ν . The zeroth and first order Lagrangians for the uncharged fluid are then

L^{(0)} + L^{(1)} = F (b) + g(b)K^μK^ν ∂_μK_ν . (11)

At zeroth order [2], the conserved stress-energy tensor of the closed system takes the form of an ideal fluid,

T^{μν}_{(0)} = ϵu^μu^ν + pΔ^{μν} , (12)

where the energy density and pressure are ϵ = −F and p = F −b∂_bF , respectively. Further thermodynamic analysis reveals that the temperature is given by T = −∂_bF . Finally, vector field K^μ can be interpreted as the conserved entropy current S^μ = su^μ, s = b being the entropy density. The first-order contribution can be rewritten as a total derivative and hence does not contribute to T^{μν} . Note that the chemical potential is vanishing in the absence of a conserved U(1) Noether current [2], which we will not consider in this work.

Dissipative forces — Variational methods in the usual effective theory formalism cannot describe dissipation. However, this limitation can be avoided by using the CTP scheme as introduced above. Firstly, the degrees of freedom are doubled, giving us six Goldstone fields ϕ^{±I} . They allow for four currents K^{iμ}, all with the same Lorentz structure as before, where {i, j, k, ...} ∈ {0, 1, 2, 3} correspond to the number of ϕ^+ fields inside K^{iμ}, K^{iμ} = 1 6 ϵ^{μα1 α2α3} ϵ_{IJK} ∂_{α1} ϕ^{σ1 I} ∂_{α2} ϕ^{σ2 J} ∂_{α3} ϕ^{σ3 K} , (13) with (σ_1σ_2σ_3) = {(− − −), (− − +), (− + +), (+ + +)} for i = {0, 1, 2, 3}. Note that all four K^{iμ} are still conserved, i.e. ∂_μK^{iμ} = 0, and that all K^{iμ} = K^μ after ϕ^{+K} = ϕ^{−K} is imposed. For i = {1, 2, 3}, it is useful to define

K^{iμ} ≡ P^{iμα}_K ∂_αϕ^{+K} . (14)

We can now write down the CTP action for the first two orders of the gradient expansion,

L^{(0)}_{CT P} = F (K^3_γ K^{3γ} ) − F (K^0_γ K^{0γ} ) + G(K^i_γ K^{jγ} ), (15)

L^{(1)}_{CT P} = 3∑ i,j,k=0 f_{ijk} (K^l_γ K^{mγ} )K^{iμ}K^{jν} ∂_μK^k_ν . (16) The single axis contributions to L^{(0)} remain the same as in (11) and the influence functional S_i is parametrised by G, which mixes K^{iμ}’s with different CTP indices. We include no single axis action at first order, as it would be a total derivative [2], so L^{(1)} is a part of the influence functional. This means that f_{333} cannot be a function of only K^{3μ} and f_{000} not of only K^{0μ}. The real coefficient functions F and f_{ijk} can depend on any Lorentz-contracted combination of K^{iμ}, but may include no derivatives. We thus have 4^3 = 64 coefficient functions, which are reduced to 32 independent functions by the CTP symmetry.

Stress-energy tensor — The variation of the current δ^+K^{iμ} with respect to ϕ^+ results in an expression that is weighted by the number of ϕ^+ fields inside of K^{iμ}, namely δ^+_ϕ K^{iμ} = iP^{iμα}_K ∂_αδϕ^{+K} . Hence, the zeroth-order Euler-Lagrange equations of motion for K = {1, 2, 3} are ∂_λ 3∑ i≤j=0 ∂ (F + G) ∂K^i_αK^{jα} ( iP^{iμλ}_K K^j_μ + jK^i_μP^{jμλ}_K ) = 0. (17)

To find the open system’s non-conserved stress-energy tensor T^{μν}_{(0)} , we reparametrise the space-time dependence of ϕ^+ by x → x + a(x). This results in δ^+ϕ^{+K} = a^μ∂_μϕ^{+K} , while leaving δ^+ϕ^{−K} = 0. It follows that

δ^+K^{iμ} = ia^λP^{iμα}_K ∂_λ∂_αϕ^{+K} , (18) δ^+∂_μK^{iν} = ia^λ∂_μ ( P^{iνα}_K ∂_λ∂_αϕ^{+K} ) . (19)

After using the equations of motion (17), ϕ^{+K} = ϕ^{−K} and projector identities (9) and (10), the form of T^{μν}_{(0)} is still (12), but with the energy density and pressure ϵ = −F, p = F − b∂_bF + b^2 3 3∑ i≤j=0 Ḡ^′_{ij} (i + j) . (20)

The non-conserved part of the balance equation is

R^ν_{(0)} = ∑ i≤j Ḡ^′_{ij} (i + j) b∂^ν b/3. (21)

Throughout this work, we define the barred functions as being evaluated on the equations of motion ϕ^{+K} = ϕ^{−K} : Ḡ′_{ij} ≡ G′_{ij} | |_{ϕ+K =ϕ−K} where G′_{ij} ≡ ∂G/∂ (Kl_δKmδ).

