arXiv:1306.0718v1 [hep-th] 4 Jun 2013

Constrained WZWN Models on G/{S ⊗ U(1)^n} and Exchange Algebra of G-Primaries

Shogo Aoyama and Katsuyuki Ishii

Department of Physics, Shizuoka University Ohya 836, Shizuoka, Japan

Abstract

Consistently constrained WZWN models on G/{S ⊗ U(1)^n} is given by constraining currents of the WZWN models with G. Poisson brackets are set up on the light-like plane. Using them we show the Virasoro algebra for the energy-momentum tensor of constrained WZWN models. We find a G-primary which satisfies a classical exchange algebra in an arbitrary representation of G. The G-primary and the constrained currents are also shown to obey the conformal transformation with respect to the energy-momentum tensor. It is checked that conformal weight of the constrained currents is 0. This is necessary for the consistency for our formulation of constrained WZWN models.

1. Introduction

The AdS/CFT correspondence between the type IIB string theory with the AdS background and the N = 4 supersymmetric QCD was studied with great interest. A remarkable relationship between the N = 4 supersymmetric QCD and a spin-chain system was discovered[1, 2]. Integrability of the latter system provided a powerful tool for studying the AdS/CFT correspondence. Namely the S-matrix of the latter system was constructed by assuming algebraic structure with the group symmetry PS U(2, 2|4) or its variants[3]. But the construction was not based on the Poisson structure of some underlying world-sheet theory. To explain it, we consider a tensor product chain of quantum operators Ψ. We exchange two of them in a adjacent position, say, Ψ(x) and Ψ(y). Then the S-matrix defines a quantum exchange algebra as

S_{xy}Ψ(x) ⊗ Ψ(y) = Ψ(y) ⊗ Ψ(x). (1)

The invariant S-matrix under generators T^A of the above symmetry group defined as

[T^A ⊗ 1 + 1 ⊗ T^A, S ] = 0, (2)

was explicitly given by requiring that

S_{xy}S_{yx} = 1 (unitary symmetry), (3) S_{xy}S_{xz}S_{yz} = S_{yz}S_{xz}S_{xy}, (Yang Baxter equation). (4)

The R-matrix is defined by S = PR with a permutation operator of the position. Then the relations (2) and (4) form the axioms of the quasi-triangular Hopf algebra[4], when supplemented by two more conditions[5, 6]: existence of R^{−1} and

(S ⊗ 1)R = R^{−1}, (1 ⊗ S^{−1})R = R^{−1}.

Preprint submitted to Nuclear Physics B June 5, 2013

In physical terms the last relation is interpreted as crossing symmetry between scattering of particles and one replaced by anti-particles[5].

Let us rewrite the quantum exchange algebra (1) as

R_{xy}Ψ(x) ⊗ Ψ(y) = PΨ(y) ⊗ Ψ(x), (5)

multiplying the above permutation operator P on both sides. Suppose the R-matrix to be a quantum deformation of a certain classical r-matrix as

R_{xy} = 1 + hr_{xy} + O(h^2),

with an infinitesimal parameter h. Then (5) and (4) respectively become a classical exchange algebra

{Ψ(x)^⊗, Ψ(y)} = hr_{xy}Ψ(x) ⊗ Ψ(y), (6)

and the classical Yang-Baxter equation

[r_{xy}, r_{xz}] + [r_{xy}, r_{yz}] + [r_{xz}, r_{yz}] = 0. (7)

The quantity in the l.h.s. of (6) is a Poisson bracket which was substituted for the commutator [Ψ(x)^⊗, Ψ(y)]. The discovered S-matrix[3] was of a new type. It did not take the difference form of a spectral parameter[7]. Hence the corresponding classical r-matrix was studied with interest as much[8]. But the study was not based on the Poisson structure of some underlying world-sheet theory.

In the previous paper[9] we have studied constrained WZWN models and found the classical r-matrix by studying the Poisson structure. Namely we have discussed constrained WZWN models with a symmetry group S L(N) based on the coset spaces

S L(N)/{S L(N − M) ⊗ S L(M) ⊗ U(1)}, S L(N)/{U(1)^{N−1}}, (8)

We have found Ψ transforming as the fundamental representation of S L(N), simply called a S L(N) primary . Then it was shown to satisfy the classical exchange algebra (6) and transform as a conformal primary with respect of the energy-momentum tensor. The r-matrix of the classical exchange algebra for this case is not the classical limit of the S-matrix discovered in [3]. It is not of the difference form either[7]. But its existence naturally leads us to consider constrained WZWN models on the coset spaces (8) as an underlying world-sheet field theory for spin-chain systems. Indeed in [10] constrained WZWN models were studied as a generalized Toda theory. The works on the ordinary WZWN models, i.e., without constraints, were done in quest of an underlying world-sheet field theory describing spin-chain systems[11].

