arXiv:1305.6714v1 [gr-qc] 29 May 2013

Black hole entropy from KMS-states of quantum isolated horizons

Daniele Pranzetti^{1∗} 1Max Planck Institute for Gravitational Physics (AEI), Am Mühlenberg 1, D-14476 Golm, Germany. (Dated: May 30, 2013)

By reintroducing Lorentz invariance via a complex connection formulation in canonical loop quantum gravity, we define a geometrical notion of temperature for quantum isolated horizons. Upon imposition of the reality conditions in the form of the linear simplicity constraints for an imaginary Barbero-Immirzi parameter, the exact formula for the temperature can be derived by demanding that the horizon state satisfying the boundary conditions be a KMS-state. In this way, our analysis reveals the connection between the passage to the Ashtekar self-dual variables and the thermality of the horizon. The horizon equilibrium state can then be used to compute both the von Neumann and the Boltzmann entropies. By means of a natural cut-off introduced by the topological theory on the boundary, we show that the two provide the same finite answer which allows us to recover the Bekenstein-Hawking formula in the semi-classical limit. The connection with Connes-Rovelli thermal time proposal for a general relativistic statistical mechanics is worked out.

I. INTRODUCTION

The analogy between black holes and thermodynamical systems is now well established. In particular, one can associate to a black hole a notion of entropy and temperature [1, 2]. However, the statistical mechanics understanding of these thermodynamical properties is not clear yet, as this would require most likely a quantum gravity treatment of the horizon microscopic degrees of freedom (dof). Loop quantum gravity (LQG) has identified the entropy dof as the quantum fluctuations of the polymer-like geometry of the horizon [3–5] (see [6] for a review). While the result of the entropy counting showed a linear behavior with the horizon area (and the appearance of sub-leading logarithmic corrections) [7], the exact numerical match with the Bekenstein-Hawking formula S = a_H /(4ℓ^2_P ) required to fix the Barbero-Immirzi parameter γ (entering the spectrum of the area operator) to a particular real value. The need to eliminate a purely quantum ambiguity represented by γ through the request of agreement with a semiclassical result may be seen as a not very natural, let alone elegant, passage.

Indeed, this feature of the LQG calculation has received quite some attention during the years and some proposals for its removal have appeared (see, e.g., [8, 9]). However, only recently a key observation was made: in all of the state counting techniques developed in the literature the notion of temperature was never explicitly used. This observation led to the local stationary observer description of the horizon properties introduced in [10, 11], which allowed to single out a physical notion of local horizon energy. Such an ingredient, together with the introduction by hand of the Unruh temperature [12] for the thermal atmosphere around the horizon, provides a leading term for the state counting independent on the Barbero-Immirzi parameter and in agreement with the Bekenstein-Hawking entropy [10].

∗ pranzetti@aei.mpg.de

At the same time, the discovery of the important role played by the local description of the horizon physics and by the Unruh temperature led to the application of some techniques of states construction developed in the spin foam formalism [13] to the definition of a quantum Rindler horizon [14]. Here, in analogy with the semiclassical analysis, the boost operator of the Lorentz algebra is used to define an Hamiltonian generating a quantum Rindler horizon by ‘evolving’ SL(2, C ) spin network states and defining a notion of energy. By coupling a two-levels detector to derive the temperature of the quantum Rindler horizon, application of the Clausius relation yields the Bekenstein-Hawking formula for the entropy variation. At the statistical mechanical level, the result of [14] is interpreted as an entanglement entropy between the microscopic dof living on the two sides of the spin network links piercing the horizon [15]. However, taking into account just a single puncture, the analysis of [14] does not derive the whole horizon entropy.

It might seem quite surprising that the key role played by the horizon temperature in recovering the semiclassical result was realized only several years after the first ideas about black hole entropy in LQG appeared. However, it should be noted that the notion of Unruh temperature is intimately related to the local Lorentz invariance of space-time [16, 17]. On the other hand, in canonical LQG one uses the SU(2) Ashtekar-Barbero connection [18] obtained from the Ashtekar’s new complex variables [19] by means of canonical transformations with real values of γ. Differently from the SL(2, C ) Ashtekar connection, which can be derived from a manifestly covariant action [20] maintaining full local Lorentz invariance, the Ashtekar-Barbero connection cannot be interpreted as a space-time connection, since it does not transform correctly under space-time diffeomorphisms [21, 22].

Therefore, it seems necessary to start with a covariant approach to LQG in order to introduce the ingredient of local Lorentz invariance and being able to derive a notion of temperature for the horizon. We believe this is the source of confusion which affected the standard LQG black hole entropy calculation in the past.

In this direction it could be understood the recent proposal of [23] of an analytic continuation of the Chern- Simons Hilbert space formula for real values of the level k to imaginary values, corresponding to taking a purely imaginary Barbero-Immirzi parameter. Such a mathematical passage is interpreted as an analytic continuation from the compact gauge group SU(2) to the noncompact group SL(2, C ) and it is argued to provide a result for the counting which is compatible with the Bekenstein-Hawking entropy, once the large-spin limit for a fixed number of punctures is taken. However, working in the micro-canonical ensemble, the analysis of [23] never refers to an explicit notion of temperature and the passage to γ = i doesn’t have a physical motivation. Moreover, the issue of the reality of the area spectrum raised by the passage to the complex Ashtekar variables is left open.

In this letter we show that indeed, once Lorentz symmetry is introduced in the framework of quantum isolated horizons (QIH) [4, 5], a geometric notion of temperature arises. A possible way to implement Lorentz covariance is to introduce the natural complex structure of SL(2, C ) in the phase-space. In order to do so, instead of using the Ashtekar connection from the beginning, we follow the approach of [24] in which, starting from an SL(2, C ) connection formulation, the linear simplicity constraints of spin foam gravity

K^i = γL^i (1)

emerge as the reality conditions to be imposed in order to recover the standard SU(2) kinematical Hilbert space of LQG. Here L^i and K^i represent respectively the generators of the rotation and corresponding boost subgroups of the Lorentz group. Imposition of the relation (1) in the quantum theory then brings us back to the real theory and, at the same time, tell us how to embed the SU(2) subgroup in the SL(2, C ) one. The arbitrariness of this embedding is then fixed by going to the time-gauge, which allows us to have the same SU(2) structure everywhere (at each node).

