arXiv:1306.1071v2 [hep-th] 12 Jun 2013

From AdS to Schrödinger/Lifshitz dual space-times without or with hyperscaling violation

Parijat Dey^1 and Shibaji Roy^2

Saha Institute of Nuclear Physics, 1/AF Bidhannagar, Calcutta-700 064, India

Abstract

It is observed that the (intersecting) branes of M/string theory, which are known to give AdS geometry (directly or upto a conformal transformation) in the near horizon limit, do also lead to Schrödinger/Lifshitz dual space-times (without or with hyperscaling violation) upon using appropriate solution generating transformation and dimensional reduction. We show that the dynamical exponents of the Schrödinger and the Lifshitz space-times obtained in this way always add upto 2. We illustrate this by several examples, including M2-, M5-branes of M-theory and D(p + 1)-branes (p ≠ 4, since in this case the near horizon limit does not give AdS geometry) of string theory as well as many of their intersecting solutions. The Schrödinger space-time can be obtained by the standard wave generating technique along one of the brane directions (for single brane) or one of the common brane directions (for intersecting branes) and then interchanging the light-cone coordinates by double Wick rotations, whereas, the Lifshitz space-time can be obtained by dimensionally reducing (for M-theory) along the wave direction or taking T-duality (for string theory) along the same direction. We thus obtain Schrödinger/Lifshitz dual space-times without or with hyperscaling violation from the same M/string theory solutions and they preserve some fraction of the supersymmetry.

1E-mail: parijat.dey@saha.ac.in 2E-mail: shibaji.roy@saha.ac.in

1 Introduction

Both Schrödinger and Lifshitz symmetries are non-relativistic symmetries as the space and the time scale differently: t → λ^zt, x^i → λx^i, (z ≠ 1), where i = 1, 2, . . . , d, d being the number of spatial dimensions and z, the dynamical critical exponent, unlike the relativistic symmetry where the space-time scale as t → λt, x^i → λx^i. However, the Schrödinger symmetry is much larger than the Lifshitz symmetry. While the Schrödinger symmetry [1, 2, 3, 4] consists of time and space translations, spatial rotations, Galilean boosts, dilatation or a scaling symmetry (mentioned above), a particle number symmetry and in addition a special conformal transformation which appears only for z = 2, the Lifshitz symmetry [5, 6] consists of only space-time translations, spatial rotations and a scaling symmetry. Such nonrelativistic symmetries arise in some strongly coupled condensed matter systems near their quantum critical point [7, 8]. In particular, the Schrödinger symmetry arises in fermionic cold atom system at unitarity [9, 10, 11] and the Lifshitz symmetry arises in some strongly correlated electron system such as certain dimer model [12] and also in some lattice models [13, 14, 15]. The gravity models which realize these symmetries as isometries [16, 17, 18] are of interest as they provide the calculational tool to study these strongly coupled condensed matter systems [19, 20, 21, 22] in the spirit of AdS/CFT correspondence [23, 24, 25].

The metric having Schrödinger symmetry as an isometry has the form,

ds^2 = − 2dt^2 u^{2z} + −2dξdt + ∑_d i=1(dx^i)^2 + du^2 u^2

, (1)

whereas, the metric having Lifshitz symmetry as an isometry has the form,

ds^2 = − dt^2 u^{2z} + ∑_d i=1(dx^i)^2 + du^2 u^2 (2) In (1) ξ is a space-like coordinate whose conjugate i∂/∂ξ is an operator associated with the conserved particle number and so, ξ is compact. z is the dynamical critical exponent as mentioned above. u in (1) and (2) is the radial coordinate, which in the boundary theory is related to the energy parameter giving rise to the RG flow. It is clear from (1) that the metric has a scaling symmetry t → λ^zt, ξ → λ^{2−z}ξ, x^i → λx^i and u → λu. On the other hand the metric in (2) has a scaling symmetry t → λ^zt, x^i → λx^i and u → λu. Apart from the above scaling symmetry the metric in (1) also has space-time translation, spatial rotation, particle number (ξ translation) and boost (x^i → x^i − v^it, ξ → ξ + v^ix^i − (1/2)v^2t) symmetry. Furthermore, for z = 2, the metric has in addition a special conformal symmetry. Thus the metric (1) has Schrödinger symmetry as an isometry. Whereas the Lifshitz metric in (2) has apart from the above mentioned scaling symmetry, space-time translation and spatial rotation symmetry and thus has Lifshitz symmetry as an isometry.

