arXiv:1305.6972v1 [gr-qc] 29 May 2013

Lorentz connection from a conformal gauge theory of Euclidean space

Jeffrey S. Hazboun and James T. Wheeler

Utah State University, Physics Department, Logan, UT 84322

E-mail: jeffrey.hazboun@gmail.com jim.wheeler@usu.edu

Abstract. The quotient of the conformal group of Euclidean 4-space by its Weyl subgroup results in a geometry possessing many of the properties of relativistic phase space, including both a natural symplectic form and non-degenerate Killing metric. When we complete the identification with phase space by requiring the existence of orthogonal, canonically conjugate, metric submanifolds, we find that the induced metric and the spin connection are Lorentzian on the submanifolds, despite the Euclidean starting pont. By examining the structure equations of the biconformal space in an orthonormal frame adapted to its phase space properties, we also find that two new tensor fields emerge from this geometry. The first is a combination of the scale factor on the metric with the Weyl vector. The second comes from the components of the spin connection, symmetric with respect to the new metric. Though this field comes from the spin connection it transforms homogeneously.

Submitted to: Class. Quantum Grav.

Keywords: conformal gravity, time, biconformal space, general relativity, weyl gravity, gravitational gauge theory, curved phase space, conformal symmetry

1. Introduction

It has recently been shown [1] that a gauge theory of the conformal group of a Euclidean space yields a phase space with Lorentzian configuration and momentum submanifolds. This gives a Euclidean context in which we can nonetheless formulate scale-invariant general relativity on spacetime. Here we explore intrinsic properties arising from this construction, providing a deeper understanding of the origin of time in the models, showing the natural emergence of a Lorentz connection, and revealing two new tensor fields related to the connection.

1.1. Quotient Manifold Method

To begin, we develop gravitational gauge theory based on the conformal group of Euclidean space using the quotient manifold method.

Standard approaches to gauge theory begin with a matter action globally invariant under some symmetry group H. This action generally fails to be locally symmetric due to the derivatives of the fields, but can be made locally invariant by introducing an H-covariant derivative. The connection fields used for this derivative are called gauge fields. The final step is to make the gauge fields dynamical by constructing their field strengths, which may be thought of as curvatures of the connection, and including them in a modified action.

This procedure has led to a fiber bundle: in a neighborhood of every point of spacetime, the bundle is a direct product of that neighborhood with the Lie symmetry group H. This gives a larger manifold with dimension equal to the dimension of spacetime plus the dimension of the Lie group. There exists a projection operator which projects these copies of H back down to spacetime. Choosing a gauge amounts to picking a cross-section of this bundle, i.e., one point from each of these copies of H. Local symmetry amounts to dynamical laws which are independent of the choice of cross-section.

Attempts to write general relativity and supergravity as gauge theories led to an inversion of this original construction. In addition to allowing the standard model and gravity to be placed on identical mathematical footings, this inverted approach has the advantage of allowing us to specify the symmetry in advance. The newer, quotient group method pioneered by Ne’emann and Regge [2, 3] uses techniques developed by Cartan [4]. The basic idea is to build a curved geometry modeled locally by a group quotient. We begin by taking the quotient of a Lie group, G, by a Lie subgroup, H. This quotient is necessarily a manifold, M, which we identify with the physical space, generally spacetime or phase space. The quotient turns the group manifold G into a fiber bundle with symmetry H and base manifold M. The Maurer-Cartan equations of G (equivalent to the Lie algebra) immediately supply a natural connection on this bundle, giving us our gauge fields. We allow modification of the base manifold, M, then generalize the Maurer-Cartan connection to an arbitrary integrable connection constrained only by the condition that all loop integrals of the connection on the full bundle be independent of lifting. This means that the structure equations are modified by the inclusion of additional undetermined curvature 2-forms. These curvatures are the field strengths of the gauge fields. The independence of lifting property guarantees that calculations on any cross-section give identical results, making the entire structure locally gauge invariant with respect to H. Finally, the curvatures and any desired matter fields are composed into an action. This action must have at least H-symmetry, with the remaining, broken, group transformations of G being replaced by diffeomorphisms on M [5].

Ne’emann and Regge used the quotient manifold method to get general relativity as a gauge theory by taking the quotient of the Poincaré group by the Lorentz group, but in principle, any Lie group containing the Poincaré group is interesting in terms of gravity. MacDowell and Mansouri [6] obtained general relativity by gauging the de Sitter or anti-de Sitter groups, and using a Wigner-Inonu contraction to recover Poincaré symmetry. In their 1982 papers [7, 8], Ivanov and Niederle exhaustively considered quotients of the groups ISO (3, 1), SO (4, 1), SO (3, 2) and SO (4, 2) by various subgroups containing the Lorentz group.

Our approach, first explored for flat spaces in [1], introduces a novel twist. Because the biconformal gauging, described in detail below, leads to a zero-signature manifold of doubled dimension, we can start with the conformal symmetry of a non-Lorentzian space while still arriving at spacetime gravity. Specifically, we gauge the conformal symmetry, SO (n + 1, 1) of Euclidean n-space. With the introduction of an orthogonal set of canonically conjugate basis forms adapted to the interpretation as a phase space, we reproduce the result of [1], that the configuration and momentum submanifolds are necessarily Lorentzian, and go on to show that the connection naturally adapts to the new signature.

1.2. Notation

We begin with the SO (n + 1, 1) representation for the conformal group acting on Euclidean n-space with onepoint compactification at infinity. The group transformations are separated into orthogonal transformations (generators, M^α_β ), translations (P^α), special conformal transformations (K_β) and dilatations (D) in the usual way. Greek indices refer to this original basis, and run α, β, . . . = 1, . . . , n. Corresponding to these generators of the conformal group, we have connection 1-forms: the Euclidean spin connection, ω^α_β , the solder form, ω^α, the gauge field of special conformal transformations, ω_α, and the Weyl vector, ω. After we take the quotient by rotations and dilatations, the resulting base manifold is spanned by the null basis forms ω^α and ω_α. Later, we introduce new basis forms, e^a and f_a, orthonormal up to a conformal transformation, to span the same manifold. Objects in this basis carry Latin indices, and also run a, b, . . . = 1, . . . , n.

In the few, clearly identified, cases where coordinate indices are needed, we also use Greek indices for the coordinates, x^α, y_β.

Though we describe the 8-dim (n = 4) case, all results hold in any dim 2n, with n > 2. Differential forms are written in boldface and wedge products between forms are assumed. Because of the doubled field content, and the fact that raised and lowered indices carry different conformal weight, we generally write the metric explicitly where required. Note, for example, that ω_α and ω^α are distinct 1-forms.

