arXiv:1305.3725v2 [gr-qc] 20 May 2013

Preprint typeset in JHEP style - HYPER VERSION

On the critical phenomena and thermodynamics of charged topological dilaton AdS black holes

Ren Zhao

Institute of theoretical physics, Shanxi Datong University, 037009 Datong, China

zhao2969@sina.com

Hui-Hua Zhao

Institute of theoretical physics, Shanxi Datong University, 037009 Datong, China Department of Physics, Shanxi Datong University, 037009 Datong, China

kietemap@126.com

Meng-Sen Ma

Institute of theoretical physics, Shanxi Datong University, 037009 Datong, China Department of Physics, Shanxi Datong University, 037009 Datong, China

mengsenma@gmail.com

Li-Chun Zhang

Institute of theoretical physics, Shanxi Datong University, 037009 Datong, China Department of Physics, Shanxi Datong University, 037009 Datong, China

Abstract: In this paper, we study the phase structure and equilibrium state space geometry of charged topological dilaton black holes in (n + 1)-dimensional anti-de Sitter spacetime. By considering the pairs of parameters (P ∼ V ) and (Q ∼ U) as variables, we analyze the phase structure and critical phenomena of black holes and discuss the relation between the two kinds of critical phenomena. We find that the phase structures and critical phenomena drastically depend on the cosmological constant l (or the static electric charge Q of the black holes), dimensionality n and dilaton field Φ.

Contents

1. Introduction 1

2. Charged Dilaton Black Holes in Anti-de Sitter Space 3

3. Critical behaviour 5 3.1 Q is an invariant parameter 5 3.2 l is an invariant parameter 9

4. Discussion and Conclusions 12

1. Introduction

Black hole physics is a subject at the intersection of general relativity, quantum mechanics and statistical physics and field theory. This makes the subject receive a lot of attention. Black holes have been used as the laboratory of many kinds of theories, specially the thermodynamics of black holes plays an important roles[1, 2, 3, 4, 5, 6]. The thermodynamic properties of black holes have been studied for several years, although the exact statistical explanation of black hole thermodynamics is still lacked.

It shows that black holes also have the standard thermodynamic quantities, such as temperature, entropy, even possess abundant phase structures like hawking-Page phase transition[7] and the critical phenomena similar to ones in the ordinary thermodynamic system. What is more interesting is the research on charged, non-rotating RN-AdS black hole, which shows that there exists phase transition similar to the van der Waals-Maxwell vapor-liquid phase transition[8, 9, 10].

Motivated by the AdS/CFT correspondence[11], where the transitions have been related with the holographic superconductivity[12, 13], the subject that the phase transitions of black holes in asymptotically anti de-Sitter (AdS) spacetime, has received considerable attention[14, 15, 16, 17, 18]. The underlying microscopic statistical interaction of the black holes is also expected to be understood via the study of the gauge theory living on the boundary in the gauge/gravity duality.

The studies[19, 20, 21, 22, 23, 24, 25, 26] on the phase transition and critical phenomena of black holes in AdS spacetime indicate the black holes are similar to the van der Waals vapor-liquid system. The (Q ∼ U)(where Q is the static electric charge, U is the electrostatic potential on the horizon) phase diagram of black holes in AdS spacetime is almost the same as the (P ∼ V ) phase diagram in van der Waals vapor-liquid system.

– 1 –

Among the gravity theories with higher derivative curvature terms, the Gauss-Bonnet (GB) gravity has some special features and gives rise to some interesting effects on the thermodynamics of black holes in AdS space[27, 28, 29, 30, 31, 32]. The phase structure of a GB-AdS black hole was briefly studied in [27, 33]. And in the grand canonical ensemble, the local and global thermal phase structure of a charged asymptotically AdS black hole with both GB and quartic field strength corrections were thoroughly researched [34]. In [35] the phase transition and critical phenamena of d-dimensional charged GB-AdS black hole is analyzed. The consequence show that the phase structure and critical temperature, critical electric charge, critical electrostatic potential of the black hole all depend on the cosmological constant Λ and the dimension of spacetime. The (Q ∼ U) critical conditions of d-dimensional charged GB-AdS black hole agree with the (P ∼ V )ones in van der Waals vapor-liquid system.

Recently, many interests focus on the studies of critical behaviors of AdS black holes [36, 37, 38, 39]by considering cosmological constant as thermal pressure P = − 1 8π Λ = 3 8π 1 l^2

, (1.1)

and corresponding conjugate thermal volume as V = ( ∂M ∂P ) S,Q_i,J_k . (1.2)

The complete analog model of vapor-liquid system for black holes is established in [36]. In [40] the relation (1.1) in higher dimensional spherically symmetric AdS spacetime first proposed which lays the foundation for the research of black holes thermodynamics.

Theoretically, if regarding the black holes in AdS spacetime as thermodynamic systems the corresponding critical behaviors and phase transition should exist. However, until now the statistical explanation of black hole thermodynamics is still lack. Therefore it is a meaningful work to discuss the relations of thermodynamic properties for all kinds of black holes in AdS spacetime. This may help to recognize further black hole entropy, temperature, heat capacity and may help to improve the geometric theory of black holes thermodynamics .

A scalar field called the dilaton appears in the low energy limit of string theory. The presence of the dilaton field has important consequences on the causal structure and the thermodynamic properties of black holes. Thus much interest has been focused on the study of the dilaton black holes in recent years[41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55].

In this paper we study the phase transition and critical behaviors of (n + 1) dimensional charged topological dilaton AdS black hole. Firstly we consider the cosmological constant as thermodynamic pressure and the conjugate thermodynamic volume. We find that the phase structure and critical phenomena are dependent on the static electrostatic charge Q, dimension n and dilaton field Φ. The critical exponents are the same as the ones in van der Waals vapor-liquid system. Secondly we consider the pair of conjugate parameters (Q ∼ U) as the thermodynamic variables and study the phase transition and critical behaviors of (n + 1) dimensional charged topological dilaton AdS black hole again. The results show that

– 2 – the phase structure and critical phenomena are dependent on the cosmological constant Λ, dimension n and dilaton field Φ. The critical exponents are also the same as the ones in van der Waals vapor-liquid system. Thus the two approaches are equivalent because of the same phase diagrams and critical behavior.

