arXiv:1306.0805v1 [gr-qc] 1 Jun 2013

Radion Cosmology and Stabilization

Sumanta Chakraborty^∗ Department Of Physics, Rajabajar Science College University of Calcutta 92 A.P.C Road, Kolkata-700009, India

Soumitra SenGupta^† Department of Theoretical Physics Indian Association for the Cultivation of Science Kolkata-700032, India (Dated: June 5, 2013)

We have solved the Einstein equation in 5D spacetime for Randall Sundrum Brane world model with time dependent radion field. We have shown how inflation could compactify the extra dimension such that it become unobservable today. We also propose a mechanism for stabilizing the time dependent radion field following Goldberger Wise mechanism and have obtained the stabilized value.

I. INTRODUCTION

The apparent mismatch between the fundamental scales of particle physics and gravity is resolved in recent years by changing the behaviour of gravity at short distance. One of the most promising candidate for resolving this is introduction of large extra dimension and reducing the scale of gravity all way down to weak scale scale which was shown first by Arkani-Hamed et.al. (see [1], [2], [3]). This possibility might imply the existence of large extra dimensions and this opens up new cosmological scenario for the early universe (see [4], [5], [6]). Though an interesting concept, the existence of a large hierarchy between the weak and the Planck scale requires the radius of extra dimension to be much large than natual value.

We could have a different setup where the extra dimensions are small but the background metric is not flat along extra co-ordinate. This possibility was first analyzed by Randall and Sundrum (RS) (see [7], [8]). The metric along the extra dimension was a slice of anti-de Sitter (AdS_5) space due to negative cosmological constant balanced by two brane tensions. This non flat geometry causes physical scales on two branes to be different and exponentially suppressed on the negative tension brane. Generalizations of the RS models are discussed in works by Wise et. al. (see [9], [10], [11], [12]) and embedding into supergravity has been discussed by Hawking et. al. (see [13], [14]).

The cosmolgy of this model can be very different from the ordinary inflationary cosmology in four dimension. The study of early cosmology in RS brane world is appeared to be hindered by one obstacle i.e. the late time cosmology differs widely from the usual Friedmann-Robertson-Walker (FRW) universe in the 4D theory on the brane. This conclusion has been reached by Langlois et. al. (see [15]) by examining the solutions to Einstein equation in five dimensions on an S^1/Z_2 orbifold, with matter on two branes and no cosmological constant on bulk or brane. This issue was resolved by Randall et. al. (see [16]) using time independent stabilized radion field.

The RS model consists of a spacetime with S^1/Z_2 orbifold symmetry, two branes with opposite tension reside on orbifold fixed point such that the spacetime metric has a redshift factor depending exponentially on radius of the compactified dimension. The lowering of Planck scale on negative tension brane also depends on this compactified radius exponentially. For kr_c = 12, where r_c is the compactification radius and k is the parameter of same order as Planck scale M, the weak scale is dynamically generated from this fundamental scale. The Kaluza-Klein excitations have TeV mass splittings and couplings(see [8]). In this scenario (as presented in [7]), r_c is associated with vaccum expectation value of a massless four dimensional scalar field. Since modulus field has zero potential the stabilization of r_c cannot be determined from the dynamics of the model. Subsequently Goldberger and Wise (GW) (see [17]) provided a stabilization mechanism by introducing a bulk scalar field to generate a potential for the modulus. However it does not address the dynamics of this stabilization mechanism.

∗ sumantac.physics@gmail.com † tpssg@iacs.res.in

In this work we shall first consider the Einstein equation with a metric ansatz having FRW structure in 4D sector and time dependent radion field but no energy density on brane. From Einstein’s equation we determine the equation for the scale factor to find the dynamics of the radion field at early universe. We have shown how the inflation results into the compactification of the extra dimension to a small value. Finally we generalize the GW stabilization mechanism to time dependent radion field and have found the stabilized value of r_c. The paper ends with short discussion on our results.