A conformal class of metrics is always required. Thus, when we introduce an orthonormal basis there remains a conformal factor, η_{ab} = e^{2ϕ}η^0_{ab}, where η^0_{ab} = diag (−1, 1, 1, 1) is the usual Minkowski metric.

Conformal weights are assigned as follows. The metric is the primary object, transforming with conformal weight +2, η_{ab} → e^{2φ}η_{ab} with the inverse metric having weight −2. Since the inner product of two solder forms is the inverse metric, ⟨ e^a, e^b ⟩ = η^{ab}, the solder form has weight −1. It follows that under a conformal transformation the Weyl vector transforms as ω → ω − dφ while the metric contraction^1_2 η_{ab}dη^{bc} transforms in the opposite way, making the combination

v = ω − 1 2 η_{ab}dη^{bc} scale invariant.

1.3. Biconformal Gauging

We now concern ourselves with a specific gauge theory which leads to a curved phase space with its configuration space the spacetime of general relativity. The quotient that is of interest for this purpose is that of the conformal group by its Weyl subgroup (Lorentz ⊗ Dilatations), first considered by Ivanov and Niederle [8] and now called the biconformal gauging. The resulting manifold, called biconformal space and shown to contain the structures of general relativity [9], admits a curvature-linear action for gravity in any dimension [10]. This action has been shown to lead to general relativity on the co-tangent bundle [10].

Of all the quotients looked at by Ivanov and Niederle there are two properties unique to this particular gauging.

First, only in this gauging does the dilatational structure equation, dω = ω^αω_α, naturally give a symplectic form. In this quotient the connection forms of special conformal transformations (ω_α) and translations (ω^α) span the entire quotient manifold so that ω^αω_α is a manifestly non-degenerate 2- form. Since this product equals the exterior derivative of the Weyl vector, it is closed, hence symplectic. Translations and special conformal transformations have a natural duality‡ which is maintained in the biconformal gauging, and the corresponding gauge fields are called the solder form and the co-solder form. The corresponding curvatures are called the torsion and the co-torsion.

‡ special conformal transformation are simply translations of the point at infinity

The second unique characteristic of biconformal space is that only in this gauging is the Killing metric non-degenerate when restricted to the base manifold. The Killing metric, K_{AB} = λtr (G_AG_B ), where A, B . . . = 1, . . . ,^{(n+1)(n+2)}_2 range over all conformal generators is a non-degenerate symmetric 2-tensor over the Lie algebra. In the adjoint representation we may write K_{AB} = λc^C_{DA}c^D_{CB} , as an inner product of the Lie algebra structure constants, c^A_{BC} . In all conformal gaugings mentioned in the introduction, the restriction of the Killing metric to the base manifold is degenerate, except for the biconformal gauging. Thus, it is only here that we obtain a metric from the group structure of the problem, rather than declaring a metric by fiat, as with the other gaugings. In the (ω^α, ω_β ) basis, the Killing metric is off-diagonal, so that its restriction to either the subspace spanned by the solder form, (ω^α), or the subspace by special conformal transformations, (ω_α), vanishes. Therefore, in order to have metric submanifolds for the configuration and momentum spaces, a rotation of the basis is required. Orthogonality of the submanifolds is required in order for the metric to be uniquely defined.

While there is ample mathematical support (doubled dimension, symplectic form, conjugate variables) for the phase space interpretation, and physical applications are clear (Hamiltonian dynamics [11, 12], quantum dynamics [13]), we need conditions that guarantee the existence of separate configuration and momentum metric submanifolds, as we expect for a relativistic phase space.

It has been shown [1] that the flat biconformal gauging of SO (p, q) in any dimension n = p + q will have canonically conjugate, orthogonal, metric submanifolds only if the original space is Euclidean or signature zero ( p ∈ { 0,^n_2 , n }) , and then the signature of the submanifolds is severely limited (p → p ± 1), leading in the two Euclidean cases to Lorenztian configuration space, and hence the origin of time. For the case of flat, 8-dim biconformal space we have the following theorem:

Flat 8-dim biconformal space is a phase space with canonically conjugate, orthogonal, metric submanifolds if and only if the initial 4-dim space we gauge is Euclidean or signature zero. In either of these cases the resulting configuration sub-manifold is necessarily Lorentzian [1].

Thus, it is possible to impose the conditions necessary to make biconformal space a metric phase space only in a restricted subclass of cases, and that metric must be Lorentzian. With a suitable choice of gauge the metric, in the flat case, can be written in coordinates y_α as h_{αβ} = 1 (y^2)^2 ( 2y_αy_β − y^2δ_{αβ} ) (1) where the signature changing character of the metric can be easily seen if we boost to a frame such that y_α√ y^2 = (1, 0, 0, 0).

It is important to note that in the metric above, y_α = W_α, is the Weyl vector of this space. This points to another unique characteristic of flat biconformal space. The structures of the conformal group, treated as described above, give rise to a natural notion of time, given by the gauge field of dilatations. The situation is reminiscent of results presented in [14, 15], but there a special vector field is introduced into the action by hand that makes the Lorentzian metric Euclidean. Here, the Euclidean gauge theory naturally posesses a special vector, v = ω −^1_2 η_{ab}dη^{bc}, which gives the time direction on a submanifold which is necessarily Lorentzian, with the full manifold retaining its original symmetry.

As an illustration of the portent of this natural notion of time one can calculate the Riemannian curvature of this metric, even though the conformal Lorentz curvature is zero. The Riemann curvature of this metric can be written in the form R_{abcd} = k_{bd}k_{ca} − k_{bc}k_{da}, where k_{ab} =^{yayb}_{(y2)2} − h_{ab} is a projection in the direction of time (the Weyl vector). This is exactly the form of the metric obtained in the ADM formalism when one chooses a time direction and constructs a projection onto the spatial dimensions. In our formulation, however, these expressions are covariant.

1.4. The connection on spacetime

In the present work, we concern ourselves with the relationship of Euclidean biconformal space to general relativity, and especially to the transformation of the spin connection when we transform the basis of a 8-dim biconformal space to one adapted to the orthogonal, conjugate submanifolds. We show that in addition to the emergence of a Lorentzian connection on the configuration and momentum spaces, a new, symmetric tensor field develops. We also reproduce the time result of [1] using our conformal, orthonormal basis, and examine the underlying Riemannian structure of spacetime and momentum space. In the next Section, we perform the quotient gauging of Euclidean 4-space in a basis adapted to these canonical submanifolds. Then, in Section 3, we examine properties of the connection and other structures in the case of vanishing curvatures.

