arXiv:1305.4916v1 [hep-ph] 21 May 2013

New mixing pattern for neutrinos

Huilin Qu^1 and Bo-Qiang Ma^{1, 2, ∗} 1School of Physics and State Key Laboratory of Nuclear Physics and Technology, Peking University, Beijing 100871, China 2Center for High Energy Physics, Peking University, Beijing 100871, China

We propose a new mixing pattern for neutrinos with a nonzero mixing angle θ13. Under a simple form, it agrees well with current neutrino oscillation data and displays a number of intriguing features including the μ-τ interchange symmetry |Uμi| = |Uτ i|, (i = 1, 2, 3), the trimaximal mixing |Ue2| = |Uμ2 | = |Uτ 2| = 1/ √ 3, the self-complementarity relation θ1 + θ3 = 45^∘, and the maximal Dirac CP-violation. The corresponding quark mixing patterns, derived with the help of the quarklepton complementarity (QLC) relation, are also discussed.

PACS numbers: 14.60.Pq, 11.30.Er, 12.15.Ff, 14.60.Lm

After various oscillation experiments for decades, it has been firmly established that neutrinos can transit from one flavor to another in flight due to their mixing. In the standard model of particle physics, the mixing of neutrinos is well described by the Pontecorvo-Maki-Nakagawa- Sakata (PMNS) matrix [1], which is a unitary matrix connecting neutrino flavor eigenstates and mass eigenstates. The PMNS matrix is conventionally expressed in the standard parametrization, i.e., the Chau-Keung (CK) scheme [2], by three angles θ_{12}, θ_{13}, θ_{23} and one CP-violating phase angle δ in a form

U_{CK} = c_{12}c_{13} s_{12}c_{13} s_{13}e^{−iδ} −c_{12}s_{23}s_{13}e^{iδ} − s_{12}c_{23} −s_{12}s_{23}s_{13}e^{iδ} + c_{12}c_{23} s_{23}c_{13} −c_{12}c_{23}s_{13}e^{iδ} + s_{12}s_{23} −s_{12}c_{23}s_{13}e^{iδ} − c_{12}s_{23} c_{23}c_{13} , (1)

where s_{ij} = sinθ_{ij} and c_{ij} = cosθ_{ij} (i, j = 1, 2, 3), and an additional factor P_ν = Diag{e^{−iα/2}, e^{−iβ/2}, 1} should be multiplied to the right if neutrinos are Majorana particles.

Different from the Cabibbo-Kobayashi-Maskawa (CKM) matrix [3, 4] for quark mixing, where mixing angles are small and the CKM matrix is close to the identity matrix [5], the mixing angles for neutrinos are much larger and the PMNS matrix exhibits a significant deviation from the identity matrix. Thus a number of simple mixing patterns with finite mixing angles were proposed and extensively studied, such as the bimaximal (BM) mixing pattern [6]

U_{BM} = 1√ 2 1√ 2 0 −^1_2^1_2^{1√}_2 1 2 −^1_2^{1√}_2 , (2)

with θ_{12} = θ_{23} = 45^∘, and the tribimaximal (TB) mixing pattern [7]

U_{TB} =

√_2 3 1√ 3 0 −^{1√}_6^{1√}_3^{1√}_2 1√ 6 −^{1√}_3^{1√}_2 , (3)

with θ_{12} = 35.26^∘ and θ_{23} = 45^∘. However, in both cases the smallest mixing angle θ_{13} vanishes, which is incompatible with a nonzero and relatively large θ_{13} established by recent accelerator and reactor neutrino oscillation experiments [8–10]. There have been attempts to build a new mixing pattern with a nonzero θ_{13} [11] based on a self-complementary relation [12] θ_{12} + θ_{13} = θ_{23} = 45^∘ between neutrino mixing angles, yet the resulting mixing matrix is far from simplicity. A new mixing pattern with a sizable θ_{13} and a simple form at the same time is being called for.

In this paper we propose a new mixing pattern of neutrinos with a nonzero θ_{13}. It is both simple in form and close to current neutrino data. In addition, it displays a number of phenomenological relations including the μτ interchange symmetry, the trimaximal mixing and the self-complementarity. The maximal Dirac CP-violation is also predicted in this mixing pattern. With the help of the quark-lepton complementarity (QLC) [13–15], we further explore the corresponding quark mixing patterns.