So the aim of this paper is to generalize the arguments to the most extent in this line of thoughts. In section 2 we formulate constrained WZWN models with any simple group G based on the coset space G/{S ⊗ U(1)^n}, n = rank G − rank S, with an arbitrarily chosen simple or semi-simple subgroup S (⊂ G). It is done by constraining currents of the ordinary WZWN model in a specific way. In section 3 Poisson brackets are consistently set up on the light-like plane. The Virasoro algebra for the energy-momentum tensor is shown by means of them. In section 4 we construct a G primary Ψ in arbitrary representations of G, which satisfies the classical exchange algebra (6). In section 5 they are shown to obey the conformal transformation law. We also show that the constrained currents transform as conformal primaries with weight 0. It guarantees the consistency of constrained WZWN models. 2

2. Constrained WZWN models

Consider a simple group G on the base of a subgroup H. Generators of G are decomposed into ones of H and remaining ones as {T_{G/H} , T_H}. Suppose that H = S ⊗ U(1)^n with a simple or semi-simple group S and n ≤ rank G. Then they are further decomposed as {T_{G/H} } = {T^{−α}_L , T^α_R }, {T_H } = {T^i_S , Q^μ}, in the Cartan-Weyl basis. Here ±α are positive or negative roots which designate the coset generators. They are n-dimensional vectors, defined by [T^{−α}_L , Q^μ] = −α^μT^{−α}_L , [T^α_R , Q^μ] = α^μT^α_R .

We define a Y-charge such as

T^Y = n∑ μ=1 Q^μ.

The coset generators have definite Y-charges as [T^{−α}_L , T^Y ] = −y(α)T^{−α}_R , [T^α_R , T^Y ] = y(α)T^α_R , (9) with y(α) =

∑_{nμ=1} α^μ. Hence they are decomposed as {T^{−α}_L } = {T^{−α1}_L , T^{−α2}_L , · · · · · ·}, {T^α_R } = {T^{α1}_R , T^{α2}_R , · · · · · ·}, according to the Y-charge Y_d = y(α_d), d = 1, 2, · · ·. This is nothing but an irreducible decomposition of the coset generators under the subgroup S . In other words, {T^α_R } transform under S as a reducible representation as N^{α1} ⊕ N^{α2} ⊕ · · · , while {T^{−α}_L } as its complex conjugate. Here α_d is a set of weights denoting the representation N^{αd} , d = 1, 2, · · ·.

A constrained WZWN model with a symmetry group G is given by the action S = − k 4π S_{WZWN} − k 2π ∫ d^2 xTr[A_−(g^{−1}∂_+g − e)], (10) in which g ∈ G, A_− = ∑ α>0 a^{−α}_− T^α_R ≡ a_− · T_R,

and e is a constant matrix in the representation space of G. Here A_− is a gauge field and the action is invariant under local variations δg −→ gv, δA_− −→ −∂_−v − [A_−, v], (11) with an infinitesimal parameter v = v(x^+, x^−) · T_R. The action (10) is different from the one of the ordinary gauged WZWN models with the gauge field A_± = a_± · T_H, which was given in [12]. The latter is invarinat under vector-like variations as δg −→ gv − vg, δA_± −→ −∂_±v − [A_±, v]. (12) 3 with v = v(x^+, x^−) · T_H.

The equation of motion for A_− provides the constraint for the current

J^α_+ = Tr[g^{−1}∂_+gT^α_R ] = const.. (13)

We parametrize g ∈ G by the Gauss decomposition as g = g_Lg_H g_R with

g_L = exp(i ∑ α>0 G^αT^{−α}_L ) ≡ exp(iG · T_L),

g_R = exp(i ∑ α>0 F^{−α}T^α_R ) ≡ exp(iF · T_R),

g_H = exp(i ∑ i λ^iT^i_S + i ∑ μ λ^μQ^μ) ≡ exp(iλ · T_H ).

In this paper we consider G as a compact group so that T^†_L = T_R, T^†_H = T_H. Hence the variables of parametrization G^α, F^{−α}, λ^i, λ^μ are constrained by the unitary condition g^†g = 1, i.e.,

exp(−iλ^∗ · T_H ) exp(G^∗ · T_R) exp(G · T_L) exp(iλ · T_H ) = exp(F^∗ · T_L) exp(−F · T_R).

Here G^{∗−α}, F^{∗α}, λ^{∗i}, λ^{∗μ} are complex conjugates of G^α, F^{−α}, λ^i, λ^μ. We choose the gauge F^{−α} = F^{∗α} = 0 and denote the remaining variables by G. The gauge-fixed transformation of g(G) = g_L(G^α)g_H(λ^i, λ^μ) is given by

g(G) −→ e^{iϵ·T} g(G)e^{−u} = g(G^′), (14)

with a unitary element e^{iϵ·T} ∈ G and an appropriate compensator e^{−u} of which generator is u = ∑ α>0 u^{−α}T^α_R . (15)

This is nothing but a symmetry transformation on the coset space G/Ĥ with the complex subgroup Ĥ generated by T^{−α}_L and T_H . Soon later we show that the action (10) is indeed invariant by this transformation even after the gauge-fixing. This symmetry plays a crucial role in the subsequent discussions. However g(G^′) in (14) loses the unitarity because the compensator never satisfies e^ue^{u†} = 1. Hence the gauge-fixed action is not real. It is a natural consequence because the action (10) is complex from the beginning. At this point our WZWN models differ from S L(N) WZWN models in [9], where g = g_Lg_H merely satisfies det g = 1 and the gauge-fixing does not break the reality of the action. Losing the unitarity by the gauge-fixing we have no reason to impose a further constraint as (J^α_+)^∗ = J^{−α}_+ . Indeed such a constraint holds no longer since we have J^{−α}_+ ≡ Tr[g^{−1}(G)∂_+g(G)T^{−α}_L ] = 0.