The first-order equations of motion arising from the variation of S^{(1)}_{CT P} with respect to ϕ^{+K} are ∂_λ 3∑ i,j,k=0 { if_{ijk}P^{iμλ}_K K^{jν} ∂_μK^k_ν + jf_{ijk} K^{iμ}P^{jνλ}_K ∂_μK^k_ν − kf_{ijk} K^{iμ}∂_μK^j_ν P^{kνλ}_K + 3∑ l≤m=0 f^′_{ijk,lm} [ ( lP^{lγλ}_K K^m_γ + mK^l_γ P^{mγλ}_K ) K^{iμ}K^{jν} ∂_μK^k_ν

− k∂_μ ( K^l_γ K^{mγ} ) K^{iμ}K^j_ν P^{kνλ}_K ]} = 0, (22)

where f_{ijk,lm} ≡ ∂f_{ijk} /∂K^l_δK^{mδ}. The calculation of T^{μν}_{(1)} goes through as it did for T^{μν}_{(0)} , resulting in a nonsymmetric stress-energy tensor T^{μν} due to the Noether procedure. Symmetrisation Θ^{μν} ≡ T^{(μν)} then gives the stress-energy tensor

Θ^{μν}_{(1)} = −η_1 (∂^μu^ν + ∂^ν u^μ) − η_2 ( u^μu^λ∂_λu^ν + u^ν u^λ∂_λu^μ ) + χ_1η^{μν} ∂_λu^λ + χ_2u^μu^ν ∂_λu^λ + β^μu^ν + β^ν u^μ, (23)

where the coefficient functions are given by

η_1 = b^3 12 3∑ i,j,k=0 if̄_{ijk} , η_2 = b^3 6 3∑ i,j,k=0 (j − k) f̄_{ijk} , (24)

χ_1 = b^3 3 3∑ i,j,k=0 3∑ l≤m=0 { (j − k) f̄_{ijk} − [C −D]_{ijk,lm} } , (25)

χ_2 = b^3 3 3∑ i,j,k=0 3∑ l≤m=0 { (j − k) f̄_{ijk} − C_{ijk,lm} } , (26)

β^μ = − b^2∂^μb 6 3∑ i,j,k=0 3∑ l≤m=0 { i + 2k 2 f̄_{ijk} − D_{ijk,lm} } , (27) with C_{ijk,lm} ≡ b^2f̄^′_{ijk,lm} (l + m − 2k) and D_{ijk,lm} ≡ b^2if̄^′_{ijk,lm}. The contribution to non-conserving R^ν is

R^ν_{(1)} = b^2 3 3∑ i,j,k=0 [ (i + j) f̄_{ijk} ∂^ν b∂_λu^λ − if̄_{ijk}∂^ν u^λ∂_λb

+ jf̄_{ijk} b∂^ν u^λu^α∂_αu_λ − b^2 3∑ l≤m=0 f̄^′_{ijk,lm} (l + m) ∂^ν b∂_λu^λ − kf̄_{ijk} ( u^λ∂^ν ∂_λb − bu^αu^λ∂^ν ∂_αu_λ ) ] . (28)

Viscosity — The remaining question is how our stressenergy tensor Θ^{μν} in Eq. (23) is related to the usual phenomenological Θ^{μν}_{ph} for first-order hydrodynamics,

Θ^{μν}_{(1)ph} = −ησ^{μν} − ζΔ^{μν} ∂_λu^λ + (q^μu^ν + q^ν u^μ) . (29)

The tensor σ^{μν} is the transverse traceless symmetric tensor, σ^{μν} ≡ Δ^{μα}Δ^{νβ} ( ∂_αu_β + ∂_β u_α − 2 3 η_{αβ} ∂_λu^λ ) . (30)