It is well-known in a ‘top-down’ approach that Schrödinger metric (1) can be obtained either by the so-called ‘Null Melvin Twist’ [26, 27, 28, 29, 16] or by the TsT transformation

[30] on the standard p-brane/M-brane solutions of string/M theory and then taking dimensional reduction. However, the non-relativistic branes or the Schrödinger metric obtained this way are not supersymmetric. Supersymmetric non-relativistic branes have been obtained in [31, 32]. Lifshitz metric (2), on the other hand, is not easy to obtain directly from string/M theory. The gravity dual of Lifshitz metric was first obtained in [18]. Later, in a ‘bottom-up’ approach it was shown that (2) can be embedded in various gauged supergravities as well as in string/M theory [33]. However, a direct ‘top-down’ approach of obtaining Lifshitz metric was still missing. In [34, 35, 36], it was shown how to obtain Lifshitz metric directly from certain intersecting brane solutions of string/M theory by taking the near horizon limit and then reducing them to lower dimensions. Another approach of obtaining Lifshitz metric by AdS null deformations of known string theory solutions is given in [37]. Lifshitz metrics have also been obtained from the boosted black brane solutions of string theory in [38, 39]. It should be remarked here that the metrics obtained by these methods are not always invariant under the Schrödinger or Lifshitz symmetries, rather, are conformal to the Schrödinger or Lifshitz metric. The conformal factor is related to the so-called hyperscaling violation exponent of the boundary theory [40].

In this paper we argue that the single brane or the intersecting brane solutions of string/M theory which are known to lead to AdS geometry (directly or upto a conformal transformation) in the near horizon limit also give Schrödinger/Lifshitz dual space-times (without or with hyperscaling violation) upon using appropriate solution generating technique and dimensional reduction. In order to have this, the dimensions of the AdS space must be greater than 2. Also, both the Schrödinger and Lifshitz space-times obtained this way are supersymmetric as they are obtained from BPS solutions of string/M theory using solution generating transformation (without breaking supersymmetry). We illustrate this with several examples. Among the single branes M2- and M5-branes of M-theory lead directly to AdS_4 and AdS_7 geometry respectively in the near horizon limit. Similarly, D3-brane of string theory leads to AdS_5 geometry directly. Other D(p + 1)-branes of string theory lead to AdS_{p+3} geometry upto a conformal transformation except for p = 4. We will see that in all these cases the solutions lead to Schrödinder/Lifshitz dual space-times. The intersecting branes of string/M theory which give AdS geometry have been given in [41, 42]. Among them the ones which yield AdS_3 (AdS_2 is excluded as we mentioned) geometry are M2 ⊥ M5 and M5 ⊥ M5 ⊥ M5 [43] of M-theory and D1 ⊥ D5, D2 ⊥ D4, D3 ⊥ D3 and F ⊥ NS5 [34, 35] of type II string theories (the solutions involving triple intersections of string theory branes are not known explicitly and even if they give AdS geometry, they will either give AdS_3 or AdS_2 similar to the solutions involving double intersections and therefore we will not consider them here to avoid repetitions). We will consider some of these cases to show how they lead to Schrödinger/Lifshitz dual space-times (except F ⊥ NS5). Now starting from the AdS geometry we first generate a pp-wave along one of the original brane directions for single brane or one of the original common brane directions for the intersecting branes by standard method [44]. We then express the resulting solution in the light-cone coordinates and by further taking double Wick rotations involving the light cone coordinates we generate the Schrödinger space-time (upon dimensional reductions). On the other hand to obtain Lifshitz space-time, we either dimensionally reduce the solution (for M-theory branes) in Poincare coordinates along the wave direction or take T-duality (for string theory branes) along the same direction (and making further dimensional reductions). This way we generate Schrödinger/Lifshitz dual space-times starting from the same solution of string/M theory. The Schrödinger or Lifshitz space-times obtained this way can have hyperscaling violations in some cases. We will also show that the dynamical critical exponents of these two spacetimes always add upto 2. As the Schrödinger/Lifshitz space-times are obtained from BPS solutions of string/M theory, they preserve some fraction of space-time supersymmetry. Hyperscaling violating Lifshitz solutions have also been obtained from Schrödinger space-time and branes with waves in [45].