Let us assume that e^{iϵ·T} depends on x^− alone. Then the transformation (14) induces

δ(g^{−1}∂_+g) = −∂_+u − [g^{−1}∂_+g, u]. (16)

We understand the transformation (14) with this assumption hereinafter all the time. Under this the currents defined in (13) transform as

δJ^α_+ = −Tr(g^{−1}∂_+g[u, T^α_R]), (17) by the constraints (13). We put the Y-charges of the generators T^α_R in an increasing order as 0 < Y_1 < Y_2 < · · ·. We take the constraints (13) on J^α_+ in the specific form

Tr[g^{−1}∂_+gT^α_R ] = const, for Y_1 = y(α) ,

0, for other y(α)’s.

(18)

Then the variation (17) is vanishing because u takes the form (15) and [u, T^α_R ] is valued in the Lie algebra of G with the Y-charge larger than the lowest Y_1. This guarantees the self-consistency of the constraints (18). Next we consider the energy-momentum tensor T_{++}. The one of the naive form is no longer invariant under the gauge-fixed transformation (14), so that we improve it as

T_{++} = k ( 1 2 Tr[(g^{−1}∂_+g)^2] + 1 Y_1

∂_+Tr[g^{−1}∂_+gT^Y ] ) . (19)

This is invariant under the gauge-fixed transformation as

δT_{++} = −kTr[(g^{−1}∂_+g)∂_+u] − 1 Y_1 k∂_+Tr((g^{−1}∂_+g)[u, T^Y ])

= −kTr[(g^{−1}∂_+g) ∑ α_1

∂_+u^{−α1} T^{α1}_R ] − k∂_+ 1 Y_1

Tr((g^{−1}∂_+g)[ ∑ α_1

u^{−α1} T^{α1}_R , T^Y ]) = 0,

using (16), (15) and the above constraints. Similarly we can show that the action (10) is invariant under the transformation (14), even after the gauge is fixed.

We study the gauge-fixed transformation (14) at two steps such as

g_L(G^α) −→ e^{iϵ·T} g_L(G^α)e^{−iρ·Ĥ} = g_L(G^{′α}), (20) g_H (λ^i, λ^μ) −→ e^{iρ·Ĥ}g_H (λ^i, λ^μ)e^{−u} = g_0(λ^{′i}, λ^{′μ}), (21)

in which

ϵ · T = ∑ α>0 ϵ^α_R T^{−α}_L + ∑ α>0 ϵ^{−α}_L T^α_R + ∑ i ϵ^i_H T^i_H + ∑ μ ϵ^μQ^μ,

ρ · Ĥ = ∑ α>0 ρ^{−α}_L T^α_R + ∑ i ρ^i_H T^i_H + ∑ μ ρ^μQ^μ.

ρ · Ĥ is a generator of a compensator for the transformation at the first step. Both transformations are written in the infinitesimal forms

δG^α = Tr[(ϵ · T g_L − g_Lρ · Ĥ)T^α_R ] ≡ t_{AB}ϵ^Aδ^BG^α, δλ^i = Tr[(ρ · Ĥg_H − g_H u)T^i_S ] ≡ t_{AB}ϵ^Aδ^Bλ^i, δλ^μ = Tr[(ρ · Ĥλ^μ − λ^μu)Q^μ] ≡ t_{AB}ϵ^Aδ^Bλ^μ,

which define the Killing vectors δ^AG, A = 1, 2, · · · , dim G, which realize the symmetry of the coset space G/{S ⊗ U(1)^n}. The variables G^α are coordinates of the coset space, while λ^i, λ^μ auxiliary. An important point is that owing to δJ^α_+ = 0 the constraints (18) do not reduce the symmetry of the coset space.

3. The Virasoro transformation

We shall set up Poisson brackets for the group variables G^I = (G^α, λ^i, λ^μ). The guiding principle to do this is that they satisfy the Jacobi identities and are able to reproduce the Virasoro algebra for the energy-momentum tensor (19). They are given by

{G^I (x)^⊗, G^J (y)} = 2π k [ θ(x − y)t^+_{AB}δ^AG^I (x) ⊗ δ^BG^J (y) − θ(y − x)t^+_{AB}δ^AG^J (y) ⊗ δ^BG^I (x) ] , (22) at x^− = y^−. The Killing vectors δ^AG satisfy the Lie algebra of G δ^{[A}δ^{B]}G(x) = f^{AB}_Cδ^CG(x), (23) by the construction. t^+_{AB} is a modified Killing metric such as defining the classical r-matrix r^± = t^±_{AB}T^A ⊗ T^B = ∑ α>0 T^α_R ⊗ T^{−α}_L + ∑ α̂>0

T^{α̂}_{S R} ⊗ T^{−α̂}_{S L} − ∑ α>0 T^{−α}_L ⊗ T^α_R − ∑ α̂>0

T^{−α̂}_{S L} ⊗ T^{α̂}_{S R} ±t_{AB}T^A ⊗ T^B, (24) with t^+_{AB} = −t^−_{BA}. For r^+ it reads

r^+ = 2 ∑ α>0 T^α_R ⊗ T^{−α}_L + 2 ∑ α̂>0

T^{α̂}_{S R} ⊗ T^{−α̂}_{S L} +

dimS∑

μ̂=1

Q^{μ̂} ⊗ Q^{μ̂} + n∑ μ=1 Q^μ ⊗ Q^μ.

