arXiv:1305.4291v1 [math.GT] 18 May 2013

A NEW FORMULATION OF THE TEICHMÜLLER TQFT

JØRGEN ELLEGAARD ANDERSEN AND RINAT KASHAEV

Abstract. By using the Weil–Gel’fand–Zak transform of Faddeev’s quantum dilogarithm, we propose a new state-integral model for the Teichmüller TQFT, where the circle valued state variables live on the edges of oriented leveled shaped triangulations.

1. Introduction

Topological Quantum Field Theories in dimension 2 + 1 were discovered and axiomatized in [26, 2, 22], and first constructed in [21, 23] by combinatorial means from the finite dimensional representation category of the quantum group U_q(sl(2)) at roots of unity and later in [4] by purely topological means.

Quantum Teichmüller theory [15, 10] produces infinite dimensional representations of surface mapping class groups thus giving an example of a potential TQFT associated with Chern–Simons theory with a non-compact gauge group. The essential ingredients behind quantum Teichmüller theory are Penner’s cell decomposition of decorated Teichmüller space, the associated Ptolemy groupoid [19] (see also the recent book [20] with many other applications), and Faddeev’s quantum dilogarithm [8]. Quantum Teichmüller theory indeed has been extended to a TQFT in [1] along with physical constructions of [13, 14, 7, 5, 6].

In this paper, we propose a new formulation of the Teichmüller TQFT of [1]. We use the same combinatorial setting as in [1], but the new formulation has a number of distinguishing features:

• The state-integral is of the Turaev–Viro type with the state variables living on the edges of a triangulation and taking their values on the real line as in the model suggested in [16].

• Unlike [16], the integrand is periodic in each of the integration variables so that the state integral is performed only over the a compact domain given by a (multi-dimensional) cube. As a consequence, the convergence of the state integral is determined only by the integrability properties of the integrand. Similar integrations over compact sets were used recently in lattice integrable systems [3].

• The tetrahedral weights are quasi-periodic functions of state variables so that geometrically they determine sections of line bundles over tori.

• As in the earlier models of [1, 16], strict positivity of shapes is enough for absolute convergence, but as the tetrahedral weights of the new model admit analytic continuation to meromorphic sections of line bundles over

Date: May 18, 2013.

Supported in part by the center of excellence grant “Center for quantum geometry of Moduli Spaces” from the Danish National Research Foundation, and Swiss National Science Foundation. 1

complex tori, the partition functions can be analytically continued to arbitrary complex shapes so that the theory is well defined without imposing positivity conditions on shapes. As a consequence, the shaped 2-3 and 3-2 Pachner moves are valid without any restriction, and thus the theory becomes truly topologically invariant.

• Similarly to the model of [16], there is no any restriction for the topology of the cobordisms.

The explicit form of our state integral follows.

A triangulation X is a CW -complex where all cells are simplices. We denote by Δ_i(X) the set of i-dimensional cells of X. We refer to [1] for further notation and the detailed description of the combinatorial setting of leveled shaped triangulated oriented pseudo (LSTOP) 3-manifolds. Let T ⊂ R^3 be a shaped tetrahedron with vertex ordering mapping v : {0, 1, 2, 3} → Δ_0(T ).

For any x: Δ_1(T ) → R, we define a Boltzmann weight

B(T, x) = g_{α1,α3} (x_{02} + x_{13} − x_{03} − x_{12}, x_{02} + x_{13} − x_{01} − x_{23}) if T is positive and complex conjugate otherwise. Here x_{ij} ≡ x(v_iv_j ), α_i ≡ α_T (v_0v_i)/2π, (1) g_{a,c}(s, t) := ∑ m∈Z ψ̃^′_{a,c}(s + m)e^{iπt(s+2m)}, where (2) ψ̃^′_{a,c}(s) := e^{−πis2}ψ̃_{a,c}(s), (3) ψ̃_{a,c}(s) := ∫ R ψ_{a,c}(t)e^{−2πist}dt, and (4) ψ_{a,c}(t) := Φ̄_b(t − 2c_b(a + c))e^{−4πicba(t−cb(a+c))}e^{−πic2b (4(a−c)+1)/6}

= Φ̄_b(t + c_b(2b − 1))e^{−4πicba(t+cbb)}e^{πic2b (4(a−b)+1)/6},

b := 1 2 − a − c, c_b := i 2 (b + b^{−1}),

where Φ̄_b(x) := 1/Φ_b(x) with Faddeev’s quantum dilogarithm

(5) Φ_b(x) := exp (∫ C e^{−2ixw} dw 4 sinh(wb) sinh(w/b)w ) , where the contour C runs along the real axis, deviating into the upper half plane in the vicinity of the origin. It is easily seen that Φ_b(x) depends on b only through the combination ℏ defined by the formula

(6) ℏ^{−1} := ( b + b^{−1}

)_2

= −4c^2_b which we suppose to be real positive, but the theory admits an analytic continuation to the complement of the non positive real axis of complex plane.

Theorem 1. Let X be a closed LSTOP 3-manifold. Then, the quantity

(7) Z_ℏ(X) := e^{iπℓX /4ℏ} ∫ [0,1]^Δ1^{(X)} ∏ T ∈Δ_3(X) B ( T, x|_{Δ1(T )} ) dx admits an analytic continuation to a meromorphic function of the complex shapes which is invariant under all shaped 2 − 3 and 3 − 2 Pachner moves (along balanced edges).