2. Gauging in the conformally orthonormal symplectic basis

2.1. The biconformal quotient

Our goal in this Section is to perform the biconformal gauging of a Euclidean 4-space in a conformally orthonormal, symplectic basis. The procedure begins with the Maurer-Cartan structure equations of the conformal group of Euclidean 4-space:

dω^α_β = ω^μ_β ω^α_μ + 2Δ^{αμ}_{νβ} ω_μω^ν (2)

dω^α = ω^βω^α_β + ωω^α (3)

dω_α = ω^β_αω_β + ω_αω (4) dω = ω^αω_α (5)

where the connection one-forms represent SO (4) rotations, translations, special conformal transformations and dilatations resepectively. The projection operator Δ^{αμ}_{γβ} ≡^1_2 ( δ^α_γ δ^μ_β − δ^{αμ}δ_{γβ} ) in (2) gives that part of any (_1 1 ) -tensor antisymmetric with respect to the original Euclidean metric, δ_{αβ} . As discussed in §1, this group has a non-degenerate, 15-dim Killing metric. We stress that the structure equations and Killing metric – and hence their restrictions to the quotient manifold – are intrinsic to the conformal symmetry.

The gauging begins with the quotient of this conformal group, SO (5, 1), by its Weyl subgroup, spanned by the connection forms ω^α_β and ω. The quotient manifold is then spanned by the solder form, ω^α, and the co-solder form, ω_α, and the full conformal group becomes a principal fiber bundle over this quotient manifold having local Weyl symmetry. Unlike other quotient manifolds arising in gravitational gaugings, the restriction of the Killing metric to the biconformal quotient manifold is non-degenerate, K_{AB} = [ 0 δ^α_β δ^β_α 0 ] ≡ [ ⟨ ω^α, ω^β ⟩ ⟨ω^α, ω_β⟩ ⟨ ω_α, ω^β ⟩ ⟨ω_α, ω_β⟩ ] (6) and the involution evident in (3) shows that the solder forms, ω^α, span a submanifold; similarly, (4) shows that the ω_β span a submanifold. However, notice that neither of these submanifolds, spanned by either ω^α or ω_α alone, has an induced metric, since ⟨ ω^α, ω^β ⟩ = ⟨ω_α, ω_β⟩ = 0. The orthonormal basis changes this, guaranteeing that the configuration and momentum submanifolds have non-degenerate induced metrics.

The biconformal gauging makes the 2-form, ω^αω_α, non-degenerate, so the structure equation for the dilatational gauge field, (5), immediately shows that ω^αω_α is a symplectic form. This symplectic form is canonical,

[Ω_{AB} ] = [ 0 δ^β_α −δ^α_β 0 ]

so that ω^α and ω_α are canonically conjugate.

As shown in [1], this flat biconformal space admits orthogonal, canonically conjugate, metric submanifolds and the restriction of the conformal Killing metric to each of these submanifolds is necessarily Lorentzian. This shows that the timelike directions in these models arise from intrinsically conformal structures. We now change to a new canonical basis, adapted to orthogonal submanifolds, then we complete the gauging by generalizing the manifold and connection.

2.2. Completing the gauging: curvatures in the orthonormal basis

In this subsection, we describe the transformation of the structure equations to a conformally orthonormal basis, and their use as the local model for biconformal geometry, allowing a large class of manifolds and changing the connection.

In [1] the (ω^α, ω_α) basis is rotated so that the metric, h_{AB} becomes block diagonal [ 0 δ^α_β δ^α_β 0 ] ⇒ [h_{AB} ] = [ h_{ab} 0 0 −h^{ab} ]

while the symplectic form remains unchanged. This makes the conjugage submanifolds both orthogonal and metric. Here we use the same basis change, but in addition define coefficients, h^α_a to relate the orthogonal metric to one conformally orthonormal on the submanifolds, h_{ab} = h^α_a h_{αβ} h^β_b , where h_{ab} is conformal to diag (±1, ±1, ±1, ±1). From [1] we know that h_{ab} is necessarily Lorentzian, h_{ab} = η_{ab} = e^{2ϕ}diag (−1, 1, 1, 1). Notice that the definition of η_{ab} includes an unknown conformal factor. The required change of basis is then

e^a = h^a_α ( ω^α + 1 2 h^{αβ} ω_β ) (7) f_a = h^α_a ( 1 2 ω_α − h_{αβ} ω^β ) (8) ω^α = 1 2 h^α_a ( e^a − η^{ab}f_b ) (9) ω_α = h^a_α ( f_a + η_{ab}e^b ) (10) Using (6), the Killing metric is easily checked to be [ ⟨ e^a, e^b ⟩ ⟨e^a, f_b⟩ ⟨ f_a, e^b ⟩ ⟨f_a, f_b⟩ ] = [ h^a_α h^b_β h^{(αβ)} 0 0 −h^α_a h^β_b h_{(αβ)} ]

= [ e^{−2ϕ}η^{ab} 0 0 −e^{2ϕ}η_{ab} ]

where h_{αβ} = h_{(αβ)}, and h^{αβ} h_{βγ} = δ^α_γ .

The new basis is also canonical, as we see by transforming the dilatation equation, (5) to find dω = e^af_a Once again we have the symplectic form in a canonical basis.

We illustrate the conclusion of the gauging using the dilatation equation. We now make the equation above, together with the remaining three structure equations developed in the next subsection, into a local model for biconformal geometry, allowing an arbitrary manifold consistent with the other structures and changing the connection. The change in the connection leads each structure equation to acquire an additional term, the associated curvature 2-form. The only constraint on the new connection is that the integral of the connection around any closed path in the full bundle should be independent of lifting. This implies that the curvatures can have no vertical part, so they may be expanded in terms of the basis forms spanning the manifold. To insure that the structure equations are integrable, we require the curvatures to satisfy generalized Bianchi identities.

Thus, for example, the generalization of the connection forms ω, e^a and f_a means that we no longer have dω − e^af_a = 0, but instead Ω = dω − e^af_a where Ω, called the dilatational curvature, is a 2-form. Similarly, the spin connection, solder form and co-solder form equations are modified by the addition of 2-forms called the curvature, Ω^a_b, the torsion, T^a, and the co-torsion, S_a, respectively. In fact, taken together, they form a single conformal curvature tensor, but these sub-parts will become significant below.