In section II we are going to use an analogy with the euclidean path integral derivation of black hole entropy and the relation (1) to argue that one can associate a local temperature to the conical singularities in the quantum horizon geometry induced by the punctures. This notion of temperature is then derived from the construction of a KMS-state^1 for the geometry of QIH associated to a proper sub-algebra of the LQG holonomy-flux^∗-algebra. Such a construction is possible via the imposition of the horizon boundary conditions [5, 25]

⇐ F^i(A) = − π(1 − γ^2) a_H ⇐

L^i (2)

1 KMS-states correspond to the correct physical extension of Gibbs equilibrium thermal states to infinite dimensional quantum systems [17].

and the analytic continuation of the simplicity constraints (1) to γ = i. In this way, we show how the passage to the Ashtekar self-dual variables at the end of the analysis is related to the definition of the QIH temperature, shedding light on the calculation of [23].

In section III the KMS-state will be used to compute both the von Neumann and the Boltzmann entropies of QHI, showing how the two provide the same finite answer which allows us to recover the Bekenstein-Hawking formula in the semi-classical limit. In particular, despite the imaginary spectrum of the area operator associated to the analytic continuation to γ = i, we show that the large area limit of the entropy is real.

Interpretation of our result and comments will be presented in the final section IV.

In appendix A the relation with the Tomita-Takesaki modular theory [26] and the thermal time hypothesis of Connes and Rovelli [27] is derived.

II. GEOMETRIC TEMPERATURE AND KMS-STATE OF QIH

In order to define a KMS-state associated to the geometry of QIH, let us start by recalling the Euclidean path integral representation for the vacuum of a relativistic quantum field restricted to a Rindler wedge. It is in fact well known (see, for instance, [28, 29]) that the thermality of a black hole [30] is analogue to the thermality of the vacuum in flat space-time when restricted to one wedge, namely the Unruh effect. More precisely, by means of an Euclidean path integral representation, the ground state wave functional of a field ϕ can be written as a reduced density matrix for the state restricted to the Rindler wedge. When expressed in terms of eigenstates ∣n⟩ of the boost Hamiltonian K_η generating the Rindler horizon in terms of shift of the hyperbolic angle η, the vacuum of a relativistic quantum field takes the form of the canonical thermal state

ρ_R = tr_L∣0⟩⟨0∣ = ∑_n e^{−2πEn} ∣n⟩_{R R}⟨n∣ , (3)

where E_n are the eigenvalues of K_η and R, L refer to the modes on the right and left wedges. In this description one defines the horizon temperature as the period of the rotation angle corresponding to the euclidean continuation of η. Such a notion of temperture as the period of the Euclidean time coordinate in a set covering only part of the manifold can easily be extended to any static spacetime with a bifurcation horizon, and in particular to the Schwarzschild space-time. This is possible due to the fact that a wide class of metrics with horizons can be mapped to the Rindler form near the horizon. Taking the trace of the reduced density matrix (3) one obtains the partition function Z. In order to use this Z to compute the entropy then, one has to go off-shell [33]. More precisely, the thermodynamic entropy is given by

S = −(β ∂ ∂β − 1) ln Z ; (4)

therefore, in order to be able to derive with respect to β, Z can be computed by evaluating the Euclidean functional integral over fields periodic in the Euclidean time under t_E → t_E +β. This is achieved by extending the classical black hole action to conical geometries; namely, one introduces a conincal singularity in the (r, t)-plane at the point where the horizon is located. One can show that the deficit angle of the cusp δ = 2π − β and the horizon area are canonically conjugate. By means of the effective action of a quantum field on the background metric with a conical singularity at the entangling surface, the expression (20), when evaluated for standard black hole solutions (i.e. δ = 0), reproduces the familiar Bekenstein- Hawking entropy [33].

The entanglement entropy interpretation of this black hole entropy derivation, originally proposed in [34], is clear in the geometric formulation of [35] (see [36] for a review of these ideas). Here the trace of the partition function (3) is obtained by equating the values of the field ϕ_R above and below the cut η = 0 and doing the unrestricted Euclidean path integral. The introduction of the conical singularity corresponds to computing the trace of the n-th power of the density matrix by evaluating the Euclidean functional integral over fields defined on an n-sheeted covering of the cut spacetime. In fact, the n-fold cover turns the (r, t) plane into a flat cone with deficit angle δ = 2π(1 − n) at the origin. By means of the rotational symmetry with respect to the Killing vector ∂_η (which generates rotations in the 2-plane orthogonal to the entangling surface), this construction can then be analytically continued to non-integer values of n. In this way, one can define a partition function

Z_δ = tr(ρ^n) = tr e^{−(2π−δ)Kη} (5)

and use the “replica trick” to rewrite the entropy (20) as

S = −tr(ρ̂ ln ρ̂) = (2π ∂ ∂δ + 1) ln Z_δ∣_{δ=0} , (6)

where ρ̂ is the normalized density matrix.

We will exploit this key role played by the introduction of a conical singularity in the underlying geometry (when deriving the black hole entropy via Euclidean path integral techniques) in the context of QIH geometry. In order to do so, we now want to reintroduce Lorentz invariance in the canonical framework and use it to define a notion of temperature for the horizon.

A possible way to do this is to follow the approach of [24], where a program of canonical quantization with respect to complex variables, following standard LQG techniques, has been initiated. From this analysis, the simplicity constraints (1) naturally appear as reality conditions on the momentum variable. Borrowing techniques developed in the spin foam context in order to embed the SU(2) kinematical Hilbert space via the notion of projected spin networks [31], [24] shows how the weak imposition of (1) provides a limiting procedure in which one can recover the usual kinematical Hilbert space of the real valued Ashtekar-Barbero connection.

At this point some comments are in order. First of all, the linear simplicity constraints will always be used inside expectation values in the following. Thus, only their weak imposition will be necessary, consistently with the ‘new’ spin foam models. Secondly, since the bulk dynamics is frozen for a QIH (the lapse function vanishes on the horizon [25]), what we are interested in here is just the restriction to the SU(2) kinematical Hilbert space and not a given spin foam vertex amplitude. In particular, we do not need to choose a specific map implementing (1) weakly on the labelings of the unitary representations of SL(2, C ) at each puncture. In this way, one may consider a bigger space of solutions than the one defined by the EPRL model [41], like for instance in [32].

