arXiv:1305.3893v1 [hep-th] 16 May 2013

Construction of a Gauge-Invariant Action for Type II Superstring Field Theory

Hiroaki Matsunaga^∗

Institute of Physics, University of Tokyo Komaba, Meguro-ku, Tokyo 153-8902, Japan

UT-Komaba 13-04

Abstract

We construct a gauge-invariant action for covariant type II string field theory in the NS- NS sector. Our construction is based on the large Hilbert space description and Zwiebach’s string products are used. First, we rewrite the action for bosonic string field theory into a new form where a state in the kernel of the generator of the gauge transformation appears explicitly. Then we use the same strategy and write down our type II action, where a projector onto the small Hilbert space plays an important role. We present lower-order terms up to quartic order and show that three-point amplitudes are reproduced correctly.

∗E-mail: matsunaga@hep1.c.u-tokyo.ac.jp

Contents

1 Introduction 1

2 Basic Facts of Closed String Field Theory 3 2.1 Zwiebach’s Bosonic Closed String Field Theory . . . . . . . . . . . . . . . . . . . 3 2.2 A Shifting Structure and L_∞-algebras . . . . . . . . . . . . . . . . . . . . . . . . 4 2.3 A New Action and the Gauge Invariance . . . . . . . . . . . . . . . . . . . . . . . 5 2.4 Another Calculation and Extra/BRST-exact Terms . . . . . . . . . . . . . . . . . 7

3 Pure Gauge Solutions and Supersymmetric Theory 8 3.1 A Classical Solution and Related Fields . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Supersymmetric Theory and the Large Hilbert Space Description . . . . . . . . . 9 3.3 Pure Gauge Solutions of Heterotic String Field Theory . . . . . . . . . . . . . . . 11

4 Type II String Field Theory 12 4.1 Type II String Fields and Pure Gauge Solutions . . . . . . . . . . . . . . . . . . . 12 4.2 The Generator Q_G and the State Q_GΨ . . . . . . . . . . . . . . . . . . . . . . . . 14 4.3 The Classical Action and the Gauge Invariance . . . . . . . . . . . . . . . . . . . 15 4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

5 Some Results 16 5.1 Perturbation Theory: the Kinetic Term . . . . . . . . . . . . . . . . . . . . . . . 16 5.2 Perturbation Theory: Lower-order Interacting Terms . . . . . . . . . . . . . . . . 17 5.3 Three Point Amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 5.4 Reduction to Small Hilbert Space . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

6 Summary and Discussion 22

A L_∞-algebras and Closed String Field Theory 23

B A Parallel Structure of Actions 27

C Open String Field Theory 28

1 Introduction

String field theory is one possible approach to understanding nonperturbative aspects of string theory [1–16]. In the bosonic theory, there exist two known Lorentz covariant theories: open string field theory [3] and closed string field theory [11]. Open string field theory is described by the Chern-Simons-like action [3]. By contrast, closed string field theory necessitates an infinite number of fundamental vertices to cover the moduli space of Riemann surfaces and the action becomes a nonpolynomial form [7, 8]. However, underlying gauge structures of both theories are essentially equivalent: there exists some nilpotent homotopy algebra which is related to poroperties of each moduli space. In free theory, using each BRST operator, we can construct the action for each string field theory and verify its gauge invariance in the same way. Hence, the underlying gauge structure of each free theory is described by the BRST-complex. Adding interaction terms requires us to extend or modify this framework. It is known that in full interaction theory, A_∞-algebras for open strings,^1 which includes differential graded algebras as subalgebras, and L_∞-algebras for closed strings, which are extentions of Lie algebras equipped with a derivation, appear respectively. Using the nilpotency of A_∞/L_∞-algebras, we can easily check the gauge invariance, the equation of motion, and so on irrespective of the apparent complexity of the action. In this sense, we have good understandings of bosonic theory.

By contrast, in superstring field theory, these geometrical and/or algebraical understandings are very little known. The formulation of superstring field theory has been in process and we have not constructed even a complete action until now. In addition to it, the situation assumes new aspects. In the NSR formalism of superstrings [29,31], there exist ghost and picture number anomalies, which are one of difficulties in the formulaton of field theory: these anomalies make it difficult to construct supersymmetric theory as a naive extension of bosonic theory. To solve this problem, we often use the local insertion of picture changing operators but this leads to another problem: the collision of these operators causes a divergence. We would like to obtain the complete formulation of field theory of superstrings. In the construction of the concrete action, we have used two descriptions: the small Hilbert space description, which is based on superghosts (β, γ), and the Large Hilbert space description, which is based on bosonized superghosts (ξ, η, ϕ). The difference is whether state space does not include the zero-mode of ξ or does. In the small Hilbert space description [17–19], the action always needs local insertions of picture changing operators and these operators causes difficulties: divergences, nontrivial kernels, and so on. By contrast, in the large Hilbert space description, the action does not always need local insertions of picture changing operators. However, it is not easy to construct the R-sector action.^2 So far, limited to the NS sector, we know two full actions of superstring fields without picture changing operators: the action of open strings [20] and that of heterotic strings [21]. In this paper, using the large Hilbert space description, we propose a construction of a classical action for type II string field theory in the NS-NS sector.

1 In fact, if we change the way of interaction from [3], we cannot write down the cubic action [4]. Then, although it is open string field theory, the action has higher order vertices and its gauge structure is governed by A∞-algebras, which are yielded from properties of disk moduli space [37, 38].

2 There exist some proposals of making R-sector theory. See, for example, [22–24].

In bosonic theory, from a geometrical point of view, the gauge structure is governed by L_∞- algebras. We expect that in the NS-NS sector, the type II action has such properties like the bosonic action. (Of course, it is not clear yet what controls the algebraic poroperty of type II theory including all sectors. Recently, there has been a progress [41].) Therefore, we propose the following action, whose gauge structure is governed by L_∞-algebras: S = ∫_1 0 dt ⟨∂_tΨ(t), Q_{G(t)}Ψ(t)⟩_η. (1.1) It is constructed from type II string fields Ψ(t) and a nilpotent operator Q_G, which consists of type II string fields, the BRST operator, and the extension of Zwiebach’s closed string products. As the inner product, we use the BPZ inner product with η-currents insertion: ⟨A, B⟩_η := ⟨η^+_0 η^−_0 A, B⟩. The variation of this action, discussed in detail later, is given by the following form: δS = ∫_1 0 dt ∂ ∂t ⟨δΨ(t), Q_{G(t)}Ψ(t)⟩_η. (1.2)

Thus it has a simple gauge invariance: δΨ = Q_G Λ, which is yielded from Q^2_G = 0, and all information about the gauge structure described by L_∞-algebras are encoded into Q_G ’s nilpotency. In this paper, we call this operator Q_G the BRST operator around G(t), which is deeply related to a pure gauge solution in bosonic theory. We would like to mention that our construction is based on algebraic properties of closed string fields, so we do not touch the geometrical understanding of superstrings, such as the correspondence of the full action and the decomposition of the moduli space of super-Riemann surfaces as the case of bosonic theory.

This article is organized as follows. In section 2, first, we briefly review the related results of bosonic string field theory [11]. Then we rewrite the action into more suggestive form, which is easy to understand the gauge structure and its supersymmetric extension. This is one of new results. In section 3, we review the construction of a pure gauge solution of bosonic theory [10]. We pick up heterotic theory as an example and show the construction of the heterotic action using a (formal) bosonic pure gauge solution [21]. At the end of this section, we put comments on a pure gauge solution of heterotic theory and the procedure of constructing type II theory. This section is devoted to present an idea of the construction of our type II action and does not include material which is necessary for reading other sections. After that, in section 4 and sction 5, we propose the concrete form of the type II full action and see its properties: the gauge invariance and the equation of motion and so on. In paricular, we would like to show the correspondence of cohomology [28], the lower order action, and its gauge invariance through the perturbative expansion. We also check that it reproduces correct three point amplitudes which are correspond to the result of the first quantization theory [29–31] and estimate higher order amplitudes. At the top of section 2 and section 3, we pick up some formulae, which are necessary to follow practical calculations. In appendix A, we summarize homotopy algebras [32–40], which are used in this paper. In appendix B, we present simple calculus of free theory using our new form of the action. It will be helpful for understanding this article because the same calculus goes in interacting theory. In Appendix C, we consider open string field theory from the point of view of our construction. In this paper, any type closed string fields A all are imposed on the level matching condition L^−_0 A = 0 and the subsidiary condition b^−_0 A = 0.

2 Basic Facts of Closed String Field Theory

In this section, we review some results of bosonic theory [11] and discuss several properties which are related to our construction of type II theory. In particular, we rewrite Zwiebach’s action into another equivalent action which is rather clear to see the gauge structure: the generator of the gauge transformation, the correspondence between free and full theories, and so on. Relations between the BPZ Inner Product and String Products: ⟨A, B⟩ = (−1)^{(A+1)(B+1)}⟨B, A⟩, (2.3) ⟨QA, B⟩ = (−1)^A⟨A, QB⟩, (2.4) ⟨[A, B], C⟩ = (−1)^{(A+B)}⟨A, [B, C]⟩. (2.5) L_∞-identities: (l ≥ 1, k ≥ 2, and σ is the sign of splittings.) ∑ l+k=n σ(i_l, i_k) [ A_{i1} , . . . , A_{il} , [A_{j1} , . . . , A_{jk} ] ] = 0. (2.6)

Stokes’s Theorem of Three Point Vertices: ⟨QA, [B, C]⟩ + (−1)^A⟨A, [QB, C]⟩ + (−1)^{A+B} ⟨A, [B, QC]⟩ = 0. (2.7) 2.1 Zwiebach’s Bosonic Closed String Field Theory The action of bosonic closed string field theory is described by closed string fields Ψ, the BPZ inner product, string products, and the BRST operator of closed strings Q. In particular, there is an infinite set of string products, all of which are graded-commutative. For example, the lowest product satisfies [A, B] = (−1)^{AB} [B, A], where string states in the exponent represent their Grassmann property, 0 (mod 2) for Grassmann even states and 1 (mod 2) for Grassmann odd states. This means, in closed string field theory, we need an infinite set of fundamental vertices [7, 8]. The BPZ inner product is defined by BPZ conjugation as ⟨A, B⟩ := ⟨A|c^−_0 |B⟩, where ⟨A| is the BPZ conjugate of |A⟩, and c^−_0 =^1_2 (c_0 − c̄_0). It is nondegenerate on closed string Hilbert space. Using these components, the action of bosonic closed string field theory is given by S_B := 1 2 ⟨Ψ, QΨ⟩ + ∑ n≥1 κ^n (n + 2)!

⟨Ψ, [Ψ^n, Ψ]⟩, (2.8)

where Ψ is a bosonic closed string field which carries ghost number 2, and [Ψ^{n−1}, Ψ] is a closed string n-product^3 which carries ghost number 3 + ∑_n i=1(gh(Ψ_i) − 2) [11, 15]. Here, the symbol gh(Ψ_i) means the ghost number of Ψ_i. The variation of this action is given by δS_B = ∞∑ n=0 κ^n (n + 1)!

⟨δΨ, [Ψ^n, Ψ]⟩. (2.9)

Therefore, we obtain the following equation of motion:

F(Ψ) ≡ QΨ + ∑ n≥1 κ^n (n + 1)!

[Ψ^n, Ψ] = 0. (2.10)

3 We use a compact notation: [Ψ^n] := [Ψ, . . . , Ψ]. In paticular, [Ψ^0] := 0 and [Ψ^0, Ψ] := [Ψ] = QΨ.

This action is invarint under the following gauge transformation:

δΨ = ∞∑ n=0 κ^n n! [Ψ^n, Λ]. (2.11)

The reason is, we can take resummention and use the following simple L_∞-identities: ∑ l+k=n n! l!k! [Ψ^l, [Ψ^k]] = 0 (l, k ≥ 0) . (2.12)

Note that the inner product has ciclicity and closed string products are symmetric. So we obtain δS_B = 0 under such δΨ, which is the gauge symmetry of closed string field theory.

2.2 A Shifting Structure and L_∞-algebras Let us consider the shift: Ψ → Ψ_0 + Ψ^′. If S_B (Ψ) is invarinat under Ψ → Ψ + δΛ, then clealy S_B(Ψ_0 + Ψ^′) is invariant under Ψ_0 + Ψ^′ → Ψ_0 + Ψ^′ + δ(Ψ_0 + Ψ^′), and as a consequence it is invariant under Ψ^′ → δ(Ψ_0 + Ψ^′). This is the gauge invariance of the shifted action [9, 11].

S_B (Ψ_0 + Ψ^′) = ∞∑ n=0 κ^{n−2} n! n∑ m=0 n! m!(n − m)! {Ψ^{′m}, Ψ^{n−m}_0 }

= 1 κ^2 ∞∑ n=0 κ^n n! ∞∑ m=0 κ^m m! {Ψ^{′n}, Ψ^m_0 } (2.13)

Here, we use multilinear functions: {B_0, B_1, . . . , B_n} ≡ ⟨B_0, [B_1, . . . , B_n]⟩. We can define a new set of string products, denoted by the lowwer index of Ψ_0

[B_1, . . . , B_n]_{Ψ0} = ∞∑ m=0 κ^m m! [B_1, . . . , B_n, Ψ^m_0 ], (2.14)

which are related to new multilinear functions as {B_0, B_1, . . . , B_n}_{Ψ0} ≡ ⟨B_0, [B_1, . . . , B_n]_{Ψ0} ⟩.