This paper is organized as follows. In section 2, we give the general argument of obtaining Schrödinger/Lifshitz dual space-times from the AdS geometry. The examples illustrating this are given in the next two sections. In section 3, we discuss the cases of single branes i.e., M2-, M5- and D(p + 1)-branes. In section 4, we discuss the cases of intersecting branes including M2 ⊥ M5, M5 ⊥ M5 ⊥ M5 of M theory and D1 ⊥ D5, D2 ⊥ D4 and F ⊥ NS5 of string theory. Finally, we conclude in section 5.

2 From AdS to Schrödinger/Lifshitz dual space-times

It is well-known that the non-dilatonic branes of string/M theory lead to AdS geometry in the near horizon limit. So, for example, M2- and M5-branes of M theory give AdS_4 and AdS_7 respectively, whereas D3-brane of string theory gives AdS_5 space-times in the near horizon limit apart from some spherical part which we will not need in our discussion here. However, the other D(p + 1) branes (p ≠ 2) of string theory do not give AdS geometry in the near horizon limit directly, but they give geometries which are conformal to AdS_{p+3} except for p = 4. Other BPS branes like F-string or NS5-branes do not give AdS geometry and so, the only single branes that are relevant for our purpose here are the M2-, M5- and D(p + 1)-branes (for p ≠ 4). Intersecting branes can also lead to AdS geometries, the first example being M2-brane intersecting with M5-brane on a common string, M2 ⊥ M5, which gives AdS_3 geometry in the near horizon limit. This solution preserves 1/4 supersymmetry. Another example of intersecting M-branes which gives AdS_3 geometry is triple intersections, namely, three M5-branes intersecting on a string and pairwise intersecting on 3-branes, M5 ⊥ M5 ⊥ M5 [43]. This solution preserves 1/8 supersymmetry. There are other intersecting solutions of M-branes, for example, M2 ⊥ M2 ⊥ M2, M2 ⊥ M2 ⊥ M5 ⊥ M5, which presererve some supersymmetries and give AdS geometries [42], but these latter solutions give AdS_2 which does not contain any brane direction and therefore are not suitable for generating Schrödinger/Lifshitz dual space-times. Intersecting solutions of string theory can also lead to AdS geometry in the near horizon limit. Some of the double intersecting solutions are discussed in [34, 35]. Among them those which give AdS_3 are D1 ⊥ D5, D2 ⊥ D4, D3 ⊥ D3 and F ⊥ NS5. Note that although F-string and NS5-brane individually does not give AdS geometry their intersection gives AdS_3. We will discuss D1 ⊥ D5, D2 ⊥ D4 to show how they give rise to Schrödinger/Lifshitz dual space-times. We also discuss the case F ⊥ NS5 as an exception. We point out that even if it gives AdS geometry, it does not yield Schrödinger/Lifshitz dual space-times. We do not consider triple intersections in string theory for the reasons mentioned earlier.

In this section we will give the general arguments to show how starting from AdS solutions (obtained from various single brane or double/triple intersecting solutions of string/M theory) we can generate Schrödinger/Lifshitz dual space-times by using some solution generating technique. Suppose we start from any such solution of string/M theory described in the first paragraph whose near horizon limit gives AdS geometry either directly or upto a conformal transformation. Then the near horizon metric can be written as,

ds^2 = u^β [ −dt^2 + (dx^1)^2 + ∑_d i=2(dx^i)^2 + du^2 u^2 ] (3) where we have put all the charges associated with the branes to unity for convenience. In the above u is a radial coordinate which is related to the original radial coordinate r, transverse to the branes, by some coordinate transformation. The overall u^β, where β is a constant, indicates that the metric is conformal to AdS_{d+2} space. Note that we have isolated one of the brane directions x^1 along which waves will be generated. Also, we have ignored the spherical part and some Euclidean part as they will not play any role in our discussion here.