Henceforth, relying on the techniques developed in [24, 31], we can use the structures of the SU(2) Hilbert space and at the same time the reality conditions (1) to relate the (quantum) geometry in the (r, t)-plane to the one in the (θ, ϕ)-plane^2. Such duality represents the key mechanism to encode the information about the extrinsic curvature enclosed in the gauge connection in the flux- Hamiltonian L, via eq. (2). In this way, imposition of the horizon boundary conditions in the quantum theory provides a natural notion of local temperature associated to the quantum geometry of the horizon, which allows us to construct the analog of the KMS-state (3) for QIH.

A. Temperature

After imposition of (2) the QIH state is flat except at the punctures {p}^N_1 intersecting the surfaces over which the flux-Hamiltonian L is discretized, where it has conical singularities with quantized deficit angles δ = 2π/k [4]. Therefore, in analogy with the Euclidean path integral approach, one can define a temperature at each puncture associated to the period of the rotational symmetry encoded in the action of the flux operator, namely

η = 2π(1 − 1 k ) . (7)

Hence, such analogy, possible by means of the local observer perspective of [11] and the simplicity constraints (1), suggests that one can introduce a notion of QIH temperature associated to the quantum geometry deficit angle at the conical singularities in the boundary curvature induced by the bulk geometry. Since the r.h.s. of the

2 The correspondence between internal and space-time directions is possibile due to the gauge fixed by the boundary conditions (which is also compatible with the time gauge) [5].

boundary conditions (2) can be derived by means of the Gauss-Bonnet theorem [4], such a notion of temperature has a geometric connotation analogue to the derivation of [33]. Notice that the (dimensionless) Unruh temperature can be recovered by going to the large area semi-classical limit; in fact, in the large Chern-Simons level limit one gets immediately β_U = lim_{k→∞} η = 2π^3.

In the next section we are going to make this analogy with the euclidean path integral rigorous. More precisely, by defining a QIH state as a solution to the boundary condition (2), we show that this satisfies the KMS-condition defining thermal states for a value of the temperature corresponding exactly to (7), once the value of the Barbero- Immirzi parameter is set to γ = i.

B. KMS-state

The starting point for the construction of a KMS-state is a C^∗−algebra. As pointed out above, the imposition of the linear simplicity constraints (1) allows us to use the real SU(2) kinematical Hilbert space. Therefore, we are going to define our C^∗−algebra as a sub-algebra A^H_Γ of the holonomy-flux^∗−algebra of LQG [37] localized on the horizon H. For the construction of A^H_Γ we follow the analysis of [38], where the authors study a modification of the Ashtekar-Lewandowski measure on the space of generalized connections and look for a representation of this algebra containing states that solve the quantum analog the boundary conditions (2). In this way, the horizon degrees of freedom are now represented simply by elements of the flux-holonomy algebra of LQG. While the construction of [38] is not fully worked out in the SU(2) case for all relevant observables, for the definition of A^H_Γ we only use a subset of observables, which are are not affected by quantization ambiguities.

Let us consider a given boundary graph Γ, that is a set of N edges piercing the horizon. As shown in [38], holonomies on all contractible loops over the horizon are fixed and there are no local gauge invariant dof associated to them, in accordance with the expected topological nature of the boundary theory. Therefore, we do not consider them in the algebra A^H_Γ . Holonomies on loops around punctures in Γ are fixed by the modified measure on H implementing the geometric condition (2).

On the other hand, in the case H being a topological sphere, holonomies that run between punctures (and the conjugate fluxes) represent the only dof lying on the horizon and independent states on the horizon are labelled by

3 The usual formula 2π/κ for the Unruh temperature is recovered once we relate the flux-Hamiltonian to the horizon local energy of [11], that is as we express the horizon evolution in terms of the static observer local time t = ηℓ, where ℓ = κ^{−1} is the observer proper distance from the horizon. (Unfortunately, the standard notation might be confusing in this case: k = Chern-Simons level, κ = horizon surface gravity).

a single intertwiner between them [38]. In this way one recovers the SU(2) intertwnier model of [5]. Therefore, these holonomies in H connecting the bulk links piercing the horizon in a single intertwiner can be seen as an extension of the edges in Γ. In other words, a puncture coming from the bulk and piercing the horizon can either extend in the interior of the horizon or along its surface. In either case, all these extensions form an intertwiner representing dof not accessible to the exterior observer and we are thus going to trace over them. In the next section we will see how the information encoded in the intertwiner structure has an imprint in the thermal correlations of the resulting density matrix.

Then the horizon fluxes are defined on a discrete set of surfaces formed only by those branes {p_1 . . . p_N } which intersect one of the edges in Γ^4. On each of these branes then the fluxes are quantized as

L̂_p = ∯_p L̂ . (8)

The last fundamental ingredient comes from the TQFT structure of the solutions to the condition (2) found in [38]. Namely, assuming the convergence between Chern- Simons and LQG isolated horizons quantization (as suggested also by the results of [39]) we take the level k as a cut-off for the SU(2) irreps labeling the punctures Hilbert space. In this way the boundary operators are bounded. This completes the definition of the C^∗−algebra A^H_Γ .

Following the Euclidean path integral approach, we can write the QIH state as a pure state by considering for each puncture the tensor product between the associated inside and outside (of the horizon) states. Here by inside state we refer to the extension of the bulk link that lies either in the interior of the black hole or along the horizon, as explained above (in both cases we use the suffix I for these parts).

FIG. 1. Gauge invariant QIH state.

