arXiv:1306.0932v1 [gr-qc] 4 Jun 2013

Superradiant instability of extremal brane-world Reissner-Nordström black holes to charged scalar perturbations

Shao-Jun Zhang, Bin Wang CAA and Department of Physics and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China

Elcio Abdalla Instituto de Física, Universidade de São Paulo, C.P.66.318, CEP 05315-970, São Paulo, Brazil (Dated: June 6, 2013)

We examine the stability of extremal braneworld Reissner-Nordström black holes under massive charged scalar perturbations. We show that similar to the four-dimensional case, the superradiant amplification can occur in braneworld charged holes. More interestingly we find that when the spacetime dimension is higher than four, a trapping potential well can emerge outside the braneworld black hole. This potential well is the extra dimensional effect and does not exist in four dimensions. It triggers the superradiant instability of the extremal braneworld charged holes.

PACS numbers: 04.70.Bw, 42.50.Nn, 04.30.Nk

Starting from the influential study by Regge and Wheeler [1], the stability of black holes has been investigated over half a century. It has been demonstrated that most black holes are stable under various types of perturbations (for a recent review see for example [2]), which shows that the black hole is realizable in practice and is not just a mathematical curiosity.

In Einstein gravity, the Kerr family exhausts the black hole solutions of the Einstein equations in the vacuum. The Kerr black hole is rotating, which is a realistic model to describe astrophysics. The Kerr solution was shown to be stable under dynamical perturbations [3–18]. However, such a conclusion will be changed due to the superradiance effect [19]. Considering a wave of the form e^{−iωt+ikϕ} incident upon a Kerr black hole with the angular velocity Ω , if the frequency of the incident wave satisfies ω < kΩ, the scattered wave will be amplified. This means that the energy radiated away to infinity can exceed the energy of the initial perturbation by extracting rotational energy of the black hole. This superradiance can affect the classical fields and influence the stability of the background configuration. If the Kerr black hole is enclosed inside a spherical mirror, the initial perturbation can get successfully amplified near the black hole event horizon and reflected back at the mirror, thus creating an instability. This is the black hole bomb devised in [19]. Besides the artificial mirror, one can devise a natural wall if one considers massive fields [17, 18, 20–28]. For a massive field, the field amplified by superradiance gets trapped in the effective potential well, thus triggering the instability. The bound state due to the potential well plays the same role as the artificial mirror, what results in the instability.

The Reissner-Nordström (RN) black holes share many common features with the Kerr black holes. The stability of the RN black hole under neutral perturbations was disclosed long time ago [29, 30]. The analogous superradiant phenomena was also observed in the RN black hole [31]. Considering the charged perturbation of a bosonic field, if the frequency of the incident wave ω satisfies the relation ω < eΦ, (1) where e is the charge of the incident field and Φ is the electric potential of the RN black hole, then superradiance occurs by extracting the Coulomb energy and the electric charge from the RN black hole. Can this superradiance trigger the instability as disclosed in the Kerr black hole? Recently, this problem was examined in [32, 33]. It was found that for massive charged scalar perturbations, there does not exist a trapping potential well separated from the black hole horizon by a potential barrier outside the black hole. This shows that for the RN black hole there is no bound state to mimic the artificial mirror as in the Kerr black hole case to trigger the superradiant instability.

The stability analysis has been performed mainly in the four-dimensional black hole backgrounds. Recently, extensive studies of d-dimensional cases led to the fact that black branes and strings are generally unstable against a certain sector of gravitational perturbations [34]. More interestingly, it was observed that the usual stability result does not hold in the RN de Sitter black holes for spacetime dimensions larger than six [35, 36]. It is of great interest to examine how is the extra dimensional effect on the superradiant instability. This is the main purpose of the present work. We extend the discussion in usual four-dimensional RN black holes [32, 33] to the brane-world black holes [37–40]. Notice that these are black holes in the brane, that is, we do not consider perturbations that run into the extra dimensions. The (4 + n)-dimensional RN black hole was described in [41] in the form

ds^2 = −f(r)dt^2 + 1 f(r) dr^2 + r^2dΩ^2_{n+2},

f(r) = 1 − 2μ r^{n+1} + q^2 r^{2(n+1)}

, (2) where n denotes the number of compact extra dimensions, the parameters μ, q are related to the mass M and charge Q of the black hole through the relations μ = 8πGM (n + 2)V_{n+2} , q^2 = 8πGQ^2 (n + 2)(n + 1)