Remark 1. The state integral (7) extends to arbitrary (non closed) LSTOP 3- manifolds. In that case one has to integrate over only the state variables living on internal edges. The result is a meromorphic section of a line bundle over a complex torus (C^∗ )^{Δ1(∂X)}. More generally, by fixing the real parts of shape variables, one can treat that section as a distribution over their imaginary parts, the space of test functions being the set of smooth sections of the dual line bundle. Remark 2. With additional normalization factors associated with regular vertices, the partition function (7) can be shown to be invariant under shaped 2 − 0 (0 − 2) moves which remove (add) regular vertices. In particular, this additional property permits to define link invariants in compact oriented 3-manifolds by using arbitrary H-triangulations.

We claim that the proposed model is equivalent to the Teichmüller TQFT of [1], but we postpone the proof for another publication.

Acknowledgements. We would like to thank Christian Blanchet, Tudor Dimofte, Stavros Garoufalidis, Cameron Gordon, Gregor Masbaum, Hitoshi Murakami, Yuri Neretin, Bertrand Patureau-Mirand, Nikolai Reshetikhin, Roland van der Veen for valuable discussions.

2. Proof of Theorem 1 Along with (4), we also define

(8) ψ̄_{a,c}(t) := Φ_b(t + 2c_b(a + c))e^{−4πicba(t+cb(a+c))}e^{πic2b (4(a−c)+1)/6}

= Φ_b(t + c_b(1 − 2b))e^{−4πicba(t−cbb)}e^{πic2b (4(b−a)−1)/6}, b := 1 2 − a − c. We have two equalities (9) ψ̃^′_{a,c}(x) = e^{− πi12} ψ_{c,b}(x), and (10) ψ̃_{a,c}(x) = e^{πi12} ψ̄_{b,c}(−x) ⇔ ψ̄_{a,c}(x) = e^{− πi12} ψ̃_{b,c}(−x). 2.1. The Pentagon identity.

Proposition 1. For any (α, β, γ, δ) ∈ R^4 , the following integral identity is satisfied:

(11) ∫ [0,1] g_{a4,c4} (γ − σ, α + δ − σ)g_{a2 ,c2} (σ, β + δ)g_{a0,c0} (α − σ, β + γ − σ)dσ = e^{− πi12ℏ Pe} g_{a1,c1} (α, β)g_{a3 ,c3} (γ, δ), where P_e := 2(c_0 + a_2 + c_4) − 1 2 , and the set of positive reals {a_i, c_i| i = 0, 1, . . . , 4} ⊂ R_{>0} , is such that b_i := 1 2 − a_i − c_i > 0, i = 0, 1, . . . , 4, and (12) a_1 = a_0 + a_2, a_3 = a_2 + a_4, c_1 = c_0 + a_4, c_3 = a_0 + c_4, c_2 = c_1 + c_3. Proof. Multiplying (11) by e^{−πi(αβ+γδ)}, integrating over the unit square in the 1- periodic variables β and δ, and using definition (1), we obtain an equivalent identity

(13) ∫ [0,1]^3 ∑ k,l,m∈Z ψ̃^′_{a4,c4} (γ − σ + k)ψ̃^′_{a2 ,c2} (σ + l)ψ̃^′_{a0,c0} (α − σ + m) × e^{πi((α+δ−σ)(γ−σ+2k)+(β+δ)(σ+2l)+(β+γ−σ)(α−σ+2m)−αβ−γδ)}dσdβdδ = e^{− πi12ℏ Pe}ψ̃^′_{a1 ,c1} (α)ψ̃^′_{a3 ,c3} (γ) where the triple sum is absolutely convergent. Exchanging the order of the integrations and summations, the double integral over β and δ gives two Kronecker’s deltas, δ_{m,−l}δ_{k,−l}, which permit to eliminate the summations over k and m with the result (14) l.h.s. of (13) = ∫ [0,1] ∑ l∈Z ψ̃^′_{a4,c4} (γ − σ − l)ψ̃^′_{a2 ,c2} (σ + l)ψ̃^′_{a0,c0} (α − σ − l) × e^{πi((α−σ)(γ−σ−2l)+(γ−σ)(α−σ−2l))}dσ. Now, the identity e^{πi((α−σ)(γ−σ−2l)+(γ−σ)(α−σ−2l))} = e^{2πi(α−σ−l)(γ−σ−l)}, ∀l ∈ Z, allows us to combine the integral and the sum in (14) into an absolutely convergent integral over the real axis: (15) r.h.s. of (14) = ∫ R ψ̃^′_{a4,c4} (γ − σ)ψ̃^′_{a2 ,c2} (σ)ψ̃^′_{a0 ,c0} (α − σ)e^{2πi(α−σ)(γ−σ)}dσ. By using definition (2), we eliminate four “primes” out of five and we obtain the following equivalent form of (13)

(16) ∫ R ψ̃_{a4 ,c4} (γ − σ)ψ̃^′_{a2 ,c2} (σ)ψ̃_{a0 ,c0} (α − σ)dσ = e^{− πi12ℏ Pe −2πiαγ}ψ̃_{a1 ,c1} (α)ψ̃_{a3 ,c3} (γ). Let us apply now the Fourier transformation over the variable γ, namely multiply (16) by e^{2πiβγ} and integrate over γ along the real axis. As all integrals are absolutely convergent, we can exchange the order of integrations in the left hand side, so that the integration over γ can be absorbed on both sides of the identity by using definition (3). In this way, we come to the equality:

(17) ∫ R ψ̃^′_{a2,c2} (σ)ψ̃_{a0 ,c0} (α − σ)e^{2πiβσ}dσ = e^{− πi}12ℏ^Pe ψ̃_{a1 ,c1} (α)ψ_{a3 ,c3} (β − α) ψ_{a4,c4} (β) , which, by using the the equalities (9) and (10), can also be writen in the form

(18) ∫ R ψ_{c2,b2} (σ)ψ̄_{b0 ,c0} (σ − α)e^{2πiβσ} dσ = e^{πi12} (^{1− 1ℏ} )^{Pe} ψ̄_{b1 ,c1} (−α)ψ_{a3 ,c3} (β − α) ψ_{a4,c4} (β) .