The paper is arranged as follows: in the next section we simply introduce the (n + 1)- dimensional charge Dilaton AdS black hole. In section 3 we will consider the parameters (P ∼ V ) and (Q ∼ U) respectively and discuss the phase structure and critical phenomena of black holes. We will make some concluding remarks in section 4. (we use the units G_{n+1} = ℏ = k_B = c = 1)

2. Charged Dilaton Black Holes in Anti-de Sitter Space

The Einstein-Maxwell-Dilaton action in (n + 1)-dimensional (n ≥ 3)spacetime is [49,50] S = 1 16π ∫ d^{n+1}x √ −g ( R − 4 n − 1 (∇Φ)^2 − V (Φ) − e^{−4αΦ/(n−1)}F_{μν} F^{μν} ) , (2.1)

where the dilaton potential is expressed in terms of the dilaton field and its coupling to the cosmological constant:

V^2Φ = n − 1 8 ∂V ∂Φ − α 2 e^{−4αΦ/(n−1)}F_{λη}F^{λη} , (2.2) ∇_μ ( e^{−4αΦ/(n−1)}F^{μν} ) = 0, (2.3)

where R is the Ricci scalar curvature, Φ is the dilaton field and V (Φ) is a potential for Φ, α is a constant determining the strength of coupling of the scalar and electromagnetic field, F_{μν} = ∂_μA_ν −∂_ν A_μ is the electromagnetic field tensor and A_μ is the electromagnetic potential. The topological black hole solutions take the form [38,49,50]

ds^2 = −f(r)dt^2 + dr^2 f(r) + r^2R^2(r)dΩ^2_{k,n−1}, (2.4)

where f(r) = − k(n − 2)(α^2 + 1)^2b^{−2γ} r^{2γ} (α^2 − 1)(α^2 + n − 2) − m r^{(n−1)(1−γ)−1} + 2q^2(α^2 + 1)^2b^{−2(n−2)γ} (n − 1)(α^2 + n − 2) r^{2(n−2)(γ−1)}

− n(α^2 + 1)^2b^{2γ} l^2(α^2 − n) r^{2(1−γ)}, (2.5)

R(r) = e^{2αΦ/(n−1)}, Φ(r) = (n − 1)α 2(1 + α^2) ln ( b r ) , (2.6)

with γ = α^2/(α^2 + 1). The cosmological constant is related to spacetime dimension n by

Λ = − n(n − 1) 2l^2

, (2.7)

– 3 – where b is an arbitrary constant and l denotes the AdS length scale . In the above expression, m appears as an integration constant and is related to the ADM (Arnowitt-Deser-Misnsr) mass of the black hole. According to the definition of mass due to Abbott and Deser [56, 57], the mass of the solution (2.5) is [58] M = b^{(n−1)γ} (n − 1)ω_{n−1} 16π(α^2 + 1) m. (2.8)

the electric charge is Q = qω_{n−1} 4π , (2.9)

where ω_{n−1} represents the volume of constant curvature hypersurface described by dΩ^2_{k,n−1}. The Hawking temperature of the topological black hole on the outer horizon r_+ can be calculated using the relation T = κ 2π = f^′(r_+) 4π , (2.10)

where κ is the surface gravity. It can easily show that T = − (α^2 + 1) 2π(n − 1) ( k(n − 2)(n − 1)b^{−2γ} 2(α^2 − 1) r^{2γ−1}_+ + Λb^{2γ} r^{1−2γ}_+ + q^2b^{−2(n−2)γ} r^{(2n−3)(γ−1)−γ} + )

= − k(n − 2)(α^2 + 1)b^{−2γ} 2π(α^2 + n − 2) r^{2γ−1}_+ +

(n − α^2)m 4π(α^2 + 1) r^{(n−1)(γ−1)} + − q^2(α^2 + 1)b^{−2(n−2)γ} π(α^2 + n − 2) r^{(2n−3(γ−1)−γ} + . (2.11)

Topological black hole entropy S = b^{(n−1)γ} ω_{n−1}r^{(n−1)(1−γ)} + 4 . (2.12)

The electric potential U = qb^{(3−n)γ} r^λ_+λ

, (2.13)

where λ = (n − 3)(1 − γ) + 1. From f(r_+) = 0 and (2.8), we obtain M = q^2b^{γ(3−n)}(α^2 + 1)ω_{n−1} 8π(α^2 + n − 2) r^{−λ}_+ − n(n − 1)(α^2 + 1)b^{γ(n+1)}ω_{n−1} 16πl^2(α^2 − n) r^{n−γ(n+1)} + − k(n − 2)(n − 1)(α^2 + 1)b^{γ(n−3)}ω_{n−1} 16π(α^2 − 1)(α^2 + n − 2) r^λ_+. (2.14)

One may then regard the parameters S, Q and P as a complete set of extensive parameters for the mass M(S, Q, P ) and define the intensive parameters conjugate to S, Q and P . These quantities are the temperature, the electric potential and volume. T = ( ∂M ∂S ) Q,P , U = ( ∂M ∂Q ) S,P , V = ( ∂M ∂P ) Q,S . (2.15)

– 4 – where P = n(n − 1) 16πl^2 , V = − (α^2 + 1)b^{γ(n+1)}ω_{n−1} (α^2 − n) r^{n−γ(n+1)} + . (2.16)

It is a matter of straightforward calculation to show that the quantities calculated by Eq. (2.16) for the temperature, and the electric potential coincide with Eqs. (2.11) and (2.13). Thus, the thermodynamics quantities satisfy the first law of thermodynamics dM = T dS + UdQ + V dp. (2.17) The thermodynamic quantities above, energy M, entropy S, temperature T , volume V , pressure P , electrostatic potential U and electric charge Q satisfy Smarr formula: M = (n − 1)(1 − γ) λ T S + UQ − n − λ λ V P. (2.18)

In what follows we concentrate on analyzing the phase transition of the (n + 1)dimensional charged topological dilaton AdS black hole system in the extended phase space while we treat the black hole charge Q as a fixed external parameter, or the cosmological constant is an invariant parameter, not a thermodynamic variable. We shall find that an even more remarkable coincidence with the Van der Waals fluid is realized in this case.