Due to the entanglement between these two components then, one can obtain a mixed state when restricting to the exterior. Explicitly, let us divide the boundary punctures Hilbert space in its internal and external parts by inserting a bivalent intertwiner at the point where the

4 This restriction guarantees that the density matrix defined in (12) can be represented as a cyclic and separating vector on a Hilbert space (see Appendix A).

edge pierces the horizon (see FIG. 1) and write the state associated to each puncture in the spin representation as

∣j_p⟩ = +j_p ∑ m_p=−j_p ∣j_p, m_p⟩_I ⊗ ∣j_p, m_p⟩_O ; (9)

then, the horizon ‘vacuum’ state can be written as

Ω = ⊗_p ∣j_p⟩⟨j_p∣ . (10)

Since the state (10) has to satisfies the quantum version of the boundary conditions (2) (which here we assume to be imposed like in [38] by means of a modified measure on the horizon Hilbert space), in particular it has to be gauge invariant. This means that we can act with SU(2) group elements g_p on each puncture and the state is left invariant, namely

Ω = ⊗_p g_p∣j_p⟩⟨j_p∣; (11)

If we now trace over the degrees of freedom ∣j, m⟩_I inside the horizon and use the (exponentiated) boundary eom (2) (by computing the scalar product on the internal states I by means of the modified measure defined in [38]), the quantum statistical state is given by the density matrix

ρ̂ = 1 Z N ⊗_{p=1} P^{jp}O e^{i 2πk L̂p} P^{jp}O = 1 Z N ⊗_{p=1} P^{jp}O e^{i( 2πk −2π)L̂p} P^{jp}O , (12) where the projector P^{jp}_O is given by

P^{jp}_O = +j_p ∑ m_p=−j_p ∣j_p, m_p⟩_{O O} ⟨j_p, m_p∣ , (13) and Z = tr(^N⊗_{p=1} P^{jp}_O e^{i( 2πk −2π)L̂p} P^{jp}_O ) . (14)

The last passage in (12) follows from the periodicity of the action of the exponential of the flux operator [38].

We can thus see how the information contained in the boundary conditions (2) is encoded in a Boltzmannlike factor on each puncture associated to the flux- Hamiltonian, in analogy with the Unruh vacuum (3), which emerges as a consequence of tracing over the inside states. In other words, the ‘Boltzmann’ operator is not introduced by hand in the horizon state, but its appearance is a consequence of the QIH definition. Then, as it will be clearer in a moment, the thermality of the density matrix associated to the horizon quantum state originates from the entanglement between internal and external horizon dof, consistently with the intuition of [15].

The trace-class operator ρ̂ defines a positive linear functional (i.e. a state) over A^H_Γ that can be represented as ρ̂(A) = tr(Aρ̂) (15)

for every A ∈ A^H_Γ . Now remember that the state (3) represent an example of KMS-state for the automorphism generated by the boost Hamiltonian over the algebra defined by functional calculi of the fields ϕ with support on the Rindler wedge [16]. Therefore, based on the Bisognano- Wichmann theorem [16] and the proposal of [14], on each brane we can take the boost operator K̂ as the local horizon generator and consider the one-parameter automorphism group α_t it generates on the C^∗-algebra A^H_Γ localized on the horizon defined by

α_t(A) =^N⊗_{p=1} P e^{itK̂p} P A^N⊗_{p′=1} P^′e^{−itK̂p′} P^′, A ∈ A^H_Γ , t ∈ R ,

(16) where from now on we adopt the notation P ≡ P^{jp}_O , P^′ ≡ P^{jp′}_O . Using the GNS-construction to define a representation associated to the state (12), α_t can be shown to be the modular automorphism group on A^H_Γ associated to the state (12) (see Appendix A). In this way then our analysis can be embedded in the formalism defined in [40] for a proposal of general relativistic statistical mechanics. From this point of view, the geometrical interpretation of the thermal time [27] flow generated by the statistical state (12) is encoded in the boundary condition (2).

If we now define the complex correlation function f_{AB} (z) as

f_{AB} (z) = ρ̂(α_z(A)B) with z ∈ C , (17)

then the QIH state (12) satisfies the KMS-condition [17]

f_{AB} (−iβ) = ρ̂(α_{−iβ} (A)B) = ρ̂(Bα_0(A)) = f_{BA}(0) (18)

with temperature β = η given by (7), once the relation (1) is implemented weakly on each brane with γ = i.

Proof: f_{AB} (−iβ) = tr( ⊗_{p′} P^′e^{βK̂p′}P^′A ⊗_{p′′} P^{′′}e^{−βK̂p′′}P^{′′}B ⊗_p P e^{i2π( 1k −1)L̂p}P Z )

= tr(B ⊗_p P e^{i2π( 1k −1)L̂p}P e^{βK̂p′}P A ⊗_{p′}

P^′e^{−βK̂p′}P^′ Z )

= tr(B ⊗_p P e^{(i2π( 1k −1)+βγ)L̂p}P A ⊗_{p′}

P^′e^{−βK̂p′}P^′ Z )

= tr(B ⊗_p P AP ⊗_{p′}

P^′e^{i2π( 1k −1)L̂p′}P^′ Z ) = f_{BA}(0) ,

where the projectors relation

⊗_p P ⊗_{p′} P^′

= ⊗_p ∑_m p ∣j_p, m_p⟩_{O O} ⟨j_p, m_p∣ ⊗_{p′} ∑_{m′} p ∣j^′_p, m^′_p⟩_{O O} ⟨j^′_p, m^′_p∣

= ⊗_p ∑_m p ∣j_p, m_p⟩_{O O} ⟨j_p, m_p∣ = ⊗_p P

has been applied; in the second to last line we have used (1) and in the last one set

γ = i and β = 2π(1 − 1 k ) . ◻

III. ENTROPY

We can now use the thermal equilibrium state ρ̂ to compute the von Neumann and the Boltzmann entropies of QIH. Given the expression for the entanglement entropy of a reduced density matrix

S_{ent} = −tr(ρ̂ ln ρ̂) , (19)

from the state (12) and by means of the Chern-Simons level k as a cut-off on the punctures color allowing us to perform the trace, we get

S_{ent} = −tr(ρ̂ ln 1 Z N ⊗_{p=1} P e^{−i2π(1− 1k )L̂p} P )

= tr(ρ̂ ∑_p i2π(1 − 1 k )L̂_p) + tr(ρ̂ ln Z)

= i2π(1 − 1 k ) tr(ρ̂ â_H 8πiℓ^2_P ) + ln Z = ⟨a_H ⟩ 4ℓ^2_P

(1 − 1 k ) + N ln Z̃ , (20)

where Z = Z̃^N and in the third line we have used the formula of the LQG area operator, shown to be related to the gauge rotation generators by A^2_p = (8πℓ^2_P )^2γ^2L^2_p in [41].

The Boltzmann entropy can be computed by defining the canonical partition function as the normalization (14) of the horizon thermal state, and using the formula

S_{Bol} = −η^2 ∂ ∂η ( 1 η ln Z) . (21)

Taking again k as a regulator, we have S_{Bol} = −η ∂ ∂η (ln Z) + ln Z

= η tr(ρ̂ ∑_p iL̂_p) + N ln Z̃ = ⟨a_H ⟩ 4ℓ^2_P

(1 − 1 k ) + N ln Z̃ , (22)

where in the last passage we have used the expression (7) for the temperature.

