arXiv:1305.4598v1 [math.DG] 20 May 2013

NON-ABELIAN LIE ALGEBROIDS OVER JET SPACES

A. V. KISELEV^{§†} AND A. O. KRUTOV^‡

Abstract. We associate hamiltonian homological evolutionary vector fields which are the non-Abelian variational Lie algebroids’ differentials with Lie algebra-valued zero-curvature representations for partial differential equations.

Introduction. Lie algebra-valued zero-curvature representations for partial differential equations (PDE) are the input data for solving Cauchy’s problems by the inverse scattering method [29]. For a system under study to be integrable, a zero-curvature representation at hand must depend on a spectral parameter which is non-removable under gauge transformations. In the paper [24] M. Marvan developed a remarkable method for inspection whether a parameter in a given zero-curvature representation α is nonremovable; this technique refers to a cohomology theory generated by a differential ∂_α for every α.

In this paper we show that zero-curvature representations for PDE give rise to a natural class of non-Abelian variational Lie algebroids. In section 2 we list all the components of such structures (c.f. [18]); in particular, we show that Marvan’s operator ∂_α is the anchor. Non-Abelian variational Lie algebroids are naturally realized via BRST-like homological evolutionary vector fields Q on superbundles à la [5]. Having enlarged the BRST-type setup to a geometry which goes in a complete parallel with the standard BV-zoo ([4], see also [2]), in section 3 we extend the vector field Q to the evolutionary derivation ^Q(·) ∼= [[ ^S, ·]] whose Hamiltonian functional ^S satisfies the classical master-equation [[ ^S, ^S]] = 0. We then recall that equation’s gauge symmetry invariance and a construction of isomorphisms for the ^Q-cohomology [21], c.f. [13].

1. Preliminaries

Let us first briefly recall some definitions and notation (see [6, 14, 25] and [24] for detail).

1.1. The geometry of infinite jet space J^∞(π). Let M^n be a smooth real ndimensional orientable manifold. Consider a smooth vector bundle π : E^{n+m} → M^n with m-dimensional fibres and construct the space J^∞(π) of infinite jets of sections

Date: May 20, 2013.

2010 Mathematics Subject Classification. 37K10, 53D17, 58A20, 70S15.

Key words and phrases. Zero-curvature representation, gauge transformation, Lie algebroid, homological vector field.

§Address: Johann Bernoulli Institute for Mathematics and Computer Science, University of Groningen, P.O.Box 407, 9700 AK Groningen, The Netherlands. E-mail: A.V.Kiselev@rug.nl.

†Current address: Institut des Hautes Études Scientifiques, Route de Chartres 35, Bures-sur-Yvette, 91440 France.

‡Address: Department of Higher Mathematics, Ivanovo State Power University, Rabfakovskaya str. 34, Ivanovo, 153003 Russia. E-mail: krutov@math.ispu.ru.

for π. A convenient organization of local coordinates is as follows: let x^i be some coordinate system on a chart in the base M^n and denote by u^j the unknowns along a fibre of the bundle π so that one obtains the collection u^j_σ of jet variables along fibres of the vector bundle J^∞(π) → M^n (here |σ| ⩾ 0 and u^j_∅ ≡ u^j). In this setup, the total derivatives D_xi are commuting vector fields D_xi = ∂/∂x^i + ∑ j,σ u^j_{σi}∂/∂u^j_σ on J^∞(π). Consider a system of partial differential equations E = { F^ℓ(x^i, u^j, . . . , u^j_σ, . . . ) = 0, ℓ = 1, . . . , r < ∞ } ; without any loss of generality for applications we assume that the system at hand satisfies mild assumptions which are outlined in [14, 25]. Then the system E and all its differential consequences D_σ(F^ℓ) = 0 (thus presumed existing, regular, and not leading to any contradiction in the course of derivation) generate the infinite prolongation E^∞ of the system E.

Let us denote by D̄_xi the restrictions of total derivatives D_xi to E^∞ ⊆ J^∞(π). We recall that the vector fields D̄_xi span the Cartan distribution C in the tangent space T E^∞. At every point θ^∞ ∈ E^∞ the tangent space T_θ∞ E^∞ splits in a direct sum of two subspaces. The one which is spanned by the Cartan distribution E^∞ is horizontal and the other is vertical: T_θ∞ E^∞ = C_θ∞ ⊕ V_θ∞ E^∞. We denote by Λ^{1,0}(E^∞) = Ann C and Λ^{0,1}(E^∞) = Ann V E^∞ the C^∞(E^∞)-modules of contact and horizontal one-forms which vanish on C and V E^∞, respectively. Denote further by Λ^r(E^∞) the C^∞(E^∞)-module of r-forms on E^∞. There is a natural decomposition Λ^r(E^∞) = ⨁ q+p=r Λ p,q(E^∞), where Λ^{p,q}(E^∞) = ⋀_p Λ^{1,0}(E^∞) ∧ ⋀_q Λ^{0,1}(E^∞). This implies that the de Rham differential d̄ on E^∞ is subjected to the decomposition d̄ = d̄_h +d̄_C , where d̄_h : Λ^{p,q}(E^∞) → Λ^{p,q+1}(E^∞) is the horizontal differential and d̄_C : Λ^{p,q}(E^∞) → Λ^{p+1,q}(E^∞) is the vertical differential. In local coordinates, the differential d̄_h acts by the rule d̄_h = ∑ i dx^i ∧ D̄_xi . We shall use this formula in what follows.

1.2. Zero-curvature representations. Let g be a finite-dimensional (complex) Lie algebra. Consider its tensor product (over the ring of smooth functions on E^∞) with the exterior algebra of horizontal differential forms Λ̄(E^∞) on the infinite prolongation of E. This product is endowed with a Lie algebra structure by the bracket [Aμ, Bν] = [A, B] μ ∧ ν, where μ, ν ∈ Λ̄(E^∞) and A, B ∈ g.

Definition 1. A horizontal one-form g ⊗ α ∈ Λ^{0,1}(E^∞) is called a g-valued zerocurvature representation for E if α satisfies the Maurer–Cartan equation

E_{MC} = {¯ d_hα −^1_2 [α, α] = 0 } . (1)

Given a zero-curvature representation α = A_idx^i, the Maurer–Cartan equation E_{MC} can be interpreted as the compatibility condition for the linear system

Ψ_xi = A_iΨ,

where A_i ∈ g ⊗ C^∞(E^∞) and Ψ is the wave function, that is, a (local) section of the principal fibre bundle P (E^∞, G) with action of the gauge Lie group G on fibres; the Lie algebra of G is g. Then the system of equations

D_xi A_j − D_xj A_i + [A_i, A_j ] = 0, i < j is equivalent to Maurer–Cartan’s equation (1).

1.3. The gauge transformations. Let g be the Lie algebra of the Lie group G and α be a g-valued zero-curvature representation for a given PDE system E. A gauge transformation of the wave function by an element g ∈ C^∞(E^∞, G) induces the change α → α^g = d̄_hg · g^{−1} + g · α · g^{−1}. The zero-curvature representation α^g is called gauge equivalent to the initially given α; the G-valued function g on E^∞ determines the gauge transformation of α. For convenience, we make no distinction between the gauge transformations α → α^g and G-valued functions g which generate them.

It is readily seen that a composition of two gauge transformations, by using g_1 first and then by g_2, itself is a gauge transformation generated by the G-valued function g_2 ∘ g_1. Indeed, we have that

(α^{g1} )^{g2} = (d̄_hg_1 · g^{−1}_1 + g_1 · α · g^{−1}_1 )^{g2} = d̄_hg_2 · g^{−1}_2 + g_2 · (d̄_hg_1 · g^{−1}_1 + g_1 · α · g^{−1}_1 ) · g^{−1}_2

= (d̄_hg_2 · g_1 + g_2 · d̄_hg_1) · g^{−1}_1 · g^{−1}_2 + g_2 · g_1 · α · g^{−1}_1 · g^{−1}_2

= d̄_h(g_2 · g_1) · (g_2 · g_1)^{−1} + (g_2 · g_1) · α · (g_2 · g_1)^{−1}.

We now consider infinitesimal gauge transformations which are generated by elements of the Lie group G which are close to its unit element 1. Suppose that g_1 = 1+λp_1 +o(λ^2) and g_2 = 1 + μp_2 + o(μ^2) for some p_1, p_2 ∈ g and μ, λ ∈ R. The following lemma, an elementary proof of which refers to the definition of Lie algebra, is the key to a construction of the anchors in non-Abelian variational Lie algebroids (see next section).

