arXiv:1305.4245v1 [hep-ph] 18 May 2013

Introduction to effective field theories^∗

3. Bloch–Nordsieck effective theory, HQET

Andrey Grozin

Budker Institute of Nuclear Physics SB RAS and Novosibirsk State University

Abstract

This is a continuation of the lectures [1, 2]. In this part we discuss interaction of electrons with soft photons in QED [3] and Heavy Quark Effective Theory (HQET, see [4, 5, 6]).

Contents

1 Bloch–Nordsieck effective theory 2 1.1 Heavy electron effective theory (HEET) . . . . . . . . . . . . . . . . . . . . 2 1.2 Feynman rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.3 One-loop diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.4 Renormalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.5 Electron field in QED and HEET . . . . . . . . . . . . . . . . . . . . . . . 16 1.6 Heavy–heavy current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 1.7 Kinetic energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 1.8 Magnetic moment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 1.9 1/M^2 corrections to the Lagrangian . . . . . . . . . . . . . . . . . . . . . . 31

2 Muon magnetic moment 33

3 Heavy quark effective theory 37 3.1 HQET propagator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 3.2 Heavy–light currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.3 Heavy–heavy currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.4 Chromomagnetic interaction . . . . . . . . . . . . . . . . . . . . . . . . . . 51

A One-loop self-energy diagram 53

∗Extended version of lectures given at Karlsruher Institut für Technologie, 2010, and Novosibirsk State University, 2011.

B Electron field renormalization in QED 57

C Electron magnetic moment is IR finite 59

References 61

1 Bloch–Nordsieck effective theory

1.1 Heavy electron effective theory (HEET)

Photonia has imported a single electron from Qedland, and physicists are studying its interaction with soft photons (both real and virtual) which they can produce and detect so well. The aim is to construct a theory describing states with a single electron plus soft photon fields.

The ground state (“vacuum”) of the theory is the electron at rest (and no photons). It is natural to define its energy to be 0. When the electron has momentum ⃗p, its energy is ε(⃗p ) = ⃗p^2 2M , (1.1)

where M is the electron mass (in the on-shell renormalization scheme), our large mass scale. The electron velocity is ⃗v = ∂ε(⃗p ) ∂⃗p = ⃗p M . (1.2)

At the leading (0-th) order in 1/M, the mass shell of the free electron is

ε(⃗p ) = 0 . (1.3)

At this order, the electron velocity is ⃗v = ∂ε(⃗p ) ∂⃗p = ⃗0 . (1.4)

The electron does not move; it always stays in the point where it has been put initially. The Lagrangian L = h^+i∂_0h , (1.5) where h is the 2-component spinor electron field, leads to the equation of motion

i∂_0h = 0 . (1.6)

This means that the energy of an on-shell electron is ε = 0. Thus the Lagrangian (1.5) reproduces the mass shell (1.3), and can be used to describe the free electron at the leading order in 1/M.

The electron has charge −e. Therefore, when placed in an external electromagnetic field, it has energy ε = −eA_0 (1.7) instead of (1.3). Therefore, the equation of motion is

iD_0h = 0 (1.8)

instead of (1.6), where D_μ = ∂_μ − ieA_μ (1.9) is the covariant derivative. It can be obtained from the HEET Lagrangian [7]

L = h^+iD_0h . (1.10)

This Lagrangian is not Lorentz-invariant. It is invariant with respect to the gauge transformation A_μ → A_μ + ∂_μα(x) , h → e^{ieα(x)}h . (1.11) Of course, the full Lagrangian is the sum of (1.10) and the Lagrangian of the photon field. This gives the equation of motion for the electromagnetic field

∂_μF^{μν} = j^ν , (1.12)

where the current j^μ has only 0-th component

j^0 = −eh^+h (1.13)

(the interaction term in the Lagrangian (1.10) is −j^μA_μ). The electron produces the Coulomb field.

At the leading order in 1/M, the electron spin does not interact with electromagnetic field. We can rotate it without affecting physics. Speaking more formally, the Lagrangian (1.10) has, in addition to the U(1) symmetry h → e^{iα}h, also the SU(2) spin symmetry [8]: it is invariant with respect to transformations h → Uh , (1.14) where U is a SU(2) matrix (U^+U = 1).

In fact, the electron has magnetic moment ⃗μ = μ⃗σ proportional to its spin ⃗s = ⃗σ/2, and this magnetic moment interacts with magnetic field: the interaction Hamiltonian is −⃗μ· ⃗B. But by dimensionality the magnetic moment μ ∼ e/M, and this interaction only appears at the level of 1/M corrections. Namely, μ = −μ_B (up to small radiative corrections), where μ_B = e 2M (1.15)

is the Bohr magneton. The Lagrangian thus has an additional term describing this magnetic interaction, L_m = − e 2M h^+ ⃗B · ⃗σh . (1.16)

This term violates the SU(2) spin symmetry at the 1/M level.

If we assume that there are n_f flavours of heavy fermions, L = n_f∑

i=1 h^+_i iD_0h_i , (1.17)

then the Lagrangian has U(1)×SU(2n_f ) symmetry (even when the masses M_i are different). The spin-flavour symmetry is broken at the 1/M_i level by both the kinetic-energy term and the magnetic-interaction term.

At the leading order in 1/M, not only the spin direction but also its magnitude is irrelevant. We can, for example, switch the electron spin off:

L = φ^∗iD_0φ , (1.18)

where φ is a scalar field (with charge −e). This is the most convenient form of the Lagrangian in all cases when we are not interested in 1/M corrections. If we consider the scalar and the spinor fields together,

L = φ^∗iD_0φ + h^+iD_0h , (1.19)

then this Lagrangian has U(1) × SU(3) symmetry [9]. The superflavour SU(3) symmetry contains, in addition to SU(2) spin transformations (1.14) and phase rotations φ → e^{2iα}φ, h → e^{−iα}h, also transformations which mix spin-0 and spin-^1_2 fields. In the infinitesimal form, δ ( φ h ) = i ( 0 ε^+ ε 0 ) ( φ h ) , (1.20)

where ε is an infinitesimal spinor parameter. So, this SU(3) is a supersymmetry group. If we want, we can consider, e. g., spins^1_2 and 1; the corresponding Lagrangian has SU(5) superflavour symmetry. The superflavour symmetry is broken at the 1/M level by the magnetic-interaction term in the Lagrangian (1.16).

1.2 Feynman rules

For now, we are working at the leading order in 1/M. The HEET Lagrangian expressed via the bare fields and parameters is

L = φ^∗_0iD_0φ_0 − 1 4 F_{0μν} F^{μν}_0 − 1 2a_0

(∂_μA^μ_0 )^2 , D_μ = ∂_μ − ie_0A_{0μ} . (1.21)

It gives the usual photon propagator. From the free electron part φ^∗_0i∂_0φ_0 we obtain the momentum-space free electron propagator

p = iS_0(p) , S_0(p) = 1 p_0 + i0

. (1.22)

It depends only on p_0, not on ⃗p. If we use the spin-^1_2 field h_0 instead of the spin-0 field φ_0, then the unit 2 × 2 spin matrix is assumed here. The coordinate-space propagator is its Fourier transform: 0 x = iS_0(x) , S_0(x) = S_0(x_0)δ(⃗x ) , S_0(t) = −iθ(t) . (1.23)

The infinitely heavy (static) electron does not move: it always stays at the point where it has been placed initially. Alternatively, instead of Fourier-transforming (1.22), we can obtain (1.23) by direct solving the equation

i∂_0S_0(x) = δ(x) (1.24)

for the free x-space propagator. Finally, the interaction term e_0φ^∗_0φ_0A^0 in (1.21) produces the vertex μ

= ie_0v^μ , (1.25)

where v^μ = (1,⃗0 ) (1.26)

is the 4-velocity of our laboratory frame (in which the electron is nearly at rest all the time).

The static field φ_0 (or h_0) describes only particles, there are no antiparticles. Therefore, there are no pair creation and annihilation (even virtual). In other words, there are no loops formed by propagators of the static electron. The electron propagates only forward in time (1.23); the product of θ functions along a loop vanishes. We can also see this in momentum space: all poles of the propagators (1.22) in such a loop are in the lower p_0 half-plane, and closing the integration contour upwards, we get 0.

It is easy to find the propagator of the static electron an an arbitrary external electromagnetic field A^μ(x). It satisfies the equation

iD_0S(x, x^′) = (i∂_0 + e_0A^0(x))S(x, x^′) = δ(x − x^′) (1.27)

instead of (1.24) (the derivative ∂_0 acts on x). Its solution is

S(x, x^′) = S(x_0, x^′_0)δ(⃗x − ⃗x^′) , S(x_0, x^′_0) = S_0(x_0 − x^′_0)W (x_0, x^′_0) , (1.28)

where

W (x_0, x^′_0) = exp ie_0

x_0∫

x^′_0 A^μ(t, ⃗x )v_μdt (1.29)

is the straight Wilson line from x^′ to x (along v). The same formula can be used when the electromagnetic field is quantum (operator A^μ_0 (x)), but the exponent (1.29) has to be path-ordered: operators referring to earlier points (along the path) are placed to the right from those for later points. This is usually denoted by P exp; when the path is directed to the future, P -ordering coincides with T -ordering. The Wilson line has a useful property

D_0W (x, x^′)φ_0(x) = W (x, x^′)∂_0φ_0(x) . (1.30)

Properties of Wilson lines were investigated in many papers, see, e. g., [10, 11, 12]. Many results now considered classics of HQET were derived in the course of these studies before HQET was invented in 1990. In particular, the HQET Lagrangian (1.18) has been introduced [11] as a technical device for investigation of Wilson lines.

If we choose the gauge A^0(x) = 0, then the field φ_0(x) in (1.21) does not interact with the electromagnetic field (and thus becomes free). However, this gauge is rather pathological. The static electron creates the Coulomb electric field ⃗E (because is has the charge density (1.13)). In the A^0 = 0 gauge, ⃗A has to depend on t linearly in order to reproduce this electric field. Imagine trying to solve the hydrogen atom problem in this gauge: the Hamiltonian is time-dependent, there are no stationary states, etc. We can formally express the field φ_0(x) in any gauge via a free field φ^{(0)}(x):

φ_0(x) = W (x)φ^{(0)}(x) , (1.31)

where

W (x_0, ⃗x ) = P exp i

x_0∫

−∞ A^μ_0 (t, ⃗x )v_μdt (1.32)

is the straight Wilson line from −∞ to the point x along v (Fig. 1). Then from (1.30) we have W^{−1}(x)D_0W (x) = ∂_0, and the leading-order Lagrangian becomes free:

L = φ^{(0)∗}i∂_0φ^{(0)} .

⃗x x_0

(x_0, ⃗x )

Figure 1: A straight Wilson line from the infinite past to x along time

As discussed in Sect. 1.1, the lowest-energy state (“vacuum”) in HEET is a single electron at rest, and it is convenient to use its energy as the zero level. In the full theory, its energy is M, and E = M + ε , (1.33) where E is the energy of some state (containing a single electron) in the full theory, and ε is its energy in HEET (it is called the residual energy). We can re-write this relation in a relativistic form:

P^μ = Mv^μ + p^μ , (1.34) where P^μ is the 4-momentum of some state (containing a single electron) in the full theory, p^μ is its momentum in HEET (the residual momentum), and v^μ is 4-velocity of a reference frame in which the electron always stays approximately at rest. In other words, HEET is applicable if there exists such a 4-velocity v that, after decomposition (1.34), the components of the electron residual momentum p are always small, and components of all photon momenta p_i are also small:

p^μ ≪ M , p^μ_i ≪ M . (1.35) This condition does not fix v uniquely; it can be varied by δv ∼ p/M. Effective theories corresponding to different choices of v must produce identical physical predictions. This requirement is called reparametrization invariance [13]. It produces relations between some quantities of different orders in 1/M, as we’ll see later.

We can re-write the Lagrangian (1.21) in a relativistic form [14]:

L = φ^∗_0iv · Dφ_0 + (light fields) . (1.36)

This Lagrangian is not Lorentz-invariant, because it contains a fixed vector v. It gives the free propagator S_0(p) = 1 p · v + i0 . (1.37)

The mass shell of the static electron is

p · v = 0 . (1.38)

If we want to consider the spin-^1_2 electron, it is described by the 4-component (Dirac) spinor field h_v which satisfies the condition

/vh_v = h_v (1.39)

(so that in the v rest frame the field has only 2 upper components non-vanishing). The Lagrangian [14] L = h̄_{v0}iv · Dh_{v0} + (light fields) (1.40) gives the propagator S_0(p) =

1 + /v 2 1 p · v + i0 (1.41)

and the vertex ie_0v^μ (1.25).

And what can our friends from Qedland say about this theory? They are not surprised. The finite-mass free electron propagator S_0(P ) with P = Mv + p (1.34), M → ∞ can be approximated as

S_0(Mv + p) = M + M/v + /p (Mv + p)^2 − M^2 + i0 = 1 + /v 2 1 p · v + i0 + O ( p M ) . (1.42)

Diagrammatically, it is related to the HEET propagator: Mv + p = p + O ( p M ) . (1.43)

When a QED vertex ie_0γ^μ is sandwiched between two propagators (1.41), it can be replaced by the HEET vertex ie_0v^μ:

1 + /v 2 γ^μ 1 + /v 2 = 1 + /v 2 v^μ 1 + /v 2 . (1.44)

But what if there is an external spinor u(P ) after the vertex (or ū(P ) before it)? From the Dirac equation we have /vu(Mv + p) = u(Mv + p) + O ( p M ) , so that we may insert the projectors (1 + /v)/2 before u(P_i) and after ū(P_i), too, and the replacement (1.44) is applicable. We have derived the HEET Feynman rules from the QED ones in the limit M → ∞. Therefore, we again arrive at the HEET Lagrangian (1.40) which corresponds to these Feynman rules.

We have thus proved that at the tree level any QED diagram is equal to the corresponding HEET diagram up to O(p/m) corrections. This is not true at loops, because loop momenta can be arbitrarily large. Renormalization properties of HEET (anomalous dimensions, etc.) differ from those in QED. In Sect. 1.5 we shall see that QED loop diagrams can be decomposed into integration regions, with some loops hard (momenta ∼ M) and some soft (momenta ∼ p). Then hard loops produce local interactions (in the effective theory language, they follow from local operators in the HEET Lagrangian); soft loops can be calculated as in HEET.

1.3 One-loop diagrams

Let’s calculate the simplest one-loop diagram (Fig. 2) 1 iπ^{d/2} ∫ d^dk D^{n1}_1 D^{n2}_2

= (−2ω)^{d−n1−2n2} I(n_1, n_2) ,

D_1 = −2(k + p)_0 − i0 , D_2 = −k^2 − i0 .

(1.45)

It depends only on the residual energy ω = p_0, not ⃗p; the power of −2ω is clear from dimensional counting. If ω > 0, real pair production is possible, and we are on a cut. We shall consider the case ω < 0, when the integral is an analytic function of ω. If n_1 is integer and n_1 ≤ 0, I(n_1, n_2) = 0 because this is a massless vacuum diagram. If n_2 is integer and n_2 ≤ 0, I(n_1, n_2) = 0 because the diagram contains an HQET loop.

k + p k

p p n_1 n_2

Figure 2: One-loop propagator diagram

It is easy to calculate this diagram in coordinate space. Static propagators in p and x space are related by ∫_{+∞} −∞ e^{−iωt} (−2ω − i0)^n dω 2π = i 2Γ(n) ( it 2 )_{n−1} e^{−0t}θ(t) , (1.46) ∫_∞ 0 e^{(iω−0)t} ( it 2 )_{n−1} dt = − 2iΓ(n) (−2ω − i0)^n ; (1.47)

massless propagators — by ∫ e^{−ip·x} (−p^2 − i0)^n d^dp (2π)^d = i (4π)^{d/2} Γ(d/2 − n) Γ(n) ( 4 −x^2 + i0 )_{d/2−n} , (1.48) ∫ ( 4 −x^2 + i0 )_n e^{ip·x}d^dx = −i(4π)^{d/2} Γ(d/2 − n) Γ(n) 1 (−p^2 − i0)^{d/2−n} . (1.49)

Our diagram in x space (Fig. 3, x = vt) is just the product of the heavy propagator (1.46) and the light one (1.48) (where −x^2/4 = −t^2/4 = (it/2)^2): − 1 2 1 (4π)^{d/2} Γ(d/2 − n_2) Γ(n_1)Γ(n_2) ( it 2 )_{n1+2n2−d−1} θ(t) . The inverse Fourier transform (1.47) gives our diagram (1.45) in p space i (4π)^{d/2} I(n_1, n_2)(−2ω)^{d−n1−2n2} , where I(n_1, n_2) =

Γ(n_1 + 2n_2 − d)Γ (_d 2 − n_2 ) Γ(n_1)Γ(n_2)

. (1.50)

n_1 n_2

0 x Figure 3: One-loop propagator diagram in coordinate space

Now we shall re-calculate the one-loop diagram (1.45) (Fig. 2) using α parametrization 1 a^n = 1 Γ(n) ∫_∞ 0 dα α^{n−1} e^{−aα} . (1.51) We get 1 Γ(n_1)Γ(n_2) ∫ dα α^{n2−1} dβ β^{n1−1} d^dk e^X , X = αk^2 + 2β(k + p) · v (α has dimensionality 1/m^2, and β — 1/m). We shift the integration momentum k = k^′ −^β_α v to eliminate the linear term in the exponent: X = αk^{′2} − β^2 α + 2βω . The Wick rotation k_0 = ik_{E0} brings us into Euclidean momentum space (k^2 = −k^2_E ). Now it is easy to calculate the momentum integral: ∫ d^dk e^{αk2} = i ∫ d^dk_E e^{−αk2E} = i ( π α )_{d/2} . (1.52)

Therefore,

(−2ω)^{d−n1−2n2} I(n_1, n_2) = 1 Γ(n_1)Γ(n_2) ∫ dα α^{n2−1} dβ β^{n1−1} α^{−d/2} exp ( − β^2 α + 2βω ) . Now we make the substitution β = αy and integrate in α: Γ ( n_1 + n_2 −^d_2 ) Γ(n_1)Γ(n_2) ∫_∞ 0 dy y^{n1−1} [ y(y − 2ω) ]_{d/2−n1−n2} . (1.53)

The HQET Feynman parameter y has the dimensionality of energy and varies from 0 to ∞. The y integral can be easily calculated in Γ functions, and we again obtain (1.50).