Using the definition of the lowwer-indexed ones, the shifted action simply reads

S_B(Ψ_0 + Ψ^′) ≡ S^′_B (Ψ^′) = ∞∑ n=0 κ^{n−2} n! {Ψ^{′n}}_{Ψ0} . (2.15)

Here, the first two terms are not equal to zero for general Ψ_0:

{Ψ^{′0}} = ∞∑ m=2 κ^m m! {Ψ^m_0 } ≡ κ^2S_B(Ψ_0) , {Ψ^{′1}} = ∞∑ m=1 κ^m m! {Ψ^′, Ψ^m_0 } = ⟨Ψ^′, κF(Ψ_0)⟩, (2.16)

where F(Ψ_0) is equation of motion. Thus the shifted action, reads

S_B (Ψ_0 + Ψ^′) ≡ S^′_B(Ψ^′) = S(Ψ_0) + ⟨Ψ^′, F(Ψ_0)⟩ + . . . . (2.17)

If and only if Ψ_0 satisfied the equation of motion: F(Ψ_0) = 0, the term linear Ψ^′ would have vanished. [11]. The shifted action is invariant under the transformation:

δ^′Ψ^′ = δ(Ψ_0 + Ψ^′) = ∞∑ n=0 κ^n n! [(Ψ_0 + Ψ^′)^n, Λ] = ∞∑ n=0 κ^n n! [Ψ^{′n}, Λ]_{Ψ0} , (2.18) which is just the same form of the ordinary one. The first term is the new BRST-like operator, we call it the redefined BRST operator around Ψ_0:

[Λ]_{Ψ0} ≡ Q_{Ψ0} Λ := ∞∑ n=0 κ^n n! [Λ, Ψ^n_0 ] = QΛ + ∞∑ n=1 [Λ, Ψ^n_0 ]. (2.19)

It does not have nilpotency for general Ψ_0 except for the case of classical solution: F(Ψ_0) = 0.

2.3 A New Action and the Gauge Invariance In the previous subsection, we reviewed the shifting structure of string field theory and considered new string products around constant string fields. However, algebraically, we are able to define new string products around an arbitrary string field ϕ as [ A_1, . . . , A_m ] ϕ := ∑ n κ^n n! [ ϕ^n, A_1, . . . , A_m ] . (2.20)

There is a L_∞-morphism between original products [A_1, . . . , A_n] and new ones [A_1, . . . , A_m]_ϕ. These new operators Q_ϕ ≡ [ · ]_ϕ and [A_1, . . . , A_m]_ϕ have almost the same properties as those of old ones Q and [A_1, . . . , A_n]. (See [11, 40], etc.) For instance, the nilpotency of Q becomes

Q_ϕ(Q_ϕΨ) = −κ[F(ϕ), Ψ ]_ϕ, (2.21)

where F(ϕ) is the equation of motion of bosonic closed string field theory. The most important fact is that these form a new L_∞-algebra when ϕ satisfies the equation of motion.

Using these operators, we can rewrite the gauge transformation of bosonic string field theory δΨ = ∑_κn n! [Ψ^n, Λ] into the simple form δΨ = Q_ΨΛ. As well as we identify the BRST operator Q with the generator of the gauge transformation in free theory, we can regard this Q_Ψ as the generator of the gauge transformation in full theory. We introduce the following notation:

Q^{[a]}_Ψ := Q + ∑ n (a · κ)^n n! [ Ψ^n, ] . (2.22)

The upper index [a] on Q_Ψ means we consider closed string products of the coupling constant a times κ. Then, Q^{[a]}_Ψ gives a deformation of the gauge structure: Q^{[a]}_Ψ connects Q^{[0]}_Ψ = Q with Q^{[1]}_Ψ = Q_Ψ, where a ∈ [0, 1]. Integrating this Q^{[a]}_Ψ from a = 0 to a = 1, we can define a Maurer-Cartan operator Q^′_Ψ as follows,

Q^′_Ψ :=

∫_1 0 da Q^{[a]}_Ψ = ∞∑ n=0 κ^n (n + 1)! [ Ψ^n, ] , (2.23)

which is deeply related to the action for string field theory, disucussed in the rest of this subsection. Note that the operator Q^′_Ψ maps a string field Ψ to a state F(Ψ) and the equation of motion is given by F(Ψ) = Q^′_ΨΨ = 0. Properties of the State Q^′_ΨΨ

Before rewriting the action into a new form, we would like to see two useful properties, which are necessary to our calculus. The state Q^′_ΨΨ has the following properties:

Q_Ψ(Q^′_ΨΨ) = 0, (2.24) (−1)^X X(Q^′_ΨΨ) = Q_Ψ(XΨ), (2.25) where X is a derivation which satisfies the relation^4 [[X, Q]] = 0. The first line implies that the state Q^′_ΨΨ belongs to the kernel of the generator Q_Ψ. It is a result from L_∞-identities for an arbitrary string field ψ whose ghost number is two: Q_ψQ^′_ψψ = ∑ k+l=n κ^n k! · l! [ ψ^k, [ψ^l] ] = 0. (2.26)

The second line means the X-derivative state X(Q^′_ΨΨ) becomes the Q_Ψ-exact state. It is a result from the derivation propertiy of X for string products (−1)^X X[A^n] = n[A^{n−1}, XA]:

X(Q^′_ΨΨ) = X ∞∑ n=0 κ^n (n + 1)! [ Ψ^{n+1} ] (2.27)

= (−1)^X ∞∑ n=0 κ^n n! [ Ψ^n, XΨ ] = (−1)^X Q_Ψ(XΨ). (2.28)

A New Action and the Gauge Invariance

Using these operators, we can rewrite the action S_B = ∑_κn (n+2)! ⟨Ψ, [Ψ

n, Ψ]⟩ into a suggestive form. First, introducing real parameters t ∈ [0, 1] and a ∈ [0, 1], we obtain

S_B =

∫_1 0 dt ⟨∂_t(tΨ), ∞∑ n=0 κ^n (n + 1)! [ (tΨ)^n, (tΨ) ] ⟩

= ∫_1 0 dt ∫_1 0 da ⟨∂_t(tΨ), ∞∑ n=0 (aκ)^n n! [(tΨ)^n, (tΨ)]⟩. (2.29)

Then, using (2.23), we obtain the following action:

S_B =

∫_1 0 dt ∫_1 0 da ⟨∂_t(tΨ), Q^{[a]}_{tΨ}(tΨ)⟩ = ∫_1 0 dt ⟨∂_t(tΨ), Q^′_{tΨ}(tΨ)⟩. (2.30) Or more formally, using Ψ(t) which satisfies Ψ(0) = 0 and Ψ(1) = Ψ, the action S_B becomes

S_B =

∫_1 0 dt⟨∂_tΨ(t), Q^′_{Ψ(t)}Ψ(t)⟩. (2.31)

This action has of course the same properties as the original action: the equation of motion Q^′_ΨΨ = 0, the gauge invariance δΨ = Q_ΨΛ, and so on. Let us check these properties.

Using (2.4), (2.3), and (2.25) for X = δ and X = ∂_t, the following relation holds: ⟨∂_tΨ, δ ( Q^′_ΨΨ ) ⟩ = ⟨∂_tΨ, Q_ΨδΨ⟩ = ⟨Q_Ψ∂_tΨ, δΨ⟩ = ⟨δΨ, Q_Ψ∂_tΨ⟩ = ⟨δΨ, ∂_t ( Q^′_ΨΨ ) ⟩. (2.32)

Thus we can quickly calculate the variation δS as follows: δS_B = ∫_1 0 dt ( ⟨δ ( ∂_tΨ(t) ) , Q^′_{Ψ(t)}Ψ(t)⟩ + ⟨∂_tΨ(t), δ ( Q^′_{Ψ(t)}Ψ(t) ) ⟩ )

= ∫_1 0 dt ( ⟨∂_t ( δΨ(t) ) , Q^′_{Ψ(t)}Ψ(t)⟩ + ⟨δΨ(t), ∂_t ( Q^′_{Ψ(t)}Ψ(t) ) ⟩ )

= ∫_1 0 dt ∂_t ⟨δΨ(t), Q^′_{Ψ(t)}Ψ(t)⟩ = ⟨δΨ, Q^′_ΨΨ⟩. (2.33)

4 In this paper, we always use the single bracket [Ψ^n] for string products, we therefore use the double bracket for the graded commutator: [[A, B]] ≡ AB − (−1)^{AB} BA.

Then, using L_∞-identities (2.24), we obtain the expected gauge invariance δΨ = Q_ΨΛ and the equation of motion Q^′_ΨΨ = 0. We would like to emphasize that the variation of this type action is realized by exchanging the place of δ and ∂_t: δS_B = ∫_1 0 dt δ⟨∂_tΨ(t), Q^′_{Ψ(t)}Ψ(t)⟩ = ∫_1 0 dt ∂_t ⟨δΨ(t), Q^′_{Ψ(t)}Ψ(t)⟩. (2.34)

The statement that the variation is realized by exchanging the place of δ and ∂_t is not limeted to the bosonic theory and it is correct in our type II theory. The result of (2.34) also implies that using this representation, we are able to treat the full action S_B = ∫ dt⟨∂Ψ, Q^′_ΨΨ⟩ as the free action S_0 = ∫ dt⟨∂Ψ, Q^′Ψ⟩ algebraically. (Cf. Appendix B)

2.4 Another Calculation and Extra/BRST-exact Terms In the previous subsction, we obtain δS_B from the relation ⟨∂_tΨ, δ ( Q^′_ΨΨ ) ⟩ = ⟨δΨ, ∂_t ( Q^′_ΨΨ ) ⟩ which is a result from (2.25). To compare with the calculation of type II theory, it is helpfull to give a second look at this calculation: not using the property of the state Q^′_ΨΨ but of the BRST-like operator Q^{[a]}_Ψ for a derivation X satisfying [[X, Q]] = 0, namely,

(−)^X X(Q^{[a]}_Ψ Ψ) = Q^{[a]}_Ψ (XΨ) + aκ [ XΨ, Ψ ]_{[a]} Ψ . (2.35)

This relation is an a-integrand of the relation (2.25). The upper index [a] on [A, B]_Ψ means we consider string products of the coupling constant a times κ. The relation (2.35) implies that for a derivation X satisfying [[X, Q]] = 0, the X-derivative state X(Q_ΨΨ) becomes the BRST-exact state Q_Ψ(XΨ) plus extra terms κ[XΨ, Ψ]_Ψ. Using (2.35) for X = δ and X = ∂_t, we obtain the following calculation, which also goes in type II theory: δS_B = ∫_1 0 dt ∫_1 0 da ( ⟨δ∂_tΨ, Q^{[a]}_Ψ Ψ⟩ + ⟨∂_tΨ, δ(Q^{[a]}_Ψ Ψ)⟩ )

= ∫_1 0 dt ∫_1 0 da ( ⟨∂_tδΨ, Q^{[a]}_Ψ Ψ⟩ + ⟨∂_tΨ, Q^{[a]}_Ψ δΨ⟩ + ⟨∂_tΨ, aκ[δΨ, Ψ]^{[a]}_Ψ ⟩ )

= ∫_1 0 dt ∫_1 0 da ( ⟨∂_tδΨ, Q^{[a]}_Ψ Ψ⟩ + ⟨δΨ, Q^{[a]}_Ψ ∂_tΨ⟩ + ⟨∂_tΨ, aκ[δΨ, Ψ]^{[a]}_Ψ ⟩ )

= ∫_1 0 dt ∫_1 0 da ( ⟨∂_tδΨ, Q^{[a]}_Ψ Ψ⟩ + ⟨δΨ, ∂_tQ^{[a]}_Ψ Ψ⟩ )

+ ∫_1 0 dt ∫_1 0 da ( ⟨∂_tΨ, aκ[δΨ, Ψ]^{[a]}_Ψ ⟩ − ⟨δΨ, aκ[∂_tΨ, Ψ]^{[a]}_Ψ ⟩ )

= ∫_1 0 dt ∫_1 0 da ∂_t ⟨δΨ, Q^{[a]}_Ψ Ψ⟩ = ⟨δΨ, Q^′_ΨΨ⟩. (2.36)

Although there appear extra terms of κ[XΨ, Ψ]_Ψ, in above calculation, using the cyclicity of the BPZ inner product, those of X = δ and X = ∂_t cancel each other for general δΨ.

We would like to mention that for δΨ = Q_ΨΛ, each extra term ⟨∂_tΨ, [Ψ, Q_ΨΛ]_Ψ⟩ all vanishes itself on the mass shell because of ∫ da⟨Q_ΨΛ, [Ψ, ∂Ψ]_Ψ⟩ ∝ ⟨Λ, [F(Ψ), ∂Ψ]_Ψ⟩. It is a result of (2.21) and/or essentially equivalent to the decoupling mechanism of BRST-exact terms, discussed in the rest of this subsection.

Gauge Transformation as a Shift of an Expanding Point

We can regard the gauge transformation δΨ = Q_ΨΛ of the action S_B as one kind of an infinitesimal shift of the expanding point of Q_Ψ, which is gauge equivalent to zero: ∫ dt ∫ da ⟨∂_tΨ, Q^{[a]}_Ψ Ψ⟩ −→ ∫ dt ∫ da ⟨∂_tΨ, Q^{[a]}_{Ψ+δΨ}Ψ⟩. (2.37)

The series of shifted action consists of various terms which have BRST-exact states. We would like to emphasize that those terms like ⟨A, [B, QC]⟩, which often appear in the series of shifted actions, are always vanish from the decoupling mechanism of BRST-exact terms. For example, we know ⟨∂_tψ, [ψ, Qλ]⟩ = 0 from ⟨[∂_tψ, ψ], Qλ⟩ = ⟨[Q∂_tψ, ψ] + [∂_tψ, Qψ], λ⟩, (2.5), and (2.7).

