arXiv:1305.5863v1 [math.AP] 24 May 2013

Non-topological condensates for the self-dual Chern-Simons-Higgs model

Manuel del Pino^∗ Pierpaolo Esposito^† Pablo Figueroa^‡ Monica Musso^§

May 28, 2013

Abstract

For the abelian self-dual Chern-Simons-Higgs model we address existence issues of periodic vortex configurations – the so-called condensates– of non-topological type as k → 0, where k > 0 is the Chern-Simons parameter. We provide a positive answer to the long-standing problem on the existence of non-topological condensates with magnetic field concentrated at some of the vortex points (as a sum of Dirac measures) as k → 0, a question which is of definite physical interest.

Keywords: AMS subject classification:

1 Introduction and statement of main results

The Chern-Simons vortex theory is a planar theory which is physically relevant in connection with high critical temperature superconductivity, the quantum Hall effect and anyonic particle physics, as widely discussed by Dunne [19]. Hong-Kim-Pac [24] and Jackiw-Weinberg [25] have proposed an abelian seld-dual model where the electrodynamics is governed only by the Chern-Simons term. Over the Minkowski space (R^{1+2} , g), with metric tensor g = diag (1, −1, −1), the model is described by the following Lagrangean density:

L_(A, ϕ) = k 4 ϵ^{αβγ} A_αF_{βγ} + D_αϕD^αϕ − 1 k^2 |ϕ|^2 ( |ϕ|^2 − 1 )_2 , where the Chern-Simons coupling parameter k > 0 measures the strenght of the Chern-Simons term and the antisymmetric Levi-Civita tensor ϵ^{αβγ} is fixed with ϵ^{012} = 1. The metric tensor g is used to lower and raise indices in the usual way, and the standard summation convention over repeated indices is adopted. The gauge potential A = −iA_αdx^α is a 1-form (a connection over the principal bundle R^{1+2} × U(1)), A_α : R^{1+2} → R

∗Departamento de Ingeniería Matemática and CMM, Universidad de Chile, Casilla 170, Correo 3, Santiago, Chile. E-mail: delpino@dim.uchile.cl. Author supported by grants Fondecyt 1070389 and FONDAP (Chile).

†Dipartimento di Matematica e Fisica, Università degli Studi “Roma Tre”, Largo S. Leonardo Murialdo, 1 – 00146 Roma, Italy. E-mail: esposito@mat.uniroma3.it. Author supported by the PRIN project “Critical Point Theory and Perturbative Methods for Nonlinear Differential Equations” and the Firb-Ideas project “Analysis and Beyond”.

‡Departamento de Matemática, Pontificia Universidad Católica de Chile, Avenida Vicuna Mackenna 4860, Macul, Santiago, Chile. E-mail: pfigueros@mat.puc.cl. Author supported by grants Proyecto Anillo ACT-125 and Fondecyt Postdoctorado 3120039 (Chile).

§Departamento de Matemática, Pontificia Universidad Católica de Chile, Avenida Vicuna Mackenna 4860, Macul, Santiago, Chile. E-mail: mmusso@mat.puc.cl. Author supported by Fondecyt grant 1040936 (Chile), and by PRIN project “Metodi variazionali e topologici nello studio di fenomeni non lineari”.

for α = 0, 1, 2, and the Higgs field ϕ : R^{1+2} → C is the matter field. The gauge field F_A = −^i_2 F_{αβ} dx^α ∧ dx^β is a 2−form (the curvature of A), where F_{αβ} = ∂_αA_β − ∂_β A_α, and the Higgs field ϕ is weakly coupled with the gauge potential A through the covariant derivative D_A as follows: D_Aϕ = D_αϕ dx^α, D_αϕ = ∂_αϕ − iA_αϕ for α = 0, 1, 2.

The self-dual regime has been identified by Hong-Kim-Pac [24] and Jackiw-Weinberger [25] through the choice of the “triple-well” potential^1_{k2} |ϕ|^2(|ϕ|^2 − 1)^2 which yields to a Bogomol’nyi reduction [5] for the Chern-Simons-Higgs model, as we discuss below. Vortices are time-independent (x^0 is the time-variable) configurations (A, ϕ) which solve the Euler-Lagrange equations D_μD^μϕ = − 1 k^2

(|ϕ|^2 − 1)(3|ϕ|^2 − 1)ϕ k 2 ϵ^{μαβ} F_{αβ} = J^μ := i ( ϕD^μϕ − ϕD^μϕ ) (1.1)

and have finite energy. In the self-dual regime, for energy-minimizing vortices (at given magnetic flux) the second-order Euler-Lagrange equations are equivalent to the first-order self-dual equations

D_±ϕ = 0 F_{12} ±^2_{k2} |ϕ|^2(|ϕ|^2 − 1) = 0 kF_{12} + 2A_0|ϕ|^2 = 0,

(1.2)

where D_± = D_1 ± iD_2 and the last equation is usually referred to as the Gauss law. In the sequel, we restrict our attention to energy-minimizing vortices (at given magnetic flux), and we will simply refer to them as vortices.

In the physical interpretation, the electric field ⃗E = (∂_1A_0, ∂_2A_0, 0) is planar, the magnetic field ⃗B = (0, 0, F_{1,2}) is in the orthogonal direction, and J^0, ⃗J = (J^1, J^2) can be identified with the charge density, current density, respectively, as in the classical Maxwell theory. Thanks to the Gauss law, vortices are both electrically and magnetically charged, a physical relevant property which was absent in the abelian Maxwell- Higgs model [26, 36]. Notice that A and ϕ are not observable quantities, as they are defined only up to a gauge transformation, whereas the electric and magnetic fields as well as the magnitude |ϕ| of the Higgs field define gauge-independent quantities. The second and third equations in (1.2) only involve observable quantities, whereas the first one D_+ϕ = 0 (or D_−ϕ = 0) – a gauge invariant version of the Cauchy-Riemann equations– implies holomorphic-type properties for the Higgs field ϕ (or ϕ̄) in a suitable gauge. Following an approach first developed by Taubes [36] for the abelian Maxwell-Higgs model, vortices (ϕ, A) can be found in the form: ϕ = e^{u2 ±i ∑Nj=1 Arg(z−pj )}, A_0 = ± 1 k (|ϕ|^2 − 1), A_1 ± iA_2 = −i(∂_1 ± i∂_2) log ϕ (1.3)

as soon as u = log |ϕ|^2 does solve the elliptic problem − Δu = 1 ϵ^2 e^u(1 − e^u) − 4π N∑ j=1 δ_{pj} , (1.4)

where ϵ =^k_2 and p_1, . . . , p_N are the zeroes of ϕ (repeated according to their multiplicities)– usually referred to as the vortex points (with the convention N = 0 if ϕ ≠ 0). We refer the interested reader to [35, 39] and the references therein for more details and for an extensive discussion of several gauge field theories.

For planar vortices, the finite energy condition ∫ R^2 e

u(1 − e^u) < +∞ imposes two possible asymptotic behaviors at infinity. The topological behavior |ϕ|^2 = e^u → 1 as |z| → ∞ gives the vortex number N the topological meaning of winding number for ϕ at infinity (up to a ± sign, depending on whether D_+ϕ = 0 or D_−ϕ = 0), yielding to quantization effects for the energy E, the magnetic flux Φ and the electric charge Q in the class of topological N−vortices: E = 2πN, Φ = ±2πN and Q = ±2πkN. The existence of planar topological vortices has been addressed in [23, 33, 38]. The non-topological behavior |ϕ|^2 = e^u → 0 as |z| → ∞ has no counterpart in the abelian Maxwell-Higgs model, and the possible coexistence of topological and non-topological N−vortices is the main new feature in Chern-Simons theories. After the seminal work [32] in a radial setting with a single vortex point (see also [10] for related results), it has been a challenging problem to find planar non-topological N−vortices [7, 8] for an arbitrary configuration of p_1, . . . , p_N . Surprisingly, two different classes have been found by using different limiting problems: the singular Liouville equation in [7] or the Chern-Simons equation −ΔU = e^U (1 − e^U ) − 4πδ_0 in [8]. Since the latter problem has no scale-invariance, in [8] the points p_1, . . . , p_N are taken along the vertices of a regular N−polygon in order to glue together U(^{x−pj}_ϵ ), j = 1, . . . , N, for there is no freedom to adjust the height at each p_j to account for the interaction, but the approximating function has invertible linearized operator.

Since the theoretical prediction by Abrikosov [2], the appearance of lattice structure, in the form of spatially periodic vortices, has been experimentally observed. To account for it, the model is formulated on

Ω = {z = tω_1 + sω_2 : (t, s) ∈ (− 1 2 , 1 2 ) × (− 1 2 , 1 2 )}, where ω_1, ω_2 ∈ C \ {0} satisfy Im (^{ω2}_{ω1} ) > 0. Condensates are time-independent configurations (A, ϕ) which solve the Euler-Lagrange equations (1.1), have finite energy and satisfy the ’t Hooft boundary conditions [37]:

e^{iξk (z+ωk )}ϕ(z + ω_k) = e^{iξk (z)}ϕ(z), A_0(z + ω_k) = A_0(z), (A_j + ∂_j ξ_k) (z + ω_k) = (A_j + ∂_j ξ_k) (z) (1.5)

for all z ∈ Γ^1 ∪ Γ^2 \ Γ^k and k = 1, 2, where Γ^1 = {z = tω_1 −^1_2 ω_2 : |t| <^1_2 }, Γ^2 = {z = −^1_2 ω_1 + tω_2 : |t| <^1_2 } and ξ_1, ξ_2 are real-valued smooth functions defined in a neighborhood of Γ^2 ∪ {ω_1 + Γ^2}, Γ^1 ∪ {ω_2 + Γ^1}, respectively. For energy-minimizing vortices (at given magnetic flux) the Euler-Lagrange equations (1.1) are still equivalent to the self-dual ones (1.2). Since (1.5) just reduces to a double periodicity for the observable quantities F_{12} and |ϕ| in Ω, a configuration (A, ϕ) in the form (1.3) does solve (1.2) as soon as u = log |ϕ|^2 is a doubly-periodic solution of (1.4) in Ω, see [6, 34] for an exact derivation.

Hereafter, up to a translation, let us assume that ϕ ≠ 0 on ∂Ω (i.e. p_1, . . . , p_N ∈ Ω) in such a way the winding number deg (ϕ, ∂Ω, 0) is well-defined, and the vortex number N is simply given by |deg (ϕ, ∂Ω, 0)|. By (1.5) we still have quantization effects as in the case of planar topological vortices: E = 2πN, Φ = ±2πN and Q = ±2πkN , where the ± sign depends on whether D_+ϕ = 0 or D_−ϕ = 0. Hereafter, up to change ϕ with ϕ̄, let us assume that D_+ϕ = 0 and restrict our attention to energy-minimizing condensates (at given magnetic flux), simply referred to as condensates.

Letting G(z, p) be the Green function of −Δ in Ω with pole at p: { −ΔG(z, p) = δ_p −^1_{|Ω|} in Ω ∫ Ω G(z, p)dz = 0, one is led to consider the following equivalent regular version of (1.4): − Δv = 1 ϵ^2 e^{u0 +v}(1 − e^{u0 +v}) − 4πN |Ω| in Ω (1.6)

in terms of v = u − u_0, where u_0 = −4π N∑ j=1 G(z, p_j ) and the potential e^{u0} is a smooth non-negative function

which vanishes exactly at p_1, . . . , p_N . By translation invariance, notice that G(z, p) = G(z − p, 0), and

G(z, 0) can be decomposed as G(z, 0) = −^1_{2π} log |z| + H(z), where H is a (not doubly-periodic) function with ΔH =^1_{|Ω|} in Ω. If v is a solution of (1.6), by integration over Ω notice that ∫ Ω e^{u0+v}(1 − e^{u0+v}) = ∫ Ω |ϕ|^2(1 − |ϕ|^2) = 2ϵ^2 ∫ Ω F_{12} = 4πNϵ^2 (1.7)

in view of (1.2), yielding to the necessary condition

16πNϵ^2 = |Ω| − 4 ∫ Ω ( e^{u0+v} − 1 2 )_2 < |Ω|

for the solvability. According to [6], Caffarelli and Yang show the existence of 0 < ϵ_c < √_{|Ω|} 16πN so that (1.4)

has a maximal doubly-periodic solution u_ϵ for 0 < ϵ < ϵ_c, while no solution exists for ϵ > ϵ_c. Notice that (1.6) admits a variational structure with energy functional

J_ϵ(v) = 1 2 ∫ Ω |∇v|^2 + 1 2ϵ^2 ∫ Ω ( e^{u0+v} − 1

)_2 + 4πN |Ω| ∫ Ω v where v ∈ H^1(Ω) = {v ∈ H^1_{loc}(R^2 ) : v doubly periodic in Ω}. Later, Tarantello [34] shows that the maximal solution u_ϵ is a local minimum for J_ϵ in H^1(Ω), and a second solution u^ϵ is found by a mountain-pass critical point for J_ϵ.

To each solution u of (1.4) we can associate the N−condensate (A, ϕ) in the form (1.3) (with the + sign as we agreed), and let (A_ϵ, ϕ_ϵ), (A^ϵ, ϕ^ϵ) be the ones corresponding to u_ϵ, u^ϵ. Concerning the asymptotic behavior as ϵ → 0, by (1.7) we can expect two classes of N−condensates:

• |ϕ| → 1 as ϵ → 0 (“topological” behavior),

• |ϕ| → 0 as ϵ → 0 (“non-topological” behavior),

to be understood in suitable norms. For example, (A_ϵ, ϕ_ϵ) exhibits “topological” behavior: |ϕ_ϵ| → 1 in Cloc(Ω̄ \ {p_1, . . . , p_N }), with

(F_{12})_ϵ ⇀ 2π N∑ j=1 δ_{pj} in the sense of measures (1.8)

as ϵ → 0 according to (1.7), see [34]. The concentration property (1.8) for the magnetic field has a definite physical interest, and supports the use of the terminology “vortex points” for the zeroes p_1, . . . , p_N of the Higgs field ϕ. The N−condensate (A^ϵ, ϕ^ϵ) has in general a different asymptotic behavior as ϵ → 0:

(i) when N = 1, |ϕ^ϵ| → 0 in C^m(Ω̄), for all m ≥ 0, and (F_{12})^ϵ is a compact sequence in L^1(Ω) (see [34]);

(ii) when N = 2, |ϕ^ϵ| → 0 in C(Ω̄) and either (F_{12})^ϵ is a compact sequence in L^1(Ω) or (F_{12})^ϵ ⇀ 4πδ_q in the sense of measures, for some q ≠ p_1, p_2 with u_0(q) = max_Ω u_0, depending on whether I(v) = 1 2 ∫ Ω |∇v|^2 − 8π log (∫ Ω e^{u0 +v} ) + 8π |Ω| ∫ Ω v attains its infimum or not in H^1(Ω) (see [31], and also [18]);

(iii) when N ≥ 3, |ϕ^ϵ| → 0 in C(Ω̄) and (F_{12})^ϵ ⇀ 2πNδ_q in the sense of measures, for some q ≠ p_1, . . . , p_N with u_0(q) = max_Ω u_0 (see [12]).

In [17] it is shown the existence of N−condensates (A, ϕ) so that |ϕ| → 0 a.e. in Ω as ϵ → 0. Concerning the case N = 2, it is a very difficult question, which has been discussed in [9, 27] for p_1 = p_2, to know whether or not I attains the infimum in H^1(Ω). An alternative approach of perturbative type has revelead to be successful for N = 2 [29] (see also [20] among other things) by constructing a sequence of 2−condensates for which the second alternative in (ii) does hold, for a critical point q of u_0. The same approach works as well for N ≥ 3, provided the concentration points of the magnetic field are not vortex points.

The existence of non-topological N−condensates with magnetic field concentrated at vortex points as ϵ → 0 (like in (1.8)) is the main issue from a physical viewpoint and has not received an answer so far. A first partial answer has been provided by Lin and Yan [28] who construct N−condensates (A_ϵ, ϕ_ϵ) so that (F_{12})_ϵ ⇀ 2πNδ_{pj} in the sense of measures as ϵ → 0, as soon as N > 4 and p_j is a simple vortex point in {p_1, . . . , p_N }. As in [8], they make use of the Chern-Simons equation −ΔU = e^U (1 − e^U ) − 4πδ_0 as limiting problem, which is not suitable to manage multiple concentration points. Moreover, such a condensate does satisfy max_Ω |ϕ_ϵ| ≥ c > 0 for ϵ small and |ϕ_ϵ| → 0 in Cloc(Ω̄\{p_j }), which fits the notion of “non-topological” behavior in a weak sense. Our aim is to extend to N−condensates the perturbative approach developed by Chae and Imanuvilov [7] for planar N−vortices, based on the use of the singular Liouville equation as limiting problem. As far as non-topological behavior, let us stress that the problem on the torus is much more rigid than the planar case, as well illustrated by the quantization property Φ = 2πN (valid just in the doubly-periodic situation). For example, when F_{12} is concentrated like a Dirac measure at a vortex point p_l, by the use of Liouville profiles it is natural, as we will see, to have 4π(n_l + 1) as concentration mass of F_{12}

at p_l, where n_l is the multiplicity of p_l in the set {p_1, . . . , p_N }, and then the relation 2πN = 4π m∑ l=1 (n_l + 1)

does hold as soon as F_{12} ⇀ 4π m∑ l=1 (n_l + 1)δ_{pl} in the sense of measures. In particular, the concentration of the

magnetic field can not take place at all the vortex points p_1, . . . , p_N as in the planar case [7]. Let us stress that the N−condensates constructed in [30] have exactly such a concentration property and then violate the balancing condition (1.9).

Our aim is to provide a general answer to the long-standing question on the existence of non-topological N−condensates with magnetic field concentrated at some vortex points. Compared with [7], our main result is rather surprising and reads as follows.

Theorem 1.1. Let {p_1, . . . , p_m} be a subset of the vortex set {p_1, . . . , p_N } ⊂ Ω, {p_j }_j be the remaining points and n_l, n_j be the corresponding multiplicities so that 2πN = 4π m∑ l=1 (n_l + 1). (1.9)

Letting H_0 be a meromorphic function in Ω so that |H_0(z)|^2 = e^{u0+8π ∑ml=1(nl+1)G(z,pl)} (which exists and is unique up to rotations), assume that H_0 has zero residue at each p_1, . . . , p_m. Letting σ_0(z) = − (∫_z H_0(w)dw )_{−1} (a well-defined meromorphic function), assume that

D_0 = 1 π [∫ Ω\σ^{−1}_0 (B_ρ(0)) e^{u0+8π ∑ml=1(nl+1)G(z,pl)} − m∑ l=1 (n_l + 1) ∫ R^2\B_ρ(0) dy |y|^4 ] < 0 (1.10) for small ρ > 0 and the “non-degeneracy condition” det A ≠ 0, where A is given by (6.11). Then, for ϵ > 0 small there exists N−condensate (A_ϵ, ϕ_ϵ) so that |ϕ_ϵ| → 0 in C(Ω̄) and

(F_{12})_ϵ ⇀ 4π m∑ l=1 (n_l + 1)δ_{pl} (1.11)

weakly in the sense of measures, as ϵ → 0.

Notice that we can also allow some concentration point not to be a vortex point, by simply adding it to the vortex set with null multiplicity. In section 5 we will see that in the double-vortex case N = 2 Theorem 1.1 essentially recovers the result in [20, 29] concerning single-point concentration, for the assumptions just reduce to have the concentration point q ≠ p_1, p_2 as a non-degenerate critical point of u_0 with D_0 < 0 (for similar results concerning the Liouville equation, see [4, 16, 21] in case of bounded domains with Dirichlet b.c. and [22] in case of a flat two-torus). Despite of the complex statement, in section 5 we will check the assumptions of Theorem 1.1 for m = 1 on a rectangle Ω with p_1 = 0, p_2 =^{ω1}_2 , p_3 =^{ω2}_2 and p_4 =^{ω1+ω2}_2 , and n_1, n_2, n_3, n_4 even multiplicities with^{n4}_2 odd. Even more important, examples with m ≥ 2 will be discussed in section 6.

Following an approach developed by Tarantello [34] and exploited in [31], (1.6) can be seen as a mean-field type equation with potential e^{u0} . Since e^{u0} vanishes like |z − p_l|^{2nl} near each p_l, l = 1, . . . , m, the Liouville equation −ΔU = |z|^{2n}e^U will play a central role in the construction of an approximating function in the perturbative approach. Unfortunately, the approximation rate is not sufficiently small to carry out the argument, a problem which often arises in perturbation arguments and is usually overcome by refining the ansatz via linear theory around the approximating function. However, such a procedure would require several subsequent refinements, yielding in general to a high level of complexity. Inspired by [14], in section 2 we will take advantage of the Liouville formula for the solutions of −ΔU = |z|^{2n}e^U to use the inner parameters, present in the Liouville formula, to get improved profiles when m = 1. An asymptotic expansion for the corresponding “reduced equations” is derived in section 3. Theorem 1.1 is proved in section 4 when m = 1 and in section 6 when m ≥ 2.

Finally, let us stress that our approximating function is constructed to solve very well the unperturbed part of the mean-field equation we are concerned with. As we will discuss in sections 3-4, the assumption on the residues of H_0 is necessary in our context but we don’t know what might be the effect of a different ansatz, if any. We are aware that Lin and Yan are working on the same subject along this line.

2 Improved Liouville profiles

Let us decompose any solution v of (1.6) as v = w + c, where c =^1_{|Ω|} ∫ Ω v. In this way, w has zero average: ∫ Ω wdz = 0, and by (1.7) one has e^{2c} ∫ Ω e^{2u0+2w} − e^c ∫ Ω e^{u0+w} + 4πNϵ^2 = 0.

This last identity then provides a relation between c and w in the form c = c_±(w), where e^{c±(w)} = 8πNϵ^2 ∫ Ω e^{u0+w} ∓ √ ( ∫ Ω e^{u0+w})^2 − 16πNϵ^2 ∫ Ω e^{2u0 +2w}

, (2.1)

whenever ( ∫ Ω e^{u0 +w}

)_2 − 16πNϵ^2 ∫ Ω e^{2u0+2w} ≥ 0. The two possible choice of “plus” or “minus” sign in (2.1) is another indication of multiple solutions for (1.6). In [34], topological solutions are characterized to satisfy

(2.1) with the “plus” sign. Since we are interested to non-topological solutions, it is natural to restrict the attention to the case c = c_−(w), reducing problem (1.6) to the following equation in Ω: −Δw = 4πN ( e^{u0+w} ∫ Ω e^{u0 +w} − 1 |Ω| )

+ 64π^2N^2ϵ^2 ∫ Ω e^{2u0+2w} ( ∫ Ω e^{u0+w} + √ ( ∫ Ω e^{u0+w})^2 − 16πNϵ^2 ∫ Ω e^{2u0+2w})^2 ( e^{u0+w} ∫ Ω e^{u0+w} − e^{2u0+2w} ∫ Ω e^{2u0+2w} ) ∫ Ω w = 0. (2.2)

Here and in the next sections, we first discuss the case m = 1 in Theorem 1.1. Assume that p is present n−times in {p_1, . . . , p_N }, and denote by p^′_j s the remaining points in the set {p_1, . . . , p_N } with corresponding multiplicities n^′_j s. Up to a translation, let us assume that p_j ∈ Ω (modulo ω_1Z + ω_2Z) for j = 1, . . . , N, a crucial property which will simplify the arguments below. Since the assumptions in Theorem 1.1 for the concentration at p are just local properties, for simplicity in the notations let us simply denote p as 0.

Since e^{u0} behaves like |z|^{2n} as z → 0, the local profile of w near 0 will be given in terms of solutions of the “singular” Liouville equation:

− ΔU = |z|^{2n}e^U . (2.3)

Recall that by Liouville formula the function log 8|F^′|^2 (1 + |F |^2)^2

does solve −ΔU = e^U in the set {F^′ ≠ 0}, for any holomorphic map F . For entire solutions of (2.3) with finite-energy: ∫ R^2 |z| 2ne^U < +∞, it is well known that necessarily F (z) =^{zn+1−a}_δ , and then all the entire finite-energy solutions of (2.3) are classified as

U_{δ,a}(z) = log

8(n + 1)^2δ^2 (δ^2 + |z^{n+1} − a|^2)^2 , δ > 0, a ∈ C . Moreover, we have that ∫ R^2 |z| 2ne^{Uδ,a} = 8π(n + 1). Since by construction the corresponding v = w + c_−(w) will satisfy 1 ϵ^2 e^{u0+v} ( 1 − e^{u0+v} ) ⇀ 8π(n + 1)δ_0

in the sense of measures, the balance condition

2πN = 4π(n + 1) (2.4)

is necessary in view of (1.7).

Assume for simplicity e^{u0} = |z|^{2n}. Since ∫ Ω |z|^{2n}e^{Uδ,a} → 8π(n + 1) as δ → 0, by (2.4) we have the asymptotic matching of −ΔU_{δ,a} = |z|^{2n}e^{Uδ,a} and 4πN^{|z|2neUδ,a}∫_{Ω |z|2neUδ,a} as δ → 0. To correct U_{δ,a} into a doubly-periodic function, we consider the projection P U_{δ,a} of U_{δ,a} as the solution of { −ΔP U_{δ,a} = −ΔU_{δ,a} +^1_{|Ω|} ∫ Ω ΔU_{δ,a} in Ω ∫ Ω P U_{δ,a} = 0.

In this way, we gain the constant term 1 |Ω| ∫ Ω ΔU_{δ,a} = − 1 |Ω| ∫ Ω |z|^{2n}e^{Uδ,a} → − 4πN |Ω| as δ → 0

in view of (2.4), and we still need to check that the difference between −ΔU_{δ,a} = |z|^{2n}e^{Uδ,a} and 4πN^{|z|2neP Uδ,a}∫_{Ω |z|2neP Uδ,a} is asymptotically small. Thanks to an asymptotic expansion of P U_{δ,a} in terms of U_{δ,a}, we will see that the difference is small (i.e. P U_{δ,a} is an approximating function of (2.2)) but behaves at most like |z|^{2n}e^{Uδ,a} O(|z|+δ^2) which is not sufficiently small. A first refinement of the ansatz via the linear theory around P U_{δ,a} could improve the pointwise error estimate into |z|^{2n}e^{Uδ,a} O(|z|^2 + δ^2), which unfortunately is in general still not enough. Since there is a strong mismatch between the dependence of U_{δ,a} on z^{n+1} and that of the error on z (or even on z^2), we should push such a procedure through several subsequent refinements. Instead, we play directly with the inner parameters present in the Liouville formula, for we have more flexibility in the choice of F (z) on bounded domains. Hereafter, let us fix an open simply-connected domain Ω̃ so that Ω ⊂ Ω̃ and Ω̃ ∩ (ω_1Z + ω_2Z) = {0}, and set M(Ω) = {σ | | Ω : σ meromorphic in Ω̃}. Let δ ∈ (0, +∞), a ∈ C and σ ∈ M(Ω) be a function which vanishes only at 0 with multiplicity n + 1. Since log |σ^′(z)|^2 is harmonic in {σ^′ ≠ 0}, the choice F (z) =^{σ(z)−a}_δ yields to solutions U_{δ,a,σ}(z) = log 8δ^2 (δ^2 + |σ(z) − a|^2)^2 of −ΔU = |σ^′(z)|^2e^U in Ω \ {poles of σ}, for U_{δ,a,σ} is a smooth function up to {σ^′ = 0}. The guess is so to find a better local approximating function P U_{δ,a,σ} for a suitable choice of σ, where P U_{δ,a,σ} does solve { −ΔP U_{δ,a,σ} = |σ^′(z)|^2e^{Uδ,a,σ} −^1_{|Ω|} ∫ Ω |σ^′(z)|^2e^{Uδ,a,σ} in Ω ∫ Ω P U_{δ,a,σ} = 0. (2.5)

Notice that P U_{δ,a,σ} is well-defined and smooth as long as σ ∈ M(Ω), no matter σ has poles or not. Recall that G(z, 0) can be thought as a doubly-periodic function in C with singularities on the lattice vertices ω_1Z + ω_2Z, and H(z) = G(z, 0) +^1_{2π} log |z| is then a smooth function in 2Ω with ΔH =^1_{|Ω|} . Since 2Ω is simply-connected, we can find an holomorphic function H^∗ in 2Ω having the harmonic function H −^{|z|2}_{4|Ω|} as real part. Since p_j ∈ Ω, take Ω̃ close to Ω so that Ω̃ − p_j ⊂ 2Ω for all j = 1, . . . , N. The function H(z) = ∏ j (z − p_j )^{nj} exp 4π(n + 1)H^∗(z) − 2π N∑ j=1 H^∗(z − p_j ) − π 2|Ω| N∑ j=1 |p_j |^2 + π |Ω| z N∑ j=1 p_j (2.6)

is holomorphic in Ω̃ with

|H(z)|^2 = 1 |z|^{2n} e^{u0 +8π(n+1)H(z)} = e^{4π(n+2)H(z)−4π ∑j nj G(z,pj )} in Ω̃ (2.7)

in view of (2.4). The meromorphic function H_0(z) =^{H(z)}_{zn+2} does satisfy |H_0(z)|^2 = e^{u0+8π(n+1)G(z,0)} in Ω̃. Hereafter, for a meromorphic function g in Ω̃ the notation ∫_z g(w)dw stands for the anti-derivative of g(z), which is a well-defined meromorphic function in the simply-connected domain Ω̃ as soon as g has zero residues at each of its poles. We define

σ_0(z) = − (∫_z H_0(w)e^{−c0wn+1} dw )_{−1} = − (∫_z H(w)e^{−c0 wn+1} w^{n+2} dw )_{−1} , (2.8) where c_0 = 1 H(0)(n + 1)! d^{n+1}H dz^{n+1} (0) (2.9)

guarantees that the residue of H_0(z)e^{−c0zn+1} at 0 vanishes. By construction σ_0 ∈ M(Ω) vanishes only at zero with multiplicity n + 1, as needed, with

lim_{z→0} z^{n+1} σ_0(z) = H(0) n + 1

, (2.10)

and does solve |σ^′_0(z)|^2 = |σ_0(z)|^4e^{u0+8π(n+1)G(z,0)}e^{−2 Re[c0zn+1]} (2.11) in view of (2.7).