Now, it is a straightforward verification that (18) is a direct consequence of the integral Ramanujan identity. Indeed, for the left hand side of (18), we have that (19) l.h.s. of (18) = ∫ R Φ_b(σ − α + 2c_b(b_0 + c_0))

Φ_b(σ − 2c_b(c_2 + b_2)) e^{−4πicbc2(σ−cb(c2+b2 ))}e^{−πic2b (4(c2−b2)+1)/6} × e^{−4πicbb0(σ−α+cb(b0 +c0))}e^{πic2b (4(b0 −c0)+1)/6}e^{2πiβσ}dσ = ∫ R Φ_b(σ − α + c_b(1 − 2a_0))

Φ_b(σ − c_b(1 − 2a_2)) e^{2πi(β−2cb(b0 +c2))σ} dσ × e^{4πicbb0 α}e^{4πic2b (a0b0 −a2c2)}e^{2πic2b (a0−b0 −a2+c2)/3} = Ψ(c_b(1 − 2a_0) − α, c_b(2a_2 − 1), β − 2c_b(b_0 + c_2)) × e^{4πicbb0 α}e^{4πic2b (a0b0 −a2c2)}e^{2πic2b (a0−b0 −a2+c2)/3} = Φ_b(c_b(1 − 2(a_0 + a_2)) − α)Φ_b(c_b(1 − 2(b_0 + c_2)) + β) Φ_b(c_b(2(c_0 + b_2) − 1) − α + β) e^{4πicb(b0 α−a2β)} × e^{4πic2b (a0 b0+a2 c2+2a2b0 ))}e^{2πic2b (a0 −b0−a2+c2)/3}e^{πi(1−4c2b )/12}, while for the right hand side of (18), we have that (20) r.h.s. of (18) = Φ_b(c_b(1 − 2a_1) − α)Φ_b(c_b(2b_4 − 1) + β) Φ_b(c_b(2b_3 − 1) − α + β) e^{4πicb((b1+a3)α+(a4 −a3)β)} × e^{4πic2b (a1 b1−a3 b3+a4 b4)}e^{2πic2b (a1−b1 +a3−b3−a4 +b4)/3}e^{πi((1− 1ℏ )Pe −2c2b )/12}. The final expressions in (19) and (20) coincide provided (21) a_1 = a_0 + a_2, b_0 + c_2 + b_4 = 1, b_3 = c_0 + b_2, b_0 = b_1 + a_3, a_3 = a_2 + a_4 which is equivalent to (12). □ 2.2. Symmetries. We have that (22) ψ̃^′_{a,c}(x) = (G^{−1}F^{−1}ψ_{a,c})(x), where (23) (Gf)(x) := e^{πix2} f(x), Gf := G^{−1}f̄ and (24) (F f)(x) := ∫ R f(y)e^{2πixy}dy, F f := F^{−1}f̄ If we define the Weil–Gel’fand–Zak (WGZ) transformation [25, 12, 27, 18] by the formula (25) (W f)(x, y) = e^{πixy} ∑ m∈Z f(x + m)e^{2πimy}, (W f)(x, y) = (W f̄)(x, −y) then we have that (26) g_{a,c} = W ψ̃^′_{a,c} = W G^{−1}F^{−1}ψ_{a,c}, ḡ_{a,c}(x, y) = (W GF ψ̄_{a,c})(x, −y)

The WGZ-transformation associates to a function in the Schwartz class f ∈ S ≡ S(R) a smooth section g = W f ∈ Γ(L) of the complex line bundle L over the two torus corresponding to the quasi-periodicity properties: g(x + 1, y) = e^{−πiy}g(x, y), g(x, y + 1) = e^{πix}g(x, y), The inverse of WGZ-transformation is given by the formula: (W^{−1}g)(x) =

∫_1 0 g(x, y)e^{−πixy}dy. The WGZ-transform is an isometry from S to Γ(L).

Lemma 1. For any function f ∈ S, the following identities hold true: (27) (W F f)(x, y) = (W f)(−y, x), (W F^{−1}f)(x, y) = (W f)(y, −x), and (28) (W Gf)(x, y) = (W f) (x, x + y + 1/2) e^{−πix/2}, (W G^{−1}f) (x, y) = (W f)(x, y − x − 1/2)e^{πix/2}. Proof. For (27), we have that F f(x) = ∫ R f(y)e^{2πixy}dy = ∑ m∈Z ∫_{m+1} m f(y)e^{2πixy}dy