Independence of lifting of the curvatures means that each is expanded in terms of the basis forms e^a, f_b only. For the dilatational curvature, Ω = 1 2 Ω_{cd}e^ce^d + Ω^c_df_ce^d + 1 2 Ω^{cd}f_cf_d 6 and similarly for the curvature, torsion, and co-torsion 2-forms, Ω^c_d, T^a and S_b. This guarantees that integrals of the connection around any closed loop in the bundle yield the same result regardless of the lifting. Because of the independence of the eight basis forms, the three parts of each curvature, corresponding to what we will refer to as the configuration ( e^ae^b ) , cross-term ( f_ae^b ) and momentum (f_af_b) terms, may be treated independently. In particular, the full set of ( e^ae^b ) terms alone describe the configuration submanifold and the (f_af_b) terms, the momentum submanifold. This leads to a striking separation of terms in the structure equations.

The generalized Bianchi identities follow as a consequence of the Poincaré lemma, d^2 ≡ 0, applied to the exterior derivatives in the structure equations. Thus, for example, d^2ω ≡ 0 requires the dilatational curvature to satisfy

dΩ = −T^af_a + e^aS_a

as is seen by taking the exterior derivative of the modified dilatation structure equation and substituting for de^a and df_a. Other Bianchi identities will be developed as needed.

2.3. Properties of the canonical, conformally-orthonormal basis

We now explore the properties of the biconformal system in this adapted basis. Rewriting the remaining structure equations, (2,3, and 4), in terms of e^b and f_c, we show some striking cancelations that lead to the emergence of a connection compatible with the Lorentzian metric, and two new tensors.

We begin with the exterior derivative of (7), using structure equations (3) and (4), and then using the basis change equations (9) and (10). Because (9) and (10) have the sum and difference of e^a and f_b, separating by these new basis forms leads to a separation of symmetries. Thus, though we start with the cumbersome expansion,

de^a = 1 2 e^b ( δ^a_c δ^d_b − η_{bc}η^{ad} ) ( h^c_α ω^α_β h^β_d − h^α_d dh^c_α )

+ 1 2 ωe^a − 1 2 ωe^a + 1 2 η_{bc} ( h^a_α h^{αβ} dh^b_β + h^a_α dh^{αβ}h^b_β + dh^a_α h^{αβ} h^b_β ) e^c − 1 2 η^{bc}f_c (δ^a_d δ^e_b + η_{db}η^{ae}) ( h^d_α ω^α_β h^β_e − h^α_e dh^d_α )

− 1 2 η^{ac}ωf_c + 1 2 η^{ab}f_bω + 1 2 ( h^a_α h^{αβ} dh^b_β + h^a_α dh^{αβ} h^b_β + dh^a_α h^{αβ}h^b_β ) f_b + η^{ab}f_bω

we immediately see the following features:

1. The new connection The first thing that is evident is that all occurences of the spin connection ω^α_β may be written in terms of the combination

τ^a_b ≡ h^a_α ω^α_βh^β_b − h^α_b dh^a_α

which we therefore take as the new spin connection. Despite the fact that the basis change is not a gauge transformation, the change in the connection has a similar inhomogeneous form. Because h^a_α is a change of basis rather than local SO (n) or local Lorentz, the inhomogeneous term has no particular symmetry property, so τ^a_b will have both symmetric and antisymmetric parts.

2. Separation of symmetric and antisymmetric parts Surprisingly, the symmetric and antisymmetric parts of the new connection separate automatically in the structure equations, with only the antisymmetric part of τ^a_b on the configuration submanifold, and the symmetric part associated with the co-solder form and therefore lying among the cross-terms. This makes the spacetime connection metric compatible, up to the conformal factor.

It is useful to define projections that separate these parts with respect to the new metric rather than δ_{αβ} , so we define projections Θ^{ac}_{db} ≡^1_2 (δ^a_d δ^c_b − η^{ac}η_{bd}) and Ξ^{ad}_{cb} ≡^1_2 ( δ^a_c δ^d_b + η^{ad}η_{cb} ) which give the antisymmetric and symmetric parts of a

(_1 1 ) -tensor, respectively, with respect to the new orthonormal metric, η_{ab}. Notice that these projections are independent of the conformal factor on η_{ab}. Using them, we define τ^a_b ≡ α^a_b + β^a_b (11) where α^a_b ≡ Θ^{ad}_{cb} τ^c_d and β^a_b ≡ Ξ^{ad}_{cb} τ^c_d.

3. Cancellation of the submanifold Weyl vector The Weyl vector terms cancel on the configuration submanifold, while the f_a terms add. The expansion of the df_a structure equation shows that the Weyl vector also drops out of the momentum submanifold equations. Nonetheless, these submanifold equations are scale invariant because of the residual metric derivative. Recognizing the combination of dh terms as dη^{ab}, h^a_α h^{αβ}dh^b_β + h^a_α dh^{αβ} h^b_β + dh^a_α h^{αβ} h^b_β = dη^{ab} and recalling that η_{ab} = e^{2ϕ}diag (−1, 1, 1, 1), we have^1_2 dη^{ac}η_{cb} = δ^a_b dϕ. When the metric is rescaled, this term changes with the same inhomogeneous term as the Weyl vector.

4. Covariant derivative and a second Weyl-type connection It is natural to define the τ^b_c-covariant derivative of the metric. Since η^{cb}α^a_c + η^{ac}α^b_c = 0, it depends only on β^a_c and the Weyl vector, Dη^{ab} ≡ dη^{ab} + η^{cb}τ^a_c + η^{ac}τ^b_c − 2ωη^{ae} = dη^{ab} + 2η^{cb}β^a_c − 2ωη^{ab} (12) This derivative allows us to express the structure of the biconformal space in terms of the Lorentzian properties.