Hence, we see that the entanglement and the Boltzmann statistical entropies give the same result. In the semi-classical limit of large horizon area (Chern-Simons level) we recover the Bekenstein-Hawking formula

S_{BH} = S_{ent} = S_{Bol} (23)

once the modification of the first law of QIH mechanics proposed in [10] is taken into account—such a modification encodes the quantum hair structure associated to the QIH geometry, as investigated more in detail in [42].

This extra term is present in the derivation of [14] as well and its appearance can be better understood once taking into account also matter dof living on the horizon punctures. In fact, from the local observer perspective and the thermality of QIH derived here, it is natural to expect a distribution of matter fields quanta in a thermal bath near the horizon. Such a ‘gas’ will have its own entropy contribution to be added to the geometrical one [35]. At large scales this quantum gravity local correction is expected to disappear due to the temperature red-shift (and more in general the IR regime). A mechanism for such a disappearance has been proposed in [43] using the renormalization argument of [9]. However, the behavior of this chemical potential correction at low energies and the implications of an imaginary γ for it require further investigation.

Nevertheless, even though the introduction of a notion of temperature for QIH requires the passage to the Ashtekar self-dual variables and leads to an imaginary area spectrum, the large area limit of the entropy is real and can be made consistent with the semiclassical result.

IV. DISCUSSION

We have seen that reintroducing Lorentz invariance in the canonical formalism of LQG and imposing the reality conditions in the form of the linear simplicity constraints, one can define a notion of temperature for QIH upon passage to the Ashtekar self-dual connection. Such microscopic derivation of the horizon temperature shows an intrinsically geometrical nature related to the topological aspects of the boundary theory, namely the Chern- Simons theory, and is thus a direct consequence of the imposition of the boundary conditions (2) together with the trace over the horizon internal states. Moreover, it reveals the connection between the analytic continuation to an imaginary Barbero-Immirzi parameter and the thermality of the horizon, clarifying the proposal of [23] (and the related [50, 51]).

The expression of the QIH temperature (7) presents a (complex^5) quantum correction 1/k which disappears in the semi-classical limit, when the Unruh formula is recovered. However, such correction encodes a sort of

5 For γ = i the level k becomes purely imaginary [23].

back-reaction in the temperature formula and it is expected to become relevant for microscopic black holes. Investigation of its effect on the Hawking radiation spectrum and implications for the information paradox along the lines of the analysis performed in [42, 44] is left for future work.

Furthermore, the Chern-Simons level k plays a fundamental role in the entropy calculation. In fact, it provides a natural IR cut-off^6 allowing us to perform the calculation and obtain a finite answer. Moreover, the k-dependence is such that the entropy calculation performed here seems compatible with the semi-classical analysis of [33, 45] without need to fine-tune the cut-off.

More precisely, the extra term appearing in both entropies (20) and (22) represents a quantum gravity correction; however, this is not a novel feature of LQG. In fact, it appears also in the statistical mechanical approach of [33], where the idea to link the entropy with the surface dof which give rise to ‘off-shell’ conical singularities at the horizon for Euclidean black-hole geometries has inspired our new analysis of the LQG horizon description. As shown in [45], when determining the available phase space for the surface fields accounting for the entropy, the requirement of general covariance introduces a single dimensionless parameter N fixing the shape of the region of horizon phase-space available to the black hole. This N , which enters the definition of the statistical ensemble, is thus associated to the volume of the horizon 2-sphere diffeomorphisms group and it yields a log N correction to the Bekenstein-Hawking formula. The possibility to associate a new thermodynamic parameter for black holes to this quantum mechanical correction was underlined already in [45].

Besides the puzzle of the meaning of an imaginary γ in the entropy calculation, in this letter we have also solved the issue of which microscopic interpretation to assign to black hole entropy. More precisely, as shown in section III, once identified the QIH state with a KMS-state over a proper restriction of the LQG holonomy-flux^∗-algebra to the horizon, both the von Neumann and the Boltzmann entropies can be computed from it. The results (20) and (22) show how the two coincide.

This equality might not be surprising since the partition function used to compute the Boltzmann entropy (21) was derived from the density matrix (12). However, the interesting part is the fact that the resulting partition function (14), obtained by tracing over the internal states dof, has the same form of the one used in the canonical ensemble calculation corresponding to the counting of the Chern-Simons Hilbert space dimension [10]. This is the origin of the equivalence between entanglement entropy and state-counting, which is not built-in a priori in

6 Note that a UV cut-off is automatically implemented in the theory via the fundamental discrete structure of the quantum horizon geometry, as described by the LQG kinematics.

our analysis. From a physical point of view, this correspondence can be understood as a relation between the quantum geometry dof correlations across the horizon encoded in ρ̂ and the number of horizon ‘quantum shapes’ encoded in the intertwiner space. The duality between these two descriptions of the horizon quantum geometry originates from the fact that both the thermality of the reduced density matrix (12) and the intertwiner structure of the boundary Hilbert space are consequences of the imposition of the boundary eom (2).

In this way, our analysis reveals and explains the equivalence between the near-horizon quantum fields entanglement proposal of [34, 46], applied in the context of LQG in [14, 47–49], with the original state-counting interpretation of black hole entropy [3, 4].

To conclude, let us point out how our analysis is based on a nice interplay between techniques developed both in the canonical and covariant formalisms of the theory. In this way, black hole entropy calculation in LQG provides a clear example of how insights gained in one formulation can be fruitfully applied to the dual one.

Acknowledgements. It’s my pleasure to thank C. Fleischhack, C. Guedes, A. Perez, H. Sahlmann and T. Thiemann for conversations that helped clarifying my ideas. In particular, in the initial stages of this work insights coming from discussions with A. Perez have been very precious. I’m grateful to D. Oriti and H. Sahlmann for comments on a draft version of this manuscript that improved the presentation.

Appendix A: modular automorphism group

The Tomita-Takesaki modular theory [26] (see [52] for a detailed technical description and [53] for an application as a possible approach to quantum gravity) provides a beautiful mathematical characterization of equilibrium states in statistical mechanics. Here we give a brief introduction and show its relation with the automorphism (16) on the algebra A^H_Γ .