Let σ ∈ M(Ω) be a function which vanishes only at zero with multiplicity n + 1. For a ∈ C small there exist a_0, . . . , a_n so that {z ∈ Ω̃ : σ(z) = a} = {a_0, . . . , a_n} (distinct points when a ≠ 0). For a small the function H_{a,σ}(z) = ∏ j (z − p_j )^{nj} exp 4π n∑ k=0 H^∗(z − a_k) − 2π |Ω| z n∑ k=0 a_k − 2π N∑ j=1 H^∗(z − p_j ) (2.12)

− π 2|Ω| N∑ j=1 |p_j |^2 + π |Ω| z N∑ j=1 p_j

is holomorphic in Ω̃ with |H_{a,σ}(z)|^2 = 1 |z|^{2n} e^{u0+8π} ∑_n k=0 H(z−a_k )−^{2π}_{|Ω|} ∑_n k=0 |a_k |^2 in Ω̃ (2.13)

in view of (2.4). The advantage in our construction of H_{a,σ} , which might be carried over in a simpler and more direct way, is the holomorphic/anti-holomorphic dependence in the a_k’s as well as in z, a crucial property as we will see in Appendix A. When a = 0, then a_0 = · · · = a_n = 0 and H = H_{0,σ}. Endowed with the norm ‖σ‖ := ‖^σ_{σ0} ‖_{∞,Ω̃}, the set M^′(Ω) = {σ ∈ M(Ω) : ‖σ‖ < ∞} is a Banach space, and let B_r be the closed ball centered at σ_0 and radius r > 0, i.e.

B_r = { σ ∈ M(Ω) : ‖ ‖ σ σ_0 − 1 ‖ ‖ ∞,Ω̃ ≤ r } . (2.14)

For a ≠ 0 and r small, the aim is to find a solution σ_a ∈ B_r of σ(z) = − [∫_z ( σ(w) − a ∏_n k=0(w − a_k) w^{n+1} σ(w) )_2 H_{a,σ} (w) w^{n+2} e^{−ca,σ wn+1} dw ]_{−1}

for a suitable coefficient c_{a,σ} . To be more precise, letting g_{a,σ}(z) = σ(z) − a ∏_n k=0(z − a_k) for |a| < ρ and σ ∈ B_r, by Lemma A.1 we have that g_{a,σ} ∈ M(Ω) never vanishes, and the problem above gets re-written as σ(z) = − [∫_z g^2_{a,σ}(w) g^2_{0,σ}(w) H_{a,σ}(w) w^{n+2} e^{−ca,σwn+1} dw ]_{−1} . (2.15)

The choice c_{a,σ} = 1 (n + 1)! d^{n+1} dz^{n+1} [ g^2_{a,σ}(z)g^2_{0,σ}(0) g^2_{a,σ}(0)g^2_{0,σ} (z) H_{a,σ} (z) H_{a,σ} (0) ] (0) (2.16)

lets vanish the residue of the integrand function in (2.15) making the R.H.S. well-defined. Since σ_a ∈ B_r, the function σ_a vanishes only at zero with multiplicity n + 1, and satisfies

|σ^′_a(z)|^2 = |σ_a(z) − a|^4exp ( u_0 + 8π n∑ k=0 G(z, a_k) − 2π |Ω| n∑ k=0 |a_k|^2 − 2 Re[c_{a,σa} z^{n+1}] ) (2.17)

in view of (2.13). The resolution of problem (2.15)-(2.16) will be addressed in Appendix A. We have the following expansion for P U_{δ,a,σ} as δ → 0:

Lemma 2.1. There holds P U_{δ,a,σ} = U_{δ,a,σ} − log(8δ^2) + 4 log |g_{a,σ}| + 8π n∑ k=0 H(z − a_k) + Θ_{δ,a,σ} + 2δ^2f_{a,σ} + O(δ^4) (2.18)

in C(Ω), uniformly for |a| < ρ and σ ∈ B_r, where Θ_{δ,a,σ} = − 1 |Ω| ∫ Ω log |σ(z) − a|^4 (δ^2 + |σ(z) − a|^2)^2

and f_{a,σ} is defined in (2.22). In particular, there holds P U_{δ,a,σ} = 8π n∑ k=0 G(z, a_k) + Θ_{δ,a,σ} + 2δ^2 ( f_{a,σ} − 1 |σ(z) − a|^2 ) + O(δ^4)

in C_{loc}(Ω \ {0}), uniformly for |a| < ρ and σ ∈ B_r.

Proof: Define r_{δ,a,σ} = P U_{δ,a,σ} − U_{δ,a,σ} + log(8δ^2) − 4 log |g_{a,σ}| − 8π n∑ k=0 H(z − a_k). The function U_{δ,a,σ} does satisfy −ΔU_{δ,a,σ} = |σ^′(z)|^2e^{Uδ,a,σ} just in Ω \ {poles of σ}. At the same time, the function −4 log |g_{a,σ}| is harmonic in Ω \ {poles of σ}, and has exactly the same singular behavior of U_{δ,a,σ} near each pole of σ. It means that − Δ [U_{δ,a,σ} + 4 log |g_{a,σ}|] = |σ^′(z)|^2e^{Uδ,a,σ} (2.19) does hold in the whole Ω. Since ΔH =^1_{|Ω|} , by (2.5) and (2.19) we get that −Δr_{δ,a,σ} = 1 |Ω| [ 8π(n + 1) − ∫ Ω |σ^′(z)|^2e^{Uδ,a,σ} ] . By the Green’s representation formula we have that r_{δ,a,σ}(z) = 1 |Ω| ∫ Ω r_{δ,a,σ} + ∫ ∂Ω [∂_ν r_{δ,a,σ}(w)G(w, z) − r_{δ,a,σ}(w)∂_ν G(w, z)]ds(w), (2.20) where ν is the unit outward normal of ∂Ω and ds(w) is the line integral element. Since as δ → 0 there holds r_{δ,a,σ}(w) = P U_{δ,a,σ}(w) − 8π n∑ k=0 G(w, a_k) + 2 δ^2 |σ(w) − a|^2 + O(δ^4)

in C^1(∂Ω) uniformly in |a| < ρ and σ ∈ B_r, by double-periodicity of P U_{δ,a,σ} − 8π n∑ k=0 G(·, a_k) we get that ∫ ∂Ω [∂_ν r_{δ,a,σ}(w)G(w, z) − r_{δ,a,σ}(w)∂_ν G(w, z)]ds(w) = 2δ^2f_{a,σ}(z) + O(δ^4) (2.21) in C(Ω̄), where f_{a,σ}(z) = ∫ ∂Ω [ ∂_ν 1 |σ(w) − a|^2 G(w, z) − 1 |σ(w) − a|^2 ∂_ν G(w, z) ] ds(w). (2.22)

Inserting (2.21) into (2.20) we get that

r_{δ,a,σ}(z) = Θ_{δ,a,σ} + 2δ^2f_{a,σ}(z) + O(δ^4) (2.23)

in C(Ω) uniformly in |a| < ρ and σ ∈ B_r, where Θ_{δ,a,σ} := 1 |Ω| ∫ Ω r_{δ,a,σ} = − 1 |Ω| ∫ Ω log |σ(z) − a|^4 (δ^2 + |σ(z) − a|^2)^2 . The estimate (2.23) yields to the desired expansion for P U_{δ,a,σ} as δ → 0.

Letting σ_a ∈ B_r be the solution of (2.15)-(2.16), we build up the correct approximating function as W = P U_{δ,a,σa} . We need to control the approximation rate of W for δ and ϵ small enough, by estimating the error term R = ΔW + 4πN ( e^{u0 +W} ∫ Ω e^{u0+W} − 1 |Ω| ) (2.24) + 64π^2N^2ϵ^2 ∫ Ω e^{2u0+2W} (∫ Ω e^{u0+W} + √ ( ∫ Ω e^{u0+W} )^2 − 16πNϵ^2 ∫ Ω e^{2u0 +2W}

)_2 ( e^{u0+W} ∫ Ω e^{u0 +W} − e^{2u0+2W} ∫ Ω e^{2u0 +2W} ) .

In order to simplify the notations, we set U_{δ,a} = U_{δ,a,σa} , c_a = c_{a,σa} , Θ_{δ,a} = Θ_{δ,a,σa} , f_a = f_{a,σa} , and omit the subscript a in σ_a. We have the following crucial result.

Theorem 2.2. Let |a| <^ρ_2 and set

η = ϵ^2δ^{− 2n+1} max { 1, |a| δ } 2n_{n+1} . (2.25)

The following expansions do hold ΔW + 4πN ( e^{u0 +W} ∫ Ω e^{u0+W} − 1 |Ω| )

= |σ^′(z)|^2e^{Uδ,a} [ e^{2 Re[cazn+1]} 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a − 1 ]

+|σ^′(z)|^2e^{Uδ,a} O(δ^2|z| + δ^2|a|^{1n+1} + δ^2|c_a| + δ^{2n+3n+1} ) + O(δ^2) (2.26) and 64π^2N^2ϵ^2 ∫ Ω e^{2u0+2W} ( ∫ Ω e^{u0+W} + √ ( ∫ Ω e^{u0+W} )^2 − 16πNϵ^2 ∫ Ω e^{2u0 +2W} )^2 ( e^{u0+W} ∫ Ω e^{u0+W} − e^{2u0+2W} ∫ Ω e^{2u0+2W} )

= |σ^′(z)|^2e^{Uδ,a} [ 8(n + 1)^2ϵ^2 π|α_a|^{2n+1} δ^{2n+1} E_{a,δ} − ϵ^2|σ^′(z)|^2e^{Uδ,a} ] [ 1 + O(|c_a||z|^{n+1} + η) + o(1) ] (2.27)

as ϵ, δ → 0, where α_a, F_a, G_a, D_a, E_{a,δ} are given in (2.31), (2.35), (2.43), (2.47), respectively. Proof: Recall that (2.15) implies the validity of (2.17), which, combined with Lemma 2.1, yields to the following crucial estimate:

W = U_{δ,a} − log(8δ^2) + log |σ^′(z)|^2 − u_0 + 2π |Ω| n∑ k=0 |a_k|^2 + 2 Re[c_az^{n+1}] + Θ_{δ,a} + 2δ^2f_a + O(δ^4) (2.28)

in C(Ω) as δ → 0, uniformly for |a| < ρ. Since by Lemma A.1 σ = q^{n+1} in σ^{−1}(B_ρ(0)), through the change of variables y = q(z) in σ^{−1}(B_ρ(0)) = q^{−1}(B_ρ 1_{n+1} (0)), by (2.28) we have that

8δ^2 e^{2π|Ω|} ∑_n k=0 |a_k |^2+Θ_{δ,a} +2δ^2 f_a (0) ∫ σ^{−1} (B_ρ(0))

e^{u0+W} = ∫ q^{−1} (B_{ρ 1n+1} (0)) |σ^′(z)|^2e^{Uδ,a +2 Re[cazn+1]+O(δ2|z|+δ4 )}

= ∫ B_{ρ 1n+1} (0)

8(n + 1)^2δ^2|y|^{2n} (δ^2 + |y^{n+1} − a|^2)^2 e^{2 Re[ca(q−1 (y))n+1]+O(δ2|y|+δ4)}. (2.29)

Since q^{−1}(y) ∼ y at y = 0, the following Taylor expansion does hold

e^{ca(q−1 (y))n+1} = 1 + c_ay^{n+1} +∞∑ k=0 α^k_ay^k (2.30)

in B_ρ 1_{n+1} (0), where the coefficients α^k_a depend on a through σ = σ_a. In particular, we have that α_a := α^0_a takes the form

α_a = lim_{z→0} z^{n+1} σ(z) ≠ 0. (2.31)

By (2.30) we then deduce that

e^{2 Re[ca(q−1 (y))n+1]} = | e^{ca(q−1 (y))n+1} |_2 = 1 + 2 Re [ c_ay^{n+1} +∞∑ k=0 α^k_ay^k ] + |c_a|^2|y|^{2n+2} +∞∑ k,s=0 α^k_aα^s_ay^ky^s. (2.32)

Since_n ∑ j=0 [e^{i 2πn+1 j} ]^k = n∑ j=0 e^{i 2πn+1 j} = 0

for all integer k /∈ (n + 1)N, by the change of variables y → e^{i 2πn+1 j} y we have that ∫ B_{ρ 1n+1} (0) |y|^my^k (δ^2 + |y^{n+1} − a|^2)^2 = n∑ j=0 ∫ B_{ρ 1n+1} (0)∩C_j |y|^my^k (δ^2 + |y^{n+1} − a|^2)^2 = ∫ B_{ρ 1n+1} (0)∩C_0 |y|^my^k (δ^2 + |y^{n+1} − a|^2)^2 n∑ j=0 [e^{i 2πn+1 j} ]^k = 0 (2.33) for all m ≥ 0 and integer k /∈ (n + 1)N, where C_j is the sector of the plane between the angles e^{i 2πn+1 j} and e^{i 2πn+1 (j+1)}. Formula (2.33) tells us that many terms of the expansion (2.32) will give no contribution when inserted in an integral formula like (2.29). Using the notation . . . to denote such terms, we can rewrite (2.32) as e^{2 Re[ca(q−1(y))n+1]} = 1 + 2 Re [ c_a +∞∑ k=0 α^{k(n+1)} a y^{(k+1)(n+1)} ] + |c_a|^2|y|^{2n+2} +∞∑ k=0 |α^k_a|^2|y|^{2k} (2.34)

+2|c_a|^2|y|^{2n+2} Re [_{+∞}∑ k=0 +∞∑ m=1 α^k_aα^{k+m(n+1)} a |y|^{2k}y^{m(n+1)} ] + . . . Setting

F_a(y) = +∞∑ k=0 α^{k(n+1)} a y^{k+1}, G_a(y) = |y|^2 [ 2 +∞∑ k=0 +∞∑ m=1 α^k_aα^{k+m(n+1)} a |y|^{2kn+1} y^m + +∞∑ k=0 |α^k_a|^2|y|^{2kn+1} ] , (2.35)

through the change of variables y → y^{n+1} we can re-write (2.29) as

8δ^2 (n + 1)e^{2π|Ω|} ∑_n k=0 |a_k |^2+Θ_{δ,a} +2δ^2 f_a (0) ∫ σ^{−1} (B_ρ(0)) e^{u0+W} = ∫ B_ρ(0)

8δ^2 (δ^2 + |y − a|^2)^2 ( 1 + Re[2c_aF_a(y) + |c_a|^2G_a(y)] + O(δ^2|y|^{1n+1} + δ^4) )

= 8π − ∫ R^2\B_ρ (0)

8δ^2 |y|^4 + ∫ B_ρ (0)

8δ^2 (δ^2 + |y − a|^2)^2

Re[2c_aF_a(y) + |c_a|^2G_a(y)] + O(δ^2|a|^{1n+1} + δ^{2n+3n+1} ). (2.36)

Since |a| <^ρ_2 and F is an holomorphic function in B^ρ_2 (a) ⊂ B_ρ(0), we can expand F_a in a power series around y = a:

F_a(y) = ∞∑ k=0 F^{(k)}a (a) k! (y − a)^k, (2.37)

and then get 2 ∫ B_ρ (0)

8δ^2 (δ^2 + |y − a|^2)^2

Re[c_aF_a(y)] = 2 ∫ B ρ_2 (a)

8δ^2 (δ^2 + |y − a|^2)^2

Re[c_aF_a(y)] + O(δ^2|c_a|)

= 16π Re[c_aF_a(a)] + O(δ^2|c_a|) (2.38)

in view of ∫

B ρ_2 (a) (y − a)^k (δ^2 + |y − a|^2)^2 = 0 for all integer k ≥ 1. The map Re G_a is just C^{2+ 2n+1} (B_ρ(0)) and can be expanded up to second order in y = a: Re G_a(y) = Re G_a(a) + ⟨∇ Re G_a(a), y − a⟩ + 1 2 ⟨D^2 Re G_a(a)(y − a), y − a⟩ + O(|y − a|^{2(n+2)n+1} ) (2.39) for y ∈ B^ρ_2 (a), yielding to |c_a|^2 ∫ B_ρ (0)

8δ^2 (δ^2 + |y − a|^2)^2

Re G_a(y) = |c_a|^2 ∫ B ρ_2 (a)

8δ^2 (δ^2 + |y − a|^2)^2

Re G_a(y) + O(δ^2|c_a|^2)

= 8π|c_a|^2 Re G_a(a) + |c_a|^2 4 Δ Re G_a(a) ∫ B ρ_2 (a)

8δ^2 (δ^2 + |y − a|^2)^2

|y − a|^2 + O(δ^2|c_a|^2)

= 8π|c_a|^2 Re G_a(a) + 4π|c_a|^2Δ Re G_a(a)δ^2 log 1 δ + O(δ^2|c_a|^2) (2.40)

in view of ∫ B ρ_2 (a)

(y − a)_1 (δ^2 + |y − a|^2)^2 = ∫ B ρ_2 (a)

(y − a)_2 (δ^2 + |y − a|^2)^2 = ∫ B ρ_2 (a)

(y − a)_1(y − a_2) (δ^2 + |y − a|^2)^2 = 0 ∫ B ρ_2 (a)

(y − a)^2_1 (δ^2 + |y − a|^2)^2 = ∫ B ρ_2 (a)

(y − a)^2 (δ^2 + |y − a|^2)^2 = 1 2 ∫ B ρ_2 (a) |y − a|^2 (δ^2 + |y − a|^2)^2 .

By inserting (2.38), (2.40) into (2.36) we get that

8δ^2 (n + 1)e^{2π|Ω| ∑nk=0 |ak |2+Θδ,a +2δ2 fa (0)} ∫ σ^{−1} (B_ρ(0)) e^{u0+W} = 8π − ∫ R^2\B_ρ (0)

8δ^2 |y|^4 + 16π Re[c_aF_a(a)] + 8π|c_a|^2 Re G_a(a) + 4π|c_a|^2Δ Re G_a(a)δ^2 log 1 δ +O(δ^2|a|^{1n+1} + δ^2|c_a| + δ^{2n+3n+1} ). (2.41)

By Lemma 2.1, (2.41) and Lemma A.1 we get that

δ^2 π(n + 1)e^{2π|Ω|} ∑_n k=0 |a_k |^2+Θ_{δ,a} +2δ^2 f_a (0) ∫ Ω e^{u0+W} = 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) + 1 2 |c_a|^2Δ Re G_a(a)δ^2 log 1 δ + δ^2 n + 1

D_a + O(δ^2|a|^{1n+1} + δ^2|c_a| + δ^{2n+3n+1} ), (2.42)

where πD_a = ∫ Ω\σ^{−1} (B_ρ (0)) e^{u0+8π} ∑_n k=0 G(z,a_k)−^{2π}_{|Ω|} ∑_n k=0 |a_k |^2 − ∫ R^2\B_ρ(0)

n + 1 |y|^4 . (2.43)

In view of (2.4) and ∫ Ω |σ^′(z)|^2e^{Uδ,a} = 8π(n + 1) + O(δ^2), by (2.28) and (2.42) we have that ΔW + 4πN ( e^{u0 +W} ∫ Ω e^{u0+W} − 1 |Ω| )

= |σ^′(z)|^2e^{Uδ,a} [ 4πN e^{2 Re[cazn+1]+O(δ2|z|+δ4 )} 8δ^2e^{− 2π|Ω|} ∑_n k=0 |a_k |^2−Θ_{δ,a} −2δ^2 f_a(0) ∫ Ω e^{u0+W} − 1 ] + 1 |Ω| (∫ Ω |σ^′(z)|^2e^{Uδ,a} − 4πN )

= |σ^′(z)|^2e^{Uδ,a} [ e^{2 Re[cazn+1]} 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a − 1 ]

+|σ^′(z)|^2e^{Uδ,a} O(δ^2|z| + δ^2|a|^{1n+1} + δ^2|c_a| + δ^{2n+3n+1} ) + O(δ^2) as δ → 0, yielding to the validity of (2.26). Introducing the notation B(w) = 16πN( ∫ Ω e^{2u0+2w})( ∫ Ω e^{u0 +w})^{−2}, we can write the following expansion 16πN ∫ Ω e^{2u0+2W} ( ∫ Ω e^{u0+W} + √ ( ∫ Ω e^{u0+W} )^2 − 16πNϵ^2 ∫ Ω e^{2u0+2W} )^2 = B(W ) 4 + O(ϵ^2B^2(W )). (2.44)

Arguing as for (2.42), the change of variables y = σ(z) yields to

64δ^{4+ 2n+1} e^{4π|Ω| ∑nk=0 |ak |2+2Θδ,a} ∫ Ω e^{2u0 +2W} = δ^{2n+1} ∫ σ^{−1} (B_ρ (0)) |σ^′(z)|^4e^{2Uδ,a +O(|ca||z|n+1+δ2 )} + O(δ^{4+ 2n+1} )

= 64(n + 1)^3|α_a|^{− 2n+1} ∫ B_ρ(0)

δ^{4+ 2n+1} |y|^{2nn+1} (δ^2 + |y − a|^2)^4 ( 1 + O(|c_a||y| + δ^2 + |y|^{1n+1} ) ) + O(δ^{4+ 2n+1} )

= 64(n + 1)^3|α_a|^{− 2n+1} ∫ B_ρ(0)

δ^{4+ 2n+1} |y + a|^{2nn+1}

(δ^2 + |y|^2)^4 ( 1 + O(δ^2 + |y|^{1n+1} + |a|^{1n+1} ) ) + O(δ^{4+ 2n+1} ) (2.45)

in view of

|σ^′(z)|^2 = (n + 1)^2|α_a|^{−2}|z|^{2n}(1 + O(|z|)) = (n + 1)^2|α_a|^{− 2n+1} |σ(z)|^{2nn+1} (1 + O(|σ(z)|^{1n+1} )), (2.46)

where α_a is given by (2.31). We have that ∫ B_ρ(0)

δ^{4+ 2n+1} |y + a|^{2nn+1}

(δ^2 + |y|^2)^4 = ∫ R^2

|y +^a_δ |^{2nn+1} (1 + |y|^2)^4

+ O(δ^{4+ 2n+1} )

if |a| = O(δ) and ∫ B_ρ(0)

δ^{4+ 2n+1} |y + a|^{2nn+1} (δ^2 + |y|^2)^4 = (|a| δ ) 2n_{n+1} ∫

R^2 1 (1 + |y|^2)^4 [ 1 + O ( δ |a| + δ^6 )]

if |a| >> δ, where in the latter we have used the inequality: |y + a|^{2nn+1} = |a|^{2nn+1} + O(|a|^{n−1n+1} |y| + |y|^{2nn+1} ). Setting

E_{a,δ} := ∫ R^2

|y +^a_δ |^{2nn+1} (1 + |y|^2)^4 if |a| = O(δ) π 3 ( |a| δ ) 2n_{n+1} if |a| >> δ, (2.47)

by (2.45) we get that

64δ^{4+ 2n+1} e^{4π|Ω|} ∑_n k=0 |a_k |^2+2Θ_{δ,a} ∫ Ω e^{2u0 +2W} = 64(n + 1)^3|α_a|^{− 2n+1} (1 + o(1))E_{a,δ} . (2.48)

Since by a combination of (2.42) and (2.48) for B(W ) we have that

B(W ) = 32

(n + 1)^2 πδ^{2n+1} |α_a|^{− 2n+1} (1 + o(1))E_{a,δ} (2.49) in view of (2.4), by (2.44) and (2.49) we get that 16πN ∫ Ω e^{2u0 +2W} ( ∫ Ω e^{u0+W} + √ ( ∫ Ω e^{u0+W} )^2 − 16πNϵ^2 ∫ Ω e^{2u0 +2W} )^2 = 8 (n + 1)^2 πδ^{2n+1} |α_a|^{− 2n+1} (1 + o(1) + O(η))E_{a,δ} , (2.50)

where η is given by (2.25). As we have already seen in deriving (2.26), by (2.28) we have that 4πN e^{u0 +W} ∫ Ω e^{u0+W} = |σ^′(z)|^2e^{Uδ,a} [ 1 + O(|c_a||z|^{n+1}) + O(|c_a||a| + δ^2| log δ|) ] , (2.51)

and in a similar way one can show that

64(n + 1)^3

δ^{2n+1} |α_a|^{− 2n+1} e^{2u0+2W} ∫ Ω e^{2u0+2W} E_{a,δ} = |σ^′(z)|^4e^{2Uδ,a} [ 1 + O(|c_a||z|^{n+1}) + o(1) ] (2.52)

in view of (2.48). In conclusion, by (2.50)-(2.52) we have for the ϵ^2−term in R that

64π^2N^2ϵ^2 ∫ Ω e^{2u0+2W} ( ∫ Ω e^{u0+W} + √ ( ∫ Ω e^{u0+W} )^2 − 16πNϵ^2 ∫ Ω e^{2u0 +2W} )^2 ( e^{u0+W} ∫ Ω e^{u0+W} − e^{2u0+2W} ∫ Ω e^{2u0+2W} )

= |σ^′(z)|^2e^{Uδ,a} [ 8(n + 1)^2ϵ^2

π|α_a|^{2n+1} δ^{2n+1} E_{a,δ} − ϵ^2|σ^′(z)|^2e^{Uδ,a} ] [ 1 + O(|c_a||z|^{n+1} + η) + o(1) ]

in view of (2.4), yielding to the validity of (2.27). This completes the proof.

Let us introduce the following weighted norm

‖h‖_∗ = sup_{z∈Ω}

(δ^2 + |σ(z) − a|^2)^{1+ γ2}

δ^γ (|σ^′(z)|^2 + δ^{2nn+1} )

|h(z)| (2.53)

for any h ∈ L^∞(Ω), where 0 < γ < 1 is a small fixed constant. We have that

Corollary 2.3. There exist positive constants δ_0, ϵ_0 and C_0 such that ‖R‖_∗ ≤ C_0 ( δ|c_a| + δ^{2−γ} + δ^{2n+1 −γ} |a|^{2+γ} + |c_a||a|^{n+2n+1} + η + η^2 ) (2.54)

for any δ ∈ (0, δ_0) and ϵ ∈ (0, ϵ_0), where η is given by (2.25).