In search of a new mixing pattern for neutrinos, it is important to inspect the current neutrino oscillation data and see where we stand. Fig. 1 shows the mass and flavor spectrum of neutrinos, plotted according to the best fit experimental values [16]. We denote neutrino mass eigenstates with the mass m_i by ν_i (i = 1, 2, 3), and flavor eigenstates by ν_α (α = e, μ, τ). The lengths of the colored bars are proportional to the moduli squared of

FIG. 1: The mass and flavor spectrum of neutrinos plotted according to the best fit experimental values. ν1, ν2, ν3 are mass eigenstates with masses m1, m2, m3 respectively, and νe, νμ, ντ are flavor eigenstates. The lengths of the colored bars are proportional to the moduli squared of the mixing matrix elements, |Uαi|^2.

the mixing matrix elements, |U_{αi}|^2. Here some features should be noticed:

1. While the proportion of ν_e in ν_3 is quite small, it is not negligible, i.e. |U_{e3}| ≠ 0;

2. The mass eigenstate ν_2 is almost equally shared by ν_e, ν_μ and ν_τ , which is usually referred to as “trimaximal mixing”;

3. Although it is not perfectly satisfied, the long studied μ-τ interchange symmetry [17, 18], i.e. |U_{μi}| = |U_{τ i}|, (i = 1, 2, 3), still holds approximately considering the experimental uncertainties and the undetermined CP-violating phase.

When we are looking for a new mixing pattern, it is necessary to take these features into account.

Besides, another interesting phenomenological relation, the self-complementarity relation, also catches our eyes. Unlike the above properties that are stated at the matrix element level, the self-complementarity can only be studied after we choose a specific parametrization of the mixing matrix. Originally it is observed that mixing angles in the standard CK scheme are in accord with the relation θ_{12} + θ_{13} = 45^∘ [11]. However, the work done in Ref. [19] indicates that the validity of the self-complementarity relation is strongly schemedependent. From Ref. [19] we find that, among the 9 different schemes to parametrize the PMNS matrix, the self-complementarity is best satisfied not in the standard CK scheme, but in a different parametrization denoted by P4 there. This motivates us to consider the selfcomplementarity in this new parameterization, which is of the form

U(θ_1, θ_2, θ_3, ϕ) = c_1c_3 s_1 −c_1s_3 −s_1c_2c_3 + s_2s_3e^{−iϕ} c_1c_2 s_1c_2s_3 + s_2c_3e^{−iϕ} s_1s_2c_3 + c_2s_3e^{−iϕ} −c_1s_2 −s_1s_2s_3 + c_2c_3e^{−iϕ} , (4)

where s_i = sinθ_i and c_i = cosθ_i (i = 1, 2, 3), and the CP-violating phase is denoted by ϕ so as to distinguish it from the CP-violating phase δ in the standard CK scheme. The self-complementarity in this parametrization is defined as θ_1 + θ_3 = 45^∘.

Working in this parametrization, we seek a particular mixing pattern in which the above three features and the self-complementarity hold exactly, written explicitly as:

1. A nonzero |U_{e3}|;

2. The μ-τ interchange symmetry in modulus, i.e. |U_{μi}| = |U_{τ i}|, (i = 1, 2, 3); 3. The trimaximal mixing, i.e. |U_{e2}| = |U_{μ2}| = |U_{τ 2}| =^{1√}_3 ;

4. The self-complementarity relation, i.e. θ_1 + θ_3 = 45^∘.

Among these four requirements, the only viable solution for the first and second ones is θ_2 = 45^∘ and ϕ = ±90^∘, and the third and fourth ones give rise to sin θ_1 =^{1√}_3 and sin θ_3 = sin(45^∘ − θ_1) =^{1√}_3 −^{1√}_6 , respectively. Substituting these values into Eq. (4), we obtain the mixing matrix satisfying all the four requirements

U_0 = √ 2+1 3 1√ 3 −^{√2−1}_3

−^{√2+1}_6 ∓ i^{√6−√3}_6^{1√}_3^{√2−1}_6 ∓ i^{√6+√3}_6 √ 2+1 6 ∓ i^{√6−√3}_6 −^{1√}_3 −^{√2−1}_6 ∓ i^{√6+√3}_6 .(5)