When Ψ satisfies the equation of motion F(Ψ) = 0, there exist an isomorphism of L_∞- algebras between original one (H, Q, [ · ]) and new one (H, Q_Ψ, [ · ]_Ψ). Thus, above extra terms in (2.36) all vanish respectively on the mass shell.

3 Pure Gauge Solutions and Supersymmetric Theory

In this section, we construct a pure gauge solution of bosonic string field theory and see its role in considering the supersymmetric extension of bosonic theory. As a simple example, we pick up heterotic string field theory [21]. A pure gauge solution as a functional of superstring fields will also play an impotant role in the construction of type II theory. This section is devoted to present an idea and does not include material which is necessary for the following sections. Action of η_0 for the BPZ Inner Product and String Products: ⟨η_0A, B⟩ = (−1)^A⟨A, η_0B⟩ , (3.38) η_0[A_1, . . . , A_n] + n∑ i=1 (−1)^{(A1 +···+Ai−1)}[A_1, . . . , η_0A_i, . . . , A_n] = 0. (3.39)

3.1 A Classical Solution and Related Fields We can always construct a formal solution of bosonic closed string field theory G(A) from closed string products and parameter fields A which carries ghost number 1 as follows:

G(A) :=

∫_1 0 dτ Q_{G(τ A)}A. (3.40) Using L_∞-identities, we can check quickly that the state G(t) = G(A(t)) satisfies the equation of motion F(G) = 0 in boconic closed string field theory: F(G(A(t))) ≡ QG(A(t)) + ∞∑ n=1 k^n (n + 1)! [G(A(t))^n, G(A(t))] = ∫_1 0 da ( Q^{[a]}_{G(A(t))}G(A(t)) ) = 0. (3.41)

In this sence, we call G(A(t)) as a pure gauge solution [10, 36, 38–40]. It is equivalent to the result of [21]: G(A) is the solution of the following differential equation ∂_τ G(τA) = Q_GA := QA + ∞∑ n=1 κ^n n! [G(τA)^n, A] (3.42) with the initial condition G(0) = 0. This equation means that such a pure gauge solution G(A) can be built by successive infinitisimal gauge transformations path-dependently. The path is decided by choosing τ-dependence of A(t). As in the case of other gauge theories, we also choose a straight line connects 0 and A, and parametrize the path linearly as τA(t) with 0 ≤ τ ≤ 1. After setting τ = 1, the first few terms of G(A) are given by G(A) = QA + κ 2 [ A, QA ] + κ^2 3! [ A, QA, QA ] + κ^2 3! [ A, [A, QA] ] + O(κ^3). (3.43)

An Important Property of a Classical Solution

The pure gauge solution has an important property: the state G(A) is mapped into the Q_G-exact state by a derivation X satisfying [[X, Q]] = 0. In supersymmetric theory, we will use this property for practical calculations as XQ^′_ΨΨ = (−1)^X Q_ΨXΨ in the previous section. Let us prove it quickly [21]. This property is equivalent to the following statement: suppose that a pure gauge solution G(A) and a derivation X which satisfies [[X, Q]] = 0 are given, then, we can always construct the state H(A, X) which satisfies the following relation,

XG(A) = (−1)^X Q_GH(A, X). (3.44)

We call this state H(A, X) “a related field”. For instance, in bosonic closed string field theory, variation δ and derivation ∂_t satisfy the above conditions of X, so there exist H(A, δA) and H(A, ∂_tA). We can obtain such H(A, X) as the solution of the following differential equation:^5 ∂_τ H(A, XA; τ) = XA + κ[A, H(A, XA; τ)]_G . (3.45) Then we can solve this in power of κ as follows: H(A, XA) = XA + κ 2 [ A, XA ] + κ^2 3 [ A, QA, XA ] + κ^2 3! [ A, [A, XA] ] + O(κ^3). (3.46)

3.2 Supersymmetric Theory and the Large Hilbert Space Description We reviewed the procedure of constructing a formal pure gauge solution G(t) from parameter fields A(t) which carries ghost number (gh[G] − 1). In string field theory, pure gauge solutions of bosonic theories have played an impotant role in supersymmetric extension [20, 21]. At least it becomes algebraically clear when we consider in the large Hilbert space. In the large Hilbert space description, the ghost number (and of course the picture number) of superstring fields matches that of parameter fields of bosonic pure gauge solutions. We can construct an action of supersymmetric theory by identifying superstring fields with parameter fields of corresponding bosonic theory.

In the small Hilbert space description, the ghost number and the picture number of the string field Φ_S are determinded by the natural correspondence to the vertex operator of strings of the first quantization theory. The difference between the large and small Hilbert space is whether

5 The reason becomes clear when we define the auxiliary field H(τ ) as H(τ ) := Q_{G(τ A)}H(A, X; τ ) − (−1)^X XG(τ A). Then the result which we expect is equivalent to H(τ = 1) = 0. If our differencial equation is satisfied, we obtain ∂τ H = κ[A, H]G. Using the initial condition H(τ = 0) = 0, it gives H = 0 for any τ .

we consider the zero mode of ξ(z) or not. Thus we usually use the following identification [20] of the small space string field Φ_S and the large space string field Φ_L: Φ_S ∼= η_0Φ_L. (3.47) Here, η_0 is the zero mode of η(z), which carries ghost number 1 and picture number −1. In particular, it is a current which has conformal weight 1 like the BRST operator. In the rest of this section, as an example of the supersymmetric extension, we pick up the construction of heterotic string field theory [21] and see the role of the pure gauge solution. (cf. Appendix C.) Heterotic String Field Theory

In heterotic string field theory [21], the small space string field V_S carries ghost number 2 and picture number −1. Therefore, in the large space description, the heterotic string field V carries ghost number 1 and picture number 0. It carries the same ghost number as above parameter fields A(t), so we can built a pure gauge solution G(t) by V (t). Then the action is given by S_H =

∫_1 0 dt⟨η_0∂_t(tV ), G(tV )⟩, (3.48) where we choose t-dependence linearly V (t) = tV . This is the Wess-Zumino-Witten-like action. Or more formally, this action can be written for general t-dependent V (t) which satisfies V (0) = 0 and V (1) = V , where Ψ_Q := G(V (t)) and Ψ_X := H(V (t), X), as follows: S_H =

∫_1 0 dt⟨η_0Ψ_t, Ψ_Q⟩. (3.49) Note that for X = (∂_t, δ, η_0), related fields Ψ_X satisfy the following relations ∂_tΨ_Q = Q_{ΨQ} Ψ_t, δΨ_Q = Q_{ΨQ} Ψ_δ, η_0Ψ_Q = −Q_{ΨQ} Ψ_η. (3.50) It is just the same result as that of open superstrings. The variation of this action is give by δS_H = ∫_1 0 dt ∂ ∂t ⟨η_0Ψ_δ, Ψ_Q⟩. (3.51) So we obtain the equation of motion η_0Ψ_Q = 0 and the gauge invariance under Ψ_δ = Q_{ΨQ} Λ_{(0,0)} + η_0Ω_{(0,1)}, (3.52) where Λ_{(0,0)} and Ω_{(0,1)} are gauge parameters with respect to Q and η_0.

We would like to mention that the ξ_0-decomposition of pure gauge solution Ψ_Q is given by Ψ_Q ≡ ψ̂_Q + ξ_0ψ̂_Q = ψ̂_Q + ξ_0(−Q_{ΨQ} Ψ_η). (3.53) Using Ψ_η := H(V, η_0V ) = η_0V + . . . , we obtain the following form of the action for V (t) = tV : S_H =

∫_1 0 dt⟨η_0∂_tV, Q_{ΨQ} V ⟩ + . . . . (3.54)

3.3 Pure Gauge Solutions of Heterotic String Field Theory To construct type II theory, it is not necessary to see contents of this subsection, but helpfull. As a pure gauge solution of bosonic theory G(A) can always be constructed from parameter fields A(t) which carry ghost number gh(G) − 1, we can also construct a pure gauge solution of heterotic theory A(Φ) from parameter fields Φ(t) which carry ghost number gh(A) − 1. The BRST Operator Acting on Large Hilbert Space

We consider the action of the BRST operator Q in the large Hilbert space. The ξ-zero mode decomposition of Ψ is given by Ψ = ψ̂ + ξ_0ϕ̂. Here, ψ̂ and ϕ̂ live in the small Hilbert space.

QΨ =Q(ψ̂ + ξ_0ϕ̂) = ( Qψ̂ + X_0ϕ̂ ) + ξ_0 ( −Qϕ̂ ) , (3.55)

where X_0 := [[Q, ξ_0]]. Of course, the BRST operator Q is nilpotent on the large Hilbert space:

Q^2Ψ =Q ( Qψ̂ + X_0ϕ̂ ) + Q ( −ξ_0Qϕ̂ )

= ( Q^2ψ̂ + QX_0ϕ̂ ) + ( −X_0Qϕ̂ + ξ_0Q^2ϕ̂ ) . (3.56)

So we notice the suggestive fact about the nilpotency of the BRST operator: Q(PQΨ) ≠ 0, where P is the projector onto the small Hilbert space, which satisfies P + P^⊥ = 1 and P^2 = P. We know that the operator Q is a linear operator on the small Hilbert spase Q : H_S → H_S . So if the state ψ̂ lives in the Kernel of η_0, the state Qψ̂ also lives in the same space. By contrucs, the component ξ_0ϕ̂ ∈ H_L is mapped to elements of both components: X_0ϕ̂ ∈ H_S and −ξ_0(Qϕ̂) ∈ H_L. Classical Solutions of Heterotic Theory and Type II String Fields

The equation of motion of heterotic theory is η_0Ψ_Q = 0. It is helpfull for considering type II theory to construct a pure gauge solution of heterotic theory. Constructing a pure gauge solution A of heterotic theory is equivalent to finding Ψ_Q which lives in the small Hilbert space. Using gauge parameter fields of heterotic theory Φ, we can make such a field A quickly: A(Φ) := P^⊥ (Q_GΦ). The state A(t) lives in the large Hilbert space and G(A) belongs to the small Hilbert space because P^⊥ = 1 − P and Q^2_G = 0. Thus it is a pure gauge solution.

The state space of closed strings is composed from the tensor product of two sectors, those of right mover and left mover [29,31]. Heterotic string theory is the supersymmetric theory whose chiral sector is supersymmetric and the other is bosonic. There exist other supersymmetric theories that each sector has supersymmetry, so called type II theories. Through the analysis of this section, we know that a pure gauge solution plays an impotant role in supersymmetric extension and we notice the possibility that as we can always construct a formal pure gauge solution of bosonic string field theory as a functional of heterotic string fields [21], we would be able to construct it as a functional of type II string fields similarly: identification of gauge parameter fields of heterotic theory and type II string fields. In the next section, we demonstrate the construction of type II string field theory based on this perspective.

4 Type II String Field Theory

Bosonic string field theory possesses the gauge symmetry generated by Q_{ΨB} . The generator Q_{ΨB} has the kernel, which is an origin of the gauge symmetry: the state Q^′_{ΨB} Ψ_B. This state consists of bosonic string fields Ψ_B and string products and satisfies Q_{ΨB} Q^′_{ΨB} Ψ_B = 0 because of L_∞-identities. Then a gauge invariant action is constructed as follows

S_B =

∫_1 0 dt ⟨∂_tΨ_B (t), Q^′_{ΨB} Ψ_B (t)⟩. (4.57)

We expect that the NS-NS-sector type II action also has such a gauge structure and assume that the generator is geven by Q_G , where G = G(Ψ) is a formal pure gauge solution of bosonic theory and carries ghost number 2, which is a functional of type II string fields Ψ. The generator Q_G has the kernel: the state Q_{G(Ψ)}Ψ. This state consists of type II string fields Ψ and string products and satisfies Q_G Q_{G(Ψ)}Ψ = 0 because of L_∞-identities. Therefore, using this state, we propose the following classical action, which possesses the gauge symmetry generated by Q_G : S = ∫_1 0 dt ⟨∂_tΨ(t), Q_{G(t)}Ψ(t)⟩_η. (4.58)

It is constructed from string fields Ψ(t), pure gauge solutions of bosonic theory G(t) = G(Ψ(t)) and the BRST-like nilpotent operator Q_G . As the inner product, we use the BPZ inner product with η-currents insertion: ⟨A, B⟩_η := ⟨η^+_0 η^−_0 A, B⟩. They are discussed in subsection 4.1 and 4.2.

In this section, we give a concrete form of this action by constructing G = G(Ψ) as a functional of type II string fields Ψ and using properties of the state Q_G Ψ which are shown in subsection 4.2, the equation of motion and the gauge invariance of this action are presented.