Equivalently, we can use the HQET Feynman parametrization from the beginning. Multiplying two copies of (1.51), 1 a^{n1}_1 a^{n2}_2 = 1 Γ(n_1)Γ(n_2) ∫ dβ β^{n1−1} dα α^{n2−1} e^{−a1β−a2α} , substituting β = αy and integrating in α, we obtain the HQET Feynman parametrization 1 a^{n1}_1 a^{n2}_2 = Γ(n_1 + n_2) Γ(n_1)Γ(n_2) ∫_∞ 0 y^{n1−1}dy (a_1y + a_2)^{n1+n2}

. (1.54)

For (1.45) this gives

Γ(n_1 + n_2) Γ(n_1)Γ(n_2) ∫ y^{n1−1} dy d^dk (−k^2 − 2y(k + p) · v)^{n1+n2} .

Shifting the integration momentum k = k^′ − yv and using (2.10) from [1], we again get (1.53). One more method of calculating this diagram is discussed in Appendix A.

Tensor integrals similar to (1.45) but with k^{μ1} · · · k^{μn} in the numerator can be expressed via g^{μν} and v^μ. Writing down a general form of the result with unknown coefficients and solving the linear system, we can find any such integral. However, it may be easier to use the explicit finite sum [15] 1 iπ^{d/2} ∫ P_n(k)d^dk D^{n1}_1 D^{n2}_2 = (−2ω)^{d−n1−2n2} ∑ m I(n_1, n_2; n, m) (−2ω)^{2m} m! ( − 1 4 ∂ ∂k_μ ∂ ∂k^μ )_m P (k) | | |_{k→2ωv} , (1.55)

where P_n(λk) = λ^nP (k) is a homogeneous polynomial (it may contain tensor indices), and

I(n_1, n_2; n, m) =

Γ(n_1 + 2n_2 − n − d)Γ (_d 2 − n_2 + n − m ) Γ(n_1)Γ(n_2)

. (1.56)

Some other kinds of one-loop diagrams are considered in Appendix A, see also [16, 17].

1.4 Renormalization

The full propagator of the static electron S(p) depends only on the residual energy ω = p_0, not on ⃗p. It has the structure

= + + + · · · (1.57) where the electron self-energy

= −iΣ(ω) (1.58)

is the sum of one-particle-irreducible self-energy diagrams (which cannot be separated into two disconnected parts by cutting a single electron line). We have

iS(ω) = iS_0(ω) + iS_0(ω)(−i)Σ(ω)iS_0(ω) + iS_0(ω)(−i)Σ(ω)iS_0(ω)(−i)Σ(ω)iS_0(ω) + · · · (1.59) where S_0(ω) = 1/ω is the free propagator (1.22). This series implies S(ω) = S_0(ω) + S_0(ω)Σ(ω)S(ω), or S^{−1}(ω) = S^{−1}_0 (ω) − Σ(ω): S(ω) = 1 ω − Σ(ω) . (1.60)

At one loop (Fig. 4)

Σ(ω) = i ∫ d^dk (2π)^d ie_0v^μ i k_0 + ω ie_0v^ν −i k^2 ( g_{μν} − ξ k_μk_ν k^2 ) , (1.61)

where ξ = 1 − a_0. In the numerator, we may replace (k · v)^2 = (k_0 + ω − ω)^2 → ω^2, because if we cancel k_0 + ω in the denominator the integral vanishes. Using (1.50), we obtain

Σ(ω) = e^2_0(−2ω)^{1−2ε} (4π)^{d/2} [ 2I(1, 1) + ξ 2 I(1, 2) ]

= e^2_0(−2ω)^{1−2ε} (4π)^{d/2} Γ(1 + 2ε)Γ(1 − ε) d − 4 ( ξ + 2 d − 3 ) . (1.62)

This correction vanishes in the d-dimensional Yennie [18] gauge

a_0 = 2 d − 3 + 1 . (1.63)

k + p k

p p

Figure 4: One-loop static-electron self-energy

Let us also re-derive this result in x space. Using the heavy-quark propagator (1.23) and the gluon propagator

D^0_{μν} (x) = iΓ(d/2 − 1) 8π^{d/2} (1 + a_0)x^2g_{μν} + (d − 2)(1 − a_0)x_μx_ν (−x^2 + i0)^{d/2}

, (1.64)

we obtain

Σ(x) = −e^2_0D^0_{μν} (vt)v^μv^νθ(t) = ie^2_0

Γ(d/2 − 1) 8π^{d/2} (d − 3) ( ξ + 2 d − 3 ) (it)^{2−d}θ(t) . (1.65)

Transforming this to p space (1.47), we recover (1.62).

The static quark propagator up to one loop is

S(ω) = S_0(ω) [ 1 − e^2_0(−2ω)^{−2ε} (4π)^{d/2} 2Γ(1 + 2ε)Γ(1 − ε) d − 4 ( ξ + 2 d − 3 ) + O(e^4_0) ] . (1.66)

In x space (1.46)

S(t) = S_0(t) [ 1 − e^2_0 (4π)^{d/2} ( it 2 )_{2ε} Γ(−ε) ( ξ + 2 d − 3 ) + O(e^4_0) ] , (1.67) where S_0(t) = −iθ(t) (1.23). It is real in the Euclidean space t = −iτ. Re-expressing (1.66) via renormalized quantities we obtain

S(ω) = S_0(ω) [ 1 + α 4πε e^{−2Lε} ( 3 − a + 4ε + O(ε^2) ) + O(α^2) ] , where L = log −2ω μ . This should be equal to Z_h(α(μ), a(μ))S_r(ω; μ) where the renormalization constant Z_h has the minimal form, and the renormalized propagator S_r(ω; μ) is finite at ε → 0. We obtain

Z_h(α, a) = 1 − (a − 3) α 4πε + O(α^2) , (1.68)

and the anomalous dimension of the static electron field is

γ_h(α, a) = 2(a − 3) α 4π + O(α^2) . (1.69)

It vanishes in the Yennie gauge [18] a = 3. We can analyze (1.67) in a similar way. Re-expressing it via renormalized quantities we obtain

S(t) = S_0(t) [ 1 + α 4πε e^{2Ltε} ( 3 − a + 4ε + O(ε^2) ) + O(α^2) ] , where L_t = log iμt 2 + γ_E (γ_E is the Euler constant). This should be equal to Z_h(α(μ), a(μ))S_r(t; μ), and we again arrive at (1.68).

In fact, the static electron propagator can be calculated exactly [19]! Suppose we calculate the one-loop correction to the static electron propagator in coordinate space. Let us multiply this correction by itself. We obtain an integral in t_1, t_2, t^′_1, t^′_2 with 0 < t_1 < t_2 < t, 0 < t^′_1 < t^′_2 < t. The ordering of primed and non-primed integration times can be arbitrary. The integration area is subdivided into six regions, corresponding to the six diagrams:

0 t t_1 t_2 × 0 t t^′_1 t^′_2

= + +

+ + +

(1.70)

This is twice the 2-loop correction to the propagator. Continuing this drawing exercise, we see that the one-loop correction cubed is 3! times the 3-loop correction, and so on. Therefore, the exact all-order propagator is the exponential of the one-loop correction:

S(t) = S_0(t) exp [ − e^2_0 (4π)^{d/2} ( it 2 )_{2ε} Γ(−ε) ( ξ + 2 d − 3 )] . (1.71)

In particular, in the d-dimensional Yennie gauge (1.63) the exact propagator (1.71) is free.

There are no corrections to the photon propagator in HEET (1.21) because staticelectron loops don’t exist^1. Therefore, the photon field is not renormalized: Z_A = 1 (this also means that the gauge-fixing parameter is not renormalized, a = a_0).

Now let’s discuss the operator J_0 = φ^∗φ. The integral

Q_0 = ∫ J_0(x_0, ⃗x)d^3⃗x (1.72)

is the operator of the full number of static electrons (we are considering the space of eigenstates of this operator having the eigenvalue 1). If we write Q_0 = Z_J (α(μ))Q(μ) then Z_J = 1 because Q_0 needs no renormalization. The same is true for the current: J_0 = J(μ).

We can also prove this using the Ward identity. The Green function

<0|φ^∗_0(x)J_0(0)φ(x^′)|0> = δ(⃗x)δ(⃗x^′)G(x_0, x^′_0) = x_0 x^′_0 t t^′ (1.73)

consists of the vertex function Γ(t, t^′) = δ(t^′−t)+Λ(t, t^′) (the sum of one-particle-irreducible diagrams not including the external line) and two full propagators. Starting from each diagram for Σ, we can obtain a set of diagrams for Λ by inserting the J_0 vertex into each electron propagator. For example, t t^′ t_1 t_2 ⇒ t t^′ t_1 t_2 0 + t t^′ t_1 t_20 + t t^′ t_1 t_2 0

= θ(−t)θ(t^′) t t^′ t_1 t_2

(1.74)

(the 3 vertex diagrams have the integration regions t ≤ 0 ≤ t_1 ≤ t_2 ≤ t^′, t ≤ t_1 ≤ 0 ≤ t_2 ≤ t^′, t ≤ t_1 ≤ t_2 ≤ 0 ≤ t^′; their union the the integration region of the self-energy diagram t ≤ t_1 ≤ t_2 ≤ t^′). Therefore,

Λ(t, t^′) = −iθ(−t)θ(t^′)Σ(t^′ − t) . (1.75)

1This argument works up to the order 1/M^3. At 1/M^4 a 4-photon interaction appears, see [1]. However, the only correction to the photon propagator at this order vanishes (eq. (2.9) in [1]). The first non-vanishing correction involves two 4-photon vertices, and appears at 1/M^8.

Alternatively, we can start from diagrams for S(t, t^′) (including one-particle-reducible ones), and obtain G(t, t^′) = iθ(−t)θ(t^′)S(t^′ − t) . (1.76) Here the left-hand side should be equal to Z_hZ_J G_r and the right-hand side is Z_hS_r, where the renormalized Green functions G_r, S_r are finite at ε → 0. Then Z_J is finite; but the only minimal renormalization constant finite at ε → 0 is Z_J = 1.

We can also consider this Green function in momentum space:

G(ω, ω^′) = ω ω^′ q = iS(ω) Γ(ω, ω^′) iS(ω^′) , (1.77)

where q is the momentum entering the J_0 vertex (q_0 = ω^′ − ω) and Γ(ω, ω^′) = 1 + Λ(ω, ω^′). Starting from each diagram for Σ(ω), we can obtain a set of diagrams for Λ(ω, ω^′) by inserting the J_0 vertex into each electron propagator. Due to the elementary identity

ω ω^′ q = − i ω^′ − ω [ ω^′ − ω ] , (1.78)

each diagram in this set becomes a difference. For example, ω ω ⇒

ω ω^′ q + ω ω^′ q + ω ω^′ q

= − i ω^′ − ω [ −

+ −

+ − ]

= − i ω^′ − ω [ ω^′ ω^′ − ω ω ] . (1.79)

All terms cancel each other, except the extreme ones, and we obtain the Ward identity

Λ(ω, ω^′) = −

Σ(ω^′) − Σ(ω) ω^′ − ω or Γ(ω, ω^′) =

S^{−1}(ω^′) − S^{−1}(ω) ω^′ − ω (1.80)

(this equality can also be derived by Fourier transforming (1.75)). Therefore, the Green function (1.77) is G(ω, ω^′) = S(ω^′) − S(ω) ω^′ − ω (1.81)

(this equality can also be derived by considering all diagrams for G(ω, ω^′), including oneparticle-reducible ones, and using the identity (1.78), or by Fourier transforming (1.76)).

The electron–photon vertex function in HEET is

ω ω^′ q = ie_0v^μΓ(ω, ω^′) (1.82)

(the external photon is always attached to the static electron line). The Ward identity (1.80) implies Z_ΓZ_h = 1 (see Sect. 3.6 in [1]). Therefore, the charge renormalization constant Z_α = (Z_ΓZ_h)^{−2}Z^{−1}_A = Z^{−1}_A = 1 — the electron charge is not renormalized in HEET (see Sect. 2.3, 2.4 in [1]). Owing to the absence of charge and photon-field renormalization, we may replace e_0 → e, a_0 → a in the bare propagator (1.71). This propagator is made finite by the minimal renormalization constant Z_h, which is just the exponential of the one-loop term Z_h = exp [ −(a − 3) α 4πε ] , (1.83)

and the anomalous dimension is exactly equal to the one-loop contribution

γ_h = 2(a − 3) α 4π . (1.84)

Note that it vanishes in the Yennie gauge where divergences in the propagator are absent.

1.5 Electron field in QED and HEET

Operators of full QED can be written as series in 1/M via HEET operators: O(μ) = C(μ)Õ(μ) + 1 2M ∑ i B_i(μ)Õ_i(μ) + · · · (1.85)

The coefficients C(μ), B_i(μ), . . . are obtained by matching on-shell matrix elements: the effective theory must reproduce matrix elements calculated in the full theory and expanded in 1/M up to some finite order.

In particular, the bare electron field in QED can be written as ψ_0(x) = e^{−iMv·x} [ z^{1/2}_0 h_{v0}(x) + · · · ] , (1.86) where the factor e^{−iMv·x} reflects the difference in the momentum definitions (1.34) of the fields in the two theories. The on-shell matrix elements of the QED and HEET fields are <0|ψ_0|e(P )> = ( Z^{os}_ψ (e_0) )_{1/2} u(P ) , <0|h_{v0}|e(p)> = (Z^{os}_h (e^′_0))^{1/2} u_v(p) , (1.87)

where the Dirac spinor u(P ) (P = Mv + p) can be expressed via the HEET spinor u_v(p) (satisfying /vu_v(p) = u_v(p)) by the Foldy–Wouthuysen transformation (see Sect. 1.9); e_0 is the bare charge in QED and e^′_0 in HEET (it is the same as in QPD [1]). At the moment we don’t consider 1/M corrections; the leading bare matching coefficient is

z_0 =

Z^{os}_ψ (e_0) Z^{os}_h (e^′_0)

. (1.88)

The on-shell wave function renormalization constant in the effective theory is Z^{os}_h = 1 (all loop corrections contain no scale); in QED it is gauge invariant to all orders [20, 21]. The renormalized fields ψ(μ) and h_v(μ) are related by the formula similar to (1.86) but with the renormalized matching coefficient z(μ) = Z_h(α^′(μ), a^′(μ)) Z_ψ(α(μ), a(μ)) z_0 , (1.89)

where α(μ), a(μ) are the MS renormalized QED quantities, and α(μ), a^′(μ) are those in HEET (in fact they don’t depend on μ and are equal to the bare ones, see [1]); Z_h(α^′, a^′) is given by (1.83).

Now we shall prove that z(μ) is gauge invariant [22]. The bare matching coefficient z_0 = Z^{os}_ψ is gauge invariant; log Z_h = (3−a^′)α^′/(4πε) (1.83), where α^′ = α_{os}; in Appendix B we demonstrate that log Z_ψ = −a(μ)α(μ)/(4πε) + (gauge invariant); finally, decoupling relations [1] state that a(μ)α(μ) = a^′α^′, and the gauge dependence cancels in log(Z_h/Z_ψ).

Collecting together 2-loop results for Z^{os}_ψ (see [16]), Z_ψ (Appendix B), and Z_h (1.83), we obtain

z(M) = 1 − α π + ( π^2 log 2 − 3 2 ζ_3 − 55 48 π^2 +

5957 1152 ) ( α π )_2 + · · · (1.90)

The 3-loop correction has been obtained in [22].

We can look at the relation between the electron fields in the two theories from a slightly different point of view. Let’s consider the QED electron propagator near the mass shell, P = (M + ω)v where the on-shell mass is M = M_0 + δM and ω ≪ M. The electron self-energy has 2 Dirac structures

Σ(P ) = Σ_0(ω) + Σ_1(ω)(/v − 1) . (1.91)

The propagator is

S(P ) = 1 /P − M_0 − Σ(P ) = 1 [M + ω − Σ_1(ω)] /v − M + δM − Σ_0(ω) + Σ_1(ω) .