However, since the phase convention varies in different parametrizations, it would be more useful to write down the moduli of the mixing matrix, which is invariant under reparametrization

|U_0| = 1+ √ 2 3 1√ 3 −1+ √ 2 3 √_{3−√2} 3 1√ 3 √_{3+√2} 3 √_{3−√2} 3 1√ 3 √_{3+√2} 3 . (6)

Eq. (6) is our proposal for a new mixing pattern of neutrinos. It is independent of the parametrization we choose. We see that this new mixing pattern is strikingly simple and elegant, with only the smallest positive integers 1, 2, and 3 appearing in the mixing pattern. Yet it satisfies

TABLE I: Results for the neutrino mixing angles and the Dirac CP-violating phase taken from the global fit to neutrino oscillation data [16]. In Ref. [16] two fits based on different assumptions about the reactor fluxes are provided, and only the “free fluxes” case is listed here.

Parameter Best fit±1σ 3σ range θ_{12}/^∘ 33.36^{+0.81}_{−0.78} 31.09 → 35.89 θ_{13}/^∘ 8.66^{+0.44}_{−0.46} 7.19 → 9.96 θ_{23}/^∘ 40.0^{+2.1}_{−1.5} ⊕ 50.4^{+1.3}_{−1.3} 35.8 → 54.8 δ/^∘ 300^{+66}_{−138} 0 → 360

all the phenomenological relations as stated above.

In order to compare this new mixing pattern with neutrino oscillation data, we first solve for the mixing angles in the standard parametrization by equating the moduli of Eq. (1) with corresponding elements in Eq. (6). After some simple and straightforward calculations we obtain

sin θ_{12} =

√_3 2(3+^√2) , sin θ_{13} =^{√2−1}_3 ,

sin θ_{23} =^{1√}_2 ,

cos δ = 0, (7)

or θ_{12} ≃ 35.66^∘, θ_{13} ≃ 7.94^∘, θ_{23} = 45^∘, δ = ±90^∘. (8)

The recent global fit results [16] are listed in Table I. In Ref. [16], two fits based on different assumptions about the reactor fluxes are provided, and since their values vary only slightly, only the “free fluxes” case is quoted here. We see that all the parameters in our new mixing pattern are compatible with experimental measurements, lying in the 3σ range of the global fit result.

It is worthy to note that, when examined in the standard parametrization, our new mixing pattern displays a bimaximal mixing angle θ_{23} = 45^∘ and a maximal Dirac CP-violating phase δ = ±90^∘, with Jarlskog invariant [20] |J| =^1_{18}^√_3 ≃ 0.032. The maximal Dirac CP violation δ = ±90^∘ is also consistent with a previous phenomenological analysis result δ = (85.39^{+4.76}_{−1.82})^∘, derived from the hypothesis that CP violation is maximal in the KM scheme [21]. Although the strict selfcomplementarity relation is broken by θ_{12} +θ_{13} ≃ 43.6^∘ ≠ 45^∘, it is rather close to 45^∘, which is in accord with the original discovery of the self-complementarity in the standard parametrization [11].

Since the Dirac CP-violating phase δ is so far not determined by any experiment, it would be helpful to write down the mixing matrix in the standard parametrization with δ left as a free parameter, which can be further probed by the upcoming experiments. Substituting the three mixing angles in Eq. (7) into the standard parametrization Eq. (1), we get

U = 1+ √ 2 3 1√ 3 −1+ √ 2 3 e^{−iδ}

−^{3√3+eiδ} 6 √_{3+√2}^3(^{1+} √ 2)−(^√6−^√3)e^{iδ} 6 √_{3+√2}

√_{3+√2} 3 3 √ 3−e^{iδ} 6 √_{3+√2}^{−3}(^{1+} √ 2)−(^√6−^√3)e^{iδ} 6 √_{3+√2}

√_{3+√2} 3 .

(9) In the case of δ = ±90^∘, the moduli of Eq. (9) will take on the form of our new mixing pattern Eq. (6).

With a new mixing pattern for neutrinos at hand, it is illuminating to examine its counterpart for quarks. This can be readily done with the help of the quark-lepton complementarity (QLC) [13–15]. Three corresponding mixing patterns for quarks are presented as follows.

The first one is obtained by direct implementation of QLC in the standard CK scheme, i.e.