4.1 Type II String Fields and Pure Gauge Solutions Type II String Fields Ψ

We write a type II string field as Ψ and suppose it belongs to the large Hilbert space. Since we assume that η^+_0 η^−_0 Ψ corresponds to the type II closed string vertex operator in superstring theory, the type II string field Ψ carries ghost number 0 and picture number 0. Note that upperindexed η-currents are given by η^±_0 := η_0 ± η̄_0 and satisfy η^+_0 η^−_0 Ψ = η_0η̄_0Ψ. Let us consider a path Ψ(t) which has the starting point 0 and the end point Ψ on the state space of cloesd strings where t ∈ [0, 1] is a real parameter. Note that we can consider any t-dependent path as long as Ψ(t) satisfies Ψ(0) = 0 and Ψ(1) = Ψ. Using this Ψ(t), we write down the type II action.

In the rest of this subsection, we give one concrete construction of a pure geuge solution G and show an important property which general pure gauge solutions have. A Pure Gauge Solution G(Ψ) as a Functional of Type II String Fields Ψ

We would like to construct a pure gauge solution G = G(Ψ) concretely, which is a functional of type II string fields Ψ. To this purpose, using Zwiebach’s string products, we define G(τ) as the solution of the following differential equation with the initial condition G(0) = 0:

∂_τ G(τ) = ∞∑ n=0 ∞∑ m=0 κ^{n+m} n!m! [ G(τ)^n, P_−[G(τ)^m, Ψ] ] ≡ Q_G P_−Q_G Ψ, (4.59) where P_− is the projector^6 onto Im[η^−_0 ], κ is the coupling constant, and τ ∈ [0, 1] is a real parameter. We can always obtain the solution G(τ) by the formal Taylor series G(τ) = ∑_∞ n=0 τ^n n! ∂^n_τ G(0).

This solution G(τ) satisfies the equation of motion in bosonic theory for any τ. It is a result from the uniqueness of the solution of the following first-order differential equation:

∂_τ F(G(τ)) = Q∂_τ G(τ) + ∞∑ n=1 κ^n (n + 1)!

∂_τ [G(τ)^n, G(τ)] (4.60)

= Q_G ∂_τ G(τ) = Q^2_G (P_−Q_G Ψ) = κ [ P_−Q_G Ψ, F(G(τ)) ] G . (4.61)

Using the initial condition F(G(0)) = 0, we obtain F(G(τ)) = 0 for any τ, which is the solution of ∂_τ F = κ[P_−Q_G Ψ, F]. Thus G(τ) is a pure gauge solution, and we define G as G := G(1).

The first few terms of G are calculated as follows:

G(Ψ) = QP_−QΨ + κ 2 ([ QP_−QΨ, P_−QΨ ] + QP_− [ QP_−QΨ, Ψ ]) (4.62) + κ^2 3! ([( QP_−QΨ )_2 , P_−QΨ ] + [ [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ], P_−QΨ ] + QP_− ([( QP_−QΨ )_2 , Ψ ] + [ [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ], Ψ ])) + . . . . We succeeded to construct a pure gauge solution G as a functinal of type II string fields Ψ. Using it, we introduce a function G(t) ≡ G(Ψ(t)), which is of course a pure gauge solution for any t. Note that the t-dependence of G(t) is determineded by that of Ψ(t) and we can take it arbitrary as long as Ψ(t) satisfies Ψ(0) = 0 and Ψ(1) = Ψ.

A Important Property of Pure Gauge Solutions and Variation δΨ = Q_GΛ

The pure gauge solution has an important property: the state G(Ψ) is mapped into the Q_G -exact state by a derivation X satisfying [[X, Q]] = 0. In other words, suppose the state G(Ψ) satisfying F(G(Ψ)) = 0 and some derivation X satisfying [[X, Q]] = 0 are given, then there exists a state Λ_X (Ψ) which satisfies the following relation: (We also call this Λ_X “a related field”.)

XG(Ψ) = (−1)^X Q_GΛ_X (Ψ). (4.63)

This Λ_X (τ) is also a functional of Ψ. In paticular, Λ_X (0) = 0 and we define Λ_X as Λ_X := Λ_X (1). As well as the case in the previous section, we can construct this Λ_X (τ) concreatly as the solution of the first-order differential equation ∂_τ Λ_X (τ) = XP_−Q_G Ψ + κ[P_−Q_GΨ, Λ_X (τ)]_G with the initial condition Λ_X (0) = 0. The most interesting one is the related field Λ_δ associated with the variation δΨ = Q_G Λ. In the rest of this subsection, we see useful properties of Λ_X (τ), which is helpfull to our calculus. Suppose this derivation X commutes with the projector P_−, then we can calcurate ∂_τ Λ_X (τ) as

∂_τ Λ_X = (−1)^X P_− ( Q_G XΨ + κ[XG, Ψ]_G ) + κ[P_−Q_G Ψ, Λ_X ]_G . (4.64)

For δΨ = Q_GΛ, it becomes ∂_τ Λ_δ(τ) = κ ( P_−[Q_G Λ_δ(τ), Ψ]_G + [P_−Q_G Ψ, Λ_δ]_G ) . Thus we obtain δG(τ) = Q_G Λ_δ(τ) = 0 under δΨ = Q_G Λ because Λ_δ(τ) = 0 for any τ when Q_G δΨ = 0.

6 Combining with P+, which is the projector onto Im[η^+_0 ], we can define the projector onto the closed string small Hilbert space as P+P−, namely, P−P+ : HL ⊗ HL → HS ⊗ HS . Of course, P_{+/−} satisfies (P_{+/−})^2 = P_{+/−}.

4.2 The Generator Q_G and the State Q_G Ψ In the previous section, we constructed G(t) = G(Ψ(t)) as a functional of type II string fields Ψ, which carries the same ghost number as a bosonic string field. Therefore we can define the BRST-like operator Q_{G(t)} as an operator which depends on type II string fields Ψ(t) through the functional G = G(Ψ), which will become the generator of the gauge transformation of our type II action. The generator Q_G has the kernel: the state

Q_{G(t)}Ψ(t) ≡ QΨ(t) + ∞∑ n=1 κ^n n! [ G(t)^n, Ψ(t) ] , (4.65)

which satisfies Q_GQ_{G(Ψ)}Ψ = 0 at t = 0. In particular, the state Q_G Ψ has the following properties:

Q_G (Q_G Ψ) = 0, (4.66) (−1)^X X(Q_G Ψ) = Q_G (XΨ) + κ[Q_G Λ_X , Ψ]_G , (4.67) ⟨Ψ, X(Q_G Ψ)⟩ = (−1)^X ⟨Φ, Q_G (XΨ)⟩, (4.68)

where X is a derivation which satisfies [[X, Q]] = 0 and Φ is an arbitraly string field. These properties are used in later calculations, so let us prove them. The first line means the nilpotency of the generator Q_G . Since G(Ψ) is a pure guage solution, using (2.6), we can check it as follows:

Q_G Q_G Ψ = ∑ n,m ∑ σ κ^{n+m} n!(m + 1)! [ G^n, σ ( [G^m, Ψ] )] = −κ [ Ψ, F(G) ] G = 0, (4.69)

where σ([A_1, . . . , A_n]) is a permutation of the order of [A_1, . . . , A_n] and the sum of σ runs over all possible permutations. The second line implies the state Q_G Ψ is mapped into the Q_G -exact state plus extra terms by a derivation X and the third line guarantees that these extra terms all vanish in the BPZ inner product. Using the property (4.63), we can prove the property (4.67) as same as (2.35). Note that extra terms all are the form ⟨Φ, [Ψ, Q_G Λ_X ]_G ⟩ and it is sufficient for the proof of (4.68) to give ⟨Φ, [Ψ, Q_G Λ]_G ⟩ = 0. The proof becomes understandable by separating two cases: whether X is even or odd. When X is even, namely, (−1)^X = 1, the Grassmann parity of Φ becomes even. Then, by (2.5), (2.4), (2.6), and (2.3), the following calculation goes : ⟨Φ, [Ψ, Q_G Λ_X ]_G ⟩ = ⟨[Φ, Ψ]_G , Q_G Λ_X ⟩ = ⟨[Q_G Φ, Ψ]_G , Λ_X ⟩ + ⟨[Φ, Q_G Ψ]_G , Λ_X ⟩ (4.70) = ⟨[Q_G Φ, Λ_X ]_G , Ψ⟩ + ⟨[Q_G Ψ, Λ_X ]_G , Φ⟩ = ⟨Q_G Φ, [Λ_X , Ψ]_G ⟩ + ⟨Φ, [Q_G Ψ, Λ_X ]_G ⟩.

We therefore obtain ⟨Φ, [Ψ, Q_G Ψ_X ]_G ⟩ = 0 because of (2.7) and

⟨Φ, [Ψ, Q_G Λ_X ]_G ⟩ = 1 2 ( ⟨Q_G Φ, [Ψ, Ψ_X ]_G ⟩ + ⟨Φ, [Q_G Ψ, Λ_X ]_G ⟩ + ⟨Φ, [Ψ, Q_G Λ_X ]_G ⟩ ) . (4.71)

For odd X, the parity of Φ becomes odd and we can check (4.68) similarly. This is equivalent to the decoupling mechanism of BRST-exact states in bosonic string field theory.^7 We would like to mention that in our construction, although the operator Q_G anticommute with η^−_0 , it dose not anticommute with η^+_0 as [[Q_G , η^+_0 ]] = κ[η^+_0 G, ]_G . However, using η^+_0 G =

7 Or more simply, these extra terms of δG = QG Λ_δ and ηG = −QG Λη are equivalent to the gauge-trivail shift of QG ’s expanding point: QG → Q_{G+QG λ}. Thus we can expect that the result is not affected by these terms.

−Q_GΛ_η and (4.68), this commutator becomes an element of the kernel of cyclic L_∞-algebras. As a result, the operator Q_G and η^+_0 anticommute in the BPZ inner product. We therefore treat the classical solution G as it belongs to the small Hilbert space in the BPZ inner product. Thus, for example, we obtain ⟨η^−_0 ∂_tΨ, η^+_0 ( Q_GΨ ) ⟩ = −⟨η^−_0 ∂_tΨ, Q_G ( η^+_0 Ψ ) ⟩. This mechanism admits us to use a simple inner product in which Q_G works as a derivation: the BPZ inner product with η-currents insertion ⟨A, B⟩_η := ⟨η^+_0 η^−_0 A, B⟩. It is nonzero if and only if the total ghost and picture number of the states in the inner product are equal to 1 and 0 respectively. ⟨A, Q_G B⟩_η = (−1)^A⟨Q_G A, B⟩_η. (4.72) 4.3 The Classical Action and the Gauge Invariance Using operators defined in the previous subsection, we propose the following NS-NS-sector action for type II string field theory in the large Hilbert space description: S = ∫_1 0 dt ⟨∂_tΨ(t), Q_{G(t)}Ψ(t)⟩_η ≡ ∫_1 0 dt ⟨η^+_0 η^−_0 ∂_tΨ(t), Q_{G(t)}Ψ(t)⟩. (4.73)

The t-dependence of G(t) = G(Ψ(t)) is determinded by that of Ψ(t), and we can take Ψ(t) as an arbitrary function of t ∈ [0, 1] as long as it satisfies Ψ(0) = 0 and Ψ(1) = Ψ. In practical calculations, we often take t-dependence linearly Ψ(t) = tΨ for simplicity. This action is almost the same form as the bosonic action. In fact, using (4.68) for X = δ, ∂_t and (4.72), we can carry out calculations as same as bosonic theory. Note that the following calculation goes:

⟨∂_tΨ, δ(Q_G Ψ)⟩_η = ⟨∂_tΨ, Q_G (δΨ)⟩_η = ⟨Q_G (δΨ), ∂_tΨ⟩_η = ⟨δΨ, Q_G (∂_tΨ)⟩_η = ⟨δΨ, ∂_t(Q_G Ψ)⟩_η. (4.74) Hence, the variation of the action is given by: δS = ∫_1 0 dt ( ⟨∂_t(δΨ(t)), Q_{G(t)}Ψ(t)⟩_η + ⟨∂_tΨ(t), δ(Q_{G(t)}Ψ(t))⟩_η )

= ∫_1 0 dt ( ⟨∂_t(δΨ(t)), Q_{G(t)}Ψ(t)⟩_η + ⟨δΨ(t), ∂_t(Q_{G(t)}Ψ(t))⟩_η )

= ∫_1 0 dt ∂_t ⟨δΨ(t), Q_{G(t)}Ψ(t)⟩_η = ⟨δΨ, Q_G Ψ⟩_η. (4.75)

As a result, we obtain the gauge invariance under the gauge transformation δΨ = Q_G Λ. As an element of the large Hilbert space, the gauge transformation can be writen down as follows:

δΨ = Q_G Λ + η^+_0 Ω^+ + η^−_0 Ω^−. (4.76)

Here, Λ, which carries ghost number −1 and picture number 0, and Ω^±, which carries ghost number −1 and picture number 1, are gauge parameters with respect to Q_G and η^±_0 .

The equation of motion of our type II theory is given by

Q_G η^+_0 η^−_0 Ψ = η^+_0 η^−_0 Q_G Ψ = 0. (4.77)

In particular, on the mass shell, we obtain η^±_0 G(Ψ) = 0, which is the result of the equation of motion. We can obtain all interaction terms from this action. In the next section, we calculate the expansion with respect to κ and see that it gives correct three point amplitudes.