Its denominator

[M + ω − Σ_1(ω)]^2 − [M − δM + Σ_0(ω) − Σ_1(ω)]^2

should vanish at ω = 0, therefore the mass counterterm is given by

δM = Σ_0(0) . (1.92)

The propagator is

S(P ) = 1 [M + ω − Σ_1(ω)] /v − M − Σ_0(ω) + Σ_0(0) + Σ_1(ω) = [M + ω − Σ_1(ω)] /v + M + Σ_0(ω) − Σ_0(0) − Σ_1(ω) [M + ω − Σ_1(ω)]^2 − [M + Σ_0(ω) − Σ_0(0) − Σ_1(ω)]^2 ; its denominator at ω → 0 is

[M − Σ_1(0) + ω − Σ_1(ω) + Σ_1(0)]^2 − [M − Σ_1(0) + Σ_0(ω) − Σ_0(0) − Σ_1(ω) + Σ_1(0)]^2 ≈ 2 (M − Σ_1(0)) [ω − Σ_0(ω) + Σ_0(0)] ,

and its numerator at ω → 0 is (M − Σ_1(0)) (1 + /v). Finally, the electron propagator at ω → 0 can be written as S(P ) ≈ 1 + /v 2 1 ω − Σ_0(ω) + Σ_0(0)

. (1.93)

At one loop (Fig. 5)

Σ_0(ω) = 1 4 Tr(1 + /v)Σ(P ) = −ie^2_0 ∫ d^dk (2π)^d 1 2D_1D_2 [ (d + 2)M − (d − 2)ω − (d − 2)

D_2 + M^2 M + ω + ξω^2 D_2

D_2 + 4Mω + ω^2 M + ω ] , where P = (M + ω)v,

D_1 = M^2 − (k + P )^2 , D_2 = −k^2 .

k + P k

P P Figure 5: One-loop electron self-energy

According to the method of regions [23, 24], it is the sum of two contributions, hard and soft.

In the hard region k ∼ M,

D_1 = D_h − (D_2 − D_h + 2M^2) ω M − ω^2 ,

where D_h = M^2 − (k + Mv)^2; D_h ∼ M^2, D_2 ∼ M^2, and we can expand the integrand in Taylor series in ω. Each term is a loop integral with a single scale M:

Σ_h(ω) = e^2_0M^{1−2ε} (4π)^{d/2} Γ(ε) d − 1 d − 3 ( 1 − ω M + · · · ) . (1.94)

Thus we obtain the on-shell mass renormalization δM = M [ e^2_0M^{−2ε} (4π)^{d/2} Γ(ε) d − 1 d − 3 + · · · ] (1.95)

(it is gauge invariant to all orders) and the on-shell wave-function renormalization

Z^{os}_ψ = 1 1 − Σ^′_0(0)

= 1 − e^2_0M^{−2ε} (4π)^{d/2} Γ(ε) d − 1 d − 3 + · · · (1.96)

(in QED it is also gauge invariant to all orders).

In the soft region k ∼ ω, D_1 = MD_s − (k + ωv)^2 , where D_s = −2(k · v + ω); D_s ∼ ω, D_2 ∼ ω^2, and we can expand the integrand in Taylor series in 1/M. Each term is a loop integral with a single scale ω:

Σ_s(ω) = Σ(ω) [ 1 + O ( ω M )] , (1.97)

where Σ(ω) is the HEET self-energy (1.62).

We arrive at the following conclusion. The full QED propagator near the mass shell S(p) = 1 + /v 2 1 ω − Σ^′_h(0)ω − Σ_s(ω)

= z_0S(ω) , (1.98)

where S(ω) = 1 + /v 2 1 ω − Σ(ω) (1.99)

is the HEET propagator, and

z_0 = Z^{os}_ψ = 1 1 − Σ^′_h(0)

. (1.100)

Higher terms in Σ_h lead to 1/M^n corrections to the expression for ψ_0 via h_{v0}; higher terms in Σ_s lead to corrections to S(ω) due to 1/M^n terms in the HEET Lagrangian.

Now we shall discuss power counting. We are considering QED processes with small characteristic residual momenta p, and the small parameter is λ ∼ p/M. When acting on soft fields (h, A), ∂_μ ∼ λ; also A ∼ λ (see [1]), so that the covariant derivative is homogeneous: D ∼ λ. The static electron propagator is <T {h(x)h^+(0)}> ∼ ∫ d^4p (2π)^4 e^{−ip·x} 1 p · v + i0 , and from p ∼ λ we obtain h ∼ λ^{3/2}. The leading-order Lagrangian scales as h^+iD_0h ∼ λ^4, this means that the characteristic action is of order 1. The first power corrections to the Lagrangian h^+ ⃗D^2h ∼ λ^5, h^+ ⃗B · ⃗σh ∼ λ^5, and their contributions to the action are ∼ λ.

1.6 Heavy–heavy current

Suppose the electron substantially changes its 4-velocity (due to some hard-photon interaction). In the HEET framework this can be described by the current (Fig. 6)

J_0 = φ^∗_v′_0φ_{v0} = Z_J (ϑ)J(μ) , (1.101)

where cosh ϑ = v · v^′. If v^′ = v then Z_J (0) = 1 (Sect. 1.4); but for ϑ ≠ 0 non-trivial renormalization appears. This anomalous dimension of an angle (cusp) on a Wilson line has been studied in a number of papers; we shall see that in QED it is very simple.

v v^′

Figure 6: Heavy–heavy current

We shall calculate the one-loop anomalous dimension of the current (1.101) by several methods. The first one is based on considering real photon radiation (Fig. 7). Its matrix element is M^μ = e ( v^μ k · v − v^{′μ} k · v^′ ) . (1.102)

k k k −k

Figure 7: Real photon radiation

The probability to emit a photon with energy ω (in the v rest frame) integrated over directions is

F (ω) = − e^2 ∫ d^dk (2π)^d 2πδ(k^2) δ(k · v − ω) ( v k · v − v^′ k · v^′ )_2

= − 2 Γ(1 − ε) e^2 (4π)^{d/2} 1 ω^{1+2ε} +1∫ −1 dc [ 1 + 2 coth ϑ c − coth ϑ + 1 sinh^2 ϑ 1 (c − coth ϑ)^2 ]

= 8 Γ(1 − ε) e^2 (4π)^{d/2} ϑ coth ϑ − 1

ω^{1+2ε}

. (1.103)

This is the soft radiation function in classical electrodynamics [25].

Now we shall use Bjorken sum rule [26]. Let ξ be the amplitude not to emit a photon. The full probability is

ξ^2 + ∞∫ 0 F (ω) dω = 1 . Therefore,

ξ = 1 − 1 2 ∞∫ λ F (ω) dω = 1 − 2 α 4πε (ϑ coth ϑ − 1) ,

where λ is an IR regulator, and only the UV 1/ε pole is retained in the result. Hence the renormalization constant is

Z_J = 1 − 2 α 4πε (ϑ coth ϑ − 1) , (1.104)

and the one-loop anomalous dimension

Γ(ϑ) = (ϑ coth ϑ − 1) α π (1.105)

is given by the classical soft radiation function. It should be included in The Guinness Book of Records as the anomalous dimension being known for a longest time (probably, > 100 years).

Next we shall calculate it again in coordinate space [10]. The one-loop contribution to the vertex function is (Fig. 8a; see (1.64))

Λ(t, t^′; ϑ) = ie^2D^0_{μν} (x)v^μv^{′ν} θ(t)θ(t^′) (1.106) = − e^2 8π^{d/2} Γ(1 − ε)θ(t)θ(t^′) (1 + a)x^2 cosh ϑ + (d − 2)(1 − a)(t + t^′ cosh ϑ)(t^′ + t cosh ϑ) (−x^2 + i0)^{d/2} , where x = vt + v^′t^′. In momentum space it is

Λ(ω, ω^′; ϑ) = ∫ dt dt^′ e^{iωt+iω′ t′} Λ(t, t^′; ϑ) .

0

−vt v^′t^′ a k k + p k + p^′

b Figure 8: One-loop vertex of the heavy–heavy current in coordinate and momentum space

Substituting t = τ(1 + ξ)/2, t^′ = τ(1 − ξ)/2, we get

Λ(0, 0; ϑ) = − e^2 16π^{d/2} Γ(1 − ε) T∫ 0 dτ τ^{1−2ε} +1∫ −1 dξ

× (1 + a) cosh ϑ(c^2 − s^2ξ^2) + (d − 2)(1 − a)(c^4 − s^4ξ^2) (−c^2 + s^2ξ^2)^{d/2} , where T is an IR regulator, and c = cosh(ϑ/2), s = sinh(ϑ/2). Retaining only the UV 1/ε pole, we have

Z_Γ(ϑ) = 1− α 4πε +1∫ −1 dξ [ (1+a) cosh ϑ 2 cosh^2(ϑ/2) 1 1 − ξ^2 tanh^2(ϑ/2) +(1−a) 1 − ξ^2 tanh^4(ϑ/2) [1 − ξ^2 tanh^2(ϑ/2)]^2 ] .

Substituting ξ = tanh ψ/ tanh(ϑ/2) we obtain

Z_Γ(ϑ) = 1 − α 4πε +ϑ/2∫

−ϑ/2 dψ [ 2 coth ϑ + 1 − a sinh ϑ cosh 2ψ ] = 1 − α 4πε (2ϑ coth ϑ + 1 − a) .

We see that Z_J (ϑ) = Z_Γ(ϑ)Z_h is gauge invariant and coincides with (1.104).

Finally, we shall do the calculation in momentum space. The vertex function Λ(ω, ω^′; ϑ) (Fig. 8b) depends on ω = p · v and ω^′ = p^′ · v^′. We only need the UV divergence; it is sufficient to consider the case ω^′ = ω. In the Feynman gauge Λ(ω, ω; ϑ) = −ie^2_0v · v^′ ∫ d^dk (2π)^d 1 (k · v + ω)(k · v^′ + ω)k^2

= 4I(1, 1, 1) cosh ϑ e^2_0(−2ω)^{−2ε} (4π)^{d/2} , where 1 iπ^{d/2} ∫ d^dk D^{n1}_1 D^{n2}_2 D^{n3}_3

= (−2ω)^{d−n1−n2−2n3} I(n_1, n_2, n_3) ,

D_1 = −2(k · v + ω) , D_2 = −2(k · v^′ + ω) , D_3 = −k^2 .

(1.107)

This integral is considered in [27] in detail. Using HQET Feynman parametrization (1.54) we have

(−2ω)^{−2ε}I(1, 1, 1) = 2 ∫ d^dk iπ^{d/2} dy dy^′ [−k^2 − 2y(k · v + ω) − 2(k · v^′ + ω)]^3

= Γ(1 + ε) ∫ dy dy^′ [(yv + y^′v^′)^2 − 2ω(y + y^′)]^{1+ε} . Substituting y = zx, y^′ = z(1 − x) and integrating in z, we get

I(1, 1, 1) = Γ(2ε)Γ(1 − ε) 1∫ 0 dx A^{1−ε} , A = x^2 + (1 − x)^2 + 2x(1 − x) cosh ϑ = [ 1 − (1 − e^ϑ)x ] [ 1 − (1 − e^{−ϑ})x ] . The result for this integral is [27]

I(1, 1, 1) Γ(2ε)Γ(1 − ε)

=_2F_1 ( 1, 1 − ε 3/2 | | | 1 − cosh ϑ 2 ) = ϑ sinh ϑ + O(ε) (it is easy to calculate the integral in x at ε = 0). Finally,

Λ(ω, ω; ϑ) = 2 α 4πε ϑ coth ϑ + O(1) ,

and we arrive at the same result.

Now we shall prove that the exact anomalous dimension of the heavy–heavy current in HEET is given by the one-loop term (1.105), just like the anomalous dimension of the static electron field (1.84). To this end, let’s consider the full Green function of φ^∗_{v0}, φ_v′_0, and J_0 (1.101). After singling out the obvious δ-functions, it can be written as G(t, t^′; ϑ) (Fig. 9). The exponentiation argument (see (1.70)) holds for this heavy-quark world line with an angle, too. Therefore,

G(t, t^′; ϑ) = θ(t)θ(t^′) exp [ e^2 (4π)^{d/2} F (t, t^′; ϑ) ] ,

0

v^′t^′ −vt

Figure 9: Green function with the insertion of the heavy–heavy current where F (t, t^′; ϑ) is just the one-loop correction. Let us divide this by G(t, t^′; 0) = iS(t + t^′) θ(t)θ(t^′) at t > 0, t^′ > 0: G(t, t^′; ϑ) = G(t, t^′; ϑ) iS(t + t^′) = exp [ e^2_0 (4π)^{d/2} (F(t, t^′; ϑ) − F(t, t^′; 0)) ] , (1.108)

where F(t, t^′; ϑ) is the one-loop correction which has the J_0 vertex inside (shown in Fig. 8); corrections to the external legs cancel here. If this ratio is re-expressed via the renormalized quantities (this is trivial, because in this theory e = e_0 and a = a_0), it should be equal to Z_J (ϑ)G_r(t, t^′; ϑ), where G_r(t, t^′; ϑ) is finite at ε → 0. Therefore,

Z_J (ϑ) = exp [ α 4πε (f(ϑ) − f(0)) ] , where εe^{γε}F(t, t^′; ϑ) = f(ϑ) + O(ε) . The anomalous dimension is exactly equal to the one-loop contribution:

Γ(ϑ) = (ϑ coth ϑ − 1) α π . (1.109)

The anomalous dimension is obviously even: Γ(−ϑ) = Γ(ϑ); therefore, at ϑ → 0

Γ(ϑ) = Γ_0(α)ϑ^2 + O(ϑ^4) , (1.110) Γ_0(α) = α 3π . (1.111) At ϑ → ∞ Γ(ϑ) = Γ_∞(α)ϑ + O(ϑ^0) , (1.112) Γ_∞(α) = α π . (1.113)

We could start from calculating the anomalous dimension of an angle ϑ_E on a Wilson line in Euclidean space. The result is

Γ_E (ϑ_E ) = (ϑ_E cot ϑ_E − 1) α π . (1.114)

Here cos ϑ_E ∈ [−1, 1]; Γ(ϑ_E ) can be analytically continued to the whole complex plane with a cut from −1 to −∞ (Fig. 10). The region ϑ_E = iϑ, cos ϑ_E = cosh ϑ ≥ 1 corresponds to the Minkowski result (1.109). The branch point cos ϑ_E = −1 corresponds to a degenerate Wilson line: it goes straight from infinity to some point, then returns to infinity along the same ray. When ϑ_E = π − δ, δ ≪ 1 (Fig. 11), the anomalous dimension behaves as

Γ_E(π − δ) = − α δ + O(δ^0) . (1.115)

We’ll see in a moment that this behaviour is determined by the Coulomb potential.

−1 1 0

Figure 10: Complex plane of cos ϑ_E

The cut cos ϑ_E ≤ −1 corresponds to production (or annihilation) of a heavy particle– antiparticle pair; v points to the future and v^′ to the past (or vice versa), and v · v^′ ≤ −1. The physical side of the cut is the lower one v·v^′ −i0 (Fig. 10), because this prescription [28] reproduces the correct sign of i0 in (1.106). This means ϑ = ϑ_0 − iπ (or ϑ_E = π + iϑ_0) where ϑ_0 is the angle between the particle velocity v and the antiparticle one −v^′. The anomalous dimension Γ(ϑ_0 − iπ) = [(ϑ_0 − iπ) coth ϑ_0 − 1] α π (1.116)

gets an imaginary part [28]

Im Γ(ϑ_0 − iπ) = −α coth ϑ_0 .

Matrix elements of processes where a heavy particle–antiparticle pair is produced (or annihilates) satisfy renormalization group equations with this anomalous dimension; its imaginary part produces Coulomb phase factors in such matrix elements [29].

When ϑ_0 = u ≪ 1, the heavy particle–antiparticle pair is nonrelativistic, and u is the relative velocity: Im Γ(u − iπ) = − α u + O(u^0) .

This result can be easily checked in the Coulomb gauge. The heavy particle and the antiparticle interact via the instantaneous Coulomb potential V (r) = − e^2 4πr^{1−2ε} (the power of r is obvious from dimension counting; there are no corrections to this formula, because no loop can be inserted into the Coulomb photon propagator). The Wilson line (Fig. 11) is

W = exp [ −i ∫_T 0 V (ut) dt ] , where T is an IR regulator. Keeping only 1/ε divergences, we find the renormalization constant Z = exp [ i α 2uε ] .

t x u

Figure 11: Wilson line for heavy particle–antiparticle production

There are no self-energy corrections (because the interaction is instantaneous). The anomalous dimension is Γ = d log Z d log μ = −i α u . (1.117)

So, the 1/u term in Im Γ(u − iπ) is determined by the particle–antiparticle potential [29]. Substituting u = iδ we reproduce the Euclidean result (1.115).

1.7 Kinetic energy

Now we shall discuss 1/M corrections to the HEET Lagrangian. Unlike the leading term, these corrections depend on the electron spin. In this Section, we’ll discuss spin-0 electron case, because it is simpler. Then there is only one dimension-5 operator which can be incorporated into the Lagrangian:

L = L_0 + 1 2M C^0_k O^0_k = L_0 + 1 2M C_k(μ)O_k(μ) , (1.118)

namely, the kinetic energy of the heavy electron

O^0_k = φ^∗_0 ⃗D^2φ_0 = Z(μ)O_k(μ) . (1.119)

There is no need to include the operator φ^∗_0D^2_0φ_0: it can be eliminated by a field redefinition

φ_0 → φ_0 + c 2M D_0φ_0 .

Generally speaking, any effective Lagrangian of a nonrelativistic field can be written in a canonical form where the time derivative appears only in the leading term: L = φ^∗_0D_0φ_0 − V (φ_0); the field energy ∫ V (φ_0)d^3⃗x depends only on the field configuration at a given moment, and hence V (φ_0) contains only space derivatives. All higher-dimensional terms containing D_0 can be eliminated by suitable field redefinitions. The kinetic energy operator can be written in relativistic form:

O^0_k = −φ^∗_0D^2_⊥φ_0 , (1.120)

where D^μ_⊥ = g^{μν}_⊥ D_ν , g^{μν}_⊥ = g^{μν} − v^μv^ν . Here Z_k(μ) is a minimal renormalization constant, and C_k(μ) = Z(μ)C^0_k is finite at ε → 0; M is the on-shell electron mass. This Lagrangian gives the mass shell of the free electron ε = C^0_k ⃗p^2/(2M), and hence C^0_k = 1 at the tree level.