2.4. The structure equations in the new basis

When all of the identifications and definitions are included, the structure equation for the solder form reduces to de^a = e^bα^a_b + 1 2 η_{cb}dη^{ac} + 1 2 Dη^{ab}f_b and we complete the gauging by including the torsion 2-form. Carrying out similar calculations for the remaining structure equations, the full set becomes dτ^a_b = τ^c_bτ^a_c + Δ^{ae}_{db} η_{ec}e^ce^d − Δ^{ac}_{eb} η^{ed}f_cf_d + 2Δ^{ae}_{f b}Ξ^{f c}_{de} f_ce^d + Ω^a_b (13)

de^a = e^cα^a_c + 1 2 η_{cb}dη^{ac}e^b + 1 2 Dη^{ab}f_b + T^a (14)

df_a = α^b_af_b + 1 2 η^{bc}dη_{ab}f_c − 1 2 Dη_{ab}e^b + S_a (15) dω = e^af_a + Ω (16) Note that restricting (14) to the configuration submanifold, and letting the spacetime torsion vanish, T^a_{bc} = 0, the equation is conformal to that of an ordinary Riemannian geometry, d_{(x)}ẽ^a = ẽ^bσ^a_b with ẽ^a = e^{−ϕ}e^a. A similar result holds for the co-solder equation with vanishing momentum component of the co-torsion, S^{bc}_a = 0 so the restriction to the momentum submanifold is again conformal to a Riemannian geometry.

2.4.1. Gauge transformations and new tensors The biconformal bundle now allows local Lorentz transformations and local dilatations on the submanifolds. Under local Lorentz transformations, Λ^a_c, the connection τ^a_b changes with an inhomogeneous term of the form Λ̄^c_bdΛ^a_c. Since this term lies in the Lie algebra of the Lorentz group, it is antisymmetric with respect to η_{ab}, Θ^{ac}_{db} (¯ Λ^e_cdΛ^d_e ) = Λ̄^e_bdΛ^a_e and therefore only changes the corresponding Θ^{ac}_{db}-antisymmetric part of the connection, with the symmetric part transforming homogeneously: α̃^a_b = Λ^a_cα^c_dΛ̄^d_b − Λ̄^c_bdΛ^a_c β̃^a_b = Λ^a_cβ^c_dΛ̄^d_b

Having no inhomogeneous term, β^a_b is a Lorentz tensor. This new tensor field β^a_b necessarily includes degrees of freedom from the original connection that cannot be present in α^a_b.

Computing the transformation of the connection under dilatations reveals another new tensor. The Weyl vector transforms inhomogeneously in the usual way, ω̃ = ω + df

but, as noted above, the expression^1_2 η_{cb}dη^{ac} also transforms, 1 2 η̃_{cb}dη̃^{ac} = δ^a_b dϕ̃ = δ^a_b (dϕ − df)

so that the combination

v = ω + dϕ is scale invariant.

The presence of these two new tensor fields, β^a_b and v, has important consequences. As we show below, it is the vector v which determines the timelike directions. These two tensors are not unrelated. To see the relationship, we study the involution conditions, and this requires a further subdivision of the connection. Just as the curvatures split into three parts, each of these structure equations splits into three parts. To facilitate this split, we partition the spin connection and Weyl vector by submanifold, defining α^a_b ≡ σ^a_b + γ^a_b = σ^a_{bc}e^c + γ^{a c}_b f_c β^a_b ≡ μ^a_b + ρ^a_b = μ^a_{bc}e^c + ρ^{a c}_b f_c ω ≡ W_ae^a + W^af_a We also split the exterior derivative, d = d_{(x)} + d_{(y)}

where coordinates x^α and y_α are used on the e^a = e^a_α dx^α and f_a = f^α_a dy_α submanifolds, respectively. Using these, we expand each of the structure equations into three distinct parts. The complete set is given in the Appendix.

Now, if we look at the involution conditions in the absence of spacetime co-torsion, S_{bcd} = 0, and momentum torsion, T^{abc} = 0, 0 = μ^a_be^b − v_{(x)}e^a

0 = ρ^b_af_b − u_{(y)}f_a where v ≡ v_{(x)} + u_{(y)} ≡ v_ae^a + u^af_a. Recall that these relationships are necessary to insure that spacetime and momentum space are each submanifolds. Clearly, β^a_b = μ^a_b + ρ^a_b contains terms linear in v with the simplest possibility being to set β^a_b = δ^a_b v. This ansatz produces substantial simplification of the structure equations. A weaker ansatz is to take β^a_b as the most general linear combination of v_a and u^a consistent with the involution conditions and symmetry. We will use this linear ansatz in our discussion in the next Section. Of course, μ^c_a and ρ^c_a may be much more general than this.

The most general linear combination is β^a_b = aδ^a_b v_ce^c + ( Av_bδ^a_c + Bη_{bc}η^{ad}v_d + Cu^aη_{bc} + Dδ^a_c η_{bd}u^d ) e^c

+ bδ^a_b u^cf_c + ( Eu^aδ^c_b + F η^{ac}η_{bd}u^d + Gv_bη^{ac} + Hδ^c_b η^{ad}v_d ) f_c (17) The symmetry and involution conditions allow us to eliminate all but two of the arbitrary constants, leaving us with

μ^a_b = aδ^a_b v_ce^c + (a − 1) ( δ^a_c v_b + η_{bc}η^{ad}v_d ) e^c (18)

ρ^a_b = bδ^a_b u^cf_c + (b − 1) ( η^{ac}η_{bd}u^d + δ^c_b u^a ) f_c (19) where we have replaced Dη_{bc}u^c = − (A − a + 1) v_b (20) Gη^{cd}v_d = − (F − b + 1) u^c (21) These last conditions may be used to fix D = G = 0 and A = a − 1, F = b − 1, but it is interesting to note that if D or G does not vanish then there is a differential relationship between v_a and u^a that allows v to depend on only half of the independent coordinates. To see this, recall that v is closed and therefore locally exact, v = df. In a coordinate basis, we then have ( ∂ ∂x^α + D A − a + 1 g_{αβ} ∂ ∂y_β ) f = 0

Integrability of this condition leads to a new coordinate of the form z^α = x^α +κg^{αβ}y_β . If z̄^α is the orthogonal coordinate then we have f = f (z̄^α), eliminating half the independent coordinates. In the next Section we show that such a constraint actually does arise, at least in the flat case.

3. The underlying Riemannian spacetime

3.1. The underlying Riemannian spacetime

Consider the configuration submanifold, described by the e^ae^b terms of the structure equations given in the Appendix. Setting the curvatures to zero, they become d_{(x)}σ^a_b − σ^c_bσ^a_c = − D_{(x)}μ^a_b + μ^c_bμ^a_c + η_{ec}Δ^{ae}_{db} e^ce^d d_{(x)}e^a = e^bσ^a_b + e^ad_{(x)}ϕ d_{(x)} (W_ae^a) = 0 where D_{(x)}μ^a_b = d_{(x)}μ^a_b − σ^c_bμ^a_c − μ^c_bσ^a_c and the involution condition is 0 = μ^a_be^b − v_{(x)}e^a. Later we will show that taking the general linear ansatz for μ^c_a in terms of v, which solves the involution condition, considerably simplifies the solution of the remaining equations.