4.4 Summary We proposed the following type II full action in the large Hilbert space description, S = ∫_1 0 dt ⟨η^+_0 η^−_0 ∂_tΨ(t), Q_{G(t)}Ψ(t)⟩. (4.78)

In this theory, Q_G and η^±_0 commute each other in the BPZ inner product and the nonlinear transformations with respect to η^±_0 Ω^± do not appear. Therefore, we can include η^±_0 into the definition of the innner product as ⟨A, B⟩_η := ⟨η^+_0 η^−_0 A, B⟩. Of course, the inner product ⟨A, B⟩_η is degenerate in the large Hilbert space H_L: all of the small Hilbert space components are identified with null states. Thus we consider the equivalence relation A ∼ A + η^+_0 Ω^+ + η^−_0 Ω^−, and introduce the quotient space H_η := H_L/Ker[η^±_0 ]. In this quotient space, the inner product ⟨A, B⟩_η becomes nondegenerate. This situation is similar to the c^−_0 -insertion (considering b^−_0 - vanishing states) in bosonic closed string field theory. Using the quotient space H_η as the state space, we can write down the action as follows: S = ∫_1 0 dt ⟨∂_tΨ(t), Q_G Ψ(t)⟩_η. (4.79)

Here, we regard Ψ(t) as an element of H_η. Then this action is invariant under the gauge transformation δΨ = Q_G Λ. The equation of motion becomes Q_G Ψ = 0. Note that while the symmetric prorerties of string products also hold, the naive cyclicity of the inner product is lost in this discription. (It is natural because G(Ψ) is equivalent to 0 in H_η.)

This representation of the type II action will give us an one-to-one correspondence to the small Hilbert space description, so there is a possibility that we can completely write down the theory in the small Hilbert space description, but it is not yet clear. In the next section, we will see some results which are yielded from this action.

5 Some Results

In this section, we study some properties of type II string field theory which was proposed in the last section. In paticular, we would like to check whether our action can reproduce correct amplitudes expected from the first quantized theory.

5.1 Perturbation Theory: the Kinetic Term In the last section, we proposed a concrete form of the type II full action S via bosonic pure gauge solutions as functionals of type II string fields. The full action S produces the free term S_2 and every interaction term S_3, S_4, . . . in each order of κ through the following expansion: S = ∞∑ n=2 κ^{n−2}S_n. (5.80)

In this subsection, we pick up the kinetic term and see details: the gauge transformation and the cohomology, or the physical state space. In the next subsection, we will see the properties of lower-order terms.

A type II string field Ψ satisfies the level matching condition L^−_0 Ψ = 0 (L^−_0 := L_0 − L̄_0) as other closed string fields. The free type II action in the NS-NS sector is given by

S_2 =

∫_1 0 dt ⟨∂_t(tΨ), Q(tΨ)⟩_η = 1 2 ⟨η^+_0 η^−_0 Ψ, QΨ⟩, (5.81)

where Q is the BRST operator of type II superstrings and we define η^±_0 := η_0 ± η̄_0. The inner product is defined as ⟨A, B⟩ = ⟨A|c^−_0 |B⟩. Here, ⟨A| is the BPZ conjugation of |A⟩. This inner product is nondegenerate just on Ker[b^−_0 ]. The normalization of correlators in the full conformal field theory for a flat space-time background is given by

⟨ξ(w_1)ξ̄(w̄_1)e^{−2ϕ(w2 )}e^{−2ϕ̄(w̄2)}c(z_1)c̄(z̄_1)c(z_2)c̄(z̄_2)c(z_3)c̄(z̄_3)e^{ipμXμ(z,z̄)}⟩ (5.82) = 2(2π)^D δ^D(p)|z_1 − z_2|^2|z_1 − z_3|^2|z_2 − z_3|^2,

where D = 10 is the critical dimension of space-time. Since we use the c^−_0 -inserted inner product, the total ghost and picture number in the action must be (g, p) = (3, −2). The ghost and picture number (g, p) of Ψ are (g, p) = (0, 0), so if necessary, we write these explicitly as Ψ ≡ Ψ_{(0,0)}.

This free action is invariant under the gauge transformation Ψ → Ψ + QΛ in H_η. In the large Hilbert space description, it is equivalent to the following gauge transformation:

δΨ = QΛ + η^+_0 Ω^+ + η^−_0 Ω^−, (5.83)

where Λ = Λ_{(−1,0)}, Ω^+ = Ω^+_{(−1,1)}, and Ω^− = Ω^−_{(−1,1)} all are gauge parameters. Then the equation of motion of free theory is given as follows,

Qη^+_0 η^−_0 Ψ = 0 (Ψ ∈ H_L) . (5.84)

Using the identification η^+_0 η^−_0 Ψ = Ψ_S, it is equivalent to the ordinary small Hilbert space one:

QΨ_S = 0 (Ψ_S ∈ H_S ) , (5.85)

where Ψ_S is the type II string field in the small Hilbert space description and ξ^±_0 :=^1_2 (ξ_0 ±ξ̄_0). In the quotient space H_η, choosing a representative element, we can write Ψ ∈ H_η as Ψ^{eqv.}= [ξ^−_0 ξ^+_0 ψ̂] where ψ̂_{(2,−2)} ∈ Ker[η^±_0 ]. So the equation of motion becomes

QΨ^{eqv.}= [ ξ^−_0 ξ^+_0 Qψ̂_{(2,−2)} ] = 0 (Ψ ∈ H_η) (5.86)

and we obtain Qψ̂_{(2,−2)} = 0, which is equivalent to above two equations. They all give the condition of the first quantization. It implies that physical state spaces which are described in the large/small Hilbert space H_L/H_S and the quotient space H_η are equavalent to each other,

Ker[Q : H_η → H_η] Im[Q : H_η → H_η]

∼= Ker[η^{+0} η^{−0} Q : H^L → H^L] Im[Q, η^± : H_L → H_L]

∼= Ker[Q : H^S → H^S ]

Im[Q : H_S → H_S ]

. (5.87)

5.2 Perturbation Theory: Lower-order Interacting Terms In the last section, the type II full action was given by the following form: S = ∫_1 0 dt ⟨∂_tΨ(t), Q_G Ψ(t)⟩_η ≡ ∫_1 0 dt ∞∑ n=0 κ^n n! ⟨∂_tΨ(t), [G(t)^n, Ψ(t)]⟩_η . (5.88)

It would reproduce all interaction terms of type II string field theory. In this subsection, we see the result yielded from the lower-order terms S_2 + κS_3 + κ^2S_4 + O(κ^3). Recall that the pure gauge solution G(t) is expanded with respect to the coupling constant κ as follows:

G(Ψ) = QP_−QΨ + κ 2 ([ QP_−QΨ, P_−QΨ ] + QP_− [ QP_−QΨ, Ψ ]) (5.89) + κ^2 3! ([( QP_−QΨ )_2 , P_−QΨ ] + [ [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ], P_−QΨ ] + QP_− ([( QP_−QΨ )_2 , Ψ ] + [ [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ], Ψ ])) + . . . . Therefore we obtain the following lower-order perturbative action: S = ∫_1 0 dt ( ⟨∂_tΨ(t), QΨ(t) + κ 2 [G(t), Ψ(t)] + κ^2 3! [G(t)^2, Ψ(t)]⟩_η + . . . )

= ∫_1 0 dt ⟨∂_tΨ, QΨ⟩_η + κ ∫_1 0 dt ⟨Ψ, [QP_−QΨ, Ψ]⟩_η + κ^2 2 ∫_1 0 dt ⟨∂_tΨ, [(QPQΨ)^2, Ψ]⟩_η + κ^2 2 ∫_1 0 dt ⟨Ψ, [ [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ], Ψ ] ⟩_η + . . . . (5.90)

Then, the variation of the action becomes the following form: δS = ∫_1 0 dt ∂_t⟨δΨ(t), Q_{G(t)}Ψ(t)⟩_η = ⟨δΨ, Q_G Ψ⟩_η = ⟨δΨ, QΨ⟩_η + κ⟨δΨ, [QP_−QΨ, Ψ]⟩_η + κ^2 2 ⟨δΨ, [ (QP_−QΨ)^2, Ψ ] ⟩_η + κ^2 2 ⟨δΨ, [ [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ], Ψ ] ⟩_η + . . . . (5.91)

The gauge transformation is therefore given as follows:

δΨ =QΛ + κ [ QP_−QΨ, Λ ] + κ^2 2 [ (QP_−QΨ)^2, Λ ]

+ κ^2 2 ([ [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ], Λ ]) + . . . . (5.92)

Let us check the gauge invariance of the action perturbatively. We can write it down by the sum of the following all lines which are equal to zero as follows:

κ^0 : ⟨QΛ, QΨ⟩_η = 0

κ^1 : ⟨QΛ, [ QP_−QΨ, Ψ ] ⟩_η + ⟨ [ QP_−QΨ, Λ ] , QΨ⟩_η = 0

κ^2 : ⟨QΛ, [ (QP_−QΨ)^2, Ψ ] + [ [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ], Ψ ] ⟩_η + ⟨[(QP_−QΨ)^2, Λ] + [ [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ], Λ ] , QΨ⟩_η + ⟨[QP_−QΨ, Λ], [QP_−QΨ, Ψ]⟩_η + ⟨[QP_−QΨ, Λ], [QP_−QΨ, Ψ]⟩_η = 0 κ^n : . . (5.93)

Vanishing of the first line is equivalent to the nilpotency of the BRST operator: Q^2 = 0, that of the second line means the derivation propertiy: Q[A, B] + [QA, B] + (−1)^A[A, QB] = 0, and that of the third line implies the lowest-order (homotopy-) Jacobi identity: Δ_Q[A, B, C] + Δ_J [A, B, C] = 0 where Δ_Q[A, B, C] = Q[A, B, C] + [QA, B, C] + (−1)^A[A, QB, C] + (−1)^{A+B} [A, B, QC], (5.94) Δ_J [A, B, C] = [A, [B, C]] + (−1)^{A(B+C)}[B, [C, A]] + (−1)^{C(A+B)}[C, [A, B]]. (5.95) We can also read higher-order relations from vanishing of higher-order terms similarly: Δ_Q[A_1, . . . , A_n]+ Δ_J [A_1, . . . , A_n] = 0, where Δ_{Q/J} [A_1, . . . , A_n] means the violation of the derivation/Jacobi property of the n-product [A_1, . . . , A_n].

5.3 Three Point Amplitudes Let us consider three point amplitudes. Recall that the κ^1-order action is given by

S_3 =

∫_1 0 dt⟨∂_tΨ(t), [Ψ(t), QP_−QΨ(t)]⟩_η = 1 3 ⟨Ψ, [Ψ, QP_−QΨ]⟩_η, (5.96)

where Ψ(t) = tΨ. This cubic term of the action reduces to the expected correlator for physical states. Writing Ψ = ξ^+_0 ξ^−_0 Ψ̂_{(2,−2)} where QΨ̂_{(2,−2)} = 0 and P_− = η^−_0 ξ^−_0 , we obtain QP_−QΨ = Qη^−_0 ξ^−_0 Qξ^+_0 ξ^−_0 Ψ̂_{(2,−2)} = QX^−_0 ξ^+_0 Ψ̂_{(2,−2)}^{e.o.m.}= X^+_0 X^−_0 Ψ̂_{(2,−2)}. (5.97) Note that the last equal sign holds on the mass shell. Hence, we see that S_3 = 1 3 ⟨Ψ̂, [ξ^+_0 ξ^−_0 Ψ̂, X^+_0 X^−_0 Ψ̂]⟩ ∼= 1 3 ⟨⟨Ψ̂, Ψ̂, X^+_0 X^−_0 Ψ̂⟩⟩. (5.98) Here, the symbol ⟨⟨A, B, C⟩⟩ denotes the correlator. This is the expected result. Pure Gauge Solutions in the Correlator

In general, there is the correspondence between correlation functions in the small Hilbert space ⟨⟨A_1, . . . , A_n⟩⟩ and those in the large Hilbert space, where ϕ and ϕ̄ are bosonized superghosts: ⟨⟨A_1, . . . , A_n⟩⟩ = ⟨ξξ̄e^{−2ϕ}e^{−2ϕ̄}A_1 . . . A_n⟩. (5.99) This implies that the correlator selects one ξ^+_0 ξ^−_0 -component and other small space components. For example, suppose {A_i}^n_{i=1} belong to the small Hilbert space, and Φ/Ψ can be ξ^±_0 -decomposed as Φ = ϕ̂ + ξ^+_0 ξ^−_0 ϕ̂_ξ/Ψ = ψ̂ + ξ^+_0 ξ^−_0 ψ̂_ξ, then the correlation function of these elements is given by the following form:

⟨η^+_0 η^−_0 Φ, [Ψ, A_1, . . . , A_n]⟩ = ⟨ϕ̂_ξ, [ξ^+_0 ξ^−_0 ψ̂_ξ, A_1, . . . , A_n]⟩. (5.100) Our type II action was given by this form: S = ∫_1 0 dt ⟨∂_tΨ, Q_G Ψ⟩_η = ∫_1 0 dt ∞∑ n=0 κ^n n! ⟨η^+_0 η^−_0 Ψ, [G(tΨ)^n, tΨ]⟩. (5.101)

In the next subsection, we estimate higher-point amplitudes. To this purpose, in the rest of this subsection, we see the property of G in the correlator. Note that using (4.63) for η^±_0 and η^+_0 η^−_0 G(Ψ) = 0, we obtain the ξ^±_0 -decomposition of G(Ψ):

G(Ψ) = ψ̂_Q − ξ^+_0 ( Q_GΛ_η+ ) − ξ^−_0 ( Q_GΛ_η− ) . (5.102)

In our construction, it becomes G(Ψ) = ψ̂_Q − ξ^+_0 Q_G Λ_η because η^−_0 G(Ψ) = 0. Then we notice that ξ^±_0 -components of G(Ψ) are given by BRST-exact terms. As a result, it is expected that the value of the correlation function depends only on the small space component of G(Ψ). We therefore regard the pure gauge solution G(Ψ) as an element of the small Hilbert space:

G(Ψ) ∼= P_+P_−G(Ψ) = ψ̂_Q, (5.103)

although it is constructed from type II string fields Ψ which belong to the large Hilbert space.