II. EINSTEIN EQUATIONS AND SOLUTION

In this section we shall discuss the Einstein equation in RS model with time dependent radion field, without any matter on bulk or brane except a bulk cosmological constant. Using Einstein equation and following the procedure used in the work of Randall et. al. (see [16]) we find 4D Friedmann like equations induced on both branes and have tried to find radion time dependance. The metric ansatz for the 5D space time is taken as,

ds^2 = e^{−2A(ϕ,t)}[−dt^2 + a^2(ϕ, t) ( dx^2 + dy^2 + dz^2 ) ] + r^2(ϕ, t)dϕ^2 (1)

The different components of Einstein tensor are given by,

3 ( Ȧ2 − Ȧ^ṙ ) + 3 (_{ȧ2} a^2 + ȧ a ṙ r − 2Ȧ^ṙ ) +3^{e−2A}_{r2} ( A^{′′} − 2(A^′ )^2 − A^{′ r′}_r + 4A^{′ a′}_a −^{a′′}_a − (^{a′}_a )^2 +^{a′}_a^{r′}_r ) = e^{−2A}[^λ_{4M 3} +^1_{4M 3 r} [V_{vis}δ(ϕ − π) + V_{hid}δ(ϕ)] (2)

a^2 ( 2Ä − Ȧ^2 + Ȧ^ṙ ) + a^2 ( −2^ä −^{ȧ2}_{a2} + 4Ȧ^ȧ −^{r̈} − 2^ȧ^ṙ ) +a^{2 e−2A}_{r2} ( 3 [ −A^{′′} + 2(A^′ )^2 + A^{′ r′}_r ] + [ 2^{a′′}_a − 8A^{′ a′}_a + (^{a′}_a )^2 − 2^{a′}_a^{r′}_r ]) = a^2e^{−2A}[^λ_{4M 3} +^1_{4M 3 r} [V_{vis}δ(ϕ − π) + V_{hid}δ(ϕ)] (3)

(6A^′ )^2 + 3 [( a^′ a )_2 − 3^{a′}_a A^′ ] + r^2e^{2A} ( 3Ä − 3Ȧ^2 − 3^ä − 3^{ȧ2}_{a2} + 9Ȧ^ȧ ) = −^λ_{4M 3} r^2 (4)

3Ȧ^′ − 3A^′ ṙ r + 3 a^′ a (Ȧ + ṙ r ) − 3 ȧ^′ a = 0 (5)

where^′ denotes derivative with respect to ϕ and overdot denotes derivative with respect to t. Here λ is the bulk cosmological constant and V_{vis} and V_{hid} are the constant ”vaccum energy” on the 3-branes which acts as gravitational source even in absence of particle excitations. The parameters V_{hid}, V_{vis} and λ are related to a single scale k such that, V_{hid} = −V_{vis} = 24M^3k λ = −24M^3k^2 } (6) Now we discuss about some possible forms of the solution for the metric.

a. If the scale factor and the radion field has no dependance on the extra space-time dimension ϕ, then the G_{04} equation leads to, Ȧ^′ = A^{′ ṙ} . Thus we readily obtain a solution of this equation i.e. A^′ ∝ r(t). Hence the solution of A(ϕ, t) is proportional to r(t) | ϕ |. So we can not separate the warp factor into a ϕ dependent part and a t dependent part.

b. If we assume that warp factor A depends only on the extra space-time co-ordinate ϕ, the scale factor and the radion field depend on t then from the G_{04} equation one finds ṙ = 0. Hence the radion field cannot have a time dependance and therefore cannot evolve dynamically. Also from the other eqautions we see that the scale factor also becomes time independent leading to the static Randall-Sundrum solution.