First of all, let us recall that, given an abstract C^∗- algebra A and a state ω over A, the GNS-construction provides us with a Hilbert space H with a preferred cyclic vector ∣Ψ_0⟩ and a representation π_ω of A as a concrete algebra of operators on H such that

ω(A) = ⟨Ψ_0∣π_ω(A)∣Ψ_0⟩ . (A1)

Now, let us consider a von Neumann algebra R acting on a Hilbert space H possessing a cyclic (A∣Ω⟩ dense in H ) and separating (A∣Ω⟩ = 0 → A = 0) vector ∣Ω⟩. Consider the conjugate linear operator S defined by:

SA∣Ω⟩ = A^∗∣Ω⟩ ∀A ∈ R . (A2)

One can show that S admits a polar decomposition

S = JΔ^{1/2} , (A3) where Δ is a self-adjoint positive operator and J an antiunitary operator. The Tomita-Takesaki theorem [26] states that the map σ_t ∶ R → R defined by

σ_t(A) = Δ^{it}AΔ^{−it} A ∈ R (A4)

defines a 1-parameter group of automorphisms of the algebra R, called the group of modular automorphisms of the state ω on the algebra R. Correspondingly, J is called the modular conjugation and Δ the modular operator of (R, Ω). Then

JRJ = R^′ Δ^{it}RΔ^{−it} = R ,

where R^′ is the set of all bounded linear operators on H which commute with all elements of R. It follows that the state ω is invariant under σ_t, i.e. ω(σ_t(A)) = ω(A) for all A ∈ R and t ∈ R. Moreover, one can show that ω satisfies the KMS-condition (18) with respect to the automorphism group σ_t for the inverse temperature value β = 1. Therefore, an equilibrium state with inverse temperature β may be characterized as a faithful state over the observables algebra whose modular automorphism group σ_τ (where τ = t/β) is the time translation group. This is the key observation at the base of the thermal time hypothesis [27]. Notice that, since a von Neumann algebra is also a concrete C^∗-algebra, the Tomita-Takesaki theorem applies also to an arbitrary faithful state ω over an abstract C^∗-algebra A. This is due to the fact that ω defines a representation of A in terms of bounded linear operators on a Hilbert space via the GNS-construction, as recalled above.

Following [17] and the idea of [27], we are now going to use the GNS-construction to define a representation of A^H_Γ associated to the state (12) in which the map α_t given by (16) can be shown to be the modular automorphism group on it. That the state ρ̂ is cyclic can be easily seen from the properties of the holonomy-flux algebra. In order to be separating as well, we need to restrict the discretization of horizon fluxes to a set of surfaces intersecting once any of the boundary punctures. Moreover, notice that all the links in the state (12) end on these surfaces due to the trace over the interior dof necessary to derive the density matrix; in this way, possible ambiguities and difficulties related to the non-commutative SU(2) structure in the algebra disappear.

In order to derive the modular operator Δ from the polar decomposition (A3), we need first to construct a new representation in which ρ̂ is given by a vector ∣Ω⟩ in the new Hilbert space. This can be done by considering the set of Hilbert-Schmidt density matrices on the boundary Hilbert space H_H , that is the set {κ ∶ tr(κ^∗κ) < ∞, κ ∈ B(H_H )}, where B(H_H ) is the set of all bounded, linear operators acting in H_H . This set forms a Hilbert space K with respect to the scalar product

⟨κ∣κ^′⟩ = tr(κ^∗κ) . (A5)

Since the thermal state ρ̂ is positive, the operator

κ_0 = ρ̂^{1/2} (A6)

can be seen as a pure vector in K, which we denote ∣κ_0⟩. We can now consider the following representation of A^H_Γ ⊂ B(H_H ) by operators acting on K

π(A)∣κ⟩ = ∣Aκ⟩ ∶ κ ∈ K, A ∈ A^H_Γ . (A7)

Due to the intersection property introduced above, ∣κ_0⟩ is a cyclic and separating vector for the representation π. Moreover, one has

⟨κ_0∣π(A)∣κ_0⟩ = ρ̂(A) , (A8)

that is ∣κ_0⟩ plays the role of the ‘vacuum state’ vector in π corresponding to the density operator ρ̂. Furthermore, the state ∣κ_0⟩ is time invariant in the sense that, by representing the time flow generated by the automorphism (16) as

U(t)∣κ⟩ = ∣^N⊗_{p=1} P e^{itK̂p} P κ^N⊗_{p′ =1} P^′e^{−itK̂p′} P^′⟩ , (A9)

relation (1) implies

U(t)∣κ_0⟩ = ∣κ_0⟩ . (A10)

We are now ready to identify the modular conjugation J and operator Δ in the polar decomposition (A3) such that

SA∣κ_0⟩ = A^∗∣κ_0⟩ = ∣A^∗κ_0⟩ , (A11)

namely

J∣κ⟩ = ∣κ^∗⟩ (A12) and Δ^{1/2}∣κ⟩ = ∣^N⊗_{p=1} P e^{− β2 K̂p} P κ^N⊗_{p′=1} P^′e^{β2 K̂p′} P^′⟩ . (A13)

Let us show that with this choice of J and Δ (A11) is satisfied

SA∣κ_0⟩ = JΔ^{1/2}∣A 1 √ Z N ⊗_p P e^{− iη2 L̂p} P ⟩

= J∣^N⊗_{p′} P^′ e^{− β2 K̂p′} P^′ A ⊗^N_p P e^{− iη2 L̂p} P √ Z N ⊗_{p′′} P^{′′} e^{β2 K̂p′′} P^{′′} ⟩

= J∣^N⊗_{p′} P^′ e^{− β2 K̂p′} P^′ A 1 √ Z N ⊗_p P ⟩

= ∣A^∗ 1 √ Z N ⊗_p P e^{− iη2 L̂p} P ⟩

= A^∗∣κ_0⟩ ,

where we have used analytic continuation of the the simplicity constraint (1) to γ = i and the value β = η for the temperature, as found in section II B. Finally, a similar calculation shows that the time evolution automorphism (16) is related to the modular group (A4) by

σ_t = α_{βt} . (A14)

[1] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev.

D 7 (1973) 2333.

[2] S. W. Hawking, “Particle Creation By Black Holes,” Commun. Math. Phys. 43 (1975) 199.