Hydrodynamics is constructed (see e.g. [10, 11]) as a gradient expansion in temperature, chemical potential and velocity fields: T (x), μ(x) and u^μ(x). In our discussion, μ(x) = 0. The stress-energy tensor is then written as

Θ^{μν}_{ph} = Eu^μu^ν + PΔ^{μν} + (q^μu^ν + q^ν u^μ) + t^{μν} , (31)

with q^μ and t^{μν} both transverse. This form allows us to identify the coefficient functions of (23) as

E ≡ u_μu_ν Θ^{μν} = ϵ − (χ_1 − χ_2) ∂_λu^λ + 2Bb∂_λu^λ, (32) P ≡ 1 3 Δ_{μν} Θ^{μν} = p − ζ_1∂_λu^λ, (33) q_μ ≡ −Δ_{μα}u_β Θ^{αβ} = (η_1 − η_2) u^λ∂_λu_μ − Bb∂_λu^λu_μ + B∂_μb, (34) t_{μν} ≡ 1 2 ( Δ_{μα}Δ_{νβ} + Δ_{μβ} Δ_{να} − 2 3 Δ_{μν} Δ_{αβ} ) Θ^{αβ} = −η_1σ_{μν} , (35)

where we have defined β^μ ≡ B∂^μb and χ_{1,2} ≡^2_3 η_{1,2} −ζ_{1,2}. Out of equilibrium, the definition of the temperature and velocity fields is arbitrary and frame dependent. It is conventional to choose a frame in which T (x) is such that E = ϵ. In our construction, this translates to imposing

(χ_1 − χ_2) = 2Bb, (36)

following from Eq. (32). Imposing (36) results in the constraint, which relates the 64 (32 free by CTP) f̄_{ijk} , 3∑ i,j,k=0 ( i 2 + k ) f̄_{ijk} = 0. (37)

The theory which reproduces this frame may thus include at most 31 free functions f_{ijk} . The stress-energy tensor in Eq. (23) can now be written precisely in the form of relativistic first-order hydrodynamics: Θ^{μν} = Θ^{μν}_{(0)} + Θ^{μν}_{(1)ph}, where Θ^{μν}_{(0)} ≡ T^{μν}_{(0)} from Eq. (12) and the zerothorder coefficients are those of Eq. (20). To write the first-order coefficients of Eq. (29), we use the constraint (37) and its derivative, finding η = η_1 and ζ = ζ_1, η = b^3 12 3∑ i,j,k=0 if̄_{ijk}, (38)

ζ = b^3 3 3∑ i,j,k=0 3∑ l≤m=0 { 2k − 3j 3 f̄_{ijk} + Z_{ijk,lm} } , (39)

q^μ = − b^3 6 3∑ i,j,k=0 3∑ l≤m=0 { jf̄_{ijk}u^λ∂_λu^μ + Q^μ_{ijk,lm} } , (40) where Z_{ijk,lm} ≡ b^2 (l + m) f̄^′_{ijk,lm} and Q^μ_{ijk,lm} ≡ b^2if̄^′_{ijk,lm} ( ∂_λu^λu^μ − ∂^μb/b ) . Furthermore, the thermodynamic entropy current S^μ satisfies the relation T S^μ = pu^μ − Θ^{μν} u_ν . In the frame with E = ϵ, this simplifies to

S^μ = (ϵ + p) u^μ/T + q^μ/T. (41)

Since the zeroth-order S^μ_{(0)} = K^μ is automatically conserved, the positivity of the divergence of the entropy current requires ∂_μ (q^μ/T ) ≥ 0. Temperature becomes T = −∂_bF + b 3 3∑ i≤j=0 Ḡ^′_{ij} (i + j) , (42)

whereas the entropy density, s = b remains valid at first order. Viscosity and other hydrodynamical coefficients all depend on the field profiles of b(x) and u^μ(x).