Proof: Since e^{2 Re[cazn+1]} 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a − 1

= e^{2 Re[cazn+1]} − 1 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a

− 2 Re[c_aF_a(a)]

+O(|c_a|^2|a|^2 + δ^2| log δ|) = 2 Re[c_a(z^{n+1} − α_aa)] + O(|c_a|^2|z|^{2n+2} + |c_a||a|^2 + δ^2| log δ|) = 2 Re[α_ac_a(σ(z) − a)] + O(|c_a||z|^{n+2} + |c_a||a|^2 + δ^2| log δ|),

by Theorem 2.2 we deduce that R = |σ^′(z)|^2e^{Uδ,a} O ( |c_a||σ(z) − a| + |c_a||z|^{n+2} + |c_a||a|^2 + δ^2| log δ| + η + η^2 ) + ϵ^2|σ^′(z)|^4e^{2Uδ,a} (1 + O(η)) + O(δ^2) as δ → 0, where η is given in (2.25). In view of the estimates |z| = O(|σ(z)|^{1n+1} ) and |σ^′(z)|^2 = O(|σ(z)|^{2nn+1} ) near 0, by setting y = σ(z) in σ^{−1}(B_ρ(0)) we get that ‖R‖_∗ = O ( sup y∈B_ρ(0) δ^{2−γ} (δ^2 + |y − a|^2)^{1− γ}2 [ |c_a||y − a| + |c_a||y|^{n+2n+1} + |c_a||a|^2 + δ^2| log δ| + η + η^2 ] )

+O ( sup y∈B_ρ(0) ϵ^2δ^{4−γ} |y|^{2nn+1} (δ^2 + |y − a|^2)^{3− γ}2

[1 + O(η)] ) + O ( sup y∈B_ρ(0) δ^{2−γ} (δ^2 + |y − a|^2)^{1+γ/2} (|y|^{2nn+1} + δ^{2nn+1} ) ) + O(δ^{2−γ} )

= O ( sup y∈B_{2ρ/δ} (0) 1 (1 + |y|^2)^{1− γ}2 [ δ|c_a||y| + δ^{n+2n+1} |c_a||y|^{n+2n+1} + |c_a||a|^{n+2n+1} + δ^2| log δ| + η + η^2 ] )

+O ( sup y∈B_{2ρ/δ} (0) ϵ^2δ^{−2}(δ^{2nn+1} |y|^{2nn+1} + |a|^{2nn+1} ) (1 + |y|^2)^{3− γ}2

[1 + O(η)] )

+O ( sup y∈B_{ρ/δ} (0) δ^{2n+1 −γ} (δ^{2+γ} + |a|^{2+γ} + δ^{2+γ} |y|^{2+γ} ) (|y|^{2nn+1} + 1) ) + O(δ^{2−γ} ) = O ( δ|c_a| + δ^{2−γ} + δ^{2n+1 −γ} |a|^{2+γ} + |c_a||a|^{n+2n+1} + η + η^2 )

as claimed.

3 The reduced equations

As we will discuss precisely in the next section, it will be crucial to study the system ∫ Ω R P Z_0 = 0 and ∫ Ω R P Z = 0, where P Z_0 and P Z are the unique solutions with zero average of ΔP Z_0 = ΔZ_0 −^1_{|Ω|} ∫ Ω ΔZ_0 and ΔP Z = ΔZ −^1_{|Ω|} ∫ Ω ΔZ in Ω. Here, the functions Z_0 and Z are defined as follows:

Z_0(z) = δ^2 − |σ(z) − a|^2 δ^2 + |σ(z) − a|^2 and Z(z) = δ(σ(z) − a) δ^2 + |σ(z) − a|^2 , and are (not doubly-periodic) solutions of −Δϕ = |σ^′(z)|^2e^{Uδ,a,σ} ϕ in Ω. Through the changes of variable y = σ(z) and y →^{y−a}_δ notice that ∫ Ω ΔZ_0 = − ∫ σ^{−1} (B_ρ(0))

|σ^′(z)|^2e^{Uδ,a,σ} Z_0 + O(δ^2) = −8(n + 1)δ^2 ∫ B_ρ(0) δ^2 − |y − a|^2 (δ^2 + |y − a|^2)^3

+ O(δ^2)

= −8(n + 1) ∫ B_{ρ/δ} (0) 1 − |y|^2 (1 + |y|^2)^3

+ O(δ^2) = O(δ^2) (3.1) and ∫ Ω ΔZ = − ∫ σ^{−1} (B_ρ(0))

|σ^′(z)|^2e^{Uδ,a,σ} Z + O(δ^3) = −8(n + 1)δ^3 ∫ B_ρ (0) y − a (δ^2 + |y − a|^2)^3

+ O(δ^3)

= −8(n + 1) ∫ B_{ρ/δ} (0) y (1 + |y|^2)^3

+ O(δ^3) = O(δ^3) (3.2)

in view of ∫

R^2 1 − |y|^2 (1 + |y|^2)^3

= 0 , ∫ R^2 y (1 + |y|^2)^3

= 0.

By (3.1)-(3.2) the following expansions, useful in the sequel, are easily deduced:

P Z_0 = Z_0 − 1 |Ω| ∫ Ω Z_0 + O(δ^2) , P Z = Z − 1 |Ω| ∫ Ω Z + O(δ) (3.3)

in C(Ω), uniformly in |a| < ρ and σ ∈ B_r.

Notice that up to now there is no relation between a and δ. However, as we will show in Remarks 3.2 and 3.3, the range |a| >> δ is not compatible with solving simultaneously ∫ Ω R P Z_0 = 0 and ∫ Ω R P Z = 0.

Hence, we shall restrict our attention to the case a = O(δ) in next sections, so that, we can assume that η = ϵ^2δ^{− 2n+1} in (2.25) and E_{a,δ} = ∫ R^2

|y+^a_δ |^{2nn+1} (1+|y|^2)^4 in (2.47). We have that

Proposition 3.1. Assume |a| ≤ C_0δ for some C_0 > 0. The following expansions do hold as δ, η → 0 ∫ Ω R P Z_0 = −16π(n + 1)|α_a|^2|c_a|^2δ^2 log 1 δ − 8πδ^2D_a + 64(n + 1)^3|α_a|^{− 2n+1} η ∫ R^2

(|y|^2 − 1)|y +^a_δ |^{2nn+1} (1 + |y|^2)^5 +o(δ^2 + η) + O(δ^2|c_a| + |a|^{1n+1} δ^2| log δ| + η^2), (3.4) and ∫ Ω R P Z = 4π(n + 1)δα_ac_a − 64(n + 1)^3|α_a|^{− 2n+1} η ∫ R^2

|y +^a_δ |^{2nn+1} y (1 + |y|^2)^5

+ o(δ|c_a| + δ|a| + η + δ^2) + O(η^2), (3.5)

where η = ϵ^2δ^{− 2n+1} and c_a = c_{a,σa} , α_a, D_a are given by (2.16), (2.31), (2.43), respectively.

Proof: Through the changes of variable y = q(z) in σ^{−1}(B_ρ(0)), y → y^{n+1} and y →^{y−a}_δ we get that ∫ Ω δ^γ (|σ^′(z)|^2 + δ^{2nn+1} ) (δ^2 + |σ(z) − a|^2)^{1+ γ}2 = ∫ σ^{−1} (B_ρ(0))

δ^γ (|σ^′(z)|^2 + δ^{2nn+1} ) (δ^2 + |σ(z) − a|^2)^{1+ γ}2

+ O(δ^γ ) (3.6)

= O ∫ B_{ρ 1n+1} (0)

δ^γ (|y|^{2n} + δ^{2nn+1} ) (δ^2 + |y^{n+1} − a|^2)^{1+ γ}2

+ O(δ^γ ) = O (∫ B_ρ (0)

δ^γ (1 + δ^{2nn+1} |y|^{− 2nn+1} ) (δ^2 + |y − a|^2)^{1+ γ}2 ) + O(δ^γ )

= O (∫ B_{ρ/δ} (0) 1 + |y +^a_δ |^{− 2nn+1} (1 + |y|^2)^{1+ γ}2 ) + O(δ^γ ) = O(1)

in view of ∫ B_{ρ/δ} (0) |y +^a_δ |^{− 2nn+1} (1 + |y|^2)^{1+ γ}2 ≤ ∫ B_1(0) |y|^{− 2nn+1} + ∫ R^2 1 (1 + |y|^2)^{1+ γ}2 < +∞. Hence, by Corollary 2.3 we get that ∫ Ω |R| = O ( δ|c_a| + δ^{2−γ} + δ^{2n+1 −γ} |a|^{2+γ} + |c_a||a|^{n+2n+1} + η + η^2 ) . (3.7)

By (3.3) and (3.7) we deduce that ∫ Ω R P Z_0 = ∫ Ω R(Z_0 + 1) + o(δ^2) + O(ηδ^2 + η^2δ^2) (3.8) in view of ∫ Ω R = 0. Since by Hölder inequality ∫ Ω |Z_0 + 1| = ∫ σ^{−1} (B_ρ(0))

2δ^2 δ^2 + |σ(z) − a|^2

+ O(δ^2) = O ( ∫ B_ρ(0) |y|^{− 2nn+1} δ^2 δ^2 + |y − a|^2 ) + O(δ^2) = O ( δ^{1n+1} ∫ B_ρ(0) 1 |y|^{2nn+1} |y − a|^{1n+1} ) + O(δ^2)

= O ( δ^{1n+1} [ ∫ B_ρ(0) 1 |y|^{2n+1n+1} ] 2n_{2n+1} [ ∫

B_ρ(0) 1 |y − a|^{2n+1n+1} ] 1_{2n+1} ) + O(δ^2) = O(δ^{1n+1} ),

by (2.26) we have that ∫ Ω (Z_0 + 1) [ ΔW + 4πN ( e^{u0+W} ∫ Ω e^{u0 +W} − 1 |Ω| )] (3.9)

= ∫ σ^{−1} (B_ρ(0))

|σ^′(z)|^2e^{Uδ,a} (Z_0 + 1) [ e^{2 Re[cazn+1]} 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a − 1 ]

+O(δ^2|c_a|) + o(δ^2) = ∫ B_{ρ 1n+1} (0)

16(n + 1)^2δ^4|y|^{2n} (δ^2 + |y^{n+1} − a|^2)^3 [ e^{2 Re[ca(q−1 (y))n+1]} 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a − 1 ]

+O(δ^2|c_a|) + o(δ^2).

We have that the expansion (2.34) still holds in this context, where the notation . . . stands for terms that give no contribution in the integral term of (3.9) in view of the analogous of formula (2.33): ∫ B_ρ 1_{n+1} (0) |y|^my^k (δ^2 + |y^{n+1} − a|^2)^3

= 0 (3.10)

for all m ≥ 0 and integer k /∈ (n + 1)N. Hence, through the changes of variables y → y^{n+1} and y →^{y−a}_δ , by the symmetries we have that ∫ B_{ρ 1n+1} (0)

16(n + 1)^2δ^4|y|^{2n} (δ^2 + |y^{n+1} − a|^2)^3 e^{2 Re[ca(q−1 (y))n+1]} = ∫ B_ρ(0)

16(n + 1)δ^4 (δ^2 + |y − a|^2)^3

Re[1 + 2c_aF_a(y) + |c_a|^2G_a(y)]

= ∫ B_ρ(a) 16(n + 1)δ^4 (δ^2 + |y − a|^2)^3 [ 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) + 1 4 |c_a|^2Δ Re G_a(a)|y − a|^2 + O(|y − a|^{2(n+2)n+1} ) ]

+O(δ^4) = 8π(n + 1) [ 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) + 1 4 |c_a|^2Δ Re G_a(a)δ^2 ] + O(δ^{2(n+2)n+1} ) (3.11)

in view of (2.37), (2.39) and ∫

R^2 dy (1 + |y|^2)^3 = ∫ R^2 |y|^2 (1 + |y|^2)^3 dy = π 2 , where F_a and G_a are given by (2.35). By (3.11) we can re-write (3.9) as ∫ Ω (Z_0 + 1) [ ΔW + 4πN ( e^{u0+W} ∫ Ω e^{u0 +W} − 1 |Ω| )]

= 8π(n + 1) [ 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_4 |c_a|^2Δ Re G_a(a)δ^2 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a − 1 ] + O(δ^2|c_a|)

+o(δ^2) = −16π(n + 1)|α_a|^2|c_a|^2δ^2 log 1 δ − 8πδ^2D_a + O(δ^2|c_a| + |a|^{1n+1} δ^2| log δ|) + o(δ^2) (3.12)

in view of Δ Re G_a(a) = 4|α_a|^2 + O(|a|^{1n+1} ). By (2.27) we also deduce that ∫ Ω 64π^2N^2ϵ^2 ∫ Ω e^{2u0 +2W} ( ∫ Ω e^{u0 +W} + √ ( ∫ Ω e^{u0+W} )^2 − 16πNϵ^2 ∫ Ω e^{2u0+2W} )^2

(Z_0 + 1) ( e^{u0+W} ∫ Ω e^{u0 +W} − e^{2u0+2W} ∫ Ω e^{2u0+2W} )

= ∫ σ^{−1} (B_ρ(0))

|σ^′(z)|^2e^{Uδ,a} (Z_0 + 1) [ 8(n + 1)^2ϵ^2

π|α_a|^{2n+1} δ^{2n+1} E_{a,δ} − ϵ^2|σ^′(z)|^2e^{Uδ,a} ] [ 1 + O(|c_a||z|^{n+1} + η) + o(1) ]

+O(δ^4η) =

128(n + 1)^3ϵ^2

π|α_a|^{2n+1} δ^{2n+1} E_{a,δ} ∫ B_ρ (0)

δ^4 (δ^2 + |y − a|^2)^3

[1 + O(|c_a||y| + η) + o(1)]

−128(n + 1)^3ϵ^2|α_a|^{− 2n+1} ∫ B_ρ(0) δ^6|y|^{2nn+1} (δ^2 + |y − a|^2)^5 [ 1 + O(|y|^{1n+1} + η) + o(1) ] + O(δ^4η)

= 64(n + 1)^3|α_a|^{− 2n+1} ϵ^2δ^{− 2n+1} E_{a,δ} − 128(n + 1)^3ϵ^2|α_a|^{− 2n+1} ∫ B_ρ (0) δ^6|y + a|^{2nn+1} (δ^2 + |y|^2)^5 [ 1 + O(|y|^{1n+1} + η) + o(1) ]

+o(η + δ^2) + O(η^2)

in view of (2.46). Since

δ^{2n+1} ∫ B_ρ (0) δ^6|y + a|^{2nn+1} (δ^2 + |y|^2)^5 [ 1 + O(|y|^{1n+1} + η) + o(1) ] = ∫ R^2

|y +^a_δ |^{2nn+1} (1 + |y|^2)^5

+ o(1) + O(η)

when |a| = O(δ), we then have that ∫ Ω 64π^2N^2ϵ^2 ∫ Ω e^{2u0+2W} ( ∫ Ω e^{u0+W} + √ ( ∫ Ω e^{u0+W} )^2 − 16πNϵ^2 ∫ Ω e^{2u0 +2W} )^2

(Z_0 + 1) ( e^{u0 +W} ∫ Ω e^{u0+W} − e^{2u0 +2W} ∫ Ω e^{2u0+2W} )

= 64(n + 1)^3|α_a|^{− 2n+1} η ∫ R^2

(|y|^2 − 1)|y +^a_δ |^{2nn+1}

(1 + |y|^2)^5

+ o(η + δ^2) + O(η^2) (3.13)

in view of (2.47). Inserting (3.12) and (3.13) into (3.8), we get the validity of (3.4).

Remark 3.2. Notice that in the range |a| >> δ we find that

δ^{2n+1} ∫ B_ρ (0) δ^6|y + a|^{2nn+1} (δ^2 + |y|^2)^5 [ 1 + O ( |y|^{1n+1} + η ( |a| δ ) 2n_{n+1} ) + o(1) ] = π 4 ( |a| δ ) 2n_{n+1} [ 1 + o(1) + O ( η ( |a| δ ) 2n_{n+1} )]

in view of the inequality |y + a|^{2nn+1} = |a|^{2nn+1} + O(|a|^{n−1n+1} |y| + |y|^{2nn+1} ), so that the main order of ∫ Ω RP Z_0 in this range is essentially given by

−16π(n + 1)|α_a|^2|c_a|^2δ^2 log 1 δ − 8πδ^2D_a − 32π 3 (n + 1)^3|α_a|^{− 2n+1} η ( |a| δ ) 2n_{n+1} .

By (3.3) and (3.7) we deduce that ∫ Ω R P Z = ∫ Ω RZ + o(δ|c_a| + δ|a| + η + δ^2) + O(η^2δ) (3.14)

in view of ∫ Ω R = 0. Since as before ∫ Ω |Z| = ∫ σ^{−1} (B_ρ(0)) δ|σ(z) − a| δ^2 + |σ(z) − a|^2

+ O(δ) = O ( ∫ B_ρ(0) |y|^{− 2nn+1} δ|y − a| δ^2 + |y − a|^2 ) + O(δ) = O ( δ^{1n+1} ∫ B_ρ(0) 1 |y|^{2nn+1} |y − a|^{1n+1} ) + O(δ) = O(δ^{1n+1} ),

by (2.26) we have that ∫ Ω Z [ ΔW + 4πN ( e^{u0+W} ∫ Ω e^{u0 +W} − 1 |Ω| )] (3.15)

= ∫ σ^{−1} (B_ρ(0)) |σ^′(z)|^2e^{Uδ,a} Z [ e^{2 Re[cazn+1]} 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a − 1 ]

+O(δ^2|c_a|) + o(δ^2) = ∫ B_{ρ 1n+1} (0)

8(n + 1)^2δ^3|y|^{2n}(y^{n+1} − a) (δ^2 + |y^{n+1} − a|^2)^3 e^{2 Re[ca(q−1 (y))n+1]} 1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a − ∫ B_ρ (0)

8(n + 1)δ^3(y − a) (δ^2 + |y − a|^2)^3

+ O(δ^2|c_a|) + o(δ^2)

= ∫ B_{ρ 1n+1} (0)

8(n+1)^2δ^3 |y|^{2n}(y^{n+1}−a) (δ^2+|y^{n+1}−a|^2)^3 e

2 Re[c_a(q^{−1} (y))^{n+1}]

1 + 2 Re[c_aF_a(a)] + |c_a|^2 Re G_a(a) +^1_2 |c_a|^2Δ Re G_a(a)δ^2 log^1_δ +^{δ2}_{n+1} D_a

+ O(δ^2|c_a|) + o(δ^2)

in view of ∫

B_ρ (a)

8(n + 1)δ^3(y − a) (δ^2 + |y − a|^2)^3

= 0.

Since expansion (2.34) is still valid in view of (3.10), through the changes of variables y → y^{n+1} and y →^{y−a}_δ , by the symmetries we have that ∫ B_{ρ 1n+1} (0)

8(n + 1)^2δ^3|y|^{2n}(y^{n+1} − a) (δ^2 + |y^{n+1} − a|^2)^3 e^{2 Re[ca(q−1 (y))n+1]}

= ∫ B_ρ(0)

8(n + 1)δ^3(y − a) (δ^2 + |y − a|^2)^3

Re[1 + 2c_aF_a(y) + |c_a|^2G_a(y)] = ∫ B_ρ(a) 8(n + 1)δ^3 (δ^2 + |y − a|^2)^3 [ c_aF^′_a(a)|y − a|^2 + 1 2 |c_a|^2(∂_1 + i∂_2) Re G_a(a)|y − a|^2 + O(|c_a|^2|y − a|^3) ] + O(δ^3)

= 4π(n + 1)δ [ c_aF^′_a(a) + 1 2 |c_a|^2(∂_1 + i∂_2) Re G_a(a) ] + O(δ^2|c_a|^2 + δ^3) (3.16) in view of (2.37), (2.39) and ∫ R^2 |y|^2 (1+|y|^2)^3 dy = π 2 , where F_a and G_a are given by (2.35). By (3.16) we can re-write (3.15) as ∫ Ω Z [ ΔW + 4πN ( e^{u0+W} ∫ Ω e^{u0+W} − 1 |Ω| )] = 4π(n + 1)δ [ c_aF^′_a(a) + 1 2 |c_a|^2(∂_1 + i∂_2) Re G_a(a) ]

+o(δ|c_a| + δ^2) = 4π(n + 1)δα_ac_a + o(δ|c_a| + δ^2) (3.17) in view of F^′_a(a) = α_a + O(|a|) and^1_2 (∂_1 + i∂_2) Re G_a(a) = O(|a|). As far as the second term of R, by (2.27) we have that ∫ Ω 64π^2N^2ϵ^2 ∫ Ω e^{2u0 +2W} ( ∫ Ω e^{u0 +W} + √ ( ∫ Ω e^{u0+W} )^2 − 16πNϵ^2 ∫ Ω e^{2u0+2W} )^2 Z ( e^{u0+W} ∫ Ω e^{u0 +W} − e^{2u0+2W} ∫ Ω e^{2u0 +2W} )

= ∫ σ^{−1} (B_ρ(0)) |σ^′(z)|^2e^{Uδ,a} Z [ 8(n + 1)^2ϵ^2 π|α_a|^{2n+1} δ^{2n+1} E_{a,δ} − ϵ^2|σ^′(z)|^2e^{Uδ,a} ] [ 1 + O(|c_a||z|^{n+1} + η) + o(1) ]

+O(δ^3η) =

64(n + 1)^3ϵ^2 π|α_a|^{2n+1} δ^{2n+1} E_{a,δ} ∫ B_ρ (0)

δ^3(y − a) (δ^2 + |y − a|^2)^3 dy [1 + O(|c_a||y| + η) + o(1)]

−64(n + 1)^3ϵ^2|α_a|^{− 2n+1} ∫ B_ρ(0) δ^5|y|^{2nn+1} (y − a) (δ^2 + |y − a|^2)^5 [ 1 + O(|y|^{1n+1} + η) + o(1) ] + O(δ^3η)

= −64(n + 1)^3|α_a|^{− 2n+1} η ∫ R^2

|y +^a_δ |^{2nn+1} y (1 + |y|^2)^5

+ o(η) + O(η^2) (3.18)

in view of (2.46) and ∫ B_ρ(0)

δ^3(y − a) (δ^2 + |y − a|^2)^3 dy = ∫ B_ρ(a) δ^3(y − a) (δ^2 + |y − a|^2)^3 dy + O(δ^3) = O(δ^3).

Inserting (3.17) and (3.18) into (3.14), we get the validity of (3.5). Remark 3.3. Since for |a| >> δ and n > 1

δ^{2n+1} ∫ B_ρ(0) δ^5|y|^{2nn+1} (y − a) (δ^2 + |y − a|^2)^5

= δ^{2n+1} ∫ B_ρ (0)

δ^5|y + a|^{2nn+1} y (δ^2 + |y|^2)^5

+ o(1) = πn 12(n + 1) ( |a| δ )_− 2_{n+1} a δ [1 + o(1)]

in view of ∫

R^2 |y|^2 (1 + |y|^2)^5 = ∫ R^2 1 (1 + |y|^2)^4 − ∫ R^2 1 (1 + |y|^2)^5 = π 12 and the inequality

|y + a|^{2nn+1} = |a|^{2nn+1} + n n + 1 |a|^{− 2n+1} (ay + ay) + O(|a|^{− 2n+1} |y|^2 + |y|^{2nn+1} ), notice that the main order of ∫ Ω RP Z, in this range, is essentially given by 4π(n + 1)δα_ac_a − 16 3 πn(n + 1)^2ϵ^2δ^{− 2n+1} |α_a|^{− 2n+1} (|a| δ )_− 2_{n+1} a δ . Since α_a is uniformly away from zero, the vanishing of ∫ Ω RP Z, which is equivalent to have ϵ^2δ^{− 2n+1} (^{|a|}_δ )^{2nn+1} ∼ α_ac_aa, is generally not compatible in the range |a| >> δ with the vanishing of ∫ Ω RP Z_0 in view of Remark 3.2, which can take place only if c_0 = 0 (in which case c_a ∼ a). Indeed, the vanishing of ∫ Ω RP Z and ∫ Ω RP Z_0 in the range |a| >> δ implies the contradiction |a|^2 ∼ δ^2. This explains why we don’t consider the case |a| >> δ.

4 Proof of the main results

In the previous section, we have built up an approximating function W = P U_{δ,a,σa} . We will now look for

solutions w of the form w = W + ϕ, where ϕ is a small correcting term. In terms of ϕ, problem (2.2) is

equivalent to find a doubly-periodic solution ϕ of

L(ϕ) = −[R + N(ϕ)] in Ω (4.1)

with ∫ Ω ϕ = 0. Recalling the notation B(w) = 16πN( ∫ Ω e^{2u0 +2w})( ∫ Ω e^{u0+w})^{−2}, the linear operator L is given by L(ϕ) = Δϕ + Kϕ + γ̃(ϕ), where K = 4πN e^{u0 +W} ∫ Ω e^{u0+W} + 4πNϵ^2B(W ) ( 1 + √ 1 − ϵ^2B(W )

)_2 ( e^{u0+W} ∫ Ω e^{u0 +W} − 2 e^{2u0 +2W} ∫ Ω e^{2u0+2W} )

and γ̃(ϕ) = −4πN e^{u0 +W} ∫ Ω e^{u0+W} ϕ ( ∫ Ω e^{u0 +W} )^2 − 4πNϵ^2B(W ) ( 1 + √ 1 − ϵ^2B(W )

)_2 e^{u0 +W} ( ∫ Ω e^{u0+W} )^2 ∫ Ω e^{u0+W} ϕ

+ 8πNϵ^2B(W ) ( 1 + √ 1 − ϵ^2B(W )

)_2 e^{2u0 +2W} ( ∫ Ω e^{2u0+2W} )^2 ∫ Ω e^{2u0+2W} ϕ

+ 4πNϵ^2 DB(W )[ϕ] (1 + √ 1 − ϵ^2B(W ))^2 √ 1 − ϵ^2B(W ) ( e^{u0+W} ∫ Ω e^{u0+W} − e^{2u0+2W} ∫ Ω e^{2u0+2W} )

with DB(W )[ϕ] = 2B(W ) ( ∫ Ω e^{2u0 +2W} ϕ ∫ Ω e^{2u0 +2W} − ∫ Ω e^{u0+W} ϕ ∫ Ω e^{u0+W} ) . The nonlinear term N(ϕ), which is quadratic in ϕ, is given by N(ϕ) = 4πN [ e^{u0+W +ϕ} ∫ Ω e^{u0 +W +ϕ} − e^{u0+W} ∫ Ω e^{u0+W} − e^{u0+W} ∫ Ω e^{u0+W} ( ϕ − ∫ Ω e^{u0+W} ϕ ∫ Ω e^{u0 +W} )]

+ [ 4πNϵ^2B(W + ϕ) (1 + √ 1 − ϵ^2B(W + ϕ))^2 − 4πNϵ^2B(W ) (1 + √ 1 − ϵ^2B(W ))^2 − 4πNϵ^2DB(W )[ϕ] (1 + √ 1 − ϵ^2B(W ))^2 √ 1 − ϵ^2B(W ) ] ×

× ( e^{u0 +W +ϕ} ∫ Ω e^{u0+W +ϕ} − e^{2(u0+W +ϕ)} ∫ Ω e^{2(u0 +W +ϕ)} )

+ 4πNϵ^2B(W ) ( 1 + √ 1 − ϵ^2B(W )

)_2 [ e^{u0+W +ϕ} ∫ Ω e^{u0+W +ϕ} − e^{u0 +W} ∫ Ω e^{u0+W} − e^{u0+W} ∫ Ω e^{u0 +W} ( ϕ − ∫ Ω e^{u0+W} ϕ ∫ Ω e^{u0+W} )] (4.2)

− 4πNϵ^2B(W ) ( 1 + √ 1 − ϵ^2B(W )

)_2 [ e^{2(u0+W +ϕ)} ∫ Ω e^{2(u0+W +ϕ)} − e^{2(u0 +W )} ∫ Ω e^{2(u0+W )} − 2 e^{2(u0+W )} ∫ Ω e^{2(u0+W )} ( ϕ − ∫ Ω e^{2(u0+W )}ϕ ∫ Ω e^{2(u0 +W )} )]

+ 4πNϵ^2DB(W )[ϕ] (1 + √ 1 − ϵ^2B(W ))^2 √ 1 − ϵ^2B(W ) ( e^{u0 +W +ϕ} ∫ Ω e^{u0+W +ϕ} − e^{u0+W} ∫ Ω e^{u0 +W} − e^{2(u0+W +ϕ)} ∫ Ω e^{2(u0+W +ϕ)} + e^{2(u0 +W )} ∫ Ω e^{2(u0+W )} ) .