3. Critical behaviour

3.1 Q is an invariant parameter

For a fixed charge q, Eq. (2.11) translates into the equation of state for a charged topological dilaton black hole, P = P (V, T ) P = T (n − 1) 4(α^2 + 1) b^{−2γ} r^{2γ−1}_+ + k(n − 1)(n − 2) 16π(α^2 − 1) b^{−4γ} r^{2(2γ−1)} + + Q^2b^{2(1−n)γ} 2π ω^2_{n−1} r^{2(n−1)(γ−1)} +

r_+ = ( V (n − α^2) (α^2 + 1)ω_{n−1}b^{γ(n+1)} )_{1/(n−γ(n+1))} . (3.1)

Where P and V are given by (2.16), V is the thermodynamic volume, given in terms of the event horizon radius r_+, T is the black hole temperature, and Q its charge. The Van der Waals equation ( P + a v^2 ) (v − b̃) = kT, (3.2)

Here, v = V/N is the specific volume of the fluid, P its pressure, T its temperature, and k is the Boltzmann constant.

Comparing with the Van der Waals equation, (3.2), we conclude that we should identify the specific volume v of the fluid with the horizon radius of the black hole as v = 4(α^2 + 1)b^{2γ} (n − 1) r^{1−2γ}_+ . (3.3)

– 5 –

In (n + 1) dimensions, the equation of (3.1) reads

P = T v + k(n − 2)(α^2 + 1)^2 π(n − 1)(α^2 − 1)v^2 + Q^2b^{2(1−n)γ} 2π ω^2_{n−1} ( v(n − 1) 4(α^2 + 1)b^{2γ} )^{2(n−1)(γ−1)} 1−2γ

= T v − A v^2 + B v^{2(n−1)(1−γ)/(1−2γ)} , (3.4)

where A = k(n − 2)(α^2 + 1)^2 π(n − 1)(1 − α^2) , B = Q^2b^{2(1−n)γ} 2π ω^2_{n−1} ( 4(α^2 + 1)b^{2γ}

(n − 1) )_{2(n−1)(1−γ)/(1−2γ)} . (3.5)

Critical points occur at points of inflection in the P − V diagram, where ∂P ∂v = 0,

∂^2P ∂v^2 = 0, (3.6)

Substituting (3.4) into (3.6) we can derive the critical volume, temperature and pressure:

v^{x−2}_c = (x − 1)xB 2A , T_c = 2A v_c − xB v^{x−1}_c = 2A(x − 2) (x − 1) ( 2A (x − 1)xB )_{1/(x−2)} ,

P_c = A v^2_c − B v^x_c (x − 1) = A(x − 2) x ( 2A (x − 1)xB )_{2/(x−2)} , (3.7)

where x = 2(n − 1)(1 − γ) (1 − 2γ)

. (3.8)

Van der Waals equation critical temperature, volume and pressure are:

v^{x−2}_c = (x − 1)xB 2A , T_c = 2A v_c − xB v^{x−1}_c = 2A(x − 2) (x − 1) ( 2A (x − 1)xB )_{1/(x−2)} ,

T_c = 8a 27b̃

, v_c = 3b̃, P_c = a 27b̃^2

. (3.9)

From (3.7), (n + 1)-dimensional charged topological dilaton black hole correspond to b̃ = x 4(x − 1) ( (x − 1)xB 2A )_{1/(x−2)} , a = 27Ax(x − 2) 16(x − 1)^2

, ρ_c = P_cv_c T_c = x − 1 2x . (3.10)

Therefore, the critical temperature, volume and pressure of (n + 1)-dimensional charged topological dilaton black hole are

v_c =

4(x − 1) x b̃, T_c = 8a 27b̃

, P_c = a 27b̃^2

. (3.11)

– 6 –

(a) (n = 3, α = 0) (b) (n = 3, α = 0.6) (c) (n = 10, α = 0.6)

Figure 1: p − v diagram of (n + 1)-dimensional charge Dilaton AdS black hole in (n = 3, α = 0), (n = 3, α = 0.6) and (n = 10, α = 0.6) respectively. The temperature of isotherms decreases from top to bottom. The three upper dashed lines correspond to the “ideal gas” one-phase behaviour for T > T_c, the critical isotherm T = T_c is denoted by the thick solid line, lower (red) solid lines correspond to two-phase state occurring for T < T_c. We have set Q = 1, b = 1, k = 1. The behaviour for n > 3 and α > 0 is qualitatively.

Figure 2: The T_c − α diagram shows the influence of dilaton field α on the critical temperature with different sapcetime dimensions.

In Fig.1, (a) and (b) show the influence of dilaton field α on the isothermal curves with the same spacetime dimension. (b) and (c) represent the influence of spacetime dimension n on the isothermal curves with the same dilaton field.