θ_{12} + ϑ_{12} = 45^∘, θ_{23} + ϑ_{23} = 45^∘, ϑ_{13} = 0, (10)

where θ_{ij} denotes mixing angles for neutrinos and ϑ_{ij} denotes mixing angles for quarks. The corresponding mixing pattern for quarks is

| |V^{CKM} 0 | | = 1+ √ 2+ √ 3 2 √_{3+√2}^{1+√2−√3} 2 √_{3+√2} 0 1+ √ 2− √ 3 2 √_{3+√2}^{1+√2+√3} 2 √_{3+√2} 0

0 0 1

, (11)

with mixing angles ϑ_{12} = arcsin^{1+√2−√3}_2√_{3+}√_2 ≃ 9.34^∘ and

ϑ_{23} = ϑ_{13} = 0. Again we find that only the smallest positive integers 1, 2, and 3 appear in the mixing pattern.

The second one is obtained by implementing QLC in the parametrization given in Eq. (4), i.e.

θ_1 + ϑ_1 = 45^∘, θ_2 + ϑ_2 = 45^∘, ϑ_3 = 0, (12)

where θ_i denotes mixing angles for neutrinos and ϑ_i denotes mixing angles for quarks. It is of the form | |V^{CKM} 0 | | = 1√ 3 +^{1√}_6^{1√}_3 −^{1√}_6 0 1√ 3 −^{1√}_6^{1√}_3 +^{1√}_6 0

0 0 1 , (13)

with ϑ_1 = arcsin^{√2−1√}_6 ≃ 9.74^∘, ϑ_2 = ϑ_3 = 0. We note that this form is actually the same as the one proposed in Ref. [22], although in there it is obtained by combining QLC with the tribimaximal mixing pattern in the standard parametrization.

The third one is obtained with the help of a variant of the QLC relation λ = √ 2 sin θ_{13} [11, 23], here λ is the Wolfenstein parameter [24] for the CKM matrix and is defined as λ = sin ϑ_{12}. The resulting mixing pattern for quarks is

| |V^{CKM} 0 | | = √_{3+4√2} 3 2− √ 2 3 0 2− √ 2 3 √_{3+4√2} 3 0 0 0 1

, (14)

with mixing angles ϑ_{12} = arcsin^{2−√2}_3 ≃ 11.26^∘ and ϑ_{23} = ϑ_{13} = 0. These quark mixing patterns may help us seek a unified description of the mixing of quarks and leptons.

In conclusion, we propose a new mixing pattern for neutrinos, as shown in Eq. (6), which agrees well with current neutrino oscillation data, especially the nonzero and relatively large value of θ_{13}. While extremely simple in form, this new mixing pattern demonstrates a series of intriguing features including the μ-τ interchange symmetry in modulus, the trimaximal mixing, the selfcomplementarity relation, and the maximal Dirac CPviolation. With the help of the quark-lepton complementarity relation, three corresponding quark mixing patterns are also examined. These new mixing patterns may imply certain family symmetry, which would help us unravel the mystery of masses and mixing structures of leptons and quarks.

Acknowledgments

This work is supported by National Natural Science Foundation of China (Grants No. 11021092, No. 10975003, No. 11035003, and No. 11120101004) and the Undergraduate Research Fund of Education Foundation of Peking University.

[1] B. Pontecorvo, Sov. Phys. JETP 26, 984 (1968); Z. Maki, M. Nakagawa and S. Sakata, Prog. Theor. Phys. 28, 870 (1962).

[2] L.L. Chau and W.Y. Keung, Phys. Rev. Lett. 53, 1802 (1984).

[3] N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963). [4] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652 (1973).

[5] J. Beringer et al. (Particle Data Group), Phys. Rev. D 86, 010001 (2012).

[6] F. Vissani, hep-ph/9708483; V.D. Barger, S.Pakvasa, T.J. Weiler, and K. Whisnant, Phys. Lett. B 437, 107 (1998); A.J. Baltz, A.S. Goldhaber, and M. Goldhaber, Phys. Rev. Lett. 81, 5730 (1998); I. Stancu and D.V. Ahluwalia, Phys. Lett. B 460, 431 (1999); H. Georgi and S.L. Glashow, Phy. Rev. D 61, 097301 (2000); N. Li and B.-Q. Ma, Phys. Lett. B 600, 248 (2004) [arXiv:hepph/0408235].

