arXiv:1305.6688v1 [gr-qc] 29 May 2013

Emergent Friedmann equation from the evolution of cosmic space revisited

Myungseok Eune^{1, ∗} and Wontae Kim^{1, 2, 3, †} 1Research Institute for Basic Science, Sogang University, Seoul, 121-742, Republic of Korea 2Department of Physics, Sogang University, Seoul 121-742, Republic of Korea 3Center for Quantum Spacetime, Sogang University, Seoul 121-742, Republic of Korea (Dated: May 30, 2013)

Abstract

Following the recent study on the emergent Friedmann equation from the expansion of cosmic space for a flat universe, we apply this method to a nonflat universe, and modify the evolution equation to lead to the Friedmann equation. In order to maintain the same form with the original evolution equation, we have to define the time-dependent Plank constant, which shows that the spatial curvature of k = 0 and k = 1 is preferable to k = −1 since the Plank constant of the nonflat open universe is divergent. Finally, we discuss its physical consequences.

∗younms@sogang.ac.kr †wtkim@sogang.ac.kr

The thermodynamic quantities of black holes such as its temperature and entropy are related to geometrical quantities such as surface gravity and horizon area [1]. It has been shown that the first law of thermodynamics leads to Einstein’s field equations for an accelerating observer [2], and then has been proposed that gravity can be interpreted as an entropic force caused by changes of entropy associated with the information on a holographic screen [3]. By applying the holographic principle and the equipartition rule of energy, the Einstein field equations could be derived. These make us know that gravity is an emergent phenomenon.

Recently, the Friedmann equation governing the Friedmann-Robertson-Walkers (FRW) universe has been remarkably derived from the expansion of cosmic space due to the difference between the degrees of freedom on a bulk and in its boundary by Padmanabhan [4]. It has been proposed that in an infinitesimal interval dt of cosmic time, the increase dV of the cosmic volume in flat universe is given by dV dt = ℓ^2_P(N_{sur} − N_{bulk}), (1)

where ℓ_P is the Plank length and N_{sur} and N_{bulk} are the degrees of freedom on the surface and in the bulk, respectively, and the boundary of the bulk is characterized by the Hubble radius. The relation (1) yields the standard dynamical equation in the Friedmann model only for the accelerating phase of the universe given by ρ + 3p < 0, where ρ and p are the energy density and the pressure of a perfect fluid, respectively. In order to obtain the dynamical equation for any phases, Eq. (1) was extended to dV/dt = ℓ^2_P(N_{sur} − ϵN_{bulk}) = ℓ^2_P(N_{sur} + N_m − N_{de}), where N_m and N_{de} are the numbers of degrees of freedom of matter with ρ + 3p > 0 and dark energy with ρ + 3p < 0 in the bulk, respectively, and ϵ = +1 if ρ + 3p < 0 and ϵ = −1 if ρ + 3p > 0. Now, applying the continuity equation to the dynamical equation derived from Eq. (1), the Friedmann equation can be nicely obtained for the nonflat universe by taking into account the integration constant which plays a role of the spatial curvature [5].

On the other hand, there have been extensive studies for thermodynamics in cosmology [6–9]. In nonflat universe, the thermodynamical quantities are related to the apparent horizon instead of the Hubble radius, that is, the corresponding temperature is given by the surface gravity on the apparent horizon and the entropy is proportional to the area of the apparent horizon. The thermodynamical quantities associated with the apparent horizon satisfy the first law of thermodynamics. In this regard, the apparent horizon is carefully considered to obtain the Friedmann equation so that ℓ^2_P in Eq. (1) should be replaced by ℓ^2_Pr̃_A/H^{−1} in Ref. [10], where r̃_A and H are the apparent horizon and the Hubble parameter, respectively. However, the bulk is still regarded as a sphere in the Euclidean space even for the nonflat space, so that the volume is calculated as the volume of the sphere with the radius of the apparent horizon.

In this paper, we would like to extend the evolution equation by taking into account the appropriate invariant volume corresponding to the nonflat space instead of the volume of a sphere for the flat space. We will maintain the form of the Padmanabhan’s evolution equation that the expansion of the universe is due to the difference from the degrees of freedom in the holographic surface between those in the emerged bulk by taking into two points. Then, the Plank constant in the original evolution equation can be simply redefined by replacing the time-dependent Plank constant. Finally, we will discuss its physical consequence.