To address the dynamics of compactification we first consider radion field to be time dependent and subsequently shall provide a stabilization mechanism. A perturbative expansion used by Randall et. al. (see [16]), leads to the metric elements, A(ϕ, t) = b_0k|ϕ| + b(t)f(ϕ) a(ϕ, t) = a_0(t) [1 + b(t)g(ϕ)] r(t) = b_0 + b(t) (7)

Then following the work of Langlois et. al. (see [15]), jump conditions are given by for the warp factor and the scale factor as, [ A^′ ] =^r_{12M 3} V = (b_0 + b)2k [ a^′ ] = 0 (8)

Where [h] denotes the jump in the function [h(0, t)] = [h(0 + ϵ) − h(0 − ϵ)]. From these equations the respective jump conditions for f and g would yield, [ f^′ ] = 2k [ g^′ ] = 0 (9)

Hence we could get straightforward solutions for f and g from the above equations as, f = k|ϕ| g = 0 } (10)

Thus plugging these expressions into the metric we finally arrive at our ansatz to yield, A(ϕ, t) = b_0k|ϕ| + b(t)k|ϕ| a(ϕ, t) = a_0(t) r(t) = b_0 + b(t)

(11)

Hence we have very important conclusions to be drawn in this case. From the above ansatz we see that to the lowest order the time dependent radion field do not depend on the extra space dimension ϕ, as well as the scale factor also do not depend on ϕ. This solution reduces to the normal R-S solution in stabilized radion field scenario.

We shall now find the Einstein’s equation with this modified metric ansatz for both Planck and TeV brane.

A. Planck Brane

In this case we have the desired Einstein equation to lead to Friedmann equation on the Planck brane. Then G_{04} would lead to an identity as we have presented in our general discussion about the solution previously. The G_{00} equation leads to, ( ȧ_0 a_0

)_2 + ( ȧ_0 a_0 )˙ b b_0

= 0 (12)

The above equation has two solutions ȧ_0/a_0 = 0, which is the static model of the universe, and ȧ_0/a_0 = −ḃ/b_0, which address the non-static scenario. The G_{ii} equation can be solved to yield, ä_0 a_0 + 1 2 ( ȧ_0 a_0

)_2 − 1 2 b̈ b_0 + ( ȧ_0 a_0 ) (˙ b b_0 ) = 0 (13)

In this equation if we use the previous expression for Hubble’s parameter (ȧ_0/a_0) we readily obtain,

ä_0 a_0 − 1 2 ( ȧ_0 a_0

)_2 − 1 2 b̈ b_0

= 0 (14)

We can easily verify that the G_{44} equation also become same as equation (14) upon substitution of Hubble’s Parameter (ȧ_0/a_0).

Thus the Friedmann equations in presence of only time dependent radion field can be given in the hidden or Planck brane as,

ȧ_0 a_0 = − ḃ b_0 ä_0 a_0 − 1 2 (_{ȧ0} a_0

)_2 =^1_2^{b̈}_{b0}

(15)

These eqations are precisely the Friedmann equations that we encounter in standard cosmology. However we see that even when there is no matter energy density present in the system the time dependent radion field can lead to non zero energy density and pressure in the brane. Hence we can conclude that a time dependent radion field on the bulk can lead to an effective non zero energy density on the brane even when there is no explicit matter on the brane.

From the above equations we observe that when the radion field has no time dependance then the usual Friedmann equations are obtained (since^{ȧ0}_{a0} = 0 adding it to the second equation of (15) would not alter anything) with zero energy density and pressure, in that limit our result mathches with the result of Randall et. al. (see [16]).

We shall now consider the variation of the radion field with time for Inflationary models. It is generally believed that the universe has undergone a exponential increase of scale factor which results in a very smooth universe at large scales soving the flatness-oldness problem, due to quantum fluctuation. The scale factor for that epoch is taken as, a_0(t) = e^{Λt}, where Λ is a constant and denotes the inverse time in which the universe has grown to e times the previous value. Since inflation persists for few momemts Λ must be very high. Then the equations (15) can be solved to yield r(t) = b_0 [ 1 − Λt +^1_2 (λt)^2 ] . We can also have a more general result by framing equation (15) such that,

ȧ_0 a_0 = − ṙ r ä_0 a_0 − 1 2 (_{ȧ0} a_0

)_2 =^1_2^{r̈} } (16)

Since ṙ/r = ḃ/(b_0 + b), so upto first order we would have the same result as equation (15). With these equations we can very easily solve the radion field time dependence to yield,

r(t) = b_0e^{−Λt} (17)

Thus we see that our previous result was just a 2nd order approaximate solution to equation (17). Hence we see that during inflation the radion field decreases exponentially with time. Thus during inflation other three spatial co-ordinates except the compactified one, increase to huge value causing smooth universe, however as radion field decreases exponentially, the compactified co-ordinte become very small (Λ is very large). However for later times we have radiation and matter densities to dominate over the radion field and hence the evolution of the universe become that predicted by standard cosmological models.