[7] P.F. Harrison, D.H. Perkins, and W.G. Scott, Phys.

Lett. B 458, 79 (1999); Phys. Lett. B 530, 167 (2002); Z.Z. Xing, Phys. Lett. B 533, 85 (2002); P.F. Harrison and W.G. Scott, Phys. Lett. B 535, 163 (2002); Phys. Lett. B 557, 76 (2003); X.-G. He and A. Zee, Phys. Lett. B 560, 87 (2003); N. Li and B.-Q. Ma, Phys. Rev. D 71, 017302 (2005) [arXiv:hep-ph/0412126]. See also L. Wolfenstein, Phys. Rev. D18, 958 (1978); Y. Yamanaka, H. Sugawara, and S. Pakvasa, Phys. Rev. D25, 1895 (1982); D29, 2135(E) (1984).

[8] T2K Collaboration, K. Abe et al., Phys. Rev. Lett. 107, 041801 (2011); MINOS Collaboration, P. Adamson et al., Phys. Rev. Lett. 107, 181802 (2011); Double Chooz Collaboration, Y. Abe et al., Phys. Rev. Lett. 108, 131801 (2012).

[9] F.P. An et al. [DAYA BAY Collaboration], Phys. Rev.

Lett. 108, 171803 (2012) [arXiv:1203.1669 [hep-ex]]. [10] J.K. Ahn et al. [RENO Collaboration], Phys. Rev. Lett.

108, 191802 (2012) [arXiv:1204.0626 [hep-ex]]. [11] Y.-j. Zheng and B.-Q. Ma, Eur. Phys. J. Plus 127, 7

(2012) [arXiv:1106.4040 [hep-ph]].

[12] X. Zhang and B.-Q. Ma, Phys. Lett. B 710, 630 (2012) [arXiv:1202.4258 [hep-ph]].

[13] A.Y. Smirnov, arXiv:hep-ph/0402264; H. Minakata and A.Y. Smirnov, Phys. Rev. 70, 073009 (2004); M. Raidal, Phys. Rev. Lett. 93, 161801 (2004).

[14] See, e.g., P.H. Frampton and R.N. Mohapatra, JHEP 0501, 025 (2005) [arXiv:hep-ph/0407139]; N. Li and B.- Q. Ma, Phys. Rev. D 71, 097301 (2005) [arXiv:hepph/0501226]; S. Antusch, S. F. King and R. N. Mohapatra, Phys. Lett. B 618, 150 (2005) [arXiv:hepph/0504007]; H. Minakata, arXiv:hep-ph/0505262; J. Ferrandis and S. Pakvasa, Phys. Rev. D 71, 033004 (2005); S.K. Kang, C.S. Kim and J. Lee, Phys. Lett. B 619, 129 (2005); S. Antusch, S.F. King and R.N. Mohapatra, Phys. Lett. B 618, 150 (2005); M.A. Schmidt and A.Y. Smirnov, Phys. Rev. D 74, 113003 (2006); J. E. Kim and J. -C. Park, JHEP 0605, 017 (2006); K. A. Hochmuth and W. Rodejohann, Phys. Rev. D 75, 073001 (2007) [arXiv:hep-ph/0607103]; F. Plentinger, G. Seidl and W. Winter, Phys. Rev. D 76, 113003 (2007); G. Altarelli, F. Feruglio and L. Merlo, JHEP 0905, 020 (2009).

[15] X. Zhang, Y.-j. Zheng and B.-Q. Ma, Phys. Rev. D 85, 097301 (2012) [arXiv:1203.1563 [hep-ph]]; X. Zhang and B.-Q. Ma, Phys. Rev. D 86, 093002 (2012) [arXiv:1206.0519 [hep-ph]].

[16] M. C. Gonzalez-Garcia, M. Maltoni, J. Salvado and T. Schwetz, JHEP 1212, 123 (2012) [arXiv:1209.3023 [hep-ph]].