To calculate the critical exponent α we consider the entropy S, (2.12), as a function of T and V . Using (3.1) we have

S = S(T, V ) = b^{−γ(n−1)/(n−γ(n+1))} 4 ω^{(1−2γ)/(n−γ(n+1))} n−1 ( V (n − α^2) (α^2 + 1) )_{(n−1)(1−γ)/(n−γ(n+1))} . (3.12) Since this is independent of T , we have C_V = T (_{∂S} ∂T ) V = 0 and hence α̃ = 0. Defining specific

– 7 – variables p = P P_c , v = v v_c , τ = T T_c . (3.13)

Thus Eq.(3.4) turns into p = τ v 2x x − 1 − 1 v^2 x x − 2 + 1 v^x 2 (x − 1)(x − 2)

, (3.14)

One can write Eq.(3.14) in the form of van der Waals (x − 1)v ( p + 1 v^2 x x − 2 ) − 2 v^{x−1}(x − 2) = 2xτ. (3.15)

In Eq.(3.14) there exist no constants which depend on the properties of matter, but there is the quantity x which is dependent on n and γ. Therefore, when n and γ are the same, the equation can be simplified to p = τ ρ_cv + f(v), (3.16)

where ρ_c stand for the critical ratio, which is given by (3.10). f(v) = − 1 v^2 x x − 2 + 1 v^x 2 (x − 1)(x − 2)

(3.17)

where ρ_c stands for the critical ratio. Expanding this equation near the critical point

τ = t + 1, v = (ω + 1)^{1/q} , (3.18)

where q̃ > 0, and using the fact that from the definition of the critical point we have 1 ρ_c + f(1) = 1, ρ_cf^′(1) = 1, ρ_cf^{′′}(1) = −2, (3.19)

And so obtain p = 1 + t ρ_c − tω q̃ρ_c − Cω^3 + O(tω^2, ω^4), (3.20)

where C =^1_{q̃3}

(_1 ρ_c − f^{(3)}(1) 6 ) .Differentiating the series for a fixed t < 0 we get dP = −P_c ( t q̃ρ_c + 3Cω^2 ) dω. (3.21)

Employing Maxwell’s equal area law, see, e.g., [35, 36, 38], while denoting ω_g and ω_l the ‘volume’ of small and large black holes, we get the following two equations:

p = 1 + t ρ_c − tω_l q̃ρ_c − Cω^3_l = 1 + t ρ_c − tω_g q̃ρ_c − Cω^3_g ,

0 = ω_g∫

ω_l ωdP = ω_g∫

ω_l ω ( t q̃ρ_c + 3Cω^2 ) dω. (3.22)

– 8 –

The unique non-trivial solution is

ω_g = −ω_l = √ − 2t 3Cq̃ρ_c ∝ (−t)^{1.2}, (3.23)

which implies that the degree of the coexistence curve

β = 1/2. (3.24)

To calculate the exponent γ̃, we use again (3.22), to get

κ_T = − 1 V ( ∂V ∂P ) T ∝ 1 P_c 1 (t/(q̃ρ_c + 3Cω^2)

, (3.25)

The set ω = 0, we get κ_T ∝ 1 P_c q̃ρ_c t . (3.26)

Thus the isothermal compressibility exponent

γ̃ = 1. (3.27)

Finally, the ‘shape of the critical isotherm’ t = 0 is given by (3.23), i.e.,

p − 1 = −Cω^3, (3.28)

Therefore the critical exponent δ = 3. (3.29)

According to Eq.(3.11), when the electric charge of black holes is invariant, the equation of state of the charged topological dilaton AdS black hole in any dimension can be expressed as the form of Van der Waals equation. The critical exponents are the same as the ones for Van der Waals fluid.

In particular, the law of corresponding states, (3.14), takes the form (3.16). Taking q̃ =^{n−γ(n+1)} 1−2γ (in which cases ω = V V_c − 1). We obtain the expansion (3.21) with C = x(1 − 2γ)^3 3[n − γ(n + 1)]^3

, (3.30)

and so the discussion above applies.

3.2 l is an invariant parameter

In the case of l invariant, substituting Eq.(2.13) into (2.11), one can derive

T = (α^2 + 1) 4π k(n − 2)b^{−2γ} (1 − α^2) ( qb^{(3−n)γ} λU )_{(2γ−1)/λ} + n(α^2 + 1)b^{2γ} 4πl^2 ( qb^{(3−n)γ} λU )_{(1−2γ)/λ}

– 9 –

− (α^2 + 1) 2π(n − 1) q^2b^{−2(n−2)γ} ( qb^{(3−n)γ} λU )_{((2n−3)(γ−1)−γ)/λ}

= Ã ( qb^{(3−n)γ} λU )_{(2γ−1)/λ} + B̃ ( qb^{(3−n)γ} λU )_{(1−2γ)/λ} − C̃q^2 ( qb^{(3−n)γ} λU )_{((2n−3)(γ−1)−γ)/λ} , (3.31)

where

Ã = (α^2 + 1) 4π k(n − 2)b^{−2γ} (1 − α^2) , B̃ = n(α^2 + 1)b^{2γ} 4πl^2 , C̃ = (α^2 + 1) 2π(n − 1) b^{−2(n−2)γ} . (3.32)

The critical points should satisfy the conditions ( ∂q ∂U ) T = ( ∂^2q ∂U^2 ) T = 0. (3.33)

Substituting Eq.(3.31) into Eq.(3.33), one can obtain the critical electric charge, critical electrostatic potential and critical temperature:

q^2_c = − Ã′ + B̃′D C̃′D[nγ−3γ−n+2]/(1−2γ) = k(n − 2) 2(x − 1) b^{2(n−3)γ} D^{λ/(1−2γ)} = E λU_c = E^{1/2}b^{(3−n)γ} D^{−λ/(2−4γ)}, T_c = ÃD^{−1/2} + B̃D^{1/2} + C̃ Ã′ + B̃′D C̃′ D^{−1/2} = k(n − 2)b^{−2γ} (x − 2) 2π(1 − 2γ)(x − 1)

D^{−1/2}, (3.34)

where

Ã^′ = Ã(1−2γ), B̃^′ = B̃(2γ −1), C̃^′ = C̃[(2n−3)(γ −1)−γ], D = k(n − 2)b^{−4γ} l^2 2n(n − 1) (x−2). In Fig.3, (a) and (b) show the influence of dilaton field α on the isothermal curves with the same spacetime dimension. (b) and (c) represent the influence of spacetime dimension n on the isothermal curves with the same dilaton field.