[3] L. Smolin, “Linking topological quantum field theory and nonperturbative quantum gravity,” J. Math. Phys. 36, 6417 (1995) [gr-qc/9505028].

C. Rovelli, “Black hole entropy from loop quantum gravity,” Phys. Rev. Lett. 77 (1996) 3288. [arXiv:grqc/9603063].

K. V. Krasnov, “On statistical mechanics of gravitational systems,” Gen. Rel. Grav. 30 (1998) 53 [arXiv:grqc/9605047].

[4] A. Ashtekar, J. Baez, A. Corichi and K. Krasnov, “Quantum geometry and black hole entropy,” Phys. Rev. Lett. 80 (1998) 904. [arXiv:gr-qc/9710007]. A. Ashtekar, J.C. Baez and K. Krasnov, “Quantum geometry of isolated horizons and black hole entropy,” Adv. Theor. Math. Phys. 4 (2000) 1. [arXiv:gr-qc/0005126].

[5] J. Engle, K. Noui, A. Perez and D. Pranzetti, “Black hole entropy from an SU(2)-invariant formulation of Type we isolated horizons”, Phys. Rev. D 82 (2010) 044050. [arXiv:gr-qc/1006.0634].

[6] J. Diaz-Polo and D. Pranzetti, “Isolated Horizons and Black Hole Entropy In Loop Quantum Gravity,” SIGMA 8, 048 (2012) [arXiv:1112.0291 [gr-qc]].

[7] R. K. Kaul and P. Majumdar, “Quantum black hole entropy,” Phys. Lett. B 439 (1998) 267. [arXiv:grqc/9801080].

M. Domagala and J. Lewandowski, “Black hole entropy from quantum geometry,” Class. Quant. Grav. 21 (2004) 5233 [arXiv:gr-qc/0407051].

A. Ghosh and P. Mitra, “A Bound on the log correction to the black hole area law,” Phys. Rev. D 71, 027502 (2005) [gr-qc/0401070].

I. Agullo, J. F. Barbero G., J. Diaz-Polo, E. Fernandez- Borja and E. J. S. Villasenor, “Black hole state counting in LQG: A number theoretical approach”, Phys. Rev. Lett. 100 (2008) 211301; [arXiv:gr-qc/0802.4077]. J. Engle, K. Noui, A. Perez, D. Pranzetti, “The SU(2) Black Hole entropy revisited,” JHEP 1105, 016 (2011). [arXiv:1103.2723 [gr-qc]].

[8] A. Perez and D. Pranzetti, “Static isolated horizons:

SU(2) invariant phase space, quantization, and black hole entropy,” Entropy 13, 744 (2011) [arXiv:1011.2961 [grqc]].

[9] T. Jacobson, “Renormalization and black hole entropy in Loop Quantum Gravity,” Class. Quant. Grav. 24, 4875 (2007) [arXiv:0707.4026 [gr-qc]].

[10] A. Ghosh and A. Perez, “Black hole entropy and isolated horizons thermodynamics,” Phys. Rev. Lett. 107, 241301 (2011). [arXiv:1107.1320 [gr-qc]].

[11] E. Frodden, A. Ghosh and A. Perez, “A local first law for black hole thermodynamics,” [gr-qc/1110.4055].

[12] W. G. Unruh, “Notes on black hole evaporation,” Phys.

Rev. D 14, 870 (1976).

[13] C. Rovelli, “Zakopane lectures on loop gravity,” PoS QGQGS 2011, 003 (2011) [arXiv:1102.3660 [gr-qc]].

[14] E. Bianchi, “Entropy of Non-Extremal Black Holes from Loop Gravity,” arXiv:1204.5122 [gr-qc];

[15] E. Bianchi, “Horizon entanglement entropy and universality of the graviton coupling,” arXiv:1211.0522 [gr-qc].

[16] J. Bisognano and E. H. Wichmann, “On the Duality Condition for Quantum Fields,” J. Math. Phys. 17, 303 (1976).

[17] R. Haag, “Local quantum physics. Fields, particles, algebras”, 2nd ed., Texts and Monographs in Physics, Springer-Verlag, Berlin, 1996.

[18] J. F. Barbero G., “Real Ashtekar variables for Lorentzian signature space times,” Phys. Rev. D 51, 5507 (1995) [grqc/9410014].

G. Immirzi, “Real and complex connections for canonical gravity,” Class. Quant. Grav. 14, L177 (1997) [grqc/9612030].

[19] A. Ashtekar, “New Variables for Classical and Quantum Gravity,” Phys. Rev. Lett. 57, 2244 (1986).

[20] T. Jacobson and L. Smolin, “Covariant Action for Ashtekar’s Form of Canonical Gravity,” Class. Quant. Grav. 5, 583 (1988).

[21] J. Samuel, “Is Barbero’s Hamiltonian formulation a gauge theory of Lorentzian gravity?,” Class. Quant. Grav. 17, L141 (2000) [gr-qc/0005095].

[22] S. Alexandrov, “On choice of connection in loop quantum gravity,” Phys. Rev. D 65, 024011 (2002) [grqc/0107071].

[23] E. Frodden, M. Geiller, K. Noui and A. Perez, “Black Hole Entropy from complex Ashtekar variables,” arXiv:1212.4060 [gr-qc].

[24] W. Wieland, “Complex Ashtekar variables and reality conditions for Holst’s action,” Annales Henri Poincare 13, 425 (2012) [arXiv:1012.1738 [gr-qc]].

[25] A. Ashtekar, A. Corichi and K. Krasnov, “Isolated horizons: The Classical phase space,” Adv. Theor. Math. Phys. 3, 419 (1999) [gr-qc/9905089].

[26] M. Takesaki, “Tomitas theory of modular Hilbert algebras and its applications,” Lecture Notes in Mathematics, Vol. 128, Springer-Verlag, Berlin New York, 1970.

[27] A. Connes and C. Rovelli, “Von Neumann algebra automorphisms and time thermodynamics relation in general covariant quantum theories,” Class. Quant. Grav. 11, 2899 (1994) [gr-qc/9406019].

[28] T. A. Jacobson, “Introduction to black hole microscopy,” hep-th/9510026.

[29] T. Padmanabhan, “Thermodynamical Aspects of Gravity: New insights,” Rept. Prog. Phys. 73, 046901 (2010) [arXiv:0911.5004 [gr-qc]].