Notice that we can re-write γ̃(ϕ) as γ̃(ϕ) = −K ∫ Ω e^{u0+W} ϕ ∫ Ω e^{u0+W} + 8πNϵ^2B(W ) (1 + √ 1 − ϵ^2B(W ))^2 √ 1 − ϵ^2B(W ) ( ∫ Ω e^{2(u0+W )}ϕ ∫ Ω e^{2(u0 +W )} − ∫ Ω e^{u0+W} ϕ ∫ Ω e^{u0+W} ) [ e^{u0+W} ∫ Ω e^{u0+W} +( √ 1 − ϵ^2B(W ) − 1) e^{2(u0+W )} ∫ Ω e^{2(u0+W )} ]

= K [ − ∫ Ω e^{u0 +W} ϕ ∫ Ω e^{u0+W} + ϵ^2B(W )

(1 + √ 1 − ϵ^2B(W )) √ 1 − ϵ^2B(W ) (∫ Ω e^{2(u0+W )}ϕ ∫ Ω e^{2(u0+W )} − ∫ Ω e^{u0+W} ϕ ∫ Ω e^{u0+W} )] , and L as

L(ϕ) = Δϕ + K [ϕ + γ(ϕ)] , (4.3)

where γ(ϕ) = − ∫ Ω e^{u0 +W} ϕ ∫ Ω e^{u0+W} + ϵ^2B(W )

(1 + √ 1 − ϵ^2B(W )) √ 1 − ϵ^2B(W ) (∫ Ω e^{2(u0+W )}ϕ ∫ Ω e^{2(u0+W )} − ∫ Ω e^{u0+W} ϕ ∫ Ω e^{u0+W} ) . Let us observe that ∫ Ω R = ∫ Ω L(ϕ) = ∫ Ω N(ϕ) = 0. Since the operator L is not invertible, equation L(ϕ) = −R − N(ϕ) is not generally solvable. The linear

theory we will develop in Appendix B states that L has a kernel which is almost generated by P Z_0, P Z and

P Z, yielding to

Proposition 4.1. Let M_0 > 0. There exists η_0 > 0 small such that for any 0 < δ ≤ η_0, | log δ|ϵ^2 ≤ η_0δ^{2n+1} ,

|a| ≤ M_0δ and h ∈ L^∞(Ω) with ∫ Ω h = 0 there is a unique solution ϕ, d_0 ∈ R and d ∈ C to { L(ϕ) = h + d_0ΔP Z_0 + Re[dΔP Z] in Ω ∫ Ω ϕ = ∫ Ω ϕΔP Z_0 = ∫ Ω ϕΔP Z = 0. (4.4)

Moreover, there is a constant C > 0 such that ‖ϕ‖_∞ ≤ C ( log 1 δ ) ‖h‖_∗, |d_0| + |d| ≤ C‖h‖_∗. As a consequence, in Appendix C we will show

Proposition 4.2. Let M_0 > 0. There exists η_0 > 0 small such that for any 0 < δ ≤ η_0, | log δ|^2ϵ^2 ≤ η_0δ^{2n+1}

and |a| ≤ M_0δ there is a unique solution ϕ = ϕ(δ, a), d_0 = d_0(δ, a) ∈ R and d = d(δ, a) ∈ C to { L(ϕ) = −[R + N(ϕ)] + d_0ΔP Z_0 + Re[dΔP Z] in Ω ∫ Ω ϕ = ∫ Ω ϕΔP Z_0 = ∫ Ω ϕΔP Z = 0. (4.5)

Moreover, the map (δ, a) → ϕ(δ, a) is C^1 with ‖ϕ‖_∞ ≤ C| log δ|‖R‖_∗. (4.6) The function W + ϕ will be a true solution of equation (2.2) once we adjust δ and a to have d_0(δ, a) =

d(δ, a) = 0. The crucial point is the following:

Lemma 4.3. Let ϕ = ϕ(δ, a), d_0 = d_0(δ, a) ∈ R and d = d(δ, a) ∈ C be the solution of (4.5) given by Proposition 4.2. There exists η_0 > 0 such that if 0 < δ ≤ η_0, |a| ≤ η_0 and ∫ Ω (L(ϕ) + N(ϕ) + R)P Z_0 = 0, ∫ Ω (L(ϕ) + N(ϕ) + R)P Z = 0 (4.7)

do hold, then W + ϕ is a solution of (2.2), i.e. d_0(δ, a) = d(δ, a) = 0. Proof: Since by (3.3) and ‖Z_0‖_∞ + ‖Z‖_∞ ≤ 2 there hold ∫ Ω ΔP Z_0P Z_0 = ∫ Ω ΔZ_0P Z_0 = − ∫ σ^{−1}(B_ρ (0))

|σ^′(z)|^2e^{Uδ,a} Z_0(Z_0 + 1) + O(δ^2)

= −16(n + 1)δ^4 ∫ B_ρ (0) δ^2 − |y − a|^2 (δ^2 + |y − a|^2)^4

+ O(δ^2) = − 8π 3 (n + 1) + O(δ^2) and ∫ Ω ΔP ZP Z_0 = ∫ Ω ΔZP Z_0 = − ∫ σ^{−1} (B_ρ (0))

|σ^′(z)|^2e^{Uδ,a} Z(Z_0 + 1) + O(δ^2) = − ∫ B_ρ(0)

16(n + 1)δ^5(y − a) (δ^2 + |y − a|^2)^4

+ O(δ^2) = − ∫ B_ρ(0)

16(n + 1)δ^5y (δ^2 + |y|^2)^4

+ O(δ^2) = O(δ^2)

in view of (3.1)-(3.2) and ∫ R^2 1 − |y|^2 (1 + |y|^2)^4 dy = 2 ∫ R^2 dy (1 + |y|^2)^4 − ∫ R^2 dy (1 + |y|^2)^3 = π 6 , by (4.5) we rewrite the first of (4.7) as

0 = d_0 ∫ Ω ΔP Z_0P Z_0 + ∫ Ω Re[dΔP ZP Z_0] = − 8 3 π(n + 1)d_0 + O(δ^2|d_0| + δ^2|d|).

Similarly, the second of (4.7) gives that

0 = d_0 ∫ Ω ΔP Z_0P Z + ∫ Ω 1 2 [ dΔP Z + d̄ΔP Z ] P Z = − ∫ σ^{−1} (B_ρ(0)) 1 2 |σ^′(z)|^2e^{Uδ,a} [ dZ + d̄ Z ] Z +O(δ^2|d_0| + δ|d|) = −4(n + 1)d̄ ∫ R^2 |y|^2 (1 + |y|^2)^4 + O(δ^2|d_0| + δ|d|) in view of ∫ Ω ΔP Z_0P Z = ∫ Ω ΔP ZP Z_0 = O(δ^2), (3.2) and (3.3). Hence, (4.7) can be simply re-written as d_0 + O(δ^2|d_0| + δ^2|d|) = 0, d + O(δ^2|d_0| + δ|d|) = 0. Summing up the two relations, we then obtain |d_0| + |d| = δO(|d_0| + |d|) which implies d_0 = d = 0.

Since ϕ is sufficiently small, the system (4.7) will be a perturbation of the reduced equations ∫ Ω R P Z_0 = 0, ∫ Ω R P Z = 0. The integral coefficient in (3.4) is generally non-zero for all^a_δ , as we will see in Appendix D in some special cases. Since α_a → α_0 =^{H(0)}_{n+1} and c_a → c_0 as a → 0, we can always exclude the case c_0 ≠ 0. Indeed, in such a case the equation ∫ Ω R P Z_0 = 0 yields to ϵ^2δ^{− 2n+1} ∼ δ^2| log δ| as δ → 0 by means of (3.4) (we are implicitly assuming ϵ^2δ^{− 2n+1} → 0, which is a natural range for solving the reduced equations through (3.4)-(3.5)). This is not compatible with ∫ Ω R P Z = 0, which allows at most δ = O(ϵ^2δ^{− 2n+1} ) by means of (3.5).

The last ingredient is an expansion of the system (4.7) with the aid of Proposition 3.1:

Proposition 4.4. Assume c_0 = 0 and |a| ≤ M_0δ for some M_0 > 0. The following expansions do hold as δ → 0 and ϵ → 0 ∫ Ω (L(ϕ) + N(ϕ) + R)P Z_0 = −8πδ^2D_0 + 64(n + 1)^{3n+5n+1} |H(0)|^{− 2n+1} ϵ^2δ^{− 2n+1} ∫ R^2

(|y|^2 − 1)|y +^a_δ |^{2nn+1} (1 + |y|^2)^5 +o(δ^2 + ϵ^2δ^{− 1n+1} ) + O(ϵ^4δ^{− 2n+1} | log δ|^2 + ϵ^8δ^{− 4n+1} | log δ|^2) (4.8) and ∫ Ω (R + L(ϕ) + N(ϕ))P Z = 4πδ(Ῡa + Γ̄ā) − 64(n + 1)^{3n+5n+1} |H(0)|^{− 2n+1} ϵ^2δ^{− 2n+1} ∫ R^2

|y +^a_δ |^{2nn+1} y (1 + |y|^2)^5 +o(δ^2 + ϵ^2δ^{− 2n+1} ) + O(ϵ^4δ^{− 2n+1} | log δ|^2 + ϵ^8δ^{− 4n+1} | log δ|^2), (4.9)

where D_0 and Γ, Υ are defined in (1.10) and Lemma A.2, respectively.

Proof: First, note that from the assumptions and (2.54), we find that ‖R‖_∗ = O(δ^{2−γ} + η + η^2), where η = ϵ^2δ^{− 2n+1} . Hence, since |γ(ϕ)| = O((1 + η)‖ϕ‖_∞) in view of (2.49), by (4.6), (B.9), (B.10) and (C.3) we have that ∫ Ω (R + L(ϕ) + N(ϕ))P Z_0 = ∫ Ω RP Z_0 + O ( (1 + η) ‖ ‖ ‖L̃ ( P Z_0 + 1 |Ω| ∫ Ω Z_0 )‖ ‖_∗‖ϕ‖∞ + ‖ϕ‖^2_∞ ) (4.10) = ∫ Ω RP Z_0 + o(δ^2 + η) + O(η^2 + η^4) and ∫ Ω (R + L(ϕ) + N(ϕ))P Z = ∫ Ω RP Z + O ( (1 + η) ‖ ‖ ‖L̃ ( P Z + 1 |Ω| ∫ Ω Z )‖ ‖_∗‖ϕ‖∞ + ‖ϕ‖^2_∞ ) (4.11) = ∫ Ω RP Z + o(δ^2 + η) + O(η^2 + η^4)

in view of P Z_0 = O(1) and P Z = O(1), where L̃(ϕ) = Δϕ + Kϕ. Since by Lemma A.2 H(0)c_a = Γa + Υā + o(|a|) as a → 0 in view of c_0 = 0, the desired expansions (4.8)-(4.9) follow by a combination of (3.4)-(3.5) and (4.10)-(4.11). We have used that α_a → α_0 =^{H(0)}_{n+1} as a → 0 in view of (2.10), where α_a is given by (2.31), and D_a → D_0 as a → 0, where D_a is given by (2.43).

Thanks to (4.8)-(4.9), the aim is to find (δ(ϵ), a(ϵ)) so that (4.7) does hold. To simplify the notations, we denote φ_0(δ, a, ϵ) = ∫ Ω (L(ϕ) + N(ϕ) + R)P Z_0 φ(δ, a, ϵ) = ∫ Ω (L(ϕ) + N(ϕ) + R)P Z, and (4.7) reduces to find a solution of

φ_0(δ(ϵ), a(ϵ), ϵ) = φ(δ(ϵ), a(ϵ), ϵ) = 0 (4.12)

for ϵ small. We are now ready to prove our first main result, which clearly implies the validity of Theorem 1.1 with m = 1.

Theorem 4.5. Let H_0 =^H_{z−n+2} , where H is given in (2.6), be a meromorphic function in Ω with |H_0(z)|^2 = e^{u0+4π(n+1)G(z,0)} (which exists in view of (2.4) and is unique up to rotations), and σ_0(z) = −( ∫_z H_0(w)dw)^{−1}.

Assume that d^{n+1}H dz^{n+1} (0) = 0 (4.13) and for some small ρ > 0

D_0 := 1 π [∫ Ω\σ^{−1}_0 (B_ρ(0)) e^{u0+8π(n+1)G(z,0)} − ∫ R^2\B_ρ(0)

n + 1 |y|^4 ] < 0. (4.14)

If the “non-degeneracy condition” |Γ| ≠ | | |Υ + n(2n + 3) n + 1

D_0 | | | (4.15)

does hold, where Γ and Υ are given in Lemma A.2, for ϵ > 0 small there exist a(ϵ), δ(ϵ) > 0 small so that w_ϵ = P U_{δ(ϵ),a(ϵ),σa(ϵ)} + ϕ(δ(ϵ), a(ϵ)) does solve (2.2) with 4πN e^{u0+wϵ} ∫ Ω e^{u0+wϵ} + 64π^2N^2ϵ^2 ∫ Ω e^{2u0+2wϵ} ( ∫ Ω e^{u0+wϵ} + √ ( ∫ Ω e^{u0+wϵ} )^2 − 16πNϵ^2 ∫ Ω e^{2u0 +2wϵ} )^2 ( e^{u0 +wϵ} ∫ Ω e^{u0+wϵ} − e^{2u0+2wϵ} ∫ Ω e^{2u0+2wϵ} )

⇀ 8π(n + 1)δ_0

in the sense of measures as ϵ → 0.

Proof: Since the equation φ_0(δ, a, ϵ) = 0 naturally requires δ^2 ∼ ϵ^2δ^{− 2n+1} in view of (4.8), we make the following change of variables: δ = [^{(n+1)ϵn+1}_{|H(0)|} ]^{1n+2} μ and ζ =^a_δ . The system (4.12) is equivalent to find zeroes of Γ_ϵ(μ, ζ) := [ (n + 1)ϵ^{n+1} |H(0)| ]_− 2_{n+2} ( − 1 8 φ_0, 1 4πμ^2 φ ) ([ (n + 1)ϵ^{n+1} |H(0)| ] 1_{n+2} μ, [ (n + 1)ϵ^{n+1} |H(0)| ] 1_{n+2} μζ, ϵ ) , which has the expansion Γ_ϵ(μ, ζ) = Γ_0(μ, ζ)+o(1) as ϵ → 0^+, uniformly for μ in compact subsets of (0, +∞), in view of (4.8)-(4.9), where the map Γ_0 : R × C → R × C is defined as

Γ_0(μ, ζ) = ( πD_0μ^2 −

8(n + 1)^3 μ^{2n+1} ∫ R^2 (|y|^2 − 1)|y + ζ|^{2nn+1} (1 + |y|^2)^5 , Γζ + Υζ̄ − 16(n + 1)^3 πμ^{2(n+2)n+1} ∫ R^2 |y + ζ|^{2nn+1} ȳ (1 + |y|^2)^5 ) . We need to exhibit “stable” zeroes of Γ_0 in (0, +∞) × C , which will persist under L^∞−small perturbations yielding to zeroes of Γ_ϵ as required. The easiest case is given by the point (μ_0, 0), that solves Γ_0 = 0 for μ_0 = (^{8(n+1)3 I0}_{πD0} )^{n+12(n+2)} > 0 in view of the assumption (4.14) and (see (D.4))

I_0 := ∫ R^2 (|y|^2 − 1)|y|^{2nn+1} (1 + |y|^2)^5 < 0. Regarding Γ_0 as a map from R^3 into R^3 and setting Γ = Γ_1 + iΓ_2, Υ = Υ_1 + iΥ_2, we have that

DΓ_0(μ_0, 0) =

2(n+2)

n+1 πD_0μ_0 0 0 0 Γ_1 + Υ_1 +^{n(2n+3)}_{n+1} D_0 Υ_2 − Γ_2 0 Γ_2 + Υ_2 Γ_1 − Υ_1 −^{n(2n+3)}_{n+1} D_0

in view of (D.4) and ∫ R^2 |y|^{2nn+1} (1 + |y|^2)^5 dy = π ∫_∞ 0 ρ^{nn+1} (1 + ρ)^5 dρ = πI^{nn+1}_5 .

Since

det DΓ_0(μ_0, 0) =

2(n + 2) n + 1 πD_0μ_0 ( |Γ|^2 − | | | |Υ + n(2n + 3) n + 1

D_0 | | | | 2) ≠ 0

in view of assumption (4.15), the point (μ_0, 0) is an isolated zero of Γ_0 with non-trivial local index. Since DΓ_0(μ_0, 0) is an invertible matrix, there exists ν > 0 small so that |DΓ_0(μ_0, 0)(μ − μ_0, ζ)| ≥ ν|(μ − μ_0, ζ)|. By a Taylor expansion of Γ_0 we can find r_0 > 0 small so that |Γ_ϵ(μ, ζ)| = |Γ_0(μ, ζ)| + o(1) ≥ ν|(μ − μ_0, ζ)| + O ( (μ − μ_0)^2 + |ζ|^2 ) + o(1) ≥ ν 2 |(μ − μ_0, ζ)| for all (μ, ζ) ∈ ∂B_r(μ_0, 0) and all r ≤ r_0, for ϵ sufficiently small depending on r. Then, the map Γ_ϵ has in B_{r0} (μ_0, 0) well-defined degree for all ϵ small, and it then coincides with the local index of Γ_0 at (μ_0, 0). In this way, the map Γ_ϵ has a zero of the form (μ_ϵ, ζ_ϵ) with μ_ϵ → μ_0 and |ζ_ϵ| → 0 as ϵ → 0. Therefore, we have solved (4.12) for δ(ϵ) = [^{(n+1)ϵn+1}_{|H(0)|} ]^{1n+2} μ_ϵ and a(ϵ) = δ(ϵ)ζ_ϵ, and the corresponding w_ϵ does solve (2.2) and satisfy the required concentration property as stated in Theorem 4.5.

Remark 4.6. With some extra work, it is rather standard to see that (4.8) does hold in a C^1−sense. For ζ in a bounded set, by IFT we can find ϵ > 0 small so that the first equation in Γ_ϵ(μ, ζ) = 0 can be solved by μ(ϵ, ζ), depending continuously in ζ, so that

μ(ϵ, ζ) → μ(ζ) := ( 8(n + 1)^3 πD_0 ∫ R^2 (|y|^2 − 1)|y + ζ|^{2nn+1} (1 + |y|^2)^5

) n+1_{2(n+2)}

as ϵ → 0. As already said, since it is true in many situations as discussed in Appendix D, we conjecture that ∫ R^2 (|y|^2−1)|y+ζ|^{2nn+1} (1+|y|^2)^5 < 0 for all ζ ∈ C , yielding to μ(ζ) > 0 when D0 < 0. Plugging μ(ϵ, ζ) into the second

equation in Γ_ϵ(μ, ζ) = 0 we are reduced to find a “stable” zero of ∫ R^2 (|y|^2 − 1)|y + ζ|^{2nn+1} (1 + |y|^2)^5 (¯ Υζ + Γ̄ζ̄ ) − 2D_0 ∫ R^2 |y + ζ|^{2nn+1} y (1 + |y|^2)^5

= 0.

Notice that Ῡζ + Γ̄ζ̄ acts in real notation as the multiplication for the matrix A = ( Re(Γ + Υ) Im(Υ − Γ) − Im(Γ + Υ) Re(Υ − Γ) ) . Since by Appendix D we have that ∫ R^2 (|y|^2 − 1)|y + ζ|^{2nn+1} (1 + |y|^2)^5 = f(|ζ|), ∫ R^2 |y + ζ|^{2nn+1} y (1 + |y|^2)^5 = g(|ζ|)ζ, we can re-write the above equation as Aζ =^{2D0g(|ζ|)}_{f (|ζ|)} ζ. Letting (λ_1, e_1) be an eigen-pair of A with |e_1| = 1, we can find a solution ζ_0 = |ζ_0|e_1 as soon as |ζ_0| ≠ 0 does solve^{2D0 g(|ζ0 |)}_{f (|ζ0|)} = λ_1. Since by Appendix D we know that g(0) f(0) = − (2n + 3)(3n + 1) 4(n + 1) , g(|ζ|) f(|ζ|) → − 51 356 as |ζ| → ∞, it is reasonable to expect solutions (μ_ϵ, ζ_ϵ) of Γ_ϵ(μ, ζ) = 0 with ζ_ϵ bifurcating from ζ_0 ≠ 0 as soon as one of the eigenvalues of A lies in (^{51}_{178} |D_0|,^{(2n+3)(3n+1)}_{2(n+1)} |D_0|).

5 Examples and comments

In this section, we will discuss the validity of (4.13)-(4.15) by providing some examples. Recall that in Theorem 4.5 we were implicitly assuming that {p_1, . . . , p_N } ⊂ Ω and denoting for simplicity the concentration point p as 0. The assumption {p_1, . . . , p_N } ⊂ Ω simplifies the global construction in Ω̃ of H but (4.13)-(4.15) just require the local existence for such H at 0 as well as for σ_0 and H^∗. In this respect, the only relevant assumption is that the concentration point belongs to Ω, and so we will now provide examples with p = 0 and the remaining vortex points p_j ∈ Ω̄ for all j.

First, we have that (4.13) does hold when n is even and the vortex configuration is even (i.e., for each j there exists k so that p_k = −p_j with n_k = n_j ). Since −Ω = Ω and the vortex configuration is even, we have that G(z), H(z) and then e^{4π(n+2)H(z)−4π ∑j nj G(z,pj )} are even functions in view of G(z, p_j ) = G(z − p_j , 0). By uniqueness of H up to rotations and H(0) ≠ 0, we get that H(−z) = H(z) for all z ∈ Ω, and then^{∂k H}_{∂zk} (0) = 0 for all odd k ∈ N. Since n is even, we deduce the validity of (4.13).

The discussion of (4.14) is more interesting and will make use of the Weierstrass elliptic function ℘ to represent D_0 in case of an even vortex configuration. Furthermore, when Ω is a rectangle, the points p_j ’s are half-periods and all the multiplicities are even numbers, by some ideas in [9] we will show that assumption (4.14) holds if and only if^{n3}_2 is an odd number, where n_3 is the multiplicity of the half-period^{ω1+ω2}_2 . Due to the presence of high order derivatives (2(n + 1)th order) in (4.15), we will verify the validity of the “nondegeneracy” condition in the simplest case n = n_3 = 2 and Ω a square torus. As we will see, the validity of (4.15) is just a computational matter which could be carried out in very generality for each case of interest.

The Weierstrass elliptic function ℘(z) = 1 z^2 + ∑ (n,m)≠(0,0) ( 1 (z + nω_1 + mω_2)^2 − 1 (nω_1 + mω_2)^2 )

is a doubly-periodic meromorphic function with a single pole in Ω at 0 of multiplicity 2. Moreover, the only branching points of ℘ are simple and given by the three half-periods^{ω1}_2 ,^{ω2}_2 and^{ω3}_2 =^{ω1 +ω2}_2 , i.e. ℘^′(^{ωj}_2 ) = 0 and ℘^{′′}(^{ωj}_2 ) ≠ 0 for j = 1, 2, 3. For p ≠ 0, note that 2π[2G(z, 0) − G(z, p) − G(z, −p)] is a doubly-periodic harmonic function in Ω with a singular behavior −2 log |z| at z = 0. Moreover, it behaves like log |z − p| at z = p and log |z + p| at z = −p when p ≠^{ω1}_2 ,^{ω2}_2 ,^{ω3}_2 , and like 2 log |z − p| if p ∈ {^{ω1}_2 ,^{ω2}_2 ,^{ω3}_2 }. Thus, we have that 2π[2G(z, 0) − G(z, p) − G(z, −p)] = log |℘(z) − ℘(p)| + const. no matter p is an half-period or not, in view of ℘(p) = ℘(−p), ℘^′(p) = −℘^′(−p) ≠ 0 if p ≠^{ω1}_2 ,^{ω2}_2 ,^{ω3}_2 and ℘^′(p) = 0, ℘^{′′}(p) ≠ 0 if p ∈ {^{ω1}_2 ,^{ω2}_2 ,^{ω3}_2 }. Since the vortex configuration is even, let us denote by p_k’s the minimal subset of {p_1, . . . , p_N } so that {p_k, −p_k}_k = {p_j }_j and

n̂_k = {_{nk} 2 if p_k is an half-period n_k otherwise.

Since (2.4) implies

u_0 + 8π(n + 1)G(z, 0) = 4π ∑ k n̂_k[2G(z, 0) − G(z, p_k) − G(z, −p_k)], we get that e^{u0 +8π(n+1)G(z,0)} = const. | | ∏ k (℘(z) − ℘(p_k))^{n̂k} | |^2.

The additional assumption that n_j is even when p_j is an half-period is crucial to have (℘(z) − ℘(p_j ))^{n̂j} as a single-valued function. Since e^{4π(n+2)H(z)−4π ∑j nj G(z,pj )} = |z|^{2n+4}e^{u0 +8π(n+1)G(z,0)}, we can choose H and H_0 as H(z) = z^{n+2}H_0(z) = λ_0z^{n+2} ∏ k (℘(z) − ℘(p_k))^{n̂k} , λ_0 = e^{2π(n+2)H(0)−2π ∑j nj G(0,pj )} (5.1)

with H(0) = λ_0 ∈ (0, +∞), and then σ_0 is given by

σ_0(z) = −λ^{−1}_0 (∫_z ∏ k (℘(w) − ℘(p_k))^{n̂k} dw )_{−1} . By (2.9), (2.11) and (4.13) we have that | | | ( 1 σ_0 )_′ (z) | | |^2 = e^{u0+8π(n+1)G(z,0)}, (5.2)

and then D_0 re-writes in terms of σ_0 as

πD_0 = Area [ 1 σ_0 ( Ω \ σ^{−1}_0 (B_ρ(0)) ) ] − (n + 1)Area ( B 1_ρ (0) ) . (5.3)

By the Cauchy argument principle the number of pre-images in Ω \ σ^{−1}_0 (B_ρ(0)) through the map^1_{σ0} is constant for all values in each connected component of C \

(_1

σ_0 (∂Ω) ∪ ∂B^1_ρ (0) ) , and the area of each of these components has to be counted in (5.3) according to the multiplicity of pre-images. Hereafter, let Ω be a rectangle with sides ω_1 = a and ω_2 = ib, where a, b > 0. Assume that the vortex set is {0, p_1, p_2, p_3}, where p_1 =^{ω1}_2 , p_2 =^{ω2}_2 and p_3 =^{ω1+ω2}_2 are the three half-periods, with even multiplicities n, n_1, n_2, n_3 ≥ 0 (the case n_j = 0 corresponds to have p_j as a regular point). The balance condition (2.4) is satisfied if n_1 2 + n_2 2 + n_3 2 = n 2 + 1. (5.4)

When Ω is a rectangle, the function ℘ takes real values on ∂Ω and ℘^{′′}(p_j ) > 0 for j = 1, 2, ℘^{′′}(p_3) < 0. As a consequence, we have that

℘(p_1) − ℘(z), ℘(z) − ℘(p_2), ℘(±p_1 + it) − ℘(p_3), ℘(p_3) − ℘(±p_2 + t) ≥ 0 (5.5)

for all z ∈ ∂Ω and t ∈ R. Write σ_0(z) as

σ_0(z) = (−1)^{n+n22} λ^{−1}_0 (∫_z (℘(p_1) − ℘(w))^{n12} (℘(w) − ℘(p_2))^{n22} (℘(p_3) − ℘(w))^{n32} dw )_{−1}

in view of (5.4). Since d dt [ (−1)^{n+n22} σ_0(±p_2 + t) ] = λ_0(℘(p_1) − ℘(±p_2 + t))^{n12} (℘(±p_2 + t) − ℘(p_2))^{n22} (℘(p_3) − ℘(±p_2 + t))^{n32} ≥ 0

in view of (5.5), the function^{(−1)} n+n2 2 σ_0 maps the horizontal sides of ∂Ω into horizontal segments with same

orientation. In the same way, the vertical sides of ∂Ω are mapped into vertical segments with same/opposite orientation depending on whether^{n3}_2 is an even/odd number. So, T :=^{(−1)} n+n2 2 σ_0 (∂Ω) is still a rectangle with

same/opposite orientation and^{(−1)} n+n2 2 σ_0 (p_3 ) is the right upper/lower corner of T depending on whether n_3

2 is an even/odd number. For ρ small, we then have that C \

(_1

σ_0 (∂Ω) ∪ ∂B^1_ρ (0) ) has three connected components:

the interior Ω^′ of (−1)^{n+n22} T , B 1_ρ (0) \ Ω^′ and C \ B 1_ρ (0). By Lemma A.1 we have that values in B 1_ρ (0) \ Ω^′, C \ B 1_ρ (0) have exactly n + 1, 0 pre-images in Ω \ σ^{−1}_0 (B_ρ(0)) through the map^1_{σ0} , respectively. By (5.3) we have that πD_0 = [k − (n + 1)]Area(Ω^′), where k is the number of pre-images corresponding to values in Ω^′.