Lemma 1. Let α be a g-valued zero-curvature representation for a system E. Then the commutant g_1 ∘ g_2 ∘ g^{−1}_1 ∘ g^{−1}_2 of infinitesimal gauge transformations g_1 and g_2 is an infinitesimal gauge transformation again.

Proof. By definition, put g = g_1 ∘ g_2 ∘ g^{−1}_1 ∘ g^{−1}_2 . Taking into account that g^{−1}_1 = 1 − λp_1 + o(λ^2) and g^{−1}_2 = 1 − μp_2 + o(μ^2), we obtain that

g = g_1g_2g^{−1}_1 g^{−2}_2 = (1 + λp_1 + o(λ^2))(1 + μp_2 + o(μ^2))(1 − λp_1 + o(λ^2))(1 − μp_2 + o(μ^2))

= (1 + λp_1 + μp_2 + λμp_1p_2 + o(μ^2 + λ^2))(1 − λp_1 − μp_2 + λμp_1p_2 + o(λ^2 + μ^2))

= 1 + λp_1 + μp_2 − λp_1 − μp_2 + λμ(2p_1p_2 − p_1p_2 − p_2p_1) + o(λ^2 + μ^2)

= 1 + λμ[p_1, p_2] + o(λ^2 + μ^2).

We finally recall that [p_1, p_2] ∈ g, whence follows the assertion. □

An infinitesimal gauge transformation g = 1 + λp + o(λ) acts on a given g-valued zero-curvature representation α for an equation E^∞ by the formula

α^g = d̄_h(1 + λp + o(λ)) · (1 − λp + o(λ)) + (1 + λp + o(λ)) · α · (1 − λp + o(λ)) = λd̄_hp + α + λ(pα − αp) + o(λ) = α + λ(d̄_hp + [p, α]) + o(λ). From the coefficient of λ we obtain the operator ¯∂_α = d̄_h + [·, α]. Lemma 1 implies that the image of this operator is closed under commutation in g, that is, [im ¯∂_α, im ¯∂_α] ⊆ im ¯∂_α. Such operators and their properties were studied in [18, 19]. We now claim that the operator ¯∂_α yields the anchor in a non-Abelian variational Lie algebroid.

2. Non-Abelian variational Lie algebroids

Let e_1, . . ., e_d be a basis in the Lie algebra g. Every g-valued zero-curvature representation for a given PDE system E^∞ is then α = α^k_i e_k dx^i for some coefficient functions α^k_i ∈ C^∞(E^∞). Construct the vector bundle χ: Λ^1(M^n) ⊗_C∞_{(M} n_) g → M^n and the trivial bundle ξ : M^n × g → M^n with the Lie algebra g taken for fibre. Next, introduce the superbundle Πξ : M^n × Πg → M^n the total space of which is the same as of ξ but such that the parity of fibre coordinates is reversed^1 (see Appendix A.2 on p. 15). Finally, consider the Whitney sum J^∞(χ) ×_M n J^∞(Πξ) of infinite jet bundles over the parity-even vector bundle χ and parity-odd Πξ.

With the geometry of every g-valued zero-curvature representation we now associate a non-Abelian variational Lie algebroid [18]. Its realization by a homological evolutionary vector field is the differential in the arising gauge cohomology theory (c.f. [26] and [2, 13, 18, 21, 24]).

Theorem 1. The parity-odd evolutionary vector field which encodes the non-Abelian variational Lie algebroid structure is

Q = ∂^{(α)}_{[b,α]+dhb} +^1_2 ∂^{(b)}_{[b,b]}, [Q, Q] = 0 ⇐⇒ Q^2 = 0, (2)

where for each choice of respective indexes,

• α^k_μ is a parity-even coordinate along fibres in the bundle χ of g-valued one-forms, • b^k is a parity-odd fibre coordinate in the bundle Πξ, • c^k_{ij} is a structure constant in the Lie algebra g so that [b^i, b^j ]^k = c^k_{ij} b^ib^j and [b^i, α^j]^k = c^k_{ij}b^iα^j, • d_h is the horizontal differential on the Whitney sum, • the operator ∂_α = d_h + [·, α]: Γξ → Γχ is the anchor.

Proof. The anticommutator [Q, Q] = 2Q^2 of the parity-odd vector field Q with itself is again an evolutionary vector field. Therefore it suffices to prove that the coefficients of ∂/∂α and ∂/∂b are equal to zero in the vector field

Q^2 = ( ∂^{(α)}_{[b,α]+dhb} +^1_2 ∂^{(b)}_{[b,b]} ) ( ∂^{(α)}_{[b,α]+dhb} +^1_2 ∂^{(b)}_{[b,b]} ) . We have [b, b]^k = c^k_{ij} b^ib^j by definition. Hence it is readily seen that (^1_2 ∂^{(b)}_{ckij bibj} )^2 = 0 because g is a Lie algebra [27]. Since the bracket [b, b] does not depend on α, we deduce that (∂^{(α)}_{[b,α]+dhb})(^1_2 ∂^{(b)}_{[b,b]}) = 0. Therefore,

Q^2 = ( ∂^{(α)}_{[b,α]+dhb} +^1_2 ∂^{(b)}_{[b,b]} ) ( ∂^{(α)}_{[b,α]+dhb} ) = −∂^{(α)}_{[b,[b,α]+dhb]} +^1_2 ∂^{(α)}_{[[b,b],α]+dh([b,b])} = ∂^{(α)}_{−[b,[b,α]−dhb]+ 12 [[b,b],α]+ 12 dh([b,b])}. Now consider the expression −[b, [b, α] − d_hb] +^1_2 [[b, b], α] +^1_2 d_h([b, b]), viewing it as a bilinear skew-symmetric map Γ(ξ) × Γ(ξ) → Γ(ξ). We claim that its value

(_1 2 [[b, [b, α] − 1The odd neighbour Πg of the Lie algebra is introduced in order to handle poly-linear, totally skewsymmetric maps of elements of g so that the parity-odd space Πg carries the information about the Lie algebra’s structure constants c^k_{ij} still not itself becoming a Lie superalgebra.

[b, [b, α]]) ) (p_1, p_2) at any two sections p_1, p_2 ∈ Γ(ξ) vanishes identically. Indeed, by taking an alternating sum over the permutation group of two elements we have that 1 2 [[p_1, p_2], α]−^1_2 [[p_2, p_1], α]−[p_1, [p_2, α]]+[p_2, [p_1, α]] = [[p_1, p_2], α]−[p_1, [p_2, α]]−[p_2, [α, p_1]] = −[α, [p_1, p_2]] − [p_1, [p_2, α]] − [p_2, [α, p_1] = 0.

At the same time, the value of bi-linear skew-symmetric mapping^1_2 d_h([b, b]) − [b, d_hb] at the sections p_1 and p_2 also vanishes, 1 2 d_h([p_1, p_2])−^1_2 d_h([p_1, p_2])−[p_1, d_hp_2]+[p_2, d_hp_1] = d_h([p_1, p_2])−[p_1, d_hp_2]−[d_hp_1, p_2] = 0. We conclude that Q^2 = ∂^{(α)}_{−[b,[b,α]−dhb]+ 12 [[b,b],α]+ 12 dh([b,b])} = ∂^{(α)}_0 = 0,

which proves the theorem. □ Example 1. Let g = sl_2(C ) with the standard basis e_1, e_2, e_3 such that [e_1, e_2] = −2e_1, [e_1, e_3] = e_2, [e_2, e_3] = −2e_3, c^1_2 = −2, c^1_3 = 0, c^1_{23} = 0, c^2_{12} = 0, c^2_{13} = 1, c^2_3 = 0, c^3_{12} = 0, c^3_{13} = 0, c^3_{23} = −2.

We denote by e_i the respective basic vectors in Πsl_2(C ) (essentially, the vectors are the same but the coordinates taken along them are parity-odd). Then we have that

[b, α] + d_hb = [b^ie_i, α^k_ae_k] + d_h(b^i)e_i = [ (−2b^1α^2_a + 2b^2α^1_a + b^1_a)e_1 + (b^1α^3_a − b^3α^1_a + b^2_a)e_2 + (2b^3α^2_a − 2b^2α^3_a + b^3_a)e_3 ] dx^a, where the sum over a runs from 1 to the dimension n of the base manifold. Suppose n = 2 for definition, then the differential Q is

Q = (−2b^1α^2_a + 2b^2α^1_a + b^1_a) ∂ ∂α^1_a + (b^1α^3_a − b^3α^1_a + b^2_a) ∂ ∂α^2_a + (2b^3α^2_a − 2b^2α^3_a + b^3_a) ∂ ∂α^3_a − 2b^1b^2 ∂ ∂b^1 + b^1b^3 ∂ ∂b^2 − 2b^2b^3 ∂ ∂b^3 − 2(b^1_ab^2 + b^1b^2_a) ∂ ∂b^1_a + (b^1_ab^3 + b^1b^3_a) ∂ ∂b^2_a − 2(b^2_ab^3 + b^2b^3_a) ∂ ∂b^3_a + . . . , here a ∈ {x^1, x^2}.

