arXiv:1305.7059v2 [math-ph] 5 Jul 2013

QED Representation for the Net of Causal Loops

Fabio Ciolli^{a∗} Giuseppe Ruzzi^{a∗} Ezio Vasselli^b

a Dipartimento di Matematica, Università di Roma “Tor Vergata”, Via della Ricerca Scientifica 1, I-00133 Roma, Italy.

ciolli@mat.uniroma2.it, ruzzi@mat.uniroma2.it

bDipartimento di Matematica, Università di Roma “La Sapienza”, Piazzale Aldo Moro 5, I-00185 Roma, Italy.

ezio.vasselli@gmail.com

Dedicated to Roberto Longo on the occasion of his sixtieth birthday

Abstract

The present work tackles the existence of local gauge symmetries in the setting of Algebraic Quantum Field Theory (AQFT). The net of causal loops, previously introduced by the authors, is a model independent construction of a covariant net of local C^∗-algebras on any 4-dimensional globally hyperbolic space-time, aimed to capture some structural properties of any reasonable quantum gauge theory. Representations of this net can be described by causal and covariant connection systems, and local gauge transformations arise as maps between equivalent connection systems. The present paper completes these abstract results, realizing QED as a representation of the net of causal loops in Minkowski space-time. More precisely, we map the quantum electromagnetic field Fμν , not free in general, into a representation of the net of causal loops and show that the corresponding connection system and local gauge transformations find a counterpart in terms of Fμν .

∗F.C. and G.R. are supported by PRIN-2010/2011. F.C. is supported by the ERC Advanced Grant 227458 OACFT “Operator Algebras and Conformal Field Theory”.

Contents

1 Introduction 2

2 Preliminaries 4 2.1 Nets of C^∗-algebras on the Minkowski space-time . . . . . . . . . . . . . . . . . . 5 2.2 The quantum electromagnetic field. . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Singular simplices and integration . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 Loops, surfaces and the potential system 9 3.1 Smearing simplices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.2 The electromagnetic field 2-form . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.3 The potential system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.4 Gauge transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

4 Representations induced by the electromagnetic field 19 4.1 The simplicial set and the set of paths . . . . . . . . . . . . . . . . . . . . . . . . 19 4.2 The net of causal loops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4.3 Representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.4 The electromagnetic field representation . . . . . . . . . . . . . . . . . . . . . . . 27

5 Concluding remarks 29

1 Introduction

The Standard Model of elementary particles is a successful physical theory tested by awesome experiments, although its constituents like QED or QCD are still out of a rigorous mathematical comprehension. Yet, similar situations hold for any quantum gauge theory and for the attempts to generalize the achievements of QFT to the realm of general relativity and gravity. Only some instances, like in quantum free fields models or in low dimensional space-time, have a rigorous description. On the other hand, more insights may arrive from an axiomatic approach to the theory of quantum fields.

In the present paper we interest in local gauge theory through AQFT, the axiomatic approach describing local observables in terms of nets of abstract C^∗-algebras undergoing few basic physical requirements, see the reference book by R. Haag [27]. Gauge theories have been investigated in this framework mainly in terms of superselection sectors (equivalent classes of representations), the so called DHR analysis. In a 4-dimensional Minkowski space-time [19], this is a real mathematical-physics outstanding result, grasping the rôle played by the DHR-sectors as the dual category of the group of global gauge symmetries [20]. This result disseminated over other cases of superselection theory, as in low-dimensional CFT, e.g. [29], in curved space-time [25, 6], also in combination with other non-commutative geometry features [13, 16]. Moreover, authors investigated other aspects of QFT using the language of AQFT, e.g. noncommutative space-time [18], the AdS/CFT correspondence [33], locally covariant QFT [5], perturbative QFT and the renormalization group [4, 22, 23].

It was clear from the beginning that DHR-sectors were not tailored for describing charges of electromagnetic type and also, as pointed out later, for the charges of purely massive theories. The right sectors for the massive theory case were introduced by Buchholz and Fredenhagen [10]. Instead, suitable requirements for charges of electromagnetic type have only recently been introduced by Buchholz and Roberts^1: for representations in theories with long range forces, like QED, they used the notion of charge class, restricting the states of interest to observables localized on a light cone [12]. In spite of the limitations just outlined, the strength of the DHRanalysis is that both for BF-sectors and BR-sectors the mathematical machinery of DHR-analysis associating the group of global gauge transformations to sectors applies^2.

What remains to be understood is the local gauge principle.

The abstract geometric formulation of the DHR analysis given by Roberts in terms of non- Abelian cohomology [36, 37] provide a steering for this quest: it is motivated by the observation that the charge transporters of the global gauge theory satisfy a 1-cocycle equation. According to this, Roberts also proposed that a 2-cohomology underlies the local gauge principle in AQFT [35]: starting from a unitary 2-cocycle w associated with the electromagnetic field, one should recover a potential u, i.e. the primitive of w: local gauge transformations should arise as equivalence transformations of u. Roberts also suggested that the charge transporters of the DHR-analysis should be replaced in the QED-case by a “formal” gauge invariant expression as ψ(∂_0p) e^i ∫ p A_μ dp^μ ψ(∂ 1p)^∗ , (1.1)

where p : ∂_1p → ∂_0p is a path, A_μ is the electromagnetic potential and ψ is the Dirac field, a sort of a finite Mandelstam string [31].

Along the ideas of non-Abelian cohomology, a further step has been done in [38, 39] where a geometrical interpretation of the above picture has been furnished in terms of connections: the potential u can be interpreted as a connection having w as curvature, and the transformations of the principal bundle associated with u as local gauge transformations. But, from a physical point of view, the rôle played in gauge theories by observables associated to closed paths (Wilson loops) suggested a finer comprehension in terms of a net of local algebras^3.

Actually, this is the motivation of our paper [15]. The net of causal loops results to be a combinatorial, model independent construction of a covariant net of local C^∗-algebras over any 4-d globally hyperbolic space-time, i.e. covariant with respect to the global symmetries of the space-time and respecting the causality principle. The generators of these local algebras are closed paths (loops) associated with a suitable base K of the underlying space-time. Considering K as a partially ordered set with respect to the inclusion, one can define a simplicial set. Paths turn out to be compositions of 1-simplices of this simplicial set, and can be figured out as finite coverings, by elements of K, of curves of the space-time.

The very relation with local gauge theories, along the ideas drown by Roberts but also with significative differences, arose from the representations of this net. Covariant representations turn out to be causal and covariant 2-cochains w, i.e. unitary valued functions of 2-simplices localized on the boundary, not necessarily satisfying a cocycle equation. Furthermore, any such 2-cochain w induces, by a procedure akin to the reconstruction of the primitive of an exact 2- form, a causal and covariant connection system u: a family of connections, one for each element of K, in which causality and covariance arise as properties of the system and not of a single

1Actually, a long-standing project started by these authors and S. Doplicher.

2 It is worth mentioning that more works in AQFT dealt with general or peculiar facets of QED: e.g. the analysis of the infrared problem and the localization of electromagnetic charge[7, 9], the interpretation of QED by local constrains [26], lattice approach [30], definition and superselection of free models [8, 14, 17], or proposal for interacting models by warped convolution [11].

3 Among the others, we recall two interpretations of observables localized on lines and loops (holonomies), broadly related to the present work. Ashtekar and Corichi [1, 2] deepened the significance of the topological invariant of the Gauß linking number and its relation with the Fock-space inner product of the represented fields, [42] is a recent geometrical survey. Moreover, the interpretation of electromagnetic charges in terms of the Wilson-’t Hooft operators in TQFT, e.g. the Kapustin-Witten lectures on electro-magnetic duality [28].

connection. Local gauge transformations naturally arise as maps between equivalent connection systems.

The present paper completes the abstract arguments in [15], realizing QED as representation of the net of causal loops in Minkowski space-time. More precisely, we shall map the quantum electromagnetic field F_{μν} , not free in general, into a representation of the net of causal loops and show that all the abstract notions just described find a counterpart in terms of F_{μν} .

The map is constructed using a 2-form F_{μν} (y) associated with the electromagnetic field F_{μν} through the convolution of the field with a test function, Section 3. Using a contracting homotopy of the Minkowski space-time, we reconstruct the primitive 1-form A^z_μ(y), called the electromagnetic potential form with respect to z, the point which the space-time is contracted to. The potential form A^z_μ(y), closely related to the quantum electromagnetic potential field, is neither local nor covariant. However, causality and covariance arise without recurring to the Gupta-Bleuler formalism, as properties of the system A_μ := {A^z_μ , z ∈ R^4 } of potential forms^4. The notion of local gauge transformation is recast in terms of this system.

We then consider, in Section 4, the net of causal loops defined over the set of double cones K of the Minkowski space-time. We slightly modify its definition with respect to [15] since we take into account two relevant facts: the flatness of the Minkowski space-time and the necessity of smearing the fields. The essential effect of this choice is to adjust the definition of the simplicial set, replacing the rôle played by the elements of K by the set of test functions supported within elements of K.

Practically the construction runs as follows: for any 2-simplex we associate the exponential of the integral of F_{μν} (y) over the triangular surface underling the 2-simplex. Thanks to the Stokes’ theorem this defines a function w^{em} over the 2-simplices which has the right localization properties, turning to define a representation of the net of causal loops. Yet, we can define two connection systems: u^{em} which is obtained from w^{em} by using the the combinatorial procedure outlined above; and u^{pot} obtained as the exponential of the line integral of A_μ. The key result is that u^{pot} is equivalent to u^{em} in terms of a local gauge transformation. Moreover, we show that local gauge transformations of A_μ agree with local gauge transformations of the connection systems.

Comparing our results with the Roberts’ approach recalled above, the unitary 2-cochain w^{em} associated with the electromagnetic field is not, in general, a 2-cocycle. The relevant physical information is carried by the localization property of w^{em}, as in the very philosophy of AQFT. This is enough to recover not a single connection but a system of connections in which causality and covariance however arise. Moreover, it suggests to replace the electromagnetic potential field by the electromagnetic potential form in the expression (1.1) for the charge transporters of QED, so we have ψ(∂_0p) e^i ∫ p A^z_μ dp^μ ψ(∂ 1p)^∗ . (1.2)

Hence we have a direct dependence on the point z of the space-time labelling the potential form. This parallels what happens in the analysis of sectors associated to charges of electromagnetic type [12], in which the theory is developed on the forward light-cone of a single point of the space-time, as outlined above.

2 Preliminaries

In this section we describe the setting and the notation used in the present paper. In the first subsection we recall some facts concerning the Minkowski space-time, the Poincaré group and

4A covariant quantum electromagnetic potential was find in [32] for the case of infinite string-localized fields.

the notion of causal nets of C^∗-algebras. Some properties about quantum electromagnetic field, relevant for the aims of the present paper, are discussed in the second subsection. Finally, we shall deal with the integration of forms in the language of singular homology.

2.1 Nets of C^∗-algebras on the Minkowski space-time

The Minkoswki space-time and the Poincaré group. We recall some basic properties of the Minkowski space-time (R^4 , g) and establish some notations. We adopt the convention that the metric tensor g_{μν} has negative signature: g_{00} = 1, g_{11} = g_{22} = g_{33} = −1 and g_{μν} = 0 if μ ≠ ν. Furthermore, recall that g_{μν} = g^{μν} and g^μ_ν = g_μ^ν = δ_{μν} . We use the contravariant notation to represent the components of element x of the Minkowski space-time: x = (x^0, x^1, x^2, x^3) or x = x^μ, with μ = 0, 1, 2, 3. The inner product induced by the metric tensor is

x · y := x^0y^0 − x^1y^1 − x^2y^2 − x^3y^3 = x^μg_{μν} x^ν = x^μx_μ ,

where x_μ = g_{μν} x^ν is the covariant representation of x. Clearly x^μ = g^{μν} x_ν . Denoting the canonical scalar product of two element x, y of R^4 by (x, y) and by g the matrix associated with the metric tensor g_{μν} , the Minkowski inner product can be rewritten as x · y = (x, gy).

We shall say that two subsets X and Y of R^4 are causally disjoints if, and only if, the corresponding elements are spacelike separated. In symbol we write X ⊥ Y ⇐⇒ (x − y)^2 < 0 , ∀x ∈ Y, y ∈ Y . A Lorentz transformation is a linear transformation L leaving the inner product invariant, (Lx, gLy) = (x, gy): in matrix notation L^T gL = g. In tensor notation, if (Lx)^μ = L^μ_ν x^ν and (Lx)_μ = L_μ^ν x_ν , where L_μ^ν = g_{μα}L^α_β g^{βα}, then L^α_μg_{αβ}L^β_ν = g_{μν} . So

(L^{−1})^ν_α = g_{αβ}L^β_ρg^{ρν} = L_α^ν .