From the basis equation for the solder form, we know that σ^a_b is a Lorentz connection, with e^a conformal to the compatibile metric. The Weyl vector decouples from the gravitational sector, and is pure gauge. § These facts suggest that we should treat the submanifold geometry as Riemannian. With this in mind, let the Riemann curvature of α^a_b be defined as R^a_b ≡ dα^a_b − α^c_bα^a_c (22) = 1 2 R^a_{bcd}e^ce^d + R^{a c}_{b d}f_ce^d + 1 2 R^{a cd}_b f_cf_d (23)

where, since α^a_b = σ^a_b + γ^a_b, the configuration and momentum submanifolds have curvatures R^a_b (σ) ≡ 1 2 R^a_{bcd}e^ce^d and R^a_b (γ) ≡^1_2 R^{a cd}_b f_cf_d, respectively.

From the structure equation for the solder form and the definition of R^a_b (σ), we find the usual Bianchi identities, 0 = d^2_{(x)}e^a = −e^bR^a_b (σ) and 0 = d^2_{(x)}σ^a_b ≡ d_{(x)}R^a_b (σ) + R^c_b (σ) σ^a_c − R^a_c (σ) σ^c_b ≡ D^{(σ)}_{(x)} R^a_b (σ) or, stripping the basis forms, R^a_{[bcd]} (σ) = 0 R^a_{b[cd;e]} (σ) = 0 where the first Bianchi comes directly from the structure equations and the second comes from the definition of R^a_b (σ).

§ Although we may choose a gauge with W_ae^a = 0, this gauge choice does not necessarily make ϕ = 0, and the vector v_α = W_α + ∂_αϕ is gauge invariant.

As a further simplification of the structure equations, we can change the conformal gauge to remove ϕ. The Weyl vector then changes to W_α ⇒ W_α + ∂_αϕ = v_α, while the structure equation for the solder form takes the usual Riemannian form. Taking the general linear ansatz for μ^a_b, we compute the combination that appears in the curvature. After expanding and re-collecting the projection operators, we find

D_{(x)}μ^a_b − μ^c_bμ^a_c = 2 (a − 1) Ξ^{da}_{bc} D_{(x)}v_de^c − 2 (a − 1)^2 Θ^{ad}_{cb} ( v_dv + 1 2 ( η^{ef} v_ev_f ) η_{gd}e^g ) e^c

where, since the Weyl vector is a gradient, we may write v_be^b = v = dφ for some function φ, making D_{(x)} ( v_be^b ) = d^2_{(x)}φ = 0. Notice that this source expression contains terms of both symmetries, even though the submanifold curvature, R^a_b (σ), is antisymmetric. This makes it worthwhile to separate the curvature structure equation into its symmetric and antisymmetric subparts.

This combination acts as a source to the curvature so that the full set of structure equations, with this separation, is

R^a_b (σ) = 2 (a − 1)^2 Θ^{ad}_{eb} ( v_dv_g + 1 2 ( η^{cd}v_cv_d ) η_{dg} ) e^g e^e + Θ^{af}_{gb} η_{ec}Δ^{ge}_{df} e^ce^d

d_{(x)}e^a = e^bσ^a_b Here we note only that these two equations describe an ordinary curved Lorentzian spacetime with certain sources that exist even in the absence of matter. In addition, we have the symmetric projection 2 (a − 1) Ξ^{ad}_{cb} D_{(x)}v_de^c = Ξ^{af}_{gb} η_{ec}Δ^{ge}_{df} e^ce^d for the dynamics of the new vector field. The final equation, d_{(x)}v = 0, which follows from this one as the ab contraction, shows that v is hypersurface orthogonal. In the next Subsection, we delve into the detailed structure of these equations, including the demonstration that v_a is a timelike conformal Killing vector. The presence of a hypersurface orthogonal timelike Killing vector shows that these restrictions of biconformal spaces provide appropriate context for shape dynamics, which also takes into account scale symmetry, and matches general relativity in the 3+1 ADM formulation [16].

3.2. Momentum space and the spacetime metric The structure equations of the momentum space completely parallel those of the configuration space. In general, this means that momentum space will be curved [17, 18]. Here, however, in order to connect with [1] and the usual properties of phase space, we again specialize to vanishing curvatures and the ϕ = 0 conformal gauge, R^a_b (γ) = − D_{(x)}ρ^a_b + ρ^c_bρ^a_c − Δ^{ac}_{eb} η^{ed}f_cf_d d_{(y)}f_a = γ^b_af_b d_{(y)}v = 0 where the involution is satisfied by the linear ansatz, ρ^a_b = bδ^a_b u^cf_c + 2 (b − 1) Ξ^{ac}_{db}f_cu^d and the curvature terms dependent on ρ take the form D_{(y)}ρ^a_b − ρ^c_bρ^a_c = − 2 (b − 1) Ξ^{ac}_{db} f_cD_{(y)}u^d

− 2 (b − 1)^2 Θ^{ae}_{cb} ( u^cu^d + 1 2 ( η_{gh}u^gu^h ) η^{cd} ) f_ef_d

Separating as in the preceeding subsection, we have two equations from the curvature,

R^a_b (γ) = 2 (b − 1)^2 Θ^{ac}_{eb} ( u^eu^d + 1 2 ( η_{gh}u^gu^h ) η^{ed} ) f_cf_d − Θ^{ag}_{f b}Δ^{f c}_{eg} η^{ed}f_cf_d (24)

0 = 2 (b − 1) Ξ^{ac}_{db}f_cD_{(y)}u^d − Ξ^{ag}_{f b} Δ^{f c}_{eg} η^{ed}f_cf_d We wish to relate this system to the results of [1].

In [1], the Weyl curvature of the momentum space is required to vanish in order to produce, as nearly as possible, the fibers of the spacetime co-tangent bundle. With this condition, the Killing metric of the Euclidean gauging induces a Lorentzian metric on the configuration space.