Let us inspect that Q^2 = 0 by an explicit calculation. The coefficient of ∂/∂α^1_a in Q^2 equals

Q(−2b^1α^2_a + 2b^2α^1_a + b^1_a) = 4b^1b^2α^2_a − 2(b^1α^3_a − b^3α^1_a + b^2_a)b^1 + 2b^1b^3α^1_a + 2(−2b^1α^2_a + 2b^2α^1_a + b^1_a)b^2 − 2(b^1_ab^2 + b^1b^2_a) = 4b^1b^2α^2_a − 2b^1b^3α^1_a + 2b^1b^2_a + 2b^1b^3α^1_a − 4b^1b^2α^2_a + 2b^1_ab^2 − 2b^1_ab^2 − 2b^1b^2_a = 0.

Likewise, the coefficient of ∂/∂α^2_a in Q^2 is equal to

Q(b^1α^3_a − b^3α^1_a + b^2_a) = −2b^1b^2α^3_a + (2b^3α^2_a − 2b^2α^3_a + b^3_a)b^1 + 2b^2b^3α^1_a

− (−2b^1α^2_a + 2b^2α^1_a + b^1_a)b^3 + b^1_ab^3 + b^1b^3_a = −2b^1b^2α^3_a − 2b^1b^3α^2_a + 2b^1b^2α^3_a − b^1b^3_a + 2b^2b^3α^1_a + 2b^1b^3α^2_a − 2b^2b^3α^1_a − b^1_ab^3 + b^1_ab^3 + b^1b^3_a = 0.

Thirdly, we have that the coefficient of ∂/∂α^3_a in Q^2 is

Q(2b^3α^2_a − 2b^2α^3_a + b^3_a) = −4b^2b^3α^2_a + 2(b^1α^3_a − b^3α^1_a + b^2_a)b^3 − 2b^1b^3α^3_a − 2(2b^3α^2_a − 2b^2α^3_a + b^3_a)b^2 − 2b^2_ab^3 − 2b^2b^3_a = −4b^2b^3α^2_a + 4b^1b^3α^3_a + 2b^2_ab^3 − 2b^1b^3α^3_a + 4b^2b^3α^2_a + b^2b^3_a − 2b^2_ab^3 − 2b^2b^3_a = 0.

A simultaneous vanishing of the coefficients of ∂/∂b^j in the vector field Q^2 is equivalent to the Jacobi identity. Specifically, we obtain that in Q^2 the coefficient of ∂/∂b^1 equals Q(−2b^1b^2) = −2b^1b^2b^2 + 2b^1b^3b^1 = 0, the one of ∂/∂b^2 is Q(b^1b^3) = −2b^1b^2b^3 + 2b^2b^3b^1 = 0, and the coefficient of ∂/∂b^3 is equal to Q(−2b^2b^3) = −2b^1b^3b^3 + 2b^2b^3b^2 = 0. This shows that Q^2 = 0.

Finally, let us derive a reparametrization formula for the homological vector field Q in the course of gauge transformations of zero-curvature representations. We begin with some trivia [7, 9].

Lemma 2. Let α be a g-valued zero-curvature representation for a PDE system. Consider two infinitesimal gauge transformations of α which are given by g_1 = 1+εp_1 +o(ε) and g_2 = 1 + εp_2 + o(ε). Let g ∈ C^∞(E^∞, G) also determine a gauge transformation of α. The the following diagram is commutative, α^{g g2}−−−→ β g g α^{g1}−−−→ α^{g1} , if the relation p_2 = g · p_1 · g^{−1} is valid.

Proof. By the lemma’s assumption we have that (α^{g1} )^g = (α^g)^{g2} . Hence we deduce that g · (1 + εp_1) = (1 + εp_2) · g ⇐⇒ g · p_1 = p_2 · g, which yields the transformation rule p_2 = g · p_1 · g^{−1} for the g-valued function p_1 on E^∞ in the course of gauge transformation g : α → α^g. □ Using the above lemma we describe the behaviour of homological vector field Q in the non-Abelian variational setup of Theorem 1. Corollary 1. Under a coordinate change α → α^′ = d_hg · g^{−1} + g · α · g^{−1}, b → b^′ = g · b · g^{−1}, where g ∈ C^∞(M^n, G), the variational Lie algebroid’s differential Q stays intact: Q −→ Q^′ = ∂^{(α′ )}_{[b′,α′]+dhb′} +^1_2 ∂^{(b′ )}_{[b′,b′]}.

3. The master-functional for zero-curvature representations

The correspondence between zero-curvature representations, i.e., classes of gauge-equi-valent solutions α to the Maurer–Cartan equation, and non-Abelian variational Lie algebroids goes in parallel with the BRST-technique in the frames of which the ghost variables appear and gauge algebroids arise (see [3, 16]). Let us therefore proceed from BRST- to the analogue of BV-approach to quantisation of gauge systems in the context of zero-curvature representations (c.f. [4, 5, 11]). We note that a finite-dimensional ‘forefather’ of what follows is discussed in detail in [2], which is devoted to Q- and QP - structures on (super)manifolds. Those concepts are standard; our message is that not only the approach of [2] to QP -structures on G-manifolds X and ΠT^∗X × ΠT^∗G/G ≃ ΠT^∗X ×g^∗ ×Πg remains applicable in the variational setup of jet bundles (i.e., whenever integrations by parts are allowed, whence many Leibniz rule structures are lost, see Appendix A), but even the explicit formulas for the BRST-field Q and the action functional ^S for the BV-field ^Q are valid literally. In fact, we recover the third and fourth equivalent formulations of the definition for a variational Lie algebroid (c.f. [2, 26] or a review [22]).

Let us recall from section 2 that α is a tuple of even-parity fibre coordinates in the bundle χ: Λ^1(M^n) ⊗ g → M^n and b are the odd-parity coordinates along fibres in the trivial vector bundle Πξ : M^n × Πg → M^n. We now let all the four neighbours of the Lie algebra g appear on the stage: they are g (in χ), g^∗, Πg (in Πξ), and Πg^∗ (see [27] and reference therein). Let us consider the bundle Πχ^∗ : D_1(M^n) ⊗ Πg^∗ → M^n whose fibres are dual to those in χ and also have the parity reversed.^2 We denote by α^∗ the collection of odd fibre coordinates in Πχ^∗.

Remark 1. In what follows we do not write the (indexes for) bases of vectors in the fibres of D_1(M^n) or of covectors in Λ^1(M^n); to make the notation short, their couplings are implicit. Nevertheless, a summation over such “invisible” indexes in ∂/∂x^μ and dx^ν is present in all formulas containing the couplings of α and α^∗. Moreover, we have that ⟨dx^i, ∂/∂x^j ⟩ = δ^i_j = −⟨∂/∂x^j , dx^i⟩ by the definition of two couplings Λ^1(M^n) × D_1(M^n) → kand D_1(M^n)×Λ^1(M^n) → k. By construction, the object α^∗ anticommutes with the de Rham differential on M^n (hence, with the lifting d_h of the differential from the base M^n to the total space in the Whitney sum over M^n of the infinite jet bundles at hand, see below). We also note that d_h(α^∗) is a very interesting object because α^∗ parametrizes fibres in D_1(M^n) ⊗ Πg^∗; the horizontal differential d_h produces the forms dx^i which are not necessarily coupled with their duals from D_1(M^n). (However, such objects cancel out in the identity ^Q^2 = 0, see p. 9.)

Secondly, we consider the even-parity dual ξ^∗ : M^n × g^∗ → M^n of the odd bundle Πξ; let us denote by b^∗ the coordinates along g^∗ in the fibres of ξ^∗.