The restricted Lorentz group L^↑_+ is the subgroup of the Lorentz transformations whose matrices L^μ_ν have positive determinant and L^0_0 ≥ 1. The Poincaré group P^↑_+ is the semi-direct product R^4 ⋊ L^↑_+ with composition law defined as (x, L) (x^′, L^′) := (x + Lx^′, LL^′) . According to this relation, (−L^{−1}x, L^{−1}) is the inverse of (x, L). To economize notation, sometimes we shall denote an element of the Poincaré group by P := (x, L), so when Y ⊂ R^4 or y ∈ R^4 we shall write the action as P Y = x + LY , P y = x + Ly . Nets of C^∗-algebras. The mathematical description of local observables in AQFT is given in terms of nets of C^∗-algebras. We shall focus on the case of the Minkowski space-time and refer the reader to [41, 15] for more general situations. Let K denote the set of double cones of the Minkowski space-time [27]. Double cones form a base of the topology of R^4 which is stable under the action of the Poincaré group and upward directed under inclusion. By a net of C^∗-algebras over the Minkowski space-time we shall mean an inclusion preserving (isotonous) correspondence A : K ∋ o → A_o ⊆ A(R^4 ), i.e. o_1 ⊆ o_2 ⇒ A_{o1} ⊆ A_{o2} , associating a C^∗-subalgebra A_o of a fixed target C^∗-algebra A(R^4 ) to any double cone o. The net A is said to be causal whenever o_1 ⊥ o_2 ⇒ [A_{o1} , A_{o2} ] = 0 , and it is said to be covariant if there is action of the Poincaré group α : P^↑_+ → autA(R^4 ) such that α_P ∘ A = A ∘ α_P , P ∈ P^↑_+ . In the following we shall denote a causal and covariant net of C^∗-algebras over the Minkowski space-time by (A, α)_K .

2.2 The quantum electromagnetic field.

The quantum electromagnetic field is defined by the following data.

• A Hilbert space H carrying a unitary representation U of P^↑_+ having a unique invariant (vacuum) vector Ω and satisfying the spectrum condition.

• An operator valued distribution f → F_{μν} (f) assigning to any real test function f ∈ S(R^4 ) an essentially self-adjoint operator F_{μν} (f) of H defined on a dense domain D ⊂ H containing the vacuum and such that F_{μν} (f)D ⊆ D for any test function f. We furthermore assume that the essential self-adjointness property is conserved under the contraction over 1- and 2-tensor taking value in S(R^4 ).

• Covariance. The representation U leaves the domain D invariant and U(x, L)F_{μν} (f)U(x, L)^∗ = L^{−1}_μ^αL^{−1}_ν^β F_{αβ} (f_{(x,L)}) , f ∈ S(R^4 ) , (2.1) for any (x, L) ∈ P^↑_+, where f_{(x,L)} := f ∘ (x, L)^{−1}.

• (strong) Causality. Causality of the field reads as [F_{μν} (f), F_{μν} (g)] = 0 , supp(f) ⊥ supp(g) , where the commutation relation is intended to hold on D, and the symbol ⊥ stands for causal disjointness. However in the present paper we need a stronger relation, [exp(iF_{μν} (f)), exp(iF_{αβ} (g))] = 0 , supp(f) ⊥ supp(g) , (2.2) where, to ease notation, we are denoting F_{μν} (f) and its closure by the same symbol.

• (Field equations) The field is antisymmetric F_{μν} = −F_{νμ} , (2.3) and satisfies the Maxwell equations: the first ∂_σ F_{μν} + ∂_μF_{νσ} + ∂_ν F_{σμ} = 0 , (2.4) and the second ∂^μF_{μν} = J_ν . (2.5)

Let us briefly comment the terminology used in the above definitions. As usual, the term operator valued distribution means that the mapping f → (ϕ, F_{μν} (f)ψ) is a tempered distribution, i.e. a continuous linear functional on the Frechet space S(R^4 ) for any ϕ, ψ ∈ D. The first and the second Maxwell equation hold in the weak sense i.e. ∂_αF_{μν} (f) := −F_{μν} (∂_αf). The explicit construction of (H, F, U) can be made, in the free case, by using the Fock spaces [21] or the Wightman reconstruction theorem [43].

We discuss the assumptions about the second Maxwell equation and the strong form of causality. As observed we are not assuming that the electromagnetic field is free, that is we allow J_ν ≠ 0. This is possible since the second Maxwell equation does not enter directly in the definitions and constructions of the present paper. Concerning the strong form of causality, this is necessary since using the exponential of the fields we will constructs representations of the net of causal loops. This strong form of causality is verified by the free electromagnetic field [43, Section 5.3] and, also, by some interacting fields [24]. As an example one may consider the free electromagnetic field F^0_{μν} (so ∂^μF^0_{μν} = 0) coupled with an external classical current j_ν [21]: one considers a bounded closed covariant 2-form ϕ_{μν} , i.e. fulfilling

ϕ_{μν} ∘ P^{−1} = L^{−1}_μ^αL^{−1}_ν^β ϕ_{αβ} , P ∈ P^↑_+ .

Then, the field F_{μν} , defined by

F_{μν} (f) := F^0_{μν} (f) + ∫ ϕ_{μν} (x)f(x) d^4x , f ∈ S(R^4 ) , satisfies the above properties with current j_ν := ∂^μϕ_{μν} .

2.3 Singular simplices and integration

The suited language for dealing with the Stokes’ theorem is that of the algebraic topology. We start by introducing the simplicial set of singular piecewise smooth simplices in R^4 . Given the standard n-simplex

Δ_n := { (t_1, t_2, . . . , t_n) ∈ R^n | | t_i ≥ 0,^n ∑ i=1 t_i ≤ 1 } , a singular piecewise smooth n-simplex χ is a piecewise smooth maps χ : Δ_n → R^4 . The vertices of χ are the images of the vertices of Δ_n: so, given the canonical base {e_k} of R^n and i ∈ {0, . . . , n}, the i-vertex of χ is defined by χ(e_i) when i ∈ {1, . . . , n}, and by χ(0) when i = 0. The order of the vertices endows χ with a natural orientation. We say that an n-simplex χ^′ has opposite orientation with respect to χ whenever χ^′ = χ∘T , where T : R^n → R^n is an affine transformation making an odd permutation of the vertices of Δ_n. Denoting the set of singular piecewise smooth n-simplices by Σ_n(R^4 ), the face maps ∂_i : Σ_n(R^4 ) → Σ_{n−1}(R^4 ) are defined by ∂_iχ(t_1, . . . , t_{n−1}) := { χ(1 − ∑_{n−1} i=1 t_i, t_1, t_2, . . . , t_{n−1}) , i = 0 , χ(t_1, · · · , t_{i−1}, 0, t_i, . . . , t_{n−1}) , i > 0 . (2.6)

One can easily see that the collection Σ_∗(R^4 ) = {Σ_n(R^4 ), n ∈ N}, is a simplicial set.

Singular Homology. We denote the Z-module of singular n^{th}-chains by C_n(R^4 ): this is the set of finite formal linear combinations ∑ i m_iχ_i with m_i ∈ Z and χ_i ∈ Σ_n(R^4 ). The boundary of χ ∈ Σ_{n+1}(R^4 ) is the n-chain ∂χ = n+1∑ i=0 (−1)^i ∂_iχ , (2.7) and an n-cycle is an n-simplex χ such that ∂χ = 0. Now, as well known, since ∂ ∘ ∂ = 0 it turns out that the set B_n(R^4 ) of boundaries of C_{n+1}(R^4 ) is a submodule of the set Z_n(R^4 ) of n-cycles, and H_n(R^4 ) := Z_n(R^4 )/B_n(R^4 ) is the n-th module of singular homology of R^4 , which vanishes for n > 0. The proof relies on the existence of contracting homotopies for R^4 . The easiest example is the cone construction which associates to any z ∈ R^4 a map h^z : C_n(R^4 ) → C_{n+1}(R^4 ) such that ∂ ∘ h^z + h^z ∘ ∂ = id_{Cn(R}4_) . (2.8)

Explicitly, h^z is defined on χ ∈ Σ_n(R^4 ) ⊂ C_n(R^4 ) by

h^zχ(t_1, . . . , t_n, t_{n+1}) := (_{n+1} ∑ i=1 t_i ) χ ( t_2 ∑_{n+1} i=1 t_i , . . . , t_{n+1} ∑_{n+1} i=1 t_i ) + ( 1 − n+1∑ i t_i ) z , (2.9)

and extended by linearity on n-chains. In particular ∂_0h^zχ = χ and ∂_ih^zχ = h^z∂_{i−1}χ for i > 0. This implies that any χ ∈ C_1(R^4 ) which is a closed curve (χ(0) = χ(1)) is the boundary of the 2-simplex h^zχ.

Integration. Given a smooth n-form ω = ∑ α_1···α_n ωα1···αn dx α_1 ∧ · · · ∧ dxα_n , where the indices

α_1, . . . , α_n vary independently in 0, 1, 2, 3, the integral over an n-simplex is defined by ∫ χ ω := ∫ Δ_n ω_{α1 ···αn} (χ(t)) χ^{α1 ···αn} (t) d^nt , χ ∈ Σ_n(R^4 ) , (2.10) where χ^{α1···αn} (t) is the involved Jacobian. The Stokes’ theorem hence reads as follows: given an (n − 1)-form ω and χ ∈ Σ_n(R^4 ), then ∫ χ dω = ∫ ∂χ ω = n∑ i=0 (−1)^n ∫ ∂_i χ ω , χ ∈ Σ_n(R^4 ) . (2.11)

If φ = ∑ j m_j χ_j ∈ C_n(R^4 ) and ω is an n-form, then ∫ φ ω := ∑ j m_j ∫ χ_j ω and the Stokes’ theorem

extends to chains by linearity.

In what follows we shall deal mainly with singular 0-, 1-, 2- simplices in R^4 : a 0-simplex is a point x ∈ R^4 ; a 1-simplex is a piecewise smooth curve γ; a 2-simplex is a piecewise smooth surface σ. Note that the boundary of a curve γ is the 0-chain ∂γ = ∂_0γ − ∂_1γ that in terms of vertices is γ(1) − γ(0). The boundary of a surface σ is the 1-chain ∂σ = ∂_0σ − ∂_1σ + ∂_2σ. According to the above definition of orientation, we note that there is only one curve having opposite orientation of a given curve γ; this is the curve γ̄(t) = γ(1 − t), t ∈ Δ_1, that we call the opposite of γ. Note that ∂γ̄ = −∂γ. Instead in the case of surfaces the opposite is not unique: as a convention, we call the opposite of σ the surface σ̄ := σ ∘ T , where T := (^{0 1}_{1 0} ) is written in the canonical base of R^2 . The boundary of σ̄ results to be the 1-chain

∂σ̄ = ∂_0σ̄ − ∂_1σ̄ + ∂_2σ̄ = −∂_0σ − ∂_2σ + ∂_1σ = −∂σ . (2.12)

Concerning the integration over singular simplices, we observe that the infinitesimal line element of γ ∈ Σ_1(R^4 ) is γ̇^μ(t)dt; the infinitesimal surface element of σ ∈ Σ_2(R^4 ) is σ^{μν} (t)d^2t, where

σ^{μν} (t) = ( ∂σ^μ ∂t_1 ∂σ^ν ∂t_2 − ∂σ^μ ∂t_2 ∂σ^ν ∂t_1 ) (t) , t ∈ Δ_2 . (2.13)

Note that γ̇^μ and ∂σ^μ/∂t_k may have discontinuity points, nevertheless any of them is bounded.

3 Loops, surfaces and the potential system

In this section we define the integral of the electromagnetic field over a 2-simplex, and prove that this operator is covariant in a suitable sense and localized on the boundary. To this end, we shall use the fact that the electromagnetic field defines a closed, exact, 2-form and the Stokes’ theorem. Furthermore we shall consider a collection of primitives of the above 2-form, indexed by the Minkowski space-time, and analyze its properties.

For what follows we shall use the language of algebraic topology, in which the integrations of smeared fields over surfaces and over curves are treated on the same footing and where the Stokes’ theorem applies in a more general form. To this end, we shall use smearing functions to generalize the notion of n-simplex. To keep contact with the geometrical intuition we shall mainly work with n-simplices rather than n-chains, but our results easily extend to these latter.

3.1 Smearing simplices

Both for the purpose of smearing the fields and for treating abstract simplices given by subsets of the space-time, as in [15], we refine the notion of piecewise smooth n-simplex. We define the set of (singular, piecewise smooth) smearing n-simplices by

Σ_n(R^4 , S) := {(χ, f) : χ ∈ Σ_n(R^4 ) , f ∈ S(R^4 ) , supp(f) ∋ 0} , (3.1)

and call f the smearing function of (χ, f). The Poincaré group acts on Σ_n(R^4 , S) by

P (χ, f) := (P χ, f_L) , P = (x, L) ∈ P^↑_+ , (χ, f) ∈ Σ_n(R^4 , S) , (3.2)

where (P χ(t))^μ := x^μ + L^μ_ν χ^ν (t), with t ∈ Δ_n, and f_L ≡ f_{(0,L)}. Notice that translations do not act on the smearing function f, so supp(f_L) ∋ 0.

The Z-module of smearing n-chain C_n(R^4 , S) is defined as the set of finite formal linear combinations of smearing n-simplices,

C_n(R^4 , S) := { ∑ i m_i(χ_i, f_i) | m_i ∈ Z , (χ_i, f_i) ∈ Σ_n(R^4 , S) } , (3.3)

and the Poincaré action extends on C_n(R^4 , S) correspondingly.