In order to obtain Schrödinger space-time from here we will generate waves along one of the brane directions x^1 (say). The standard way to generate waves along a brane direction is to first write the black solution and then boost the solution along that direction and then take double scaling limit [44]. The resultant solution is an extremal brane solution with waves along x^1. Applying this method, the above metric (3) reduces to,

ds^2 = u^β [ −dt^2 + (dx^1)^2 + (H − 1)(dt − dx^1)^2 + ∑_d i=2(dx^i)^2 + du^2 u^2 ] (4) where H = (1 + u^α) is a harmonic function and α is another constant. Now defining the light-cone coordinates by

t_{new} = 1 √ 2 (t + x^1), ξ = 1 √ 2 (t − x^1) (5) we rewrite (4) as,

ds^2 = u^β [ −2dtdξ + 2u^αdξ^2 + ∑_d i=2(dx^i)^2 + du^2 u^2 ] (6) Note that in writing (6) we have replaced t_{new} → t. Now if we make a double Wick rotation t → iξ and ξ → −it, the metric (6) takes the form

ds^2 = u^β [ − 2dt^2 u^{2−α} + −2dξdt + ∑_d i=2(dx^i)^2 + du^2 u^2 ] (7) Now comparing (7) with the Schrödinger metric given in (1) we find that apart from overall u^β factor the metric has exactly the same form with the dynamical critical exponent z = 1−α/2. The overall factor represents that the whole metric actually transforms under the scaling and the parameter β is related to the so-called hyperscaling violation exponent. This therefore shows that how starting from AdS geometry (obtained from the near horizon limit of brane solutions of string/M theory) we can get Schrödinger space-times with (for β ≠ 0) or without (for β = 0) hyperscaling violation.

Now in order to get Lifshitz space-times we note that we can rewrite the metric in (4) as, ds^2 = u^β [ −H^{−1}dt^2 + H ((1 − H^{−1})dt − dx^1)^2 + ∑_d i=2(dx^i)^2 + du^2 u^2 ] (8) Now if the above metric is obtained from M-theory solution we can dimensionally reduce it along x^1 to go to a string theory solution which can be written as,

ds^2 = u^{β+γ} [ −H^{−1}dt^2 + ∑_d i=2(dx^i)^2 + du^2 u^2 ] (9) where γ is another constant. Note that the second term in (8) is absent in the reduced solution and a gauge field A_0 will be generated in string theory solution. Thus here the dimensionality of the solution or the boundary theory is reduced by one. The solution (9) in the near horizon limit takes the form,

ds^2 = u^{β+γ} [ − dt^2 u^{α+2} + ∑_d i=2(dx^i)^2 + du^2 u^2 ] (10)

In the above we have used the fact that in the near horizon limit H = 1 + u^α ≈ u^α. Actually, as will see in the specific examples in the next sections that the near horizon limit implies u → ∞ (u → 0) and in that case α is positive (negative) and so, we always have u^α ≫ 1. On the other hand if the metric (8) is obtained from a string theory solution, we can take T-duality along x^1 and the resulting solution in that case can be written as,

ds^2 = u^β [ − dt^2 u^{α+2} + ∑_d i=1(dx^i)^2 + du^2 u^2 ] (11)

In this case if we start from a type IIA solution we will end up with a type IIB solution and vice-versa. However, the dimensionality of the solution or the boundary theory does not change. Thus comparing (10) and (11) with (2), we find that in either case we get Lifshitz solution without or with hyperscaling violation with the dynamical critical exponent z = 1 + α/2. Now since for the Schrödinger solution we get z = 1 − α/2 we thus find that the sum of the dynamical critical exponents of the Schrödinger/Lifshitz dual space-times obtained this way add upto 2.

This therefore shows how starting from AdS geometry obtained from some string/M theory solutions we can generate both the Schrödinger and the Lifshitz space-times without and with hyperscaling violations. Here we have argued in generality in a schematic fashion and the details will be given as we discuss various specific cases in the next two sections.