= ∑ m∈Z ∫_1 0 f(y + m)e^{2πix(y+m)}dy = ∫_1 0 (W f)(y, x)e^{πixy}dy = ∫_1 0 h(x, y)dy, where the function h(x, y) := (W f)(y, x)e^{πixy} has the following properties: h(x + 1, y) = e^{2πiy}h(x, y), h(x, y + 1) = h(x, y). In particular, it can be expanded in Fourier series h(x, y) = ∑ m∈Z h_m(x)e^{2πiym}, where

h_m(x) = ∫ [0,1] h(x, y)e^{−2πiym}dy = ∫ [0,1] h(x − m, y)dy = F f(x − m). Thus, (W f)(y, x) = h(x, y)e^{−πixy} = e^{−πixy} ∑ m∈Z F f(x − m)e^{2πiym} = (W F f)(x, −y). For (28), we have that (W Gf)(x, y) = e^{πixy} ∑ m∈Z e^{πi(x2+2xm+m)}f(x + m)e^{2πimy} = e^{−πix/2}(W f)(x, x + y + 1/2) □

Lemma 2. The following equalities hold true: (29) g_{a,c}(x, y) = ḡ_{a,b}(−x, y − x − 1/2)e^{πix/2}, and (30) g_{a,c}(x, y) = e^{− πi6} ḡ_{b,c}(x − y − 1/2, −y)e^{−πiy/2}. Proof. From (26) and Lemma 1 we have that (31) g_{a,c}(x, y) = (W G^{−1}F^{−1}ψ_{a,c})(x, y) = (W F^{−1}ψ_{a,c})(x, y − x − 1/2)e^{πix/2} = (W ψ_{a,c})(y − x − 1/2, −x)e^{πix/2}. On the other hand side, equality (9) implies that (32) g_{a,c} = W ψ̃^′_{a,c} = e^{− πi12} W ψ_{c,b} ⇔ W ψ_{a,c} = e^{πi12} g_{b,a}. Combining (31) and (32), we obtain that (33) g_{a,c}(x, y) = e^{πi12} g_{b,a}(y − x − 1/2, −x)e^{πix/2} ⇔ g_{a,c}(x, y) = e^{− πi12} g_{c,b}(−y, x − y + 1/2)e^{πiy/2} From (26), (10), (32), and Lemma 1 it follows that (34) ḡ_{a,c}(x, y) = e^{− πi12} (W F^2ψ_{b,c})(x, −y + x + 1/2)e^{−πix/2} = e^{− πi12} (W ψ_{b,c})(−x, y − x − 1/2)e^{−πix/2} = g_{a,b}(−x, y − x − 1/2)e^{−πix/2} which is equivalent to (29). Combining (34) and (33) we also have that (35) ḡ_{a,c}(x, y) = g_{a,b}(−x, y − x − 1/2)e^{−πix/2} = e^{πi6} g_{b,c}(−y + x + 1/2, −y)e^{−πiy/2} which is equivalent to (30). □ 2.3. Analytical continuation. Analytical properties of g_{a,c}(s, t) are determined by those of the function ϕ_b(x, y) = (W Φ_b)(x, y). The relation (33) implies that the following equalities hold true (36) ϕ_b(x, y) = ζ_oe^{πi}(^{cb(x+y− 12 )−y/2})ϕ_b(c_b + y, 1/2 − x − y)

= ζ^{−1}_o e^{πi(cby+(x−cb)/2)}ϕ_b(c_b + 1/2 − x − y, x − c_b), ζ_o = exp(πi(1 − 4c^2_b)/12). Besides that, the functional equations on Φ_b(x) imply the following functional equations on ϕ_b(x, y):

(37) ϕ_b(x, y) + e^{πb±1x−πib±2} ϕ_b(x, y − ib^{±1}) = e^{−πb±1} ϕ_b(x − ib^{±1}, y). Define functions (38) ξ(x) := ∏ (m,n)∈Z^2_{≥0} ( 1 − e^{2π(ix−bm−b−1n)} )

and (39) χ(x, y) := ξ(c_b − x)ξ(−y)ξ(x + y + 1/2). Proposition 2. The function ϕ_bχ is an analytic function on C^2 .

Proof. The series ∑ m∈ZΦ_b(x + m)e^{2πimy} converges absolutely in the domain (40) D_1 = {(x, y) ∈ C^2 | ℑx > −ℑy > 0} to a meromorphic function with poles contained in (41) P_1 := (c_b + Z + ibZ_{≥0} + ib^{−1}Z_{≥0}) × C .

Relations (36) imply that the domain of meromorphicity of ϕ_b(x, y) is extended to the union ∪^3_{i=1}D_i with D_1 defined in (40), (42) D_2 = {(x, y) ∈ C^2 | ℑc_b > ℑx > −ℑy} with poles contained in (43) P_2 := C × (Z + ibZ_{≥0} + ib^{−1}Z_{≥0}), and (44) D_3 = {(x, y) ∈ C^2 | ℑx < ℑc_b, ℑy < 0} with poles contained in (45) P_3 := {(x, y) ∈ C^2 | x + y ∈ 1 2 + Z + ibZ_{≤0} + ib^{−1}Z_{≤0}}, Notice that ∪^3_{i=1}P_i = χ^{−1}(0). It remains to extend the domain of definition of ϕ_b(x, y) to the rest of the space C^2 . We have (46) C^2 \ ∪^3_{i=1}D_i = ⊔^3_{i=1}G_i, where (47) G_1 = {(x, y) ∈ C^2 | ℑx ≤ −ℑy ≤ 0}, (48) G_2 = {(x, y) ∈ C^2 | ℑc_b ≤ ℑx ≤ −ℑy}, (49) G_3 = {(x, y) ∈ C^2 | ℑx ≥ ℑc_b, ℑy ≥ 0}. It is easy to see that the triples of points (50) Δ_±(x, y) := ((x, y), (x − ib^{±1}, y), (x − ib^{±1}, y − ib^{±1})) are such that for each i ∈ {1, 2, 3}, there exists an open set U_i ⊂ G_i, such that for any (x, y) ∈ U_i there exists a triple, either Δ_+(u, v) or Δ_−(u, v), such that one of its components is (x, y) and the other two components are in the union D_j ∪ D_k with {i, j, k} = {1, 2, 3}. That means that we can use one of the functional equations (37) to determine the value of ϕ_b(x, y). Thus, we extend the domain of definition of ϕ_b(x, y) to ∪^3_{i=1}(D_i ∪ G_i) with the set of poles still contained in the set χ^{−1}(0). In this way, one can continue enlarging the domain until we cover the whole space C^2 . □ 2.4. Shape gauge invariance. The gauge transformation in the space of dihedral angles and the level induced by an edge e, see [1], is equivalent to an imaginary shift of the integration variable x(e) (this is seen from the formula (4)) which, by using the holomorphicity of the Boltzmann weights, can be compensated by an imaginary shift of the integration path in the complex x(e)-plane.