The face maps lift, naturally, from Σ_n(R^4 ) to Σ_n(R^4 , S) by defining ∂_i(χ, f) := (∂_iχ, f) for any i. So the boundary of a smearing n-simplex is the (n − 1)-chain ∂(χ, f) := (∂χ, f) . Similarly to Subsection 2.3 we define H_n(R^4 , S) := Z_n(R^4 , S)/B_n(R^4 , S) that also vanish for n > 0. Notice that also in this case n-boundaries coincide with n-cycles and that the Poincaré action leaves them invariant.

The reason why we introduce smearing simplices relies on the following observation: to any smearing n-simplex (χ, f) there corresponds an n-form χ[f] defined by χ[f]^{α1···αn} (x) := ∫ Δ_n f(x − χ(t)) χ^{α1 ···αn} (t) d^nt , x ∈ R^4 . (3.4) This n-form plays the rôle of the n-volume element for the integration of a quantum field over an n-simplex. It is easily seen that χ[f]^{α1···αn} ∈ S(R^4 ) and that the partial Riemann sums defining the integral (3.4) converge in the sense of the topology of S(R^4 ) [40]. It is natural to define the support of a smearing n-simplex as the support of the corresponding n-form, i.e.

|(χ, f)| := supp(χ[f]) , (χ, f) ∈ Σ_n(R^4 , S) . (3.5)

It is easy to verify that the support is Poincaré covariant, |P (χ, f)| = P |(χ, f)| for P ∈ P^↑_+, and that if supp(f) is contained in the open ball B_ε(0) ⊂ R^4 , ε > 0, then

supp(χ[f]) ⊆ B_ε(χ) := {x ∈ R^4 : d(x, χ(Δ_n)) < ε} , (3.6)

in fact x /∈ B_ε(χ) implies f(x − χ(t)) = 0 for all t ∈ Δ_n. Finally we observe that the above reasoning extends to n-chains, as follows: given an n-chain φ = ∑ i m_i(χ_i, f_i), we set [φ]^{α1 ···αn} (x) := ∑ i m_i χ_i[f_i]^{α1···αn} (x) , x ∈ R^4 , (3.7)

which is still an n-form with coefficients in S(R^4 ). The support of the n-chain is defined as the support of the associated n-form, and the property of covariance easily generalizes.

3.2 The electromagnetic field 2-form

As already said, we want to integrate the electromagnetic field on a 2-simplex. The idea is to integrate on the given 2-simplex the convolution of F_{μν} by a test function. To this end, for any f ∈ S(R^4 ) define f_y(x) := f(x − y) , x, y ∈ R^4 , and observe that f_y is a test function as well for any y. Since y → f_y fits the topology of Schwartz functions, the mapping y → F_{μν} (f_y) is smooth in the sense of distributions, i.e. the functions y → (ϕ, F_{μν} (f_y)ψ) are smooth for any ϕ, ψ ∈ D and for any μ, ν (see [40]). Furthermore, covariance implies F_{μν} (f_y) = U(y)F_{μν} (f)U(y)^∗ , y ∈ R^4 , (3.8)

where, with an abuse of notation, U(y) stands for U(y, 1). Finally, we note that ∂_yρ f_y = −(∂_ρf)_y and this implies ∂_yρ F_{μν} (f_y) = F_{μν} ((∂_ρf)_y). So

∂_yρ F_{μν} (f_y) + ∂_yν F_{ρμ}(f_y) + ∂_yμ F_{νρ}(f_y) = F_{μν} ((∂_ρf)_y) + F_{ρμ}((∂_ν f)_y) + F_{νρ}((∂_μf)_y) = U(y) ( F_{μν} (∂_ρf) + F_{ρμ}(∂_ν f) + F_{νρ}(∂_μf) ) U(y)^∗ = 0 ,

and this leads to ∂_yρ F_{μν} (f_y) + ∂_yν F_{ρμ}(f_y) + ∂_yμ F_{νρ}(f_y) = 0 , (3.9)

that is, y → F_{μν} (f_y) is a closed 2-form in the sense of distributions.

The surface integral of F_{μν} . The rough idea is to define our integral on σ ∈ Σ_2(R^4 ) as ∫ σ F (f_σ ) dσ := 1 2 ∫ Δ_2

F_{μν} (f_{σ(t)}) σ^{μν} (t) d^2t , (3.10)

where f ∈ S and the factor 1/2 derives from the fact that F_{μν} is antisymmetric and μ, ν varies independently in {0, 1, 2, 3}. This is a formal expression since the integration of unbounded operators is involved. To deal with this problem we consider the smearing surface (σ, f) ∈ Σ_2(R^4 , S) and the corresponding 2-form

σ[f]^{μν} (x) := ∫ Δ_2

f(x − σ(t)) σ^{μν} (t) d^2t , x ∈ R^4 , (3.11)

defined in accordance with (3.4). We have seen that any σ[f]^{μν} is in S(R^4 ) and that the partial Riemann sums defining the integral (3.11) converge in the Schwartz topology; furthermore, supp(σ[f]) ⊆ B_ε(σ) whenever supp(f) ⊆ B_ε(0), see (3.6).

On these grounds we define F ⟨σ, f⟩ := 1 2 F_{μν} (σ[f]^{μν} ) , (σ, f) ∈ Σ_2(R^4 , S) . (3.12) Next results show the properties of this operator. In particular, the following Lemma 3.1(ii) illustrates how (3.12) does fit the formal expression (3.10).

Lemma 3.1. Let (σ, f) ∈ Σ_2(R^4 , S). Then F ⟨σ, f⟩ is an essentially self-adjoint operator defined on D such that F ⟨σ, f⟩ D ⊆ D, and: (i) U(P )F ⟨σ, f⟩ U(P )^∗ = F ⟨P (σ, f)⟩, P ∈ P^↑_+; (ii) (ϕ, F ⟨σ, f⟩ ψ) = 1/2 ∫ Δ_2 (ϕ, Fμν (fσ(t))ψ) σ μν (t) d^2t, ϕ, ψ ∈ D; (iii) if |(σ^′, f^′)| ⊥ |(σ, f)|, then [ exp(iF ⟨σ, f⟩), exp(iF ⟨σ^′, f^′⟩) ] = 0, where | · | denotes the support (3.5) of the smearing surface.

Proof. The first properties follow by definition. (i) Let P = (x, A) ∈ P^↑_+. According to (2.1) we have U(P )F ⟨σ, f⟩ U(P )^∗ = (1/2) L^{−1}_μ^α L^{−1}_ν^β F_{αβ} (σ[f]^{μν} ∘ P^{−1}), where

σ[f]^{μν} ∘ P^{−1}(y) = ∫ Δ_2 f(L^{−1}y − L^{−1}x − σ(t)) σ^{μν} (t) d^2t = ∫ Δ_2 f_L(y − x − Lσ(t)) σ^{μν} (t) d^2t = ∫ Δ_2

(f_L)_{x+Lσ(t)}(y) σ^{μν} (t) d^2t .

Since L^{−1}_μ^α = L^α_μ (see Section 2), we get 2 · U(P )F ⟨σ, f⟩ U(P )^∗ = = ∫ Δ_2

F_{αβ} ((f_L)_{x+Lσ(t)}) · L^{−1}_μ^α L^{−1}_ν^β σ^{μν} (t) d^2t = ∫ Δ_2

F_{αβ} ((f_L)_{x+Lσ(t)}) · (Lσ)^{αβ} (t) d^2t = ∫ Δ_2

F_{αβ} ((f_L)_{x+Lσ(t)}) · (x + Lσ)^{αβ} (t) d^2t = F_{αβ} (P σ[f_L]^{αβ} ) = 2 · F ⟨P (σ, f)⟩ , completing the proof. (ii) follows from the observation that the map y → ∫ Δ_2 fσ(t)(y)σ

μν (t)d^2t is limit in the topology of S(R^4 ) of finite Riemann sums, so applying the distribution (ϕ, F_{μν} (·)ψ) we can pass under the sign of integral. (iii) follows by the definition (3.12) and strong causality (2.2).

Cycle phases and the Stokes’ theorem. We now construct a causal and covariant map from smearing 1-boundaries into the unitary group of the vacuum Hilbert space. Lemma 3.2. If (σ, f), (σ^′, f) ∈ Σ_2(R^4 , S) have the same boundary then F ⟨σ, f⟩ = F ⟨σ^′, f⟩. Proof. Equation (3.9) implies that for any ϕ, ψ ∈ D the 2-form ω_{μν} (y) := (ϕ, F_{μν} (f_y)ψ) , y ∈ R^4 , is closed, so it is exact and we can find a 1-form τ such that dτ = ω. Applying Lemma 3.1.(iii) and the Stokes’ theorem (2.11) we get (φ, F ⟨σ, f⟩ ψ) = 1 2 ∫ Δ_2

(φ, F_{μν} (f_{σ(t)})ψ) σ^{μν} (t) d^2t = 1 2 ∫ Δ_2

ω_{μν} (σ(t)) σ^{μν} (t) d^2t = ∫ σ ω = ∫ ∂σ τ = ∫ ∂σ^′ τ = ∫ σ^′ ω = 1 2 ∫ Δ_2

ω_{μν} (σ^′(t)) σ^{′μν} (t) d^2t = 1 2 ∫ Δ_2

(φ, F_{μν} (f_σ′_{(t)})ψ)σ^′_{μν} (t) d^2t = (φ, F ⟨σ^′, f⟩ ψ) , and the proof follows by density of D in H.

After a preliminary remark we illustrate a consequence of Lemma 3.2. By the cone construction (2.9), for any smearing closed curve (γ, f), γ(0) = γ(1), there is a smearing surface h^z(γ, f) := (h^zγ, f) such that ∂h^zγ = γ for some z ∈ R^4 . This suggests the following notation: we denote the set of closed smearing curves by ∂Σ_2(R^4 , S): clearly, this is a subset of Z_1(R^4 , S). Theorem 3.3 (Cycle phases). The quantum electromagnetic field induces the map w : ∂Σ_2(R^4 , S) → UH , w(ℓ, f) := exp(iF ⟨σ, f⟩) , ℓ = ∂σ , which is causal and covariant in the sense that [ w(ℓ_1, f_1) , w(ℓ_2, f_2) ] = 0 , U(P ) w(ℓ, f) U(P )^∗ = w(P (ℓ, f)) , for any |(ℓ_1, f_1)| ⊆ o_1, |(ℓ_2, f_2)| ⊆ o_2, o_1 ⊥ o_2 ∈ K and P ∈ P^↑_+.

Proof. By definition, for any closed curve ℓ there is a surface σ such that ℓ = ∂σ. By Lemma 3.2 we have that F ⟨σ, f⟩ is independent of the choice of σ with ∂σ = ℓ, so w is well-defined. Covariance follows by Lemma 3.1(i). To prove causality we consider |(ℓ, f)| ⊆ o and note that, since o is convex, we can find z ∈ o such that h^z(ℓ, f) is supported within o. So the proof follows by Lemma 3.1(iii).

Remark 3.4. Some observations about this theorem are in order.

1. Causality of w holds in a more general form. If (ℓ_1, f_1) and (ℓ_2, f_2) are causally disjoint smearing closed curves not linked together, then [w(ℓ_1, f_1), w(ℓ_2, f_2)] = 0. In fact in this case it is always possible to find causally disjoint smearing surfaces having ℓ_1, ℓ_2 as boundaries, via suitable cone constructions (see Theorem 4.6 and following remarks).

2. The above theorem generalizes straightforwardly to generic 1-cycles Z_1(R^4 , S). 3. The proof of the previous theorem is based on the properties of F_{μν} being strongly causal (2.2), covariant (2.1), and closed as a 2–form (2.4). So we do not expect limitations from considering quantum fields with values in a generic Lie algebra, or defined over generic space-times with trivial de Rham cohomology.

4. Assuming that there is some potential A such that ∂_μA_ν − ∂_ν A_μ = F_{μν} , we may apply the Stokes’ theorem and write in heuristic terms w(ℓ, f) = exp i ∮ ℓ A(f) , (ℓ, f) ∈ ∂Σ_2(R^4 , S) , (3.13)

where A(f) is a smearing of A. This yields the link with the notion of Wilson loop used in quantum gauge theories. The rigorous version of the above equality shall be proved in Proposition 3.10.

3.3 The potential system

We have observed that the electromagnetic field defines an exact 2-form of R^4 . Using the classical formula for the reconstruction of the primitive of an exact 2-form we shall define the (electromagnetic) potential 1-form, depending on the origin used to perform the integration; varying the origin in R^4 gives a system of potential forms that turns out to be causal and covariant. We analyze the properties of these operators and define their line integral.

The electromagnetic 1-form. We want to study the primitives of the closed 2-form defined by the electromagnetic field. To this end we may use the cone construction to obtain directly the integral of a primitive on a smearing curve, however we prefer to follow a bottom-up approach first finding the primitive 1-forms. The equivalence between these two formulations shall be shown at the end of this section.