B. TeV Brane

This brane is situated at ϕ = π. Here the Friedmann equations can be derived using all the tools and issues we have considered in the Planck brane. Here also G_{04} equation leads to an identity. From the others the complete set of equations could be given by, (_{ȧ0} a_0 ) = −^ḃ_{b0} (1 + 2kb_0π)

ä_0 a_0 − 1 2 (_{ȧ0} a_0

)_2 − kb_0π(1 + 2kb_0π) (_ḃ b_0

)_2

=^1_2^{b̈}_{b0} (1 + 2kb_0π)

(18)

In this case as well we could have the same solution for Inflationary model but this time the quantity Λ would be rescaled to Λ(1 + 2kb_0π). Hence using equation (17) we would have much faster expansion of the scale factor on visible or TEV brane, since the quantity kb_0 ∼ 12 by radion stabilization.

So we conclude that as the radion field decreses exponentially, inflation is induced on the branes, however in visible brane the rate of expansion is much faster with time.

III. DYNAMICS OF RADION STABILIZATION

For the scenario as depicted in the work of Randall and Sundrum (see [7]), the radion field has stabilized value r_c and is taken to be the vaccum expectation value of a massless four-dimensional scalar field. Since the modulus field has zero potential, it is not determined by the dynamics of the model. Thus it was necessary to determine the mechanism to stabilize the radion field. This work was done by Goldberger and Wise (see [17]) for time independent radion field, using a bulk scalar field with interaction term localized on 3-branes. They have taken the bulk scalar field Φ to depend on the extra space dimension ϕ and have obtained kr_c ∼ 12 without any fine tuning of the parameters. We generalize the bulk scalar field such that it become a function of time as well.

The total action for the scalar field is given by,

S_{bulk} = 1 2 ∫ d^4x ∫_π −π dϕ √ −G [ G^{AB} ∂_AΦ∂_B Φ + m^2Φ_2 ] (19)

where G_{AB} with A, B = μ, ϕ is given by equation (1). We also include the interaction terms on the hidden and visible branes (at ϕ = 0 and ϕ = π, respectively), as,

S_{planck} = ∫ d^4x ∫_π −π dϕ √ −g_hλ_h [ Φ^2 − V^2_h

]_2 δ(ϕ − 0), (20)

and,

S_{visible} = ∫ d^4x ∫_π −π dϕ √ −g_vλ_v [ Φ^2 − V^2_v

]_2 δ(ϕ − π), (21) where g_h and g_v are the determinants of the induced metric on the hidden and visible branes, respectively.

Φ(ϕ, t) can be determined by solving the following differential equation,

0 = −^∂_{∂ϕ} [_{e−4A a3} r ∂_ϕΦ ] +^∂_{∂t} [ e^{−2A}a^3r∂_tΦ ] +m^2e^{−4A}a^3rΦ + 4e^{−4A}a^3λ_hΦ ( Φ^2 − V^2_h ) δ(ϕ) + 4e^{−4A}a^3λ_v Φ ( Φ^2 − V^2_v ) δ(ϕ − π) (22)

Choosing the solution as,

Φ(ϕ, t) = T (t)e^{2A(ϕ,t)} [ X(t)e^{νA(ϕ,t)} + Y (t)e^{−νA(ϕ,t)} ] (23) where A (ϕ, t) = k | ϕ | r(t). Then the differential equation of the time dependent part reduces to the following differential equation which could be given by,

a^3r [ e^{νA} (T X_t + X (T_t + (2 + ν)T A_t)) + e^{−νA} (T Y_t + Y (T_t + (2 − ν)T A_t)) ] = C(ϕ) (24)

where X_t, Y_t, A_t and T_t denote time derivatives of the respective functions x, Y , A and T , as well as C(ϕ) is just some constant depending on the co-ordinate ϕ.