Finally, we fix the ordering δα ∧ δα^∗ + δb^∗ ∧ δb (3) of the canonically conjugate pairs of coordinates (see Remark 1). By picking a volume form dvol(M^n) on the base M^n we then construct the odd Poisson bracket (Schouten

2 In terms of [2], the Whitney sum J^∞(χ)×_M n J^∞(Πχ^∗) plays the rôle of ΠT^∗X for a G-manifold X; here g is the Lie algebra of a Lie group G so that Πg ≃ ΠT G/G.

bracket [[ , ]]) on the senior horizontal cohomology space H^n(χ×_M n Πχ^∗ ×_M n Πξ ×_M n ξ^∗); we refer to [20] for a geometric theory of variations.

Theorem 2. The structure of non-Abelian variational Lie algebroid from Theorem 1 is encoded by the action functional ^S = ∫ dvol(M^n) { ⟨α^∗, [b, α] + d_h(b)⟩ +^1_2 ⟨b^∗, [b, b]⟩ } ∈ H^n(χ ×_M n Πχ^∗ ×_M n Πξ ×_M n ξ^∗)

which satisfies the classical master equation [[ ^S, ^S]] = 0. The functional ^S is the Hamiltonian of the odd-parity evolutionary vector field ^Q which is defined by equality^3 ^Q(H) ∼= [[ ^S, H]] (4) for any H ∈ H^n(χ ×_M n Πχ^∗ ×_M n Πξ ×_M n ξ^∗). The odd-parity field is ^Q = ⃗∂^{(α)}_{[b,α]+dh(b)} + ⃗∂^{(α∗)}_{(α∗)←−ad∗} b +^1_2 ⃗∂^{(b)}_{[b,b]} + ⃗∂^{(b∗)}_{− ad}∗_{α(α∗)+dh(α∗)+ad}∗_{b (b∗)},

where ⟨(α^∗) ←− ad^∗_b , α⟩^{def}= ⟨α^∗, [b, α]⟩ and ⟨ad^∗_b (b^∗), p⟩ = ⟨b^∗, [b, p]⟩ for any α ∈ Γ(χ) and p ∈ Γ(ξ). This BV-type evolutionary vector field is homological, ^Q^2 = 0.

Proof. In coordinates, the master-action ^S is equal to ^S = ∫ dvol(M^n) { α^∗_a(b^μc^a_{μν} α^ν + d_h(b^a)) +^1_2 b^∗_μb^β c^μ_{βγ} b^γ } ; here the summation over spatial degrees of freedom from the base M^n in implicit in the horizontal differential d_h and the respective contractions with α^∗. By the Jacobi identity for the variational Schouten bracket [[ , ]] (e.g., see [15]), the classical master equation [[ ^S, ^S]] = 0 is equivalent to the homological condition ^Q^2 = 0 for the odd-parity vector field defined by (4). The conventional choice of signs (3) yields a formula for this graded derivation, ^Q = ⃗∂^{(α)}_{−⃗δ ^S/δα∗} + ⃗∂^{(α∗)}_{⃗δ ^S/δα} + ⃗∂^{(b)}_{⃗δ ^S/δb∗} + ⃗∂^{(b∗)}_{−⃗δ ^S/δb}, where the arrows over ⃗∂ and ⃗δ indicate the direction along which the graded derivations act and graded variations are transported (that is, from left to right and rightmost, respectively). We explicitly obtain that ^Q = ⃗∂^{(αa)}_{bμ caμν αν +dh(ba)} + ⃗∂^{(α∗}ν^)_{α∗abμcaμν} + ⃗∂^{(bμ)}_{12 bβ cμβγ bγ} + ⃗∂^{(b∗μ)} {−α^∗ac^aμν α^ν +dh(α^∗μ)+b^∗ac^aμν b^ν }. Actually, the proof of Theorem 1 contains the first half of a reasoning which shows why ^Q2 = 0. (It is clear that the field ^Q consists of (2) not depending on α∗ and b∗ and of the two new terms.) Again, the anticommutator [ ^Q, ^Q] = 2 ^Q^2 is an evolutionary vector field. We claim that the coefficients of ∂/∂α^∗_ν and ∂/∂b^∗_μ in it are equal to zero.

3 Here ∼= denotes the equality up to integration by parts and we assume the absence of boundary terms.

Let us consider first the coefficient of ∂/∂α^∗ at the bottom of the evolutionary derivation ⃗∂^{(α∗ )} in ^Q^2; by contracting this coefficient with α = (α^ν ) we obtain ⟨α^∗_a, b^λc^a_{λμ}b^qc^μ_{qν} α^ν −^1_2 b^βc^μ_{βγ} b^γ c^a_{μν} α^ν ⟩. It is readily seen that α^∗ is here coupled with the bi-linear skew-symmetric operator Γ(ξ) × Γ(ξ) → Γ(χ) for any fixed α ∈ Γ(χ), and we show that this operator is zero on its domain of definition. Indeed, the comultiple | ⟩ of ⟨α^∗| is [b, [b, α]] −^1_2 [[b, b], α] so that its value at any arguments p_1, p_2 ∈ Γ(ξ) equals [p_1, [p_2, α]] − [p_2, [p_1, α]] − [^1_2 [p_1, p_2] −^1_2 [p_2, p_1], α] = 0 by the Jacobi identity.

Let us now consider the coefficient of ∂/∂b^∗_μ in the field ^Q^2. Two pairs of cancellations occur in the terms which contain the horizontal differential d_h. First, we obtain d_h(α^∗_a)b^λc^a_{λμ}b^μ + d_h(α^∗_a)c^a_{μλ}b^λb^μ.

Due to the skew-symmetry of structure constants c^k_{ij} in g, at any sections p_1, p_2 ∈ Γ(ξ) we have that d_h(α^∗_a) · ( p^λ_1 c^a_{λμ}p^μ_2 − p^λ_2 c^a_{λμ}p^μ_1 + c^a_{μλ}p^λ_1 p^μ_2 − c^a_{μλ}p^λ_2 p^μ_1 ) = 0.

Likewise, the other pair of terms with d_h is α^∗_a c^a_{μλ} d_h(b^λ)b^μ + α^∗_a d_h(b^λ) c^a_{λμ}b^μ (5) and it cancels out due to the same mechanism as above.^4

The remaining part of the coefficient of ∂/∂b^∗_μ in ^Q^2 is − α^∗_zb^λc^z_{λa}c^a_{μν} α^ν + α^∗_z c^z_{μν} b^ic^ν_{ij}α^j − α^∗_zc^z_{aν} α^ν c^a_{μj} b^j + b^∗_λc^λ_{aγ} b^γ c^a_{μj} b^j + b^∗_λc^λ_{μγ} ·^1_2 b^β c^γ_{βδ}b^δ . (6) It is obvious that the mechanisms of vanishing are different for the first and second lines in (6) whenever each of the two is regarded as mapping which takes b = (b^μ) to a number from the field k. Therefore, let us consider these two lines separately.

By contracting the upper line of (6) with b = (b^μ), we rewrite it as follows, ⟨−α^∗_z, b^λc^z_{λa}c^a_{μν} α^ν b^μ − c^z_{μν} b^ic^ν_{ij}α^j b^μ + c^z_{aν} α^ν c^a_{μj} b^j b^μ⟩. Viewing the content of the co-multiple | ⟩ of ⟨−α^∗| as bi-linear skew-symmetric mapping Γ(ξ) × Γ(ξ) → Γ(χ), we conclude that its value at any pair of section p_1, p_2 ∈ Γ(ξ) is [p_2, [p_1, α]] − [p_1, [p_2, α]] + [[p_1, p_2], α] − [p_1, [p_2, α]] + [p_2, [p_1, α]] − [[p_2, p_1], α] = 0 − 0 = 0, because each line itself amounts to the Jacobi identity.

At the same time, the contraction of lower line in (6) with b = (b^μ) gives ⟨b^∗_λ, c^λ_{aγ} b^γ c^a_{μj} b^j b^μ + c^λ_{μγ} ·^1_2 b^β c^γ_{βδ}b^δb^μ⟩.

4 We notice that algebraic expression (5), even though its value at all p_1, p_2 ∈ Γ(ξ) vanishes, occurs in ^Q^2 with the plus sign: a convention that the Z_2-graded derivation d_h overtakes the “(−1)-form” α^∗ producing the minus sign is compensated by the minus sign in the coupling ⟨∂/∂x^i, dx^j ⟩ = −δ^j_i of the duals dx^j to vectors with their own duals. We recall that this mechanism determines the minus sign in front of the second term of the Schouten bracket.