If ω is a closed 2-form on R^4 , then the formula

ω^z_μ(y) =

∫_1 0 t (y − z)^α ω_{μα}(z + t(y − z)) dt , y ∈ R^4 , (3.14)

gives a primitive of ω for any z ∈ R^4 , as can be verified by an elementary computation. Indeed this is the argument used to prove the Poincaré Lemma, that is usually presented with the choice z = 0. As we shall see soon, the additional degree of freedom given by z ∈ R^4 is necessary to make explicit the covariance and the causality of the potential. On this grounds, given a test function f the formal definition of our quantum potential form is A^z_μ(y, f) := ∫_1 0 t(y − z)^αF_{μα}(f_{z+t(y−z)}) dt , y ∈ R^4 . We show below that this formula holds in the sense of sesquilinear forms. To give the rigorous definition we observe that for any smearing point (y, f) ∈ Σ_0(R^4 , S) there corresponds a 1-tensor y^z_f , defined as y^{z,α}_f (x) := ∫_1 0 (y − z)^αtf_{z+t(y−z)}(x) dt , y ∈ R^4 , (3.15) where, as usual, the components y^{z,α}_f take values in S(R^4 ) and are limit, in the topology of S(R^4 ), of the partial Riemann sums defining the integral. If supp(f) ⊆ B_ε(0) then y^z_f ⊆ B_ε(r_{z,y} ) = {x ∈ R^4 | d(x, r_{z,y} ) < ε} , (3.16) where r_{z,y} := {z + t(y − z) ∈ R^4 | t ∈ [0, 1]}.

Definition 3.5. For any z ∈ R^4 , we call the (electromagnetic) potential 1-form based on z the operator-valued map A^z_μ(y, f) := F_{μα}(y^{z,α}_f ) , (y, f) ∈ Σ_0(R^4 , S) . (3.17) The point z is called pole. The family A_μ = {A^z_μ}_z is called the potential system.

Some basic properties, like the fact that A^z_μ(y, f) is a weak primitive of the electromagnetic field, are shown in the next lemma.

Lemma 3.6. Let (y, f) ∈ Σ_0(R^4 , S) and z ∈ R^4 . Then A^z_μ(y, f) is an essentially self-adjoint operator on D such that A^z_μ(y, f)D ⊆ D. The mapping y → (ϕ, A^z_μ(y, f)ψ) is smooth and the relations (i) (ϕ, A^z_μ(y, f)ψ) = ∫_1 0 t(y − z)^α(ϕ, F_{μα}(f_{z+t(y−z)})ψ) dt, (ii) (ϕ, F_{μν} (f_y)ψ) = ∂_yμ (ϕ, A^z_ν (y, f)ψ) − ∂_yν (ϕ, A^z_μ(y, f)ψ), hold for any ϕ, ψ ∈ D.

Proof. The facts that A^z_μ(y, f) is essentially self-adjoint and a linear map of D follow by definition. The equation (i) follows by the same argument used to prove Lemma 3.1(ii), that is, convergence of the integral defining the form y^z_f in the sense of Schwartz topology. To prove equation (ii) we define τ_μ(y) := (ϕ, A^z_μ(y, f)ψ), y ∈ R^4 , and using (i) we find

∂_μτ_ν (y) = ∂ ∂y^μ ∫_1 0 t(y − z)^α(ϕ, F_{να}(f_{z+t(y−z)})ψ) dt . The argument used to prove that (3.14) is a primitive now applies, so τ is a primitive of the 2-form y → (ϕ, F_{μν} (f_y)ψ) as desired.

We point out two basic features of QED that are reflected on the potential 1-form: A^z_μ(y, f) is neither localized nor covariant with respect to f. To be more precise A^z_μ(y, f) is not localized on supp(f) but, according to Definition 3.5, on the support of the tensor y^z_f , whose localization is estimated by (3.16). Concerning covariance we have the following result. Lemma 3.7. For any (y, f) ∈ Σ_0(R^4 , S) and P = (a, L) ∈ P^↑_+ we have U(P ) A^z_μ(y, f) U(P )^∗ = L^{−1}_μ^δ A^{P z}_δ (P (y, f)) .

Proof. According to (2.1) we have

U(P ) A^z_μ(y, f) U(P )^∗ = U(P ) F_{μα}(y^{z,α}_f )) U(P )^∗ = L^{−1}_μ^δ L^{−1}_α^β F_{δβ} (y^{z,α}_f ∘ P^{−1}) . Using (3.15) we compute y^{z,α}_f ∘ P^{−1}(x) = = y^{z,α}_f (L^{−1}(x − a)) =

∫_1 0 (y − z)^αt · f(L^{−1}x − L^{−1}a − z − t(y − z)) dt = ∫_1 0 (y − z)^αt · f_L(x − a − L(z − t(y − z))) dt = ∫_1 0 (y − z)^αt · f_L(x − Lz − t(Ly − Lz)) dt = (L^{−1})^α_β

∫_1 0 (P y − P z)^β t · f_L(x − P z − t(P y − P z)) dt = (L^{−1})^α_β (P y)^{P z,α}_{fL} (x) .

So according to the definition (3.15) and using the relation L^{−1}_α^β = L^β_α (see Section 2), we have

U(P ) A^z_μ(y, f) U(P )^∗ = L^{−1}_μ^δ L^{−1}_α^β F_{δβ} (y^{z,α}_f ∘ P^{−1}) = L^{−1}_μ^δ L^{−1}_α^β (L^{−1})^α_ν F_{δβ} ( (P y)^{P z,α}_{fL} ) = L^{−1}_μ^δ F_{δβ} ( (P y)^{P z,α}_{fL} ) = L^{−1}_μ^δ A^{P z}_δ (P (y, f)) ,

completing the proof.

This result shows that the electromagnetic potential form is not covariant. In particular we see that a Poincaré transformation affects the pole z with respect to which the potential form is reconstructed. In other words, we have covariance only if we consider the potential system A_μ and not a single potential 1-form. We shall return on this point in Section 4.

The line integral of the potential form. The last step is to analyze the integral of the quantum potential form on a curve γ. The idea is, as usual, to find a suitable test function giving a rigorous sense to the formal expression ∫ γ A^z_μ(γ, f) dγ^μ := ∫_1 0 A^z_μ(γ(s), f) γ̇^μ(s) ds . (3.18)

In analogy to the case of the potential form, we pick a point z ∈ R^4 and associate a 2-tensor γ^z_f to any smearing curve (γ, f) ∈ Σ_1(R^4 , S), by defining γ^{z,μν}_f (x) := ∫_1 0 (∫_1 0 (γ(s) − z)^μtf_{z+t(γ(s)−z)}(x)dt ) γ̇^ν (s) ds , x ∈ R^4 . (3.19)

Again, the coefficients γ^{z,μν} are in S(R^4 ) and are limit of the partial Riemann sums defining the integral. Notice that supp(f) ⊆ B_ε(0) implies supp(γ^z_f ) ⊆ {x ∈ R^4 | d(x, z + t(γ(s) − z)) < ε , t, s ∈ [0, 1]} . (3.20) In words, γ^z_f is supported in the envelope between supp(f) and the set spanned by z + t(γ(s) − z) as t, s vary in [0, 1].

After these preliminary observations, the line integral of the potential form is the operator

A^z ⟨γ, f⟩ := F_{μν} (γ^{z,μν}_f ) , (γ, f) ∈ Σ_1(R^4 , S) . (3.21)

We give some properties of the above line integral. We start by observing that A^z ⟨γ, f⟩ is an essentially self-adjoint operator defined on D such that A^z ⟨γ, f⟩ D ⊆ D. The fact that (3.18) holds in the weak sense is established in the following result: Lemma 3.8. For any ϕ, ψ ∈ D, z ∈ R^4 and (γ, f) ∈ Σ_1(R^4 , S), we have: (i) (ϕ, A^z ⟨γ, f⟩ ψ) = ∫_1 0 (ϕ, A^z_ν (γ(s), f)ψ) γ̇^ν (s) ds; (ii) (ϕ, A^z ⟨γ, f⟩ ψ) = ∫_1 0 ∫_1 0 (γ(s) − z)^μ t (ϕ, F_{μν} (f_{z+t(γ(s)−z)})ψ)γ̇^ν (s) dsdt.

Proof. (i) We note that (γ(s), f) ∈ Σ_0(R^4 , S) for any s ∈ Δ_1 and find, according to (3.15), that γ^{z,μν}_f (x) = ∫_1 0 γ(s)^{z,μ}_f (x) γ̇^ν (s) ds for any x ∈ R^4 . Noticing, as usual, that in this relation γ^{z,μν}_f is limit in the topology of S(R^4 ) of the partial Riemann sums defining the integral, we have (ϕ, A^z ⟨γ, f⟩ ψ) = (ϕ, F_{μν} (γ^{z,μν}_f )ψ) = ∫_1 0 (ϕ, F_{μν} ( γ(s)^{z,μ}_f ) ψ) γ̇^ν (s) ds (3.17) = ∫_1 0 (ϕ, A^z_ν (γ(s), f)ψ) γ̇^ν (s) ds , as desired. Finally, (ii) follows by Lemma 3.6(i).

The definition (3.21) makes manifest that the line integral of the potential form is not localized on the support of the test function, but on the subset defined in (3.20). The action of the Poincaré group is computed in the following result, which, in particular, shows how the pole is involved by the transformation:

Proposition 3.9. For any z ∈ R^4 , (γ, f) ∈ Σ_1(R^4 , S) and P ∈ P^↑_+ we have U(P ) A^z ⟨γ, f⟩ U(P )^∗ = A^{P z} ⟨P (γ, f)⟩ . (3.22) Proof. For P = (x, L), we apply Lemma 3.8(i) and Lemma 3.7 obtaining (ϕ , U(P )A^z ⟨γ, f⟩ U(P )^∗ψ) = L^{−1}_μ^δ ∫_1 0 (ϕ , A^{P z}_δ (P (γ(s), f))ψ) γ̇^μ(s) ds = ∫_1 0 (ϕ , A^{P z}_δ (P (γ(s), f))ψ) ˙(P γ)^μ(s) ds = (ϕ , A^{P z} ⟨P (γ, f)⟩ ψ) .

We now prove the operatorial version of the Stokes’ theorem which gives, passing to the exponentials, a rigorous version of (3.13):

Proposition 3.10. For any smearing closed curve (γ, f) ∈ ∂Σ_2(R^4 , S) and for any σ ∈ Σ_2(R^4 ) such that γ = ∂σ, we have A^z ⟨γ, f⟩ = F ⟨σ, f⟩. Proof. For any ϕ, ψ ∈ D, we define the forms φ^z_ν (y) := (ϕ, A^z_ν (y, f), ψ) , ω_{μν} (y) := (ϕ, F_{μν} (f_y), ψ) , y ∈ R^4 . Note that by Lemma 3.6(ii) we have dφ^z = ω. Applying the Stokes’ theorem we find (ϕ, A^z ⟨ℓ, f⟩ ψ)^{Lemma} 3.8(i) = ∫_1 0 φ^z_ν (ℓ(s)) ℓ̇^ν (s) ds = ∫ ℓ φ^z = ∫ σ ω = ∫ Δ_2 (ϕ, F_{μν} (f_{σ(s)})ψ) σ^{μν} (s)d^2s^{Lemma} 3.1(ii) = (ϕ, F ⟨σ, f⟩ ψ) , and the proof follows by density of D in H.

We now show the equivalence between the Definition 3.5 of the potential form A^z_μ and the cone construction. Given a smearing curve (γ, f) ∈ Σ_1(R^4 , S), we consider the smearing surface h^z(γ, f) := (h^zγ, f) ∈ Σ_2(R^4 , S), where h^z is defined by (2.9). Explicitly h^zγ(t, s) := (t + s)γ ( s t + s ) + (1 − t − s)z , (t, s) ∈ Δ_2 , (3.23) and, as can be verified by a direct calculation, the surface element (h^zγ)^{μν} (t, s) ds dt is given by

(h^z γ)^{μν} (t, s) = ( γ ( s t + s ) − z )_μ γ̇^ν ( s t + s ) − ( γ ( s t + s ) − z )_ν γ̇^μ ( s t + s ) . (3.24)

Then it holds Proposition 3.11. For any z ∈ R^4 and any smearing curve (γ, f) ∈ Σ_1(R^4 , S) we have A^z ⟨γ, f⟩ = F ⟨h^zγ, f⟩ . Proof. Let γ^{z,μν}_f be the 2-tensor defined by (3.19). We change the variable as s_1 := ts and t_1 := t(1 − s). Then t = t_1 + s_1, s = s_1/(t_1 + s_1) and the Jacobian of this transformation equals 1/(t_1 + s_1). Hence γ^{z,μν}_f (x) = ∫ Δ_2 ( γ^μ ( s_1 t_1 + s_1 ) − z^μ ) γ̇^ν ( s_1 t_1 + s_1 ) f_{z+}^(_{t1 +s1}^(_{γ(} s_{1s1+t1}^)_{−z}^)(x) ds_1dt_1 = ∫ Δ_2 ( γ ( s_1 t_1 + s_1 ) − z )_μ γ̇^ν ( s_1 t_1 + s_1 ) f_hz_{γ(t1,s1 )}(x) ds_1dt_1 .