This completes the proof of Theorem 1 except for the needed tetrahedral symmetries, which we treat in the following section.

3. TQFT rules and tetrahedral symmetries

We consider oriented surfaces with a restricted (oriented) cellular structure: all 2-cells are either bigons or triangles with their natural cellular structures. For example, the unit disk D in C has four different bigon structures with two 0-cells {e^0_±(∗) = ±1}, two 1-cells e^1_± : [0, 1] → D given by

e^1_+(t) = e^{iπt} or e^1_+(t) = −e^{−iπt}, e^1_−(t) = e^{−iπt} or e^1_−(t) = −e^{iπt}.

An inessential bigon is one where both edges are parallel. For the unit disk the two cell structures with {e^1_+(t) = e^{iπt}, e^1_−(t) = e^{−iπt}} and {e^1_+(t) = −e^{−iπt}, e^1_−(t) = −e^{iπt}} are inessential. Inessential bigons can be eliminated by naturally contracting them to a 1-cell, which in the case of the unit disk corresponds to projection to the real axis, z → ℜz.

For triangles we forbid cyclic orientation of the 1-cells. For example, the unit disk admits eight different triangle structures with 0-cells at the third roots of unity {e^0(∗) = 1, e^0_±(∗) = e^{±2πi/3}}, but only six of them are admissible.

Let S be an oriented triangulated surface. We define a line bundle E_S over T^{Δ1(S)} as the identification space of R^{Δ1 (S)} × C with respect to the equivalence relation generated by (f + δ_e, z) ∼ (f, e^{πi} ∑ e′ ∈Δ1(S) a(e,e ′ )f (e^′ )z), where δ

e(e^′) = 1 if e = e^′ and 0 otherwise, and a(e, e^′) = ∑ t∈Δ_2(S) at(e, e ′) with a_t(e, e^′) the antisymmetric in e and e^′ function taking the value 1 if e and e^′ belong to t and e^′ is next to e in the clockwise order (w.r.t. the orientation of S) and the value 0 if e and e^′ do not belong to t. The projection map p_S : E_S → T^{Δ1(S)} is given by

(51) p_S ([f, z]) = e^{2πif}

We start defining our TQFT by associating to an oriented triangulated surface S the vector space Γ(E_S ) of smooth sections of E_S . Let T be a shaped tetrahedron in R^3 with ordered vertices v_i, enumerated by the integers 0, 1, 2, 3. In the case of a positive tetrahedron, we define a vector Ψ_T ∈ Γ(E_{∂T} ) by the following formula

(52) Ψ_T (e^{2πix}) = g_{a,c}(x_{02} + x_{13} − x_{03} − x_{12}, x_{02} + x_{13} − x_{01} − x_{23})

where x ∈ R^{Δ1 (T )} with x_{ij} := x(v_iv_j ), 2πa = α_T (v_0v_1), and 2πc = α_T (v_0v_3). In the case of a negative tetrahedron, we use the same formula with g_{a,c} replaced by ḡ_{a,c}. The gluing rule is very simple: take the product of tetrahedral weights and integrate over state variables associated with all internal edges.

Next, we consider cones over essential bigons with induced cellular structure. Overall, the condition of admissibility of triangular faces leaves four isotopy classes of such cones. Let us describe them by using the cone in R^3 ≃ C × R over the unit disk in C with the apex at (0, 1) ∈ C × R. The four possible cellular structures are identified by three 0-cells {e^0_±(∗) = (±1, 0), e^0(∗) = (0, 1)}, and four 1-cells

{e^1_{0±}(t) = (±e^{iπt}, 0), e^1_±(t) = (±(1 − t), t)} or {e^1_{0±}(t) = (∓e^{−iπt}, 0), e^1_±(t) = (±(1 − t), t)} or {e^1_{0±}(t) = (±e^{iπt}, 0), e^1_±(t) = (±t, 1 − t)} or else {e^1_{0±}(t) = (∓e^{−iπt}, 0), e^1_±(t) = (±t, 1 − t)}.

Let us call them cones of type A_+, A_−, B_+, and B_−, respectively. We add TQFT rules by associating to these cones the following vectors:

(53) Ψ_{Y±} (x) = e^{±ϵY πi12} e^{πi(x0+−x0−)(x1+−x1−)} √ δ_1(x_{0+} − x_{0−} + 1/2),

where Y ∈ {A, B}, ϵ_A = −1, ϵ_B = 1, x_{i±} := x(e^1_{i±}), i ∈ {0, 1}. Here we use a formal square root of the 1-periodic δ-function. In practice, this is not a problem, since all bigons should be identified pairwise so that all square roots of δ-functions will be squared. Notice that our cones are symmetric with respect to rotation by the angle π around the vertical coordinate axis, and this symmetry corresponds to the symmetry with respect to exchange of the arguments x_{i+} ↔ x_{i−}.