[30] G. W. Gibbons and S. W. Hawking, “Action Integrals and Partition Functions in Quantum Gravity,” Phys. Rev. D 15, 2752 (1977).

[31] E. R. Livine, “Projected spin networks for Lorentz connection: Linking spin foams and loop gravity,” Class. Quant. Grav. 19, 5525 (2002) [gr-qc/0207084]. M. Dupuis and E. R. Livine, “Lifting SU(2) Spin Networks to Projected Spin Networks,” Phys. Rev. D 82, 064044 (2010) [arXiv:1008.4093 [gr-qc]].

[32] A. Baratin and D. Oriti, “Group field theory and simplicial gravity path integrals: A model for Holst- Plebanski gravity,” Phys. Rev. D 85, 044003 (2012) [arXiv:1111.5842 [hep-th]].

[33] M. Banados, C. Teitelboim and J. Zanelli, “Black hole entropy and the dimensional continuation of the Gauss- Bonnet theorem,” Phys. Rev. Lett. 72, 957 (1994) [grqc/9309026].

S. Carlip and C. Teitelboim, “The Off-shell black hole,” Class. Quant. Grav. 12, 1699 (1995) [gr-qc/9312002].

[34] L. Bombelli, R. K. Koul, J. Lee and R. D. Sorkin, “A Quantum Source of Entropy for Black Holes,” Phys. Rev. D 34, 373 (1986).

[35] C. G. Callan, Jr. and F. Wilczek, “On geometric entropy,” Phys. Lett. B 333, 55 (1994) [hep-th/9401072].

[36] S. N. Solodukhin, “Entanglement entropy of black holes,” Living Rev. Rel. 14, 8 (2011) [arXiv:1104.3712 [hep-th]].

[37] A. Ashtekar and J. Lewandowski, “Differential geometry on the space of connections via graphs and projective limits,” J. Geom. Phys. 17, 191 (1995) [hep-th/9412073]. A. Ashtekar and J. Lewandowski, “Projective techniques and functional integration for gauge theories,” J. Math. Phys. 36, 2170 (1995) [gr-qc/9411046].

J. Lewandowski, A. Okolow, H. Sahlmann and T. Thiemann, “Uniqueness of diffeomorphism invariant states on holonomy-flux algebras,” Commun. Math. Phys. 267, 703 (2006) [gr-qc/0504147].

C. Fleischhack, “Representations of the Weyl algebra in quantum geometry,” Commun. Math. Phys. 285, 67 (2009) [math-ph/0407006].

[38] H. Sahlmann, “Black hole horizons from within loop quantum gravity,” Phys. Rev. D 84, 044049 (2011) [arXiv:1104.4691 [gr-qc]].

H. Sahlmann and T. Thiemann, “Chern-Simons expectation values and quantum horizons from LQG and the Duflo map,” Phys. Rev. Lett. 108, 111303 (2012) [arXiv:1109.5793 [gr-qc]].

[39] K. Noui, A. Perez and D. Pranzetti, “Canonical quantization of non-commutative holonomies in 2+1 loop quantum gravity,” JHEP 1110, 036 (2011) [arXiv:1105.0439 [gr-qc]].

D. Pranzetti, “2+1 gravity with positive cosmological constant in LQG: a proposal for the physical state,” Class. Quant. Grav. 28, 225025 (2011) [arXiv:1101.5585 [gr-qc]].

[40] C. Rovelli, “General relativistic statistical mechanics,” arXiv:1209.0065 [gr-qc].

[41] J. Engle, E. Livine, R. Pereira and C. Rovelli, “LQG vertex with finite Immirzi parameter,” Nucl. Phys. B 799, 136 (2008) [arXiv:0711.0146 [gr-qc]].

[42] D. Pranzetti, “Dynamical evaporation of quantum horizons,” arXiv:1211.2702 [gr-qc].

[43] A. Ghosh and A. Perez, “The scaling of black hole entropy in loop quantum gravity,” arXiv:1210.2252 [gr-qc].

[44] D. Pranzetti, “Radiation from quantum weakly dynamical horizons in LQG,” Phys. Rev. Lett. 109, 011301 (2012) [arXiv:1204.0702 [gr-qc]].

[45] C. Teitelboim, “Statistical thermodynamics of a black hole in terms of surface fields,” Phys. Rev. D 53, 2870 (1996) [hep-th/9510180].

[46] V. P. Frolov and I. Novikov, “Dynamical origin of the entropy of a black hole,” Phys. Rev. D 48, 4545 (1993) [gr-qc/9309001].

[47] A. Dasgupta, “Semi-classical quantisation of space-times with apparent horizons,” Class. Quant. Grav. 23, 635 (2006) [gr-qc/0505017].

[48] E. R. Livine and D. R. Terno, “Quantum black holes:

Entropy and entanglement on the horizon,” Nucl. Phys. B 741, 131 (2006) [gr-qc/0508085].

[49] W. Donnelly, “Entanglement entropy in loop quantum gravity,” Phys. Rev. D 77, 104006 (2008) [arXiv:0802.0880 [gr-qc]].

[50] N. Bodendorfer, A. Stottmeister and A. Thurn, “Loop quantum gravity without the Hamiltonian constraint,” Class. Quant. Grav. 30, 082001 (2013) [arXiv:1203.6525 [gr-qc]].

[51] N. Bodendorfer and Y. Neiman, “Imaginary action, spinfoam asymptotics and the ’transplanckian’ regime of loop quantum gravity,” arXiv:1303.4752 [gr-qc].

[52] O. Bratteli and D. W. Robinson, “Operator Algebras And Quantum Statistical Mechanics. 1. C* And W* Algebras, Symmetry Groups, Decomposition Of States,” New York, Usa: Springer-verl.(1979) 500 P.(Texts and Monographs In Physics).

O. Bratteli and D. W. Robinson, “Operator algebras and quantum statistical mechanics. Vol. 2: Equilibrium states. Models in quantum statistical mechanics,” Berlin, Germany: Springer (1996) 517 p.

[53] P. Bertozzini, R. Conti and W. Lewkeeratiyutkul, “Modular Theory, Non-commutative Geometry and Quantum Gravity,” SIGMA 6, 067 (2010) [arXiv:1007.4094 [gr-qc]].