Recalling (3.4) we get γ^{z,μν}_f (x) − γ^{z,νμ}_f (x) = ∫ Δ_2

f_hz_{γ(t1,s1)}(x)(h^z γ)^{μν} (t_1, s_1) ds_1dt_1 = h^zγ[f]^{μν} (x) ,

and, by antisymmetry of F_{μν} , we obtain A^z ⟨γ, f⟩ = F_{μν} (γ^{z,μν}_f ) = 1 2 F_{μν} (γ^{z,μν}_f − γ^{z,νμ}_f ) = 1 2 F_{μν} (h^zγ[f]^{μν} ) = F ⟨h^zγ, f⟩ , completing the proof.

Note that when γ is closed, Proposition 3.11 is a particular case of Proposition 3.10.

3.4 Gauge transformations

The notion of local gauge transformation involves a gauge function g ∈ C^2(R^4 ) whose gradient is added to the potential, A_μ → A_μ + ∂_μg. Coherently with the previous subsections, we apply a smearing f ∈ S(R^4 ) and add the variable y ∈ R^4 in terms of a translation, so we define, for any function g ∈ C^2(R^4 ) with bounded gradient, A^z_μ(y, f) → A^{g,z}_μ (y, f) := A^z_μ(y, f) + ∂_yμ g(y, f) , (y, f) ∈ Σ_0(R^4 , S) , where, for any bounded h ∈ C^2(R^4 ), we used the notation

h(y, f) := ∫ h(y − x)f(x) d^4x , y ∈ R^4 , for the convolution. This ensures that the gauge transformation g leaves the observable F_{μν} unaffected, as follows applying Lemma 3.6(ii) ∂_yν A^{g,z}_μ (y, f) − ∂_yμ A^{g,z}_ν (y, f) = F_{μν} (f_y) + (∂_yμ ∂_yν − ∂_yν ∂_yμ )g(y, f) = F_{μν} (f_y) , so the argument for proving Proposition 3.10 yields A^{g,z} ⟨ℓ, f⟩ = A^z ⟨ℓ, f⟩ , for any closed smearing curve (ℓ, f) ∈ ∂Σ_2(R^4 , S).

Covariance. One can easily verify that the system A^{g,z}_μ (y, f), z ∈ R^4 , does not transform according to Lemma 3.7. Since we want a gauge transformation both leaving F_{μν} unaffected and such that A^g is covariant in the sense of Lemma 3.7, we consider a family of gauge functions, also denoted by g, and we write g = {g^z}_{z∈R}4 where g^z ∈ C^2(R^4 ), z ∈ R^4 , having bounded gradient and fulfilling the covariance property g^{P z}(y, f) = g^z(P (y, f)) , (y, f) ∈ Σ_0(R^4 , S) , P ∈ P^↑_+ . (3.25) We denote the set of functions fulfilling the above conditions by G, which is clearly an Abelian group under the operation of pointwise sum. Writing the covariance condition in explicit terms we find, with P = (a, L), ∫ g^{P z}(y − x)f(x) d^4x = ∫ g^z(P y − x)f_L(x) d^4x = ∫ g^z(P y − Lx^′)f(x^′) d^4(Lx^′) = ∫ g^z(P y − Lx^′)f(x^′) d^4x^′ .

Since the above equality must hold for any f ∈ S(R^4 ), we conclude that (3.25) is equivalent to require g^{P z}(y − x) = g^z(a + Ly − Lx), for any x, y ∈ R^4 , that is, g^{P z} = g^z ∘ P , z ∈ R^4 , P ∈ P^↑_+ . (3.26) The potential system transforms as A^{g,z}_μ (y, f) := A^z_μ(y, f) + ∂_μg^z(y, f) , g ∈ G , (3.27) in such a way that ∂_yν A^{g,z}_μ (y, f) − ∂_μA^{g,z}_ν (y, f) = F_{μν} (f_y) , A^{g,z} ⟨ℓ, f⟩ = A^z ⟨ℓ, f⟩ , (3.28) for any (ℓ, f) ∈ ∂Σ_2(R^4 , S). Passing to covariance, we compute ∂_μg^z(y, f) = ∂_μg^{P z}(P (y, f)) = L^{−1}_μ^ν ∂_{(P y)}ν g^{P z}(P (y, f)) ;

this relation, (3.27) and Lemma 3.7 give the desired covariance U(P )A^{g,z}_μ (y, f)U(P )^∗ = U(P )A^z_μ(y, f)U(P )^∗ + ∂_μg^z(y, f) = L^{−1}_μ^δ A^{P z}_δ (P (y, f)) + L^{−1}_μ^δ ∂_{(P y)}δ g^{P z}(P (y, f)) = L^{−1}_μ^δ A^{g,P z}_δ (P (y, f)) . An example of a gauge transformation can be easily given by taking g ∈ C^2(R) and defining g^z(y) := g((y − z)^2), where (y − z)^2 = (y − z) · (y − z).

Gauge transformations of the line integral. Let (γ, f) ∈ Σ_1(R^4 , S). We compute (ϕ, A^{g,z} ⟨γ, f⟩ ψ) = ∫_1 0 (ϕ, A^z_ν (γ(s), f)ψ) γ̇^ν (s) ds + (ϕ, ψ) ∫_1 0 {∂_yν g^z(y, f)}_{y=γ(s)} γ̇^ν (s) ds = (ϕ, A^z ⟨γ, f⟩ ψ) + (ϕ, ψ) {g^z(γ(1), f) − g(γ(0), f)} , and find the familiar expression A^{g,z} ⟨γ, f⟩ = A^z ⟨γ, f⟩ + g^z(γ(1), f) − g^z(γ(0), f) , which shows the appearance of the scalar factors g^z(γ(t), f), t = 0, 1. So when γ(0) = γ(1) we find A^{g,z} ⟨γ, f⟩ = A^z ⟨γ, f⟩.

4 Representations induced by the electromagnetic field

In this section we show that the electromagnetic field induces a representation of the net of causal loops over the Minkowski space-time. Since we shall use as generators of loops smearing, affine 1-simplices, our causal loop net is different from that defined for an arbitrary globally hyperbolic space-time [15], anyway the construction is the same.

Proceeding as in [15], we show that representations of the net of causal loops have a geometrical interpretation in terms of connection systems of Σ_∗(R^4 , S), and this leads to a natural notion of gauge transformation. The feature introduced in the present paper is that representations can be also equivalently described in terms of 2-cochains of Σ_∗(R^4 , S), as a consequence of the fact that R^4 is contractible.

This is a key observation: in fact we shall show that F_{μν} defines, via the associated 2-form, a 2-cochain w^{em}, hence a representation of the net of causal loops. Using the abstract procedure outlined above, we consider the connection system u^{em} defined by w^{em}, and show that u^{em} is equivalent to the potential system A_μ introduced in the previous section. Finally, gauge transformations of A_μ define gauge transformations of u^{em}.

4.1 The simplicial set and the set of paths

As already mentioned we modify the definition of the simplicial set made in [15], considering the affine subcomplex of Σ_∗(R^4 , S). This simplicial set is not pathwise connected, however all the key constructions made in [15] apply, that is, covariance under the action of the Poincaré group and the notion of covariant path-frame.

The simplicial set Σ_∗. The corner stone of the net of causal loops defined in [15] is the simplicial set denoted here by Σ_∗(K), defined in terms of double cones of the Minkowski space-time and their inclusions. This choice encodes the essential properties of localization and covariance that reflect into the net of causal loops. Namely, we defined a non-Abelian free group generated by 1-simplices of Σ_∗(K), then we considered the subgroups generated by loops (suitable compositions of 1-simplices, see next paragraph), and then we used these groups to define the net.

Now, we want a simplicial set encoding localization and covariance, and able to deal with the smearing of quantum fields. To this end, the natural choice is the simplest subsimplicial set of Σ_∗(R^4 , S), that of affine singular smearing simplices. This results to be the natural choice because of the vanishing of the integral over non-injective affine simplices, namely degenerated simplices defined below.

An affine singular smearing n-simplex s is a pair (φ_s, f) where φ_s : Δ_n → R^4 is an affine function and f ∈ S. We denote the set of affine singular n-simplices by Σ_n, and the corresponding simplicial set by Σ_∗.

An affine smearing n-simplex s is determined by the knowledge of its vertices. In fact defining s_i := φ_s(e_i), where each e_i, i = 0, . . . , n, is a vertex of Δ_n, we have

φ_s(t) = s_0 + n∑ i=1 t_i(s_i − s_0) , t ∈ Δ_n . (4.1)

So we write s = (s_0, . . . , s_n; f) , s ∈ Σ_n ; (4.2)

a smearing affine n-simplex s is said to be degenerated if two of its vertices coincide.

We shall denote 0-, 1-, 2-simplices by the letters a, b and c respectively, and observe that 0-simplices are points, 1-simplices are segments, and 2-simplices are triangles. In particular, we denote the parametric function (4.1) of b ∈ Σ_1 by r_b : Δ_1 → R^4 and that of c ∈ Σ_2 by σ_c : Δ_2 → R^4 . Concerning 1-simplices, if b = (b_0, b_1; f) then ∂_0b = (b_1; f) and ∂_1b = (b_0; f). So the 1-face corresponds to the 0-vertex and conversely. Instead, the faces of a 2-simplex c = (c_0, c_1, c_2; f) are given by ∂_0c = (c_1, c_2; f), ∂_1c = (c_0, c_2; f) and ∂_2c = (c_0, c_1; f). According to the orientation described in Subsection 2.3, the opposite b̄ of b is the 1-simplex b̄ = (b_1, b_0; f) or, equivalently in terms of face relations, ∂_0b̄ = ∂_1b and ∂_1b̄ = ∂_0b. Instead, the opposite of c is the 2-simplex c̄ = (c_0, c_2, c_1; f) or, in terms of face relations, ∂_0c̄ = ∂_0c, ∂_1c̄ = ∂_2c and ∂_2c̄ = ∂_1c.

Words, paths, loops, and path-frames. We use Σ_1 as an alphabet for generating words and, in particular, paths. A finite ordered sequence w = b_nb_{n−1} · · · b_1 of 1-simplices is called a word. The opposite of a word w = b_n · · · b_1 is the word w := b_1, . . . , b_n. We shall denote the empty word by 1. We have to care of not confusing these words with the elements of C_1(R^4 , S): actually, we shall see that these words define a non-Abelian free group.

The action of the Poincaré group extends from 1-simplices, see (3.2), to words, by

P w := P b_n · · · P b_1 , P ∈ P^↑_+ , (4.3)

and P 1 := 1 on the empty word. A word w = b_n . . . b_1 is said to be a path whenever its generators satisfy the relation ∂_0b_{i+1} = ∂_1b_i , i = 1, . . . , n − 1 . (4.4)

Note that this implies that the generators of a path have all the same smearing function. We set ∂_1w := ∂_1b_1 and ∂_0w := ∂_0b_n and call these 0-simplices, respectively, the starting and the ending point of the path w. We shall also use the notation w : a → o to denote a path from a to o. Given two paths p : o → o^′ and q : o^′ → o^{′′}, since ∂_0p = o^′ = ∂_1q the juxtaposition pq of the generators of q an p gives a new path qp : o → o^{′′}, called the composition. Finally, a path w : o → o is said to be a loop over o.

The boundary of c ∈ Σ_2 in the sense of homology is the 1-cycle ∂_0c − ∂_1c + ∂_2c. On the other side, we have a geometric notion of boundary, defined as the loop

∂c : ∂_1∂_2c → ∂_1∂_2c , ∂c := ∂_1c ∂_0c ∂_2c , c ∈ Σ_2 . (4.5)

We call ∂c the path-boundary of c. We stress the difference between the path-boundary ∂c and the boundary ∂c of a 2-simplex c: the former is a word, i.e. an ordered sequence of 1-simplices. Note that by the convention adopted in the definition of the opposite c̄ of a 2-simplex c, we have ∂c̄ = ∂_1c̄ ∂_0c̄ ∂_2c̄ = ∂_2c ∂_0c ∂_1c = ∂c.

The simplicial set Σ_∗ is not pathwise connected since no path joins two 0-simplices having different smearing functions; actually, the connected components are indexed by the smearing function itself. So, given a = (a_0; f) ∈ Σ_0 we define

Σ^a_n := {s ∈ Σ_n : s = (s_0, . . . , s_n; f)} , n ∈ N .

If a^′ ∈ Σ^a_0 , then the 1-simplex e_{(a}′_{,a)} defined by

∂_1e_{(a}′_{,a)} := a , ∂_0e_{(a}′_{,a)} = a^′ , (4.6)

connects a to a^′ and is written explicitly as the segment e_{(a}′_{,a)} = (φ_{(a}′_{,a)}, f), φ_{(a}′_{,a)}(t) = a_0 +ta^′_0, t ∈ Δ_1. In particular, we use the notation

e_a := e_{(a,a)} , a ∈ Σ_0 , (4.7) which is the degenerated 1-simplex (see Subsection 4.1) whose vertices equals a_0, and having smearing function f. We call e_a the trivial loop over a.