Now we give a TQFT description of the tetrahedral symmetries of the tetrahedral partition functions generated by the identities of Lemma 2. Let us take a positive tetrahedron with vertices v_0, . . . , v_3. The edge v_0v_1 is incident to two faces opposite to v_2 and v_3. We can glue two cones, one of type A_+ and another one of type A_−, to these two faces in the way that one of the edges of the base bigons are glued to the initial edge v_0v_1, of course, by respecting all the orientations. Namely, we glue a cone of type A_+ to the face opposite to vertex v_3 so that the apex of the cone is glued to vertex v_2, and we glue a cone of type A_− to the face opposite to vertex v_2 so that the apex of the cone is glued to vertex v_3. Finally, we can glue naturally the two bigons with each other by pushing continuously the initial edge inside the ball and eventually closing the gap like a book. The result of all these operations is that we obtain a negative tetrahedron, where the only difference with respect to the initial tetrahedron is that the orientation of the initial edge v_0v_1 has changed and this corresponds to changing the order of these vertices. Notice that as these vertices are neighbors, their exchange does not affect the orientation of all other edges. Identity (29) corresponds exactly to these geometric operations on the level of the tetrahedral partition functions.

Similarly, we can describe the transformations with respect to change of orientations of the edges v_1v_2 and v_2v_3 and relate them to the identities (30) and (29), respectively. Altogether, these three transformations correspond to canonical generators of the permutation group of four elements which is the complete symmetry group of a tetrahedron.

4. Appendix A. Faddeev’s quantum dilogarithm

Following notation of [1], Faddeev’s quantum dilogarithm Φ_b(z) is defined by the integral

(54) Φ_b(z) ≡ exp (∫_{i0+∞} i0−∞ e^{−i2zw} dw 4 sinh(wb) sinh(w/b)w )

in the strip |ℑz| < |ℑc_b|, where c_b ≡ i(b + b^{−1})/2. Define also

(55) ζ_{inv} ≡ e^{iπ(1+2c2b )/6} = e^{iπc2b} ζ^2_o , ζ_o ≡ e^{iπ(1−4c2b )/12}

When ℑb^2 > 0, the integral can be calculated explicitly

(56) Φ_b(z) = (e^{2π(z+cb)b}; q^2)_∞/(e^{2π(z−cb)b−1} ; q̄^2)_∞

where q ≡ e^{iπb2} , q̄ ≡ e^{−iπb−2} .

Using symmetry properties Φ_b(z) = Φ_{−b}(z) = Φ_{1/b}(z) we choose ℜb > 0, ℑb ≥ 0. Φ_b(z) can be continued analytically in variable z to the entire complex plane as a meromorphic function with essential singularity at infinity and with the following characteristic properties

zeros and poles:

(57) (Φ_b(z))^{±1} = 0 ⇔ z = ∓(c_b + mib + nib^{−1}), m, n ∈ Z_{≥0};

behavior at infinity: depending on the direction along which the limit is taken

(58) Φ_b(z) | | | |_{|z|→∞} ≈ 1 | arg z| >^π_2 + arg b ζ^{−1}_{inv} e^{iπz2} | arg z| <^π_2 − arg b

(q̄^2 ;q̄^2)_∞ Θ(ib^{−1}z;−b^{−2}) | arg z − π 2 | < arg b

Θ(ibz;b^2) (q^2 ;q^2)_∞ | arg z + π 2 | < arg b where Θ(z; τ) ≡ ∑ n∈Z e^{iπτ n2+i2πzn}, ℑτ > 0; inversion relation:

(59) Φ_b(z)Φ_b(−z) = ζ^{−1}_{inv} e^{iπz2} ;

functional equations:

(60) Φ_b(z − ib^{±1}/2) = (1 + e^{2πb±1z})Φ_b(z + ib^{±1}/2);

unitarity: when b is real or on the unit circle (61) (1 − |b|)ℑb = 0 ⇒ Φ_b(z) = 1/Φ_b(z̄);

quantum pentagon identity:

(62) Φ_b(p)Φ_b(q) = Φ_b(q)Φ_b(p + q)Φ_b(p),

where selfadjoint operators p and q in L^2(R) satisfy the commutation relation pq − qp = (2πi)^{−1}.

4.1. Integral analog of_1ψ_1-summation formula of Ramanujan. Following [9], consider the following Fourier integral (63) Ψ(u, v, w) ≡ ∫ R Φ_b(x + u) Φ_b(x + v) e^{2πiwx} dx where (64) ℑ(v + c_b) > 0, ℑ(−u + c_b) > 0, ℑ(v − u) < ℑw < 0 Conditions (64) can be relaxed by deforming the integration contour in the complex plane of the variable x, keeping asymptotic directions within the sectors ±(| arg x|− π/2) > arg b. Enlarged in this way the domain of the variables u, v, w has the form (65) | arg(iz)| < π − arg b, z ∈ {w, v − u − w, u − v − 2c_b} Considering Φ_b(z) as a non-compact analog the function (x; q)_∞, definition (63) can be interpreted as an integral analog of_1ψ_1-summation formula of Ramanujan.