, (3)

and the volume of the (n + 2)-dimensional sphere is V_{n+2} =^{2π(n+3)/2}_Γ(_{n+32} ) . dΩ^2_{n+2} describes the corresponding line-elements of the (n + 2)-dimensional unit sphere,

dΩ^2_{n+2} = dθ^2_{n+1} + sin^2 θ_{n+1} ( dθ^2_n + sin^2 θ_n ( . . . + sin^2 θ_2 ( dθ^2_1 + sin^2 θ_1dϕ^2 ) . . . )) . (4)

In the above, ϕ ∈ [0, 2π] and θ_i ∈ [0, π] (i = 1, . . . , n+1). We use n additional azimuthal coodinates θ_i (i = 2, . . . , n + 1) to denote the n compact extra dimensions. The Maxwell field is A = h(r)dt, h(r) = − √ 1 8πG n + 2 n + 1 q r^{n+1} . (5)

We concentrate on the charged perturbation of a bosonic field. Considering that the standard model fields live on the brane while only gravity can travel into the extra dimensions in the braneworld scenario, we focus on the braneworld metric induced by a (4 + n)-dimensional RN extreme spacetime. This simply follows by fixing the values of the extra angular azimuthal coordinates, i.e. θ_i =^π_2 , for i = 2, . . . , n + 1, which leads to the projection of the (4 + n)-dimensional RN metric (2) on a four-dimensional slice playing the role of our four-dimensional world. The induced metric then has the form

ds^2 = −f(r)dt^2 + 1 f(r) dr^2 + r^2(dθ^2 + sin^2 θdϕ^2) , (6)

where the subscript “1” from the remaining azimuthal coordinate has been dropped. Note that the metric function f(r) remains unchanged during the projection and is still given by (2). Since the Maxwell field (5) totally lives on the brane, it remains the same under the projection. We show that with the extra dimensional influence, the effective potential out of the black hole can have a potential well to act as the natural mirror to trap the superradiant wave and thus trigger the instability.

In this paper, we only consider the extremal case, satisfying the condition μ = q. Thus the metric coefficient function f(r) is given by the expression f(r) = ( 1 − μ r^{n+1} )_2

, (7)

and the degenerate horizon is located at r_H = μ^{1/(n+1)}.

We consider a massive charged scalar living on the brane. Its dynamics in the braneworld RN extreme black hole is governed by the Klein-Gordon equation [ (∇_μ − ieA_μ)(∇^μ − ieA^μ) − m^2 ] Ψ = 0, (8)

where e and m are the charge and mass of the field, respectively. We do the decomposition of the field as Ψ_{lk}(t, r, θ, ϕ) = e^{−iωt}R_{lk}(r)S_{lk}(θ)e^{−ikϕ}, (9) where ω is the conserved energy of the mode, l is spherical harmonic index, and k is the azimuthal harmonic index with −l ≤ k ≤ l. In the following, for brevity, we will omit the indices l and k. With the decomposition, we can obtain the radial Klein-Gordon equation

r^2f(r) d dr ( r^2f(r) dR dr ) + UR = 0, (10)

with

U = (ω + eh(r))^2 r^4 − f(r) [ m^2r^4 + l(l + 1)r^2 ] . (11)

It is convenient to define a new radial function ψ by ψ ≡ rf(r)^{1/2}R. (12) Then the radial equation (10) can be written in the form of a Schrodinger-like wave equation,

d^2ψ dr^2 + ( ω^2 − V_{eff} ) ψ = 0, (13)

where the effective potential is

V_{eff} = ω^2 − 1 f(r)^2 [ U r^4 + 1 4 ( df(r) dr )_2 − f(r) r df(r) dr − f(r) 2 d^2f(r) dr ] . (14)