Now, let us consider a spatially homogeneous and isotropic spacetime given by the line element of

ds^2 = h_{ab}dx^adx^b + r̃^2(dθ^2 + sin^2 θdϕ^2), (2)

where r̃ = a(t)r, x^0 = t, x^1 = r, and h_{ab} = diag(−1, a^2/(1 − kr^2)). Here, k denotes the curvature of space with k = −1, 0, and 1, corresponding to open, flat, and closed universes, respectively. The apparent horizon can be calculated from the relation h^{ab}∂_ar̃∂_br̃ | |_{r̃=r̃A} = 0 and is obtained as

r̃_A = 1 √ H^2 + k/a^2

, (3)

where the Hubble parameter is given by H = ȧ/a and the overdot denotes the derivative with respect to comoving time t. Note that the apparent horizon becomes r̃_A = H^{−1} for flat space with k = 0. We assume that the number of degrees of freedom on the surface at the apparent horizon is proportional to its area 4πr̃^2_A and is given by [4, 5, 10]

N_{sur} = 4S =

4πr̃^2_A ℓ^2_P

, (4)

where S is the entropy. For simplicity, we set k_B = c = ℏ = 1. The Hawking temperature associated with the apparent horizon is given by [7, 10]

T_H = 1 2πr̃_A . (5)

At a given time, an invariant volume of space surrounded by the apparent horizon can be written as

V_k = 4πa^3 ∫_{r̃A/a} 0 dr r^2 √ 1 − kr^2 , (6)

which reduces to V_0 = 4πr̃^3_A/3 for k = 0 and V_k = 2πa^2 [√ k a sin^{−1} (√ k r̃_A/a ) − kr̃^2_AH ] for k = ±1. Next, the Komar energy within the bulk [4, 5, 10] is modified by

E_k = (ρ + 3p)V_k, (7)

where it depends on the spatial curvature k. Using the equipartition rule of energy, the degrees of freedom in the bulk can be written as

N_{bulk} = 2|E_k| T_H

. (8)

We assume that in an infinitesimal interval dt, an increase dV_k of the invariant volume even in nonflat FRW universe including the flat universe is still proportional to the difference between N_{sur} and N_{bulk} as [4] dV_k dt = ℓ^2_Pf_k(t)(N_{sur} − ϵN_{bulk}), (9)

where ϵN_{bulk} is given by ϵN_{bulk} = N_{de} −N_m = −(2V_k/T_H)(ρ+3p) and f_k(t) is an proportional function which can be chosen appropriately to give the Friedmann equation such as

f_k(t) = V̄_k [ ˙r̃_AH −1/r̃_A + (r̃_A/H −1)(H −1/r̃_A − V_k/V̄_k)] V_k (˙ r̃_AH^{−1}/r̃_A + V̄_k/V_k − 1

) , (10)

with V̄_k ≡ 4πr̃^3_A/3. We see that f_0(t) = 1 for flat universe with k = 0, and so it is compatible with the previous results [7, 10].

By taking the time derivative of the invariant volume (6), we obtain dV_k dt = 4πr̃_A( ˙r̃_AH^{−1} − r̃_A) + 3HV_k

= 4πr̃^2_A [˙ r̃_AH^{−1} r̃_A + r̃_A H^{−1} ( H^{−1} r̃_A − V_k V̄_k )] . (11)

The relation between the degrees of freedom is calculated as

N_{sur} − ϵN_{bulk} =

4πr̃^2_A ℓ^2_P

+ 4πr̃_A(ρ + 3p)V_k. (12)

Eliminating p in Eq. (12) by the use of the continuity equation ρ̇ + 3H(ρ + p) = 0, we can obtain

N_{sur} − ϵN_{bulk} =

4πr̃^2_A ℓ^2_P [ 1 − ℓ^2_PV_k Hr̃_A (ρ̇ + 2ρH) ]

= 4πr̃^2_A ℓ^2_P [ 1 − ℓ^2_PV_k Hr̃_Aa^2 d dt (ρa^2) ] . (13)

Substituting Eqs. (10), (11), and (13) into Eq. (9), we get d dt ( a^2 r̃^2_A ) = d dt [ a^2 ( H^2 + k a^2 )] = 8πℓ^2_P 3 d dt (ρa^2). (14)

Integrating Eq. (14), one can obtain

H^2 + k a^2 = 8πℓ^2_P 3 ρ. (15)

Note that one can regard the integration constant as the curvature of space r̃_A = 1/H [5], while one can set the integration constant to zero for r̃_A = 1/ √ H^2 + k/a^2 [10]. In the present case, we can take vanishing integration constant for simplicity.