[17] T. Fukuyama and H. Nishiura, arXiv: hep-ph/9702253;

R. N. Mohapatra and S. Nussinov, Phys. Rev. D 60, 013002 (1999) [hep-ph/9809415]; E. Ma and M. Raidal, Phys. Rev. Lett. 87, 011802 (2001) [Erratum-ibid. 87, 159901 (2001)] [hep-ph/0102255]; K. R. S. Balaji, W. Grimus and T. Schwetz, Phys. Lett. B 508, 301 (2001) [hep-ph/0104035]; C. S. Lam, Phys. Lett. B 507, 214 (2001) [hep-ph/0104116]; Phys. Rev. D 71, 093001

(2005) [hep-ph/0503159]; W. Grimus and L. Lavoura, JHEP 0107, 045 (2001) [hep-ph/0105212]; Acta Phys. Polon. B 32, 3719 (2001) [hep-ph/0110041]; E. Ma, Phys. Rev. D 66, 117301 (2002) [hep-ph/0207352]; A. Ghosal, Mod. Phys. Lett. A 19, 2579 (2004); S. Choubey and W. Rodejohann, Eur. Phys. J. C 40, 259 (2005) [hepph/0411190]; T. Kitabayashi and M. Yasue, Phys. Lett. B 621, 133 (2005) [hep-ph/0504212]; R. N. Mohapatra and W. Rodejohann, Phys. Rev. D 72, 053001 (2005) [hep-ph/0507312]; I. Aizawa, T. Kitabayashi and M. Yasue, Nucl. Phys. B 728, 220 (2005) [hep-ph/0507332]; I. Aizawa and M. Yasue, Phys. Rev. D 73, 015002 (2006) [hep-ph/0510132]; K. Fuki and M. Yasue, Phys. Rev. D 73, 055014 (2006) [hep-ph/0601118]; N. Haba and W. Rodejohann, Phys. Rev. D 74, 017701 (2006) [hep-ph/0603206]; Z. -z. Xing, H. Zhang and S. Zhou, Phys. Lett. B 641, 189 (2006) [hep-ph/0607091]; K. Fuki and M. Yasue, Nucl. Phys. B 783, 31 (2007) [hepph/0608042]; S. Gupta, A. S. Joshipura, and K. M. Patel, arXiv:1301.7130 [hep-ph].

[18] P. F. Harrison and W. G. Scott, Phys. Lett. B 547, 219 (2002) [hep-ph/0210197]; W. Grimus and L. Lavoura, Phys. Lett. B 579, 113 (2004) [hep-ph/0305309]; A. S. Joshipura, B. P. Kodrani and K. M. Patel, Phys. Rev. D 79, 115017 (2009) [arXiv:0903.2161 [hep-ph]];

S. Gupta, A. S. Joshipura and K. M. Patel, Phys. Rev. D 85, 031903 (2012) [arXiv:1112.6113 [hep-ph]]; R. N. Mohapatra and C. C. Nishi, Phys. Rev. D 86, 073007 (2012) [arXiv:1208.2875 [hep-ph]]; F. Feruglio, C. Hagedorn and R. Ziegler, arXiv:1211.5560 [hep-ph]; M. Holthausen, M. Lindner and M. A. Schmidt, arXiv:1211.6953 [hepph].

[19] Y. Zhang, X. Zhang, and B.-Q. Ma, Phys. Rev. D 86, 093019 (2012).

[20] C. Jarlskog, Phys. Rev. Lett. 55 1039 (1985); D.-d. Wu, Phys. Rev. D 33 860 (1986); O.W. Greenberg, Phys. Rev. D 32 1841 (1985).

[21] X. Zhang and B.-Q. Ma, Phys. Lett. B 713, 202 (2012) [arXiv:1203.2906 [hep-ph]]; arXiv:1204.6604 [hep-ph].

[22] S.-W. Li and B.-Q. Ma, Phys. Rev. D 77, 093005 (2008). [23] N. Li and B.-Q. Ma, Eur. Phys. J. C 42, 17 (2005) [hep-ph/0504161]; N. Qin and B.-Q. Ma, Phys. Lett. B 702, 143 (2011) [arXiv:1106.3284 [hep-ph]]; S.F. King, Phys. Lett. B 718, 136 (2012) [arXiv:1205.0506 [hep-ph]]; S. Antusch, C. Gross, V. Maurer, and C. Sluka, Nucl. Phys. B 866, 255 (2013) [arXiv:1205.1051]. X. Zhang and B. -Q. Ma, Phys. Rev. D 86, 093002 (2012) [arXiv:1206.0519 [hep-ph]].

[24] L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983).