CFT example — Consider a reduced effective CTP theory: an action that only mixes i, j, k ∈ {0, 3} and includes 8 functions f_{ijk} reduced to 3 free functions by the CTP symmetry and the constraint (37), f̄_{300} + f̄_{330} = 3f̄_{303} + 3f̄_{333}. (43)

Solving for f̄_{300}, the hydrodynamical coefficients become η = (¯ f_{333} + f̄_{303} ) b^3, (44) ζ = 2 3 (¯ f_{333} − 3f̄_{330} + 4f̄_{303} ) b^3 + 8 (¯ f^′_{333,33} − f̄^′_{333,00} + f̄^′_{303,33} − f̄^′_{303,00} ) b^5, (45)

q^μ = (¯ f_{333} − f̄_{330} + 2f̄_{303} ) b^3u^λ∂_λu^μ −2b^4 ( b∂_λu^λu^μ −∂^μb ) × ∑ (ij) (¯ f^′_{333,ij} + f̄^′_{303,ij} ) , (ij) = {(00), (03), (33)}. (46)

Hydrodynamics of a CFT is characterised by ϵ = 3p and a vanishing bulk viscosity ζ = 0, following from Θ^μ = 0. Choosing G = 0 implies F (b) = −b^{4/3}. For simplicity, we then choose f_{333} = 0 and make all f_{ijk} symmetric under the exchange of K^0_μK^{0μ} and K^3_μK^{3μ}, thus cancelling all derivatives in (45). For this example, we wish to construct a CTF at the holographic KSS bound [7], η/s = 1/4π, (47) which requires us to fix f̄_{303} = 1/4πb^2. The remaining coefficient functions are f_{303} = F(K)/8π, f_{330} = F(K)/6π, f_{300} = 5F(K)/24π, along with their CTP conjugates f_{000} = 0, f_{030} = −f_{303}, f_{003} = −f_{330} and f_{033} = −f_{300}. The field-dependent part is given by F ≡ −1/ ( K^0_γ K^{0γ} ) − 1/ ( K^3_γ K^{3γ} ) . Our analysis imposes no constraint on the value of η.

Conclusion — In this work, we showed how phenomenological relativistic hydrodynamics with dissipation can be constructed using classical CTP effective action. We considered an uncharged fluid and identified the field-dependent viscosity and other zeroth- and firstorder hydrodynamical coefficients. Finally, we gave an explicit example of a CFT action at the KSS bound. We leave further study and classification of different fluids described by the presented formalism for future work.

Acknowledgements — The authors would like to thank Nikolaos Kaplis, David Kraljić and Andrei Starinets for useful discussions and comments on the manuscript. S. G. is supported by the Graduate Scholarship of St. John’s College, Oxford.

[1] S. Dubovsky, T. Gregoire, A. Nicolis and R. Rattazzi, “Null energy condition and superluminal propagation,” JHEP 0603 (2006) 025 [hep-th/0512260].

[2] S. Dubovsky, L. Hui, A. Nicolis and D. T. Son, “Effective field theory for hydrodynamics: thermodynamics, and the derivative expansion,” Phys. Rev. D 85, 085029 (2012) [arXiv:1107.0731 [hep-th]].

[3] H. Leutwyler, Helv. Phys. Acta 70 (1997) 275 [hepph/9609466].

[4] J. Bhattacharya, S. Bhattacharyya and M. Rangamani, “Non-dissipative hydrodynamics: Effective actions versus entropy current,” JHEP 1302 (2013) 153 [arXiv:1211.1020 [hep-th]].

[5] S. Endlich, A. Nicolis, R. A. Porto and J. Wang, “Dissipation in the effective field theory for hydrodynamics: First order effects,” arXiv:1211.6461 [hep-th].

[6] J. Schwinger, “Brownian Motion of a Quantum Oscillator”, J. Math. Phys. 2, 407 (1961);Particles and Sources, vol. I., II., and III., Addison-Wesley, Cambridge, Mass. 1970-73.

[7] P. Kovtun, D. T. Son and A. O. Starinets, “Viscosity in strongly interacting quantum field theories from black hole physics,” Phys. Rev. Lett. 94 (2005) 111601 [hepth/0405231].

[8] J. Polonyi, “Environment Induced Time Arrow”, to appear in The Time-arrow and Anthropic Principle, Open Academic Press, Berlin, arXiv:1206.5781 [hep-th]; C. R. Galley, “The classical mechanics of nonconservative systems”, arXiv 1210.2745 [gr-qc].

[9] H. Bateman, “On Dissipative Systems and Related Variational Principles”, Phys. Rev. 38, 815 (1931).

[10] J. Bhattacharya, S. Bhattacharyya, S. Minwalla and A. Yarom, “A Theory of first order dissipative superfluid dynamics,” arXiv:1105.3733 [hep-th].

[11] P. Kovtun, “Lectures on hydrodynamic fluctuations in relativistic theories,” J. Phys. A 45 (2012) 473001 [arXiv:1205.5040 [hep-th]].