It satisfies the classical Yang-Baxter equation (7). Here the generators of the subgroup S were further decomposed in the Cartan-Weyl basis as {T^i_S } = {T^{−α̂}_{S L} , T^{α̂}_{S R} , Q^{μ̂}}, μ̂ = 1, 2, · · · , rank S, with the normalization TrT^AT^B =^1_2 δ^{AB} ≡^1_2 t^{AB}.^1 The Jacobi identities for the Poisson brackets (22) can be shown in the same way as in the previous paper[9]. Namely the proof there can be straightforwardly generalized to the case in this paper. The Virasoro algebra for the energymomentum tensor (19) follows by means of these Poisson brackets. It can be also shown in the same way as in [9]. Here it suffices to outline the demonstration of the Virasoro algebra referring the details to [9]. At x^− = y^− we have

{T_{++}(x)^⊗, T_{++}(y)} = k Tr[(∂_xgg^{−1})∂_x({g ⊗, T_{++}(y)}g^{−1})] + 1 Y_1

∂_xTr[∂_x({g^⊗, T_{++}(y)}g^{−1})gT^Y g^{−1}]

, (25)

with the help of the formula for a generic variation δ(g^{−1}∂_xg) = g^{−1}∂_x(δgg^{−1})g. (26)

1 Therefore we have t^{AB} = t_{AB}. This definition of the Killing metric is in accord with the one in [9]. 6

We further calculate the Poisson bracket {g^⊗, T_{++}(y)} in the r.h.s. to find

{g(x)^⊗, T_{++}(y)} = k Tr[∂_y({g(x) ⊗, g}g^{−1})(∂_ygg^{−1})] + 1 Y_1

∂_yTr[∂_y({g(x)^⊗, g}g^{−1})gT^Y g^{−1}]

. (27)

Finally we have to calculate the Poisson bracket {g(x)^⊗, g}. To this end we have recourse to the formula

{g(x)^⊗, g(y)} =

∂g(x) ∂G^I (x)

{G^I (x)^⊗, G^J (y)}

∂g(y) ∂G^J(y)

. (28)

By means of the Poisson brackets (22) it reads

{g(x)^⊗, g(y)} = 2π k [ θ(x − y)t^+_{AB}δ^Ag(x) ⊗ δ^Bg(y) − θ(y − x)t^+_{AB}δ^Ag(y) ⊗ δ^Bg(x) ] . (29) Plug this Poisson bracket into the r.h.s. of (27). First of all note that (27) may be put into a simplified form

{g(x)^⊗, T_{++}(y)} = k Tr[∂_y({g(x) ⊗, g}g^{−1})(∂_ygg^{−1})] + 1 Y_1

∂^2_y Tr[{g(x)^⊗, g}g^{−1}T^Y ]

, (30)

as follows. The quantity δgg^{−1} by the transformation (14) is valued in the subalgebra formed by {T^{−α}_L , T_H}. So is the Poisson bracket {g(x)^⊗, g}g^{−1} from (29). Therefore we can simplify the second term of (27) as ∂_yTr[∂_y({g(x)^⊗, g}g^{−1})gT^Y g^{−1}] = ∂_yTr[∂_y({g(x)^⊗, g}g^{−1})g_LT^Y g^{−1}_L ] = ∂^2_yTr[{g(x)^⊗, g}g^{−1}T^Y ], (31)

to find (30). Owing to δ^BT_{++}(y) = 0 the r.h.s. of (30) is vanishing except when the derivative ∂_y acts on the step functions θ(x − y) and θ(y − x) in calculating ∂_y{g(x)^⊗, g}. Hence picking up both contributions we get

{g(x)^⊗, T_{++}(y)} = 4π

∂_yθ(x − y)t_{AB}δ^Ag(x) ⊗ Tr[(δ^Bgg^{−1})(∂_ygg^{−1})] + 1 Y_1

∂^2_y θ(x − y)t_{AB}δ^Ag(x) ⊗ Tr[(δ^Bgg^{−1})T^Y ] + 2 Y_1

∂_yθ(x − y)t_{AB}δ^Ag(x) ⊗ ∂_yTr[(δ^Bgg^{−1})T^Y ]

. (32)

Here note that t^+_{AB} could be changed to the usual Killing metric t_{AB}. Finally we evaluate the Poisson bracket (25) by plugging this expression for {g^⊗, T_{++}(y)}. For the rest of the calculations the reader may refer to [9]. It leads us to the Virasoro transformation 1 2π ∫ dxη(x){T_{++}(x)^⊗, T_{++}(y)}

= η(y)∂_yT_{++}(y) + 2 ( ∂_yη(y) ) T_{++}(y) − k Y_1

Tr[T^Y T^Y ]∂^3_yη(y), (33) 7 with an infinitesimal parameter η(y). Here use was made of the formula

TrO_1O_2 = 2t_{AB}(TrO_1T^A)(TrO_2T^B), (34)

for quantities O_1 and O_2 valued in the Lie algebra of G, with the normalization given below (24).

So far our arguments are irrelevant to the representation of G. Let us choose it to be an Ndimensional irreducible representation. Under the subgroup S it is decomposed into irreducible ones as

N = N^{w1} ⊕ N^{w2} ⊕ · · · ⊕ N^{wa−1} ⊕ N^{wa} . (35)

Here w(w_d), d = 1, 2, · · · , a, is a weight denoting the N(N_d)-plet representation. An element g ∈ G is represented by a N × N matrix D(g). For g_H ∈ H it is decomposed as

D(g_H ) =

D_{w1} (g_H) 0 · · · 0 0 D_{w2} (g_H ) · · · 0 . . . . .. . . . 0 0 · · · D_{wa} (g_H)

, (36)

in which D_{wd} (g_H), d = 1, 2, · · · , a, is a N_d × N_d matrix. Each N^{wd} have a definite Y-charge y_d. Putting them in order as y_1 < y_2 < · · · < y_{a−1} < y_a we have