The kinetic-energy term gives the new vertices

p p = i C^0_k 2M p^2_⊥ ,

p p^′ μ = i C^0_k 2M e^′_0(p + p^′)^μ_⊥ , μ ν = i C^0_k 2M e^{′2}_0 g^{μν}_⊥ .

(1.121)

Let’s denote by −i(C^0_k /(2M))Σ_k(ω, p^2_⊥) the sum of all bare one-particle-irreducible selfenergy diagrams at the order 1/M. Each of these diagrams contains a single kinetic-energy vertex (1.121). The momentum p_⊥ flows through the static electron line. No-photon kinetic vertices are quadratic in it; one-photon vertices are linear; 2-photon vertices are independent of p_⊥. The p^2_⊥ term comes from diagrams with a no-photon kinetic vertex. Terms linear in p_⊥ vanish due to the rotational symmetry. The coefficient of p^2_⊥ in a no-photon kinetic vertex is iC^0_k /(2M). Therefore, the coefficient of p^2_⊥ in the sum of all diagrams is the sum of the leading-order HEET diagrams with a unit operator insertion into each static electron propagator in turn. This sum is just −idΣ/dω, and hence

Σ_k(ω, p^2_⊥) = dΣ(ω) dω p^2_⊥ + Σ_{k0}(ω) . (1.122)

This result can also be derived in another way. Let’s consider the variation of Σ for v → v + δv with an infinitesimal δv (v · δv = 0). There are two sources of this variation. The expansion of the heavy-quark propagators 1/(p · v + i0) produces insertions ip_i · δv into each propagator in turn. Variations of the electron–photon vertices produce ie^′_0δv^μ for each vertex in turn. Now let’s consider the variation of Σ_k for p_⊥ → p_⊥ + δp_⊥ with an infinitesimal δp_⊥. No-photon kinetic vertices produce i(C^0_k /M)p_i · δp_⊥; single-photon kinetic vertices produce i(C^0_k /M)e^′_0δp^μ_⊥; 2-photon kinetic vertices do not change. Therefore, ∂Σ_k ∂p^μ_⊥ = 2 ∂Σ ∂v^μ . (1.123)

This is the Ward identity of reparametrization invariance. Taking into account ∂Σ_k/∂p^μ_⊥ = 2(∂Σ_k/∂p^2_⊥)p^μ_⊥ and ∂Σ/∂v^μ = (dΣ/dω)p^μ_⊥, we obtain ∂Σ_k ∂p^2_⊥ = dΣ dω . (1.124)

The right-hand side does not depend on p^2_⊥, and hence we arrive at (1.122).

The coefficients in the effective Lagrangian are obtained by equating on-shell scattering amplitudes in full QED and in HEET with the required accuracy in 1/M. A prerequisite for this matching is the requirement that the mass shell itself is the same in both theories, to the accuracy considered. The mass shell is defined as the position of the pole of the full electron propagator. In QED it is p_0 = √ M^2 + ⃗p^2, where M is the on-shell mass. To the first order in 1/M, this means ω = ⃗p^2/(2M). In HEET, the mass shell is the zero of the denominator of the bare heavy-electron propagator: ω − Σ(ω) − C^0_k 2M [ ⃗p^2 − dΣ(ω) dω ⃗p^2 + Σ_{k0}(ω) ] = 0 . (1.125)

We can expand this equation in ω up to linear terms; Σ(0) = 0, (dΣ(ω)/dω)_{ω=0} = 0, Σ_{k0}(0) = 0, because these loop corrections are scale-free, and the mass shell is ω = C^0_k 2M ⃗p^2 . (1.126)

This is correct if C^0_k = Z^{−1}_k (μ)C_k(μ) = 1. The minimal renormalization constant Z_k has to make C_k(μ) finite; here this means

Z_k(μ) = 1 . (1.127)

The kinetic-energy operator is not renormalized; its anomalous dimension is zero to all orders. The coefficient of the kinetic-energy operator in the HEET Lagrangian is exactly unity, C_k(μ) = C^0_k = 1 , (1.128)

to all orders in perturbation theory, due to the reparametrization invariance!

On-shell scattering amplitudes in full QED expanded in 1/M to the first order should be reproduced by the HEET Lagrangian. Let’s consider the simplest process — electron scattering in an external electromagnetic field. In full QED the on-shell scattering amplitude of spin-0 electron is determined by one form factor:

e_{os} φ^∗(P^′)F (q^2)(P + P^′)^μφ(P ) , (1.129)

where P is the initial electron momentum, P^′ is the final one, q = P^′ −P , and e_{os} = e^′_{os} = e^′_0 is the on-shell charge. The current of a free spin-0 particle is J^μ = 2P^μ|φ(P )|^2; in the nonrelativistic normalization J^0 = 1 this means φ(P ) = 1/ √ 2E, and this can be replaced by 1/ √ 2M with the needed accuracy. The form factor can be expanded as

F (q^2) = 1 + F^′(0) q^2 M^2

+ · · · (1.130)

where F (0) = 1 due to the Ward identity, and prime means the derivative in q^2/M^2 (<r^2> = 6F^′(0)/M^2 is the charge radius squared). Taking into account P^{(′)} = Mv + p^{(′)} (to the first approximation p · v = p^′ · v = 0), we obtain the scattering amplitude up to 1/M: e_{os} [ v^μ +

(p + p^′)^μ_⊥ 2M ] . (1.131)

In HEET all loop corrections to the scattering amplitude vanish (no scale). At the tree level there is the leading vertex (1.25) and the one-photon kinetic-energy one (1.121):

e^′_0 [ v^μ +

C^0_k 2M (p + p^′)^μ_⊥ ] . (1.132)

We have again obtained (1.128).

We can also explicitly see reparametrization invariance of the Lagrangian. Let L_v′ = φ^∗_v′ iv^′ · Dφ_v′ − C_k 2M φ^∗_v′ D^{′2}_⊥φ_v′ (1.133)

be the HEET Lagrangian for v^′ = v + δv. The field φ_v′ is related to φ_v as φ_v′ = e^{iM δv·x} ( 1 + i δv · D 2M ) φ_v . (1.134)

Up to terms linear in 1/M and δv we have L_v′ = L_v − (C_k − 1)φ^∗_vi δv · Dφ_v ; so, the Lagrangian is invariant if C_k = 1.

1.8 Magnetic moment

Now we return to the realistic case of spin-^1_2 electron. There are 2 dimension-5 operators which can appear in the Lagrangian at the 1/M level, the kinetic energy and the magnetic moment interaction:

L = L_0 + 1 2M C^0_k O^0_k + 1 2M C^0_mO^0_m = L_0 + 1 2M C_k(μ)O_k(μ) + 1 2M C_m(μ)O_m(μ) , O^0_k = h^+_0 ⃗D^2h_0 = −h̄_{v0}D^2_⊥h_{v0} = Z_k(μ)O_k(μ) ,

O^0_m = −e_0h^+_0 ⃗B_0 · ⃗σh_0 = 1 2 e_0h̄_{v0}F^0_{μν} σ^{μν} h_{v0} = Z_m(μ)O_m(μ) ,

(1.135)

where σ^{μν} =^i_2 [γ^μ, γ^ν ] (in the v rest frame, only spatial μ, ν contribute). As in the spin-0 case (Sect. 1.7), Z_k(μ) = 1, C_k(μ) = C^0_k = 1.

The magnetic interaction term breaks the spin symmetry (Sect. 1.1). It produces the vertex μ q = ie^′_0C^0_m 2M [/q, γ^μ] . (1.136)

The magnetic interaction coefficient C_m is determined by matching the scattering amplitude of an on-shell electron (with a physical polarization) in external magnetic field in full QED (expanded up to the first order in 1/M) and in HEET. In full QED it is determined by 2 form factors:

e_{os} ū^′(P^′) [ F_1(q^2)γ^μ + F_2(q^2) [/q, γ^μ] 4M ] u(P ) = e_{os} ū^′(P^′) [ ( F_1(q^2) + F_2(q^2) ) γ^μ − F_2(q^2)

(P + P^′)^μ 2M ] u(P ) = e_{os} ū^′(P^′) [ F_1(q^2)

(P + P^′)^μ 2M + ( F_1(q^2) + F_2(q^2) ) [/q, γ^μ] 4M ] u(P ) , (1.137)

where F_1(q^2) = 1 + F^′_1(0) q^2 M^2

+ · · · , F_2(q^2) = F_2(0) + · · · (1.138)

(F_1(0) = 1 due to the Ward identity). In QED the anomalous magnetic moment F_2(0) is finite: it contains no IR divergences at all orders in α. This is proved in Appendix C.

The QED scattering amplitude (1.137) expressed via the HEET spinors and expanded up to 1/M is e_{os} ū^′_v(p^′) [ v^μ +

(p + p^′)^μ_⊥ 2M + (1 + F_2(0)) iσ^{μν} q_ν 2M ] u_v(p) . In HEET there are no loop corrections (no scale). At the tree level there is the leading vertex (1.25), the one-photon kinetic-energy one (1.121), and the magnetic-moment one (1.136): e^′_0 ū^′_v(p^′) [ v^μ +

C^0_k 2M (p + p^′)^μ_⊥ +

C^0_m 2M iσ^{μν} q_ν ] u_v(p) . Therefore C^0_k = 1 , C^0_m = 1 + F_2(0) . (1.139) What’s important here is the fact that C^0_m is finite at ε → 0; it needs no renormalization: Z_m(μ) = 1. Therefore the magnetic interaction operator (1.135) does not renormalize; its anomalous dimension is 0. The magnetic interaction coefficient C_m(μ) = C^0_m = 1 + F_2(0) is the full electron magnetic moment (in Bohr magnetons). It is non-trivial: it contains all orders in α. It is not fixed by reparametrization invariance.

We can also explicitly see reparametrization invariance of the Lagrangian. The field h_v′ is related to h_v as h_v′ = e^{iM δv·x} ( 1 − δ/v 2 + i δv · D 2M ) h_v . Up to terms linear in 1/M and δv we have L_v′ = L_v − (C_k − 1)h̄_vi δv · Dh_v . The Lagrangian is invariant if C_k = 1; C_m is not constrained.

1.9 1/M^2 corrections to the Lagrangian

Two dimension-6 operators appear in the HEET Lagrangian at the 1/M^2 level, the spin– orbit interaction O_s and the Darwin interaction O_d:

L = L_0 + 1 2M C^0_k O^0_k + 1 2M C^0_mO^0_m + 1 4M^2

C^0_s O^0_s + 1 4M^2

C^0_d O^0_d ,

O^0_s = − i 2 e^′_0h^+_0 ( ⃗D × ⃗E_0 − ⃗E_0 × ⃗D ) · ⃗σh_0 = − i 2 e^′_0h̄_{v0} [ D^μ_⊥, F^{λν}_0 ] + v_λσ_{μν} h_{v0} ,

O^0_d = 1 2 e^′_0h^+_0 ( ⃗D · ⃗E_0 − ⃗E_0 · ⃗D ) h_0 = 1 2 e^′_0h̄_{v0}v^μ [D^ν_⊥, F_{0μν} ] h_{v0} .

(1.140)

The scattering amplitude of an on-shell electron in an external electromagnetic field in HEET at the tree level is

e^′_0 ū^′_v(p^′) [ v^μ + C^0_k

(p + p^′)^μ_⊥ 2M + C^0_m [/q, γ^μ] 4M + C^0_d q^2 8M^2 v^μ + C^0_s

[/p, /p^′] 8M^2 v^μ ] u_v(p) . (1.141)

All loop corrections vanish because are scale-free; these corrections contain both UV and IR divergences, but they cancel each other.

In full QED the scattering amplitude is given by 2 form factors (1.137). A QED Dirac spinor u(P ) (P = Mv + p is on shell, and hence p · v = −p^2/(2M)) is related to the corresponding HEET spinor u_v(p) (which has only the upper 2 components in the v rest frame, /vu_v = u_v) by the Foldy–Wouthuysen transformation [30]. The 2-component spinor u_v(p) is just the Dirac spinor in the P rest frame, and hence the Foldy–Wouthuysen transformation is simply the boost to the v rest frame: u(P ) = c ( 1 + /p 2M ) u_v(p) . (1.142)

The normalization factor c is determined by the requirement that the particle density in the v rest frame ū/vu is given just by ū_vu_v: c = [( 1 − p^2 2M^2 ) ( 1 − p^2 4M^2 )]_{−1/2} = 1 + 3 8 p^2 M^2

+ · · · (1.143)

Then the amplitude (1.137) can be rewritten with the 1/M^2 accuracy as

e_{os} ū^′_v(p^′) { F_1(q^2) [ v^μ +

(p + p^′)^μ_⊥ 2M − q^2 + [/p, /p^′]

8M^2 ]

+ ( F_1(q^2) + F_2(q^2) ) [ [/q, γ^μ] 4M + q^2 + [/p, /p^′]

4M^2 ]} u_v(p) . (1.144)

Comparing it with the HEET amplitude (1.141), we obtain

C^0_k = 1 , C^0_m = 1+F_2(0) , C^0_s = 1+2F_2(0) , C^0_d = 1+2F_2(0)+8F^′_1(0) . (1.145)

As discussed, in QED the anomalous magnetic moment F_2(0) is IR finite to all orders. Hence the spin–orbit interaction coefficient C^0_s is finite at ε → 0 and needs no renormalization, just like C^0_m. They are related by reparametrization invariance:

C_s = 2C_m − 1 . (1.146)

The electron magnetic moment C_m = 1+F_2(0) interacts with the magnetic field in the electron rest frame; this contribution to the spin–orbit interaction (the second line in (1.144)) is proportional to C_m. But there is another contribution due to the non-commutativity of the boosts to the P and P^′ rest frames (the first line in (1.144)). This is a purely kinematic relativistic effect (Thomas precession); it produces −1 in (1.146), and, naturally, there are no radiative corrections to it. If we neglect radiative corrections (F_2(0)), Thomas precession cancels^1_2 of the magnetic-moment contribution.

The Darwin term is non-zero only inside the sources of the external electromagnetic field (where J^ν = ∂_μF^{μν} ≠ 0). Its coefficient is not fixed by reparametrization invariance: it contains a new quantity F^′_1(0). Unlike F_2(0), F^′_1(0) is IR divergent starting from one loop. Indeed, the full electron scattering cross section, including both virtual corrections and real photon emission, must be IR finite:

1 + 2F^′_1(0) q^2 M^2 + ∼M∫ 0 F (ω) dω = finite ,

where the soft photon emission probability F (ω) is given by (1.103) with ϑ^2 = −q^2/M^2, and hence F^′_1(0) = − 2 3 α 4πε + finite . (1.147)

This divergence is IR; as discussed above, loop corrections to the HEET scattering amplitude vanish due to cancellation of UV and IR divergences. IR behaviour of the full QED and HEET is the same; therefore, C^0_d contains the UV divergence, which has to be removed by the UV renormalization constant Z_d(α(μ)). This means that the Darwin interaction operator O_d(μ) and its coefficient C_d(μ) depend on μ.

Let’s briefly discuss an alternative method to derive the effective Lagrangian which can be easily extended to higher orders in 1/M but only at the tree level (see [4]). We start from the QED Lagrangian L = ψ̄(i /D − M)ψ . The electron field can be written as ψ = e^{−iMv·x}(h_v + H_v) , where /vh_v = h_v, /vH_v = −H_v. Then

L = h̄_v iv · Dh_v + H̄_vi /D_⊥h_v + h̄_vi /D_⊥H_v − H̄_v (2M + iv · /D) H_v .

The equations of motion are iv · Dh_v = −i /D_⊥H_v , (2M + iv · D) H_v = i /D_⊥h_v .

We can express the small field H_v from the second equation [31]:

H_v = i /D_⊥ 2M + iv · D h_v = i /D_⊥ 2M h_v + O ( 1 M^2 )

(this is equivalent to integrating H_v out in the functional integral [32]). Then L = h̄_viv · Dh_v − 1 2M h̄_v /D^2_⊥h_v = h̄_v iv · Dh_v − 1 2M h̄_v D^2_⊥h_v + e 4M h̄_vF_{μν} σ^{μν} h_v . At higher orders in 1/M, terms containing v · D appear; they should be eliminated by appropriate field redefinitions. One can also obtain the canonical Lagrangian containing v · D only in the leading term by Foldy–Wouthuysen transformation of the field [33]. However, these algebraic methods cannot help us to derive loop corrections in interaction coefficients in the Lagrangian.

2 Muon magnetic moment

Now we shall consider QED with muons having a large mass M and electrons having a small mass m. Namely, we’ll discuss some contributions to the muon anomalous magnetic moment. The leading one-loop term (Fig. 12a) is given by the formula (3.93) in [1]. We shall concentrate on the electron-loop contribution (Fig. 12b). The exact expression for it is (3.94) in [1], where we should substitute m → M, and Π(k^2) is the electron-loop contribution to the photon self-energy. According to the method of regions [23, 24], it is the sum of two contributions, hard and soft.

a b Figure 12: Muon anomalous magnetic moment: (a) the leading diagram, (b) the electron loop contribution

In the hard contribution k ∼ M, D_1 ∼ D_2 ∼ M^2. We can expand Π(k^2) in Taylor series in m^2, each term is a loop integral with a single scale k^2 ∼ M^2:

Π(k^2) = −2 d − 2 d − 1 e^2_0(−k^2)^{−ε} (4π)^{d/2} G_1 [ 1 + O ( m^2 k^2 )] , (2.1) where G_1 = Γ ( 2 −^d_2 ) Γ^2 (_d 2 − 1 ) Γ(d − 2) = − 2 (d − 3)(d − 4)

Γ(1 + ε)Γ^2(1 − ε) Γ(1 − 2ε) . Calculating the integral in k, we find the hard contribution μ_h μ_0

= 32

(d − 2)(d^2 − 7d + 11) (d − 1)(d − 4)(d − 5)(3d − 8)(3d − 10) e^2_0M^{−2ε} (4π)^{d/2} Γ(1 + ε)R [ 1 + O ( m^2 M^2 )] , (2.2)

where R = Γ(1 + 2ε)Γ^2(1 − ε)Γ(1 − 4ε) Γ(1 + ε)Γ(1 − 2ε)Γ(1 − 3ε)

= 1 + O(ε^2) .