Since ℘(z) − ℘(p_3) =^{℘′′ (p3 )}_2 (z − p_3)^2 + O(|z − p_3|^3) as z → p_3, we obtain that [ (−1)^{n+n22} σ_0 ]_′ (z) = μ(z − p_3)^{n3} + O(|z − p_3|^{n3+1}) and (−1)^{n+n22} σ_0(z) − (−1)^{n+n22} σ_0(p_3) = μ (z − p_3)^{n3 +1} n_3 + 1

+ O(|z − p_3|^{n3 +2})

as z → p_3, where μ := λ_0 ( −^{℘′′ (p3 )}_2

)^n3_2

[℘(p_1) − ℘(p_3)]^{n12} [℘(p_3) − ℘(p_2)]^{n22} > 0. When^{n3}_2 is an odd number,

(−1)^{n+n2}2 σ_0 (p_3) is the right lower corner of T and the function

(−1)^{n+n2}2 σ_0 maps {z = p3 + ρe iθ | π ≤ θ ≤^{3π}_2 , 0 ≤ ρ < ρ_0} onto a region whose part inside/outside T is covered^{n3 −2}_4 /^{n3−2}_4 + 1 times, respectively, in view of

(n_3 + 1)π ≤ (n_3 + 1)θ ≤ (n_3 + 1) 3π 2 = (n_3 + 1)π + 2π n_3 − 2 4 + π + π 2 . Hence, near p_3 the map^1_{σ0} covers^{n3−2}_4 /^{n3−2}_4 + 1 times the interior/exterior part of Ω^′ near^1_{σ0 (p3 )} . Since^1_{σ0} covers n + 1 times every values in B 1_ρ (0) \ Ω^′, there should be n −^{n3−2}_4 distinct points x ∈ Ω \ σ^{−1}_0 (B_ρ(0)), away from p_1, p_2, p_3, so that σ_0(x) = σ_0(p_3). Since σ^′_0(x) ≠ 0 if x ≠ p_1, p_2, p_3, it follows that around any such x^1_{σ0} is a local homeomorphism, and then^1_{σ0} covers exactly n/n + 1 times the interior/exterior part of Ω^′ near^1_{σ0(p3 )} . Hence, it follows that k = n and πD_0 = −Area(Ω^′) < 0. When^{n3}_2 is even, in a similar way we get that k = n + 2 and πD_0 = Area(Ω^′) > 0.

Now, to discuss (4.15) we restrict the attention to the case n = n_3 = 2, in which the “non-degeneracy condition” reads as | | |3H^{′′}(0)f^′3(0) + λ^0f^{′′′}3 (0) | | | ≠ | | | 6π ab b_3H^{′′}(0) − 28 3 D_0 | | | (5.6)

in view of H(0) = λ_0 (see (5.1)) and H^′(0) = H^{′′′}(0) = 0, where

f_l(z) = 1 l! d^l dw^l [ 2 log w − q_0(z) q^{−1}_0 (w) − z

+ 4πH^∗(z − q^{−1}_0 (w)) ] (0) , b_l = 1 l! d^lq^{−1}_0 dw^l (0).

Since^{dk H}_{dzk} (0) = 0 for all odd k ∈ N, we have that

z^3 σ_0(z) = λ_0 3 + H^{′′}(0) 2 z^2 −

H^{(4)}(0) 24 z^4 −

H^{(6)}(0) 2160 z^6 + O(z^8),

and then

σ_0(z) = 3 λ_0 z^3−

9H^{′′}(0) 2λ^2_0 z^5+O(z^7), q_0(z) =

3^{13} λ^{13}_0 z− 3^{13} H^{′′}(0)

2λ^{43}_0 z^3+O(z^5), q^{−1}_0 (w) = λ^{13}_0 3^13 w+ H^{′′}(0) 6 w^3+O(w^5) as z, w → 0. Direct computation shows that b_3 =^{H′′ (0)}_6 and

f_3(z) = − 2 3σ_0(z) + 2λ_0 9z^3 + 2b_3 z − 2πλ_0 9 (H^∗)^{′′′}(z) − 4πb_3(H^∗)^′(z) = H^{(4)}(0) 36 z + H^{(6)}(0) 3240 z^3 − 2πλ_0 9 (H^∗)^{′′′}(z) − 2π 3 H^{′′}(0)(H^∗)^′(z) + O(z^5)

as z → 0. Since then

f^′_3(0) =

H^{(4)}(0) 36 − 2πλ_0 9 (H^∗)^{(4)}(0)− 2π 3 H^{′′}(0)(H^∗)^{′′}(0), f^{′′′}_3 (0) =

H^{(6)}(0) 540 − 2πλ_0 9 (H^∗)^{(6)}(0)− 2π 3 H^{′′}(0)(H^∗)^{(4)}(0),

condition (5.6) is equivalent to | | | | H^{′′}(0)H^{(4)}(0) 12 + λ_0H^{(6)}(0) 540 − 2π(H^{′′}(0))^2(H^∗)^{′′}(0) − 4πλ_0 3 H^{′′}(0)(H^∗)^{(4)}(0) −

2πλ^2_0 9 (H^∗)^{(6)}(0) | | | | ≠ | | | π ab |H^{′′}(0)|^2 − 28 3 D_0 | | | . When n = n_3 = 2, we have just two possibilities: either n_1 = 2 and n_2 = 0, or viceversa. Let us denote by p_j and p_k the point p_1 and p_2, respectively, in the first case and viceversa in the second one. By the explicit expression (5.1) of H we have that

H(z) = λ_0z^4(℘(z) − ℘(p_j ))(℘(z) − ℘(p_3)).

Replacing H with^H_{λ0} , we can assume λ_0 = 1 and simply study the stronger condition | | | H^{′′}(0)H^{(4)}(0) 4 + H^{(6)}(0) 180 − 6π(H^{′′}(0))^2(H^∗)^{′′}(0) − 4πH^{′′}(0)(H^∗)^{(4)}(0) − 2π 3 (H^∗)^{(6)}(0) | | | < 3π ab |H^{′′}(0)|^2 (5.7)

in view of (4.14). Letting G_l = ∑ (n,m)≠(0,0) 1 (nω_1 + mω_2)^l

, l ≥ 3, be the Eisenstein series, the Laurent

expansion of ℘ near 0 simply re-writes as ℘(z) = 1 z^2 + ∞∑ l=1 (2l + 1)G_{2l+2}z^{2l},

and then

H(z) = 1 − (℘(p_j ) + ℘(p_3))z^2 + (℘(p_j )℘(p_3) + 6G_4) z^4 + (10G_6 − 3G_4℘(p_j ) − 3G_4℘(p_3)) z^6 + O(z^8)

as z → 0. Letting e_j = ℘(p_j ) for j = 1, 2, 3, recall that

e_2 < e_3 ≤ 0 < e_1, e_1 + e_2 + e_3 = 0, 15G_4 = −(e_1e_2 + e_1e_3 + e_2e_3), 35G_6 = e_1e_2e_3, (5.8)

with e_3 = 0 if and only if a = b (see [1]). By the expansion of H and (5.8), we deduce that

H^{′′}(0) = 2e_k, H^{(4)}(0) = 24(e_j e_3 + 6G_4), H^{(6)}(0) = 720(10G_6 + 3G_4e_k),

and condition (5.7) gets re-written as | | | |460G^6 + 84G^4e^k − 24πe^2k(H^∗)^{′′}(0) − 8πe^k(H^∗)^{(4)}(0) − 2π 3 (H^∗)^{(6)}(0) | | | | < 12π ab e^2_k (5.9) in view of (5.8).

From an explicit formula for the Green’s function (see [11]) we have that H(z) − |z|^2 4|Ω| = Re ( − z^2 4ab + iz 2a + b 12a ) − 1 2π log | | | | 1 − e (_z a ) z × ∞∏ k=1 ( 1 − e ( kbi + z a )) ( 1 − e ( kbi − z a ))| | | | ,

where e(z) = e^{2πiz} , yielding to

H^∗(z) = − z^2 4ab + iz 2a + b 12a − 1 2π log [( 1 − e (_z a ) z ) × ∞∏ k=1 ( 1 − e ( kbi + z a )) ( 1 − e ( kbi − z a ))] . Direct, but tedious, computations show that

(H^∗)^{′′}(0) = − 1 2ab + π 6a^2 − 4π a^2 ∞∑ k=1 λ_k(λ_k + 1), (H^∗)^{(4)}(0) = π^3 15a^4 + 16π^3 a^4 ∞∑ k=1 λ_k(λ_k + 1)(6λ^2_k + 6λ_k + 1)

(H^∗)^{(6)}(0) =

8π^5 63a^6 − 64π^5 a^6 ∞∑ k=1 λ_k(λ_k + 1)(120λ^4_k + 240λ^3_k + 150λ^2_k + 30λ_k + 1),

where λ_k :=^1_{e2π ba k −1} . To simplify the argument, restrict the attention to a square torus Ω, i.e. a = b. In this case, e_3 = G_6 = 0 and the Green function G(z, 0) has an additional symmetry, the invariance under π 2 −rotations. Therefore, H^∗(iz) = H^∗(z) for all z ∈ Ω, and then (H^∗)^{′′}(0) = (H^∗)^{(6)}(0) = 0. Condition (5.9) becomes | | | | 28 5 e^2_1 − 8π(H^∗)^{(4)}(0) | | | | < 12π a^2 e_1 (5.10)

in view of (5.8) and e_1 = −e_2 > 0. From the study of the Weierstrass function ℘ it is known that (see [3]) ∑ (n,m)≠(0,0) 1 (n + mτ)^4 = π^4 45 + 16π^4 3 ∞∑ m,k=1 k^3e^{2πikmτ}

for τ ∈ C with Im τ > 0. The choice τ = i yields to

15a^4G_4 = a^4e^2_1 = π^4 3 + 80π^4 ∞∑ m,k=1 k^3e^{−2πkm}

in view of (5.8), which turns (5.10) into | | | π^4 3 + 112π^4 ∞∑ m,k=1 k^3e^{−2πkm} − 32π^4 ∞∑ k=1 λ_k(λ_k + 1)(6λ^2_k + 6λ_k + 1) | | | < 3π π^4 3 + 80π^4 ∞∑ m,k=1 k^3e^{−2πkm}.(5.11)

Since numerically we can approximately compute

32π^4 ∞∑ k=1 λ_k(λ_k + 1)(6λ^2_k + 6λ_k + 1) ≈ 5, 9194 80π^4 ∞∑ m,k=1 k^3e^{−2πkm} ≈ 14, 7985, we get the validity of (5.11). Therefore, condition (4.15) does hold on a square torus Ω when n = n_3 = 2. Finally, when n = 0 Theorem 4.5 essentially recovers the result in [29] concerning single-point concentration in any torus Ω (see also [20]). Notice that n = 0 corresponds to have that the concentration point 0 is not really a singular point and a more simple approach is possible as in the above-mentioned papers. By (2.4) the total multiplicity is 2 produced by two vortex-points p_1, p_2 ≠ 0. Assumption (4.13) is equivalent to have (log H)^′(0) = 0. By the Cauchy-Riemann equations, the last condition can be just re-written as ∇[2 Re log H](0) = ∇ log |H|^2(0) = ∇[8πH + u_0](0) = 0.

Since ∇H(0) = 0 in view of H(z) = H(−z), we have that (4.13) simply reads as: 0 is a critical point of u_0. As far as (4.14), notice that D_0 does not depend on ρ > 0 small for ∫ σ^{−1}_0 (B_ρ(0))\σ^{−1}_0 (B_r (0)) e^{u0 +8πG(z,0)} − ∫ B_ρ(0)\B_r (0) dy |y|^4 = Area ( B 1_r (0) \ B 1_ρ (0) ) − π ( 1 r^2 − 1 ρ^2 ) = 0 for all 0 < r ≤ ρ, in view of (5.2). Therefore, D_0 can be re-written as

D_0 = 1 π [∫ Ω\σ^{−1}_0 (B_ρ(0)) e^{u0+8πG(z,0)} − ∫ R^2\B_ρ(0) dy |y|^4 ] = 1 π lim_{r→0} [ ∫ Ω\σ^{−1}_0 (B_r (0)) e^{8πH(z,0)+u0} |z|^4 − ∫ R^2\B_r (0) 1 |y|^4 ] . Since σ_0(z) =^z_{λ0} +^{H′′ (0)}_{2λ20} z^3 + O(|z|^5) and σ^{−1}_0 (z) = λ_0z + O(|z|^3) with λ_0 = e^{4πH(0)− u0 (0)2} , notice that B_{λ0 r−Cr}3 (0) ⊂ σ^{−1}_0 (B_r(0)) ⊂ B_{λ0r+Cr}3 (0) for all r > 0 small, for some constant C > 0. Thus, there holds | | | ∫ Ω\σ^{−1}_0 (B_r (0)) 1 |z|^4 e^{8π[H(z,0)−H(0,0)]+[u0 (z)−u0 (0)]} − ∫ Ω\B_{λ0 r} (0) 1 |z|^4 e^{8π[H(z,0)−H(0,0)]+[u0 (z)−u0(0)]} | | | = O (∫ B_{λ0 r+Cr3} (0)\B_{λ0r−Cr3} (0) 1 |z|^2 ) = o(1)

as r → 0 in view of ∇[8πH + u_0](0) = 0, yielding to the same expression for D_0 as in [29, 20]:

D_0 = λ^2_0 π lim_{r→0} [ ∫ Ω\B_r (0) 1 |z|^4 e^{8π[H(z,0)−H(0,0)]+[u0 (z)−u0(0)]} − ∫ R^2\B_r (0) 1 |y|^4 ] . The “non-degeneracy condition” (4.15) reads as | | | | H^{′′}(0) H(0)

− 4π(H^∗)^{′′}(0) | | | | = |(log H)^{′′}(0) − 4π(H^∗)^{′′}(0)| ≠ 2π |Ω| , in view of σ_0 = q_0, b_1 = λ_0, f_1(z) = −4πλ_0(H^∗)^′(z) +^{2λ0}_z −^2_{σ0 (z)} and H^′(0) = 0. Setting H_1(z) = e^{−4πH∗(z)}H(z), we have that |H_1(z)|^2 = e^{u0 + 2π|Ω| |z|2} and

(log H)^{′′}(0) − 4π(H^∗)^{′′}(0) = (log H_1)^{′′}(0) = 2(Re log H_1)^{′′}(0) = (log |H_1|^2)^{′′}(0) = ( u_0 + 2π |Ω| |z|^2 )_{′′} (0) = 1 4 [(u_0)_{xx}(0) − (u_0)_{yy}(0) − 2i(u_0)_{xy}(0)]

in view of (2.6)-(2.7), and the above condition turns into

0 ≠ 1 16 |(u_0)_{xx}(0) − (u_0)_{yy}(0) − 2i(u_0)_{xy}(0)|^2 −

4π^2 |Ω|^2 = 1 16 ((u_0)_{xx}(0) − (u_0)_{yy}(0))^2 + 1 4 (u_0)^2_{xy}(0) −

4π^2 |Ω|^2 = 1 16 (Δu_0)^2(0) − 1 4 det D^2u_0(0) −

4π^2 |Ω|^2 = − 1 4 det D^2u_0(0).

In conclusion, when n = 0 the assumptions in Theorem 4.5 are equivalent to have 0 as a non-degenerate critical point of u_0(z) = −4πG(z, p_1) − 4πG(z, p_2) with D_0 < 0.

6 A more general result

In this section we deal with the case m ≥ 2 in Theorem 1.1. For more clearness, let us denote the concentration points as ξ_l, l = 1, . . . , m, the remaining points in the vortex set as p_j , and by n_l, n_j the corresponding multiplicities.

From section 2 recall that H(z) = G(z, 0) +^1_{2π} log |z| is a smooth function in 2Ω with ΔH =^1_{|Ω|} , and H^∗ is an holomorphic function in 2Ω with Re H^∗ = H −^{|z|2}_{4|Ω|} . Up to a translation, we are assuming that p_j ∈ Ω for all j = 1, . . . , N, and taking Ω̃ close to Ω so that Ω̃ − p_j ⊂ 2Ω for all j = 1, . . . , N. Arguing as for (2.6), the function H(z) = ∏ j (z − p_j )^{nj} exp 4π m∑ l=1 (n_l + 1)H^∗(z − ξ_l) − 2π N∑ j=1 H^∗(z − p_j )

+ π |Ω| m∑ l=1 (n_l + 1)(ξ_l − 2z)ξ_l − π 2|Ω| N∑ j=1 |p_j |^2 + π |Ω| z N∑ j=1 p_j

is holomorphic in Ω̃ and satisfies

|H(z)|^2 = (_m ∏ l=1 |z − ξ_l|^{−2nl} ) exp ( u_0 + 8π m∑ l=1 (n_l + 1)H(z − ξ_l) )

in view of (1.9). For l = 1, . . . , m the function

H^l(z) = H(z) ∏ l^′≠l (z − ξ_l′ )^{−(nl′ +2)} is holomorphic near ξ_l and satisfies

|H^l(z)|^2 = exp

4π(n_l + 2)H(z − ξ_l) + 4π ∑ l^′ ≠l (n_l′ + 2)G(z, ξ_l′ ) − 4π ∑ j n_j G(z, p_j ) . (6.1)

To be more clear, let us spend few words to compare the case m = 1 and m ≥ 2. When m = 1 notice that H satisfies |H|^2 = e^{u0 +8π(n+1)H(z)−2n log |z|} in view of (2.7). The function e^{u0 +8π(n+1)H(z)−2n log |z|} is a sort of effective potential for (2.2) at 0, where e^{u0−2n log |z|} is the non-vanishing part of e^{u0} and e^{8π(n+1)H(z)} is the self-interaction of the concentration point 0 driven by P U_{δ,0,σ0} through (2.18). When m ≥ 2, (6.1) can be re-written as

|H^l(z)|^2 = exp u_0 + 8π(n_l + 1)H(z − ξ_l) + 8π ∑ l^′ ≠l (n_l′ + 1)G(z, ξ_l′ ) − 2n_l log |z − ξ_l|

for l = 1, . . . , m, yielding to an effective potential for (2.2) at ξ_l exhibiting an additional interaction term e^{8π ∑l′≠l(nl′ +1)G(z,ξl′ )} generated by the effect of the concentration points ξ_l′ , l^′ ≠ l, through (6.12).

Setting H_0 =^H

(z−ξ_1 )^{n1+2} ...(z−ξ_m)^{nm+2} , we now define σ0 as

σ_0(z) = − ∫_z H_0(w)exp − m∑ l=1 c^l_0(w − ξ_l)^{nl +1} ∏ l^′ ≠l (w − ξ_l′ )^{nl′ +2} dw −1 , (6.2)

where

c^l_0 = 1 H_0(ξ_l)(n_l + 1)! d^{nl+1}H^l dz^{nl+1} (ξ_l), l = 1, . . . , m, guarantee that all the residues of the integrand function in the definition of σ_0 vanish. The presence of the term ∏ l^′ ≠l(w − ξl^′ ) n_l′ +2 is crucial to compute explicitly the cl

0’s for

c^l_0(w − ξ_l)^{nl +1} ∏ l^′≠l (w − ξ_l′ )^{nl′ +2} = O((w − ξ_l′ )^{nl′ +2})

has an high-order effect near any other ξ_l′ , l^′ ≠ l. By construction σ_0 ∈ M(Ω) vanishes only at the ξ_l’s with multiplicity n_l + 1 and lim_{z→ξl} (z − ξ_l)^{nl+1} σ_0(z) = H^l(ξ_l) n_l + 1 , and satisfies

|σ^′_0(z)|^2 = |σ_0(z)|^4exp u_0 + 8π m∑ l=1 (n_l + 1)G(z, ξ_l) − 2 m∑ l=1 Re [ c^l_0(z − ξ_l)^{nl+1} ∏ l^′ ≠l (z − ξ_l′ )^{nl′ +2} ] .

Since each ξ_l gives a contribution to the dimension of the kernel for the linearized operator (4.3), the parameters δ and a are no longer enough to recover all the degeneracies induced by the ansatz P U_{δ,a,σ}, for σ ∈ M(Ω) a function which vanishes only at the points ξ_l, l = 1, . . . , m, with multiplicity n_l + 1. In our construction, the correct number of parameters to use is 2m + 1, given by m small complex numbers a_1, . . . , a_m and δ > 0 small, where the latter gives rise to the concentration parameter δ_l at ξ_l, l = 1, . . . , m, by means of (6.14). The request that all the δ_l’s tend to zero with the same rate is necessary as we will discuss later.

We need to construct an ansatz that looks as P U_{δl,al,σa,l} near each ξ_l, for a suitable σ_{a,l} which makes the approximation near ξ_l good enough. In order to localize our previous construction, let us define P U_{δl,al,σ} as the solution of { −ΔP U_{δl,al,σ} = χ(|z − ξ_l|)|σ^′(z)|^2e^{Uδ}l^{,a}l^{,σ} −^1_{|Ω|} ∫ Ω χ(|z − ξ_l|)|σ^′(z)|^2e^{Uδ}l^{,a}l^{,σ} in Ω ∫ Ω P U_{δl,al,σ} = 0, where χ is a smooth radial cut-off function so that χ = 1 in [−η, η], χ = 0 in (−∞, −2η] ∪ [2η, +∞), 0 < η <^1_2 min{|ξ_l − ξ_l′ |, dist (ξ_l, ∂Ω) : l, l^′ = 1, . . . , m, l ≠ l^′}. The approximating function is then built as W = m∑ l=1 P U_l, where U_{δl,al,σa,l} and P U_{δl,al,σa,l} will be simply denoted by U_l and P U_l.

Let us now explain how to find the functions σ_{a,l}, l = 1, . . . , m. Setting

B^l_r = { σ holomorphic in B_{2η} (ξ_l) : ‖ ‖ ‖ σ σ_0 − 1 ‖ ‖ ‖_{∞,B2η (ξl )} ≤ r } for l = 1, . . . , m, Lemma A.1 still holds in this context for all σ ∈ B^l_r, by simply replacing 0, n with ξ_l, n_l and Ω̃ with B_{2η} (ξ_l). Then, for all σ = (σ_1, . . . , σ_m) ∈ B_r := B^1_r ×· · ·×B^m_r and a = (a_1, . . . , a_m) ∈ C^m with ‖a‖_∞ < ρ there exist points a^l_i, l = 1, . . . , m and i = 0, . . . , n_l, so that {z ∈ B_{2η}(ξ_l) : σ_l(z) = a_l} = {ξ_l +a^l_0, . . . , ξ_l +a^l_{nl} } for all l = 1, . . . , m. Arguing as for (2.12), for l = 1, . . . , m the function H^l_{a,σ} (z) = ∏ j (z − p_j )^{nj} ∏ l^′ ≠l (z − ξ_l′ )^{nl′} ∏ l^′≠l n_l′∏

i=0 (z − ξ_l′ − a^{l′}_i )^{−2}exp ( 4π m∑ l^′ =1 n_l′∑

i=0 H^∗(z − ξ_l′ − a^{l′}_i )

−2π N∑ j=1 H^∗(z − p_j ) + π |Ω| m∑ l^′ =1 (n_l′ + 1)(ξ_l′ − 2z)ξ_l′ − π 2|Ω| N∑ j=1 |p_j |^2 − 2π |Ω| m∑ l^′ =1 (z − ξ_l′ ) n_l′∑

i=0 a^{l′}_i + π |Ω| z N∑ j=1 p_j

is holomorphic near ξ_l and satisfies

|H^l_{a,σ}(z)|^2 = |z − ξ_l|^{−2nl} exp[u_0 + 8π n_l∑

i=0 H(z − ξ_l − a^l_i) + 8π ∑ l^′ ≠l n_l′∑

i=0 G(z, ξ_l′ + a^{l′}_i ) − 2π |Ω| m∑ l^′ =1 n_l′∑

i=0 |a^{l′}_i |^2] (6.3)

in view of (1.9). Setting g^l_{al,σl} (z) = σ_l(z) − a_l ∏_{nl} i=0(z − ξ_l − a^l_i) , z ∈ B_{2η} (ξ_l), and c^l_{a,σ} = ∏ l^′≠l(ξl − ξl^′ ) −(n_l′ +2)

(n_l + 1)! d^{nl+1} dz^{nl+1} [ ( gl_{al,σl} (z)gl_{0,σl} (ξ_l) g^l_{al,σl} (ξ_l)g^l_{0,σl} (z) )_2 Hl_{a,σ} (z) H^l_{a,σ} (ξ_l) ] (ξ_l), (6.4)

the aim is to find a solution σ_a = (σ_{a,1}, . . . , σ_{a,m}) ∈ B_r of the system (l = 1, . . . , m):

σ_l(z) = − ∫_z ( g_{lal,σl} (w) g^l_{0,σl} (w) )_2 Hl_{a,σ}(w) (w − ξ_l)^{nl +2} exp − m∑ l^′=1 c^{l′}_{a,σ}(w − ξ_l′ )^{nl′ +1} ∏ l^{′′} ≠l^′ (w − ξ_l′′ )^{nl′′ +2} dw −1 , (6.5)

where the definition of c^l_{a,σ} makes null the residue at ξ_l of the integrand function in (6.5). The function σ_{a,l} will vanish only at ξ_l with multiplicity n_l + 1 and satisfy |σ^′_{a,l}(z)|^2 = |σ_{a,l}(z) − a_l|^4exp ( u_0 + 8π m∑ l^′ =1 n_l′∑

i=0 G(z, ξ_l′ + a^{l′}_i ) − 2π |Ω| m∑ l^′ =1 n_l′∑

i=0 |a^{l′}_i |^2 (6.6)

−2 m∑ l^′=1 Re [ c^{l′}_{a,σa} (z − ξ_l′ )^{nl′ +1} ∏ l^{′′} ≠l^′ (z − ξ_l′′ )^{nl′′ +2} ]

in view of (6.3).

Since H^l_{0,σ} = H^l and c^l_{0,σ} = c^l_0 for all l = 1, . . . , m, when a = 0 the system (6.5) reduces to m-copies of (6.2) in each B_{2η}(ξ_l), l = 1, . . . , m, and it is natural to find σ_a branching off (σ_0, . . . , σ_0) for a small by IFT. Let us emphasize that each σ_{a,l}, l = 1, . . . , m, is close to σ_0 | | |_{B2η (ξl)}, a crucial property to have D0 defined

in terms of a unique σ_0 (see (1.10)). Letting q_{0,l} be the function so that σ_0 = q^{nl+1}_{0,l} near ξ_l, arguing as in Lemma A.2 we have that

Lemma 6.1. Up to take ρ smaller, there exists a C^1−map a ∈ B_ρ(0) → σ_a ∈ B_r so that σ_a solves the system (6.4)-(6.5). Moreover, the map a ∈ B_ρ(0) → c^l_a := c^l_{a,σa} is C^1 with

Γ^{ll} := H(ξ_l)∂_{al} c^l_a | |_{a=0} = 1 n_l! d^{nl +1} dz^{nl+1} [ H^l(z)f^l_{nl+1}(z) ] (ξ_l) (6.7)

Υ^{ll} := H(ξ_l)∂_{āl} c^l_a | | |_{a=0} = −

2π(n_l + 1) |Ω|n_l! b^l_{nl+1} d^{nl} H^l dz^{nl} (ξ_l) (6.8)

and for j ≠ l

Γ^{lj} := H(ξ_l)∂_{aj} c^l_a | | |_{a=0} = n_j + 1 (n_l + 1)! d^{nl+1} dz^{nl+1} [ H^l(z)f̃^j_{nj +1}(z) ] (ξ_l) (6.9)

Υ^{lj} := H(ξ_l)∂_{āj} c^l_a | | |_{a=0} = −

2π(n_j + 1) |Ω|n_l! b^j_{nj +1} d^{nl} H^l dz^{nl} (ξ_l), (6.10)

where

f^l_{n+1}(z) = 1 (n + 1)! d^{n+1} dw^{n+1} [ 2 log w − q_{0,l}(z) q^{−1}_{0,l} (w) − z + 4πH^∗(z − q^{−1}_{0,l} (w)) ] (0) , b^l_{n+1} = 1 (n + 1)! d^{n+1}q^{−1}_{0,l} dw^{n+1} (0) and for j ≠ l

f̃^j_{n+1}(z) = 1 (n + 1)! d^{n+1} dw^{n+1} [ − 2 log(z − q^{−1}_{0,j} (w)) + 4πH^∗(z − q^{−1}_{0,j} (w)) ] (0).