3 Schrödinger/Lifshitz from single brane solutions

In this section we will consider single brane solutions, namely, M2-, M5-branes of M-theory and D(p + 1)-branes of string theory which are known to lead to AdS geometry in the near horizon limit either directly or upto a conformal transformation. We will show how they lead to Schrödinger/Lifshitz dual space-times upon using some solution generating techniques.

3.1 M2-brane

M2-brane solution has the form,

ds^2 = H^{− 23}_2 ( −dt^2 + (dx^1)^2 + (dx^2)^2 ) + H^{13}_2 ( dr^2 + r^2dΩ^2_7 ) A_{[3]} = H^{−1}_2 dt ∧ dx^1 ∧ dx^2 (12)

Here H_2 is a harmonic function given as H_2(r) = 1+Q_2/r^6, where Q_2 is the charge associated with the M2-brane and A_{[3]} is the 3-form gauge field which couples to M2-brane. In the near horizon limit, r → 0, the above metric reduces to

ds^2 = r^4 Q^{23}_2 ( −dt^2 + (dx^1)^2 + (dx^2)^2 ) + Q^{13}_2 r^2 ( dr^2 + r^2dΩ^2_7 ) (13)

Now taking r → 1/r and defining a new variable by the relation u^2 = r^4, we can rewrite (13) and the gauge field in (12) as,

ds^2 = Q^{13}_2 [ −dt^2 + (dx^1)^2 + (dx^2)^2 +^1_4 du^2 Q_2u^2

+ dΩ^2_7 ]

A_{[3]} = 1 Q_2u^3 dt ∧ dx^1 ∧ dx^2 (14)

This is the standard AdS_4 × S^7 metric which comes from M2-brane in the near horizon limit. Now as mentioned in the previous section, to obtain the Schrödinger metric, we generate a pp-wave along x^1 direction by the standard technique. The resultant metric then takes the form,

ds^2 = Q^{13}_2 [ −dt^2 + (dx^1)^2 + (H_1 − 1)(dt − dx^1)^2 + (dx^2)^2 +^1_4 du^2 Q_2u^2

+ dΩ^2_7 ] (15)

where H_1 = 1 + Q_1/r^6 is another harmonic function and Q_1 is the asymptotic momentum carried by the wave. As before taking the coordinate transformation r → 1/r and using the new variable u, the harmonic function takes the form H_1 = 1 + Q_1u^3. Note here that going to the near horizon means u → ∞. Writing the metric in (15) and the form-field in (14) in the light-cone coordinates as defined in the previous section we have,

ds^2 = Q^{13}_2 [ −2dtdξ + 2Q_1u^3dξ^2 + (dx^2)^2 +^1_4 Q_2du^2 Q_2u^2

+ dΩ^2_7 ]

A_{[3]} = − 1 Q_2u^3 dt ∧ dξ ∧ dx^2 (16) Now dimensionally reducing the solution on S^7 and taking the double Wick rotation t → iξ, ξ → −it, the above solution takes the form,

ds^2 = Q^{32}_2 [ −2 Q_1 Q_2 udt^2 +

−2dξdt + (dx^2)^2 +^1_4 Q_2du^2 Q_2u^2 ]

A_{[3]} = 1 Q_2u^3 dt ∧ dξ ∧ dx^2 (17) Comparing the metric in (17) with (1), we find that the metric has a Schrödinger symmetry with dynamical critical exponent z = −1/2, spatial dimension of the boundary theory d = 1 and no hyperscaling violation.

Now to obtain Lifshitz metric, we rewrite the metric in (15), as mentioned in section 2, as ds^2 = Q^{13}_2 [ −H^{−1}_1 dt^2 + H_1 ( (1 − H^{−1}_1 )dt − dx^1

)_2 + (dx^2)^2 +^1_4 Q_2du^2 Q_2u^2

+ dΩ^2_7 ] (18)

Reducing the above solution along the wave direction, i.e. along x^1, we obtain a string theory solution which has the form,

ds^2 = Q^{12}_1 u^{12} [ − dt^2 Q_1Q_2u^5 + (dx^2)^2 +^1_4 Q_2du^2 Q_2u^2

+ dΩ^2_7 ]

e^{2ϕ} =

Q^{32}_1 Q_2 u^{32}

B_{[2]} = 1 Q_2u^3 dt ∧ dx^2, A_{[1]} = 1 Q_1u^3 dt (19) where we have written the metric in the string frame and used H_1 ≈ Q_1u^3. It can be easily seen that indeed the above metric has Lifshitz symmetry with hyperscaling violation. Actually we recognize the solution (19) to be the near horizon limit of F-D0 solution discussed in [34]. This solution has, as discussed in [34], dynamical critical exponent z = 5/2, the spatial dimension of boundary theory d = 1 and the hyperscaling violation exponent θ = 1/2.