Since there are one η^+_0 and one η^−_0 in our large Hilbert space action, the value of correlation functions in our theory will be determinded by the large Hilbert space component of Ψ and the small Hilbert space component of G(Ψ).

5.4 Reduction to Small Hilbert Space Let us consider amplitudes, which are expected to correspond to the result of the first quatization theory. To this purpose, the small Hilbert space description is rather reasonable because a small string field Ψ_S naturaly corresponds to the vertex operator of closed strings. We therefore consider the reduction to the small Hilbert space, and seek fundamental vertices which produce Feynman graphs of string interaction in the small Hilbert space. We would like to expect that there exists the correspondence Ψ_S ≡ η^+_0 η^−_0 Ψ between the small string field Ψ_S and the large string field Ψ as the free case. To see it explicitly, let us consider the zero mode decomposition:

Ψ = ψ̂^∘ + ξ^+_0 ψ̂^+ + ξ^−_0 ψ̂^− + ξ^+_0 ξ^−_0 ψ̂ (5.104)

where ψ̂^∘, ψ̂^±, and ψ̂ belong to Ker[η^±_0 ], namely, the small Hilbert space H_S . Then the large component ψ̂ has ghost number 2 and picture nummber −2. (We often write it explicitly as ψ̂ ≡ ψ̂_{(2,−2)}.) Therefore, we identify the small string field Ψ_S with this ψ̂ up to a sign factor:

Ψ_S ⇐⇒ −ψ̂_{(2,−2)}. (5.105)

It is equivalent to impose on Ψ the following (partial) fixing conditions:

ξ^+_0 Ψ = ξ^−_0 Ψ = 0. (5.106)

We assume that the other elements ψ̂^∘ and ψ̂^± correspond to auxiliary fields as well as the correspondence in free theory. We thus consentrate on the part which is related to the element ψ̂_{(2,−2)}. The pure gauge solution, which is a functional of type II string fields, is given by

G(Ψ) = QP_−QΨ + κ 2 ( [QP_−QΨ, P_−QΨ] + QP_−[QP_−QΨ, Ψ] ) + . . . . (5.107)

We can calculate the ξ^±_0 -decomposition of QP_−QΨ, P_−QΨ, and QP_−Ψ as follows: QP_−QΨ ∼= P_+QP_−QΨ = P_+QP_−Q ( ψ̂^∘ + ξ^+_0 ψ̂^+ + ξ^−_0 ψ̂^− + ξ^+_0 ξ^−_0 ψ̂ )

= P_+Q ( Qψ̂^∘ + Qξ^+_0 ψ̂^+ + X^−_0 ψ̂^− − X^−_0 ξ^+_0 ψ̂ ) = QX^+_0 ψ̂^+ + QX^−_0 ψ̂^− − X^+_0 X^−_0 ψ̂, (5.108) P_−QΨ ∼= P_+P_−QΨ = P_+P_−Q ( ψ̂^∘ + ξ^+_0 ψ̂^+ + ξ^−_0 ψ̂^− + ξ^+_0 ξ^−_0 ψ̂ ) = Qψ̂^∘ + X^+_0 ψ̂^+ + X^−_0 ψ̂^−, (5.109) QP_−Ψ ∼= P_+QP_−Ψ = Qψ̂^∘ + X^+_0 ψ̂^+. (5.110)

Suppose auxiliary fields are integrated out and BRST-exact terms are dropped, then we obtain

QP_−Ψ = P_−QΨ = 0 , QP_−QΨ = −X^+_0 X^−_0 ψ̂ . (5.111)

Thus we regard G(Ψ) ∼= −X^+_0 X^−_0 ψ̂ in the small Hilbert space description. Using the identification Ψ_S ∼= −ψ̂_{(2,−2)}, we can write down F(G(Ψ)) = F ( X^+_0 X^−_0 Ψ_S ) = 0 as follows: Q ( X^+_0 X^−_0 Ψ_S ) + ∞∑ n=1 κ^n (n + 1)! [ ( X^+_0 X^−_0 Ψ_S )_n , X^+_0 X^−_0 Ψ_S ] ∼= 0. (5.112)

Then we can estimate the following part of the small Hilbert space action, which is expected to contribute to the value of correlation functions: ~S = 1 2 ⟨⟨Ψ_S , QΨ_S ⟩⟩ + ∞∑ n=1 ∑ σ κ^n (n + 2)! ⟨⟨Ψ_S , σ ([ (X^+_0 X^−_0 Ψ_S )^n, Ψ_S ]) ⟩⟩, (5.113)

where σ is a permutation and the sum of σ runs over all possible permutations. Here, ⟨⟨A, B⟩⟩ is the inner product in the small Hilbert space. It is nonzero if and only if the pair of the total ghost and picture nummber is equal to (g, p) = (5, 4).

Now, let us consider string fundamental vertices, or equivalentry, amplitudes. We would like to read small space n-point vertices ~S_n of κ^2 ~S = ∑ κ^n ~S_n from the large space action κ^2S = ∑ κ^nS_n. First, we consider the three point vertex. In this case, we can read it quickly as

S_3 = 1 3 ⟨Ψ, [Ψ, QP_−QΨ]⟩_η −→ ~S_3 = 1 3 {Ψ_S, Ψ_S , X^+_0 X^−_0 Ψ_S }_S (5.114)

where {A, B, C}_S := ⟨⟨A, [B, C]⟩⟩. It is an expected one. Next, we considr higher-point vertices. Recall that the κ^n-order large space action is given by

S_n = 1 n! ∑ σ ⟨Ψ, σ ([ (QP_−QΨ)^{n−2}, Ψ ] + · · · + [ QP_−[. . . [Ψ, QP_−QΨ]], Ψ ]) ⟩_η. (5.115)

From the correspondence discussed above, we can estimate higher-point vertices similarly:

~S_n = 1 n! ∑ σ {Ψ_S , σ ( Ψ_S, (X^+_0 X^−_0 Ψ_S )^{n−2} ) }_S . (5.116)

This is a result what we expected from the correspondence to the first quantization theory. Since we use bosonic closed string products, the single covering of the moduli space of Riemann surfaces is realized automatically. The problem of the divergence with respect to the local picture changing operators would be also resolved by the nilpotency of homotopy algebras.

6 Summary and Discussion

In this paper, using algebraic properties of closed strings, we gave a concrete construction of type II string field theory. It is based on the large Hilbert space description like [20, 21], so there are no local insertions of picture changing operators. In the construction of supersymmetric theory, a formal pure gauge solution of bosonic theory has played a nonnegligible role. A pure gauge solution of bosonic string field theory is always constructed from gauge parameter fields [10]. In the large Hilbert space description, we have constructed superstring field theories by identifying superstring fields with these gauge parameter fields, so it is with our construction. Making a pure gauge solution as a functional of type II string fields, we construct the full action for type II string field theory. We would like to note that our construction is based on algebraic properties of closed string fields, L_∞-algebras. It is a result from that we use the extension of Zwiebach’s closed string products [11]. (Recall that the action for closed string field theory whose Feynman graphs reproduce a single covering of the moduli space has the geometrical vertices satisfying the algebraic relations of the BV-master equation, L_∞-algebras and their quantum extensions [34, 35, 38].) Thus, in this paper, we did not touch the geometrical understanding of superstrings like the correspondence of the full action and the decomposition of the moduli space of super-Riemann surfaces as the case of bosonic theory. In the rest of this section, we would like to disucuss related aspects of this type II action and put some comments.

Comparison with Bosonic Theory

We can rewrite the bosonic action into ∫ dt⟨∂Ψ, Q^′_ΨΨ⟩, which consits of the Maurer-Cartan operator Q^′_Ψ and has the gauge invariance generated by the BRST operator Q_Ψ. On the other hand, we write down the type II action by ∫ dt⟨∂Ψ, Q_G Ψ⟩_η, which consists of the BRST operator Q_G and has the gauge invariance generated by the BRST operator Q_G . In bosonic theory, we can construct the Maurer-Cartan operator Q^′_Ψ as the linear combination of the BRST operators Q^{[a]}_Ψ . We regard this Q^{[a]}_Ψ as a deformation of the gauge structure because Q^{[0]}_Ψ generates the gauge transformation of free theory and Q^{[1]}_Ψ generates that of full theory. In type II theory, we can introduce Q^{[a]}_G by the replacement of κ → aκ and define a Maurer-Cartan (like) operator Q^′_G by the integration of a from 0 to 1. Using this operator, we can write down the another action as S^′ = ∫ dt⟨∂Ψ, Q^′_G Ψ⟩_η, which gives Q^′_G Ψ = 0 as the equation of motion. Then the perturbative expansion of κ^2S^′ = ∑ κ^nS^′_n gives the almost same result as our action κ^2S = ∑ κ^nS_n. The difference is the coefficients of n-point vertices: (n−1)S^′_n = S_n. Note that this S^′ is not invariant under the transformation generated by Q_G (but Q^{[a]}_G ).^8

Pure Gauge Solution and L_∞-structure

In our construction, we used the method which is based only on the properties of nilpotent homotopy algebras, so this framework is available for considering other gauge theories as long as the gauge invariance is governed by nilpotent homotopy algebras. In particular, considering a shift by a pure gauge solution G, we wrote down the type II action. However, we would like to note that there exist some ambiguities in constructing a pure gauge solution. For example,

8 Of course, there is some possibilities that the gauge transformatin is realized by the nontrivial form as Berkovits theory: the element generating gauge symmetry is not δΨ but some combination of Ψ like δ(e^Φ).

we can use some another projector like P_+, or modify the defining equation of the pure gauge solution as ∂_τ G = Q_G P_−QΨ, and so on. Or as well as open string field theory, in closed string field theory, we may be able to construct a pure gauge solution without using a differential (or integral) equation which we used. In this article, we chose simplest one which realizes δG(Ψ) = Q_GΛ_δ = 0 under the gauge transformation because we would Q_G ’s expanding point G like to belong the equivalent class of the gauge transformation. Algebraic structure of Type II String Field Theory

The gauge symmetry of string field theory is infinitly reducible. Thus it is not clear whether we can obtain a gauge fixed action as a simple extension of the original action [25–27]. Since the type II action consists of string fields, the BRST operator Q, a projector P_−, and closed string products, we can expect that guage fixing is carrid out by relaxing the constraint of the ghost number of string fields as the case of bosonic theory. However, to prove it exactly, we need to construct vertices for type II fields (not for bosonic fields) from the decomposition of the moduli space of super-Riemann surfaces, which would naturally lead to (extended) homotopy algebras of type II fields. We need these geometrical understandings of superstring fields for quantization, constructing theory which includes R-sector, considering the problem of background independence, other nonperturbative effects, and so on. It is rather not clear in the case of the Large Hilbert space description. In particular, in the large Hilbert space description, we know the cyclicity of a graded symplectic form and the sign of products of homotopy algebras are not well-suited naively, so we also need to find a good algebraic structure of supersting fields on this point. Recently, there is a progress in this geometrical point of view [41]. They gave an outline to construct type II vertices and the quantum BV-master action geometrically in the Small Hilbert space description. In quantum bosonic closed string field theory, the vertices satisfy the relations of a loop homotopy Lie algebra, whose classical part gives L_∞-algebras. In [41], they introduced N = 1 loop homotopy Lie algebras by considering the operad which deeply relates to type II string field theory.

Ackonledgements:

This is an extended work of my master’s thesis, so I would like to thank Yuji Okawa and Mitsuhiro Kato, my supervisors, for fruitful discussions, suggestive comments, and their kindness. I am also grateful to the members of our Komaba particle theory group, in particular, Yuki Iimori, Shota Komatsu, and Shingo Torii for useful discussions and comments, and their kindness. I would also like to thank the organizers of the conference ‘String Field Theory and Related Aspects: SFT 2012’ hosted by the Israel Institute for Advanced Studies.

A L_∞-algebras and Closed String Field Theory

A representation of the L_∞-operad on a fixed graded vector space H is an L_∞-algebra (H, L) [34,35,39,40]. In string field theory, we regard the string state space, Hilbert space of conformal field theory, as a graded vector space H through the identification of the world sheet ghost number and H’s grading [12, 14–16, 34–38]. In Appendix A, we give a short review of the L_∞-algebra and its role in closed string field theory without using operads.