The term | ⟩ near ⟨b^∗| determines the tri-linear skew-symmetric mapping Γ(ξ) × Γ(ξ) × Γ(ξ) → Γ(ξ) whose value at any p_1, p_2, p_3 ∈ Γ(ξ) is defined by the formula ∑ σ∈S_3 (−)^σ {[ [p_{σ(1)}, p_{σ(2)}], p_{σ(3)} ] + [ p_{σ(1)},^1_2 [p_{σ(2)}, p_{σ(3)}] ]} . This amounts to four copies of the Jacobi identity (indeed, let us take separate sums over even and odd permutations). Consequently, the tri-linear operator at hand, hence the entire coefficient of ∂/∂b^∗, is equal to zero so that ^Q^2 = 0. □

We finally describe a class of infinitesimal gauge symmetries for the classical masterequation [[ ^S, ^S]] = 0. This construction is standard, it illustrates general principles of the theory of differential graded Lie (dgL) or dgL_∞-algebras (see [2, 21] and [13]). Let us remember that the geometry at hand is a quasiclassical approximation ℏ → 0 to the full geometry of quantum master-equation ([4, 11] and [20]); we recall that the laws of evolution for quantum master-action and representatives of the arising cohomology classes no longer coincide in the course of gauge symmetry transformations.

Theorem 3. An infinitesimal shift ^S → ^S(ε) = ^S + ε[[ ^S, F]] + o(ε), where F is an odd-parity functional, is a gauge symmetry of the classical master equation [[ ^S, ^S]] = 0. A simultaneous shift η → η(ε) = η + ε[[η, F]] + o(ε) of all functionals η ∈ H^n(χ ×_M n Πχ^∗ ×_M n Πξ ×_M n ξ^∗), but not of the generator F itself, preserves the structure of ^Qcohomology classes.

Proof. Let F be an odd-parity functional and perform the infinitesimal shift ^S → ^S + [[ ^S, F]] + o(ε) of the Hamiltonian ^S for the differential ^Q. We have that [[ ^S(ε), ^S(ε)]] = [[ ^S, ^S]] + 2ε[[ ^S, [[ ^S, F]]]] + o(ε). By using the shifted-graded Jacobi identity for the variational Schouten bracket [[ , ]] (e.g., see [15]) we deduce that

[[ ^S, [[ ^S, F]]]] =^1_2 [[[[ ^S, ^S]], F]],

so that the infinitesimal shift is a symmetry of the classical master-equation [[ ^S, ^S]] = 0.

Now let a functional η mark a ^Q-cohomology class, i.e., suppose [[ ^S, η]] = 0. In the course of simultaneous evolution ^S → ^S(ε) for the classical master-action and η → η(ε) for ^Q-cohomology elements, the initial condition [[ ^S, η]] = 0 at ε = 0 evolves as fast as

[[[[ ^S, F]], η]] + [[ ^S, [[η, F]]]] = [[[[ ^S, η]], F]] = 0

due to the Jacobi identity and the cocycle condition itself. In other words, the ^Qcocycles evolve to ^Q(ε)-cocycles.

At the same times, let all functionals h ∈ H^n(χ ×_M n Πχ^∗ ×_M n Πξ ×_M n ξ^∗) evolve by the law h → h(ε) = h+ε[[h, F]]+o(ε). Consider two representatives, η and η +[[ ^S, h]], of the ^Q-cohomology class for a functional η. On one hand, the velocity of evolution of the ^Q-exact term [[ ^S, h]] is postulated to be [[[[ ^S, h]], F]]; we claim that the infinitesimally shifted functional [[ ^S, h]](ε) remains ^Q(ε)-exact. Indeed, on the other hand we have that, knowing the change ^S → ^S(ε) and h → h(ε), the calculated velocity of the exact term is [[[[ ^S, F]], h]] + [[ ^S, [[h, F]]]] = [[[[ ^S, h]], F]] (the Jacobi identity for [[ , ]] works again and the assertion is valid irrespective of the parity of h whenever F is parity-odd).

We conclude that the postulated and calculated evolutions of ^Q-exact terms coincide, whence ^Q-coboundaries become ^Q(ε)-coboundaries after the infinitesimal shift. Consequently, the structure of ^Q-cohomology group stays intact under such transformations of the space of functionals. □

Remark 2. The two gauge groups, the Lie group G for zero-curvature representations α and the gauge group for physical fields q(x) which satisfy the equation of motion E = {δS/δq = 0}, can be unrelated. Indeed, the non-Abelian Lie algebroid (e.g., encoded by the master-action ^S and the differential ^Q) and the gauge algebroid [3, 16] or the classical Batalin–Vilkovisky formalism of the BV-action S = S +. . . and the differential D = Q_{BRST} + . . . co-exist in different jet (super)bundles over M^n. By taking the Whitney sum over M^n of the two geometries we obtain the full action S + ^S of the model and the QP -structure (e.g., the differential is D + ^Q; note that the odd-parity fields D and ^Q anticommute). This approach restores the information about the Euler– Lagrange equation of motion E but allows one to operate with the system E and the Maurer–Cartan equation upon α by staying on the infinite jet spaces.

Discussion

Non-Abelian variational Lie algebroids which we associate with the geometry of g-valued zero-curvature representations are the simplest examples of such structures in a sense that the bracket [ , ]_A on the anchor’s domain is a priori defined in each case by the Lie algebra g. That linear bracket is independent of either base points x ∈ M^n or physical fields q(x). Another example of equal structural complexity is given by the gauge algebroids in Yang–Mills theory [3]. Indeed, the bracket [ , ]_A on the anchor’s domain of definition is then completely determined by the multiplication table of the structure group for the Yang–Mills field. The case of variational Poisson algebroids [10, 18] is structurally more complex: to determine the bi-differential bracket [ , ]_A it suffices to know the anchor A; however, the bracket can explicitly depend on the (jets of) fields or on base points. The full generality of variational Lie algebroids setup is achieved for 2D Toda-like systems or gauge theories beyond Yang–Mills (e.g., for gravity).

Actually, we introduced the notion of non-Abelian variational Lie algebroids via the classical master-equation [[ ^S, ^S]] = 0 previewing a simultaneous use of the genuine BVaction functional,^5 with an eye towards quantization (of both the gauge model and its zero-curvature representation α). Although the Maurer–Cartan equation upon α was initially implicit in the reasoning, we recall that this flatness equation itself is

5The class of admissible models is much wider than it may first seem; for example, the Korteweg– de Vries equation w_t = −^1_2 w_{xxx} + 3ww_x is Euler–Lagrange with respect to the action functional S_0 =

∫ {_1 2 v_xv_t −^1_4 v^2_{xx} −^1_2 v^3_x } dx ∧ dt if one sets w = v_x. In absence of the model’s own gauge group, its BV-realization shrinks but there remains gauge invariance in the Maurer–Cartan equation.

Euler–Lagrange (c.f. [1, 2, 28]). Therefore, the objects which we describe here mediate between the Yang–Mills and Chern–Simons models. An intriguing question is whether “reasonable” Chern–Simons models in retrospect narrow the class of admissible base manifolds M^n for gauge field theories. Here we also admit that a triviality of the boundary conditions is assumed by default throughout this paper (see footnote 3 on p. 8 and also [2]). This is of course a model situation; a selection of “reasonable” geometries could in principle overload the setup with non-vanishing boundary terms.

Appendix A. Lie algebroids: an overview

For consistency, let us recall the standard construction of a Lie algebroid over a usual smooth manifold N^m. By definition (see below) it is a vector bundle ξ : Ω^{d+m} → N^m such that the C^∞(N)-module Γ(ξ) of its sections is endowed with a Lie algebra structure [ , ]_A and with an anchor,

A ∈ Mor(ξ, T N) ≃ Hom_C∞_{(N)}(Γ(ξ), Γ(T N)), (7)

which satisfies Leibniz rule (10) for [ , ]_A. By introducing the odd neighbour Πξ : ΠΩ → N of the vector bundle ξ, one represents [26] the Lie algebroid over N in terms of an odd-parity derivation Q in the ring C^∞(ΠΩ) ≃ Γ( ⋀_• Ω^∗) of smooth functions on the total space ΠΩ of the new superbundle Πξ.

Let us indicate in advance the elements of the classical definition which are irreparably lost as soon as the base manifold becomes the total space of an infinite jet bundle π_∞ : J^∞(π) → M^n for a given vector bundle π over the new base.^6 The new anchor almost always becomes a positive order operator in total derivatives; it takes values in the space of π_∞-vertical, evolutionary vector fields that preserve the Cartan distribution on J^∞(π). But Newton’s binomial formula for the derivatives in A prescribes that the old identification A(f · X) = f · A(X) of the two module structures for Γ(Ω) ∋ X and Γ(T N) is no longer valid (and isomorphism (7) is lost). Simultaneously, Leibniz rule (10) is not valid, e.g., even if one takes A = id for ξ = π.