Re-expressing via renormalized α(μ) at μ = M, we arrive at

μ_0 + μ_h = α(M) 2π [ 1 − 25 18 α π ] . (2.3)

To this accuracy, α(M) = α^′(M), where α^′(M) is the MS coupling in the effective theory without muons (see [1]):

α^′(M) = α^′(m) ( 1 + 2 3 α π log M m ) , and α^′(m) can be replaced by α_{os}:

μ_0 + μ_h = α_{os} 2π [ 1 + 2 3 α π ( log M m − 25 12 )] . (2.4)

Of course, including other 2-loop diagrams will change the constant added to the logarithm in (2.4).

Now we’ll consider the soft region k ∼ m, where

D_1 = MD_s + D_2 , D_s = −2k · v , D_2 = −k^2

(D_s ∼ m, D_2 ∼ m^2). We can expand the integrand in Taylor series in 1/M; each term is a loop integral with a single scale m:

μ_s =

−2ie^2_0 (d − 1)(d − 2)M ∫ d^dk (2π)^d

Π(k^2) [ 8 D^3_s + d^2 − 4d + 5 D_sD_2 + O ( m M )] . (2.5)

This is an HEET on-shell integral with a massive loop (Π(k^2) where k^2 ∼ m^2).

Let’s discuss the class of integrals (Fig. 13)

F (n_1, n_2) = 1 iπ^{d/2} ∫ Π(k^2) d^dk D^{n1}_1 D^{n2}_2

, D_1 = −2k · v − i0 , D_2 = −k^2 − i0 , (2.6) k k 1 2

Figure 13: On-shell HEET diagrams

where Π(k^2) is an arbitrary function [34]. We can construct an identity in which Π^′(k^2) terms cancel: ∂ ∂k · ( k − 2 D_2 D_1 v ) Π(k^2) D^{n1}_1 D^{n2}_2 = [ d − n_1 − 2 − 4(n_1 + 1)

D_2 D^2_1 ] Π(k^2) D^{n1}_1 D^{n2}_2 . Integrating it, we obtain an integration-by-parts relation

(d − n_1 − 2)F (n_1, n_2) = 4(n_1 + 1)1^{++}2^−F (n_1, n_2) . (2.7)

Let’s call integrals with even n_1 apparently even, and with odd n_1 — apparently odd (they would be even and odd in v if we neglected i0 in the denominator). These two classes of integrals are not mixed by the recurrence relation (2.7). We can use this relation to reduce all apparently even integrals to vacuum integrals with n_1 = 0 (Fig. 14). Apparently odd integrals with n_1 < 0 can be reduced to n_1 = −1. Substituting n_1 = −1 to (2.7), we see that these integrals vanish, and hence all integrals with odd n_1 < 0 vanish too. Apparently odd integrals with n_1 > 0 can be reduced to n_1 = 1 (Fig. 14); however, they are not related to those with n_1 = −1.

n_1 n_2 0 0 0 0 0

Figure 14: Integration by parts

The solution of the recurrence relation can thus be written as

F (n_1, n_2) = (−4)^{−n1/2} Γ (_d 2 ) Γ (_{d−n1} 2 ) Γ (_{1−n1} 2 ) Γ (_1 2 ) F ( 0, n_2 + n_1 2 ) even n_1 ,

2^{1−n1} Γ (_{d−1} 2 ) Γ (_{n1+1} 2 ) Γ (_{d−n1} 2 )F ( 1, n_2 + n_1 − 1 2 ) odd n_1 > 0 ,

0 odd n_1 < 0 .

(2.8)

Some of these properties can be understood more directly. If n_1 < 0, i0 in D^{−n1}_1 can be safely neglected; averaging this factor over k directions, we obtain 0 for odd n_1 and the upper formula in (2.8) for even n_1. We see that this formula also holds for even n_1 > 0.

Now let’s consider the 2-loop diagram (Fig. 15)

F (n_1, n_2, n_3, n_4) = 1 (iπ^{d/2})^2 ∫ d^dk_1 d^dk_2 D^{n1}_1 D^{n2}_2 D^{n3}_3 D^{n4}_4

, (2.9)

where

D_1 = −2k_1 · v − i0 , D_2 = −k^2_1 − i0 , D_3 = 1 − k^2 − i0 , D_4 = 1 − (k_1 + k_2)^2 − i0 .

It is symmetric with respect to 3 ↔ 4, and vanishes if n_3 or n_4 is integer and non-positive. It can be calculated using α parametrization [34]:

F (n_1, n_2, n_3, n_4) = (2.10) Γ (_{n1} 2 ) Γ (_{d−n1} 2 − n_2 ) Γ (_{n1−d} 2 + n_2 + n_3 ) Γ (_{n1−d} 2 + n_2 + n_4 ) Γ (_{n1} 2 + n_2 + n_3 + n_4 − d ) 2Γ(n_1)Γ(n_3)Γ(n_4)Γ (_{d−n1} 2 ) Γ(n_1 + 2n_2 + n_3 + n_4 − d) . In full accordance with (2.8), integrals F (n_1, n_2, n_3, n_4) with even n_1 reduce to the wellknown 2-loop vacuum integral F (0, n_2 + n_1/2, n_3, n_4), and thus to the master integral

I^2_0 = ; (2.11)

k_1 k_1

k_2 k_1 + k_2 1 2 3 4

Figure 15: Two-loop on-shell HEET integrals with mass those with odd n_1 < 0 vanish, and with odd n_1 > 0 reduce to F (1, n_2 + (n_1 − 1)/2, n_3, n_4), and thus to the master integral

J_0 = = 2^{4d−9}π^2

Γ(5 − 2d) Γ^2 ( 2 −^d_2

) . (2.12)

Now we can easily calculate the leading soft contribution (2.5). It is suppressed by the factor m/M, and is given by the apparently odd integral (2.12):

μ_s =

−2ie^2_0 M ∫ d^dk (2π)^d

Π(k^2) D_sD_2 = α^2 4 m M . (2.13)

3 Heavy quark effective theory

3.1 HQET propagator

QCD problems with a single heavy quark having small characteristic residual momentum can be described by Heavy Quark Effective Theory (HQET) which is the non-abelian version of the Bloch–Nordsieck effective theory. At the leading order in 1/M its Lagrangian is (1.10); we can rotate or switch off the heavy-quark spin without changing physics, and use the simpler Lagrangian (1.18).

Unlike the abelian case, the simple exponentiation (1.71) is no longer valid for the propagator in coordinate space. A more complicated non-abelian exponentiation [35] is valid instead: S(t) = −iθ(t) exp [ C_F g^2_0 (4π)^{d/2} ( it 2 )_{2ε} S + C_F g^4_0 (4π)^d ( it 2 )_{4ε} (C_AS_A + T_F n_lS_l) (3.1) + C_F g^6_0 (4π)^{3d/2} ( it 2 )_{6ε} ( C^2_AS_{AA} + C_F T_F n_lS_{F l} + C_AT_F n_lS_{Al} + (T_F n_l)^2 S_{ll} ) + · · · ] . Not all possible colour structures appear in the exponent, but only maximally non-abelian (also called colour-connected) ones.

Diagrams for the HQET propagator up to 2 loops are shown in Fig. 16. If the colour factors of first 3 2-loop diagrams were the same as that of the one-particle-reducible diagram, i. e. equal to the square of the colour factor C_F of the one-loop diagram (as in the abelian case), then the sum of these diagrams would be equal to^1_2 of the square of the one-loop correction S_F . However, the colour factor of the second 2-loop diagram differs from C^2_F by −C_F C_A/2, which is the colour factor of the diagram with a 3-gluon vertex:

= − , or [t^a, t^b] = if^{abc}t^c. We should include this contribution with −C_F C_A/2 instead of its full colour factor into the term S_{F A}. Of course, the diagram with 3-gluon vertex also

1

Figure 16: Heavy-quark propagator up to 2 loops

contributes to S_{F A}. The diagrams with the one-loop gluon self-energy contribute to S_{F l} (quark loop) and S_{F A} (gluon and ghost loops).

Now we shall discuss how to calculate 2-loop propagator diagrams in HQET [36]. There are 2 topologies of such diagrams. The first one is (Fig. 17) 1 (iπ^{d/2})^2 ∫ d^dk_1 d^dk_2 D^{n1}_1 D^{n2}_2 D^{n3}_3 D^{n4}_4 D^{n5}_5

= I(n_1, n_2, n_3, n_4, n_5)(−2ω)^{2d−n1−n2−2(n3+n4+n5)} , (3.2)

D_1 = −2(k_{10} + ω) , D_2 = −2(k_{20} + ω) , D_3 = −k^2_1 , D_4 = −k^2 , D_5 = −(k_1 − k_2)^2 .

It is symmetric with respect to 1 ↔ 2 and 3 ↔ 4, and vanishes if two adjacent indices are ≤ 0.

k_{10} + ω k_{20} + ω k_1 k_2

k_1 − k_2 n_1 n_2 n_3 n_4 n_5

Figure 17: Two-loop diagram 1

If n_5 = 0,

I(n_1, n_2, n_3, n_4, 0) = n_1 n_2 n_3 n_4 = I(n_1, n_3)I(n_2, n_4) . (3.3)

If n_1 = 0, the inner loop gives G(n_3, n_5)(−p^2)^{d/2−n3−n5} , and

I(0, n_2, n_3, n_4, n_5) =

n_2 n_4 n_3

n_5

= n_5 n_3 × n_2 n_4 + n_3 + n_5 − d/2

= G(n_3, n_5)I(n_2, n_4 + n_3 + n_5 − d/2)

(3.4)

(the case n_2 = 0 is symmetric). If n_3 = 0, the inner loop gives I(n_1, n_5)(−2ω)^{d−n1−2n5} , and

I(n_1, n_2, 0, n_4, n_5) =

n_1 n_2 n_4

n_5

= n_1 n_5 × n_2 + n_1 + 2n_5 − d n_3

= I(n_1, n_5)I(n_2 + n_1 + 2n_5 − d, n_4)

(3.5)

(the case n_4 = 0 is symmetric).

But what can we do when all the indices are positive? We use integration by parts [36]. Applying (∂/∂k_2) · k_2 or (∂/∂k_2) · (k_2 − k_1) to the integrand of (3.2) we obtain vanishing integrals. On the other hand, we can calculate the derivatives explicitly; using 2k_2 · v = −D_2 − 2ω and 2(k_2 − k_1) · k_2 = D_3 − D_4 − D_5, we get (3.2) with

d − n_2 − n_5 − 2n_4 − 2ω n_2 D_2 + n_5 D_5

(D_3 − D_4) ,

d − n_2 − n_4 − 2n_5 + n_2 D_2

D_1 + n_4 D_4

(D_3 − D_5)

inserted under the integral sign. This means that I (3.2) satisfies the recurrence relations [ d − n_2 − n_5 − 2n_4 + n_22^+ + n_55^+(3^− − 4^−) ] I = 0 , (3.6) [ d − n_2 − n_4 − 2n_5 + n_22^+1^− + n_44^+(3^− − 5^−) ] I = 0 . (3.7)

Applying (∂/∂k_2) · v we derive [ −2n_22^+ + n_44^+(2^− − 1) + n_55^+(2^− − 1^−) ] I = 0 . (3.8)

There is also the homogeneity relation. Let’s apply ω(d/dω) to (3.2): [ 2(d − n_3 − n_4 − n_5) − n_1 − n_2 + n_11^+ + n_22^+ ] I = 0 . (3.9)

This is the sum of the (∂/∂k_2) · k_2 relation (3.6) and the symmetric (∂/∂k_1) · k_1 one.

A useful recurrence relation can be obtained by subtracting the 1^− shifted homogeneity relation (3.9) from the (∂/∂k_2) · (k_2 − k_1) relation (3.7): [ d−n_1 −n_2−n_4 −2n_5+1− ( 2(d−n_3−n_4 −n_5)−n_1 −n_2+1 ) 1^−+n_44^+(3^−−5^−) ] I = 0 . (3.10)

Let’s solve it for I(n_1, n_2, n_3, n_4, n_5): I = (2(d − n_3 − n_4 − n_5) − n_1 − n_2 + 1)1^− + n_44^+(5^− − 3^−) d − n_1 − n_2 − n_4 − 2n_5 + 1 I . Each application of this relation reduces n_1 + n_3 + n_5 by 1 (Fig. 18). Therefore, after a finite number of steps, any integral I will reduce to the boundary cases (3.3), (3.4), (3.5).

Figure 18: Integration by parts

The second topology is (Fig. 19) 1 (iπ^{d/2})^2 ∫ d^dk_1 d^dk_2 D^{n1}_1 D^{n2}_2 D^{n3}_3 D^{n4}_4 D^{n5}_5

= J(n_1, n_2, n_3, n_4, n_5)(−2ω)^{2d−n1−n2−n3−2(n4+n5)} ,

D_1 = −2(k_{10} + ω) , D_2 = −2(k_{20} + ω) , D_3 = −2(k_{10} + k_{20} + ω) , D_4 = −k^2_1 , D_5 = −k^2 .

(3.11)

It is symmetric with respect to 1 ↔ 2, 4 ↔ 5; it vanishes if n_4 ≤ 0 or n_5 ≤ 0 or two adjacent heavy indices (1 . . . 3) are ≤ 0.

If n_3 = 0, it is given by (3.3); if n_1 = 0 — by (3.5) (the case n_2 = 0 is symmetric). In general, we use the fact that the denominators are linearly dependent: D_1+D_2 −D_3 = −2ω. Therefore J = (1^− + 2^− − 3^−)J . (3.12) k_1

k_2 k_{10} + ω k_{10} + k_{20} + ω k_{20} + ω n_1 n_3 n_2 n_4

n_5

Figure 19: Two-loop diagram 2

This relation reduces n_1 + n_2 + n_3 by 1 (Fig. 18); therefore, after a finite number of steps, any integral J will reduce to the boundary cases. In principle, the integral (3.11) can contain a numerator (k_1 · k_2)^n which does not reduce to the denominators. This wider class of integrals can also be easily calculated [15].

Let’s summarize. There are 2 generic topologies of 2-loop propagator integrals in HQET (Fig. 20). For all integer indices n_i they can be reduced to 2 master integrals

= I^2_1 , = I_2 (3.13)

(all n_i = 1 here). Here the L-loop HQET sunset is

· · · = I_L = Γ(2L + 1 − Ld)Γ^L ( d_2 − 1) = Γ(1 + 2Lε)Γ^L(1 − ε) (1 − L(d − 2))_{2L}

. (3.14)

Figure 20: Generic topologies of 2-loop propagator diagrams in HQET

Now it is easy to calculate the heavy-quark self-energy up to 2 loops [36]: Σ(ω) = −C_F g^2_0 (−2ω)^{1−2ε} (4π)^{d/2} (d − 3)I_1A + C_F g^4_0 (−2ω)^{1−4ε}

(4π)^d { −16 (d − 2)(2d − 5) (d − 4)(d − 6) I_2P − C_F 4(d − 3)^2(2d − 5) d − 4 I_2A^2 + ( C_F − C_A 2 ) 2(d − 3) [ (d − 3)I^2_1 − 2(2d − 5)I_2 ] A^2 − C_A(d − 3) [ (d − 3)I^2_1 + 2 2d − 5 d − 4 I_2 ] A(1 − a_0) } ,

(3.15)

where A = a_0 − 1 − 2 d − 3 , and the one-loop self-energy insertion into the gluon propagator is proportional to

P = T_F n_l −

3d − 2 + (d − 1)(2d − 7)ξ −^1_4 (d − 1)(d − 4)ξ^2 4(d − 2) C_A (ξ = 1 − a_0).

The heavy-quark propagator is

ωS(ω) = 1 + C_F g^2_0 (−2ω)^{−2ε} (4π)^{d/2} 2(d − 3)I_1A + C_F g^4_0(−2ω)^{−4ε}

(4π)^d { 32 (d − 2)(2d − 5) (d − 4)(d − 6)

T_F n_lI_2 + 8 (d − 3)(2d − 5)(2d − 7) d − 4 A^2C_F I_2 − 4(d − 3)AC_AI^2_1 + 8 (2d − 5)(2d − 7) (d − 3)(d − 4)(d − 6) [ (d − 2)^2(d − 5) (d − 3)(2d − 7)

+ (d^2 − 4d + 5)A − 1 4 (d − 3)(d^2 − 9d + 16)A^2 ] C_AI_2 } .