Deffinition. (un-shuffle)

By a (k, l)-unshuffle of A_1, . . . , A_n with n = k + l is meant a permutation σ such that for i < j ≤ k, we have σ(i) < σ(j) and similarly for k < i < j ≤ k + l. We denote the subgroup of (k, l)-unshuffle in S_{k+l} by S_{k,l} and by S_{k+l=n}, the union of the subgroup S_{k,l} with k + l = n. Similary, a (k_1, . . . , k_i)-unsuffle means a permutation σ ∈ S_n with n = k_1 + · · · + k_i such that the order is preserved within each block of length k_1, . . . , k_i. The subgroup of S_n consisting of all such unshuffle we denote by S_{k1,...,ki} . The Koszul Sign of Permutation

By decomposing permutations as a product of transpositions, there is then defined the sign of a permutation of n graded elements: A_1, . . . , A_n, e.g for any σ ∈ S_n, the permutation of n graded elements, is defined by

σ(A_1, . . . , A_n) = (−1)^σ (A_{σ(1)}σ, . . . , A_{σ(n)}). (A.117)

Since we will have many fomulas with such indices and their permutations, we will use the notion I := (i_1, . . . , i_n) and A_I := A_{i1} ⊗ · · · ⊗ A_{in} . Then, for any σ ∈ S_n, we use σ(I) to denote (σ(i_1), . . . , σ(i_n)) and hence A_{σ(I)} = A_{σ(i1 )} ⊗ · · · ⊗ A_{σ(in )}. Deffinition. (L_∞-algebra)

Let H be a graded vector space and suppose that a collection of degree (3 − 2k) graded symmetric linear maps L := {L_k : H^{⊗k} → H}_{k≥0} is given. The pair (H, L) is called L_∞-algebra if the maps satisfy the following relations: ∑ σ∈S_{k+l=n} (−1)^σ L_{l+1}(L_k(A_{σ(1)}, . . . , A_{σ(k)}), A_{σ(k+1)}, . . . , A_{σ(n)}) = 0 (A.118)

for n ≥ 1. A weak L_∞-algebra consists of a collection of degree (3 − 2k) graded symmetric linear maps m := {m_k : H^{⊗k} → H}_{k≥0} satisfying the same relation but for n ≥ 0 and with k, l ≥ 1. Deffinition. (L_∞-morphism)

For two L_∞-algebras (H, L) and (H^′, L^′), suppose that there exists a collection of degree preserving graded symmetric multi-linear maps F := {f_k : H^{⊗k} → H^′}_{k≥0} where f_0 is a map from C to a degree zere subvector space of H. F is called an L_∞-morphism if it satisfies the following relations ∑ σ∈S_{k+l=n} (−1)^σ f_{1+l}(L_k ⊗ 1^{⊗l})(A_{σ(I)}) = ∑ σ∈S_{k1+···+kj =n} (−1)^σ j! L^′_j(f_{k1} ⊗ · · · ⊗ f_{kj} )(A_{σ(I)}) (A.119)

When (H, L) and (H^′, L^′) are weak L_∞-algebra, then a weak L_∞-morphism consists of multilinear maps {f_k}_{k≥0} satisfying the above condition and f_1 ∘ L_0 = ∑ k 1 k! L^′_k(f_0, . . . , f_0).

The Maurer-Cartan Equation

In an L_∞-algebra (H, L), the Maurer-Cartan equation for A ∈ H is given by

F(A) := ∑ k≥1 1 k! L_k(A, . . . , A) = 0. (A.120)

We donote the set of the solutions of the Maurer-Cartan equation as MC(H, L).

Given two elements G_0, G_1 ∈ MC(H, L) are called gauge equivalent if there exists a piecewise smooth path G(τ), τ ∈ [0, 1] such that d dτ G(τ) = ∑ k≥0 1 k! L_{k+1}(Λ(τ), G(τ), . . . , G(τ)) (A.121)

for a degree deg[G(τ)] − 1 element Λ(τ) where G(0) = G_0 and G(1) = G_1. Gauge transformation preserves MC(H, L) and defines the equivalence relation. Then a quotient space by this equivalence relation: M(H, L) := MC(H, L)/∼ gives the moduli space of the deformations. Null forms of the Maurer-Cartan operator

For A ∈ MC(H, L) and B ∈ H satisfying deg[B] = deg[A] − 1, there exist special element:

L_A(B) := ∑ k≥0 1 k! L_{k+1}(A, . . . , A, B). (A.122)

It gives a null state in the Maurer-Cartan operator, or conversely, the image of the Maurer- Cartan perator is included in the kernel of this operator: L_A(F(A)) = 0. Symplectic Structure

Skew-symmetric bilinear map ω : H ⊗ H → C is called constant symplectic structure when it has fixed integer degree |ω| ∈ Z and is non-degenerate. Namely,

ω(A, B) = −(−1)^{AB} ω(B, A) (A.123)

for any A, B ∈ H and degree |ω| implies that ω(A, B) = 0 except for |A| + |B| + |ω| = 0. Cyclic L_∞-algebras

Suppose that an L_∞-algebra (H, L) is equipped with constant symplectic structure ω : H ⊗ H → C. For L = {L_k : H^{⊗k} → H}, let us define the multi-linear maps by

V_{n+1}(A_0, A_1, . . . A_n) := ω(A_0, L_n(A_1, . . . , A_n)). (A.124)

The degree of V_{n+1} is |ω| + 1. An L_∞-algebra equipped with constant symplectic structure (H, L, ω) is called cyclic L_∞-algebra if V_{n+1} is graded symmetric with respect to any permutation of H^{⊗(n+1)}:

V_{n+1}(A_0, . . . , A_n) = (−1)^σ V_{n+1}(A_{σ(0)}, . . . , A_{σ(n)}), σ ∈ S_{n+1}. (A.125)

In string field theory, we sometimes use the Stokes’s Teorem: ∑ V ∑ σ∈S_{n+1} (−1)^σ V_{n+1}(L_1(A_{σ(0)}), A_{σ(1)}, . . . , (A_{σ(n)})) = 0. (A.126)

If the Stokes’s Theorem holds in cyclic L_∞-algebra, then L_∞-identities splits into two groups:

L_1(L_n(A_1, . . . , A_n)) + ∑ σ∈S_n (−1)^σ L_n(L_1(A_{σ(1)}), A_{σ(2)}, . . . , (A_{σ(n)})) = 0, (A.127) ∑ σ∈S_{k+l=n} (−1)^σL_{l+1}(L_k(A_{σ(1)}, . . . , A_{σ(k)}), A_{σ(k+1)}, . . . , A_{σ(n)}) = 0, (A.128) where l ≥ 1 and k ≥ 2. Then L_1 becomes the derivation for all products {L_k}_{k≥2}. It is naturally relized in considering scattering amplitudes of multi-strings in closed string field theory. L_∞-algebras and Cyclicity in Closed Sting Field Theory

In string field theory, these mathematical objects naturally corespond to physical ones. We often use L_∞-identities by the following form: (l ≥ 1, k ≥ 2 and σ is the sign of splittings) ∑ l+k=n σ(i_l, i_k)[A_{i1} , . . . , A_{il} , [A_{j1} , . . . , A_{jk} ]] = 0. (A.129)

The sum runs over all different splittings of the set {1, . . . , n} into a first group {i_1, . . . , i_l} and a second group {j_1, . . . , j_k}, where l ≥ 1 and k ≥ 2. Two splittings are the same if the corresponding first groups contain the same set of integers regardless of their order. The sign factor σ(i_l, j_k) is defined to be the sign picked up when one rearranges the sequence {Q, A_1, A_2, . . . , A_n} into the sequence {A_{i1} , . . . , A_{il} , Q, A_{j1} , . . . , A_{jk} } taking into account the Grassmann property. The gauge structure of closed string theory is governed by L_∞-algebras. In particular, the Maurer-Cartan equation corresponds to the equation of motion F(Ψ) = 0 and the null form L_Ψ(Λ) corresponds to the gauge transformation δΨ = Q_ΨΛ. The differential equation which defines a pure gauge solution comes from above equation which decides the gauge equivalence of Maurer-Cartan elements. In addition to these, the symplectic form ω(A, B) is given by the BPZ inner product ⟨A|c^−_0 |B⟩ of conformal field theory. The cyclic L_∞-structure {V_n}_n corresponds to the set of fundamental vertices of string field theory. Furthermore, in string field theory, there exists Stokes’s Theorem on the moduli space of Riemann surfaces. Therefore, closed string field theory is described by cyclic L_∞-algebras equipped with Stokes’s Theorem. Stokes’s Theorem on Moduli Space in Closed String Field Theory

The closed string products are constructed form the decomposition of the moduli space of Riemann surfaces [11]. We know the fact that the BRST operator acts on the moduli sapce M_n as an exterior product acting on the cotangent bundle of (2n − 6)-dimensional manifold [35] and there also exists good theorem, so-called Stoke’s Theorem. The n-point correlation function Ω_{A1...An} of string field theory corresponds to the top form Ω^{[0]} on the moduli space M_n. As a result, we obtain ∫ M_{n+1} Ω^{[0]}_(^∑_{Q)A0...An} = ∫ M_{n+1} d Ω^{[−1]}_{A0...An} = ∫ ∂M_{n+1} Ω^{[−1]}_{A0...An} = 0 (A.130)

where M_{n+1} is the moduli space of the (n + 1)-punctured sphere and Ω^{[−r]} is the volume form of such a space whose dimension is (dim[M_{n+1}] − r). By definition, (n + 1)-point correlation functions A(A_0, . . . , A_n) are given through the integral of the top form over such a moduli space M_{n+1}. ∑ graph n∑ i=0 (−1)^{A0 +···+Ai−1} ⟨A_0, [A_1, . . . , QA_i, . . . A_n]⟩ = ∫ M_{n+1} Ω^{[0]}_(^∑_{Q)A0...An} (A.131)

The summention runs over decomposition of the moduli space M_n ≡ V_n ⊕R^1_n ⊕· · ·⊕R^{n−3}_n , where V_n gives the n-point fundamental vertex and R^i_n represents the region of n-point graph vertices constructed from the possible combination of lower vertecies and propergators. Therefore, ∑ graph ( ⟨QA_0, [A_1, . . . , A_n]⟩ + n∑ i=1 (−1)^{A0+A1+···+Ai−1} ⟨A_0, [A_1, . . . , QA_i, . . . , A_n]⟩ ) = 0. (A.132)

Note that in the case of the three point vertex, amplitudes are obtained by the fundamental vertex only, namely, M_3 ≡ V_3. Then BRST-exact terms decouple.

B A Parallel Structure of Actions

Free Theory of Bosonic Closed Strings

We already know the free action for bosonic closed string field theory: S_0 =^1_2 ⟨Ψ, QΨ⟩. Then the generator of the gauge transformation is given by Q. The state Q^′Ψ which belongs to the kernel of this generator Q is given by Q^′Ψ := QΨ because of the nilpotency Q^2 = 0. Therefore, in free theory, we can regard the Maurer-Cartan operator Q^′ as the BRST operator Q itself. Using this Q^′, we can rewrite the free action of bosonic string field theory as follows,

S_0 =

∫_1 0 dt ⟨∂_tΨ(t), Q^′Ψ(t)⟩, (B.133) where Ψ(t) satisfies Ψ(0) = 0 and Ψ(1) = Ψ for t ∈ [0, 1] and Q^′Ψ ≡ QΨ. For a given derivation X satisfying [[Q, X]] = 0, the state Q^′Ψ satisfies XQ^′Ψ = XQΨ = (−1)^X QXΨ. Thus we can easily calculate the variation as follows:

δS_0 =

∫_1 0 dt ( ⟨∂δΨ(t), Q^′Ψ(t)⟩ + ⟨∂Ψ(t), QδΨ(t)⟩ )

= ∫_1 0 dt ⟨ ∂_tδΨ(t), Q^′Ψ(t)⟩ + ⟨Q∂_tΨ(t), δΨ(t)⟩ )

= ∫_1 0 dt ∂_t ⟨δΨ(t), Q^′Ψ(t)⟩ = ⟨δΨ, Q^′Ψ⟩. (B.134) In full theory, the generator of the gauge transformation Q_Ψ does not have the nilpotency: we obtain Q^2_Ψ = 0 if and only if Ψ satisfies the equation of motion Q^′_ΨΨ = 0. For a general string field Ψ, the state which belongs to the kernel of Q_Ψ is given by Q^′_ΨΨ from L_∞-identities: Q_ΨQ^′_ΨΨ = 0. Thus Q^′_Ψ ≠ Q_Ψ in full theory. The Difference for Bosonic and Type II Theories

In contrast to calculations (2.36) in bosonic theory, [δΨ, ∂_tΨ]^{[a]}_Ψ and [∂_tΨ, δΨ]^{[a]}_Ψ in (2.36) are replaced by [δΨ, ∂_tG]_G and [∂_tΨ, δG]_G in type II theory. However, these terms do not cancel each other but vanish respectively. If the following relation holds, there would exist cancellation

[∂_tΨ(t), δG(t)]_G^?= [δΨ(t), ∂_tG(t)]_G . (B.135)

This relation is trivial for the case like analytic functions, graded differential algebras, and so on because of the associativity of the product. A typical example is a analytic function f[z(t)]: δf[z(t)] · ∂_tz(t) = ∂_tf[z(t)] · δz(t). (B.136)

Unfortunately, this relation does not hold for a general element of L_∞-algebras. However, considering the property of the BPZ inner product, we notice that such extra elements belong to the kernel of cyclic L_∞-algebras. The decoupling mechanism of BRST-exact states works.

There is a slight difference between bosonic action and our type II action and it is a result from that we use a naive extension of Zwiebach’s string products which is constructed from the decomposition of bosonic moduli space and carry appropriate ghost numbers for bosonic string fields. We expect that after constructing type II vertices as the decomposition of the muduli space and identifying some underlying (homotopy) algebra, using such vertices for type II theory, we will be able to write down the action which have exactly parallel structure.