D(T^Y ) = n∑ μ=1 D(Q^μ) =

(y_1)_{N1×N1} 0 · · · 0

0 (y_2)_{N2×N2} · · · 0 . . . . .. . . . 0 0 · · · (y_a)_{Na×Na}

, (37)

with (y_d)_{Na×Na} ≡ y_d · (1)_{Nd×Nd} . The central charge of (33) is given by using this as

c = 12 k Y_1

Tr[T^Y T^Y ] = 12 k Y_1

Tr[D(T^Y )D(T^Y )] = 12 k Y_1 a∑ d=1 N_dy^2_d. (38)

4. The classical exchange algebra

We are in a position to discuss the classical exchange algebra in arbitrary representation of G, say, N. We shall find a primary Ψ(x) which is a composite of G(= {G(x), λ^i(x), λ^μ(x)}) and satisfies

{Ψ(x)^⊗, Ψ(y)} = 2π k [θ(x − y)ρ(r^+) + θ(y − x)ρ(r^−)]Ψ(x) ⊗ Ψ(y). (39)

Here D(r^±) are r-matrices given by (24) in the representation N. By the identification

r_{xy} ≡ 2π k [θ(x − y)ρ(r^+) + θ(y − x)ρ(r^−)], (40) 8 this takes the form of the classical exchange algebra (6). From t^+_{AB} = −t^−_{BA} note that Pr^−_{xy} = −r_{yx} with the permutation operator defined by (5). For the above purpose it suffices to find a Ndimensional vector which linearly transforms by the gauge-fixed transformation (14) as δΨ(x) = D(ϵ · T )Ψ(x), (41) which is called G-primary. When we write g = g_Lg_H in the representation N as

D(g) =

(g)_{N1×N1} (g)_{N1×N2} · · · (g)_{N1×Na} (g)_{N2×N1} (g)_{N2×N2} · · · (g)_{N2×Na} . . . . .. . . . (g)_{Na×N1} (g)_{Na×N2} · · · (g)_{Na×Na}

. (42)

Then such a G-primary is given by

Ψ(x) =

(g)_{N1×Na} (g)_{N2×Na} . . (g)_{Na×Na}

. (43)

The linear transformation law (41) is shown as follows. The gauge-fixed transformation (14) is written in the infinitesimal form D(δg) = D(ϵ · T g) − D(gu). (44) D(g) transforms as a tensor product N ⊗ N, which is decomposed by (35) as

N ⊗ N = [N^{w1} ⊕ N^{w2} ⊕ · · · ⊕ N^{wa−1} ⊕ N^{wa} ] ⊗ [N^{−w1} ⊕ N^{−w2} ⊕ · · · ⊕ N^{−wa−1} ⊕ N^{−wa} ]. So does D(g)D(u). However u is given by (15) and D(u) transforms as N^{α1} ⊕ N^{α2} ⊕ · · · ⊕ N^{αn−1} ⊕ N^{αn} .

The matrix multiplication D(g)D(u) implies that the tensor product N ⊗ ( N ⊗ [N^{α1} ⊕ N^{α2} ⊕ · · · ⊕ N^{αn−1} ⊕ N^{αn} ] ) , is decomposed into a tensor product N ⊗ [N^{−w1} ⊕ N^{−w2} ⊕ · · · ⊕ N^{−wa−1} ⊕ N^{−wa} ].

Here the component N⊗N^{−wa} with the lowest Y-charge can never appear because of the positivity of the Y-charge of D(u). Therefore multiplying D(g) by D(u) in the r.h.s. of (44) annihilates the far right column vectors of D(g), denoted as (43). Hence we have the transformation law (41). 9

5. Conformal transformation of Ψ and J^α_+

In the previous section we have shown that the G-primary Ψ linearly transforms as (41) under the gauge-fixed transformation (14) and satisfies the classical exchange algebra (39). In this section we will examine its transformation property with respect to the energy-momentum tensor T_{++}. We show that it indeed transforms as a conformal primary such that 1 2π ∫ dx η(x){T_{++}(x)^⊗, Ψ(y)} = η(y)∂_yΨ(y) +

(y_a)_{Na×Na} a∑ d=1 N_d y^2_d ( ∂_yη(y) ) Ψ. (45)

In section 2 we have also seen that the constrained currents J^α_+, given by (13), are invariant by the gauge-fixed transformation (14). For imposing the constraints (13) consistently it is crucially important that the constrained currents are conformal primaries with weight 0 as 1 2π ∫ dx η(x){T_{++}(x)^⊗, J^α_+(y)} = η(y)∂_y J^α_+(y). (46)

We shall show these conformal transformation laws in this section. To this end we give here the useful formulae in connection with the compensator e^{−u} for the gauge-fixed transformation (14)

Tr[gug^{−1}(∂_ygg^{−1})] = 1 Y_1

∂_yTr[(δgg^{−1})T^Y ], (47)

Tr[T^{−α}_L g^{−1}T^β_Rg] = u^{β,−α}, (48)

with g = g_Lg_H. The first formula can be shown as follows. Note that

δTr[(g^{−1}∂_yg)T^Y ] = −Tr[(g^{−1}∂_yg)[u, T^Y]] = Y_1Tr[(g^{−1}∂_yg)u],

by the successive use of (16), (15), (9) and the constraints (18) for J^α_+. This variation can be calculated also as