(3.16)

Fourier-transforming it to coordinate space we obtain S(t) = −iθ(t) exp { C_F g^2_0 (4π)^{d/2} ( it 2 )_{2ε} Γ(−ε)A + C_F g^4_0 (4π)^d ( it 2 )_{4ε} Γ^2(−ε) [ 2 d − 2 (d − 3)(d − 6)(2d − 7) T_F n_l + 1 2(d − 3)^2(d − 6) ( (d − 2)^2(d − 5) (d − 3)(2d − 7)

+ (d^2 − 4d + 5)A − 1 4 (d − 3)(d^2 − 9d + 16)A^2 ) C_A − A d − 3 Γ^2(1 + 2ε) Γ(1 + 4ε) C_A ]} . (3.17)

This result has the structure (3.1) thus providing a strong check of (3.15). After reexpressing the propagator (3.17) via the renormalized quantities α_s(μ), a(μ) it still has the exponential form with the same colour structures. This means that the wave-function renormalization constant has such a form, too, and in the anomalous dimensions only maximally non-abelian (colour-connected) structures appear:

γ_h = 2C_F (a − 3) α_s 4π + C_F [ C_A ( a^2 2 + 4a − 179 6 ) + 32 3 T_F n_l ] ( α_s 4π )_2 + · · · (3.18)

The heavy–quark propagator and γ_h are calculated up to 3 loops in HQET [37] (there you can find a detailed discussion of the colour structures in the exponent (3.1) at 3 loops); γ_h was first found earlier [21] from an on-shell massive QCD calculation and the requirement that the matching coefficient z(μ) (Sect. 1.5) is finite.

3.2 Heavy–light currents

Now we shall consider the QCD operators

j_0 = q̄_0ΓQ_0 = Z_j(μ)j(μ) , (3.19)

where Γ is a Dirac matrix. They can be expressed via HQET operators: j(μ) = e^{−iMv·x} [ C_Γ(μ)j̃(μ) + 1 2M ∑ i B_i(μ)O_i(μ) + · · · ] , (3.20)

where j̃_0 = q̄_0Γh_{v0} = Z̃_j (μ)j̃(μ) (3.21) is the HQET heavy–light current, and O_i are dimension-4 operators with appropriate quantum numbers. We shall not discuss 1/M corrections here.

First we discuss the HQET currents (3.21). The Dirac matrix Γ can be moved outside any diagram with such a current. Therefore, we can consider the current j̃_0 = q̄_0φ_{v0} with the spin-0 heavy quark instead. The vertex function

Γ̃(ω, p) = 1 + Λ̃(ω, p) = ω p + + · · · (3.22)

should be Z̃_ΓΓ̃_r, where Z̃_Γ is a minimal renormalization constant, and Γ̃_r is finite at ε → 0. The UV divergence of Λ̃(ω, p) does not depend on its external momenta, and we may set them to 0:

Λ̃(0, 0) = −iC_F g^2_0 ∫ d^dk (2π)^d γ^μ/kv^ν k_0(k^2)^2 [ g_{μν} − (1 − a_0) k_μk_ν k^2 ] = −iC_F g^2_0 a_0 ∫ d^dk (2π)^d 1 (k^2)^2 = C_F a α_s 4πε , where we took into account /k = k_0γ^0 −⃗k ·⃗γ, and the integral of ⃗k vanishes (of course, some IR regulator is implied here). Then

Z̃_j = Z^{1/2}_q Z^{1/2}_h Z̃_Γ = 1 + 3 2 C_F α_s 4πε is gauge independent, and we obtain the 1-loop anomalous dimension.

The 2-loop vertex Λ(ω, 0) can be calculated using the methods described in Sect. 3.1; the anomalous dimension is [36, 38]

γ̃_j = −3C_F α_s 4π + C_F [( − 8 3 π^2 + 5 2 ) C_F + ( 2 3 π^2 − 49 6 ) C_A + 10 3 T_F n_l ] ( α_s 4π )_2 . (3.23)

The 3-loop term has been calculated in [37].

Now we shall discuss the QCD/HQET matching. There are 8 Dirac structures giving non-vanishing quark currents in 4 dimensions:

Γ = 1 , γ^0 , γ^i , γ^iγ^0 , γ^{[i}γ^{j]} , γ^{[i}γ^{j]}γ^0 , γ^{[i}γ^jγ^{k]} , γ^{[i}γ^j γ^{k]}γ^0 ,

(3.24)

Those in the second row can be obtained from the first row by multiplying by the ’t Hooft– Veltman γ^{HV}_5 . We are concerned with flavour non-singlet currents only, therefore, we may also use the anticommuting γ^{AC}_5 (there is no anomaly). The renormalized QCD currents with different prescriptions for γ_5 are related by (A.18), (A.19) in [1]. The anomalous dimension of the HQET current (3.21) does not depend on the Dirac structure Γ. Therefore, there are no factors similar to Z_{P,A} in HQET. Multiplying Γ by γ^{AC}_5 does not change the matching coefficient. Therefore, the matching coefficients for the currents in the second row of (3.24) are not independent; they can be obtained from those for the first row:

Z_P (μ) =

C_γAC_5 (μ) C_γHV_5 (μ) = C_1(μ) C_γ0_γ1_γ2_γ3 (μ) , Z_A(μ) =

C_γAC_{5 γ}0 (μ) C_γHV_{5 γ}0 (μ) = C_γ0 (μ) C_γ1_γ2_γ3 (μ) = C_γAC_{5 γ}3 (μ) C_γHV_{5 γ}3 (μ) = C_γ3 (μ) C_γ0_γ1_γ2 (μ) , Z_T (μ) =

C_γAC_{5 γ}0_γ1 (μ) C_γHV_{5 γ}0_γ1 (μ) = C_γ0_γ1 (μ) C_γ2_γ3 (μ) = C_γAC_{5 γ}2_γ3 (μ) C_γHV_{5 γ}2_γ3 (μ) = C_γ2_γ3 (μ) C_γ0_γ1 (μ)

= 1 .

(3.25)

In particular, two matching coefficients are equal:

C_γi_γ0 (μ) = C_γ[j_γk] (μ) . (3.26)

In order to find the matching coefficients C_Γ(μ), we equate on-shell matrix elements of the left- and right-hand side of (3.20). They are obtained by considering transitions of the heavy quark with momentum P = Mv + p to the light quark with momentum k: <q(k)|j(μ)|Q(Mv + p)> = C_Γ(μ)<q(k)|j̃(μ)|Q_v(p)> + O ( p, k M ) . (3.27)

Both on-shell matrix elements of the renormalized currents are UV-finite; both contain IR divergences, which are the same on the left- and right-hand sides. The on-shell matrix elements are <q(k)|j(μ)|Q(P )> = ū(k)Γ(P, k)u(P ) Z^{−1}_j (μ)Z^{1/2}_Q Z^{1/2}_q , <q(k)|j̃(μ)|h_v(p)> = ū(k)Γ̃(p_0, k)u_v(p) Z̃^{−1}_j (μ)Z^{1/2}_h Z̃^{1/2}_q ,

(3.28)

where Γ(P, k) and Γ̃(p_0, k) are the bare vertex functions, Z_Q and Z_q are the on-shell wavefunction renormalization constants of the heavy and the light quark in QCD, Z_h is the on-shell wave-function renormalization constant of the HQET quark field h_v, and Z̃_q differs from Z_q because there are no Q loops in HQET. The difference between u(Mv + p) and u_v(p) is of order p/M, and can be neglected. It is most convenient to use p = k = 0, then the O(1/M) term is absent. The QCD vertex

Γ(Mv, 0) = 1 + Λ(Mv, 0) = Mv 0 + + · · · (3.29)

has 2 Dirac structures: Γ(Mv, 0) = Γ · (A + Bγ^0) .

This leads to

ū(0)Γ(Mv, 0)u(Mv) = Γ̄ ū(0)Γu(Mv) with Γ̄ = A + B .

The HQET vertex has just one Dirac structure. Therefore,

C_Γ(μ) =

Γ̄Z^{−1}_j (μ)Z^{1/2}_Q Z^{1/2}_q

Γ̃(0, 0)Z̃^{−1}_j (μ)Z^{1/2}_h Z̃^{1/2}_q

. (3.30)

Here M is the on-shell mass of the heavy quark (because the external heavy quark with p^2 = M^2 should be on its mass shell). Therefore, mass-counterterm vertices have to be taken into account on all Q lines. If all flavours except Q are massless, all loop corrections to Γ̃(0, 0), Z_h, and Z̃_q contain no scale and hence vanish: Γ̃(0, 0) = 1, Z̃_Q = 1, Z̃_q = 1. The QCD quantities Γ(Mv, 0), Z_Q, and Z_q contain a single scale M. The ratio Z_q/Z̃_q is the light-quark field decoupling coefficient (Sect. 3.5 in [1]).

There exists an exact relation [39] between the matching coefficients C_1(μ) and C_γ0 (μ). Namely, the renormalized vector and scalar currents are related by

i∂_αj^α = M(μ)j(μ) , (3.31)

where M(μ) is the MS mass of the heavy quark Q. Taking the on-shell matrix element of this equality between the heavy quark with P = Mv and the light quark with k = 0 and re-expressing both QCD matrix elements via the matrix element of the HQET current with Γ = 1, we obtain MC_γ0 (μ) = M(μ)C_1(μ) . (3.32)

Now we are going to calculate the QCD vertex Γ̄ with the 1-loop accuracy. Initially, we make no assumptions about properties of the Dirac matrix Γ. The one-loop diagram (3.29) can be written as a sum of terms of the form ū(0)γ_{μ1} . . . γ_{μl} Γγ_{ν1} . . . γ_{νr} u(Mv) · I^{μ1...μl;ν1...νr} , (3.33) where I is some integral over the loop momentum, l is even, and l + r ≤ 4. After the integration, I^{μ1...μl;ν1...νr} can contain only g^{μν} and v^α. The resulting contractions of pairs of γ-matrices on the left, and of pairs on the right, merely produce additional terms of the form (3.33), with smaller values of l +r. Before performing the remaining contractions, one may anticommute γ-matrices, so as to arrange things such that /v occurs only on the extreme left or on the extreme right, with the contracted indices in between occurring in opposite orders on the left and right of Γ. The additional terms arising from the anticommutations have fewer γ-matrices, with l remaining even. Repeating this procedure for all values of l + r, from 4 down to 0, we may cast the 1-loop diagram in the form

ū(0) [Γ(x^′_1 + x^′_2/v) + /vγ_μΓγ^μ(x^′_3 + x^′_4/v) + γ_μγ_ν Γγ^ν γ^μx^′_5] u(Mv) ;

Λ̄ = ū(0) ( ∑ i x_iL_iΓR_i ) u(Mv) , where

x_1 = x^′_1 + x^′_2 , x_2 = x^′_3 + x^′_4 , x_3 = x^′_5 , L_i × R_i = 1 × 1 , /vγ^μ × γ_μ , γ^μγ^ν × γ_ν γ_μ .

The coefficients x_i can be found by calculating the double traces

y_i = ⟨¯ L_i × R̄_i, Λ ⟩ , ⟨¯ L_i × R̄_i, LΓR ⟩ ≡ 1 4 Tr L̄L · 1 4 Tr R̄R , L̄_i × R̄_i = 1 × (1 + /v) , γ^α/v × (1 + /v)γ_α , γ^αγ^β × (1 + /v)γ_βγ_α .

Solving the linear system, we obtain

x_1 x_2 x_3 = 1 2(d − 1)(d − 2)

(d − 2)(3d − 2) 0 −(d − 2) 0 2d −2 −(d − 2) −2 1 y_1 y_2 y_3

. (3.34)

Now we assume

/vΓ = σΓ/v , σ = ±1 , γ^μΓγ_μ = 2σh(d)Γ , (3.35)

where h(d) = η ( n − d 2 ) , η = (−1)^{n+1}σ (3.36)

for the antisymmetrized product of n γ-matrices. The effect of each contraction is then to produce a factor 2σh. Terms with an odd number of contractions necessarily contain

/v on the left, which yields an extra σ when moved to the right, where it merely gives /vu(Mv) = u(Mv). Thus the result involves only powers of h:

Λ̄ = x_1 + x_2 · 2h + x_3(2h)^2 .

Substituting the solution (3.34) for x_i, we obtain Λ̄ = ⟨P, Λ⟩, P = 1 2(d − 1)(d − 2) [ (d − 2)(3d^2 − 2 − 4h^2)1 × (1 + /v)

+ 4h(d − 2h)γ^α/v × (1 + /v)γ_α − ( d − 2 − 4h(1 − h) ) γ^αγ^β × (1 + /v)γ_βγ_α ] . Now we can apply the projector P to the integrand of the one-loop diagram (3.29) and reduce it to a scalar expression quadratic in h:

Λ̄ = iC^F g^{20}

2(d − 1) ∫ d^dk (2π)^d

2(d − 1) + (dD_2/M^2 + 4)h − 2(D_2/M^2 + 4)h^2 D_1D_2 , D_1 = M^2 − (k + Mv)^2 , D_2 = −k^2 ,

(3.37)

where terms with D_1 in the numerator have been omitted as they yield 0. The integral can be easily calculated once, and for all currents. We obtain the one-loop result

Λ̄ = −C_F g^{20} M^{−2ε} (4π)^{d/2} Γ(ε)

(1 − h)(d − 2 + 2h) (d − 2)(d − 3)

. (3.38)

This on-shell vertex is gauge-invariant.

At last, we can combine all pieces of (3.30). With 1-loop accuracy [7]

C_Γ(M) = 1 + C_F α_s(M) 4π [ 3(n − 2)^2 + (2 − η)(n − 2) − 4 ] + · · · (3.39)

They satisfy the relations (3.25) and (3.32). The 2-loop corrections have been calculated in [39, 40], and the 3-loop ones in [41].

We are now in the position to apply our results to the matrix elements between a B or B^∗ meson with momentum p and the vacuum. They are defined through <0| ( q̄γ^{AC}_5 Q ) μ |B> = −iM_B f^P_B (μ) , <0|q̄γ^αγ^{AC}_5 Q|B> = if_B P^α , <0|q̄γ^αQ|B^∗> = iM_B∗ f_B∗ e^α , <0| ( q̄σ^{αβ} Q ) μ |B^∗> = f^T_B∗ (μ)(P^αe^β − P^βe^α) ,

(3.40)

where e^α is the B^∗ polarization vector. The corresponding HQET matrix elements are <0| ( q̄γ^{AC}_5 h_v ) μ |B(⃗p )>_{nr} = −iF (μ) , <0| (q̄⃗γh_v)_μ |B^∗(⃗p )>_{nr} = iF (μ)⃗e , where the single-meson states are normalized by the non-relativistic condition

nr<B(⃗p^′)|B(⃗p )>_{nr} = (2π)^3δ(⃗p^′ − ⃗p ) ,

in contrast to the usual relativistic one <B(⃗p^′)|B(⃗p )> = (2π)^32P_0δ(⃗p^′ − ⃗p ) . We also remind the reader that q̄Γγ^0h_v = q̄Γh_v, so that there are only two currents. These two matrix elements are characterized by a single hadronic parameter F (μ) due to the heavy-quark spin symmetry. As a result, we have

f_B = √ 2 M_B C_γ0 (μ)F (μ) [ 1 + O ( Λ_{QCD} M )] , f_B∗ = √ 2 M_B∗ C_γi (μ)F (μ) [ 1 + O ( Λ_{QCD} M )] , (3.41)

and similar formulas for f^P_B (μ), f^T_B∗ (μ). These matrix elements are ∼ 1/ √ M, up to effects of anomalous dimensions and power corrections.

Taking the matrix element of (3.31) we obtain [39]

f^P_B (μ) f_B = M_B M(μ) . (3.42)

Here M_B = M + Λ̄ + O(Λ^2_{QCD}/M) where Λ̄ is the residual energy of the ground-state B meson in the limit M → ∞. Neglecting 1/M corrections, we see that this equation coincides with (3.32).

The ratio f_B∗ f_B = C_γi (μ) C_γ0 (μ) + O ( Λ_{QCD} M ) = 1 − 2C_F α_s(M) 4π + O ( α^2_s,

Λ_{QCD} M ) (3.43)

does not depend on μ. The 2-loop correction has been calculated in [39], and the 3-loop one in [41].

Let’s consider the ratio f_B /f_D. It is convenient to use μ = M_b in (3.41) because then there are no large logarithms. The hadronic matrix element F (μ) here is F^{(4)}(μ), the matrix element in HQET with n_l = 4; its evolution is determined by the anomalous dimension (3.23). A similar formula can be written for f_D; F^{(4)}(M_c) is related to F^{(3)}(M_c) by a decoupling relation [40, 34], their difference is O(α^2_s). Therefore, f_B f_D = √ M_c M_b ( α^{(4)}s (M_c) α^{(4)}s (M_b)

)_{6/25} [ 1 + O ( α_s, Λ_{QCD} M_{b,c} )] . (3.44)

Perturbative corrections up to α^2_s have been obtained in [37].

We can also look at re-expressing QCD operators via HQET ones from the point of view of the method of regions. Let’s consider the decay Q → qlν̄ with the α_s accuracy. Its matrix element is ( Z^{os}_Q )_{1/2} Mv p + Mv p (3.45)

(Z^{os}_q = 1 at 1 loop because it has no scale, p^2 = 0). Let’s consider the case of a small light-quark energy p_0 ≪ M (nearly all energy goes to the virtual W and then to the lepton pair). The 1-loop QCD diagram here contains 2 scales, M and p_0. It is given by the sum of 2 contributions. In the hard region k ∼ M, we expand the integrand in the Taylor series in p (we are going to keep only the leading term, the value at p = 0). In the soft region k ∼ p, we expand the integrand in the Taylor series in 1/M (again we keep only the leading term). The result is

Mv p = Mv 0 + 0 p . (3.46)

The hard contribution (together with the 1-loop term in Z^{os}_Q which also contains only the hard scale M) produces the QCD/HQET matching coefficient; the soft one is the HQET diagram. The decay matrix element becomes

0 p C + 0 p . (3.47)

Higher corrections in the hard contribution correspond to higher-dimensional HQET operators (with their matching coefficients) in the expansion of the QCD current. Higher corrections in the soft contribution correspond to HQET diagrams with insertions of 1/M^n suppressed terms in the HQET Lagrangian.