C Open String Field Theory

Open string field theory [3] is described by the Chern-Simons-like action S_{cs} = − 1 g^2 ( 1 2 ⟨Φ, QΦ⟩ + g 3 ⟨Φ, Φ ∗ Φ⟩ ) . (C.137)

Thus the equation of motion is given by QΦ+^1_2 Φ∗Φ = 0 and the gauge invariance is generated by Q+[[gΦ, ]]. Here, [[A, B]] means the graded commutater: [[A, B]] := A∗B−(−1)^{AB} B∗A. In this theory, the gauge structure is governed by differential graded algebras, which are the special case of A_∞ algebras [16, 37, 38]. We can also rewrite this action into our form: S = ∫ dt⟨∂_tΦ, Q_ΨΦ⟩. Let us define the BRST operator around A with coupling constant ag and the Maurer-Cartan operator Q^′_A as follws:

Q^{[a]}_A Φ := QΦ + ag[[A, Φ]], Q^′_AΦ :=

∫_1 0 da Q^{[a]}_A Φ = QΦ + g 2 [[A, Φ]]. (C.138)

Then we can rewrite this Charn-Simons-like action into the following form: S_{cs} = − 1 g^2 ( 1 2 ⟨Φ, QΦ⟩ + g 3! ⟨Φ, [[Φ, Φ]]⟩ )

= − 1 g^2

∫_1 0 dt⟨∂_t(tΦ), Q(tΦ) + g 2 [[(tΦ), (tΦ)]]⟩ = − 1 g^2

∫_1 0 dt⟨∂_tΦ(t), Q^′_{Φ(t)}Φ(t)⟩, (C.139)

where t ∈ [0, 1] is a real parameter. At the last line, we introduce Φ(t) which satisfies Φ(0) = 0 and Φ(1) = Φ. Then we notice that the equation of motion is give by the Maurer-Cartan operator: Q^′_ΦΦ = 0 and the gauge invariance is generated by Q_Φ. (Of course, when A satisfies the equation of motion in open string field theory, Q_A becomes nilpotent operator.)

Open Superstring Field Theory

Recall that using a gauge parameter field of bosonic theory λ whose ghost number is 0, we can construct a pure gauge solution of boconic theory by A_Q := e^{−λ}(Qe^λ). If there exist a derivation X which satisfies [[Q, X]] = 0, a related field A_X := e^{−λ}(Xe^λ) which satisfies (−1)^X XA_Q = Q_{AQ} A_X ≡ QA_X + g[[A_Q, A_X ]] appears. In the large Hilbert space description, replacing these parameter fields λ by superstring fields Φ(t) which satisfy Φ(0) = 0 and Φ(1) = Φ, we obtain the following action of Berkovits’ theory [20]: S_{wzw} = ∫_1 0 dt⟨η_0A_{∂t} (t), A_Q(t)⟩^{Φ(t)=tΦ}= ∫_1 0 dt⟨η_0∂_t(tΦ), A_Q(t)⟩. (C.140)

The equation of motion is given by η_0A_Q = 0 and this action is invariant under A_δ = Q_{AQ} Λ. We would like to mention that for linear t-dependent Φ(t), introducing a real parameter a ∈ [0, 1], we can rewrite this action into our new form: S_{wzw} = ∫_1 0 dt⟨η_0∂_tΦ(t), Q^′_{AQ(t)}Φ(t)⟩, (C.141) where Q^′_{AQ} is defined by the a-integration of Q^{[a]}_{AQ} from 0 to 1. Note that now Q^{[a]}_{AQ} is given by

Q^{[a]}_{AQ(t)} = Qϕ + [[A^{[a]}_Q (t), ]], A^{[a]}_Q (t) ≡ e^{−agΦ(t)} ( Qe^{agΦ(t)} ) . (C.142)

The equivalence of (C.140) and (C.141) is provided by the relation A_Q(t) = Q^′_{AQ(t)}Φ(t) for Φ(t) = tΦ. Let us check this relation. Using Φ = gΦ̃, we can rewrite A_Q into Q^′_{AQ} Φ as follows: A_Q(t) =e^{−tΦ} ( Qe^{tΦ} ) = tQΦ + t^2 2 (QΦ ∗ Φ − Φ ∗ QΦ) + t^3 3! (QΦ ∗ Φ^2 − 2Φ ∗ QΦ ∗ Φ + Φ^2 ∗ QΦ) + t^4 4! (QΦ ∗ Φ^3 − 3Φ ∗ QΦ ∗ Φ^2 + 3Φ^2QΦ ∗ Φ − Φ^3QΦ) + O(t^5) = ∞∑ n=0 t^n n! ∑ i+j=n−1 (n − 1)! i!j! Φ^i ∗ QΦ ∗ Φ^j = ∞∑ n=0 t^n n! [[ . . . [[QΦ, Φ]], Φ]], . . . , Φ ]]

= Q(tΦ) +

∫_1 0 da ∞∑ n=2 (ag)^{n−1}t^n (n − 1)! [[ . . . [[QΦ̃, Φ̃]], Φ̃]], . . . , Φ̃]], Φ ]]

= QΦ(t) +

∫_1 0 da [[A^{[a]}_Q , Φ(t)]] = Q^′_{AQ(t)}Φ(t). (C.143)

References

[1] M. Kaku and K. Kikkawa, “The Field Theory of Relativistic Strings, I,II,” Phys. Rev. D 10 (1974) 1110, Phys. Rev. D 10 (1974) 1823.

[2] M. B. Green and J. H. Schwarz, “Superstring Field Theory,” Nucl. Phys. B 243 (1984) 475.

[3] E. Witten, “Noncommutative Geometry and String Field Theory,” Nucl. Phys. B 268, 253 (1986).

[4] H. Hata, K. Itoh, T. Kugo, H. Kunitomo and K. Ogawa, “Covariant String Field Theory,” Phys. Rev. D 34 (1986) 2360. H. Hata, K. Itoh, T. Kugo, H. Kunitomo and K. Ogawa, “LOOP AMPLITUDES IN COVARIANT STRING FIELD THEORY,” Phys. Rev. D 35 (1987) 1356.

[5] C. B. Thorn, “STRING FIELD THEORY,” Phys. Rept. 175, 1 (1989).

[6] A. LeClair, M. E. Peskin and C. R. Preitschopf, “String Field Theory on the Conformal Plane. 1. Kinematical Principles, 2. Generalized Gluing,” Nucl. Phys. B 317 (1989) 411, Nucl. Phys. B 317 (1989) 464.

[7] M. Saadi and B. Zwiebach, “Closed String Field Theory from Polyhedra,” Annals Phys.

192, 213 (1989). H. Sonoda and B. Zwiebach, “Covariant Closed String Theory Cannot Be Cubic,” Nucl. Phys. B 336 (1990) 185. B. Zwiebach, hep-th/9305026.

[8] T. Kugo, H. Kunitomo and K. Suehiro, “Nonpolynomial Closed String Field Theory,” Phys.

Lett. B 226, 48 (1989). T. Kugo and K. Suehiro, “NONPOLYNOMIAL CLOSED STRING FIELD THEORY: ACTION AND ITS GAUGE INVARIANCE,” Nucl. Phys. B 337, 434 (1990).

[9] A. Sen, “Equations Of Motion In Nonpolynomial Closed String Field Theory And Conformal Invariance Of Two-dimensional Field Theories,” Phys. Lett. B 241, 350 (1990).

[10] C. Schubert, “The Finite gauge transformations in closed string field theory,” Lett. Math.

Phys. 26, 259 (1992).

[11] B. Zwiebach, “Closed string field theory: Quantum action and the B-V master equation,” Nucl. Phys. B 390, 33 (1993) [arXiv:hep-th/9206084].

[12] A. S. Schwarz, “Geometry of Batalin-Vilkovisky quantization,” Commun. Math. Phys. 155, 249 (1993) [arXiv:hep-th/9205088].

[13] T. Kugo and B. Zwiebach, “Target space duality as a symmetry of string field theory,” Prog. Theor. Phys. 87, 801 (1992) [arXiv:hep-th/9201040].

[14] H. Hata and B. Zwiebach, “Developing the covariant Batalin-Vilkovisky approach to string theory,” Annals Phys. 229, 177 (1994) [arXiv:hep-th/9301097].

[15] A. Sen and B. Zwiebach, “A Proof of local background independence of classical closed string field theory,” Nucl. Phys. B 414, 649 (1994) [arXiv:hep-th/9307088]. “Quantum background independence of closed string field theory,” Nucl. Phys. B 423, 580 (1994) [arXiv:hep-th/9311009]. “Background independent algebraic structures in closed string field theory,” Commun. Math. Phys. 177, 305 (1996) [hep-th/9408053].

[16] M. R. Gaberdiel and B. Zwiebach, “Tensor constructions of open string theories. 1: Foundations,” Nucl. Phys. B 505, 569 (1997) [arXiv:hep-th/9705038].

[17] E. Witten, “Interacting Field Theory of Open Superstrings,” Nucl. Phys. B 276 (1986) 291.

[18] I. Y. .Arefeva, P. B. Medvedev and A. P. Zubarev, Nucl. Phys. B 341 (1990) 464.

[19] C. R. Preitschopf, C. B. Thorn and S. A. Yost, Nucl. Phys. B 337 (1990) 363.

[20] N. Berkovits, “SuperPoincare invariant superstring field theory,” Nucl. Phys. B 450, 90 (1995) [Erratum-ibid. B 459, 439 (1996)] [arXiv:hep-th/9503099].

[21] Y. Okawa and B. Zwiebach, “Heterotic string field theory,” JHEP 0407, 042 (2004) [arXiv:hep-th/0406212]. N. Berkovits, Y. Okawa and B. Zwiebach, “WZW-like action for heterotic string field theory,” JHEP 0411, 038 (2004) [arXiv:hep-th/0409018].

[22] N. Berkovits, “The Ramond sector of open superstring field theory,” JHEP 0111 (2001) 047 [hep-th/0109100].

[23] Y. Michishita, “A Covariant action with a constraint and Feynman rules for fermions in open superstring field theory,” JHEP 0501 (2005) 012 [hep-th/0412215].

[24] M. Kroyter, “Superstring field theory equivalence: Ramond sector,” JHEP 0910 (2009) 044 [arXiv:0905.1168 [hep-th]].

[25] M. Kroyter, Y. Okawa, M. Schnabl, S. Torii and B. Zwiebach, “Open superstring field theory I: gauge fixing, ghost structure, and propagator,” JHEP 1203 (2012) 030 [arXiv:1201.1761].

[26] S. Torii, “Validity of Gauge-Fixing Conditions and the Structure of Propagators in Open Superstring Field Theory,” JHEP 1204 (2012) 050 [arXiv:1201.1762 [hep-th]].

[27] M. Kohriki, T. Kugo and H. Kunitomo, “Gauge Fixing of Modified Cubic Open Superstring Field Theory,” Prog. Theor. Phys. 127 (2012) 243 [arXiv:1111.4912 [hep-th]].

[28] M. Kato and K. Ogawa, “Covariant Quantization of String Based on BRS Invariance,” Nucl. Phys. B 212 (1983) 443.

[29] D. Friedan, E. J. Martinec and S. H. Shenker, “Conformal Invariance, Supersymmetry and String Theory,” Nucl. Phys. B 271, 93 (1986).

[30] L. Alvarez-Gaume, C. Gomez, G. W. Moore and C. Vafa, “Strings in the Operator Formalism,” Nucl. Phys. B 303 (1988) 455.

[31] J. Polchinski, “String theory. Vol. 1,2,” Cambridge, UK: Univ. Pr. (1998) 531 p

[32] J.Stasheff, “Homotopy associativity of H-spaces I,II,” Trans. Amer. Math. Soc.

vol.108(1963), 275-292, 293-312

[33] E.Getzler, J.D.S.Jones, “A_∞-algebra and the cyclic bar complex,” Journ. Math. 34, 256(1990)

[34] J. Stasheff, “Closed string field theory, strong homotopy Lie algebras and the operad actions of moduli space,” In *Penner, R. (ed.): Perspectives in mathematical physics* 265-288. [hep-th/9304061].

[35] T. Kimura, J. Stasheff and A. A. Voronov, “On operad structures of moduli spaces and string theory,” Commun. Math. Phys. 171, 1 (1995) [hep-th/9307114].

[36] M. Kontsevich, “Deformation quantization of Poisson manifolds. 1.,” Lett. Math. Phys. 66, 157 (2003) [arXiv:q-alg/9709040 [q-alg]].

[37] T. Nakatsu, “Classical open string field theory: A(infinity) algebra, renormalization group and boundary states,” Nucl. Phys. B 642, 13 (2002) [arXiv:hep-th/0105272].

[38] H. Kajiura, “Homotopy algebra morphism and geometry of classical string field theory,” Nucl. Phys. B 630, 361 (2002) [arXiv:hep-th/0112228]. H. Kajiura, “Noncommutative homotopy algebras associated with open strings,” Rev. Math. Phys. 19, 1 (2007) [math/0306332 [math-qa]].

[39] H. Kajiura and J. Stasheff, “Open-closed homotopy algebra in mathematical physics,” J.

Math. Phys. 47, 023506 (2006) [arXiv:hep-th/0510118].

[40] E. Getzler, “LIE THEORY FOR NILPOTENT L_∞-ALGEBRAS” [arXiv:math/0404003]

[41] B. Jurco and K. Muenster, “Type II Superstring Field Theory: Geometric Approach and Operadic Description,” arXiv:1303.2323 [hep-th].