We thus obtain both Schrödinger and Lifshitz space-times starting from the AdS_4 solution which is the near horizon limit of M2-brane solution. The dynamical critical exponents of these two space-times are z = −1/2 and z = 5/2, which add upto 2. Note that since M2- brane is a BPS solution both the Schrödinger and the Lifshitz solution obtained this way are supersymmetric.

3.2 M5-brane

Here we proceed exactly as in M2-brane case discussed in the previous subsection. The M5-brane solution has the form,

ds^2 = H^{− 13}_2 ( −dt^2 + (dx^1)^2 + 5∑ i=2 (dx^i)^2 ) + H^{23}_2 ( dr^2 + r^2dΩ^2_4 )

A_{[6]} = H^{−1}_2 dt ∧ dx^1 . . . ∧ dx^5 (20)

In this case the harmonic function H_2 is given as H_2(r) = 1 + Q_2/r^3, where Q_2 is the charge associated with M5-brane. Also M5-brane couples to a 6-form gauge field given in (20). In the near horizon limit r → 0, M5-brane solution takes the form,

ds^2 = r Q^{13}_2 ( −dt^2 + (dx^1)^2 + 5∑ i=2 (dx^i)^2 ) + Q^{23}_2 r^2 ( dr^2 + r^2dΩ^2_4 )

A_{[6]} = r^3 Q_2 dt ∧ dx^1 . . . ∧ dx^5 (21) Now taking the coordinate transformation r → 1/r and defining a new coordinate by u^2 = r, we can rewrite (21) as,

ds^2 = Q^{23}_2 [ −dt^2 + (dx^1)^2 +

∑_5

i=2(dx^i)^2 + 4Q_2du^2 Q_2u^2

+ dΩ^2_4 ]

A_{[6]} = 1 Q_2u^6 dt ∧ dx^1 . . . ∧ dx^5 (22) The metric in (22) has the standard AdS_7 × S^4 structure obtained from the near horizon limit of M5-brane. Now in order to obtain Schrödinger solution we generate pp-waves along x^1 direction by the standard procedure and then the metric will be given by,

ds^2 = Q^{23}_2 [ −dt^2 + (dx^1)^2 + (H_1 − 1)(dt − dx^1)^2 +

∑_5 i=2(dx^i)^2 + 4Q_2du^2 Q_2u^2

+ dΩ^2_4 ] (23) where H_1 = 1 + Q_1/r^3 is another harmonic function, with Q_1, the asymptotic momentum carried by the wave. Writing in terms of variable u, the harmonic function has the form H_1 = 1 + Q_1u^6. As before here also going to the near horizon means u → ∞. In light cone coordinates the metric (23) and the form field in (22) take the forms,

ds^2 = Q^{23}_2 [ −2dtdξ + 2Q_1u^6dξ^2 +

∑_5

i=2(dx^i)^2 + 4Q_2du^2 Q_2u^2

+ dΩ^2_4 ]

A_{[6]} = − 1 Q_2u^6 dt ∧ dξ ∧ dx^2 . . . ∧ dx^5 (24) Dimensionally reducing the solution on S^4 and taking the double Wick rotation as before t → iξ and ξ → −it, we get, ds^2 = Q^{65}_2 [ −2 Q_1 Q_2 u^4dt^2 + −2dξdt + ∑_5

i=2(dx^i)^2 + 4Q_2du^2 Q_2u^2 ]

A_{[6]} = 1 Q_2u^6 dt ∧ dξ ∧ dx^2 . . . ∧ dx^5 (25) Comparing the above metric with the Schrödinger metric given in (1), we find that this metric has a Schrödinger symmetry with z = −2, d = 4 and no hyperscaling violation.