Letting n = min{n_l : l = 1, . . . , m}, up to re-ordering, assume that n = n_1 = · · · = n_m′ < n_l for all l = m^′ + 1, . . . , m, where 1 ≤ m^′ ≤ m. The matrix A in Theorem 1.1 is the 2m × 2m−matrix in the form

A = A^{1,2}_{1,2} . . . A^{2m−1,2m} 1,2 . . . . . . A^{1,2}_{2m−1,2m} . . . A^{2m−1,2m} 2m−1,2m , (6.11)

where the 2 × 2-blocks are given by

A^{2l′ −1,2l′} 2l−1,2l = Re[Γ^{ll′} + Υ^{ll′} +^{n(2n+3)}_{n+1} D_0^{|Hl(ξl)|−} 2 n+1 ∑_{m′} j=1 |H^j (ξ_j )|^{− 2n+1}

δ_{ll}′ ] Im[Υ^{ll′} − Γ^{ll′} ]

Im[Γ^{ll′} + Υ^{ll′} ] Im[Γ^{ll′} − Υ^{ll′} −^{n(2n+3)}_{n+1} D_0^{|Hl(ξl)|−} 2 n+1 ∑_{m′} j=1 |H^j (ξ_j )|^{− 2n+1} δ_{ll}′ ] when l = 1, . . . , m^′ and by A^{2l′ −1,2l′} 2l−1,2l = ( Re[Γ^{ll′} + Υ^{ll′} ] Im[Υ^{ll′} − Γ^{ll′} ] Im[Γ^{ll′} + Υ^{ll′} ] Im[Γ^{ll′} − Υ^{ll′} ] )

when l = m^′ + 1, . . . , m, with Γ^{ll′} and Υ^{ll′} given by (6.7), (6.9) and (6.8), (6.10), respectively, and δ_{ll}′ the Kronecker’s symbol.

Arguing as in Lemma 2.1, for l = 1, . . . , m we have that P U_{δl,al,σl} = χ(|z − ξ_l|) [ U_{δl,al,σl} − log(8δ^2_l ) + 4 log |g^l_{al,σl} | ]

+8π n_l∑

i=0 [ 1 2π (χ(|z − ξ_l|) − 1) log |z − ξ_l − a^l_i| + H(z − ξ_l − a^l_i) ] + Θ_{δl,al,σl} + 2δ^2_l f_{al,σl} + O(δ^4_l ) and P U_{δl,al,σl} = 8π n_l∑

i=0 G(z, ξ_l + a^l_i) + Θ_{δl,al,σl} + 2δ^2_l ( f_{al,σl} − χ(|z − ξ_l|) |σ_l(z) − a_l|^2 ) + O(δ^4_l ) (6.12)

do hold in C(Ω) and C_{loc}(Ω \ {ξ_l}), respectively, uniformly for |a| < ρ and σ_l ∈ B^l_r, where Θ_{δl,al,σl} = − 1 |Ω| ∫ Ω χ(|z − ξ_l|) log |σ_l(z) − a_l|^4 (δ^2_l + |σ_l(z) − a_l|^2)^2

and f_{al,σl} is a smooth function in z (with a uniform control in a_l and σ_l of it and its derivatives in z). Choosing σ_l = σ_{a,l} and summing up over l = 1, . . . , m, by (6.6) for our approximating function there hold

W = U_{δl,al,σl} − log(8δ^2_l ) + log |σ^′_l|^2 − u_0 + 2π |Ω| m∑ l^′ =1 n_l′∑

i=0 |a^{l′}_i |^2 + Θ^l(a, δ) (6.13)

+2 Re [ c^l_{a,σl} (z − ξ_l)^{nl+1} ∏ l^′ ≠l (z − ξ_l′ )^{nl′ +2} ] + O(|z − ξ_l|^{nl+2} ∑ l^′ ≠l |c^{l′}_{a,σl′} |) + m∑ l^′ =1

O(δ^2_l′ |z − ξ_l| + δ^4_l′ )

and W = 8π m∑ l=1 n_l∑

i=0 G(z, ξ_l + a^l_i) + O (_m∑ l^′ =1

δ^2_l′ log |δ_l′ | )

uniformly in B_η (ξ_l) and in Ω \ ∪^m_{l=1}B_η (ξ_l), respectively, where

Θ^l(a, δ) := m∑ l^′ =1 [Θ_{δl′ ,al′ ,σl′} + δ^2_l′ f_{al′ ,σl′} (ξ_l)]. As a consequence, we have that ∫ Ω e^{u0+W} = m∑ l^′=1 [∫ B_ρ(0)

n_l′ + 1 (δ^2_l′ + |y − a_l′ |^2)^2 + o ( 1 δ^2_l′ )] = π m∑ l^′=1

n_l′ + 1 δ^2_l′

[1 + o(1)],

and then near ξ_l there holds 4πN e^{u0 +W} ∫ Ω e^{u0+W} = 4πN |σ^′_l|^2e^{Uδ}l^{,a}l^{,σ}l^{+O(|z−ξl|nl+1)+o(1)} 8π ∑_m l^′ =1(nl^′ + 1)δ 2 l δ^{−2}_l′ (1 + o(1)) . In order to construct a N−condensate (A_ϵ, ϕ_ϵ) which satisfies (1.11) as ϵ → 0, we look for a solution w_ϵ of

(2.2) in the form w_ϵ = m∑ l=1 P U_{δl,al,σl} + ϕ, where ϕ is a small remainder term and δ_l = δ_l(ϵ), a_l = a_l(ϵ) are

suitable small parameters, so that 4πN e^{u0+wϵ} ∫ Ω e^{u0+wϵ} + 64π^2N^2ϵ^2 ∫ Ω e^{2u0+2wϵ} ( ∫ Ω e^{u0+wϵ} + √ ( ∫ Ω e^{u0+wϵ} )^2 − 16πNϵ^2 ∫ Ω e^{2u0 +2wϵ} )^2 ( e^{u0 +wϵ} ∫ Ω e^{u0+wϵ} − e^{2u0+2wϵ} ∫ Ω e^{2u0+2wϵ} )

⇀ 8π m∑ l=1 (n_l + 1)δ_{ξl} in the sense of measures as ϵ → 0. Since |σ^′_l|^2e^{Uδ}l^{,a}l^{,σ}l ⇀ 8π(n_l + 1)δ_{ξl} as δ_l, a_l → 0, to have the correct concentration property we need that 8π m∑ l^′=1

(n_l′ + 1)δ^2_l δ^{−2}_l′ → 4πN

for all l = 1, . . . , m, and then^{δl}_{δl′} → 1 for all l, l^′ = 1, . . . , m in view of (1.9). It is then natural to introduce just one parameter δ and to chose the δ_l’s as

δ_l = δ l = 1, . . . , m. (6.14)

We restrict our attention to the case c^l_0 = 0 for all l = 1, . . . , m, which is necessary in our context and is simply a re-formulation of the assumption that H_0 has zero residues at p_1, . . . , p_m. As in Theorem 4.5, we will work in the parameter’s range: a_l = o(δ), δ ∼ ϵ^{n+1n+2} as ϵ → 0^+. Since then K^{−1} ≤ δ^2 + |z − ξ_l|^{2nl+2} δ^2 + | |σ_l(z) − a_l|2 ≤ K, K^{−1}|z − ξ^l|^{2nl} ≤ |σ^{′l}(z)|^2 ≤ K|z − ξ^l|^{2nl} in B_{2η}(ξ_l) for all σ_l ∈ B^l_r and l = 1, . . . , m, where K > 1, the norm (2.53) can be now simply defined as

‖h‖_∗ = sup_{z∈Ω} m∑ l=1 δ^γ ( |z − ξ_l|^{2nl} + δ^{2nln}l^{+1} ) (δ^2 + |z − ξ_l|^{2nl +2})^{1+ γ}2 −1 |h(z)|

for any h ∈ L^∞(Ω), where 0 < γ < 1 is a small fixed constant. In order to simplify notations, we set U_l = U_{δl,al,σl} , c^l_a = c^l_{a,σl} , Θ_l = Θ_{δl,al,σl} and f_l = f_{al,σl} . We have that

Lemma 6.2. There exists a constant C > 0 independent of δ such that ‖R‖_∗ ≤ Cδ^{2−γ} . (6.15) Proof: We shall sketch the proof of (6.15), by following ideas used in the proof of Theorem 2.2. Through the change of variable y = σ_l(z) in σ^{−1}_l (B_ρ(0)), by Lemma 6.1, (6.13), (6.14) and c^l_0 = 0 for all l = 1, . . . , m we find that

8δ^2 e^{2π|Ω|} ∑_m l′=1 ∑n_{l′} i=0 |a^{l′}_i |^2+Θ^l(a,δ) ∫ σ^{−1}_l (B_ρ (0))

e^{u0+W} = ∫ σ^{−1}_l (B_ρ(0)) |σ^′_l|^2e^{Ul+O(|z−ξl |nl+1 ∑ml′ =1 |cl′a |+δ2|z−ξl|+δ4 )} = 8π(n_l + 1) − ∫ R^2\B_ρ(0)

8(n_l + 1)δ^2 |y|^4 + O ( ‖a‖^2 + δ‖a‖ + δ^{2nl+3n}l^{+1} ) , where ‖a‖^2 = m∑ l=1 |a_l|^2. Setting Ω_ρ = ∪^m_{l=1}σ^{−1}_l (B_ρ(0)) we get that

8δ^2 e^{2π|Ω| ∑ml′=1 ∑nl′i=0 |al′i |2+∑ml′=1 Θl′} ∫ Ω e^{u0+W} = m∑ l=1 e^{δ2 ∑ml′ =1 fl′ (ξl)} [ 8π(n_l + 1) − ∫ R^2\B_ρ(0)

8(n_l + 1)δ^2 |y|^4 +O(‖a‖^2 + δ‖a‖ + δ^{2nl+3n}l^{+1} )] + 8δ^2 ∫ Ω\Ω_ρ e^{u0 +8π ∑ml=1 ∑nli=0 G(z,ξl+ali )} + O(δ^4| log δ| + δ^2‖a‖^{2max}l^nl^{+1} ) = m∑ l=1 [ 8π(n_l + 1) + 8π(n_l + 1)δ^2 m∑ l^′ =1

f_l′ (ξ_l) − 8(n_l + 1)δ^2 ∫ R^2\B_ρ(0) 1 |y|^4 ]

+8δ^2 ∫ Ω\Ω_ρ e^{u0+8π ∑ml=1 ∑nli=0 G(z,ξl+ali)} + o(δ^2) = 4πN 1 + 2 N δ^2D_a + 2 N δ^2 m∑ l,l^′ =1 (n_l + 1)f_l′ (ξ_l) + o(δ^2)

in view of (1.9), where D_a is given by πD_a = ∫ Ω\Ω_ρ e^{u0 +8π ∑ml=1 ∑nli=1 G(z,ξl+ali )} − m∑ l=1 (n_l + 1) ∫ R^2\B_ρ (0) 1 |y|^4 . Hence, for |z − ξ_l| ≤ η we have that ΔW + 4πN ( e^{u0+W} ∫ Ω e^{u0+W} − 1 |Ω| ) = |σ^′_l|^2e^{Ul} [ 2Re [ c^l_a(z − ξ_l)^{nl +1} ∏ l^′ ≠l (z − ξ_l′ )^{nl′ +2} ] (6.16)

+δ^2 m∑ l^′ =1 f_l′ (ξ_l) − 2D_a N δ^2 −

2δ^2 N m∑ j,l^′ =1 (n_j + 1)f_l′ (ξ_j ) + O(‖a‖|z − ξ_l|^{nl+2} + δ^2|z − ξ_l|) + o(δ^2) ] + O(δ^2)

as δ → 0, in view of (1.9) and ∫ Ω χ_l|σ^′_l|^2e^{Ul} = 8π(n_l + 1) + O(δ^2) for all l = 1, . . . , m. For z ∈ Ω \ ∪^m_{l=1}B_η (ξ_l), we have that ΔW + 4πN ( e^{u0 +W} ∫ Ω e^{u0+W} − 1 |Ω| ) = O(δ^2). (6.17)

On the other hand, arguing as in (2.45), we have that

64δ^4 e^{4π|Ω|} ∑_m l′=1 ∑n_{l′} i=1 |a^{l′}_i |^2+2 ∑_m l′ =1 Θl′ ∫ Ω e^{2u0 +2W} = 64 m^′∑

l=1 (n + 1)^3 |α_{a,l}|^{2n+1} δ^{2n+1} ∫ R^2 |y + a_lδ^{−1}|^{2nn+1} (1 + |y|^2)^4

+ O(δ^{− 1n+1} ),

where α_{a,l} = lim_{z→ξl}

(z − ξ_l)^{nl +1} σ_l(z) . Recall that n = min{n_l : l = 1, . . . , m} = n_1 = · · · = n_m′ < n_l for all l = m^′ + 1, . . . , m. Setting D̃_{a,δ} =^m ′ ∑ l=1 (n + 1)^3 |α_{a,l}|^{2n+1} δ^{2n+1} ∫ R^2 |y + a_lδ^{−1}|^{2nn+1} (1 + |y|^2)^4 dy, we have that 4πNϵ^2B(W ) (1 + √ 1 − ϵ^2B(W ))^2

= 64ϵ^2D̃_{a,δ} + o(ϵ^2δ^{− 2n+1} ), and there hold 4πNϵ^2B(W ) (1 + √ 1 − ϵ^2B(W ))^2 ( e^{u0 +W} ∫ Ω e^{u0+W} − e^{2u0+2W} ∫ Ω e^{2u0 +2W} ) = |σ^′_l|^2e^{Ul} [ 16ϵ^2 πN D̃_{a,δ} − ϵ^2|σ^′_l|^2e^Ul + o(ϵ^2δ^{−2}n+1 ) ] (6.18)

in B_η(ξ_l), l = 1, . . . , m, and 4πNϵ^2B(W ) (1 + √ 1 − ϵ^2B(W ))^2 ( e^{u0+W} ∫ Ω e^{u0 +W} − e^{2u0+2W} ∫ Ω e^{2u0+2W} ) = O(ϵ^2δ^{2nn+1} ) (6.19)

in Ω \ ∪^m_{l=1}B_η (ξ_l). Therefore, we conclude that ‖R‖_∗ = O(δ^{2−γ} + ‖a‖^2 + ϵ^2δ^{− 2n+1} ) and (6.15) follows.

As mentioned in section 4, when we look for a solution of (2.2) in the form w = W + ϕ, we are led to study (4.1). In order to state the invertibility of the linear operator L in a suitable functional setting, for l = 1, . . . , m let us introduce the functions:

Z_{0l}(z) = δ^2 − |σ_l(z) − a_l|^2 δ^2 + |σ_l(z) − a_l|^2

, Z_l(z) = δ(σ_l(z) − a_l) δ^2 + |σ_l(z) − a_l|^2 z ∈ B_{2η}(ξ_l). Also, let P Z_{0l} and P Z_l be the unique solutions with zero average of

ΔP Z_{0l} = χ_lΔZ_{0l} − 1 |Ω| ∫ Ω χ_lΔZ_{0l}, ΔP Z_l = χ_lΔZ_l − 1 |Ω| ∫ Ω χ_lΔZ_l

where χ_l(z) := χ(|z − ξ_l|), and set P Z_0 = m∑ l=1 P Z_{0l}. As in Propositions 4.1-4.2, it is possible to prove:

Proposition 6.3. Let M_0 > 0. There exists η_0 > 0 small such that for any 0 < δ ≤ η_0, | log δ|^2ϵ^2 ≤ η_0δ^{2n+1} and ‖a‖ ≤ M_0δ there is a unique solution ϕ = ϕ(δ, a), d_0 = d_0(δ, a) ∈ R and d_l = d_l(δ, a) ∈ C , l = 1, . . . , m, to L(ϕ) = −[R + N(ϕ)] + d_0ΔP Z_0 + m∑ l=1 Re[d_lΔP Z_l] in Ω ∫ Ω ϕ = ∫ Ω ϕΔP Z_l = 0 l = 0, . . . , m. Moreover, the map (δ, a) → ϕ(δ, a) is C^1 with ‖ϕ‖_∞ ≤ Cδ^{2−σ} | log δ|. (6.20) The function W + ϕ is a solution of (2.2) if we adjust δ and a so to have d_l(δ, a) = 0 for all l = 0, 1, . . . , m. Similarly to Lemma 4.3, we have that

Lemma 6.4. There exists η_0 > 0 such that if 0 < δ ≤ η_0, ‖a‖ ≤ η_0δ and ∫ Ω (L(ϕ) + N(ϕ) + R)P Z_l = 0 (6.21)

does hold for all l = 0, . . . , m, then W + ϕ is a solution of (2.2), i.e. d_l(δ, a) = 0 for all l = 0, . . . , m.

Since there hold the expansions

P Z_0 = m∑ l=1 [ χ_l(Z_{0l} + 1) − 1 |Ω| ∫ Ω χ_l(Z_{0l} + 1) ] + O(δ^2) , P Z_l = χ_lZ_l − 1 |Ω| ∫ Ω χ_lZ_l + O(δ) l = 1, . . . , m in C(Ω̄), arguing as in Proposition 4.4, by (1.9) and (6.16)-(6.20) we can deduce the following expansion for (6.21):

Lemma 6.5. Assume c^l_0 = 0 for all l = 1, . . . , m and ‖a‖ ≤ η_0δ. The following expansions do hold as ϵ → 0 ∫ Ω (L(ϕ) + N(ϕ) + R)P Z_0 = −8πD_0δ^2 + 64(n + 1)^{3n+5n+1} ϵ^2δ^{− 2n+1} m^′∑

l=1 |H^l(ξ_l)|^{− 2n+1} ∫ R^2

(|y|^2 − 1)|y +^{al}_δ |^{2nn+1} (1 + |y|^2)^5 dy +o(δ^2 + ϵ^2δ^{− 1n+1} ) + O(ϵ^4δ^{− 2n+1} | log δ|^2 + ϵ^8δ^{− 4n+1} | log δ|^2) and ∫ Ω (R + L(ϕ) + N(ϕ))P Z_l = 4πδ m∑ l^′ =1

(Υ^{ll′} a_l′ + Γ^{ll′}ā_l′ ) − 64(n + 1)^{3n+5n+1} ϵ^2δ^{− 2n+1} |H^l(ξ_l)|^{− 2n+1} χ_M (l) ∫ R^2

|y +^{al}_δ |^{2nn+1} y (1 + |y|^2)^5 dy +o(δ^2 + ϵ^2δ^{− 2n+1} ) + O(ϵ^4δ^{− 2n+1} | log δ|^2 + ϵ^8δ^{− 4n+1} | log δ|^2),

where D_0 is defined in (1.10) and χ_M is the characteristic function of the set M = {1, . . . , m^′}.

Finally, arguing as in the proof of Theorem 4.5, we can establish Theorem 1.1 thanks to D_0 < 0 and the invertibility of the matrix A.

Let us now discuss some examples with m ≥ 2. As already explained at the beginning of section 5, we can consider the case ξ_1, . . . , ξ_m ∈ Ω and p_j ∈ Ω̄ for all j. In general, it is very difficult to establish the sign of D_0 as required in (1.10). The key idea is to start from a configuration of the vortex points {p_1, . . . , p_N } which is obtained in a periodic way by a simpler configuration having just one concentration point. In this case, (1.10) easily follows but Theorem 1.1 is not really needed. One can use Theorem 4.5 to obtain a solution with such a simpler configuration and then repeat it periodically. We then slightly move some of the vortex points in order to:

• keep zero residue of the corresponding H_0 at each concentration point;

• break down the periodicity of the configuration.

In this way, assumption (1.10) is still valid but Theorem 4.5 is no longer applicable in the trivial way we explained above. We now really need to resort to Theorem 1.1. To exhibit some concrete examples, let us focus for simplicity on the case m = 2 but the general situation can be dealt in the same way. Letting Ω be a rectangle with sides ω_1 = a and ω_2 = ib, a, b > 0, assume that the vortex set is {−^{p1}_2 ,^{p1}_2 , 0, p_1, p_2, p_3}, and the concentration points are ξ_1 = −^{p1}_2 , ξ_2 =^{p1}_2 with multiplicity n. Supposing that 0, p_1 have even multiplicity n_1 and p_2, p_3 have even multiplicity n_2, we have that such a configuration is not only ω_1 = 2p_1 periodic but also p_1 periodic: it can be tought as a double repetition (in a p_1-periodic way) of the vortex configuration {−^{p1}_2 , 0, p_2} in Ω_− := [−p_1, 0] × [−p_2, p_2] with corresponding multiplicities n, n_1 and n_2. If n is even, it is easy to see that^{dn+1Hi}_{dzn+1} (ξ_i) = 0 for i = 1, 2 since the given vortex configuration is even with respect to ξ_1 and ξ_2. Notice that this is still true if we replace 0 and p_1 by −it and p_1 + it, respectively, for t ∈ R, provided they keep the same multiplicity n_1. Arguing as in (5.3), notice that D_0 can be written as

πD_0 = Area [ 1 σ_0 ( Ω_− \ σ^{−1}_0 (B_ρ(0)) )] + Area [ 1 σ_0 ( Ω_+ \ σ^{−1}_0 (B_ρ(0)) )] − 2(n + 1)Area ( B 1_ρ (0) ) , where Ω_+ := [0, p_1] × [−p_2, p_2]. Since

u_0 + 8π(n + 1)G(z, ξ_1) + 8π(n + 1)G(z, ξ_2) = −4πn_1G̃(z, 0) − 4πn_2G̃(z, p_2) + 4π(n + 2)G̃(z, ξ_1)

in Ω_−, where G̃(z, p) is the Green function in the torus Ω_− with pole at p, the function H_0 can be expressed as in (5.1) in terms of the Weierstrass function of Ω_+ and the points −^{p1}_2 , 0 and p_2. Arguing exactly as in section 5, we have that

Area [ 1 σ_0 ( Ω_− \ σ^{−1}_0 (B_ρ(0)) ) ] − (n + 1)Area ( B 1_ρ (0) ) < 0 provided the multiplicity n_2 for the corner of Ω_− is so that^{n2}_2 is odd. Arguing similarly in Ω_+, we get that D_0 < 0 as soon as^{n2}_2 is an odd number. The example then follows by replacing 0, p_1 with −it, p_1 + it with t small for the corresponding D_{0,t} → D_0 as t → 0.

Appendix A : The construction of σ_a

Letting σ_0 be the solution of (2.11) of the form (2.8), where c_0 is given by (2.9), we have that Q_0(z) =^{σ0 (z)}_{zn+1} is an holomorphic function near z = 0 so that Q_0(0) =^{n+1}_{H(0)} (see (2.10)). Since Q_0(0) ≠ 0, the (n+1)−root Q^{1n+1}_0

of Q_0 is a well-defined holomorhpic function locally at z = 0, and it makes sense to define q_0(z) = zQ^{1n+1}_0 (z) near z = 0.

For σ ∈ B_r, where B_r is given in (2.14), in a similar way we have that Q(z) =^{σ(z)}_{zn+1} is an holomorphic function near z = 0 with |^{Q(z)}_{Q0 (z)} − 1| ≤ r for all z. Since in particular |Q(z) −^{n+1}_{H(0)} | ≤ r|Q_0(z)| + |Q_0(z) −^{n+1}_{H(0)} |, we can find r and η > 0 small so that q(z) = zQ^{1n+1} (z) is a well-defined holomorphic function in B_{3η} (0) for all σ ∈ B_r, with σ(z) = q^{n+1}(z) for all z ∈ B_{3η}(0). Since q^′(0) = Q^{1n+1} (0) satisfies |q^′(0)| ≥ [^{(1−r)(n+1)}_{|H(0)|} ]^{1n+1} > 0, then q is locally bi-holomorphic at 0. In order to have uniform invertibility of q for all σ ∈ B_r, let us evaluate the following quantity: |1 − q^′(z) q^′(0) | ≤ sup_{Bη (0)} |q^{′′}| |q^′(0)| |z| ≤ 2 η^2 [ (1 − r)(n + 1) |H(0)| ]^{− 1n+1} ( sup B_{2η} (0) |q| ) |z|

≤ 2 η^2 ( |H(0)| n + 1

) 1_{n+1} ( 1 + r 1 − r )^{1n+1} ( sup B_{2η} (0) |q_0| ) |z| for all z ∈ B_η (0), in view of the Cauchy’s inequality and |^{σ(z)}_{σ0 (z)} − 1| = |^{qn+1(z)}_{qn+10 (z)} − 1| ≤ r for all z ∈ B_{3η} (0).

Therefore, we can find ρ_1 small so that |1 −^{q′ (z)}_{q′ (0)} | ≤^1_2 for all z ∈ B_ρ 1_{n+11} (0) and 2ρ^{1n+1}_1 |Q(0)|^{− 1n+1} ≤

2ρ^{1n+1}_1 [^{|H(0)|}_{n+1} ]^{1n+1} (1 − r)^{− 1n+1} ≤ 2η, uniformly for σ ∈ B_r. Hence, the inverse map q^{−1} of q is defined from B_ρ 1_{n+11} (0) into B_{2ρ} 1_{n+11 |Q(0)|− 1n+1} (0): for all y ∈ B_ρ 1_{n+11} (0) there exists a unique z ∈ B_{2ρ} 1_{n+11 |Q(0)|− 1n+1} (0) so

that q(z) = y, given by z = q^{−1}(y). Since σ = q^{n+1} in B_{3η} (0), we have that

Card {z ∈ B_{2ρ} 1_{n+11 |Q(0)|− 1n+1} (0) : σ(z) = y} = n + 1 ∀ y ∈ B_{ρ1} (0) \ {0},

for all σ ∈ B_r. Since |σ(z)| ≥ (1 − r) inf Ω̃\B 2ρ 1 n+1 1 |Q(0)| − 1n+1 (0)

|σ_0(z)| ≥ (1 − r) inf Ω̃\B 2ρ 1 n+1 1 [ |H(0)| n+1 ] 1 n+1 (1+r)− 1 n+1 (0) |σ_0(z)| > 0 for all z ∈ Ω̃ \ B_{2ρ} 1_{n+11 |Q(0)|− 1n+1} (0) we can find ρ (≤ ρ_1) small so that

Card {z ∈ Ω̃ : σ(z) = y} = Card {z ∈ B_{2ρ} 1_{n+11 |Q(0)|− 1n+1} (0) : σ(z) = y} = n + 1 ∀ y ∈ B_ρ(0) \ {0},

for all σ ∈ B_r. Since

σ^{−1}(B_ρ(0)) ⊂ B_{2ρ} 1_{n+11 |Q(0)|− 1n+1} (0) ⊂ B_{2ρ} 1_{n+11 [ |H(0)|n+1 ] 1n+1 (1−r)− 1n+1} (0) ⊂ B_{2η} (0),

for all z ∈ ∂σ^{−1}(B_ρ(0)) = σ^{−1}(∂B_ρ(0)) and σ ∈ B_r we have that |z|^{n+1} ρ = |z|^{n+1} |σ(z)| = 1 |Q(z)| ≥ 1 (1 + r) inf_{B2η (0)} |Q_0(z)|^{−1} > 0

for q_0 is well-defined in B_{3η}(0). We can summarize the above discussion as follows:

Lemma A.1. There exist r, ρ > 0 such that q(z) = zQ(z)^{1n+1} is a locally bi-holomorphic map with σ = q^{n+1} and inverse q^{−1} defined on B_ρ 1_{n+1} (0), for all σ ∈ B_r. In particular, there exists a neighborhhod V of 0 so that, for all σ ∈ B_r, there hold V ⊂ σ^{−1}(B_ρ(0)) and σ : σ^{−1}(B_ρ(0)) → B_ρ(0) is a (n + 1) − 1 map in the following sense:

Card {z ∈ Ω̃ : σ(z) = y} = n + 1 ∀ y ∈ B_ρ(0) \ {0}.