By the method of residues, (63) can be calculated explicitly Ψ(u, v, w) = ζ_o Φ_b(u − v − c_b)Φ_b(w + c_b) Φ_b(u − v + w − c_b) e^{−2πiw(v+cb)} (66) = ζ^{−1}_o

Φ_b(v − u − w + c_b) Φ_b(v − u + c_b)Φ_b(−w − c_b) e^{−2πiw(u−cb)}, (67) where the two expressions in the right hand side are related by the inversion relation (59).

4.2. Fourier transformation formulae. Special cases of Ψ(u, v, w) lead to the following Fourier transformation formulae for Faddeev’s quantum dilogarithm (68) ϕ_+(w) ≡ ∫ R Φ_b(x)e^{2πiwx} dx = Ψ(0, v, w)|_{v→−∞} = ζ^{−1}_o e^{2πiwcb} /Φ_b(−w − c_b) = ζ_oe^{−iπw2} Φ_b(w + c_b) and (69) ϕ_−(w) ≡ ∫ R (Φ_b(x))^{−1}e^{2πiwx} dx = Ψ(u, 0, w)|_{u→−∞} = ζ_oe^{−2πiwcb} Φ_b(w + c_b) = ζ^{−1}_o e^{iπw2} /Φ_b(−w − c_b).

The corresponding inverse transformations look as follows (70) (Φ_b(x))^{±1} = ∫ R ϕ_±(y)e^{−2πixy}dy, where the pole y = 0 should be surrounded from below.

4.3. Other integral identities. Faddeev’s quantum dilogarithm satisfies other analogs of hypergeometric identities, see for example [11]. Following [24, 17], for any n ≥ 1, we define (71) Ψ_n(a_1, . . . , a_n; b_1, . . . , b_{n−1}; w) ≡ ∫ R dx e^{i2πx(w−cb)} n∏ j=1 Φ_b(x + a_j ) Φ_b(x + b_j − c_b) where b_n = i0,

ℑ(b_j ) > 0, ℑ(c_b − a_j ) > 0, n∑ j=1 ℑ(b_j − a_j − c_b) < ℑ(w − c_b) < 0.

The integral analog of_1ψ_1-summation formula of Ramanujan in this notation takes the form (72) Ψ(u, v, w) = e^{−i2πw(v+cb)}Ψ_1(u − v − c_b; w + c_b), Ψ_1(a; w) = ζ_o

Φ_b(a)Φ_b(w) Φ_b(a + w − c_b) . Equivalently, we can write (73) Ψ̄_1(a; w) ≡ ∫ R Φ_b(x + c_b − i0) Φ_b(x + a) e^{−i2πx(w+cb)}dx = e^{i2π(a+cb)(w+cb)}Ψ_1(−a; −w) = ζ^{−1}_o

Φ_b(a + w + c_b) Φ_b(a)Φ_b(w) .

Using the integral_1ψ_1-summation formula of Ramanujan, we can obtain the integral analog of the transformation of Heine for_1ϕ_2 Ψ_2(a, b; c; w) =

Φ_b(a) Φ_b(c − b) Ψ_2(c − b, w; a + w; b). Using here the evident symmetry Ψ_2(a, b; c; w) = Ψ_2(b, a; c; w) we obtain the integral analog of Euler–Heine transformation (74) Ψ_2(a, b; c; w) = Φ_b(a)Φ_b(b)Φ_b(w) Φ_b(c − b)Φ_b(c − a)Φ_b(a + b + w − c) Ψ_2(c − a, c − b; c; a + b + w − c). Performing the Fourier transformation on w and using equation (72), we obtain the integral version of Saalschütz summation formula: (75) Ψ_3(a, b, c; d, a + b + c − d − c_b; −c_b) = ζ^3_o e^{iπd(2cb−d)} × Φ_b(a)Φ_b(b)Φ_b(c)Φ_b(a − d)Φ_b(b − d)Φ_b(c − d) Φ_b(a + b − d − c_b)Φ_b(b + c − d − c_b)Φ_b(c + a − d − c_b) . One particular case is obtained by taking the limit c → −∞: (76) Ψ_2(a, b; d; −c_b) = ζ^3_o e^{iπd(2cb−d)}

Φ_b(a)Φ_b(b)Φ_b(a − d)Φ_b(b − d) Φ_b(a + b − d − c_b) . 4.4. Quasi-classical limit of Faddeev’s quantum dilogarithm. We consider the asymptotic limit b → 0.

Proposition 3. For b → 0 and fixed x, one has the following asymptotic expansion

(77) ln Φ_b ( x 2πb ) = ∞∑ n=0 ( 2πib^2

)_{2n−1} B_{2n}(1/2)

(2n)!

∂^{2n} Li_2(−e^x) ∂x^{2n} where B_{2n}(1/2) — Bernoulli polynomials evaluated at 1/2. Proof. From one hand side, we can write formally

ln Φ_b ( x − iπb^2 2πb ) − ln Φ_b ( x + iπb^2 2πb ) = −2 sinh(iπb^2∂/∂x) ln Φ_b ( x 2πb ) . On the other hand side, ln(1 + e^x) = ∂ ∂x ∫_x −∞ ln(1 + e^z)dz = − ∂ ∂x Li_2(−e^x).

Substituting these expressions into the linearized functional equation (60) with positive exponent of b, we obtain (78) 2πib^2 ln Φ_b ( x 2πb ) = iπb^2∂/∂x sinh(iπb^2∂/∂x)

Li_2(−e^x).