A path-frame over a pole a ∈ Σ_0 is a set of paths

P_a = {p_{(a,a}′_) : a^′ → a , a^′ ∈ Σ^a_0 } ,

satisfying the condition that p_{(a,a)} = e_a. A covariant path-frame system is a collection of pathframes P = {P_a, a ∈ Σ_0} satisfying the relation P P_a = P_{P a}, i.e. P p_{(a,a}′_) = p_{P a,P a}′ for any P ∈ P^↑_+. Notice that, if we set E_a := {e_{(a,a}′_) | a^′ ∈ Σ^a_0 } then the collection E := {E_a | a ∈ Σ_0} is a covariant path-frame system. We shall refer to E as the Euclidean path-frame system.

4.2 The net of causal loops

We now follow the route of [15] and define the net of causal loops using the simplicial set Σ_∗. Since in [15] we started from a different simplicial set the resulting net is different, nevertheless the procedure is the same up to the following (not substantial) points.

First, here we prefer to use also degenerate simplices, because this will simplify the construction of the representation induced by the electromagnetic field. The definition of net of causal loops remains unchanged, because degenerate 1-simplices turn out to be equivalent to the identity of the group.

Second, we omit the functorial picture of the net with respect to space-times, since we are interested in the case of the Minkowski space-time only.

Groups of loops. Our construction starts defining the group F generated by Σ_1 with relations

bb = 1 , e_a = 1 , b ∈ Σ_1 , a ∈ Σ_0 , (4.8)

where 1 is the identity. These two relations are equivalent to

b^{−1} = b̄ , e_ae_a = e_a , b ∈ Σ_1 , a ∈ Σ_0 .

The group F is (non-canonically) isomorphic to a free group whose elements are reduced words, that is, words w in which either pairs of the form bb̄ or degenerated 1-simplices e_a do not appear. Hence any word w is associated to a unique reduced word denoted by w^r. Finally, we observe that if a word is a path w : a → a^′, then its reduced word is still a path w^r : a → a^′.

The notion of support of a 1-simplex extends to elements of F as follows: the support |w| of w ∈ F is the subset of R^4 obtained as the union of the supports of the generators of the reduced word w^r. For instance, if w = b_2b b b_1e_a with b_1 ≠ b_2, then |w| = |b_2| ∪ |b_1| since w^r = b_2b_1.

Observing that Pb̄ = P b for any b ∈ Σ_1, P ∈ P^↑_+, we have that (4.3) defines an action of the Poincaré group on F. This action sends reduced words into reduced words, and this implies that P |w| = x + L|w| = |P w| , P = (x, L) ∈ P^↑_+ , w ∈ F . (4.9) Note that if p : a → a^′, then P p : P a → P a^′.

Definition 4.1. We call group of loops the subgroup L(R^4 ) of F generated by loops.

An element of L(R^4 ) is, by definition, a (reduced) word of the form w = p_n p_{n−1} · · · p_1, where any p_i is a loop over a_i ∈ Σ_0. It is easily seen that L(R^4 ) is stable under reduction of words. Furthermore, L(R^4 ) inherits from F the Poincaré action.

Causal loops. Using the group of loops we construct a causal net of groups over the set of double cones of the Minkowski space-time. To begin with, we define

L_o := {w ∈ L(R^4 ) | |w| ⊆ o} , o ∈ K , (4.10)

and observe that, according to the definition of the support of an element of L(R^4 ), this definition refers not to a generic word w but to its reduced w^r. The set L_o is a subgroup of L(R^4 ): in fact if |w|, |w^′| ⊆ o then |w̄| ⊆ o and |ww^′| ⊆ o^′, moreover 1 ∈ L_o for any double cone o by (4.8). Since L_o ⊆ L_o′ , o ⊆ o^′, the mapping o → L_o forms a net of subgroups of L(R^4 ) over the set of double cones. By (4.9) this net is covariant, i.e. P L_o = L_{P o}, P ∈ P^↑_+.

We now impose on L(R^4 ) the relations

w_1w_2 = w_2w_1 , w_i ∈ L_{oi} , i = 1, 2 , o_1 ⊥ o_2 , (4.11)

defining the group of causal loops, that we denote by ^L(R^4 ). We then have an induced net

^L_o ⊆ ^L(R^4 ) , o ∈ K , (4.12)

where each ^L_o is the subgroup generated by the image of L_o under the quotient defined by (4.11). Since Poincaré transformations preserve the causal disjointness relation of subsets of R^4 , we have that (4.3) induces the action w → β_P (w) ∈ ^L_{P o} , o ∈ K , w ∈ ^L_o , P ∈ P^↑_+ . (4.13) Clearly, the net ^L = {^L_o}_{o∈K} is causal by (4.11).

The net of causal loops. Let C^∗ denote the functor assigning the group C^∗-algebra C^∗G to the locally compact group G. If G is discrete then C^∗G is unital. Furthermore, if G_1, and G_2 are discrete and ρ : G_1 → G_2 is an injective group morphism, then C^∗ρ : C^∗G_1 → C^∗G_2 is a unital, injective^∗-morphism.

We now come to the definition of the net of causal loops. We first consider the C^∗-algebras C^∗ ^L(R^4 ) and C^∗ ^L_o, o ∈ K. Since ^L_o ⊆ ^L_o′ for any o ⊆ o^′, by functoriality there is a unital, injective^∗-morphism ȷ_o′_o : C^∗ ^L_o → C^∗ ^L_o′ satisfying ȷ_o′′_o′ ∘ ȷ_o′_o = ȷ_o′′_o for any o ⊆ o^′ ⊆ o^{′′}. For the same reason we have unital, injective^∗-morphisms ⃗ȷ_o : C^∗ ^L_o → C^∗ ^L(R^4 ) for any o ∈ K, such that ⃗ȷ_o′ ∘ ȷ_o′_o = ⃗ȷ_o for any o ⊆ o^′. On these grounds:

Definition 4.2. Let A denote the mapping A : K ∋ o → A_o ⊆ A(R^4 ), where

A(R^4 ) := C^∗ ^L(R^4 ) , A_o := ⃗ȷ_o(C^∗ ^L_o) , o ∈ K ,

and let α : P^↑_+ → autA(R^4 ) be the action of the Poincaré group defined by applying the functor C^∗ to (4.13). We call the pair (A, α) the net of causal loops over K.

The map A is clearly a net, which is causal by (4.11) and covariant by (4.13). We conclude by noting that A is not trivial, and that the C^∗-algebras A_o are non-Abelian (see [15]).

4.3 Representations

We now discuss representations of (A, α)_K and point out their geometrical meaning.

We start by recalling that these representations are in 1-1 correspondence with a particular class of representations of the group of loops L(R^4 ). This equivalence yields a geometrical interpretation of representations in terms of causal and covariant connection systems. Using the fact that R^4 is contractible, we also show that representations of (A, α)_K can be equivalently described by a class of 2-cochains of Σ_∗. This is a key result: in fact, we shall use the latter equivalence to prove that the electromagnetic field induces, via integration on 2-simplices, a representation of (A, α)_K (see Subsection 4.4).

Representations and connection systems. A covariant representation of the net of causal loops (A, α)_K is a pair (π, U), where π : A(R^4 ) → BH is a (non degenerated) representation and U : P^↑_+ → UH is such that

ad_{U(P )} ∘ π = π ∘ α_P , P ∈ P^↑_+ .

These representations are in 1-1 correspondence with causal and covariant representations (λ, U) of the group of loops L(R^4 ): that is, we have unitary representations

λ : L(R^4 ) → UH , U : P^↑_+ → UH ,

satisfying the following properties:

(a) [λ(p), λ(q)] = 0 for loops p ∈ L_{o1} , q ∈ L_{o2} with o_1 ⊥ o_2;

(b) ad_{U(P )} ∘ λ = λ ∘ P for any P ∈ P̄^↑_+.

We refer the reader to [15] for the (easy) proof of the above 1-1 correspondence. Instead we focus on the relation between representations and connection systems.

A connection system^5 is a family u of maps

u_a : Σ^a_1 → UH , a ∈ Σ_0 ,

satisfying u_a(b̄) = u_a(b)^∗ , u_a(e_a) = 1 , a ∈ Σ_0 , b ∈ Σ^a_1 . (4.14)

We extend u to paths as follows: for any 0-simplex a and any path p = b_n · · · b_1 with b_i ∈ Σ^a_1 for any i, we define u_a(p) := u_a(b_n) · · · u_a(b_2)u_a(b_1) . (4.15)

We say that u is causal whenever for any pair of loops p : a → a and p^′ : a^′ → a^′ such that p ∈ L_o and p^′ ∈ L_o′ with o ⊥ o^′, we have

[u_a(p), u_a′ (p^′)] = 0 . (4.16)

Notice that, in general, p and p^′ are loops in different connected components, i.e. they may have different smearing functions. We say that u is covariant whenever there is a unitary representation U : P^↑_+ → UH such that

ad_{U(P )} ∘ u_a = u_{P a} ∘ P , P ∈ P^↑_+ . (4.17)

5The definition of connection system given here generalizes that introduced in [15] to a non-pathwise connected simplicial set. One can easily see that this coincides with the previous one when restricted to any connected component.

Covariant connection systems (u, U) and (u^′, U^′) are equivalent if there is a family of unitary mappings t = {t_a : Σ^a_0 → U(H, H^′) , a ∈ Σ_0} satisfying

t_a(∂_0b) u_a(b) = u^′_a(b) t_a(∂_0b) , t_a(a^′) U(P ) = U^′(P ) t_{P a}(P a^′) , (4.18)

for any a ∈ Σ_0, b ∈ Σ^a_1 , a^′ ∈ Σ^a_0 and P ∈ P^↑_+.

Lemma 4.3. There exists, up to equivalence, a 1-1 correspondence between causal and covariant representations of the group of loops L(R^4 ) and causal and covariant connection systems.

Proof. Let (λ, U) be a causal and covariant representation of L(R^4 ) and P a path-frame system. We define, for any path-frame P_a,

u^λ_{Pa} (b) := λ ( p_{(a,∂0 b)} b p_{(a,∂1b)} ) , b ∈ Σ^a_1 , (4.19)

where p_{(a,∂0b)} denotes the opposite of p_{(a,∂0 b)}. By definition we have u^λ_{Pa} (b̄) = u^λ_{Pa} (b)^∗ and u^λ_{Pa} (e_a) = 1. If p is a loop over a, p = b_n · · · b_1, then

u^λ_{Pa} (p) = u^λ_{Pa} (b_n) · · · u^λ_{Pa} (b_2)u^λ_{Pa} (b_1) = λ ( p_{(a,∂0bn)} b_n p_{(a,∂1bn)} ) · · · λ ( p_{(a,∂0b2 )} b_2 p_{(a,∂1b2 )} ) λ ( p_{(a,∂0b1 )} b_1 p_{(a,∂1 b1)} )

= λ ( p_{(a,∂0bn)} b_n p_{(a,∂1bn)} · · · p_{(a,∂0 b2)} b_2 p_{(a,∂1b2 )} p_{(a,∂0b1 )} b_1 p_{(a,∂1 b1)} ) = λ(p) , because the reduced loop of p_{(a,∂0 bn)} b_n p_{(a,∂1 bn)} · · · p_{(a,∂0b2 )} b_2 p_{(a,∂1b2 )} p_{(a,∂0 b1)} b_1 p_{(a,∂1b1 )} is p since ∂_0b_i = ∂_1b_{i+1}. From this and the property (b) of λ, causality for u^λ_P follows. The covariance of (u^λ_P , U) follows by the one of λ and of P through a direct computation.

Conversely, let (u, U) be a causal and covariant connection system. Define

λ^u(p_n · · · p_2p_1) := u_{an} (p_n) · · · u_{a2} (p_2)u_{a1} (p_1) , p_i : a_i → a_i , i = 1, . . . , n . (4.20)

By the properties of a connection system, it is easily seen that (λ^u, U) is a causal and covariant representation of L(R^4 ). Notice also that

u^{λu}_{Pa} (b) = λ^u(p_{(a,∂0 b)} b p_{(a,∂1b)}) = u_a(p_{(a,∂0 b)}) u_a(b) u_a(p_{(a,∂1b)}) .

So, if we set t_a(a^′) := u_a(p_{(a,a}′_)) for any a^′ ∈ Σ^a_0 , we have that t_a(∂_0b)u^{λu}_a (b) = u_a(b)t_a(∂_1b) and

ad_{U(Q)}(t_a(a^′)) = ad_{U(Q)}(u_a(p_{(a,a}′_))) = u_{Qa}(p_{Qa,Qa}′ ) = t_{Qa}(Qa^′) ,

for any Q ∈ P^↑_+. Hence u and u^{λu}_P are equivalent. Conversely, given a representation of the group of loops λ and a loop p : a → a, p = b_n . . . b_1, we have

λ^{uλP} (p) = u^λ_{Pa} (p) = λ ( p_{(∂0 bn,a)} b_n p_{(∂1 bn,a)} · · · p_{(∂0 b2 ,a)} b_2 p_{(∂1 b2,a)} p_{(∂0 b1,a)} b_1 p_{(∂1b1 ,a)} ) = λ(p) . So we have, up to equivalence, a 1-1 correspondence.