It is interesting to note that the original form of the evolution equation (1) can be maintained if we replace the proportional function along with the Plank constant by the effective Planck constant as ℓ^2_Pf_k(t) = (ℓ^2_P)^{eff}_k in the modified equation (9). What it means is that the Newton constant may be running depending on the curvature of space as long as one can take the square of the Plank constant as a gravitational coupling. In particular, the Newton constant is merely constant for the flat universe of k = 0. In order to examine the late time behavior of the effective Plank constant, we now consider three cases: the radiation-dominant, the matter-dominant, and the Λ-dominant universes, where Λ denotes the positive cosmological constant. First, the radiation-dominant universe is described by the scale factor a = a_0t^{1/2}, where a_0 is a positive constant. The square of the effective Plank length goes to (ℓ^2_P)^{eff}_{k=−1} ≈ ℓ^2_P(1/3)(1/2 − t^{1/2}/a_0)^{−1/2} with t < a^2_0/4. At t = a^2_0/4, it is divergent for the open universe of k = −1 while it is asymptotically constant since (ℓ^2_P)^{eff}_{k=1} = ℓ^2_P[2 − (3πa_0/8)t^{−1/2} + O (t^{−1})] for the closed universe of k = 1. Second, in the matter-dominant universe described by a = a_0t^{2/3}, the square of effective Plank length behaves as (ℓ^2_P)^{eff}_{k=−1} = ℓ^2_P[(4/9)(4/9 − t^{2/3}/a^2_0)^{−1/2} + O((4a^2_0/9 − t^{2/3})^{1/2})] with t < (2a_0/3)^3, and it is divergent at t = (2a_0/3)^3. However it becomes a constant for the closed universe of k = 1 since (ℓ^2_P)^{eff}_{k=1} = ℓ^2_P[2 − (πa_0/2)t^{−1/3} + O(t^{−2/3})] at the late time. Thus for the radiation- and matter-dominant universes, the effective Plank length is divergent for k = −1 while it approaches (ℓ^2_P)^{eff}_{k=1} = 2ℓ^2_P for k = 1. Finally, the Λ-dominant nonflat universe is governed by the scale factor a = a_0e^{αt} with α ≡ √ Λ/3. The square of the effective Plank length behaves as (ℓ^2_P)^{eff}_{k=±1} = ℓ^2_P[12/7 + (61/(343α^2a^2_0))e^{−2αt} + O(e^{−4αt})], and both of them approach (ℓ^2_P)^{eff}_k = (12/7)ℓ^2_P at the asymptotic infinity. Therefore, for the radiation and matter dominant cases, the Newton constant can be divergent for the nonflat open universe while it becomes the constant for the nonflat closed universe. The vacuum energy dominant case, the Newton constant can be finite at k = ±1 and k = 0. Consequently, it shows that if the nonflat open universe evolves eternally without encountering the vacuum-energy era, then it undergoes the divergent gravitational interaction. If the spatial curvature of our universe is k = −1, then the transition from the matter era to the vacuum energy era is needed in that the gravitational interaction should be finite eventually. The most safe choices for the finite effective Plank constant are the cases of k = 0 and k = 1 since they are always finite.

In conclusion, following the proposal that the space evolution is due to the different degrees of freedom on the holographic surface and its bulk, we have extended the evolution equation to give the Friedmann equation even in nonflat universe corresponding to k = ±1 by taking into account the invariant volume surrounded by the apparent horizon. Moreover, the limit to flat universe of k = 0 can be easily recovered.

Acknowledgments

We would like to thank Yongwan Gim, Edwin J. Son, and Sang-Heon Yi for exciting discussions. This work was supported by the Sogang University Research Grant of 201310022.

[1] R. M. Wald, General Relativity (The University of Chicago Press, Chicago, USA, 1984). [2] T. Jacobson, Phys.Rev.Lett. 75, 1260 (1995), gr-qc/9504004. [3] E. P. Verlinde, JHEP 1104, 029 (2011), 1001.0785. [4] T. Padmanabhan (2012), 1206.4916. [5] R.-G. Cai, JHEP 1211, 016 (2012), 1207.0622.

[6] D. Bak and S.-J. Rey, Class.Quant.Grav. 17, L83 (2000), hep-th/9902173.

[7] R.-G. Cai and S. P. Kim, JHEP 0502, 050 (2005), hep-th/0501055. [8] W. Kim, E. J. Son, and M. Yoon, Phys.Lett. B669, 359 (2008), 0808.1805. [9] R.-G. Cai, L.-M. Cao, and Y.-P. Hu, Class.Quant.Grav. 26, 155018 (2009), 0809.1554. [10] A. Sheykhi, Phys. Rev. D 87, 061501(R) (2013), 1304.3054.