δTr[(g^{−1}∂_yg)T^Y ] = Tr[∂_y(δgg^{−1})gT^Y g^{−1}] = ∂_yTr[(δgg^{−1})T^Y ],

by using (26) and the same argument as for (31). Equating both variations yields the formula (47). The second formula can be also shown by the argument for (31). Namely we have

0 = Tr[T^{−α}_L g^{−1}(δgg^{−1})g] = Tr[T^{−α}_L g^{−1}(ϵ · T )g] − ∑ β>0 ϵ^{−β}_L u^{β,−α},

in which (44) was substituted for δgg^{−1} and (15) was further decomposed as u = ∑ γ>0 u^{−γ}T^γ_R = ∑ β>0,γ>0

ϵ^{−β}_L u^{β,−γ}T^γ_R. (49)

This gives the relation (48).

i. Conformal transformation of Ψ

Using the Poisson bracket (32) we have

{Ψ(x)^⊗, T_{++}(y)} = 4π

∂_yθ(x − y)t_{AB}δ^AΨ(x) ⊗ Tr[(δ^Bgg^{−1})(∂_ygg^{−1})] + 1 Y_1

∂^2_y θ(x − y)t_{AB}δ^AΨ(x) ⊗ Tr[(δ^Bgg^{−1})T^Y ] + 2 Y_1

∂_yθ(x − y)t_{AB}δ^AΨ(x) ⊗ ∂_yTr[(δ^Bgg^{−1})T^Y ]

. (50)

The first term of the r.h.s. is reduced to

4π∂_yθ(x − y) t_{AB}T^AΨ(x) ⊗ Tr[T^B∂_ygg^{−1}] − 1 Y_1 t_{AB}T^AΨ(x) ⊗ ∂_yTr[(δ^Bgg^{−1})T^Y ] , by (41), (44) and (47). Plugging this expression into (50) we find 1 2π ∫ dx η(y){Ψ(x)^⊗, T_{++}(y)} = 2 − 1 2 η(x)∂_xg − 1 Y_1

∂_xη(x)t_{AB}T^AΨTr[(δ^Bgg^{−1})T^Y ]

. (51)

This becomes (45) owing to a remarkable relation such that

t_{AB}T^AΨ(x)∂_yTr[(δ^Bgg^{−1})T^Y ] =

(y_a)_{Na×Na} a∑ d=1 N_dy^2_d

Ψ, (52)

with the Y-charge defined by (37). It is shown as follows. We manipulate the l.h.s. by (44), (48) and (49) as

−t_{AB}T^AΨTr[(δ^Bgg^{−1})T^Y ] + t_{AB}T^AΨTr[T^BT^Y ] = ∑ β>0,γ>0

T^{−β}_L Ψ · u^{β,−γ}Tr[T^γ_Rg^{−1}T^Y g] = ∑ β>0,γ>0

T^{−β}_L ΨTr[T^{−γ}_L g^{−1}T^β_Rg]Tr[T^γ_Rg^{−1}T^Y g] = ∑ γ>0 t_{AB}T^AΨTr[T^{−γ}_L g^{−1}T^Bg]Tr[T^γ_Rg^{−1}T^Y g] = ∑ γ>0 gT^{−γ}_L g^{−1}ΨTr[T^γ_Rg^{−1}T^Y g]

= g(t_{AB}T^A)g^{−1}ΨTr[T^Bg^{−1}T^Y g] − gT^Y g^{−1}ΨTr[T^Y g^{−1}T^Y g].

Here the calculation of the last two lines was proceeded with g = g_Lg_H. The trace formula (34) reduces this relation to t_{AB}T^AΨTr[(δ^Bgg^{−1})T^Y ] = gT^Y g^{−1}ΨTr[T^Y g^{−1}T^Y g]. (53) For the quantities of the r.h.s. we make the following calculations

gT^Y g^{−1}Ψ =

(gT^Y )_{N1×Na} (gT^Y )_{N2×Na} . . (gT^Y )_{Na×Na}

= (y_a)_{Na×Na} Ψ,

11

Tr[gT^Y g^{−1}T^Y ] = Tr[g_LT^Y g^{−1}_L T^Y ] = Tr[T^Y T^Y ] = a∑ d=1 N_dy^2_d.

The first equation was calculated by using the form (43) for Ψ and (37), while the second equation by g = g_Lg_H and (38). Putting them into the r.h.s. of (53) we find (52).

ii. Conformal transformation of J^α_+

We start by calculating the Poisson bracket using (26) {J^α_+(x)^⊗, T_{++}(y)} = Tr[∂_x({g(x)^⊗, T_{++}(y)}g^{−1})gT^α_R g^{−1}]. (54) Plug (32) into the r.h.s.. Keep only the terms with θ(x − y) differentiated by x because other terms drop out due to the invariance δ^A J^β_+(x) = 0. Then (54) becomes

{J^α_+(x)^⊗, T_{++}(y)} = 4π

∂_x∂_yθ(x − y)t_{AB}Tr[(δ^Agg^{−1})gT^α_R g^{−1}] ⊗ Tr[(δ^Bgg^{−1})(∂_ygg^{−1})] + 1 Y_1

∂_x∂^2_yθ(x − y)t_{AB}Tr[(δ^Agg^{−1})gT^α_R g^{−1}] ⊗ Tr[(δ^Bgg^{−1})T^Y ] (55) + 2 Y_1