We reproduce essential elements of this result here, but go on to show that including the linear ansatz for β^a_b allows us to consistently set the entire curvature to zero. First, we note that the curvature decomposes into Weyl curvature and Ricci parts according to

R^a_b (γ) = C^a_b (γ) − 2Θ^{ac}_{db}R_ce^d

where R_a =^1_{n−2} ( R_{ab} −^1_{2(n−1)} Rη_{ab} ) e^b. It is easy to show that in any term of the form −2Θ^{ac}_{db}S_ce^d, the

1-form S_c contributes only to R_c. This means that in the expression for R^a_b (γ) above, the (b − 1)^2 term in (24) does not contribute to the Weyl curvature. The remaining term is identical to that appearing in [1], and therefore gives the same result, namely, that the metric must be of the general form η^{ab} = s n − 2 ( δ^{ab} − 2 r^2 r^ar^b )

for some vector r^a, where r^2 ≡ δ_{ab}r^ar^b = −^s_{n−2} η_{ab}r^ar^b. This has inverse η_{ab} =^{n−2}_s ( δ_{ab} −^2_{r2} δ_{ac}δ_{bd}r^cr^d ) and therefore satisfies δ_{ab} = s n − 2 η_{ac}η_{bd}δ^{cd} where s is an arbitrary function.

If it were not for the additional term in (24), it would be inconsistent to set any more of the momentum curvature to zero. This was the case in [1], where the symmetry conditions excluded the additional term. Here, however, the Ricci tensor, R^{ab} ≡ R^{a cb}_c , is

R^{ab} = (b − 1)^2 ( (n − 2) u^au^b + nη^{ab} (η_{mn}u^mu^n) ) − 1 2 (n − 2) η^{ab} − 1 2 ( δ_{cd}η^{cd} ) δ^{ab} so vanishing Ricci tensor, using the vanishing of the Ricci scalar to eliminate η_{mn}u^mu^n, requires ( (n − 2)^2 − n ( δ_{cd}η^{cd} ) ( η_{ab}δ^{ab} ) 2 (n^2 − n + 2) ) η^{ab} = − 1 2 ( δ_{cd}η^{cd} ) [ δ^{ab} − 2 (n − 2) (b − 1)^2 δ_{cd}η^{cd} u^au^b ]

If we choose b such that (n − 2) (b − 1)^2 δ_{ec}η^{ec} = 1 u^2 then we reproduce the same metric with the invariant vector u^a determining the time direction.

We must also consider what happens to the second, symmetric part, of the curvature equation

2 (b − 1) Ξ^{ac}_{db}f_cD_{(y)}u^d = −Ξ^{ag}_{f b} Δ^{f c}_{eg} η^{ed}f_cf_d (25)

Expanding the right hand side, we find that it vanishes identically when the condition δ_{ab} = hη_{ac}η_{bd}δ^{cd} holds, and this condition already follows from requiring the traces of the Weyl curvature to vanish. Therefore, we have 2 (b − 1) Ξ^{ac}_{db}f_cD_{(y)}u^d = 0. This holds if and only if

D^eu^a = 1 n η^{ae} ( η_{cd}D^cu^d ) so the covariant derivative of u^a is given by its trace. Symmetrizing shows that u^a is a timelike conformal Killing vector. From the trace of (25) we also have d_{(y)}u = 0 and therefore ud_{(y)}u = 0, and u^a becomes hypersurface orthogonal. As noted above, this is also true of v_{(x)} on the configuration submanifold.

Finally, we note that if both the configuration and momentum spaces are flat, we can derive two expressions for the same metric. Both lead to the form of η_{ab} developed above, but one will be in terms of u^a and the other in terms of v_a. Imposing equality leads to a linear relation of the form u^a = fδ^{ab}v_b. As described in the discussion following (20,21), this relation becomes a vanishing derivative that restricts the coordinate dependence of u^a and v_a to half the independent variables. Such a restriction is consonant with known solutions to the original system of equations subject to field equations [10].

4. Discussion

In the preceding sections we have shown that biconformal space is a natural symplectic manifold with a non-degenerate Killing metric. It has been shown that when a flat biconformal space is based on a Euclidean space, then orthogonal, canonically conjugate, metric submanifolds exist, and the restriction of the Killing metric to these submanifolds is necessarily Lorentzian [1]. By writing the structure equations in an adapted basis, we reveal new features of these geometries while considering arbitrary curvature.

A new connection This structure emerges directly from the transformation of the structure equations, as detailed in points 1 through 4 in §2.3. We find that writing the biconformal structure equations in an orthogonal, canonically conjugate, conformally orthonormal basis automatically introduces a Lorentzian connection and removes the Weyl vector.

Specifically, we showed that all occurences of the SO (4) spin connection ω^α_β may be written in terms of the new connection,

τ^a_b ≡ h^a_α ω^α_βh^β_b − h^α_b dh^a_α

which has both symmetric and antisymmetric parts. These symmetric and antisymmetric parts separate automatically in the structure equations, with only the Lorentz part of the connection, α^a_b = Θ^{ac}_{db}τ^d_c remaining on the configuration submanifold. The spacetime and momentum space connections are metric compatible, up to a conformal factor.

The Weyl vector terms drop out of the submanifold basis equations. The submanifold equations remain scale invariant because of the residual metric derivative,^1_2 dη^{ac}η_{cb} = δ^a_b dϕ. When the metric is rescaled, this term changes with the same inhomogeneous term as the Weyl vector.

Two new tensors It is especially striking how the Weyl vector and the symmetric piece of the connection are pushed from the basis submanifolds into the mixed basis equations. These extra degrees of freedom are embodied in two new Lorentz tensors.

The factor δ^a_b dϕ which replaces the Weyl vector in the basis equations allows us to form a scale-invariant 1-form,

v = ω + dϕ

It is ultimately this vector which determines the time direction.

We showed that the symmetric part of the spin connection, β^a_b, despite being a piece of the connection, transforms as a tensor. The involution condition shows that the two tensors are related. As the simplest ansatz, we consider the case when β^a_b is built linearly from v. Although the presence of β^a_b changes the form of the momentum space curvature, this ansatz results in the same signature changing metric as found in [1]. Unlike their calculation, however, the new terms allow us to impose vanishing curvature rather than only the vanishing of the Weyl curvature as in [1]. Including vanishing Ricci tensor directly shows the relationship between the vector, v, and the metric. The additional curvature equation symmetric in the first two indices shows that v is a hypersurface orthogonal conformal Killing field.

Riemannian spacetime and momentum space The configuration and momentum submanifolds have vanishing dilatational curvature, making them gauge equivalent to Riemannian geometries. We found the gauge choice, ϕ = 0, which makes this explicit. Together with the signature change from the original Euclidean space to these Lorentzian manifolds, we arrive at a suitable arena for general relativity in which time is constructed covariantly from a scale-invariant Killing field. This field is provided automatically from the group structure.