It is worth pointing out that (4.19) can be seen as the combinatorial counterpart of the analytical procedure outlined in Subsection 3.3, which associates the primitive 1-form to a closed 2-form. We shall see in Subsection 4.4 that these two procedures agree.

Gauge transformations. Following [15], gauge transformations are now introduced as transformations sending a connection system to an equivalent connection system. More precisely, a gauge transformation of a causal and covariant connection system (u, U) is a family

g := {g_a : Σ^a_0 → UH , a ∈ Σ_0} , (4.21)

such that

(a) ad_{U(P )}(g_a(a^′)) = g_{P a}(P a^′) for any a^′ ∈ Σ^a_0 and P ∈ P^↑_+;

(b) ad_{ga (a)}(u(A_ã)) = u(A_ã) for any ã ⊇ a,

where u(A_ã) is the image of A_ã under the representation defined by u. Gauge transformations form a group G^u under the pointwise multiplication (g · g̃)_a(a^′) := g_a(a^′) g̃_a(a^′). We call G^u the group of gauge transformations of (u, U).

Let now g ∈ G^u. Then the pair (u^g, U), where

u^g_a(b) := g_a(∂_0b) u_a(b) g_a(∂_1b)^∗ , b ∈ Σ^a_1 , (4.22)

is a causal and covariant connection system equivalent to (u, U). In fact covariance is clear whilst, concerning causality, if p : a → a is a loop then

u^g_a(p) = u^g_a(b_n) · · · u^g_a(b_2) u^g_a(b_1) = g_a(a)u_a(p)g_a(a)^∗ .

So by property (b) of a gauge transformation we have that u^g_a is also causal.

It is worth pointing out that the degree of freedom in choosing different path-frame systems results to be a gauge transformation. In fact, let (λ, U) be a causal and covariant representation of L(R^4 ) and let P and Q be covariant path-frame systems. Moreover, let

u^λ_{Pa} (b) = λ ( p_{(a,∂0b)} b p_{(a,∂1b)} ) , u^λ_{Qa} (b) = λ ( q_{(a,∂0 b)} b q_{(a,∂1b)} )

be the connection systems associated, via λ, to the path-frame systems P and Q. Then, defining

g_a(a^′) := λ(q_{(a,a}′_) p_{(a,a}′_)) , a^′ ∈ Σ^a_0 , (4.23)

it is easily seen that g is a gauge transformation of (u^λ_P , U) such that u^{λ,g}_P = u^λ_Q. Notice, in particular, that g_a(a) = 1 for any a ∈ Σ_0, so the action (b) on u(A_ã) is trivial.

Causal and covariant 2-cochains. We now give an equivalent description of representations of the net of causal loops on R^4 in terms of 2-cochains. The idea is to observe that any connected component Σ^a_∗ ⊂ Σ_∗, a ∈ Σ_0, is contractible. So we shall see, via the cone construction, that any loop admits a natural “triangulation” in terms of 2-simplices. As anticipated this is a key result since, as we shall see in the next section, it allows the electromagnetic field to induce representations of the net of causal loops.

From now on it will be useful to switch from the description of simplices in terms of vertices and faces to the parametric description, and conversely. To begin with, let us introduce the following

Definition 4.4. A causal and covariant 2-cochain is a pair (w, U), where U : P^↑_+ → UH is a unitary representation and w : Σ_2 → UH is a 2-cochain satisfying the properties

(a) w(c)^∗ = w(c̄) and w(c) = 1 if c is degenerated;

(b) [w(c_1), w(c_2)] = 0 if |c_1| ⊥ |c_2|; (c) ad_{U(P )} ∘ w = w ∘ P , for any P ∈ P^↑_+, where in (b) the symbol | · | refers to the support of a 2-simplex, equation (3.5).

We need a preliminary observation in order to prove that such 2-cochains provide an equivalent description of the representations of the net of causal loops.

Let a = (a_0, f) ∈ Σ_0. For any b = (r_b, f) ∈ Σ^a_1 , written in parametric form, we consider the smearing 2-simplex h^a(b) ∈ Σ^a_2 defined by the cone construction (2.9). Namely h^a(b) := (h^{a0} (r_b), f) , b = (r_b, f) ∈ Σ^a_1 . (4.24) Note that h^a(b) is characterized as the unique smearing 2-simplex having faces ∂_0h^a(b) = b , ∂_2h^a(b) = e_{(∂1 b,a)} , ∂_1h^a(b) = e_{(∂0b,a)} . (4.25) Equivalently, this is the unique 2-simplex whose path-boundary is the loop ∂h^a(b) = e_{(∂0 b,a)} b e_{(∂1b,a)}. This implies that h^a(b̄) = h^a(b) for any b ∈ Σ^a_1 , since ∂h^a(b̄) = e_{(∂1 b,a)} b̄ e_{(∂0b,a)} = ∂h^a(b).

On these grounds, given a causal and covariant 2-cochain (w, U), define λ^w(p) := w(h^a(b_n)) · · · w(h^a(b_1))) , p = b_n · · · b_1 : a → a . (4.26) This definition is well posed because, as observed before, h^a(b̄) = h^a(b), so λ^w(p) is independent of the reduction of the loop p. For the same reason we have λ^w(p̄) = λ^w(p)^∗ , λ^w(pq) = λ^w(p)λ^w (q) , p, q : a → a , and this implies that λ^w is a representation of the group of loops.

Given a loop p : a → a, p = b_n · · · b_1, we can assume without loss of generality that it is reduced. If |b_i| ⊆ o for any i, then |h^a(b_i)| ⊆ o for any i since double cones are convex, and this implies that λ^w is causal. Finally, covariance follows from the transformation properties of Σ_∗, and we conclude that (λ^w, U) is causal and covariant.

Conversely, it is easily seen that if (λ, U) is a causal and covariant representation of L(R^4 ), then the pair (w^λ, U), where w^λ(c) := λ(∂c) , c ∈ Σ_2, (4.27) is a causal and covariant 2-cochain. This correspondence is 1-1: in fact, if c is a 2-smearing simplex with path-boundary ∂c : a → a, then

w^{λw} (c) = λ^w(∂c) = w(h^a(∂_1c)) w(h^a(∂_0c)) w(h^a(∂_2c)) = w(h^a(∂_0c)) = w(c) , because, as can be easily seen by (4.25), h^a(∂_1c) and h^a(∂_2c) are degenerated 2-simplices (a being a vertex of both ∂_1c and ∂_2c) and h^a(∂_0c) = c. On the other hand, for any loop p : a → a, p = b_n · · · b_1, we have, using a calculation similar to that used in Lemma 4.3,

λ^{wλ} (p) = w^λ(h^a(b_n)) · · · w^λ(h^a(b_1))) = λ(∂h^a(b_n)) · · · λ(∂h^a(b_1)) = λ(p) . The results of this section are summed up in the following theorem.

Theorem 4.5. There exists, up to equivalence, a 1-1 correspondence between the following:

(i) Covariant representations (π, U) of the net of causal loops (A, α)_K ; (ii) Causal and covariant representations (λ, U) of the group of loops L(R^4 ); (iii) Causal and covariant connection systems (u, U); (iv) Causal and covariant 2-cochains (w, U).

4.4 The electromagnetic field representation

We now show that the electromagnetic field induces a representation of the net of causal loops (A, α)_K in terms of a causal and covariant 2-cochain (w^{em}, U). This yields the connection system u^{em} with the relative group of gauge transformations, and we study the relation between them and the analytical procedure associating to F_{μν} the potential system A_μ with the corresponding gauge transformations. The result is that we find a complete coherence: the exponential of the line integral of A_μ defines a connection system u^{pot} which turns out to be gauge-equivalent to u^{em}, and gauge trasformations of A_μ define gauge transformations of u^{em}.

The electromagnetic 2-cochain. We now show that the electromagnetic field defines a causal and covariant 2-cochain, hence a covariant representation of the net of causal loops. To this end we introduce the following “homological” deformation of a 2-simplex.

Let c = (σ_c, f) ∈ Σ^a_2 be a 2-simplex written in the parametric form, where σ_c is the triangular surface associated with the vertices of c. Given a = (a_0, f), a 0-simplex having the same smearing function as c, let h^a(c) = (h^{a0} (σ_c), f) be the 3-simplex obtained via the cone construction. According to the definition (2.9) we have

∂_0h^a(c) = c , ∂_1h^a(c) = h^a(∂_0c) , ∂_2h^a(c) = h^a(∂_1c) , ∂_3h^a(c) = h^a(∂_2c) ,

and the smearing 2-chain

h^a(∂c) = h^a(∂_0c) − h^a(∂_1c) + h^a(∂_2c) , c ∈ Σ^a_2 , (4.28)

has boundary ∂c by (2.8).

Now, let us consider the electromagnetic field F_{μν} and the corresponding unitary representation U : P^↑_+ → UH defined in Section 2. Using (3.12), we define

w^{em}(c) := exp(iF ⟨σ_c, f⟩) ∈ UH , c ∈ Σ_2 . (4.29)

Theorem 4.6. The pair (w^{em}, U) is a causal and covariant 2-cochain, defining a covariant representation of the net of causal loops (A, α)_K and fulfilling the following causality property. Given c ∈ Σ^a_2 , c^′ ∈ Σ^{a′}_2 with a = (a_0, f), a^′ = (a^′_0, f^′) ∈ Σ_0, we have

|h^a(∂c)| ⊥ |h^{a′} (∂c^′)| ⇒ [w^{em}(c), w^{em}(c^′)] = 0 , (4.30)

where |h^a(∂c)|, |h^{a′} (∂c^′)| denote the supports of the smearing 2-chains h^a(∂c), h^{a′} (∂c^′) respectively, see (3.6).

Proof. According to the Definition 4.4, the first part of the statement follows from Lemma 3.1 and Theorem 4.5. Concerning the second statement, we observe that, given c = (σ_c, f) ∈ Σ^a_2 , the surface σ_c and the 2-chain h^{a0} (∂c) have the same boundary ∂c. So applying Lemma 3.2 we have w^{em}(c) = exp(iF ⟨h^{a0} (∂c), f⟩), and the proof follows by Lemma 3.1(iii).

The latter property of w^{em} stated in the previous theorem is a refinement of the causality used in [15] and in Theorem 3.3, in fact it does not involve double cones containing |c|, |c^′|. It is easily seen that (4.30) applies to 2-simplices c, c^′ whose boundaries are causally disjoint and form a trivial link, so the previous theorem says that w^{em}(c) and w^{em}(c^′) commute in accord with the considerations in [35, Section 1].

Connection systems and gauge transformations. We have already pointed out that the combinatorial procedure used to extract the connection system from a 2-cochain is analogous to the analytical one, used to define the primitive 1-form starting from a closed 2-form. Now our aim is to prove that these two procedures are, up to equivalence, the same. To be precise, we shall compare the connection system associated with w^{em} with the one defined by the exponential of the line integral of A_μ: we shall prove that these are the same, up to a gauge transformation in the sense of (4.21).

Consider the causal and covariant representation (λ^{em}, U) of the group of loops associated with (F_{μν} , U). This is defined, according to (4.26), by

λ^{em}(p) = w^{em}(h^a(b_n)) · · · w^{em}(h^a(b_1)) , p = b_n · · · b_1 : a → a. (4.31)

Remark 4.7. It is worth observing that Theorem 4.6 says that λ^{em} is localized on loops which are path-boundaries of 2-simplices: given two loops ∂c and ∂c^′, c, c^′ ∈ Σ_2, having causally disjoint supports and forming a trivial link, from Theorem 4.6 we obtain

[λ^{em}(∂c), λ^{em}(∂c^′)] = 0 . (4.32)

In fact, since the loops are not linked together, it is possible to find a and a^′ as in the recalled theorem and λ^{em}(∂c) = w^{em}(c) by definition. Notice that in the case of free fields the relation (4.32) should also hold for arbitrary loops, because the composition of two Weyl operators gives the sum of the exponents up to a phase factor. So, if p is the boundary of a 2-surface, then λ^{em}(p) corresponds to the exponential of the integral of the fields on this surface up to some phase factor. Since phase factors do not affect commutativity, (4.32) should hold.