∂_x∂_yθ(x − y)t_{AB}Tr[(δ^Agg^{−1})gT^α_R g^{−1}] ⊗ ∂_yTr[(δ^Bgg^{−1})T^Y ] . To simplify the expression of the r.h.s. we rewrite the first term as 4π ∂_y ( ∂_xθ(x − y)t_{AB}Tr[(δ^Agg^{−1})gT^α_R g^{−1}] ⊗ Tr[(δ^Bgg^{−1})(∂_ygg^{−1})] )

−∂_xθ(x − y)t_{AB}Tr[(δ^Agg^{−1})gT^α_R g^{−1}] ⊗ ∂_yTr[T^B(∂_ygg^{−1})] +∂_xθ(x − y)t_{AB}Tr[(δ^Agg^{−1})gT^α_R g^{−1}] ⊗ 1 Y_1

∂^2_y Tr[T^B(∂_ygg^{−1})]

, (56)

by (44) and (47). Plug this result into (55). Multiplying η(y) on both sides we integrate (55) over y. The integration is reduced to 1 2π ∫ dyη(y){J^α_+(x)^⊗, T_{++}(y)} = −η(x)∂_x J^α_+ − 2∂_xη ( t_{AB}Tr[(δ^Agg^{−1})gT^α_R g^{−1}]Tr[(δ^Bgg^{−1})(∂_xgg^{−1})] )

+2∂^2_xη ( 1 Y_1 t_{AB}Tr[(δ^Agg^{−1})gT^α_R g^{−1}]Tr[(δ^Bgg^{−1})T^Y ] ) . (57) The first term of the r.h.s. was obtained from the second term in (56) by using the trace formula (34) and (26). The second and third terms are respectively vanishing as follows. For the third term we have t_{AB}Tr[(δ^Agg^{−1})gT^α_R g^{−1}]Tr[(δ^Bgg^{−1})T^Y ] = 1 2 Tr[gT^α_R g^{−1}T^Y ] − ∑ β>0,γ>0

Tr[T^{−β}_L gT^α_R g^{−1}]u^{β,−γ}Tr[T^γ_Rg^{−1}T^Y g], (58) 12 by (44) and (49). The sum over β of the second term in the r.h.s. is calculated as ∑ β>0 Tr[T^{−β}_L gT^α_R g^{−1}]u^{β,−γ} = ∑ β>0 Tr[T^{−β}_L gT^α_R g^{−1}]Tr[T^{−γ}_L g^{−1}T^β_Rg]

= t_{AB}Tr[T^AgT^α_R g^{−1}]Tr[T^{−γ}_L g^{−1}T^Bg] = 1 2 δ^{α,−γ}, (59)

by means of (48) and the trace formula (34). Due to this formula the r.h.s. of (58) vanishes. So does the third term of the r.h.s. in (57). Similarly we can show that the second term in (57) is vanishing. Thus the conformal transformation (46) was shown.

6. Conclusions

In this paper we have given a general account of constrained WZWN models on G/{S ⊗U(1)^n} to the most extent. We have found the G-primary in an arbitrary representation of G, which satisfies the classical exchange algebra. It was shown to have conformal weight given by (45) with respect to T_{++}. The constraints were found to take the specific form as (18). These were imposed so that the constrained currents are invariant under the gauge-fixed transformation (14), i.e., δJ^α_+ = 0. This was important for the self-consistency of the constraints. The constrained currents should transform as conformal primaries of weight 0. This is also important for the consistency of the constraints. Otherwise the constraints would break conformal symmetry. It was checked a posteriori.

To conclude this paper we would like to make comments on the classical r-matrix which we encounter in studying two-dimensional non-linear σ-models on G/H. There exists a current j valued in the Lie algebra generating G/H which satisfies d ∗ j = 0 and d j + j ∧ j = 0. From such a current we may construct a one-parameter family of a flat connection L(λ), called Lax operator[13]. The Poison brackets for j are set up on the t = const plane. By using them L(λ) satisfies the Poisson algebra

{L(λ, x)^⊗, L(μ, y)} = [r_{xy}, L(λ, x) ⊗ 1 + 1 ⊗ L(μ, y)]δ(x − y)

or some modified one[14]. It looks like the classical exchange algebra (39), but not quite the same. Here appears a r-matrix which is different from the one given by (40). (See ref. [14] for the explicit expression.) An essential difference between the two algebrae is found in the local structure. The former is given by δ(x − y), while the latter by θ(x − y) and θ(y − x) on the light-like plane. Non-linear σ-models for a certain class of G/H can be modified by a two-dimensional topological term which descends from the WZ term[15]. In that case the Poisson structure is significantly modified. One encounters the well-known obstacles in the covariant formalism of the Green-Schwarz superstring. In anyway it seems that there is no chance to get the classical exchange algebra (6) by studying non-linear σ-models on the t = const plane.

References

[1] J. M. Maldacena, “The large N Limit of superconformal field theories and supergravity”, Adv. Theor. Math. Phys.

2(1998)231, arXiv:hepth/9711200;

S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory”, Phys. Lett. B428(1998)105, arXiv:hep-th/9802109;

E. Witten, “Anti de Sitter space and holography”, Adv. Theor. Math. Phys. 2(1998)253, arXiv:hep-th/9802150; J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills”, JHEP 0303(2003)103, arXiv:hep-th/0212208. 13

[2] N. Beisert, “The complete one-Loop dilatation operator of N = 4 super Yang-Mills theory”, Nucl. Phys.