Expanding ground a critical point τ =^β_{βc} u =^U_{Uc} ϑ =^q_{qc} . Eq.(3.31) can be expressed as 1 τβ_c = ÃD^{−1/2} ( ϑ u )_{(2γ−1)/λ} + B̃D^{1/2} ( ϑ u )_{(1−2γ)/λ} + C̃ Ã′ + B̃′D C̃′ ϑ^2 ( ϑ u )_{((2n−3)(γ−1)−γ)/λ} , (3.35) Near the critical points, defining t = τ − 1, ω = u − 1 and substituting them into the above equation, we can obtain ϑ = ∑ m,n=0 a_{mn}t^mω^n, (3.36)

where a_{mn} =^1_{m!n!}^{∂(m+n)ϑ}_{∂tm∂ωn} | | t = 0 ω = 0

. According to Eq.(3.31) and (3.33), a_{00} = 1, a_{01} = 0, a_{02} =

0. This result holds for any values of k, land γ. In the neighborhood of the critical points,

– 10 –

(a) (n = 3, α = 0) (b) (n = 3, α = 0.6) (c) (n = 10, α = 0.6)

Figure 3: q − U diagram of (n + 1)-dimensional charge Dilaton AdS black hole in (n = 3, α = 0), (n = 3, α = 0.6) and (n = 10, α = 0.6) respectively. The temperature of isotherms decreases from top to bottom. The three lower dashed lines correspond to the “ideal gas” one-phase behaviour for T > T_c, the critical isotherm T = T_c is denoted by the thick solid line, upper (red) solid lines correspond to two-phase state occurring for T < T_c. We have set b = 1, k = 1 and the cosmological constant is given by Eqs.(3.5), (3.7). The behaviour for n > 3 and α > 0 is qualitatively.

we have (3.36). The values of ω on either side of the coexistence curve can be found from the conditions that along the isotherm, Employing Maxwell’s equal area law, see, e.g., [33,35], while denoting ω_g and ω_l the ‘volume’ of small and large black holes, we get the following two equations:

ϑ(ω_g) = ϑ(ω_l), (3.37) 0 = ω_g∫

ω_l (ω + 1)dϑ. (3.38)

From the first condition (3.37), we derive

a_{11}t(ω̃_g + ω̃_l) + a_{21}t^2(ω̃_g + ω̃_l) + a_{12}t(ω̃^2_g − ω̃^2_l ) + a_{03}(ω̃^3_g + ω̃^3_l ) + o(tω^2, ω^4) = 0, (3.39)

where we have denoted ω̃_l = −ω_l and ω̃_g = ω_g for different phases. The second condition (3.38) reduces to

a_{11}t(ω̃_g + ω̃_l) + a_{21}t^2(ω̃_g + ω̃_l) + 1 2 (a_{11} + 2a_{12})t(ω̃^2_g − ω̃^2_l )

+a_{03}(ω̃^3_g + ω̃^3_l ) + o(tω^2, ω^4) = 0. (3.40)

The unique non-trivial solution is

ω̃^2_g = ω̃^2_l = − 1 a_{03}

(a_{11}t + a_{21}t^2). (3.41)

yielding ω̃_g = ω̃_l ∼ √ − a_{11} a_{03} t ∼ t^{1/2} ⇒ β = 1 2 . (3.42)

– 11 –

To calculate the exponentγ̃, we use again (3.36), to get

κ_T = − 1 V ∂V ∂P | | |_T ∝ 1 P_c 1 a_{11}t

⇒ γ̃ = 1. (3.43)

Let t = 0, (3.40) will be of the form

ϑ = a_{03}ω^3 + o(ω^4), (3.44)

Thus we get the degree of the critical isotherm

δ = 3. (3.45)

The heat capacity at fixed U is

C_U = T ( ∂S ∂T ) U = T ( ∂S ∂q ) U ( ∂T ∂q )_{−1} U , (3.46)

From Eq.(2.12) and Eq.(3.31) ( ∂S ∂q ) U = b^{(n−1)γ} ω_{n−1} 4 (n − 1)(1 − γ) λ ( qb^{(3−n)γ} λU )_{(n−1)(1−γ)/λ} 1 q , ( ∂T ∂q ) U = −Ã (1 − 2γ) λq ( qb^{(3−n)γ} λU )_{(2γ−1)/λ} + B̃ (1 − 2γ) λq ( qb^{(3−n)γ} λU )_{(1−2γ)/λ}

+C̃q (1 − 2γ) λ ( qb^{(3−n)γ} λU )_{((2n−3)(γ−1)−γ)/λ}

= k(n − 2)(x − 2)b^{−2γ} 2πλq_cx(x − 1) D^{−1/2}, (3.47)

When n ≠ 2, and x ≠ 2, Eq.(3.47) is nonzero and C_U is non-singular at the critical points. Thus the heat capacity exponent α̃ = α̃^′ = 0. (3.48)

When the cosmological constant is invariant we conclude that the thermodynamic exponents associated with the charged topological dilaton AdS black holes in any dimension n ≥ 3 coincide with those of the Van der Waals fluid.

4. Discussion and Conclusions

In Sec.3 we discussed the phase structure and critical phenomena of charged topological dilaton AdS black holes in the case of k = 1 and the cases of electric charge Q and the cosmological constant l are invariant respectively. We obtain two pairs of critical temperature and critical pressure (critical electric charge) and critical volume(critical electric potential),

– 12 – which are represented by Eq.(3.7) and (3.34). Below we will analyze the relations between the two pairs of critical quantities.