The solution for the constants X and Y could be given by, X(t) = v_v e^{−(2+ν)kπr(t)} − v_he^{−2νkπr(t)} Y (t) = v_h ( 1 + e^{−2νkπr(t)} ) − v_v e^{−(2+ν)kπr(t)} (25)

With this choice we can determine the two quantities v_v and v_h such that,

Φ(0, t) = T (t)v_v Φ(π, t) = T (t)v_h (26)

Then we could determine the unknown function T (t) from equation (24) by using the forms of X(t) and Y (t) from equation (25) such that, T (t) ∝ (1 − e^{−2Λt}). Thus we see that at large time our solution reduces to that of Goldberger and Wise.

Thus solving for the potential and then minimizing it we readily obtain,

r = ( 4 π ) k^2 m^2 ln ( v_h v_v ) + ◯ ( e^{−2Λt} ) (27)

Hence the radion field has the same stabilized value as predicted by Goldberger and Wise (see [17]), however we have an extra correction factor which decay exponentially with time during the inflationary scenario and decreses to such a small value that it is the first term that only contributes to the stabilized value for the radion field.

IV. DISCUSSION

In this work we have generalized the RS model for time dependent radion field and have studied the dynamics of the moduli. We have shown that during the inflationary epoch the radion field gets compactified to a small value exponentially and this exponential decrease of the moduli can trigger the inflation in TeV brane. Also we have discussed how this radion field gets stabilized to the value obtained by Goldberger and Wise by introducing a time dependent bulk scalar field. The dynamics of the moduli through the potential determined by the bulk scalar field gets stabilized to the GW value. However we have obtained a correction factor that decreses exponentially and thus have no relevance today.

[1] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 429, 263 (1998); I. Antaniodis, N. Arkani- Hamed, S. Dimopoulos and G. Dvali, ibid. 436, 257 (1998).

[2] I. Antoniadis, Phys. Lett. B 246, 377 (1990); J.D. Lykken, Phys. Rev. D 54, 3693 (1996); R. Sundrum, ibid.

59, 085009 (1999); K.R. Dienes, E. Dudas and T. Gherghetta, Phys. Lett. B 436, 55 (1998). [3] P. Horava and E. Witten, Nucl. Phys. B475, 94 (1996); B460, 506 (1996). [4] A. Lukas, B.A. Ovrut and D. Waldram, Phys. Rev. D 60, 086001 (1999); 61, 023506 (2000). [5] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Rev. D 59, 086004 (1999); N. Arkani-Hamed, S.

Dimopoulos, N. Kaloper and J. March-Russell, Nucl. Phys. B567, 189 (2000).

[6] K.R. Dienes, E. Dudas and T. Gherghetta and A. Riotto Nucl. Phys. B436, 387 (1999); A. Mazumdar, Phys.

Lett. B 469, 55 (1999).

[7] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999). [8] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999). [9] W.D. Goldberger and M.B. Wise, Phys. Rev. D 60, 107505 (1999).

[10] N. Arkani-Hamed, S. Dimopoulos and N. Kaloper, Phys. Rev. Lett. 84, 586 (2000). [11] I. Oda, Phys. Lett. B 480, 305 (2000). [12] P. Kraus, J. High Energy Phys. 12, 011 (1999).

[13] A. Chamblin, S.W. Hawking and H.S. Reall, Phys. Rev. D 61, 065007 (2000); J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778 (2000).

[14] O. DeWolfe, D.Z. Freedman, S.S. Gubser and A. Karch, Phys. Rev. D 62, 046008 (2000). [15] P. Binetruy, C. Deffayet and D. Langlois, Nucl. Phys. B565, 269 (2000) [arxiv: hep-th/9905210]. [16] C. Cs^′aki, M.Graesser, L. Randall and J. Terning, Phys. Rev. D 62, 045015 (2000). [17] W. D. Goldberger and M. B. Wise, Phys. Rev. Lett 83, 4922 (1999).