To resolve the arising obstructions, for the new definition of a variational Lie algebroid over J^∞(π) we take the proven Frobenius property [im A, im A] ⊆ im A of the anchor to be the Lie algebra homomorphism (ΓΩ, [ , ]_A) → (Γ(T N), [ , ]). In other words, we postulate an implication but not the initial hypothesis of classical construction. Such resolution was proposed in [18] for the (graded-)commutative setup of Poisson geometry on J^∞(π) or for the geometry of 2D Toda-like systems and BV-formalism for gaugeinvariant models such as the Yang-Mills equation (see [16] and also [3] in which an attempt to recognize the classical picture is made in a manifestly jet-bundle setup).

6 To recognize the old manifold N^m in this picture and to understand where the new bundle π over M^n stems from, one could view N^m as a fibre in a locally trivial fibre bundle π over M^n, so that the new anchor takes values in Γ(π^∗_∞(T π)) for the bundles induced over J^∞(π) from the tangent T π to π. It is then readily seen that the classical construction corresponds to the special case n = 0 and M^n = {pt} (equivalently, one sets Γ(π) ≃ N^m so that only constant section are allowed). However, in a generic situation of non-constant smooth sections one encounters positive differential order maps A: Γ(π^∗_∞(ξ)) → Γ(π^∗_∞(T π)) for ξ : Ω^{n+d} → M^n; likewise, the ‘functions’ standing in coefficients of all object become differential functions of arbitrary finite order on J^∞(π). Consequently, the former construction of a Lie algebroid over N^m becomes no more the a zero-order term in an analytic description of the new jet-bundle geometry.

In this paper we show that the new approach is equally well applicable in the non- Abelian case of Lie algebra-values zero-curvature representations for partial differential equations E^∞ ⊆ J^∞(π) (which could offer new insights in the arising gauge cohomology theories [24]).

A.1. The classical construction of a Lie algebroid. Let N^m be a smooth real m-dimensional manifold (1 ≤ m ≤ +∞) and denote by F = C^∞(N^m) the ring of smooth functions on it. The space κ = Γ(T N) of sections of the tangent bundle T N is an F-module. Simultaneously, the space κ is endowed with the natural Lie algebra structure [ , ] which is the commutator of vector fields, [X, Y ] = X ∘ Y − Y ∘ X, X, Y ∈ Γ(T N). (8) As usual, we regard the tangent bundle’s sections as first order differential operators with zero free term.

The F-module structure of the space Γ(T N) manifests itself for the generators of κ through the Leibniz rule, [f X, Y ] = (f X) ∘ Y − f · Y ∘ X − Y (f) · X, f ∈ F. (9) The coefficient −Y (f) of the vector field X in the last term of (9) belongs again to the prescribed ring F.

Let ξ : Ω^{m+d} → N^m be another vector bundle over N and suppose that its fibres are d-dimensional. Again, the space ΓΩ of sections of the bundle ξ is a module over the ring F of smooth functions on the manifold N^m.

Definition 2 ([26]). A Lie algebroid over a manifold N^m is a vector bundle ξ : Ω^{d+m} → N^m whose space of sections ΓΩ is equipped with a Lie algebra structure [ , ]_A together with a morphism of the bundles A: Ω → T N, called the anchor, such that the Leibniz rule [f · X, Y]_A = f · [X, Y]_A − ( A(Y)f ) · X (10)

holds for any X, Y ∈ ΓΩ and any f ∈ C^∞(N^m).

Example 2. Lie algebras are toy examples of Lie algebroids over a point. The other standard examples are the tangent bundle and the Poisson algebroid structure of the cotangent bundle to a Poisson manifold [23].

Lemma 3 ([12]). The anchor A maps the bracket [ , ]_A for sections of the vector bundle ξ to the Lie bracket [ , ] for sections of the tangent bundle to the manifold N^m.

Remarkably, the assertion of Lemma 3 is often postulated (for convenience, rather than derived) as a part of the definition of a Lie algebroid, e. g., see [26, 27] vs [12, 23].

Proof. This property is a consequence of Leibniz rule (10) and the Jacobi identity for the Lie algebra structure [ , ]_A in ΓΩ. Let X, Y, Z ∈ ΓΩ and f ∈ F be arbitrary. Then, by definition, we have the Jacobi identity

[[X, Y]_A, f · Z]_A + [[Y, f · Z]_A, X]_A + [[f · Z, X]_A, Y]_A = 0.

Now using (10), we obtain

A([X, Y]_A)(f) · Z + f · [[X, Y]_A, Z]_A + [A(Y)(f) · Z, X]_A + [f · [Y, Z]_A, X]_A − [A(X)(f) · Z, Y]_A + [f · [Z, X]_A, Y]_A = 0,

whence we obviously deduce that

f · ([[X, Y]_A, Z]_A + [[Y, Z]_A, X]_A + [[Z, X]_A, Y]_A) + (A([X, Y]_A)(f) − A(X)(A(Y)(f)) + A(Y)(A(X)(f))) · Z = 0,

and the assertion easily follows by using the Jacobi identity for [ , ]_A one more time. □

Corollary 2. The anchors A are Lie algebra homomorphisms:

X ⊗_R Y^{[ , ]A}−−−→ [X, Y]_A A×A A A(X) ⊗_R A(Y)^{[ , ]}−−−→ [A(X), A(Y)], X, Y ∈ ΓΩ.

In the course of transition from usual manifolds N^m to jet spaces J^∞(π) it is natural that maps of spaces of sections become positive-order linear differential operators. For example, the anchors will be operators in total derivatives A ∈ CDiff ( Γ(π^∗_∞(ξ)) → Γ(π^∗_∞(T π)) ) for spaces of sections of induced vector bundles. Note that the π_∞-vertical component of the tangent bundle to J^∞(π) is the target space. Whenever that differential order is strictly positive, one loses the property of A to be a homomorphism over the algebra F(π) = C^∞(J^∞(π)) of differential functions of arbitrary finite order. Indeed, consider the first-order anchor ∂_α = [·, α] + d_h, which we discuss in this paper (c.f. [24]): even though [f · p, α] = f · [p, α], the horizontal differential d_h acts by the Leibniz rule so that ∂_α(f · p) ≠ f · ∂_α(p) if f ≠ const. We see that such map of horizontal module of sections for a bundle π^∗_∞(ξ) induced over J^∞(π) is not completely determined by the images of a basis of local sections in ξ, which is in contrast with the classical case in (7).

Likewise, the Leibniz rule expressed by (10) does not hold whenever a section Y ∈ Γ(π^∗_∞(ξ)) ≃ Γ(ξ)⊗_C∞_{(M)} C^∞(J^∞(π)) contains derivatives u_σ of fibre coordinates u in π. A (counter)example is as follows: take ξ = T π and set A = id: ( Γ(π^∗_∞(T π)), [ , ]_A ) → ( Γ(π^∗_∞(T π)), [ , ] ) , where both Lie algebra structures are the commutator of evolutionary vector fields. Let X, Y ∈ Γ ( π^∗_∞(T π) ) and f ∈ C^∞(J^∞(π)). Then we have that

[fX, Y]_A = ∂^{(u)}_{fX} (Y) − ∂^{(u)}_Y (f · X) = f · [X, Y]_A − A(Y)(f) · X + ∑ |σ|>0 ∑ ρ∪τ =σ |ρ|>0 d^{|ρ|} dx^ρ (f) · d^{|τ |} dx^τ (X) · ∂ ∂u_σ (Y).

As soon as the above two ingredients of the classical definition are lost, we take for definition of an anchor in a variational Lie algebroid over J^∞(π) the involutivity [im A, im A] ⊆ im A of image of a linear operator A ∈ CDiff ( Γ(π^∗_∞(ξ)), Γ(π^∗_∞(T π)) ) whose values belong to the space of generating sections of evolutionary vector fields on J^∞(π) (alternatively, the anchor could take values in a smaller Lie algebra of infinitesimal symmetries for a given equation E^∞ ⊆ J^∞(π)). Notice that the anchor is then a Lie algebra homomorphism by construction, namely, A: ( Γ(π^∗_∞(ξ)), [ , ]_A ) → ( κ(π), [ , ] ) . Note further that, on one hand, the bracket [ , ]_A could be induced on Γ(π^∗_∞(ξ))/ ker A by the property [A(p_1), A(p_2)] = A([p_1, p_2]_A) of commutation closure for the image of A. (Such is the geometry of Liouville-type Toda-like systems or the BRST- and BV-approach to gauge field models, see [16, 17, 18] and references therein). On the other hand, the bracket [ , ]_A can be present ab initio in the picture: such is the case of Hamiltonian operators A in the Poisson formalism or the geometry of zero-curvature representations (indeed, we then have [ , ]_A = [ , ]_g for the Lie algebra g of a gauge group G). This alternative yields four natural examples of variational Lie algebroids.