In the following, we set 8πG = c = ℏ = 1. Substituting the expressions of f(r) and h(r) from (7) and (5) into the above equation, we get

V_{eff} = ω^2 + 1 (r^{n+1} − μ)^4 [ (m^2 − ω^2)r^{4n+4} + l(l + 1)r^{4n+2} + 2 (√ n + 2 n + 1 eω − m^2 ) μr^{3n+3} − [n(n + 1) + 2l(l + 1)] μr^{3n+1} + ( m^2 − n + 2 n + 1 e^2 ) μ^2r^{2n+2}

+ [3n(n + 1) + l(l + 1)] μ^2r^{2n} − 3n(n + 1)μ^3r^{n−1}

+n(n + 1)μ^4r^{−2} ] . (15)

As r → r_H , we have V_{eff} → −^{r4H (ω−eΦ)2}

(n+1)^4(r−r_H )^4 , where Φ = −h(rH ) is the electric potential at the

horizon. When r → ∞, V_{eff} → m^2.

In a scattering experiment, (13) has the following asymptotic behavior with ω^2 > m^2

ψ ∼ T e^{−iσ(r−rH )−1} as r → r_H , Re^{i√ω2−m2r} + e^{−i√ω2−m2r} as r → ∞ , (16)

The boundary conditions correspond to an incident wave of unit amplitude, e^{−i√ω2−m2r}, coming from +∞ and giving rise to a reflected wave of amplitude R going back to +∞ and a transmitted wave of amplitude T at the horizon. We also define the constant σ ≡^{(eΦ−ω)r2H}_{(n+1)2} . At the black hole horizon, the boundary behavior of the radial equation (16) is that of a purely ingoing wave.

Considering that the effective potential is real, the complex conjugate of the solution ψ satisfying the boundary conditions (16) will satisfy the complex-conjugate boundary conditions:

ψ^∗ ∼ T^∗e^{iσ(r−rH )−1} as r → r_H , R^∗e^{−i√ω2−m2r} + e^{i√ω2−m2r} as r → ∞. (17)

Because the two solutions ψ and ψ^∗ are linearly independent, then their Wronskian, W (ψ, ψ^∗) ≡ ψ^d_{dr} ψ^∗ − ψ^{∗ d}_{dr} ψ, is a constant independent of r. Evaluating the Wronskian at the horizon and infinity respectively, we get

W (r → r_H ) = − 2iσ (r − r_H )^2 |T |^2, W (r → ∞) = −2i √ ω^2 − m^2(|R|^2 − 1). (18)

By equating the two values, we get

|R|^2 = 1 + σ (r − r_H )^2 √ ω^2 − m^2

|T |^2. (19)

Now, we can see that if σ > 0, we have |R|^2 > 1. This means that one gets back more than one threw in, and superradiant phenomena occurs. So we get the condition to occur the superradiance, ω < eΦ, (20) which has the same form as in the four-dimensional case, and does not change in the braneworld picture. However, the dimensional influence hides in the electric potential.

To see whether the superradiance will cause the instability of the braneworld black hole spacetime, we need to check whether there exists a potential well outside the horizon to trap the reflected wave. If the potential well exists, the superradiant instability will occur and the wave will grow exponentially over time near the black hole to make the background braneworld black hole unstable.

Now, we analyze the behavior of the effective potential. From Eq. (14), we can get the derivative of the effective potential as V^′_{eff} (r; μ, m, e, ω, l, n) = 1 (r^{n+1} − μ)^5 [ − 2l(l + 1)r^{5n+2} − 2(n + 1) [ m^2 + ( e √ n + 2 n + 1 − 2ω ) ω ] μr^{4n+3} + [n(n + 1)(n + 3) − 2(n − 2)l(l + 1)] μr^{4n+1} + [2(2n − 1)l(l + 1) − n(n + 1)(3n + 11)] μ^2r^{3n} +2 [ 2(n + 1)m^2 + (n + 2)e^2 − 3 √ (n + 1)(n + 2)eω ] μ^2r^{3n+2} +2 [ (n + 2)e^2 − (n + 1)m^2 ] μ^3r^{2n+1} + n [3(n + 1)(n + 5) − 2l(l + 1)] μ^3r^{2n−1} −n(n + 1)(n + 9)μ^4r^{n−2} + 2n(n + 1)μ^5r^{−3} ] . (21)