In the case of invariant electric charge Q, from critical pressure Eq.(3.7) we know that 1 l_c = 4 ( πA(x − 2) n(n − 1)x )_{1/2} ( 2A (x − 1)xB )_{1/(x−2)} . (4.1)

Substituting Eq.(4.1) into the critical temperature Eq.(3.35) derived from the case of invariant cosmological constant l, one can get

T_c = ÃD^{−1/2} + B̃D^{1/2} + C̃ Ã′ + B̃′D C̃′ D^{−1/2} = k(n − 2)b^{−2γ} (x − 2) 2π(1 − 2γ)(x − 1) D^{−1/2}

= k(n − 2)(x − 2) 2π(1 − 2γ)l(x − 1) ( 2n(n − 1) k(n − 2)(x − 2) )_{1/2} = 2A(x − 2) (x − 1) ( 2A (x − 1)xB )_{1/(x−2)} . (4.2)

From Eq.(4.2) and (3.7) we can find that the two pair of critical temperatures are the same. Because the critical temperature, critical pressure and critical volume in Eq.(3.7) are all dependent on B, and B is the function of electric charge of black hole, the critical quantities should be the function of electric charge of black hole. The critical temperature and critical electric charge in Eq.(3.34) are the function of l. The relations between the both quantities are given by Eq.(4.1), thus critical pressure and critical volume can also be expressed as the function of cosmological constant. The critical electric potential from Eq.(3.34)

U_c = 1 λ E^{1/2}b^{(3−n)γ} D^{−λ/(2−4γ)} = 1 λ ( k(n − 2) 2(x − 1) )_{1/2} . (4.3)

From Eq.(4.3), the critical electric potential is dependent on the spacetime dimension n and dilaton field γ and is independent of the cosmological constant l.

From above we find that when the relation (4.1) is satisfied for the charged topological dilaton AdS black hole the phase transition like van der Waals vapor-liquid one will turn up.

The critical temperature, critical pressure, critical volume and critical electric potential are given by Eq.(3.7) and (3.34). The critical exponents are the same as the ones in van der Waals vapor-liquid phase transition.

Because of the relation (4.1), according to the critical temperature, critical pressure and critical volume derived in Sec.3 we can obtain the critical electric charge and critical electric potential.

From Eq.(4.1) B = 2A (x − 1)x ( 16l^2_c πA(x − 2) n(n − 1)x )_{(x−2)/2} . (4.4)

Substituting Eq.(4.3) into the above equation, one can get

q^2_c = k(n − 2) 2(x − 1) b^{2(n−3)γ} D^{λ/(1−2γ)}. (4.5)

– 13 – which agrees with Eq.(3.35). From Eq.(3.3) and (3.7), the horizon of the black hole correspondent to the critical points is

r_{+c} = ( (x − 1)xB 2A )_{λ/[(x−2)(1−2γ)]} ( (n − 1)(1 − γ)b^{−2γ} 4 )_{λ/(1−2γ)} . (4.6)

Substituting Eq.(4.5) into (2.13), one can obtain the consistent critical electric potential with Eq.(4.3). Thus for the (n + 1)-dimensional charged topological dilaton AdS black hole, in Sec.3 and Sec.4 we can both derive the critical temperature, critical volume, critical pressure, critical electric potential and critical electric charge. For the two pairs of parameters (P − V ) or (Q − U), the phase structure and critical phenomena of black hole are the same as the ones in van der Waals vapor-liquid system.

Due to A ∝ k, the critical temperature, critical pressure, critical electric potential and critical electric charge derived above will tend to zero, however the critical volume will tend to infinity. Therefore when k = 0, for the (n + 1)-dimensional charged topological dilaton AdS black hole there no exist similar phase transition to the one in the van der Waals system.

When k = −1, the results are complicated. The critical temperatureT_c < 0, critical electric charge and electric potential are imaginary numbers. v_c ∝ (−1)^{1/(x−2)}, P_c ∝ −(−1)^{2/(x−2)}, which is dependent on the value of x. Whether this process can happen or not? If happens, what physical mechanism it should correspond? These questions should be studied further.

In this paper we studied the phase structure and critical phenomena of the (n + 1)- dimensional charged topological dilaton AdS black holes. We find that the phase structure in the canonical ensemble significantly depends on the parameter k, dimensionality n, dilaton field γ and cosmological constant l or the electric charge q of black hole. We consider Hawking temperature, electric charge, the cosmological constant, electric potential and volume as the state parameters and analyzed the phase structure and the critical phenomena. We do not discuss the effects of dilaton field γ and b in Eq.(2.4) on the phase structure and the critical phenomena and will leave this for further work.

Acknowledgements

This work is supported by NSFC under Grant Nos.(11247261;11175109;11075098;11205097).

References

[1] J. D. Bekenstein, “Black holes and the second law”, Lett. Nuovo Cimento 4 737 (1972).

[2] J. D. Bekenstein, “Generalized second law of thermodynamics in black hole physics”, Phys.

Rev. D 9, 3292(1974).

[3] J. D. Bekenstein, “Extraction of Energy and Charge from a Black Hole”, Phys. Rev. D 7, 949 (1973).

– 14 –

[4] J. M. Bardeen, B. Carter, S. W. Hawking, “The Four laws of black hole mechanics”, Commun.

Math. Phys. 31, 161 (1973).

[5] S. W. Hawking, “Black Hole Explosions”, Nature, 248 30 (1974).

[6] S. W. Hawking, “Particle Creation by Black Holes”, Commun. Math. Phys. 43 199 (1975).

[7] S. Hawking and D. N. Page, “Thermodynamics of black holes in anti-de Sitter space”, Commun. Math. Phys. 87, 577 (1983).

[8] A. Chamblin, R. Emparan, C. Johnson, and R. Myers, “Charged AdS black holes and catastrophic holography”, Phys.Rev. D60 (1999) 064018, [hep-th/9902170].