The group law for (infinitesimal) gauge transformations reveals a parallel between the BRST-component of the BV-differential [4, 5] and a cohomological organization of gauge group’s orbits for zero-curvature representations of a given PDE [24]. This correspondence becomes even more transparent in the Z_2-graded setup of superbundles.

A.2. The odd neighbour Πξ : ΠΩ → N^m and differential Q^2 = 0. The odd neighbour of a vector bundle ξ : Ω^{m+d} → N^m over a smooth real manifold N^m is the vector bundle Πξ : ΠΩ^{m+d} → N^m over the same base and with the same vector space R^d taken as the prototype for the fibre over each point x ∈ U_α ⊆ N^m: the coordinate diffeomorphism is φ_α : U_α × R^d → ΠΩ^{d+m}. Moreover, the topology of the bundle Πξ coincides with that of ξ so that the gluing transformations g^Π_{αβ} ∈ GL(d, R) in the fibres over intersections U_α ∩ U_β ⊆ N^m of charts, smoothly depending on x ∈ U_α ∩ U_β , are exactly the same as the fibres’ reparametrizations g_{αβ}(x) in the bundle ξ. However, notice that these linear mapping can not feel any grading of the object which they transform (in particular, g_{αβ} can not grasp the Z_2-valued parity of such R^d ); this indifference is the key element in a construction of the odd neighbour. Namely, let the coordinates b^1, . . . , b^d along the fibres (Πξ)^{−1}(x) ≃ R^d be Z_2-parity odd,^7 i.e., introduce the Z_2- grading |·|: x^i → ¯0, b^j → ¯1 for the ring of smooth R-valued functions on the total space ΠΩ of the superbundle (the grading then acts by a multiplicative group homomorphism |·|: C^∞(ΠΩ) → Z_2). We have that C^∞(ΠΩ) ≃ Γ( ⋀_• Ω^∗), where Ω^∗ denotes the space of fibrewise-linear functions on Ω. By construction, the new space of graded coordinate functions on ΠΩ is an R-algebra and a C^∞(N)-module.

Notice further that the space of the bundle’s sections in principle stays intact; however, it is not the sections of Πξ which will be explicitly dealt with in what follows but it is a convenient handling of cochains and cochain maps for Γ(ξ) by coding those objects and structures in terms of fibrewise-homogeneous functions on ΠΩ.

Remark 3. It is important to distinguish between sections p ∈ Γ(ξ), p: N^m → Ω^{m+d}, and fibre coordinates p^j on the total space Ω of the vector bundle ξ. Indeed, ∂p^j /∂x^i ≡ 0 by definition whereas the value at x ∈ N^m of a derivative^∂_{∂xi} (p^j )(x) of a section p could be any number. In particular, consider the Jacobi identity for the Lie algebra structure [ , ]_A : Γ(ξ) × Γ(ξ) → Γ(ξ) in a Lie algebroid. Let p_μ = p^i_μ⃗e_i be sections of ξ, here μ = 1, 2, 3, and denote by c^k_{ij}(x) the values at x ∈ N^m of the structure constants of [ , ]_A with

7The parity reversion Π: p ⇆ b acts on the fibre coordinates but not on a basis ⃗e_i in R^d . To keep track of a distinction between the two geometries, we formally denote by e_i = Π⃗e_i the basis in R^d which referes to the Z_2-graded setup.

respect to a natural basis ⃗e_i of local sections. Then we have that 0 = ∑ ⟳ [[p_1, p_2]_A, p_3]_A = ∑ ⟳ [p^i_1c^k_{ij}(x)p^j_2 · ⃗e_k, p^ℓ_3 · ⃗e_ℓ]_A = ∑ ⟳ p^i_1p^j_2p^ℓ_3 · { c^k_{ij}(x)c^n_{kl}(x) · ⃗e_n − ( A | |_x(⃗e_ℓ))(c^k_{ij} (x)) · ⃗e_k }

+ ∑ ⟳ c^k_{ij} (x) · { p^i_1p^j_2 · ( A | |_x(⃗e_k))(p^ℓ_3)(x) · ⃗e_ℓ − p^j_2p^ℓ_3 · (A | |_x(⃗e_ℓ))(p^i_1)(x) · ⃗e_k − p^i_1p^ℓ_3 · ( A | |_x(⃗e_ℓ))(p^j_2)(x) · ⃗e_k } . (11)

Clearly, if the coefficients p^i_μ are viewed as local coordinates along fibres in Ω over x ∈ N^m parametrized by x^1, . . . , x^m, then the vector fields A(⃗e_ℓ) ∈ Γ(T N) no longer act on such p^i_μ’s so that the entire last sum in (11) vanishes.

We refer to [16, 18] for a discussion on the immanent presence and recovery of the ’standard,’ vanishing terms in the course of transition C^∞(ΠΩ) → C^∞(Ω) → Alt ( Γ(ξ)× . . . × Γ(ξ) → Γ(ξ) ) from homogeneous functions of the odd fibre coordinates to Γ(ξ)- valued cochains (and cochain maps such as the Lie algebroid differential d_A). A detailed analysis of properties and interrelations between the four neighbours g, Πg, g^∗, and Πg^∗ is performed in [27] (here m = 0, N^m = {pt}, and the Lie algebroid Ω is a Lie algebra g).

Proposition 1 ([26]). The Lie algebroid structure on Ω is encoded by the homological vector field Q on ΠΩ, i.e., by a derivation in the ring C^∞(ΠΩ) = Γ( ⋀_• Ω^∗), Q = A^α_i (x)b^i ∂ ∂x^α −^1_2 b^ic^k_{ij}(x)b^j ∂ ∂b^k , [Q, Q] = 0 ⇐⇒ 2Q^2 = 0,

where

• (x^α) is a system of local coordinates near a point x ∈ N^m, • (p^i) are local coordinates along the d-dimensional fibres of Ω and (b^i) are the respective coordinates on ΠΩ, and • the formula [⃗e_i, ⃗e_j ]_A = c^k_{ij} (x)⃗e_k gives the structure constants for a d-element local basis (⃗e_i) of sections in ΓΩ over the point x, and A(⃗e_i) = A^α_i (x) · ∂/∂x^α is the image of ⃗e_i under the anchor A.

Sketch of the proof. The reasoning goes in parallel with the proof of Theorem 1. First, we recall that the anchor A = ‖A^α_i ‖^{1⩽α⩽m}_{1⩽i⩽d} is the Lie algebra homomorphism by Lemma 3. Second, we note that the homogeneous (in odd-parity coordinates b^j ) coefficients of ∂/∂b^k , 1 ⩽ k ⩽ d, in Q^2 encode the tri-linear, totally skew-symmetric map ω_3 : Γ(ξ) × Γ(ξ) × Γ(ξ) → Γ(ξ) whose value at any p_1, p_2, p_3 ∈ Γ(ξ) is twice the right-hand side of Jacobi’s identity (11). Here we use the fact that cyclic permutations of three objects are even (in terms of permutation’s Z_2-parity), whence it is legitimate to extend the summation ∑ ⟳ to a sum over the entire permutation group S_3: ∑ ⟳ ω_3(p_{σ(1)}, p_{σ(2)}, p_{σ(3)}) = 1 2 ∑ σ∈S_3 (−)^σω_3(p_{σ(1)}, p_{σ(2)}, p_{σ(3)}).

The presence of zero section in the left-hand side of Jacobi identity (11) implies that the respective coefficient of ∂/∂b in Q vanishes.^8 □

Remark 4. The coefficient +^1_2 in the homological evolutionary vector field Q in Theorem 1, but not the opposite value −^1_2 in the canonical formula (see Proposition 1 above) is due to our choice of sign in a notation for the zero-curvature representation α = A_i · dx^i: one sets either Ψ_xi + A_iΨ = 0 or Ψ_xi = A_iΨ for the wave function Ψ. The second option is adopted by repetition but it tells us that the gauge connection’s g-valued one-form is minus α.