We denote the roots of V^′_{eff} (r) = 0 which are larger than r_H by {r_1, r_2, · · · , r_N } with r_H < r_1 ≤ r_2 ≤ · · · ≤ r_N . As r → r_H , we have

V^′_{eff} (r → r_H ) =

4(n + 1)μ^{(5n+4)/(n+1)}

(r^{n+1} − μ)^5

(ω − eΦ)^2 . (22)

As long as ω ≠ eΦ, which includes the superradiant regime (20) we considered, the derivative of the potential near the horizon is always positive, which means that the first zero point r_1 of V^′_{eff} (r) corresponds to the maximum of the effective potential V_{eff} . This can be easily checked by calculating the sign of V^{′′}_{eff} (r). In [33], it was shown analytically that for the n = 0 case there only exists one root of V^′_{eff} (r) = 0 which is larger than r_H . Thus in four dimensions, there is only a potential barrier (and no potential well) outside the black hole so that there is no superradiant instability. However, when n ≥ 1, the situation becomes very different. From (21), we can see that when n ≥ 1, the equation becomes a rather high order equation. It is hard to analyze its roots analytically. We will count on numerical analysis.

In table I, we list the numerical roots of V^′_{eff} (r) = 0 and the corresponding V_{eff} for 1 ≤ n ≤ 6. We fix the parameters μ = 1 and l = 0, so that the horizon locates at r_H = 1. We are interested in solutions of the radial equation (13) with the physical boundary conditions of purely ingoing waves at the horizon and a decaying solution at spatial infinity. A bound state decaying exponentially at spatial infinity is characterized by ω^2 < m^2. We choose the parameters (eΦ, m and ω) to meet this condition together with the super-radiant condition (20). We observe that there exists a negative minima of the potential well. If we choose other parameters, we can also obtain a positive minima of the potential well. From the table, we can see that there may exist more than one root for n ≥ 1. The first root r_1 corresponds to the location of a potential barrier, the second root r_2 corresponds to the position of a potential well, and the third one r_3 is the place of a potential barrier again.

This can be confirmed by checking the sign of V^{′′}_{eff} at these points. These results imply that, when n ≥ 1, there may exist a potential well which is separated from the horizon by a potential barrier. Then the two conditions to trigger superradiant instability can be satisfied simultaneously. This is very different from that in the four-dimensional case [33].

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 eΦ 0.88 1 1 1 1 1 m 0.86 0.9 1.2 1.8 2 2 ω 0.85 0.85 0.85 0.85 0.85 0.85 r_1 1.01176 1.04196 1.02797 1.01674 1.01327 1.01214 r_2 1.16282 1.12098 1.07759 1.08363 1.055 1.03202 r_3 6.59754 4.75378 3.23743 2.27369 2.41529 2.8146 V_{ef f} (r_1) 975.3594 12.4182 17.916 164.914 173.854 34.6291 V_{ef f} (r_2) −1.19747 −4.10825 −10.0049 −6.85324 −20.1684 −58.4737 V_{ef f} (r_3) 0.740589 0.811597 1.44511 3.26462 4.00854 4.00108

TABLE I: Roots of V^′_{ef f} (r) = 0 and the corresponding V_{ef f} for 1 ≤ n ≤ 6.

In table II, we fix the parameters: μ = 1, l = 0, eΦ = 1, m = 2 and ω = 0.85, and list the roots and the corresponding effective potential for 1 ≤ n ≤ 6. From the table, we can see that as n increases, a potential well appears and becomes deeper and deeper, and the first and second potential barrier becomes lower and lower.

n=0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 r_1 1.07367 1.03639 1.02441 1.01861 1.01529 1.01327 1.01214 r_2 − − − − 1.10994 1.055 1.03202 r_3 − − − − 1.98135 2.41529 2.8146 V_{ef f} (r_1) 551.515 526.309 474.566 397.286 296.166 173.854 34.6291 V_{ef f} (r_2) − − − − −1.1807 −20.1684 −58.4737 V_{ef f} (r_3) − − − − 4.0624 4.00854 4.00108

TABLE II: Roots of V^′_{ef f} (r) = 0 and the corresponding V_{ef f} for 1 ≤ n ≤ 6 with fixed parameters: eΦ = 1, m = 2, ω = 0.85. Here ”−” means not exist.