[9] A. Chamblin, R. Emparan, C. Johnson, and R. Myers, “Holography, thermodynamics and uctuations of charged AdS black holes”, Phys.Rev. D60 (1999) 104026,[hep-th/9904197].

[10] C. Peca, J. P. S. Lemos, ”Thermodynamics of Reissner-Nordstrom-anti-de Sitter black holes in the grand canonical ensemble”, Phys. Rev. D 59, 124007 (1999).

[11] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri, and Y. Oz, “Large N field theories, string theory and gravity”, Phys. Rept. 323, 183 (2000), [arXiv:hep-th/9905111].

[12] S. S. Gubser, “Breaking an Abelian gauge symmetry near a black hole horizon”, Phys. Rev. D 78, 065034 (2008), [arXiv:0801.2977[hep-th]].

[13] S. A. Hartnoll, C. P. Herzog, and G. T. Horowitz, “Building a Holographic Superconductor”, Phys. Rev. Lett. 101, 031601 (2008), [arXiv:0803.3295[hep-th]].

[14] J. P. S. Lemos, V. T. Zanchin, ”Charged Rotating Black Strings and Three Dimensional Black Holes”, Phys. Rev. D 54, 3840 (1996); J. P. S. Lemos, 1995, ”Three Dimensional Black Holes and Cylindrical General Relativity”, Phys. Lett. B 352, 46 (1995), and .J. P. S. Lemos, 1995, ”Two Dimensional Black Holes and Planar General Relativity”, Class. Quantum Gravity 12, 1081 (1995).

[15] A. Sahay, T. Sarkar, and G. Sengupta, “Thermodynamic Geometry and Phase Transitions in Kerr-Newman-AdS Black Holes”, JHEP 1004, 118 (2010), [arXiv:1002.2538[hep-th]].

[16] A. Sahay, T. Sarkar, and G. Sengupta, “On the Thermodynamic Geometry and Critical Phenomena of AdS Black Holes”, JHEP 1007, 082 (2010), [arXiv:1004.1625[hep-th]].

[17] A. Sahay, T. Sarkar, and G. Sengupta, “On The Phase Structure and Thermodynamic Geometry of R-Charged Black Holes”, JHEP 1011, 125, (2010), [arXiv:1009.2236[hep-th]].

[18] D. Kastor, S. Ray, and J. Traschen, “Enthalpy and the Mechanics of AdS Black Holes”, Class.

Quant. Grav. 26, 195011 (2009), [arXiv:0904.2765[hep-th]

[19] R. Banerjee, S. K. Modak, S. Samanta, “Second Order Phase Transition and Thermodynamic Geometry in Kerr-AdS Black Hole”, Phys.Rev.D84:064024,2011 arXiv:1005.4832

[20] R. Banerjee, D. Roychowdhury, “Critical behavior of Born Infeld AdS black holes in higher dimensions”, Phys. Rev. D 85, 104043 (2012), arXiv:1203.0118

[21] R. Banerjee, D. Roychowdhury, “Critical phenomena in Born-Infeld AdS black holes”, Phys.

Rev. D 85, 044040 (2012), arXiv:1111.0147

[22] R. Banerjee, D. Roychowdhury, “Thermodynamics of phase transition in higher dimensional AdS black holes”, JHEP 11(2011)004, arXiv:1109.2433

– 15 –

[23] R. Banerjee, S. Ghosh, D. Roychowdhury, “New type of phase transition in Reissner Nordström - AdS black hole and its thermodynamic geometry”, Phys.Lett.B696:156-162,2011, arXiv:1008.2644

[24] R. Banerjee, S. K. Modak, D. Roychowdhury, “A unified picture of phase transition: from liquid-vapour systems to AdS black holes”, JHEP 1210:125,2012, [arXiv:1106.3877].

[25] R. Banerjee, S. K. Modak, S. Samanta, “Glassy Phase Transition and Stability in Black Holes”, Eur.Phys.J.C70:317-328,2010, arXiv:1002.0466.

[26] B. R. Majhi, D. Roychowdhury, “Phase transition and scaling behavior of topological charged black holes in Horava-Lifshitz gravity”, Class.Quant.Grav. 29 (2012) 245012, arXiv:1205.0146 [gr-qc].

[27] R.-G. Cai, “Gauss-Bonnet Black Holes in AdS Spaces”, Phys. Rev. D 65, 084014 (2002), [arXiv:hep-th/0109133].

[28] H.-C. Kim and R.-G. Cai, “Slowly Rotating Charged Gauss-Bonnet Black holes in AdS Spaces”, Phys. Rev. D 77, 024045 (2008), [arXiv:0711.0885[hep-th]].

[29] Y. S. Myung, Y.-W. Kim, and Y.-J. Park, “Thermodynamics of Gauss-Bonnet black holes revisited”, Eur. Phys. J. C 58, 337 (2008), [arXiv:0806.4452[gr-qc]].

[30] Y. Liu, Q. Pan, B. Wang, and R.-G. Cai, “Dynamical perturbations and critical phenomena in Gauss-Bonnet-AdS black holes”, Phys. Lett. B 693, 343 (2010), [arXiv:1007.2536[hep-th]].

[31] D. Astefanesei, N. Banerjee, and S. Dutta, “(Un)attractor black holes in higher derivative AdS gravity”, JHEP 0811, 070 (2008), [arXiv:0806.1334[hep-th]].

[32] A. Lala, “Critical phenomena in higher curvature charged AdS black holes”, [arXiv:1205.6121[gr-qc]].

[33] T. K. Dey, S. Mukherji, S. Mukhopadhyay, and S. Sarkar, “Phase Transitions in Higher Derivative Gravity”, JHEP 0704, 014 (2007), [arXiv:hep-th/0609038].

[34] D. Anninos and G. Pastras, “Thermodynamics of the Maxwell-Gauss-Bonnet anti-de Sitter Black Hole with Higher Derivative Gauge Corrections”, JHEP 0907, 030 (2009), [arXiv:0807.3478[hep-th]].