B676(2004)3, arXiv:hep-th/0307015;

N. Beisert and M. Staudacher, “The N = 4 SYM integrable super spin chain”, Nucl. Phys. B670(2003)439, arXiv:hep-th/0307042;

N. Berkovits, O. Osvaldo Chandía, “Superstring vertex operators in an AdS_5 × S^5 background”, Nucl. Phys. B596(2001)185, arXiv:hep-th/0009168;

R.R. Metsaev and A.A. Tseytlin, “Type IIB superstring action in AdS_5 × S^5 background”, Nucl. Phys. B533(1998)109, arXiv:hep-th/9805028.

[3] N. Beisert, “The S U(2|2) dynamic S-Matrix”, Adv. Theor. Math. Phys. 12(2008)945, arXiv:hep-th/0511082. [4] V. Chari and A. Pressley, “A guide to quantum groups”, Cambridge University Press 1994. [5] R.A. Janik, “The AdS_5 × S^5 Superstring worldsheet S-matrix and crossing symmetry”, Phys. Rev.

D73(2006)086006, arXiv:hep-th/0603038.

[6] N. Beisert, “The analytic Bethe ansatz for a chain with centrally extended su(2|2) symmetry”, J. Stat. Mech.

0701(2007)P01017, arXiv:nlin/0610017;

C. Gomez and R. Hernandez, “The magnon kinematics of the AdS/CFT correspondence”, JHEP 0611(2006) 021,arXiv:hep-th/0608029;

J. Plefka, F. Spill and A. Torrielli, “On the Hopf algebra structure of the AdS/CFT S-matrix, Phys. Rev. D74(2006)066008, arXiv:hep-th/0608038.

[7] A.A. Belavin and V.G. Drinfeld, “Solutions of the classical Yang-Baxter equation for simple Lie algebras”, Funk.

Anal. Appl. 16(1982)159;

M. Jimbo, Lecture Notes in Physics 246(Springer, Berlin ,1986) p. 335.

[8] A. Torrielli, “Classical r-matrix of the su(2|2) SYM spin-chain”, Phys. Rev D75(2007)105020, arXiv:hep-th/0701281;

S. Moriyama and A. Torrielli, “A Yangian double for the AdS/CFT classical r-matrix”, JHEP 0706(2007)083; arXiv:0706.0884[hep-th];

N. Beisert and F. Spill, “The Classical r-matrix of AdS/CFT and its Lie bialgebra structure”, Commun. Math. Phys. 85(2009)537-565, arXiv:0708.1762[hep-th];

N.Beisert, “The classical trigonometric r-Matrix for the quantum-deformed Hubbard chain”, J. Phys. A44(2011)265202, arXiv:1002.1097[hep-th].

[9] S. Aoyama and K. Ishii, “Consistently constrained S L(N) WZWN models and classical exchange algebra, JHEP 1303(2013)095, arXiv:1301.2938[hep-th].

[10] L. Fehér, L. O’Raifeartaigh and P. Ruelle, I. Tsutsui and A. Wipf, “Generalized Toda theories and W algebras associated with integral gradings ”, Annals Phys. 213(1992)1.

[11] H. Saleur and V. Schomerus, “On the S U(2|1) WZW model and its statistical mechanics applications, Nucl. Phys.

B775(2007)312, arXiv:hep-th/0611147;

G. Götz, T. Quella and V. Schomerus, “The WZNW model on PS U(1, 1|2), JHEP 0703(2007)003, arXiv:hep-th/0610070.

T. Cruetzig, T. Quella and V. Schomerus, “Branes in the GL(1|1) WZNW-model”, Nucl. Phys. B792(2008)257, arXiv:0708.0583[hep-th].

[12] D. Karabali, Q.H. Park, H.J. Schnitzer and Z. Yang, “A GKO construction based on a path integral formulation of gauged Wess-Zumino-Witten actions”, Phys. Lett. B216(1989)307;

E. Witten, “On holomorphic factorization of WZW and coset models”, Commun. Math. Phys. 144(1992)189. [13] I. Bena, J. Polchinski and R. Roiban, “Hidden symmetries of the AdS_5 × S^5 superstring”, Phys.

Rev.D69(2004)046002;

C.A.S. Young,“Non-local charges, Z_m gradings and coset space actions”, Phys. Lett. B632(2006)559, arXiv:hep-th/0503008.

[14] L.D. Faddeev and N.Y. Reshetikhin, “Integrability of the principal chiral model in 1 + 1 dimension”, Annals Phys.

167(1986)227;

J.M. Maillet, “New integrable canonical structures in two-dimensional models”, Nucl. Phys. B269(1986)54; A. Duncan, H. Nicolai and M. Niedermaier, “On the Poisson bracket algebra of monodromy matrices”, Z. Phys. C46(1990)147;

L. Dolan, C.R. Nappi and E. Witten, “Yangian symmetry in d = 4 superconformal Yang-Mills theory”, arXiv:hep-th/0401243;

M.Hatsuda and K. Yoshida, Adv. “Classical integrability and super Yangian of superstring on AdS_5 × S^5. Theor. Math. Phys. 9(2005)703, hep-th/0407044;

N. Dorey and B. Vicedo, “A symplectic structure for string theory on integrable backgrounds”, JHEP 0703(2007)045; arXiv:hep-th/0606287;

M.Magro, “The classical exchange algebra of AdS_5 × S^5 string theory”, JHEP 0901(2009)021, arXiv:0810.4136[hep-th]. 14

[15] N. Berkovits, M. Bershadsky, T. Hauer, S. Zhukov and B. Zwiebach, “Superstring theory on AdS_2 × S^2 as a coset supermanifold”, Nucl. Phys. B567(2000)61, arXiv:hep-th/9907200.