Using the expansions z sinh(z) = ∞∑ n=0 B_{2n}(1/2)

(2z)^{2n} (2n)!

we obtain (77). □

Corollary 1. For b → 0, one has

(79) Φ_b ( x 2πb ) = e^12πib^{2 Li2 (−ex)} ( 1 + O(b^2) ) . References

[1] Jørgen Ellegaard Andersen and Rinat Kashaev. A TQFT from quantum Teichmüller theory.

arXiv:1109.6295, 2011.

[2] Michael Atiyah. Topological quantum field theories. Inst. Hautes Études Sci. Publ. Math., (68):175–186 (1989), 1988.

[3] Vladimir V. Bazhanov and Sergey M. Sergeev. A master solution of the quantum Yang-Baxter equation and classical discrete integrable equations. Adv. Theor. Math. Phys., 16(1):65–95, 2012.

[4] C. Blanchet, N. Habegger, G. Masbaum, and P. Vogel. Topological quantum field theories derived from the Kauffman bracket. Topology, 34(4):883–927, 1995.

[5] Robbert Dijkgraaf, Hiroyuki Fuji, and Masahide Manabe. The volume conjecture, perturbative knot invariants, and recursion relations for topological strings. Nuclear Phys. B, 849(1):166–211, 2011.

[6] Tudor Dimofte. Quantum Riemann surfaces in Chern–Simons theory. arXiv:1102.4847, 2011. [7] Tudor Dimofte, Sergei Gukov, Jonatan Lenells, and Don Zagier. Exact results for perturbative Chern–Simons theory with complex gauge group. Commun. Number Theory Phys., 3(2):363– 443, 2009.

[8] L. D. Faddeev. Discrete Heisenberg–Weyl group and modular group. Lett. Math. Phys., 34(3):249–254, 1995.

[9] L. D. Faddeev, R. M. Kashaev, and A. Yu. Volkov. Strongly coupled quantum discrete Liouville theory. I. Algebraic approach and duality. Comm. Math. Phys., 219(1):199–219, 2001.

[10] V. V. Fock and L. O. Chekhov. Quantum Teichmüller spaces. Teoret. Mat. Fiz., 120(3):511– 528, 1999.

[11] George Gasper and Mizan Rahman. Basic hypergeometric series, volume 96 of Encyclopedia of Mathematics and its Applications. Cambridge University Press, Cambridge, second edition, 2004. With a foreword by Richard Askey.

[12] I. M. Gel^′fand. Expansion in characteristic functions of an equation with periodic coefficients.

Doklady Akad. Nauk SSSR (N.S.), 73:1117–1120, 1950.

[13] Kazuhiro Hikami. Hyperbolicity of partition function and quantum gravity. Nuclear Phys. B, 616(3):537–548, 2001.

[14] Kazuhiro Hikami. Generalized volume conjecture and the A-polynomials: the Neumann– Zagier potential function as a classical limit of the partition function. J. Geom. Phys., 57(9):1895–1940, 2007.

[15] R. M. Kashaev. Quantization of Teichmüller spaces and the quantum dilogarithm. Lett. Math.

Phys., 43(2):105–115, 1998.

[16] Rinat Kashaev, Feng Luo, and Grigory Vartanov. A TQFT of Turaev–Viro type on shaped triangulations. arXiv:1210.8393, 2012.

[17] Rinat M. Kashaev. Discrete Liouville equation and Teichmüller theory. In Handbook of Teichmüller theory. Volume III, volume 17 of IRMA Lect. Math. Theor. Phys., pages 821–851. Eur. Math. Soc., Zürich, 2012.

[18] Yurii A. Neretin. Lectures on Gaussian integral operators and classical groups. EMS Series of Lectures in Mathematics. European Mathematical Society (EMS), Zürich, 2011.

[19] R. C. Penner. The decorated Teichmüller space of punctured surfaces. Comm. Math. Phys., 113(2):299–339, 1987.

[20] R. C. Penner. Decorated Teichmüller Theory, volume 1 of The QGM Master Class Series.

EMS Publishing House, Zürich, 2012.

[21] N. Reshetikhin and V. G. Turaev. Invariants of 3-manifolds via link polynomials and quantum groups. Invent. Math., 103(3):547–597, 1991.

[22] G. B. Segal. The definition of conformal field theory. In Differential geometrical methods in theoretical physics (Como, 1987), volume 250 of NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., pages 165–171. Kluwer Acad. Publ., Dordrecht, 1988.

[23] V. G. Turaev and O. Ya. Viro. State sum invariants of 3-manifolds and quantum 6j-symbols.

Topology, 31(4):865–902, 1992.

[24] Alexandre Yu. Volkov. Noncommutative hypergeometry. Comm. Math. Phys., 258(2):257– 273, 2005.

[25] André Weil. L’intégration dans les groupes topologiques et ses applications. Actual. Sci. Ind., no. 869. Hermann et Cie., Paris, 1940. [This book has been republished by the author at Princeton, N. J., 1941.].

[26] Edward Witten. Topological quantum field theory. Comm. Math. Phys., 117(3):353–386, 1988.

[27] J. Zak. Finite translations in solid state physics. Phys. Rev. Lett., 19:1385–1397, 1967.

Center for Quantum Geometry of Moduli Spaces, University of Aarhus, DK-8000, Denmark

E-mail address: andersen@qgm.au.dk

University of Geneva, 2-4 rue du Lièvre, Case postale 64, 1211 Genève 4, Switzerland E-mail address: rinat.kashaev@unige.ch