[35] S.-W. Wei, Y.-X. Liu, “Critical phenomena and thermodynamic geometry of charged Gauss-Bonnet AdS black holes”, Phys. Rev. D 87, 044014 (2013), arXiv:1209.1707

[36] D. Kubiznak, R. B. Mann, “P-V criticality of charged AdS black holes”, JHEP 1207:033,2012, arXiv:1205.0559.

[37] B. P. Dolan, D. Kastor, D. Kubiznak, R. B. Mann, J. Traschen, “Thermodynamic Volumes and Isoperimetric Inequalities for de Sitter Black Holes”, arXiv:1301.5926

[38] S. Gunasekaran, D. Kubiznak, R. B. Mann, “Extended phase space thermodynamics for charged and rotating black holes and Born-Infeld vacuum polarization”, arXiv:1208.6251.

[39] B. P. Dolan, “Where is the PdV term in the fist law of black hole thermodynamics?”, [arXiv:1209.1272[gr-qc]].

[40] M. Cvetic, G.W. Gibbons, D. Kubiznak, C.N. Pope, “Black Hole Enthalpy and an Entropy Inequality for the Thermodynamic Volume”, Phys.Rev.D84:024037,2011, arXiv:1012.2888.

– 16 –

[41] C. Peca, J. P. S. Lemos, ”Thermodynamics of toroidal black holes”, J. Math. Physics 41, 4783 (2000).

[42] C. J. Gao, H. N. Zhang, “Topological Black Holes in Dilaton Gravity Theory”, Phys. Lett. B 612, 127-136 (2006).

[43] M. H. Dehghani, S. H. Hendi, A. Sheykhi and H. Rastegar Sedehi, ”Thermodynamics of Rotating Black Branes in Einstein–Born-Infeld-dilaton Gravity”, JCAP, 02, 020 (2007); S. H. Hendi, A. Sheykhi and M. H. Dehghani, ”Thermodynamics of Higher Dimensional Topological Charged AdS Black Branes in Dilaton Gravity”, Eur. Phys. J. C 70, 703 (2010).

[44] Y. C. Ong, “Stringy Stability of Dilaton Black Holes in 5-Dimensional Anti-de-Sitter Space”, Proceedings of the Conference in Honor of Murray Gell-Mann’s 80th Birthday, 583-590, World Scientific (2010), Singapore, arXiv:1101.5776v1 [hep-th].

[45] K. Goldstein, S. Kachru, S. Prakash, S. P. Trivedi, “Holography of Charged Dilaton Black Holes”, JHEP 1008:078 (2010), arXiv:0911.3586v4 [hep-th].

[46] C-M. Chen, D-W. Peng, “Holography of Charged Dilaton Black Holes in General Dimensions”, JHEP 1006:093 (2010), arXiv:1003.5064.

[47] B. Gout’eraux, B. S. Kim, R. Meyer, “Charged Dilatonic Black Holes and Their Transport Properties”, Fortschr. Phys. 59, 723 (2011), arXiv:1102.4440v1 [hep-th].

[48] N. Lizuka, N. Kundu, P. Narayan, S. P. Trivedi, “Holographic Fermi and Non-Fermi Liquids with Transitions in Dilaton Gravity”, JHEP 1201 (2012) 094, arXiv:1105.1162v3 [hep-th].

[49] W-J. Li, “Some Properties of the Holographic Fermions in an Extremal Charged Dilatonic Black Holes”, Phys. Rev. D84: 064008 (2011), arXiv:1108.6134v1 [hep-th].

[50] W-J. Li, R. Meyer, H. Zhang, “Holographic Non-Relativistic Fermionic Fixed Point by the Charged Dilatonic Black Hole”, JHEP 01 (2012) 153, 1111.3783v3 [hep-th].

[51] S. S. Gubser, F. D. Rocha, “Peculiar Properties of a Charged Dilatonic Black Hole in AdS5”, Phys. Rev. D81: 046001 (2010), arXiv:0911.2898v2 [hep-th].

[52] A. Sheykhi, M. H. Dehghani, S. H. Hendi, “Thermodynamic Instability of Charged Dilaton Black Holes in AdS Spaces”, Phys. Rev. D81: 084040 (2010), arXiv:0912.4199v2 [hep-th].

[53] K. Goldstein, N. Lizuka, S. Kachru, S. Prakash, S. P. Trivedi, A. Westphal, “Holography of Dyonic Dilaton Black Branes”, JHEP 1010:027 (2010), arXiv:1007.2490v1 [hep-th].

[54] Yen Chin Ong, Pisin Chen, “Stringy Stability of Charged Dilaton Black Holes with Flat Event Horizon”, JHEP, 8,79(2012),arXiv:1205.4398 [hep-th]

[55] A. Lala and D. Roychowdhury, “Ehrenfests scheme and thermodynamic geometry in Born-Infeld AdS black holes”, Phys. Rev. D86: 084027 (2012).

[56] L. F. Abbott and S. Deser, “Stability of gravity with a cosmological constant”, Nucl. Phys.

B195, 76 (1982).

[57] R. Olea, “Mass, angular momentum and thermodynamics in four-dimensional Kerr-AdS black holes”, JHEP, 0506 (2005) 023; R. Olea, “Regularization of odd-dimensional AdS gravity: Kounterterms”, JHEP, 0704(2007) 073, hep-th/0610230; G. Kofinas, R. Olea, JHEP 0711:069,2007, arXiv:0708.0782 [hep-th]; G. Kofinas, R. Olea, Phys.Rev. D 74 (2006) 084035, hep-th/0606253;

– 17 –

[58] A. Sheykhi, “Thermodynamics of charged topological dilaton black holes”, Phys.Rev.D76:124025,2007 arXiv:0709.3619 [hep-th]

– 18 –