In conclusion, we have investigated the possible existence of superradiant instability for extreme charged RN brane-world black hole due to the charged massive perturbations on the brane. We have shown that in contrast with the four-dimensional charged black hole, there exists a trapping potential well when we consider the extra dimensional contribution. Thus, the wave can be trapped in the well and amplified by superradiance. This triggers the superradiant instability in the charged brane-world black hole.

Acknowledgments

This work is supported by the National Natural Science Foundation of China.

[1] T. Regge and J.A. Wheeler, Stability of a Schwarzschild singularity, Phys. Rev. 108 (1957) 1063. [2] R.A. Konoplya and A. Zhidenko, Quasinormal modes of black holes: from astrophysics to string theory, Rev. Mod. Phys. 83 (2011) 793 [arXiv:1102.4014[gr-qc]].

[3] W.H. Press and S.A. Teukolsky, Perturbations of a rotating black hole. II. Dynamical stability of the Kerr metric, Astrophys. J. 185 (1973) 649.

[4] S.A. Teukolsky, Rotating black holes - separable wave equations for gravitational and electromagnetic perturbations, Phys. Rev. Lett. 29 (1972) 1114.

[5] S.A. Teukolsky, Perturbations of a rotating black hole. 1. Fundamental equations for gravitational electromagnetic and neutrino field perturbations, Astrophys. J. 185 (1973) 635.

[6] S. Hod, Late time evolution of realistic rotating collapse and the no hair theorem, Phys. Rev. D 58 (1998) 104022 [arXiv:gr-qc/9811032].

[7] S. Hod, Mode coupling in rotating gravitational collapse of a scalar field, Phys. Rev. D 61 (2000) 024033 [arXiv:gr-qc/9902072].

[8] S. Hod, Mode coupling in rotating gravitational collapse: Gravitational and electromagnetic perturbations, Phys. Rev. D 61 (2000) 064018 [arXiv:gr-qc/9902073].

[9] L. Barack, Late time decay of scalar, electromagnetic, and gravitational perturbations outside rotating black holes, Phys. Rev. D 61 (2000) 024026 [arXiv:gr-qc/9908005].

[10] S. Hod, The Radiative tail of realistic gravitational collapse, Phys. Rev. Lett. 84 (2000) 10 [arXiv:grqc/9907096].

[11] R.J. Gleiser, R.H. Price, and J. Pullin,Late time tails in the Kerr spacetime, Class. Quant. Grav. 25 (2008) 072001 [arXiv:0710.4183[gr-qc]].

[12] M. Tiglio, L.E. Kidder, and S.A. Teukolsky, High accuracy simulations of Kerr tails: Coordinate dependence and higher multipoles, Class. Quant. Grav. 25 (2008) 105022 [arXiv:0712.2472[gr-qc]].

[13] S. Hod, Quasinormal resonances of near-extremal Kerr-Newman black holes, Phys. Lett. B 666 (2008) 483 [arXiv:0810.5419[gr-qc]].

[14] S. Hod, Slow relaxation of rapidly rotating black holes, Phys. Rev. D 78 (2008) 084035 [arXiv:0811.3806[gr-qc]].

[15] A. Zenginoglu and M. Tiglio, Spacelike matching to null infinity, Phys. Rev. D 80 (2009) 024044 [arXiv:0906.3342[gr-qc]].

[16] A.J. Amsel, G.T. Horowitz, D. Marolf, and M.M. Roberts, No dynamics in the extremal Kerr throat, JHEP 0909 (2009) 044 [arXiv:0906.2376[hep-th]].