For |a| < ρ and σ ∈ B_r, by Lemma A.1 we have that σ^{−1}(a) = {z ∈ Ω̃ : σ(z) = a} = {a_0, . . . , a_n}, where a_k = q^{−1}(â_k) and â_k, k = 0, . . . , n, are the (n + 1)−roots of a, and then g_{a,σ}(z) := σ(z) − a ∏_n k=0(z − a_k) ∈ M(Ω) is a non-vanishing function. We are now in position to prove the following.

Lemma A.2. Up to take ρ smaller, there exists a C^1−map a ∈ B_ρ(0) → σ_a ∈ B_r so that σ_a solves (2.15)-(2.16). Moreover, the map a ∈ B_ρ(0) → c_a = c_{a,σa} is C^1 with

Γ := H(0)∂_ac_a | | a=0 = 1 n! d^{n+1} dz^{n+1} [ H(z)f_{n+1}(z) ] (0) Υ := H(0)∂_āc_a | | |_{a=0} = −

2π(n + 1) |Ω|n! b_{n+1} d^nH dz^n (0),

where

f_{n+1}(z) = 1 (n + 1)! d^{n+1} dw^{n+1} [ 2 log w − q_0(z) q^{−1}_0 (w) − z

+ 4πH^∗(z − q^{−1}_0 (w)) ] (0) , b_{n+1} = 1 (n + 1)!

d^{n+1}q^{−1}_0 dw^{n+1} (0).

Proof: Given c_{a,σ} as in (2.16), equation (2.15) is equivalent to find zeroes of the map Λ : (a, σ) ∈ B_ρ(0) × B_r → M(Ω) given as

Λ(a, σ) = σ(z) + [∫_z g^2_{a,σ}(w) g^2_{0,σ}(w) H_{a,σ} (w) w^{n+2} e^{−ca,σ wn+1} dw ]_{−1} .

Observe that the zeroes a_k = a_k(a, σ) = q^{−1}(â_k) are continuously differentiable in σ. Differentiating the relation σ(a_k) = a at σ_0 along a direction R ∈ M^′(Ω), we have that σ^′_0(a_k(a, σ_0))∂_σ a_k(a, σ_0)[R]+R(a_k(a, σ_0)) = 0. Since σ^′_0(a_k) ∼ a^n_k and R(a_k) ∼ a^{n+1}_k in view of ‖R‖ < ∞, we get that ∂_σ a_k(0, σ_0)[R] = 0 for all R ∈ M^′(Ω). For z ≠ 0 the function^{ga,σ (z)}_{g0,σ (z)} is continuously differentiable in σ with ∂_σ ( g_{a,σ}(z) g_{0,σ} (z) ) [R] = a z^{n+1} ∏_n k=0(z − a_k) R(z) σ^2(z) + σ(z) − a ∏_n k=0(z − a_k) z^{n+1} σ(z) n∑ j=0 1 z − a_j ∂_σ a_j (a, σ)[R]

for every R ∈ M^′(Ω). In particular, we get that ∂_σ (_{ga,σ (z)} g_{0,σ} (z) ) | |_{a=0}[R] = 0 for every z ≠ 0 and R ∈ M^′(Ω).

Since we can write^{ga,σ (z)}_{g0,σ (z)} as g_{a,σ}(z) g_{0,σ} (z) = z^{n+1} σ(z) n∏ k=0 q(z) − q(a_k) z − a_k = z^{n+1} σ(z) n∏ k=0 ∫_1 0 q^′(a_k + t(z − a_k))dt (A.1)

for z small in view of σ = q^{n+1}, we get that^{ga,σ (z)}_{g0,σ (z)} is continuously differentiable in σ and the linear operator ∂_σ (_{ga,σ (z)} g_{0,σ} (z) ) is continuous at z = 0. In particular, we get that ∂_σ (_{ga,σ0 (z)} g_{0,σ0} (z) ) | |_{a=0}[R] = 0 for every z and R ∈ M^′(Ω). By (2.12) we have that H_{a,σ} is continuously differentiable in σ with ∂_σ H_{0,σ} [R] = 0 for every R ∈ M^′(Ω). We have that c_{a,σ} is also continuosuly differentiable in σ with ∂_σ c_{0,σ0} [R] = 0 for every R ∈ M^′(Ω), and so Λ(a, σ) is with ∂_σ Λ(0, σ_0) = Id.

Since a_k ∼ |a|^{1n+1} , the smooth dependence in a is much more delicate, and will be true just for symmetric expressions of the a_k’s thanks to the symmetries of â_k = q(a_k). To fully exploit the symmetries, it is crucial that the expression (2.12) of H_{a,σ} is in terms of an holomorphic function H^∗. Indeed, we have that 2 n∑ k=0 H^∗(z − a_k) − z |Ω| n∑ k=0 a_k = 2 ∞∑ l=0 g_l(z) n∑ k=0 â^l_k − z |Ω| ∞∑ l=1 b_l n∑ k=0 â^l_k

= 2(n + 1) ∞∑ l=0 g_{(n+1)l}(z)a^l − n + 1 |Ω| z ∞∑ l=1 b_{(n+1)l}a^l

in view of n∑ k=0 â^l_k = 0 for all l /∈ (n + 1)N, where g_l(z) =^1_{l!}^{dl}_{dwl} [H^∗(z − q^{−1}(w))](0) and b_l =^1_{l!}^{dlq−1}_{dwl} (0) (recall

that b_0 = q^{−1}(0) = 0). Since for z small there holds n∑ k=0 log q(z) − q(a_k) z − a_k = ∞∑ l=0 h_l(z) n∑ k=0 â^l_k = (n + 1) ∞∑ l=0 h_{(n+1)l}(z)a^l

in view of a_k = q^{−1}(â_k), where h_l(z) =^1_{l!}^{dl}_{dwl} [ log^{w−q(z)} q^{−1} (w)−z ] (0), we have that^{ga,σ (z)}_{g0,σ (z)} is continuously dif-

ferentiable in a, ā for all z in view of (A.1) (for z far from 0 it is obvious). Hence, by (2.12)^{g2a,σ}_{g20,σ} H_{a,σ} , c_{a,σ} and Λ(a, σ) are continuously differentiable also in a, ā, and then Λ is a C^1−map with Λ(0, σ_0) = 0, ∂_σ Λ(0, σ_0) = Id. Up to take ρ smaller, by the Implicit Function Theorem we find a C^1-map a ∈ B_ρ(0) → σ_a so that Λ(a, σ_a) = 0, and the function a → c_a = c_{a,σa} is C^1. By

∂_a[ g^2_{a,σ}(z)g^2_{0,σ}(0) g^2_{a,σ}(0)g^2_{0,σ} (z) H_{a,σ} (z) H_{a,σ} (0) ](0) = g^2_{0,σ}(0) g^2_{0,σ} (z) ∂_a[e^{2 log ga,σ (z)−2 log ga,σ (0)} H_{a,σ}(z) H_{a,σ} (0) ](0) = (n+1) H(z) H(0)

[f_{n+1}(z)−f_{n+1}(0)] and ∂_ā[ g^2_{a,σ}(z)g^2_{0,σ}(0) g^2_{a,σ}(0)g^2_{0,σ}(z) H_{a,σ}(z) H_{a,σ} (0) ](0) = −

2π(n + 1) |Ω| H(z) H(0) b_{n+1}z we deduce the desired expression for Γ and Υ in view of ∂_σ c_{0,σ0} = 0 and (4.13).

Appendix B : The linear theory

In this section, we will prove the invertibility of the linear operator L given by (4.3) under suitable orthogonality conditions. The operator L can be described asymptotically by the following linear operator in R^2 L_0(ϕ) = Δϕ +

8(n + 1)^2|y|^{2n} (1 + |y^{n+1} − ζ_0|^2)^2 ϕ, where ζ_0 = lim^a_δ . When ζ_0 = 0, as in the case n = 0 [4], by using a Fourier decomposition of ϕ it can be shown in a rather direct way that the bounded solutions of L_0(ϕ) = 0 in R^2 are precisely linear combinations of Y_0(y) = 1 − |y|^{2n+2} 1 + |y|^{2n+2} and Y_l(y) =

(y^{n+1})_l 1 + |y|^{2n+2} , l = 1, 2. Note that L_0 is the linearized operator at the radial solution U = U_{1,0} of −ΔU = |z|^{2n}e^U . For the linearized operator at U_{1,ζ0} with ζ_0 ≠ 0, the Fourier decomposition is useless since U_{1,ζ0} is not radial w.r.t. any point if n ≥ 1. However, the same property is still true as recently proved in [15], and the argument below could be carried out in full generality in the range a = O(δ). Since in Theorem 4.5 we are concerned with the case a = o(δ), for simplicity we will discuss the linear theory just in this case. Recall that Z_0(z) = δ^2 − |σ(z) − a|^2 δ^2 + |σ(z) − a|^2

, Z_l(z) = δ[σ(z) − a]_l δ^2 + |σ − a|^2 , l = 1, 2, and P Z_l, l = 0, 1, 2, denotes the projection of Z_l onto the doubly-periodic functions with zero average: { ΔP Z_l = ΔZ_l −^1_{|Ω|} ∫ Ω ΔZ_l in Ω ∫ Ω P Z_l = 0.

Given h ∈ L^∞(Ω) with ∫ Ω h = 0, consider the problem of finding a function ϕ in Ω with zero average and numbers d_l, l = 0, 1, 2, such that

L(ϕ) = h + 2∑ l=0 d_lΔP Z_l in Ω ∫ Ω ΔP Z_lϕ = 0 ∀ l = 0, 1, 2.

(B.1)

Since Z = Z_1 + iZ_2, observe that (B.1) is equivalent to solve (4.4) with d = d_1 − id_2. Let us stress that the orthogonality conditions in (B.1) are taken with respect to the elements of the approximate kernel due to translations and to an extra element which involves dilations. A similar situation already appears in [13]. First, we will prove an a-priori estimate for problem (B.1) when d_l = 0 for all l = 0, 1, 2, w.r.t. the ‖·‖_∗-norm defined as ‖h‖_∗ = sup_{z∈Ω}

(δ^2 + |σ(z) − a|^2)^{1+γ/2} δ^γ (|σ^′(z)|^2 + δ^{2nn+1} ) |h(z)|, where 0 < γ < 1 is a small fixed constant.

Proposition B.1. There exist η_0 > 0 small and C > 0 such that for any 0 < δ ≤ η_0, ϵ^2 ≤ η_0δ^{2n+1} , |a| ≤ η_0δ and any solution ϕ to L(ϕ) = h in Ω ∫ Ω ΔP Z_lϕ = 0 ∀ l = 0, 1, 2 ∫ Ω ϕ = 0,

(B.2)

one has ‖ϕ‖_∞ ≤ C log 1 δ ‖h‖_∗. (B.3) Proof: The proof of estimate (B.3) consists of several steps. Assume by contradiction the existence of sequences δ_k → 0, ϵ_k with ϵ^2_k = o(δ^{2n+1}_k ), a_k with a_k = o(δ_k), functions h_k with | log δ_k| ‖h_k‖_∗ = o(1) as k → +∞, and solutions ϕ_k of (B.2) with ‖ϕ_k‖_∞ = 1. Since by (4.3) the operator L acts as L(ϕ) = Δϕ + K [ϕ + γ(ϕ)], where γ(ϕ) ∈ R, the function ψ_k = ϕ_k + γ(ϕ_k) does solve { Δψ_k + K_kψ_k = h_k in Ω ∫ Ω ΔP Z_{k,l}ψ_k = 0 ∀ l = 0, 1, 2,

where W_k, K_k, Z_{k,l} denote the functions W , K, Z_l, respectively, along the given sequence.

Claim 1. lim inf_{k→+∞} ‖ψ_k‖_∞ > 0 and, up to a subsequence, ψ_k → c̃ ∈ R as k → +∞ in C^{1,α}loc(Ω̄ \ {0}), for all α ∈ (0, 1).

Indeed, assume by contradiction that lim inf_{k→+∞} ‖ψ_k‖_∞ = 0. Up to a subsequence, assume that ‖ψ_k‖_∞ =

‖ϕ_k + γ(ϕ_k)‖_∞ → 0 as k → +∞. Since ϵ^2_k = o(δ^{2n+1}_k ), by (2.49) it follows that

γ(ϕ_k) = − ∫ Ω e^{u0 +Wk} ϕ_k ∫ Ω e^{u0 +Wk} + o(1) = O(1).

Up to a subsequence we have that ∫ Ω e^{u0 +Wk} ϕ_k ∫ Ω e^{u0 +W}k → c, and then ϕk → c uniformly in Ω as k → +∞. Since ∫ Ω ϕ_k = 0, we get c = 0 and ϕ_k → 0 in L^∞(Ω), in contradiction with ‖ϕ_k‖_∞ = 1. Moreover, since ‖ψ_k‖_∞ = O(1), by (2.51)-(2.52) we have that Δψ_k = o(1) in Cloc(Ω̄ \ {0}). Up to a subsequence, we have that ψ_k → ψ as k → +∞ in C^{1,α}loc(Ω̄ \ {0}). Since ‖ψ_k‖_∞ = O(1), ψ is a bounded function which can be extended to a harmonic doubly-periodic function in Ω. Therefore, ψ = c̃ in Ω with c̃ = lim_{k→+∞} γ(ϕ_k), since 1 |Ω| ∫ Ω ψ_k = γ(ϕ_k).

Now, consider the function Ψ_k(y) = ψ_k(δ^{1n+1}_k y). Then, Ψ_k satisfies

ΔΨ_k + K_k(y)Ψ_k = ĥ_k(y) in δ^{− 1n+1}_k Ω,

where K_k(y) = δ^{2n+1}_k K_k (δ^{1n+1}_k y) and ĥ_k(y) = δ^{2n+1}_k h_k(δ^{1n+1}_k y). Also, we set σ_k(y) = δ^{−1}_k σ_{ak} (δ^{1n+1}_k y) for y in compact subsets of R^2 .

Claim 2. Ψ_k → Ψ = 0 in Cloc(R^2 ) as k → +∞.

Indeed, observe that by (2.49) and (2.51)-(2.52) we have the following expansions: K(z) = |σ^′(z)|^2e^{Uδ,a} [ 1 + O(|c_a||z|^{n+1}) + O(|c_a||a| + δ^2| log δ|) ] + O(ϵ^2|σ^′(z)|^4e^{2Uδ,a} ). (B.4)

Since ϵ^2_k = o(δ^{2n+1}_k ), the first estimate above re-writes along our sequence as

K_k(y) = (1 + o(1) + O(δ_k |y|^{n+1})) 8|σ^′_k(y)|^2 ( 1 + | |σ_k(y) − a_kδ^{−1}_k | |^2

)_2 + o(1)

64|σ^′_k(y)|^4 ( 1 + | |σ_k (y) − a_kδ^{−1}_k | |^2

)_4

uniformly in δ^{− 1n+1}_k Ω as k → +∞. Since σ = z^{n+1}Q, we have that σ_k(y) = y^{n+1}Q_{ak} (δ^{1n+1}_k y) and σ^′_k(y) = (n+

1)y^nQ_{ak} (δ^{1n+1}_k y) + δ^{1n+1}_k y^{n+1}Q^′_{ak} (δ^{1n+1}_k y). Since Q_{ak} (0) →^{n+1}_{H(0)} =: γ ≠ 0 and ‖Q^′_{ak} ‖_{∞,Ω} ≤ C‖Q_{ak} ‖_{∞,Ω̃} ≤ C^′, we have that

σ_k(y) = y^{n+1}[γ + o(1) + O(δ^{1n+1}_k |y|)] , σ^′_k(y) = (n + 1)y^n[γ + o(1) + O(δ^{1n+1}_k |y|)]

as k → +∞. Then we get that

K_k(y) =

8(n + 1)^2γ|^2|y|^{2n} ( 1 + | |σ_k (y) − a_kδ^{−1}_k | |^2

)_2 + o(1)

64(n + 1)^4|γ|^4|y|^{4n} ( 1 + | |σ_k(y) − a_kδ^{−1}_k | |^2

)_4

[1 + o(1) + O(δ 1 n+1 k |y|)] (B.5)

uniformly in δ^{− 1n+1}_k Ω. Choose η small so that |σ_k(y)| ≥^{|γ|}_2 |y|^{n+1} in B_{δ−} 1_{n+1k η} (0) for k large. Since ‖Ψ_k‖_∞ =

O(1) and |ĥ_k(y)| ≤ C‖h_k‖_∗ → 0 on compact sets, by elliptic estimates and (B.5) we get that Ψ_k(γ^{− 1n+1} y) → Ψ̂ in C

loc(R^2 ) as k → +∞, where

Ψ̂ is a bounded solution of L_0(Ψ̂) = 0 (with ζ_0 = 0). Then Ψ̂(y) = 2∑ j=0 b_j Y_j (y) for some b_j ∈ R, j = 0, 1, 2.

Since ΔZ_{k,l} + |σ^′_k |^2e^{Uδ}k^{,a}k Z_{k,l} = 0 for l = 0, 1, 2 (where U_{δk ,ak} stands for U_{δk ,ak ,σak} ), for l = 1, 2 we have that ∫ Ω ψ_kΔZ_{k,l} = − ∫ Ω |σ^′_k(z)|^2ψ_ke^{Uδk ,ak} Z_{k,l} = − ∫ B δ − 1n+1 k η (0) 8|σ^′_k(z)|^2(σ_k − a_kδ^{−1}_k )Ψ_k (1 + |σ_k − a_kδ^{−1}_k |^2)^3 dy + O(δ^3_k ).

Since for all l = 0, 1, 2 0 = ∫ Ω ψ_kΔP Z_{k,l} = ∫ Ω ψ_k [ ΔZ_{k,l} − 1 |Ω| ∫ Ω ΔZ_{k,l} ] = ∫ Ω ψ_kΔZ_{k,l} + o(1)

as k → ∞ in view of (3.1)-(3.2), by dominated convergence we get that ∫ R^2

Ψ̂(y) |y|^{2n}(y^{n+1})^l (1 + |y|^{2n+2})^3 dy = 0 for l = 1, 2,

and we conclude that b_1 = b_2 = 0. Similarly, for l = 0 we deduce that ∫ R^2

Ψ̂(y) |y|^{2n}(1 − |y|^{2n+2}) (1 + |y|^{2n+2})^3 dy = 0, which implies that b_0 = 0. Thus, the claim follows.

On the other hand, from the equation of ψ_k we have the following integral representation

ψ_k(z) = 1 |Ω| ∫ Ω ψ_k + ∫ Ω G(y, z) [K_k(y)ψ_k (y) − h_k(y)] dy. (B.6)

Claim 3. c̃ = 0

Indeed, Claims 1 and 2 imply that ψ_k(0) = Ψ_k(0) → 0 and^1_{|Ω|} ∫ Ω ψ_k = γ(ϕ_k) → c̃ as k → +∞ by definition.

So, by (B.6) we deduce that ∫ Ω G(y, 0) [K_k(y)ψ_k(y) − h_k(y)] dy → −c̃ as k → +∞. Now, we first estimate the integral involving h_k. Since ∫ B_{δk} (0) | log |y|| dy = O(δ 2 k log δ_k), we get that | | | | | ∫ B_{δk} (0) G(y, 0)h_k(y)dy | | | | ≤ C δ^2_k ‖h_k‖_∗ ∫ B_{δk} (0) G(y, 0)dy ≤ C| log δ_k|‖h_k‖_∗. By (3.6) we have that | | | | ∫ Ω\B_{δk} (0) G(y, 0)h_k(y)dy | | | | ≤ C| log δ_k| ∫ Ω |h_k| ≤ C| log δ_k|‖h_k‖_∗, and we conclude that | | | | ∫ Ω G(y, 0)h_k(y)dy | | | ≤ C| log δ^k|‖h^k‖^∗ → 0 in view of | log δ_k| ‖h_k‖_∗ = o(1) as k → +∞. By (B.4) we have that ∫ Ω G(y, 0)K_k(y)ψ_k(y)dy = ∫ B_η (0) G(y, 0)K_k(y)ψ_k(y)dy + O(δ^2_k) = ∫ B δ − 1n+1 k η (0) [ − 1 2π log |y| − 1 2π(n + 1) log δ_k + H(δ^{1n+1}_k y, 0) ] K_k(y)Ψ_k(y)dy + O(δ^2_k ).

Since by (B.5) K_k = O(^{|y|2n}_{(1+|y|2n+2)2} ) does hold uniformly in B_{δ−} 1_{n+1k η} (0) \ B_1(0) and K_k(y) →^{8(n+1)2 |y|2n}_{(1+|y|2n+2)2} as

k → +∞, by dominated convergence we get that ∫ B δ − 1n+1 k η (0) [ − 1 2π log |y| + H(δ^{1n+1}_k y, 0) ] K_k(y)Ψ_k(y)dy

→ ∫ R^2 [ − 1 2π log |y| + H(0, 0) ] 8(n + 1)^2|y|^{2n} (1 + |y|^{2n+2})^2

Ψ(y)dy = 0

as k → +∞. Since ∫ Ω h_k = 0, the integration of the equation satisfied by ψ_k gives that ∫ Ω K_kψ_k = 0. Then, by (B.4) we get that ∫ B δ − 1n+1 k η (0) K_kΨ_kdy = ∫ B_η (0) K_kψ_kdy = − ∫ Ω\B_η (0)

K_kψ_k = O(δ^2_k ),

which implies that

log δ_k ∫ B δ − 1n+1 k η (0) K_kΨ_kdy = O(δ^2_k log δ_k).

In conclusion, we have shown that ∫ Ω G(y, 0)K_k(y)ψ_k(y)dy → 0 as k → +∞, yielding to c̃ = 0.

In the following Claims, we will omit the subscript k. Let us denote L̃(ψ) = Δψ + Kψ.

Claim 4. The operator L̃ satisfies the maximum principle in B_η(0) \ B_{Rδ} 1_{n+1} (0) for R large enough.

Indeed, as already noticed in the proof of the previous Claim in terms of K_k, there is C_1 > 0 such that K(z) ≤ C_1 (n + 1)^2δ^2|z|^{2n} (δ^2 + |z|^{2n+2})^2

(B.7)

in B_η(0) \ B_δ 1_{n+1} (0). The function

Z̃(z) = −Y_0 ( μz δ^{1n+1} ) = μ^{2n+2}|z|^{2n+2} − δ^2 μ^{2n+2}|z|^{2n+2} + δ^2

satisfies −ΔZ̃(z) = 16(n + 1)^2 δ^2μ^{2n+2}|z|^{2n}(μ^{2n+2}|z|^{2n+2} − δ^2) (μ^{2n+2}|z|^{2n+2} + δ^2)^3 . For R large so that μ^{2n+2}R^{2n+2} >^5_3 we have that

−ΔZ̃(z) ≥ 16(n + 1)^2 δ^2μ^{2n+2}|z|^{2n} (μ^{2n+2}|z|^{2n+2} + δ^2)^2 μ^{2n+2}R^{2n+2} − 1 μ^{2n+2}R^{2n+2} + 1

≥ 4(n + 1)^2 δ^2μ^{2n+2}R^{4n+4} (μ^{2n+2}R^{2n+2} + 1)^2 1 |z|^{2n+4} ≥ (n + 1)^2 μ^{2n+2} δ^2 |z|^{2n+4} in B_η(0) \ B_{Rδ} 1_{n+1} (0). On the other hand, since Z̃ ≤ 1 we have that K(z)Z̃(z) ≤ C_1 (n + 1)^2δ^2|z|^{2n} (δ^2 + |z|^{2n+2})^2 ≤ C_1 (n + 1)^2δ^2 |z|^{2n+4} in B_η(0) \ B_δ 1_{n+1} (0), and for 0 < μ <^{1√}_{C1} we then get that L̃(Z̃) ≤ ( − 1 μ^{2n+2}

+ C_1 ) (n + 1)^2δ^2 |z|^{2n+4} < 0 in B_η(0) \ B_{Rδ} 1_{n+1} (0). Since

Z̃(x) ≥ μ^{2n+2}R^{2n+2} − 1 μ^{2n+2}R^{2n+2} + 1 > 1 4 for |z| ≥ Rδ^{1n+1} , we have provided the existence of a positive super-solution for L̃, a sufficient condition to have that L̃ satisfies the maximum principle.

Claim 5. There exists a constant C > 0 such that ‖ψ‖_{∞,Bη (0)\BRδ 1n+1 (0)} ≤ C[‖ψ‖_i + ‖h‖_∗], where ‖ψ‖_i = ‖ψ‖_{∞,∂BRδ 1n+1 (0)} + ‖ψ‖_{∞,∂Bη(0)}.

Indeed, letting Φ be the solution of

−ΔΦ = 2 2∑ i=1 δ^{σin+1} |z|^{2+σi} for Rδ^{1n+1} ≤ |z| ≤ r Φ = 0 for |z| = r, Rδ^{1n+1}

with r ∈ (η, 2η), σ_1 = σ(n + 1) and σ_2 = 2n + σ(n + 1), we construct a barrier function of the form Φ̃ = 4‖ψ‖_iZ̃ + ‖h‖_∗Φ. A direct computation shows that

Φ(z) = 2 2∑ i=1 δ^{σin+1} [ − 1 σ^2_i |z|^{σi} + α_i log |z| + β_i ] , where

α_i = 1 σ^2_i log^{Rδ} 1 n+1 r ( 1 R^{σi} δ^{σin+1} − 1 r^{σi} ) < 0, β_i = 1 σ^2_i r^{σi} − log r

σ^2_i log^{Rδ} 1 n+1 r ( 1 R^{σi} δ^{σin+1} − 1 r^{σi} )

for i = 1, 2. Since

0 ≤ Φ(z) ≤ 2 2∑ i=1 δ^{σin+1} [ − 1 σ^2_i r^{σi} + α_i log Rδ^{1n+1} + β_i ] = 2 2∑ i=1 δ^{σin+1} α_i log Rδ^{1n+1} r ≤ 2∑ i=1 2 σ^2_i R^{σi} , we get that L̃(Φ̃) ≤ ‖h‖_∗ [ −2 δ^σ |z|^{2+σ(n+1)} − 2 δ^{σ+ 2nn+1} |z|^{2+2n+σ(n+1)} + C_1(n + 1)^2 δ^2|z|^{2n} (δ^2 + |z|^{2n+2})^2 2∑ i=1 2 σ^2_i R^{σi} ]

≤ ‖h‖_∗ [ −2 δ^σ |z|^{2+σ(n+1)} − δ^{σ+ 2nn+1} (δ^2 + |z|^{2n+2})^{1+σ/2} + δ^σ |z|^{2n} (δ^2 + |z|^{2n+2})^{1+σ/2} ]

≤ −‖h‖_∗ δ^σ (|z|^{2n} + δ^{2nn+1} ) (δ^2 + |z|^{2n+2})^{1+σ/2}

in view of (B.7), for R large so that C_1(n + 1)^2 2∑ i=1 2 σ^2_i R^{σi} ≤ 1. Since |ψ| ≤ Φ̃ on ∂B_{Rδ} 1_{n+1} (0) ∪ ∂B_r(0) in

view of 4Z̃ ≥ 1, by the maximum principle we conclude that |ψ| ≤ Φ̃ in B_η(0) \ B_{Rδ} 1_{n+1} (0) and the claim follows.