Future work In gauging the conformal group to get biconformal space we fully generalized to the curved conformal Cartan equations. The tensors from these generalized equations can be used to build any number of Lagrangians. Wehner and Wheeler have shown, [10], that one can build an action linear in the curvatures of the conformal group. In future work we will use the field equations arising from this action, together with the structures discussed here, to develop curved spacetime solutions from Euclidean-conformal gauging.

Appendix: Subparts of the structure equations

Here we write the structure equations, expanding the configuration, mixed and momentum terms separately. Note that the f_af_b part of the de^a equation and the e^ae^b part of the df_a equation are set to zero. These are the involution conditions, which guarantee that the configuration and momentum subspaces are submanifolds by the Frobenius theorem.

In the conformal-orthonormal gauge, we have g^{ab}dg_{bc} = e^{−2ϕ}η^{ab}d ( e^{2ϕ}η_{bc} ) = 2δ^a_c dϕ. The structure equations in the conformal-orthonormal basis, separated into independent parts, are:

Configuration space: 1 2 Ω^a_{bcd}e^ce^d = d_{(x)}σ^a_b − σ^c_bσ^a_c + d_{(x)}μ^a_b − σ^c_bμ^a_c − μ^c_bσ^a_c − μ^c_bμ^a_c − e^{2ϕ}η_{ec}Δ^{ae}_{db} e^ce^d (1.1a) 1 2 T^a_{bc}e^be^c = d_{(x)}e^a − e^bσ^a_b − ∂_bϕe^ae^b (1.1b) 1 2 S_{bcd}e^ce^d = − e^{2ϕ}η_{ac}μ^c_be^a + e^{2ϕ}η_{ab} (W_c + ∂_cϕ) e^ce^a (1.1c) 1 2 Ω_{ab}e^ae^b = d_{(x)} (W_ae^a) (1.1d)

Cross-term:

Ω^{e g}_{f h}f_g e^h = d^{(y)}σ^a_b + d^{(x)}γ^a_b − σ^c_bγ^a_c − γ^c_bσ^a_c + d^{(y)}μ^a_b + d^{(x)}ρ^a_b (1.2a) − μ^c_bγ^a_c − γ^c_bμ^a_c − σ^c_bρ^a_c − ρ^c_bσ^a_c − μ^c_bρ^a_c − ρ^c_bμ^a_c − 2Δ^{ed}_{cf} Ξ^{ca}_{bd}f_ae^b

T^{ab}_cf_be^c = d_{(y)}e^a + ( γ^{a b}_c + e^{−2ϕ}η^{ad}μ^b_{dc} + δ^a_c ϕ^b − e^{−2ϕ}η^{ab} (W_c + ϕ_c) ) f_be^c (1.2b)

S^b_{a c}f_be^c = d_{(x)}f_a + ( σ^b_{ac} − e^{2ϕ}η_{ce}ρ^{e b}_a + ϕ_cδ^b_a + e^{2ϕ}η_{ac} ( W^b + ϕ^b )) f_be^c (1.2c)

Ω^a_bf_ae^b = − e^af_b + d_{(y)} (W_ae^a) + d_{(x)} (W^af_a) (1.2d)

Momentum space: 1 2 Ω^{e gh}_f f_g f_h = d^{(y)}γ^a_b − γ^c_bγ^a_c + η^{ac}Δ^{eb}_{cf} f_bf_a (1.3a)

+ d^{(y)}ρ^a_b − γ^c_bρ^a_c − ρ^c_bγ^a_c − ρ^c_bρ^a_c 1 2 e^{2ϕ}T^{abc}f_bf_c = ( η^{ad}ρ^{b c}_d + η^{ac} ( W^b + ϕ^b )) f_bf_c (1.3b) 1 2 S^{cd}_b f_cf_d = d_{(y)}f_b − γ^a_bf_a − ϕ^af_af_b (1.3c) 1 2 Ω^{ab}f_af_b = d_{(y)} (W^af_a) (1.3d)

[1] Joseph Andrew Spencer and James T. Wheeler. The existence of time. Int.J.Geom.Meth.Mod.Phys., 8:273–301, 2011. [2] Y. Ne’eman and T. Regge. Gauge theory of gravity and supergravity on a group manifold. La Rivista del Nuovo Cimento (1978-1999), 1:1–43, 1978. 10.1007/BF02724472.

[3] Yuval Ne’eman and Tullio Regge. Gravity and supergravity as gauge theories on a group manifold. Physics Letters B, 74:54 – 56, 1978.

[4] S Kobayashi. Foundations of Differential Geometry. Wiley, Jan 1969. [5] T.W.B. Kibble. Lorentz invariance and the gravitational field. J.Math.Phys., 2:212–221, 1961. [6] S. W. MacDowell and F. Mansouri. Unified geometric theory of gravity and supergravity. Phys. Rev. Lett., 38:739–742, Apr 1977.

[7] E. A. Ivanov and J. Niederle. Gauge formulation of gravitation theories. i. the poincaré, de sitter, and conformal cases.

Phys. Rev. D, 25:976–987, Feb 1982.

[8] E. A. Ivanov and J. Niederle. Gauge formulation of gravitation theories. ii. the special conformal case. Phys. Rev. D, 25:988–994, Feb 1982.

[9] James T. Wheeler. Normal biconformal spaces. 1997.

[10] Andre Wehner and James T. Wheeler. Conformal actions in any dimension. Nuclear Physics B, 557:380 – 406, 1999.

[11] Lara B. Anderson and James T. Wheeler. Yang-Mills gravity in biconformal space. Class.Quant.Grav., 24:475–496, 2007. [12] James T. Wheeler. Gauging Newton’s law. Can.J.Phys., 85:307–344, 2007.

[13] Lara B Anderson and James T Wheeler. Quantum mechanics as a measurement theory on biconformal space. arXiv, Jun 2004.

[14] J. Fernando Barbero G. and Eduardo J.S. Villasenor. Lorentz violations and Euclidean signature metrics. Phys.Rev., D68:087501, 2003.

[15] J. Fernando Barbero G. From Euclidean to Lorentzian general relativity: The Real way. Phys.Rev., D54:1492–1499, 1996. [16] Henrique Gomes and Tim Koslowski. Differences and similarities between Shape Dynamics and General Relativity. 2013. [17] M Born. A suggestion for unifying quantum theory and relativity. Proc. Royal Soc. Series A. Math & Phys. Sci., 165(921):291, 1938.

[18] Laurent Freidel and Etera Livine. 3d quantum gravity and effective noncommutative quantum field theory. Phys. Rev.

Lett., 96(22):221301, Jun 2006.