[17] V. Cardoso, O.J.C. Dias, J.P. S. Lemos and S. Yoshida, The black hole bomb and superradiant instabilities, Phys. Rev. D 70 (2004) 044039 [Erratum-ibid. D 70 (2004) 049903] [arXiv:hep-th/0404096].

[18] V. Cardoso and J.P.S. Lemos, New instability for rotating black branes and strings, Phys. Lett. B 621 (2005) 219 [arXiv:hep-th/0412078].

[19] W.H. Press and S.A. Teukolsky, Floating orbits, superradiant scattering and the black-hole bomb, Nature 238 (1973) 211.

[20] T. Damour, N. Deruelle and R. Ruffini, On quantum resonances in stationary geometries, Lett. Nuovo Cim. 15 (1976) 257.

[21] T.M. Zouros and D.M. Eardley, Instabilities of massive scalar perturbations of a rotating black hole, Ann. Phys. 118 (1979) 139.

[22] S. Detweiler, Klein-gordon Equation And Rotating Black Holes, Phys. Rev. D 22 (1980) 2323. [23] H. Furuhashi and Y. Nambu, Instability of massive scalar fields in Kerr-Newman space-time, Prog.

Theor. Phys. 112 (2004) 983 [arXiv:gr-qc/0402037].

[24] S.R. Dolan, Instability of the massive Klein-Gordon field on the Kerr spacetime, Phys. Rev. D 76 (2007) 084001 [arXiv:0705.2880[gr-qc]].

[25] V. Cardoso and S. Yoshida, Superradiant instabilities of rotating black branes and strings, JHEP 0507 (2005) 009 [arXiv:hep-th/0502206].

[26] S. Hod, Analytic treatment of the black-hole bomb, Phys. Rev. D 81 (2010) 061502 [arXiv:0910.0734[grqc]].

[27] H.R. Beyer, On the stability of the massive scalar field in Kerr space-time, J. Math. Phys. 52 (2011) 102502 [arXiv:1105.4956[math-ph]].

[28] S. Hod, On the instability regime of the rotating Kerr spacetime to massive scalar perturbations, Phys.

Lett. B 708 (2012) 320 [arXiv:1205.1872[gr-qc]].

[29] V. Moncrief, Odd-parity stability of a Reissner-Nordström black hole, Phys. Rev. D 9 (1974) 2707. [30] V. Moncrief, Stability of Reissner-Nordström black holes, Phys. Rev. D 10 (1974) 1057. [31] J.D. Bekenstein, Extraction of energy and charge from a black hole, Phys. Rev. D 7 (1973) 949. [32] S. Hod, No-bomb theorem for charged Reissner-Nordström black holes, Phys. Lett. B 718 (2013) 1489. [33] S. Hod, Stability of the extremal Reissner-Nordström black hole to charged scalar perturbations, Phy.

Lett. B 713 (2012) 505 [arXiv:1304.6474[gr-qc]].

[34] T. Harmark, V. Niarchos and N.A. Obers, Instabilities of black strings and branes, Class. Quant. Grav.

24 (2007) R1 [arXiv:hep-th/0701022].

[35] R.A. Konoplya and A. Zhidenko, Instability of higher dimensional charged black holes in the de Sitter world, Phys. Rev. Lett. 103 (2009) 161101 [arXiv:0809.2822[hep-th]].

[36] V. Cardoso, M. Lemos and M. Marques, On the instability of Reissner-Nordström black holes in de Sitter backgrounds, Phys. Rev. D 80 (2009) 127502 [arXiv:1001.0019[gr-qc]].

[37] N. Arkani-Hamed, S. Dimopoulos and G. Davis, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [arXiv:hep-th/9803315].

[38] L. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Davis, New diensions at a millimeter to a Fermi and superstrings at a Tev, Phys. Lett. B 436 (1998) 257 [arXiv:hep-th/9804398].

[39] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys. Rev. Lett.

83 (1999) 3370 [arXiv:hep-ph/9905221].

[40] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690 [arXiv:hep-ph/9906064].

[41] R.C. Myers and M.J. Perry, Black holes in higher-dimensional space-times, Ann. Phys. 172 (1986) 304.