Since Claims 2 and 3 provide that ‖ψ_k‖_i → 0 as k → ∞, by Claim 5 we conclude that ‖ψ_k‖_∞ = o(1) as k → +∞, a contradiction with lim inf_{k→+∞} ‖ψ_k‖_∞ > 0 according to Claim 1. This completes the proof.

We are now in position to solve problem (B.1).

Proposition B.2. There exists η_0 > 0 small such that for any 0 < δ ≤ η_0, | log δ|ϵ^2 ≤ η_0δ^{2n+1} , |a| ≤ η_0δ and h ∈ L^∞(Ω) with ∫ Ω h = 0 there is a unique solution ϕ := T (h), with ∫ Ω ϕ = 0, and d_0, d_1, d_2 ∈ R of problem (B.1). Moreover, there is a constant C > 0 so that ‖ϕ‖_∞ ≤ C ( log 1 δ ) ‖h‖_∗, 2∑ l=0 |d_l| ≤ C‖h‖_∗. (B.8)

Proof: Since −ΔZ_l = |σ^′(z)|^2e^{Uδ,a} Z_l in Ω (where U_{δ,a} stands for U_{δ,a,σa} ) and ∫ Ω ΔZ_l = O(δ^2) in view of (3.1)-(3.2), we have that ΔP Z_l = O(|σ^′(z)|^2e^{Uδ,a} ) + O(δ^2) in view of Z_l = O(1), yielding to ‖ΔP Z_l‖_∗ ≤ C for all l = 0, 1, 2. By Proposition B.1 every solution of (B.1) satisfies ‖ϕ‖_∞ ≤ C ( log 1 δ ) [ ‖h‖_∗ + 2∑ l=0 |d_l| ] . Set ⟨f, g⟩ = ∫ Ω fg and notice that ⟨L(ϕ), P Z_j ⟩ = ⟨L(ϕ), P Z_j + t⟩ = ⟨ϕ + γ(ϕ), L̃(P Z_j + t)⟩ (B.9) for any t ∈ R, in view of ∫ Ω L(ϕ) = 0. To estimate the |d_l|’s, let us test equation (B.1) against P Z_j , j = 0, 1, 2, to get ⟨ ϕ + γ(ϕ), L̃(P Z_j + t_j ) ⟩ = ⟨h, P Z_j ⟩ + 2∑ l=0 d_l⟨ΔP Z_l, P Z_j ⟩ where t_j =^1_{|Ω|} ∫ Ω Z_j , j = 0, 1, 2. From the proof of Lemma 4.3 we know that for Z_0 and Z = Z_1 + iZ_2 there hold the following: ∫ Ω ΔP Z_0P Z_0 = −16(n + 1) ∫ R^2 1 − |y|^2 (1 + |y|^2)^4

+ O(δ^2) , ∫ Ω ΔP ZP Z_0 = O(δ^2) ∫ Ω ΔP ZP Z = −8(n + 1) ∫ R^2 |y|^2 (1 + |y|^2)^4 + O(δ) , ∫ Ω ΔP ZP Z = O(δ) where ∫ R^2 dy (1+|y|^2)^4 = 2 ∫ R^2 1−|y|^2 (1+|y|^2)^4 = π 3 . In terms of the Z_l’s we then have that

⟨ΔP Z_l, P Z_j ⟩ = −(n + 1)C_{ij} δ_{lj} + O(δ^2),

where δ_{lj} denotes the Kronecker’s symbol and c_{00} =^{8π}_3 , c_{11} = c_{22} =^{4π}_3 . For j = 0, 1, 2 let us now estimate ‖ ‖L̃(P Z_j + t_j ) ‖ ‖_∗: ‖ ‖L̃(P Z_j + t_j ) ‖ ‖_∗ = ‖ ‖ − |σ^′(z)|^2e^Uδ,a Z_j + K(P Z_j + t_j ) + O(δ^2) ‖ ‖_∗ = O(δ + ϵ^2δ^{− 2}n+1 + δ|c_a|) (B.10)

in view of (3.1)-(3.3) and (B.4). Since |γ(ϕ)| = O(‖ϕ‖_∞) in view of (2.49) and ϵ^2δ^{− 2n+1} = o(1), by (3.6) we get that ⟨ϕ + γ(ϕ), L̃(P Z_j + t_j )⟩ = O(δ + ϵ^2δ^{− 2n+1} )‖ϕ‖_∞, which along the previous estimates yields to |d_j | ≤ C [ (δ + ϵ^2δ^{− 2n+1} )‖ϕ‖_∞ + ‖h‖_∗ + δ 2∑ l=0 |d_l| ] (B.11)

in view of P Z_j = O(1). Since (B.11) gives that 2∑ l=0 |d_l| = O(δ + ϵ^2δ^{− 2n+1} )‖ϕ‖_∞ + O(‖h‖_∗), we have that

every solution of (B.1) satisfies ‖ϕ‖_∞ ≤ C ( log 1 δ ) [ ‖h‖_∗ + 2∑ l=0 |d_l| ] ≤ C log 1 δ (δ + ϵ^2δ^{− 2n+1} )‖ϕ‖_∞ + C log 1 δ ‖h‖_∗.

In view of log^1_δ (δ + ϵ^2δ^{− 2n+1} ) = o(1) as η_0 → 0, the a-priori estimates (B.8) immediately follow.

To solve (B.1), consider now the space H = { ϕ ∈ H^1(Ω) doubly-periodic : ∫ Ω ϕ = 0 , ∫ Ω ΔP Z_l ϕ = 0 for l = 0, 1, 2 }

endowed with the usual inner product [ϕ, ψ] = ∫ Ω ∇ϕ∇ψ. Problem (B.1) is equivalent to finding ϕ ∈ H such that [ϕ, ψ] = ∫ Ω [K (ϕ + γ(ϕ)) − h] ψ for all ψ ∈ H.

With the aid of Riesz’s representation theorem, the equation has the form (Id − compact operator)ϕ = h̃. Fredholm’s alternative guarantees unique solvability of this problem for any h provided that the homogeneous equation has only the trivial solution. This is equivalent to (B.1) with h ≡ 0, which has only the trivial solution by the a-priori estimates (B.8). The proof is now complete.

Appendix C : The nonlinear problem

We consider the following non linear problem

L(ϕ) = −[R + N(ϕ)] + 2∑ l=0 d_lΔP Z_l in Ω ∫ Ω ΔP Z_lϕ = 0 for all l = 0, 1, 2 ∫ Ω ϕ = 0,

(C.1)

where R, N(ϕ) and L are given by (2.24), (4.2) and (4.3), respectively. Notice that (4.5) and (C.1) are equivalent by setting d = d_1 − id_2.

Lemma C.1. There exists δ_0 > 0 small such that for any 0 < δ < η_0, | log δ|^2ϵ^2 ≤ η_0δ^{2n+1} , |a| ≤ η_0δ problem (C.1) admits a unique solution ϕ and d_l, l = 0, 1, 2. Moreover, there exists C > 0 so that ‖ϕ‖_∞ ≤ C| log δ|‖R‖_∗. (C.2) Proof: In terms of the operator T defined in Proposition B.2, problem (C.1) reads as ϕ = −T (R + N(ϕ)) := A(ϕ). For a given number M > 0, let us consider the space

F_M = {ϕ ∈ L^∞(Ω) doubly-periodic : ‖ϕ‖_∞ ≤ M| log δ| ‖R‖_∗}.

It is a straightforward but tedious computation to show that

‖N(ϕ_1) − N(ϕ_2)‖_∗ ≤ C_1(‖ϕ_1‖_∞ + ‖ϕ_2‖_∞)‖ϕ_1 − ϕ_2‖_∞. (C.3)

Just to give an idea on how (C.3) can be proved, observe that 0 ≤^{eu0 +W +ϕ∫}_{Ω eu0 +W +ϕ} ≤ e^{2‖ϕ‖∞ eu0 +W∫}_{Ω eu0 +W} and | ∫ Ω e^{u0 +W +ϕ}ϕ| ≤ ‖ϕ‖_∞ ∫ Ω e^{u0+W +ϕ}. For ‖ϕ‖_∞ ≤ 1 we can then get that ‖ϕ‖_∞‖D[ e^{u0+W +ϕ} ∫ Ω e^{u0+W +ϕ} ][ϕ]‖_∗ + ‖D^2[ e^{u0 +W +ϕ} ∫ Ω e^{u0+W +ϕ} ][ϕ, ϕ]‖_∗ = O(‖ e^{u0+W} ∫ Ω e^{u0+W} ‖_∗‖ϕ‖^2_∞) = O(‖ϕ‖^2_∞) in view of ‖^{eu0 +W} ∫ Ω e^u0^{+W} ‖∗ = O(1) by (2.51). This exactly what we need to estimate in ‖·‖∗−norm the difference

between the first term of N(ϕ_1) and N(ϕ_2). For the other terms we can argue in a similar way to get ‖ϕ‖_∞‖D[ e^{2(u0+W +ϕ)} ∫ Ω e^{2(u0 +W +ϕ)}

][ϕ]‖_∗ + ‖D^2[ e^{2(u0+W +ϕ)} ∫ Ω e^{2(u0 +W +ϕ)} ][ϕ, ϕ]‖_∗ = O(‖ e^{2(u0+W )} ∫ Ω e^{2(u0 +W )}

‖_∗‖ϕ‖^2_∞) = O(‖ϕ‖^2_∞)

in view of ‖^{e2(u0 +W )} ∫ Ω e^{2(u0 +W )} ‖∗ = O(1) by (2.52), and

‖ϕ‖_∞‖D[B(W + ϕ)][ϕ]‖_∗ + ‖D^2[B(W + ϕ)][ϕ, ϕ]‖_∗ = O(B(W )‖ϕ‖^2_∞) = O(δ^{− 2n+1} ‖ϕ‖^2_∞)

in view of (2.49). Since ϵ^2δ^{− 2n+1} = o(1) we can deduce the validity of (C.3). Denote by C^′ the constant present in (B.8). By Proposition B.2 and (C.3) we get that

‖A(ϕ_1) − A(ϕ_2)‖_∞ ≤ C^′| log δ|‖N(ϕ_1) − N(ϕ_2)‖_∗ ≤ 2C^′C_1M‖R‖_∗ log^2 δ‖ϕ_1 − ϕ_2‖_∞

for all ϕ_1, ϕ_2 ∈ F_M . By Proposition B.2 we also have that ‖A(ϕ)‖_∞ ≤ C^′| log δ| [‖R‖_∗ + ‖N(ϕ)‖_∗] ≤ C^′| log δ|‖R‖_∗ + C^′C_1| log δ|‖ϕ‖^2_∞ for all ϕ ∈ F_M . Fix now M as M = 2C^′, and by (2.54) take η_0 small so that 4(C^′)^2C_1 log^2 δ‖R‖_∗ <^1_2 in order to have that A is a contraction mapping of F_M into itself. Therefore A has a unique fixed point ϕ in F_M , which satisfies (C.2) with C = M.

Appendix D : The integral coefficients in (3.4)-(3.5)

Letting ζ =^a_δ , we aim to compute the integral coefficients

I := ∫ R^2 (|y|^2 − 1)|y + ζ|^{2nn+1} (1 + |y|^2)^5 dy , K := ∫ R^2 |y + ζ|^{2nn+1} y (1 + |y|^2)^5 dy which appear in (3.4)-(3.5) or (4.8)-(4.9).

For the first one, we will compute separately the constants

J_1 = ∫ R^2 |y + ζ|^{2nn+1} (1 + |y|^2)^4 dy , J_2 = ∫ R^2 |y + ζ|^{2nn+1} (1 + |y|^2)^5 dy, and we aim to show that I = J_1 − 2J_2 < 0. Concerning J_1, we re-write it in polar coordinates as

J_1 = ∫ R^2 |y|^{2nn+1} (1 + |y − ζ|^2)^4 dy = ∫_{+∞} 0 ρ^{2nn+1 +1}dρ ∫_{2π} 0 dθ (1 + ρ^2 + |ζ|^2 − ζρe^{−iθ} − ζρe^{iθ})^4 = −i ∫_{+∞} 0 ρ^{2nn+1 +1}dρ ∫ ∂^+B_1 (0)

w^3 (ζρ)^4(w^2 −^{1+ρ2 +|ζ|2}_{ζρ} w +^{ζ2}_{|ζ|2} )^4 dw.

Since w^2 −

1 + ρ^2 + |ζ|^2 ζρ w + ζ^2 |ζ|^2 vanishes only at

w_± =

1 + ρ^2 + |ζ|^2 ± √ (1 + ρ^2 + |ζ|^2)^2 − 4ρ^2|ζ|^2 2ζρ with |w_−| < 1 < |w_+|, by the Residue Theorem we have that

J_1 = −i ∫_{+∞} 0 ρ^{2nn+1 +1}dρ ∫ ∂^+B_1(0)

w^3 (ζρ)^4(w − w_−)^4(w − w_+)^4 dw = 2π ∫_∞ 0 ρ^{2nn+1 +1} 6(ζρ)^4 d^3 dw^3 [ w^3 (w − w_+)^4 ] (w_−)dρ. A straightforward computation shows that

d^3 dw^3 [ w^3 (w − w_+)^4 ] = −6 w^3 + w^3_+ + 9ww_+(w + w_+) (w − w_+)^7 , and then d^3 dw^3 [ w^3 (w − w_+)^4 ] (w_−) = 6(ζρ)^4

(1 + ρ^2 + |ζ|^2)[(1 + ρ^2 + |ζ|^2)^2 + 6ρ^2|ζ|^2] [(1 + ρ^2 + |ζ|^2)^2 − 4ρ^2|ζ|^2]^72 . Setting λ = 1 + |ζ|^2, through the change of variable ρ → ρ^2 we finally get for J_1 the expression

J_1 = π ∫_∞ 0 ρ^{nn+1} (λ + ρ)[(λ + ρ)^2 + 6(λ − 1)ρ]

[(λ + ρ)^2 − 4(λ − 1)ρ]^72 dρ. (D.1)

In a similar way, we first re-write J_2 as

J_2 = i ∫_{+∞} 0 ρ^{2nn+1 +1}dρ ∫ ∂^+B_1 (0)

w^4 (ζρ)^5(w − w_−)^5(w − w_+)^5 dw = −2π ∫_{+∞} 0 ρ^{2nn+1 +1} 24(ζρ)^5 d^4 dw^4 [ w^4 (w − w_+)^5 ] (w_−)dρ in view of the Residue Theorem. Since

d^4 dw^4 [ w^4 (w − w_+)^5 ] = 24 w^4 + w^4_+ + 16ww_+(w^2 + w^2_+) + 36w^2w^2_+ (w − w_+)^9 , we get that

d^4 dw^4 [ w^4 (w − w_+)^5 ] (w_−) = −24(ζρ)^5

(1 + ρ^2 + |ζ|^2)^4 + 12ρ^2|ζ|^2(1 + ρ^2 + |ζ|^2)^2 + 42ρ^4|ζ|^4 [(1 + ρ^2 + |ζ|^2)^2 − 4ρ^2|ζ|^2]^92 , and then

J_2 = π ∫_∞ 0 ρ^{nn+1} (λ + ρ)^4 + 12(λ − 1)ρ(λ + ρ)^2 + 42(λ − 1)^2ρ^2 [(λ + ρ)^2 − 4(λ − 1)ρ]^92 dρ. (D.2)

By (D.1)-(D.2) we finally get that I takes the form I = π ∫_∞ 0 ρ^{nn+1} (λ + ρ)^5 − 2(λ + ρ)^4 + 2(λ − 1)ρ(λ + ρ)^3 − 24λ(λ − 1)ρ(ρ + 1)(λ + ρ) − 84(λ − 1)^2ρ^2 [(λ + ρ)^2 − 4(λ − 1)ρ]^92 dρ(D.3)

where λ = 1 + |ζ|^2.

Observe that I = −^π_6 < 0 when n = 0. For n ≥ 1, we can just find the value of I at ζ = 0 and its limiting value as |ζ| → ∞. For ζ = 0 (i.e. λ = 1) we simply have that

I = J_1 − 2J_2 = π[I^{nn+1}_4 − 2I^{nn+1}_5 ] = − 2π 2n + 3

I^{nn+1}_5 < 0, (D.4) where I^p_q = ∫_∞ 0 ρ^p (1 + ρ)^q dρ (q > p + 1) does satisfy the relations:

I^p_{q+1} = q − p − 1 q I^p_q , I^{p+1}_q = p + 1 q − p − 2 I^p_q . By the change of variable ρ = λ + √ λt and the Lebesgue Theorem we get that

λ^{− nn+1} J_1 = π ∫_∞ − √ λ (1 + t √ λ )^{nn+1}

(2 +^{t√}_λ )^3 + 6^{λ−1}_λ (1 +^{t√}_λ )(2 +^{t√}_λ )

(t^2 + 4 +^{4t√}_λ )^72 dt → 20π ∫ R dt (t^2 + 4)^72 and λ^{− nn+1} J_2 = π ∫_∞ − √ λ (1 + t √ λ )^{nn+1}

(2 +^{t√}_λ )^4 + 12^{λ−1}_λ (1 +^{t√}_λ )(2 +^{t√}_λ )^2 + 42(^{λ−1}_λ )^2(1 +^{t√}_λ )^2 (t^2 + 4 +^{4t√}_λ )^92 dt → 106π ∫ R dt (t^2 + 4)^92

as |ζ| → +∞ (i.e. λ → +∞). Since ∫ R dt (t^2 + 4)^72 = 14 3 ∫ R dt (t^2 + 4)^92

, we get that

λ^{− nn+1} I → − 356 3 π ∫ R dt (t^2 + 4)^92 < 0 as |ζ| → ∞. We finally discuss the case n large, in which I → ∫ R^2 |y + ζ|^2 (1 + |y|^2)^4 dy − 2 ∫ R^2 |y + ζ|^2 (1 + |y|^2)^5 dy = ∫_∞ 0 ρdρ (1 + ρ^2)^4 ∫_{2π} 0 [ ρ^2 + |ζ|^2 + ζρe^{−iθ} + ζρe^{iθ} ] dθ −2 ∫_∞ 0 ρdρ (1 + ρ^2)^5 ∫_{2π} 0 [ ρ^2 + |ζ|^2 + ζρe^{−iθ} + ζρe^{iθ} ] dθ = π ∫_∞ 0 ρ + |ζ|^2 (1 + ρ)^4 dρ − 2π ∫_∞ 0 ρ + |ζ|^2 (1 + ρ)^5 dρ = − π 6 |ζ|^2 as n → +∞, by means of the polar coordinates and the symmetries. In conclusion, we have shown that I = f(|ζ|) and we conjecture that f < 0.

Letting K = ∫ R^2 |y + ζ|^{2nn+1} y (1 + |y|^2)^5 dy, in a similar way we have that

K = i ∫_{+∞} 0 ρ^{2nn+1 +1}dρ ∫ ∂^+B_1 (0) w^4(ρw − ζ) (ζρ)^5(w − w_−)^5(w − w_+)^5 dw = −2π ∫_{+∞} 0 ρ^{2nn+1 +1} 24(ζρ)^5 d^4 dw^4 [ w^4(ρw − ζ) (w − w_+)^5 ] (w_−)dρ in view of the Residue Theorem. Since

d^4 dw^4 [ w^4(ρw − ζ) (w − w_+)^5 ] = 24

5ρww_+[w^3 + w^3_+ + 6ww_+(w + w_+)] − ζ[w^4 + w^4_+ + 16ww_+(w^2 + w^2_+) + 36w^2w^2_+] (w − w_+)^9 , we get that

d^4 dw^4 [ w^4(ρw − ζ) (w − w_+)^5 ] (w_−) = 12(ζρ)^5ζ

(λ + ρ^2)^4 + 2ρ^2(λ − 6 − 5ρ^2)(λ + ρ^2)^2 + 6(λ − 1)ρ^4(2λ − 7 − 5ρ^2) [(λ + ρ^2)^2 − 4(λ − 1)ρ^2]^92 , and then K = − π 2 ζ ∫_∞ 0 ρ^{nn+1} (λ + ρ)^4 + 2ρ(λ − 6 − 5ρ)(λ + ρ)^2 + 6(λ − 1)ρ^2(2λ − 7 − 5ρ) [(λ + ρ)^2 − 4(λ − 1)ρ]^92 dρ. So we have that lim_{|ζ|→0} K ζ = π 2 (9I^{nn+1}_5 − 10I^{nn+1}_6 ) =

3n + 1 2(n + 1) πI^{nn+1}_5 ,

and, by the change of variable ρ = λ + √ λt and the Lebesgue Theorem,

λ^{− nn+1} K ζ = − π 2 ∫_∞ − √ λ (1 + t √ λ )^{nn+1}

(2 +^{t√}_λ )^4 − 2(1 +^{t√}_λ )(4 +^{6+5√λt}_λ )(2 +^{t√}_λ )^2 − 6^{λ−1}_λ (1 +^{t√}_λ )^2(3 +^{7+5√λt}_λ ) (t^2 + 4 +^{4t√}_λ )^92 dt → 17π ∫ R dt (t^2 + 4)^92

as |ζ| → +∞ (i.e. λ → +∞). In conclusion, we have shown that K = g(|ζ|)ζ and we conjecture that g > 0. Acknowledgements: The work for this paper began while the second author was visiting the Departamento de Matemática, Pontificia Universidad Católica de Chile (Santiago, Chile). Let him thank M. Musso and M. del Pino for their kind invitation and hospitality.

References

[1] M. Abramowitz, I.A. Stegun, Handbook of mathematical functions with formulas, graphs, and mathematical tables, National Bureau of Standards Applied Mathematics Series, 55. For sale by the Superintendent of Documents, U.S. Government Printing Office, Washington, 1964.

[2] A.A. Abrikosov, On the magnetic properties of superconductors of the second group. Soviet Phys.

JETP 5 (1957), 1174–1182.

[3] T.M. Apostol, Modular functions and Dirichlet series in number theory. Second edition, Graduate Texts in Mathematics, 41. Springer-Verlag, New York, 1990.

[4] S. Baraket, F. Pacard, Construction of singular limits for a semilinear elliptic equation in dimension 2. Calc. Var. Partial Differential Equations 6 (1998), no. 1, 1–38.

[5] E.B. Bogomolnyi, The stability of classical solutions. Sov. J. Nucl. Phys. 24 (1976), 449–454.

[6] L.A. Caffarelli, Y. Yang, Vortex condensation in the Chern-Simons-Higgs model: an existence theorem. Comm. Math. Phys. 168 (1995), no. 2, 321–336.

[7] D. Chae, O. Imanuvilov, The existence of non-topological multivortex solutions in the relativistic self-dual Chern-Simons theory. Comm. Math. Phys. 215 (2000), no. 1, 119–142.

[8] H. Chan, C.C. Fu, C.-S. Lin, Non-topological multivortex solution to the selfdual Chern-Simons-Higgs equation. Comm. Math. Phys. 231 (2002), 189–221.

[9] C.C. Chen, C.-S. Lin, G. Wang, Concentration phenomena of two-vortex solutions in a Chern-Simons model, Ann. Sc. Norm. Sup. Pisa Cl. Sci. (5) 3 (2004), 367–397.

[10] X. Chen, S. Hastings, J.B. McLeod, Y. Yang, A nonlinear elliptic equations arising from gauge field theory and cosmology. Proc. R. Soc. Lond. A 446 (1994), no. 1928, 453–478.

[11] X. Chen, Y. Oshita, An application of the modular function in nonlocal variational problems, Arch.

Ration. Mech. Anal. 186 (2007), no. 1, 109–132.

[12] K. Choe, Asymptotic behavior of condensate solutions in the Chern-Simons-Higgs theory. J. Math.

Phys. 48 (2007), no. 10, 103501, 17 pp.

[13] J. Davila, M. del Pino, M. Musso, J. Wei, Singular limits of a two-dimensional boundary value problem arising in corrosion modelling. Arch. Ration. Mech. Anal. 182 (2006), no. 2, 181–221.

[14] M. del Pino, P. Esposito, M. Musso, Two-dimensional Euler flows with concentrated vorticities. Trans.

Amer. Math. Soc. 362 (2012), no. 12, 6381–6395.

[15] M. del Pino, P. Esposito, M. Musso, Linearized theory for entire solutions of a singular Liouvillle equation. Proc. Amer. Math. Soc. 140 (2012), no. 2, 581–588.

[16] M. del Pino, M. Kowalczyk, M. Musso, Singular limits in Liouville-type equations. Calc. Var. Partial Differential Equations 24 (2005), no. 1, 47–81.

[17] W. Ding, J. Jost, J. Li, X. Peng, G. Wang, Self duality equations for Ginburg-Landau and Seiberg- Witten type functionals with 6th order potential. Comm. Math. Phys. 217 (2001), 383–407.

[18] W. Ding, J. Jost, J. Li, G. Wang, An analysis of the two-vortex case in the Chern-Simons-Higgs model. Calc. Var. Partial Differential Equations 7 (1998), 87–97.

[19] G. Dunne, Selfdual Chern-Simons theories, Lecture Notes in Physics Monograph Series, 36. Springer- Verlag, Heidelberg, 1995.

[20] P. Esposito, P. Figueroa, Singular mean field equations on compact Riemann surfaces, arXiv:1210.6162.

[21] P. Esposito, M. Grossi, A. Pistoia, On the existence of blowing-up solutions for a mean field equation.

Ann. IHP Analyse Non Linéaire 22 (2005), no. 2 , 227–257.

[22] P. Figueroa, Singular limits for Liouville-type equations on the flat two-torus, Calc. Var. Partial Differential Equations (2013), doi 10.1007/s00526-012-0594-0.

[23] J. Han, Existence of topological multivortex solutions in self dual gauge theory. Proc. Roy. Soc.

Edinburgh 130 (2000), 1293–1309.

[24] J. Hong, Y. Kim, P.Y. Pac, Multivortex solutions of the abelian Chern-Simons-Higgs theory. Phys.

Rev. Lett. 64 (1990), no. 19, 2230–2233.

[25] R. Jackiw, E.J. Weinberg, Self-dual Chern-Simons vortices. Phys. Rev. Lett. 64 (1990), no. 19, 2234–2237.

[26] A. Jaffe, C. Taubes, Vortices and monopoles, Progress in Physics, 2. Birkhäuser, Boston, 1980. [27] C.-S. Lin, C.-L. Wang, Elliptic functions, Green functions and the mean field equations on tori. Ann.

of Math. (2) 172 (2010), no. 2, 911–954.

[28] C.-S. Lin, S. Yan, Bubbling solutions for relativistic abelian Chern-Simons model on a torus. Comm.

Math. Phys. 297 (2010), 733–758.

[29] C.-S. Lin, S. Yan, Existence of Bubbling Solutions for Chern-Simons Model on a Torus. Arch. Ration.

Mech. Anal. 207 (2013), no. 2, 353-392.

[30] M. Nolasco, Nontopological N-vortex condensates for the self-dual Chern-Simons theory. Comm. Pure Appl. Math. 56 (2003), no. 12, 1752–1780.

[31] M. Nolasco, G. Tarantello, Double vortex condensates in the Chern-Simons-Higgs theory. Calc. Var.

Partial Differential Equations 9 (1999), 31–91.

[32] J. Spruck, Y. Yang, The existence of non-topological solutions in the self-dual Chern-Simons theory.

Comm. Math. Phys. 149 (1992), 361–376.

[33] J. Spruck, Y. Yang, Topological solutions in the self-dual Chern-Simons theory: existence and approximation. Ann. IHP Analyse Non Linéaire 12 (1995), no. 1, 75–97.

[34] G. Tarantello, Multiple condensate solutions for the Chern-Simons-Higgs theory. J. Math. Phys. 37 (1996), 3769–3796.

[35] G. Tarantello, Self-dual gauge field theories. An analytical approach, Progress in Nonlinear Differential Equations and their Applications, 72. Birkhuser, Boston, 2008.

[36] C. Taubes, Arbitrary N-vortex solutions for the first order Ginzburg-Landau equations. Comm. Math.

Phys. 72 (1980), 277–292.

[37] G. ’t Hooft, A property of electric and magnetic flux in nonabelian gauge theory. Nuclear Phys. B 153 (1979), 141–160.

[38] R. Wang, The existence of Chern-Simons vortices. Comm. Math. Phys. 137 (1991), 587–597. [39] Y. Yang, Solitons in field theory and nonlinear analysis, Springer Monographs in Mathematics.

Springer-Verlag, New York, 2001.