Let P denote a covariant path-frame system. We consider the causal and covariant connection system (u^{em}_P , U) associated with (λ^{em}, U) which is defined, according to (4.19), by

u^{em}_{Pa} (b) = λ^{em}(p_{(a,∂0 b)} b p_{(a,∂1b)}) , a ∈ Σ_0 , b ∈ Σ^a_1 . (4.33)

As observed in Subsection 4.3, a changing of the path-frame system leads to an equivalent connection system by means of a gauge transformation. In particular, considering the Euclidean path-frame system E and a generic one P we have

g_a(∂_0b) u^{em}_{Ea} (b) = u^{em}_{Pa} (b) g_a(∂_1b) , b ∈ Σ^a_1 , (4.34)

where g_a(a^′) := λ^{em} ( p_{(a,a}′_)e_{(a,a}′_) ) , a^′ ∈ Σ^a_0 . (4.35)

Concerning the connection system u^{em}_E , since h^a(e_{(a,∂ib)}), i = 0, 1, is a degenerated 2-simplex, applying (4.31) and (4.33) we find λ^{em}(e_{(a,∂0 b)} b e_{(a,∂1b)}) = w^{em}(h^a(b)) and this implies

u^{em}_{Ea} (b) = exp(iF ⟨h^{a0} (r_b), f⟩) , b ∈ Σ^a_1 . (4.36)

We now construct a connection system starting from the potential system A_μ. We begin by defining a family u^{pot} := {u^{pot}_a : Σ^a_1 → UH} of unitary 1-cochains, for a = (a_0; f) ∈ Σ_0, as

u^{pot}_a (b) := exp (iA^{a0} ⟨r_b, f⟩) , b = (r_b, f) ∈ Σ^a_1 . (4.37)

It is possible to check directly that (u^{pot}, U) is a causal and covariant connection system, but we do not need to do that because u^{pot} = u^{em}_E . In fact, Proposition 3.11 implies A^{a0} ⟨r_b, f⟩ = F ⟨h^{a0} (r_b), f⟩, so by (4.36) we have u^{em}_E = u^{pot} as desired. In conclusion, the equation 4.34 gives:

Theorem 4.8. Let (F_{μν} , U) denote the quantum electromagnetic field. Under the above notations, for any covariant path-frame system P we have

(u^{em}_P , U) ∼= (u^{em}_E , U) = (u^{pot}, U) , (4.38)

where E is the Euclidean path-frame system and the equivalence ∼= is realized by the gauge transformation (4.35).

In words, the abstract connection system u^{em}_P coincides with the one obtained as the exponential of the line integral of A_μ, up to gauge transformations.

Remark 4.9. Two observation are in order.

1. If g = {g^z}_{z∈R}4 ∈ G is a gauge transformation of A_μ in the sense of Subsection 3.4, then setting g^u_a(a^′) := exp(ig^{a0} (a^′_0, f)) , a^′ = (a^′_0, f) ∈ Σ^a_0 ,

we easily find that g^u is a gauge transformation of u^{pot} leaving any local algebra A_o, o ∈ K, pointwise fixed.

2. Let a = (a_0; f) ∈ Σ_1 and b, b^′ ∈ Σ^a_1 with ∂_1b_1 = ∂_0b^′; then the composition of the corresponding lines r_b and r_b′ yields the curve r_b ∗ r_b′ . It is worth to stress that, also in the simpler case of free electromagnetic field, the operator exp (iA^{a0} ⟨r_b ∗ r_b′ , f⟩) is different from the one obtained by the combinatorial product of the two single paths,

u^{pot}(bb^′) = u^{pot}(b)u^{pot}(b^′) = exp (iA^{a0} ⟨r_b, f⟩) · exp (iA^{a0} ⟨r_b′ , f⟩) .

Hence, path composition is not preserved under the quantization process.

5 Concluding remarks

In a previous paper [15] we used loops in a globally hyperbolic space-time to generate a causal and covariant net of C^∗-algebras, called the net of causal loops. We presented some of its representations in terms of connection systems, i.e. families of “abstract” connections fulfilling causality and covariance as properties of the family and not of a single connection. Local gauge transformations were defined as maps between equivalent connection systems, leaving elementwise invariant the loop algebras. The connections are recovered by the representations using a path-frame: a choice of paths joining any point of the space-time with a fixed point, the pole. Letting varying the pole yields the connection system.

In this paper, starting only from the (possibly charged) quantum electromagnetic field F_{μν} , we reconstructed a potential 1-form A^z_μ with reference to the pole z, i.e. the center of a contracting homotopy of the Minkowski space-time. Actually this homotopy corresponds to the abstract path-frame used to define a connection. According to different choices of the pole z, a potential system A_μ = {A^z_μ, z ∈ R^4 } is obtained, and a series of outcomes that agree with the abstract formulation given by the authors in [15] follows. In particular, A_μ gives a connection system and, in turns, a covariant representation of the net of causal loops. Furthermore, local gauge transformations defined in terms of the potential system A_μ coincide with the ones defined in terms of the corresponding connection system.

For these results, an important outlook is the comparison with the global conditions defining the charge classes for theories with long-range interaction developed in [12]. In that paper a result of DR-duality type is obtained for the case of simple charge classes, giving a global Abelian gauge group. In particular, motivated by sound physical reasons, the charge classes are defined over a time-like cone in the Minkowski space-time, using a family of its subsets called hypercones.

To better understand these dual aspects of long-range interactions and local gauge theory on loops, it seems to be useful to study the geometrical facets of the two cases, e.g. the choice of a time-like cone with its apex and hypercones on the one side, and of a path-frame with its pole on the other side.

In this regard, a hopeful hang is the realization for QED of an abstract connection in terms of the charge transporter proposed in equation (1.2), in fact the presence of the charged massive field ψ and of the massless potential form A^z_μ should make possible to shift charges to infinity. Compatibly with the two frameworks, the pole z may reveal the choice of a future time-like cone.

Under a different perspective, it may be of interest to explore the relation between the approach of this paper and others, e.g. TQFT, referring to the interpretation of observables localized on loops.

References

[1] A. Ashtekar, A. Corichi: Gauss linking number and the electromagnetic uncertainty principle. Phys.

Rev. D 56 (1997), 2073–2079. Available as ArXiv:hep-th/9701136.

[2] A. Ashtekar, A. Corichi: Photon inner product and the Gauss-linking number. Class. Quant. Grav.

14 (1997), A43–A53. Available as arXiv:gr-qc/9608017.

[3] R. Bott, L.W. Tu: Differential forms in algebraic topology. Graduate Texts in Mathematics, 82.

Springer-Verlag, New York-Berlin, 1982.

[4] R. Brunetti, M. Duetsch, K. Fredenhagen: Perturbative Algebraic Quantum Field Theory and the Renormalization Groups. Adv. Theor. Math. Phys. 13 (2009), 1541–1599. Available as

arXiv:0901.2038v2 [math-ph].

[5] R. Brunetti, K. Fredenhagen, R. Verch: The generally covariant locality principle – A new paradigm for local quantum physics. Commun. Math. Phys. 237 (2003), 31–68. Available as

arXiv:math-ph/0112041.

[6] R. Brunetti, G. Ruzzi: Quantum charges and space-time topology: The emergence of new superselection sectors. Comm. Math. Phys. 287 (2009), 523–563. Available as arXiv:0801.3365

[math-ph].

[7] D. Buchholz: The physical state space of quantum electrodynamics. Commun. Math.Phys. 85 (1982), 49–71.

[8] D. Buchholz, S. Doplicher, R. Longo, J.E. Roberts: A new look at Goldstone theorem. Rev. Math.

Phys. Special Issue (1992), 49–83.

[9] D. Buchholz, S. Doplicher, G. Morchio, J.E. Roberts, F. Strocchi: Quantum Delocalization of the Electric Charge. Ann. Physics, 290 (2001), 53–66. Available as arXiv:hep-th/0011015.

[10] D. Buchholz, K. Fredenhagen: Locality and the structure of particle states. Commun. Math. Phys.

84 (1982), 1–54.

[11] D. Buchholz, G. Lechner, S.J. Summers: Warped Convolutions, Rieffel Deformations and the Construction Quantum Field Theories. Commun. Math. Phys. 304 (2011), 95–123. Available as

arXiv:1005.2656v1 [math-ph].

[12] D. Buchholz, J.E. Roberts: New Light on Infrared Problems: Sectors, Statistics, Symmetries and Spectrum. Available as arXiv:1304.2794v2 [math-ph] [13] S. Carpi, R. Hillier, R. Longo: Superconformal nets and noncommutative geometry. Available as

arXiv:1304.4062 [math.OA].

[14] F. Ciolli: Massless Scalar Free Field in 1+1 Dimensions I: Weyl Algebras Products and Superselection Sectors. Rev. Math. Phys. 21 (2009), 735–780. Available as arXiv:math-ph/0511064v4.

[15] F. Ciolli, G. Ruzzi, E. Vasselli: Causal posets, loops and the construction of nets of local algebras for QFT. Adv. Theor. Math. Phys. 16 (2012), 645–692. Available as arXiv:1109.4824v3 [math-ph].

[16] R. Conti, G. Morsella: Asymptotic morphisms and superselection theory in the scaling limit. Available as arXiv:1205.6380 [math-ph].

[17] C. Dappiaggi, B. Lang: Quantization of Maxwell’s Equations on Curved Backgrounds and General Local Covariance: Lett. Math. Phys. 101 (2012), 265–287. Available as arXiv:1104.1374v2

[gr-qc].

[18] S. Doplicher, K.Fredenhagen, J.E. Roberts: The quantum structure of space-time at the Planck scale and quantum fields. Commun. Math. Phys. 172 (1995), 187–220. Available as

arXiv:hep-th/0303037v1.

[19] S. Doplicher, R. Haag, J.E. Roberts: Local observables and particle statistics I. Commun. Math.

Phys. 23, (1971), 199–230. Local observables and particle statistics II. Commun. Math. Phys. 35 (1974), 49–85.

[20] S. Doplicher, J.E. Roberts: Why there is a field algebra with a compact gauge group describing the superselection structure in particle physics. Commun. Math. Phys. 131 (1990), 51–107.

[21] K. Fredenhagen: Quantum Field Theory. Unpublished lecture notes (2010). Available at

http://unith.desy.de/sites/site_unith/content/e20/e72/e180/e61334/e78030/QFT09-10.pdf

[22] K. Fredenhagen, K. Rejzner: Perturbative algebraic quantum field theory. Available as

arXiv:1208.1428v2 [math-ph].

[23] K. Fredenhagen, K. Rejzner: Batalin-Vilkovisky Formalism in Perturbative Algebraic Quantum Field Theory. Comm. Math. Phys. 317 (2013), 697–725. Available as arXiv:1110.5232v1

[math-ph].

[24] J. Glimm, A. Jaffe: Quantum physics. A functional integral point of view. 2nd edition. Springer- Verlag, New York, 1987.

[25] D. Guido, R. Longo, J.E. Roberts, R. Verch: Charged sectors, spin and statistics in quantum field theory on curved space-times. Rev. Math. Phys. 13 (2001), 125–198. Available as

arXiv:math-ph:9906019.

[26] H. Grundling, F. Lledó: Local Quantum Constraints. Rev. Math. Phys, 12 (2000), 1159–1218.

Available as arXiv:math-ph/9812022v2.

[27] R. Haag. Local Quantum Physics. 2nd edition. Springer Texts and Monographs in Physics, 1996. [28] A. Kapustin, E. Witten: Electric-Magnetic Duality And The Geometric Langlands Program. Commun. Number Theory Phys. 1 (2007), 1–236. Available as arXiv:hep-th/0604151.

[29] Y. Kawahigashi, R. Longo: Classification of Local Conformal Nets. Case c < 1. Ann. Math. 160 (2004), 493–522 . Available as arXiv:math-ph/0201015.

[30] J. Kijowski, G. Rudolph, A. Thielmann: Algebra of Observables and Charge Superselection Sectors for QED on the Lattice. Comm. Math. Phys. 188 (1997), 535–564.

[31] S. Mandelstam: Quantum electrodynamics without potentials. Ann. Physics, 819 (1962), 1–24. [32] J. Mund, B. Schroer, J. Yngvason: String-localized quantum fields and modular localization. Comm.

Math. Phys. 268 (2006), 621-672.

[33] K.H. Rehren: Algebraic Holography: Ann. Henri Poincaré 1, (2000), 607-623. Available as

arXiv:hep-th/9905179.

[34] J.E. Roberts: Local cohomology and superselection structure. Comm. Math. Phys. 51 (1976), 107– 119.

[35] J.E. Roberts: A survey of local cohomology. In Mathematical problems in theoretical physics. (Rome, 1977), 81–93, Lecture Notes in Phys. 80, Springer, Berlin, New York, 1978.

[36] J.E. Roberts: Lectures on algebraic quantum field theory. In The algebraic theory of superselection sectors. (Palermo, 1989), 1–112, World Sci. Publ., River Edge, NJ, 1990.

[37] J.E. Roberts: More lectures in algebraic quantum field theory. In Noncommutative geometry. (Martina Franca, 2000), 263–342, Lecture Notes in Math., 1831, Springer, Berlin, 2004.

[38] J.E. Roberts, G. Ruzzi: A cohomological description of connections and curvature over posets.

Theo. App. Cat. 16 (2006), 855–895. Available as arXiv:math/0605435.

[39] J.E. Roberts, G. Ruzzi, E. Vasselli: A theory of bundles over posets. Adv. Math. 220 (2009), 125–153. Available as arXiv:0707.0240 [math.AT].

[40] W. Rudin: Functional analysis. 2nd edition. International Series in Pure and Applied Mathematics.

McGraw-Hill, Inc., New York, 1991.

[41] G. Ruzzi, E. Vasselli: A new light on nets of C*-algebras and their representations. Comm. Math.

Phys. 312 (2012), 655–694. Available as arXiv:1005.3178v3.

[42] M. Spera: A Survey on the Differential and Symplectic Geometry of Linking Numbers. Milan J.

Math. 74 (2006), 139-197.

[43] O. Steinmann: Perturbative quantum electrodynamics and axiomatic field theory. Springer, 2000.