3.3 Heavy–heavy currents

Not only the static-quark propagator (3.1) (straight Wilson line) but also the Green function with a heavy–heavy current insertion (Wilson line with an angle) is given by an exponent of a series containing only maximally non-abelian (colour-connected) structures [35]:

G(t, t^′; ϑ) = exp [ C_F g^2_0 (4π)^{d/2} F + C_F g^4_0 (4π)^d

(C_AF_A + T_F n_lF_l) + · · · ] . (3.48)

If the colour factors of all 2-loop diagrams with two gluons attached to the heavy-quark line were equal to C^2_F (as in the abelian case), they would produce the F^2 term in the expansion of the exponential. In the non-abelian case, the colour factors of some diagrams also contain a non-abelian part C_F C_A, which should be taken into account separately (these parts contribute to F_A). The ratio (1.108) can be written similarly. Only the diagrams with the J_0 vertex inside the correction (Fig. 21) contribute to F_A and F_l (the diagrams of Figs. 21b,d should be taken with the non-abelian part of their colour factors, C_F C_A). Therefore, the renormalization constant has a similar structure:

Z_J = exp [ C_F α_s 4πε (f(ϑ) − f(0)) + C_F ( α_s 4πε )_2 ( C_A (f_A(ϑ) − f_A(0)) + T_F n_l (f_l(ϑ) − f_l(0)) ) + · · · ] . In particular, this means that the 2-loop anomalous dimension contains no C^2_F term.

a b

c d Figure 21: Diagrams contributing to the exponent

These diagrams have been calculated in [28] (except the easiest one, Fig. 21a with the quark-loop correction, which gives f_l(ϑ) and was found in [42]; see Sect. 8.4 in [6] for a simple derivation). The result obtained in [28] contained two single integrals which were not expressed via known functions. One of them has been calculated in [6] (see (7.15)); the last one has been calculated in [43], and the result has been written in terms of logarithms,

Li_2 and Li_3 only:

Γ(ϑ) = 4C_F (ϑ coth ϑ − 1) α_s 4π + 8C_F {[ C_A ( 67 18 − π^2 6 ) − 10 9 T_F n_l ] (ϑ coth ϑ − 1)

+ C_A [ coth^2 ϑ ( Li_3 ( e^{−2ϑ} ) + ϑ Li_2 ( e^{−2ϑ} ) + ϑ^3 3 + π^2 6 ϑ^2 − ζ_3 )

+ coth ϑ ( Li_2 ( e^{−2ϑ} ) − 2ϑ log ( 1 − e^{−2ϑ} ) − ϑ^3 3 − ϑ^2 − π^2 6 ϑ − π^2 6 )

+ ϑ^2 + π^2 6 + 1 ]} ( α_s 4π )_2 + · · ·

(3.49)

It is, of course, even with respect to ϑ → −ϑ, though some polylogarithmic identities are needed to prove this.

At small angles (1.110)

Γ_0 = 4 3 C_F α_s 4π + C_F [ C_A ( 376 27 − 8 9 π^2 ) − 80 27 T_F n_l ] ( α_s 4π )_2 + · · · (3.50)

At large angles, Γ(ϑ) is linear in ϑ (1.112) to all orders in α_s [28], and

Γ_∞ = 4C_F α_s 4π + C_F [ C_A ( 268 9 − 4 3 π^2 ) − 80 9 T_F n_l ] ( α_s 4π )_2 + · · · (3.51)

This quantity is related [42] to the asymptotics of the evolution kernel P_{qq}(z) at z → 1:

P_{qq}(z) = Γ_∞ ( 1 1 − z ) + + Cδ(1 − z) + O((1 − z)^0) ; (3.52)

P_{qq}(z) is currently known up to 3 loops [44], and hence Γ_∞ is also known with the same accuracy [45]. The asymptotics of the Brodsky–Lepage evolution kernel V_{qq}(x, y) at x−y → 0 is also governed by Γ_∞.

The imaginary part of Γ(δ − iπ) at δ → 0 is determined by the quark–antiquark potential [29]; it is currently known up to 3 loops [46].

It is remarkable that one of the finest perturbative-HQET papers [28] was written several years before the HQET gold rush of 1990–91.

We don’t consider matching full QCD currents and the effective-theory operator J here, see, e. g., [4] and Chapter 7 in [6].

3.4 Chromomagnetic interaction

In order to find the chromomagnetic interaction coefficient C_m in the HQET Lagrangian, we match the amplitudes of scattering of an on-shell heavy quark in an external chromomagnetic field in QCD and HQET. It is convenient to use the background field method [47].

At one loop [48] (Fig. 22)

F_2(0) = g^2_0 M^{−2ε} (4π)^{d/2} Γ(ε) 2(d − 3) [ 2(d − 4)(d − 5)C_F − (d^2 − 8d + 14)C_A ] . (3.53)

The diagram Fig. 22b is IR divergent, unlike the abelian case (Sect. 1.8).

a k k + P k + P + q q

b k + P k k − q q

Figure 22: One-loop vertex

If all flavours except Q are massless, all loop corrections in HQET vanish. Both QCD and HQET scattering amplitudes are renormalized and hence UV-finite; both have IR divergences. These divergences are the same, because HQET has been constructed to reproduce the IR behaviour of QCD. Vanishing loop corrections in HQET have UV and IR divergences which cancel each other. The UV divergences of C^0_m are removed by Z^{−1}_m (μ); the IR ones match those of 1 + F_2(0).

The 1/ε term in (3.53) gives the 1-loop anomalous dimension [48] of the chromomagnetic operator O_m. The 2-loop contribution has been calculated in [49, 50]:

γ_m = 2C_A α_s 4π + 4 9 C_A(17C_A − 13T_F n_l) ( α_s 4π )_2 + · · · (3.54)

The 3-loop term has been derived in [51]. Of course, this anomalous dimension vanishes in the abelian case (Sect. 1.8): the HEET operator O_m does not renormalize.

The renormalized chromomagnetic coefficient with the 1-loop accuracy is [48]

C_m(μ) = 1 + 2 ( −C_A log M μ + C_F + C_A ) α_s(M) 4π + · · · (3.55)

The 2-loop correction has been found in [50], and the 3-loop one in [51]. It is convenient to use C_m(M) (containing no large logarithms) as the initial condition for the renormalization group equation. In the abelian case C_m(μ) does not depend on μ, and is just the electron magnetic moment.

The most prominent physical effect caused by the chromomagnetic interaction is the mass splittings of hadronic doublets which are degenerate at M = ∞ due to the heavyquark spin symmetry. The mass splitting M_B∗ − M_B is ∼ 1/M_b; therefore, M^2_B∗ − M^2_B is constant (up to power corrections):

M^2_B∗ − M^2_B = 4 3 C^{(4)}_m (μ)μ^2_{G(4)}(μ) + O ( Λ_{QCD} M_b ) , (3.56) where the index “(4)” means that we are considering the n_l = 4 flavour HQET, and μ^2_{G(4)}(μ) is the matrix element of O_m(μ) over the ground-state meson. It is most natural to choose μ = M_b in (3.56) because then C_m contains no large logarithms. A similar formula can be written for D mesons. The running of μ^2_{G(nl)}(μ) is governed by the anomalous dimension (3.54). The matrix elements μ^2_{G(4)}(M_c) and μ^2_{G(3)}(M_c) are related by decoupling, see [6]; their difference is O(α^2_s). In the leading logarithmic approximation we obtain from the 1-loop anomalous dimension (3.54)

M^2_B∗ − M^2_B M^2_D∗ − M^2_D = ( α^{(4)}s (M_c) α^{(4)}s (M_b) )_{−9/25} [ 1 + O ( α_s, Λ_{QCD} M_{b,c} )] . (3.57)

This agrees well with the experimental value 0.88. Unfortunately, higher perturbative corrections [51] are large and negative; no convergence is seen, and the agreement with the experiment becomes much worse. Also the Λ_{QCD}/M_c power correction is expected to be quite large.

Acknowledgements. I am grateful to S. Bekavac, D. J. Broadhurst, K. G. Chetyrkin, A. Czarnecki, A. I. Davydychev, T. Huber, A. V. Kotikov, R. N. Lee, D. Maître, P. Marquard, M. Neubert, J. H. Piclum, D. Seidel, A. V. Smirnov, V. A. Smirnov, M. Steinhauser, O. I. Yakovlev for collaboration on various HQET related projects, and to K. Melnikov, A. Penin for a useful discussion of the proof that the electron anomalous magnetic moment in QED is IR finite to all orders. The work was partially supported by RFBR (grant 12-02-00106-a) and by Russian Ministry of Education and Science.

A One-loop self-energy diagram

Here we shall discuss the massive diagram (Fig. 23):

I_{n1n2} (m, p_0) = 1 iπ^{d/2} ∫ d^dk D^{n1}_1 D^{n2}_2 , D_1 = −2(k + p)_0 − i0 , D_2 = m^2 − k^2 − i0 .

(A.1)

It has a cut from the threshold ω = m to +∞. It vanishes at integer n_2 ≤ 0 because of the HQET loop. At integer n_1 ≤ 0 it is the vacuum diagram (2.10) in [1] with a numerator; in particular, I_{0n}(m, ω) = m^{d−2n}V (n) .

k + p k

p p n_1 n_2

Figure 23: One-loop propagator diagram

The limit m → 0 is smooth if it does not produce IR divergence:

lim_{m→0} I_{n1n2} (m, ω) = (−2ω)^{d−2n1−n2} I(n_1, n_2) if n_2 < d 2 , (A.2)

see (1.50).

Using the HQET Feynman parametrization (1.54), we obtain I_{n1n2} (m, ω) = Γ ( n_1 + n_2 −^d_2 ) Γ(n_1)Γ(n_2) ∫_∞ 0 y^{n1−1}(y^2 − 2ωy + m^2)^{d/2−n1−n2} dy . (A.3)

It is easy to calculate this integral at ω = 0:

I_{n1n2} (m, 0) = I_0(n_1, n_2)m^{d−n1−2n2} ,

I_0(n_1, n_2) = Γ (_{n1} 2 ) Γ (_{n1−d} 2 + n_2 ) 2Γ(n_1)Γ(n_2) = π^{1/2} 2^{n1} Γ (_{n1−d} 2 + n_2 ) Γ (_{n1+1} 2 ) Γ(n_2)

(A.4)

(it vanishes at odd negative integer n_1 because the integrand is odd in k). It is also easy to find this diagram at the threshold. At ω < 0 the result is [52] I_{n1n2} (m, ω) =m^{d−n1−2n2} Γ ( n_1 + n_2 −^d_2 ) Γ(n_1 + 2n_2 − d) Γ(n_2)Γ(2(n_1 + n_2) − d)

×_2F_1 (_{n1} 2 ,^{n1−d}_2 + n_2 n_1 + n_2 −^{d−1}_2 | | | 1 − ω^2 m^2 ) . (A.5)

The point ω = 0 is regular; when we go from a small ω < 0 to ω > 0 along some path in the complex plane, we make a full cycle around the branch point of the hypergeometric function, and arrive at another Riemann sheet. A similar hypergeometric representation has been derived in [53].

This diagram can also be calculated by first taking the integral in d^{d−1}⃗k (after the Wick rotation) [17] (cf. [54]): I_{n1n2} (m, ω) = Γ ( n_2 −^{d−1}_2 ) π^{1/2}Γ(n_2) ∫_{+∞} −∞ dk_{E0} (k^2_{E0} + m^2)^{(d−1)/2−n2} (−2ω − 2ik_{E0})^{n1} . If ω < 0, we can deform the integration contour (Fig. 24):

I_{n1n2} (m, ω) = 2 Γ ( n_2 −^{d−1}_2 ) π^{1/2}Γ(n_2) cos [ π ( d 2 − n_2 )] ∫_∞ m dk (k^2 − m^2)^{(d−1)/2−n2} (2k − 2ω)^{n1}

. (A.6)

This integral is I_{n1n2} (m, ω) =m^{d−n1−2n2} Γ ( n_1 + n_2 −^d_2 ) Γ(n_1 + 2n_2 − d) Γ(n_2)Γ(2(n_1 + n_2) − d)

×_2F_1 ( n_1, n_1 + 2n_2 − d n_1 + n_2 −^{d−1}_2 | | | | 1 2 ( 1 + ω m )) . (A.7) iω im

−im

C k_{E0}

Figure 24: Integration contour

Using the quadratic transformation (15.8.18) [55], we again arrive at (A.5); note, however, that (A.7) is valid not only for ω < 0, but also for ω ∈ (0, m).

At m = 0 (A.6) gives the massless result

I(n_1, n_2) =

2^{2n2−d+1} π^{1/2} cos [ π ( d 2 − n_2 )] Γ(d − 2n_2)Γ(n_1 + 2n_2 − d)Γ ( n_2 −^{d−1}_2 ) Γ(n_1)Γ(n_2)

. (A.8)

Using the well-known properties of the Γ function

Γ(2x) = π^{−1/2}2^{2x−1}Γ(x)Γ ( x +^1_2 ) , Γ(x)Γ(1 − x) = π sin πx , we can simplify this result to (1.50).

We can investigate asymptotics of our diagram using the method of regions [23, 24]. If ω ≪ m, there is one integration region k ∼ m. We may expand D^{−n1}_1 in ω and obtain I_{n1n2} (m, ω) = m^{d−n1−2n2} ∞∑ n=0 I_0(n_1 + n, n_2)

(n_1)_n n! ( 2ω m )_n

= m^{d−n1−2n2} I_0(n_1, n_2) [ 2F_1 (_{n1} 2 ,^{n1−d}_2 + n_2 1 2 | | | ω^2 m^2 )

+ Γ (_{n1+1} 2 ) Γ (_{n1−d+1} 2 + n_2 ) Γ (_{n1} 2 ) Γ (_{n1−d} 2 + n_2 ) 2ω m^2

F_1

(_{n1+1}

2 ,^{n1−d+1}_2 + n_2 3 2 | | | | ω^2 m^2 )] .

(A.9)

This is a regular Taylor series in ω; the fractional power of m follows from dimension counting. At ω < 0 it is equivalent to (A.5).

Now let’s consider −ω ≫ m. There are two regions: hard k ∼ ω and soft k ∼ m, I_{n1n2} (m, ω) = I_h + I_s. This is called OPE, see [23] for more detail. In the hard region, we may expand D^{−n2}_2 in m^2: I_h = (−2ω)^{d−n1−2n2} ∞∑ n=0 I(n_1, n_2 + n)

(n_2)_n n! ( − m^2 4ω^2 )_n

= (−2ω)^{d−n1−2n2} I(n_1, n_2)_2F_1 (_{n1−d} 2 + n_2,^{n1−d+1}_2 + n_2 n_2 + 1 −^d_2 | | | | m^2 ω^2 ) . (A.10)

This is a regular Taylor series in m^2; the fractional power of −2ω follows from dimension counting. In the OPE terms, this is the (one-loop) coefficient function of the unit operator. In the soft region, we may expand D^{−n1}_1 in k (all odd terms vanish): I_s = m^{d−2n2} (−2ω)^{−n1} ∞∑ n=0 I_0(−2n, n_2)

(n_1)_{2n} (2n)! ( m^2 4ω^2 )_n

= m^{d−2n2} (−2ω)^{−n1} V (n_2)_2F_1 (_{n1} 2 ,^{n1+1}_2 d 2 − n_2 + 1 | | | m^2 ω^2 ) . (A.11)

This is a regular Taylor series in ω (after extraction of the leading (−2ω)^{−n1} ); the fractional power of m follows from dimension counting. In the OPE terms, this is the series of perturbative (one-loop) vacuum averages of local operators (with 2n derivatives) accompanied by their tree-level coefficient functions. Now we see that the leading term in I_h (A.10) dominates over the leading term in I_s (A.11) at m → 0 if n_2 < d/2, cf. (A.2).

Finally, we shall calculate this diagram using the Mellin–Barnes method. It is easy to check the identity 1 (a + b)^n = a^{−n} Γ(n) 1 2πi ∫_{+i∞} −i∞ dz Γ(−z)Γ(n + z) ( b a )_z . (A.12)

Here the integration contour is chosen in such a way that all poles of Γ(· · · + z) (they are called left poles) are to the left of the contour, and all poles of Γ(· · · − z) (they are called right poles) are to the right of it. Indeed, closing the contour to the right we get the expansion of the left-hand side in b/a; closing it to the left — the expansion in a/b. In particular, it is often convenient to write the massive propagator in the form [56] 1 (m^2 − p^2)^n = m^{−2n} Γ(n) 1 2πi ∫_{+i∞} −i∞ dz Γ(−z)Γ(n + z) ( −p^2 m^2 )_z , n = m^{−2n} Γ(n) 1 2πi ∫_{+i∞} −i∞ dz Γ(−z)Γ(n + z)m^{−2z} −z . (A.13)

A massive line can be replaced by a massless one (raised to the power −z) at the price of one extra integration in z.