Remark 5. The correspondence f_k ↔ ω_k between homogeneous functions f_k(x; b, . . . , b) ∈ C^∞(ΠΩ) on the total space of the superbundle Πξ and k-chain maps ω_k : Γ(ξ) × . . . × Γ(ξ) → C^∞(N) correlates the homological vector field Q with the Lie algebroid differential d_A that acts by the standard Cartan formula. Namely, the following diagram is commutative, d_A : ω_k −−−→ ω_{k+1}

Q: f_k −−−→ f_{k+1}. The wedge product of k- and ℓ-chains corresponds under the vertical arrows of this diagram to the ordinary Z_2-graded multiplication of the respective functions from C^∞(ΠΩ).

The main examples of this construction are the de Rham differential on a manifold N^m (as before, set ξ := π and let A = id), the Chevalley–Eilenberg differential for a Lie algebra g (let m = 0, N^m = {pt}, and take (Ω, [ , ]_A) = (g, [ , ]_g) and A = 0), and the de Rham differential on a symplectic manifold (here ξ : Λ^1(N^m) → N^m, A = [[P, ·]] is the Poisson differential given by a bi-vector P satisfying [[P, P ]] = 0 and having the inverse symplectic two-form P^{−1}, and [ , ]_A is the Koszul–Dorfman–Daletsky–Karasëv bracket [8, 23]).

The hamiltonian homological evolutionary vector field Q that encodes the variational Poisson algebroid structure over a jet space J^∞(π) was de facto written in [10]. The BRST-differential Q is another example of such construction over jet spaces J^∞(π) ⊇ E^∞ containing the Euler–Lagrange equations for gauge-invariant models.

Acknowledgements. The authors thank the organizing committee of the conference ‘Nonlinear Mathematical Physics: Twenty Years of JNMP’ (Nordfjørdeid, Norway, 2013) for partial support. The work of A.V.K. was supported in part by JBI RUG project 103511 (Groningen). A part of this research was done while A.V.K. was visiting at the IHÉS (Bures-sur-Yvette); the financial support and hospitality of this institution are gratefully acknowledged.

References

[1] Achucarro A., Townsend P. K. (1986) A Chern–Simons action for three-dimensional anti-de Sitter supergravity theories, Phys. Lett. B 180:1–2, 89–92.

8Notice that the second step of this reasoning is simplified further in the case of non-Abelian variational Lie algebroids (see p. 4) because in that case the bracket [ , ]_A is a given Lie algebra structure in g; it is described globally by using the structure constants c^k_{ij} regardless of the base manifold.

[2] Alexandrov M., Schwarz A., Zaboronsky O., Kontsevich M. (1997) The geometry of the master equation and topological quantum field theory, Int. J. Modern Phys. A12:7, 1405–1429. arXiv:hep-th/9502010 [3] Barnich G. (2010) A note on gauge systems from the point of view of Lie algebroids, AIP Conf. Proc. 1307 XXIX Workshop on Geometric Methods in Physics (June 27 – July 3, 2010; Białowieża, Poland), 7–18. arXiv:math-ph/1010.0899 [4] Batalin I., Vilkovisky G. (1981) Gauge algebra and quantization, Phys. Lett.

B102:1, 27–31;

Batalin I. A., Vilkovisky G. A. (1983) Quantization of gauge theories with linearly dependent generators, Phys. Rev. D29:10, 2567–2582.

[5] Becchi C., Rouet A., Stora R. (1976) Renormalization of gauge theories, Ann. Phys.

98:2, 287–321;

Tyutin I. V. (1975) Gauge invariance in field theory and statistical mechanics, Preprint Lebedev FIAN no. 39.

[6] Bocharov A. V., Verbovetsky A. V., Vinogradov A. M. et al. (1999) Symmetries and conservation laws for differential equations of mathematical physics (I. S. Krasil’shchik and A. M. Vinogradov, eds). AMS, Providence, RI.

[7] Bourbaki N. (1989) Lie Groups and Lie Algebras - Chapters 1-3, Springer, Berlin [8] Dorfman I. Ya. (1993) Dirac structures and integrability of nonlinear evolution equations, J. Whiley & Sons, Chichester [9] Dubrovin B. A, Fomenko A. T., Novikov S. P (1991) Modern Geometry - Methods and Applications: Part I: The Geometry of Surfaces, Transformation Groups, and Fields, Grad. Texts in Math. 93 Springer, Berlin [10] Golovko V. A., Krasilshchik I. S., Verbovetsky A. M. (2008) Variational Poisson– Nijenhuis structures for partial differential equations, Theor. Math. Phys. 154:2, 227–239. arXiv:math.DG/0812.4684 [11] Henneaux M., Teitelboim C. (1992) Quantization of gauge systems, Princeton University Press, Princeton, NJ.

[12] Herz J.-C. (1953) Pseudo-algèbres de Lie. I, II. C. R. Acad. Sci. Paris 236, 1935– 1937, 2289–2291.

[13] Igonin S., Kersten P. H. M., Krasil’shchik I. S. (2003) On symmetries and cohomological invariants of equations possessing flat representations, Differential Geom. Appl. 19, 319–342. arXiv:math.DG/0301344 [14] Kiselev A. V. (2012) The twelve lectures in the (non)commutative geometry of differential equations, Preprint IHÉS/M/12/13, 140 pp.

[15] Kiselev A. V. (2012) The calculus of multivectors on noncommutative jet spaces, Preprint arXiv:math.DG/1210.0726, 16 pp.

[16] Kiselev A. V. (2012) Homological evolutionary vector fields in Korteweg–de Vries, Liouville, Maxwell, and several other models, J. Phys. Conf. Ser. 343, Proc. 7th Int. workshop QTS-7 ‘Quantum Theory and Symmetries’ (August 7–13, 2011; CVUT Prague, Czech Republic), 012058, 20 p. arXiv:math-ph/1111.3272 [17] Kiselev A. V., van de Leur J. W. (2010) Symmetry algebras of Lagrangian Liouville-type systems, Theor. Math. Phys. 162:3, 149–162. arXiv:nlin.SI/0902.3624

[18] Kiselev A. V., van de Leur J. W. (2011) Variational Lie algebroids and homological evolutionary vector fields, Theor. Math. Phys. 167:3, 772–784.

arXiv:math.DG/1006.4227

[19] Kiselev A. V., van de Leur J. W. (2011) Involutive distributions of operator-valued evolutionary vector fields and their affine geometry, Proc. 5th Int. workshop Group analysis of differential equations and integrable systems (June 6–10, 2010; Protaras, Cyprus), 99–109. arXiv:math-ph/0904.1555 [20] Kiselev A. V., Ringer S. (2013) On the geometry of the Batalin–Vilkovisky Laplacian, Preprint arXiv:math.DG/1302.4388, 30 pp.

[21] Kontsevich M., Soibelman Y. (2009) Notes on A_∞-algebras, A_∞-categories and non-commutative geometry. Homological Mirror Symmetry: New Developments and Perspectives (A. Kapustin et al., eds). Lect. Notes in Physics 757, Springer, Berlin–Heidelberg, 153–219.

[22] Kosmann-Schwarzbach Y. (2004) Derived brackets, Lett. Math. Phys. 69, 61–87. [23] Kosmann-Schwarzbach Y., Magri F. (1990) Poisson–Nijenhuis structures, Ann.

Inst. H. Poincaré, ser. A: Phys. Théor. 53:1, 35–81.

[24] M. Marvan (2002) On the horizontal gauge cohomology and non-removability of the spectral parameter, Acta Appl. Math. 72, 51–65.

[25] Olver P. J. (1993) Applications of Lie groups to differential equations, Grad. Texts in Math. 107 (2nd ed.), Springer–Verlag, NY.

[26] Vaintrob A. Yu. (1997) Lie algebroids and homological vector fields, Russ. Math.

Surv. 52:2, 428–429.

[27] Voronov T. (2002) Graded manifolds and Drinfeld doubles for Lie bialgebroids, in: Quantization, Poisson brackets, and beyond (T. Voronov, ed.) Contemp. Math. 315, AMS, Providence, RI, 131–168. arXiv:math.DG/0105237 [28] Witten E. (1988) Topological Sigma-models, Commun. Math. Phys 118, 411–449. [29] Zakharov V. E., Shabat A. B. (1979) Integration of nonlinear equations of mathematical physics by the method of inverse scattering. II, Functional Analysis and its Applications 13:3, 166–174.