Now it is easy to calculate our massive diagram using the massless result (1.50): I_{n1n2} (m, ω) = m^{−2n2} (−2ω)^{d−n1} Γ(n_1)Γ(n_2) 1 2πi ∫_{+i∞} −i∞ dz Γ(n_1 − d − 2z)Γ (_d 2 + z ) Γ(n_2 + z) ( −2ω m )_{2z} . (A.14) If we close the integration contour to the right, then the sum over residues of the right poles gives us the expansion in ω/m. In our case, their is one series of right poles z_n = (n + n_1 − d)/2 (n = 0, 1, 2. . . ), and we obtain (A.9). If we close the integration contour to the left, then the sum over residues of the left poles gives us the expansion in m/ω, thus providing the analytic continuation of (A.9). In our case, there are two series of left poles, z^h_n = −n − n_2 and z^s_n = −n −^d_2 ; they produce I_h (A.10) and I_s (A.11), correspondingly.

B Electron field renormalization in QED

Suppose we consider a gauge in which the free photon propagator has a longitudinal part Δ(k)k_μk_ν : D^0_{μν} (k) = 1 k^2 ( g_{μν} − k_μk_ν k^2 ) + Δ(k)k_μk_ν

(then the full photon propagator D_{μν} (k) has the same longitudinal part). Then the full electron propagator has the form [57]

S(x) = S_L(x)e^{−ie20(Δ̃(x)−Δ̃(0))} , Δ̃(x) = ∫ Δ(k)e^{−ikx} d^dk (2π)^d

, (B.1)

where S_L(x) is the Landau-gauge propagator. This property follows from the simple gauge transformation of the electron field in QED, and does not generalize to non-abelian theories. Various derivations of this formula are considered, e. g., in [58, 20, 59, 60, 21]. In the usual covariant gauge Δ(k) = a_0/(k^2)^2; therefore, Δ̃(0) = 0 in dimensional regularization.

The electron field renormalization does not depend on its mass. For simplicity, we shall consider the massless electron, whose propagator has a single Dirac structure:

S(x) = S_0(x)e^{σ(x)} ,

where S_0(x) = Γ(d/2) 2π^{d/2} /x (−x^2 + i0)^{d/2} is the d-dimensional free massless electron propagator. Then

σ(x) = σ_L(x) + a_0 e^2_0 (4π)^{d/2} ( − x^2 4 )_ε Γ(−ε) . Re-expressing via renormalized quantities, we have

σ(x) = σ_L(x) + a(μ) α(μ) 4π ( − μ^2x^2 4 )_ε e^{γE ε}Γ(−ε) . This should be equal to log Z_ψ + σ_r(x), where log Z_ψ contains all negative powers of ε, and σ_r(x) — all non-negative ones. Therefore,

log Z_ψ(α, a) = log Z_L(α) − a α 4πε , (B.2)

where the Landau-gauge Z_L(α) starts from α^2. In QED d log(a(μ)α(μ)) d log μ = −2ε exactly, because Z_AZ_α = 1. Hence the anomalous dimension γ_ψ(α, a) = 2a α 4π + γ_L(α) (B.3) contains a only in the one-loop term.

Let’s see how this works up to 2 loops. In momentum space, for the massless electron we have S(p) = 1 /p − Σ(p) , Σ(p) = /pΣ_V (p^2) , Σ_V (p^2) = s_1 e^2_0(−p^2)^{−ε} (4π)^{d/2} + s_2 e^4_0(−p^2)^{−2ε} (4π)^d + · · · In coordinate space we obtain, using (1.48),

S(x) = S_0(x) [ 1 + s_1

Γ(2 − 2ε) Γ(2 − ε)Γ(1 + ε) e^2_0 (4π)^{d/2} ( − x^2 4 )_ε

+ (s^2_1 + s_2)

Γ(2 − 3ε) Γ(2 − ε)Γ(1 + 2ε) e^4_0 (4π)^d ( − x^2 4 )_{2ε} + · · · ] , or σ(x) = s_1

Γ(2 − 2ε) Γ(2 − ε)Γ(1 + ε) e^2_0 (4π)^{d/2} ( − x^2 4 )_ε

+ [ (s^2_1 + s_2)

Γ(2 − 3ε) Γ(2 − ε)Γ(1 + 2ε) − 1 2 ( s_1

Γ(2 − 2ε) Γ(2 − ε)Γ(1 + ε)

)_2]

e^4_0 (4π)^d ( − x^2 4 )_{2ε} + · · · Calculation of s_1 and s_2 is discussed in [16] in detail. Substituting them, we arrive at

σ(x) = a_0Γ(−ε) e^2_0 (4π)^{d/2} ( − x^2 4 )_ε

+ [ 2 (d − 2)(d − 4) (d − 3)(d − 6)(3d − 8) n_f − 1 2 d + 4 3d − 8 − (d − 6)(3d − 10) 4(d − 3)^2 R ] Γ^2(−ε) e^4_0 (4π)^d ( − x^2 4 )_{2ε}

+ · · · where n_f is the number of lepton flavours (n_f = 1 in the usual QED), and R = Γ(1 − 3ε)Γ(1 − ε)Γ^2(1 + ε) Γ^2(1 − 2ε)Γ(1 + 2ε)

= 1 + 6ζ_3ε^3 + · · ·

The one-loop term is linear in a_0; the coefficient of a_0 agrees with our derivation based on (B.1). The one-loop correction to the propagator vanishes in the Landau gauge a_0 = 0; this means that σ_L(x) starts from α^2. All a_0-dependent terms have cancelled in the 2-loop term. Thus we have completely checked a_0-dependent terms in the 2-loop self-energy s_2. Re-expressing σ(x) via renormalized quantities, we obtain log Z_ψ(α, a) = −a α 4πε + ( n_f + 3 4 ) 1 ε ( α 4π )_2 + · · · and hence γ_ψ(α, a) = 2a α 4π − (4n_f + 3) ( α 4π )_2

+ · · · (B.4)

in full agreement with the general arguments. This anomalous dimension has been calculated up to 4 loops [61].

C Electron magnetic moment is IR finite

Let Γ(λ) be the vertex (expanded in q up to the linear term and projected onto the magnetic-moment structure) with an IR cutoff λ ≪ M. Then the magnetic moment is

μ(λ) = Z^{os}_ψ (λ)Γ(λ) . (C.1)

We want to calculate μ(λ^′) for λ^′ ≪ λ. Essential contributions to Γ(λ^′) are given by the skeleton diagrams

Γ(λ^′) = + (C.2)

+ + +

+ + + + · · ·

where both ends of each soft photon line are attached to the external electron line. When the momenta k_i of all L soft photon lines → 0, the residual momenta p_i of all 2L soft electron lines also → 0, thus producing an IR divergence. Each photon propagator in (C.2) is the full photon propagator with a small momentum k_i < λ, and is equal to Z^{os}_A (λ)D_0(k_i). Each electron propagator in (C.2) is the full electron propagator with a small residual momentum p_i < λ, and is equal to Z^{os}_ψ (λ)S_0(Mv + p_i). Each virtual-photon vertex in (C.2) is the full vertex with nearly on-shell momenta, and is equal to Z^{os}_Γ (λ)e_0γ^μ. Finally, each external-photon vertex in (C.2) is the full vertex Γ(λ).

Let’s multiply Γ(λ^′) (C.2) by Z^{os}_ψ (λ). Then each virtual-photon vertex will contain Z^{os}_ψ (λ) [ Z^{os}_A (λ) ]_{1/2} Z^{os}_Γ (λ) = e_{os}(λ), and the external-photon vertex will be Z^{os}_ψ (λ)Γ(λ) = μ(λ). IR divergences in (C.2) can be reproduced in the effective theory:

Z^{os}_ψ (λ)Γ(λ^′) = + (C.3)

+ + +

+ + + + · · ·

(propagators are free, virtual-photon vertices contain e_{os}(λ), and external-photon vertices contain μ(λ)). The electron lines attached to the external-photon vertex may be considered on-shell and the polarizations physical (the electron-propagator numerators (1 + γ^0)/2 just project onto the upper spinor components), so that this vertex can be written in terms of 2 form factors (1.137); we select the magnetic-moment structure iσ^{μν} q_ν /(2M). It contains q; hence q may be neglected everywhere else. We arrive at

Z^{os}_ψ (λ)Γ(λ^′) = μ(λ) [ + (C.4)

+ + +

+ + + + · · · ] .

We also need Z^{os}_ψ (λ^′). The on-shell electron wave-function renormalization is (see (1.96))

Z^{os}_ψ = 1 1 − Σ^′_0(0)

, Σ_0(ω) = 1 4 Tr(1 + /v)Σ((M + ω)v) . (C.5)

Essential contributions to [ Z^{os}_ψ (λ^′) ]_{−1} are given by the skeleton diagrams [ Z^{os}_ψ (λ^′) ]_{−1} = + (C.6)

+ + +

+ + + + · · ·

Let’s multiply it by Z^{os}_ψ (λ):

Z^{os}_ψ (λ) [ Z^{os}_ψ (λ^′) ]_{−1} = + (C.7)

+ + +

+ + + + · · ·

(propagators are free, vertices contain e_{os}(λ)). At last, dividing (C.4) by (C.7), we obtain

μ(λ^′) =

Z^{os}_ψ (λ)Γ(λ^′) Z^{os}_ψ (λ) [ Z^{os}_ψ (λ^′)

]_{−1} = μ(λ) . (C.8)

Thus we have proved that the electron magnetic moment in QED is not sensitive to an IR cutoff.

References

[1] A. G. Grozin, arXiv:0908.4392 [hep-ph]. [2] In preparation.

[3] F. Bloch, A. Nordsieck, Phys. Rev. 52 (1937) 54. [4] M. Neubert, Phys. Reports 245 (1994) 259.

[5] A. V. Manohar, M. B. Wise, Heavy Quark Physics, Cambridge University Press (2000).

[6] A. G. Grozin, Heavy Quark Effective Theory, Springer tracts in modern physics 201, Springer (2004).

[7] E. Eichten, B. Hill, Phys. Lett. B 234 (1990) 511. [8] N. Isgur, M. B. Wise, Phys. Lett. B 237 (1990) 527. [9] H. Georgi, M. B. Wise, Phys. Lett. B 243 (1990) 279;

C. D. Carone, Phys. Lett. B 253 (1991) 408. [10] A. M. Polyakov, Nucl. Phys. B 164 (1979) 171. [11] J.-L. Gervais, A. Neveu, Nucl. Phys. B 163 (1980) 189;

I. Ya. Aref’eva, Phys. Lett. B 93 (1980) 347.

[12] V. S. Dotsenko, S. N. Vergeles, Nucl. Phys. B 169 (1980) 527;

R. A. Brandt, F. Neri, M.-a. Sato, Phys. Rev. D 24 (1981) 879; H. Dorn, Fortsch. Phys. 34 (1986) 11.

[13] M. E. Luke, A. V. Manohar, Phys. Lett. B 286 (1992) 348. [14] B. Grinstein, Nucl. Phys. B 339 (1990) 253;

H. Georgi, Phys. Lett. B 240 (1990) 447.

[15] A. G. Grozin, JHEP 03 (2000) 013 [hep-ph/0002266].

[16] A. G. Grozin, Lectures on QED and QCD: Practical calculation and renormalization of one- and multi-loop Feynman diagrams, World Scientific (2007); Int. J. Mod. Phys. A 19 (2004) 473 [hep-ph/0307297]; hep-ph/0508242.

[17] A. G. Grozin, in Proceedings of the Helmholtz International School “Heavy quark physics”, Dubna, 11–21 August 2008, ed. A. Ali, M. Ivanov, DESY-PROC-2009-07, p. 55, http://www-library.desy.de/preparch/desy/proc/proc09-07.pdf [arXiv:0809.4540 [hep-ph]].

[18] H. M. Fried, D. R. Yennie, Phys. Rev. 112 (1958) 1391. [19] D. R. Yennie, S. C. Frautschi, H. Suura, Ann. Phys. 13 (1961) 379. [20] K. Johnson, B. Zumino, Phys. Rev. Lett. 3 (1959) 351;

B. Zumino, J. Math. Phys. 1 (1960) 1.

[21] K. Melnikov, T. van Ritbergen, Nucl. Phys. B 591 (2000) 515 [hep-ph/0005131]. [22] A. G. Grozin, Phys. Lett. B 692 (2010) 161 [arXiv:1004.2662 [hep-ph]]. [23] V.A. Smirnov, Applied asymptotic expansions in momenta and masses, Springer Tracts in Modern Physics 177, Springer (2002).

[24] B. Jantzen, JHEP 12 (2011) 076 [arXiv:1111.2589 [hep-ph]]. [25] L. D. Landau, E. M. Lifshitz, The classical theory of fields, 4-th ed., Butterworth-Heinemann (1980), the problem after Sect. 69; J. D. Jackson, Classical electrodynamics, 3-rd ed., Wiley (1999), Sect. 15.6.

[26] J. D. Bjorken, I. Dunietz, J. Taron, Nucl. Phys. B 371 (1992) 111. [27] A. G. Grozin, A. V. Kotikov, arXiv:1106.3912 [hep-ph]. [28] G. P. Korchemsky, A. V. Radyushkin, Nucl. Phys. B 283 (1987) 342. [29] W. Kilian, T. Mannel, T. Ohl, Phys. Lett. B 304 (1993) 311 [hep-ph/9303224]. [30] J. D. Bjorken, S. D. Drell, Relativistic Quantum Mechanics, McGraw-Hill (1964), Chap. 4.

[31] C. L. Y. Lee, Preprint CALT-68-1663, CalTech (1991); revised (1997). [32] T. Mannel, W. Roberts, Z. Ryzak, Nucl. Phys. B 368 (1992) 204. [33] J. G. Körner, G. Thompson, Phys. Lett. B 264 (1991) 185;

S. Balk, J. G. Körner, D. Pirjol, Nucl. Phys. B 428 (1994) 499.

[34] A. G. Grozin, A. V. Smirnov, V. A. Smirnov, JHEP 06 (2006) 022 [hep-ph/0609280]. [35] J. G. M. Gatheral, Phys. Lett. B 133 (1983) 90;

J. Frenkel, J. C. Taylor, Nucl. Phys. B 246 (1984) 231. [36] D. J. Broadhurst, A. G. Grozin, Phys. Lett. B 267 (1991) 105. [37] K. G. Chetyrkin, A. G. Grozin, Nucl. Phys. B 666 (2003) 289 [hep-ph/0303113]. [38] X.-D. Ji, M. J. Musolf, Phys. Lett. B 257 (1991) 409.

[39] D. J. Broadhurst, A. G. Grozin, Phys. Rev. D 52 (1995) 4082 [hep-ph/9410240].

[40] A. G. Grozin, Phys. Lett. B 445 (1998) 165 [hep-ph/9810358]. [41] S. Bekavac, A. G. Grozin, P. Marquard, J. H. Piclum, D. Seidel, M. Steinhauser, Nucl. Phys. B 833 (2010) 46 [arXiv:0911.3356 [hep-ph]].

[42] G. P. Korchemsky, Mod. Phys. Lett. A 4 (1989) 1257.

[43] N. Kidonakis, Phys. Rev. Lett. 102 (2009) 232003 [arXiv:0903.2561 [hep-ph]];

arXiv:0910.0473 [hep-ph]; Phys. Rev. D 82 (2010) 054018 [arXiv:1005.4451 [hep-ph]]. [44] S. Moch, J. A. M. Vermaseren, A. Vogt, Nucl. Phys. B 688 (2004) 101 [hep-ph/0403192].

[45] M. Neubert, Eur. Phys. J. C 40 (2005) 165 [hep-ph/0408179]. [46] A. V. Smirnov, V. A. Smirnov, M. Steinhauser, Phys. Rev. Lett. 104 (2010) 112002 [arXiv:0911.4742 [hep-ph]];

C. Anzai, Y. Kiyo, Y. Sumino, Phys. Rev. Lett. 104 (2010) 112003 [arXiv:0911.4335 [hep-ph]].

[47] L. F. Abbott, Nucl. Phys. B 185 (1981) 189; Acta Phys. Polon. B 13 (1982) 33. [48] E. Eichten, B. R. Hill, Phys. Lett. B 243 (1990) 427.

[49] G. Amorós, M. Beneke, M. Neubert, Phys. Lett. B 401 (1997) 81 [hep-ph/9701375]. [50] A. Czarnecki, A. G. Grozin, Phys. Lett. B 405 (1997) 142; Erratum B 650 (2007) 447 [hep-ph/9701415].

[51] A. G. Grozin, P. Marquard, J. H. Piclum, M. Steinhauser, Nucl. Phys. B 789 (2008) 277 [arXiv:0707.1388 [hep-ph]].

[52] A. G. Grozin, T. Huber, D. Maître, JHEP 07 (2007) 033 [arXiv:0705.2609 [hep-ph]]. [53] J. Zupan, Eur. Phys. J. C 25 (2002) 233 [hep-ph/0202135]. [54] D. Kreimer, Z. Phys. C 54 (1992) 667.

[55] NIST Digital Library of Mathematical Functions, http://dlmf.nist.gov/ [56] E. E. Boos, A. I. Davydychev, Theor. Math. Phys. 89 (1991) 1052. [57] L. D. Landau, I. M. Khalatnikov, Sov. Phys. JETP 2 (1956) 69. [58] E. S. Fradkin, Sov. Phys. JETP 2 (1956) 361.

[59] N. N. Bogoliubov, D. V. Shirkov, Introduction to the theory of quantized fields, Wiley (1980), Sect. 45.

[60] H. Matsuda, R. Kubo, Progr. Theor. Phys. 63 (1980) 275;

T. Fukuda, R. Kubo, K.–i. Yokoyama, Progr. Theor. Phys. 63 (1980) 1384. [61] K.G. Chetyrkin, A. Rétey, Nucl. Phys. B 583 (2000) 3 [hep-ph/9910332].