Now again in order to obtain Lifshitz metric we rewrite (23) as,

ds^2 = Q^{23}_2 [ −H^{−1}_1 dt^2 + H_1 ( (1 − H^{−1}_1 )dt − dx^1

)_2 + ∑_5

i=2(dx^i)^2 + 4Q_2du^2 Q_2u^2

+ dΩ^2_4 ] (26)

Dimensionally reducing the solution along the wave direction, i.e., along x^1, we obtain the following string theory solution,

ds^2 = Q^{12}_1 Q^{12}_2 u^2 [ − dt^2 Q_1Q_2u^8 + ∑_5 i=2(dx^i)^2 + 4Q_2du^2

Q_2u^2

+ dΩ^2_4 ]

e^{2ϕ} =

Q^{32}_1 Q^{12}_2 u^6

A_{[1]} = 1 Q_1u^6 dt, A_{[5]} = 1 Q_2u^6 dt ∧ dx^2 . . . ∧ dx^5 (27) where we have used H_1 ≈ Q_1u^6 and the metric is written in the string frame. By comparing with the Lifshitz metric (2), we immediately recognize that the metric in (27) has a Lifshitz symmetry with hyperscaling violation. In fact we notice that the above solution is nothing but the near horizon limit of D0-D4 solution discussed in [35]. As found there D0-D4 solution in the near horizon limit indeed has hyperscaling violating Lifshitz symmetry with dynamical critical exponent z = 4, spatial dimension of the boundary theory d = 4 and the hyperscaling violation exponent θ = 2.

Thus we again found Schrödinger/Lifshitz space-times from AdS_7 solution which is the near horizon geometry of M5-brane. Here we note that the dynamical critical exponents of Schrödinger/Lifshitz space-times are given as z = −2 and z = 4 respectively and so they again add upto 2 as expected.

3.3 D(p+1)-branes

The D(p + 1)-brane solution of type II string theory has the form,

ds^2 = H^{− 12}_2 ( −dt^2 + (dx^1)^2 + p+1∑ i=2 (dx^i)^2 ) + H^{12}_2 ( dr^2 + r^2dΩ^2_{7−p} )

e^{2ϕ} = H^{2−p2}_2 A_{[p+2]} = H^{−1}_2 dt ∧ dx^1 . . . ∧ dx^{p+1} (28)

Here the metric is written in the string frame. The harmonic function H_2 has the form H_2 = 1 + Q_2/r^{6−p}. Note that we have isolated one of the brane directions (x^1) along which pp-waves will be generated. This is the reason p ≠ 0 and in fact we have 1 ≤ p ≤ 5. Q_2 is the charge associated with D(p + 1)-brane. ϕ is the dilaton and A_{[p+2]} is a (p + 2)-form field which couples to D(p + 1)-brane. In the near horizon limit the above metric takes the form,

ds^2 = Q^{12}_2 r^{p−22} [ r^{4−p} Q_2 ( −dt^2 + (dx^1)^2 + p+1∑ i=2 (dx^i)^2 ) + dr^2 r^2

+ dΩ^2_{7−p} ] (29)

Now going to a coordinate r → 1/r and introducing a new variable by the relation u^2 = r^{4−p} (for p ≠ 4), we can rewrite the metric (29) along with the other fields given in (28) as,

ds^2 = Q^{12}_2 u^{2−p4−p} [ −dt^2 + (dx^1)^2 + ∑_{p+1} i=2 (dx^i)^2 +^4_{(4−p)2} Q_2du^2 Q_2u^2

+ dΩ^2_{7−p} ]

e^{2ϕ} = Q^{2−p2}_2 u^{(2−p)(6−p)(4−p)} A_{[p+2]} = 1 Q_2u^{2(6−p)(4−p)} dt ∧ dx^1 . . . ∧ dx^{p+1} (30) Here the metric has AdS_{p+3} × S^{7−p} structure for 1 ≤ p ≤ 5 except for p = 4 (or D5-brane) upto a conformal factor (u^{(2−p)/(4−p)}). Note that the conformal factor actually vanishes for p = 2 or D3-brane as is well-known. For p = 4 or D5-brane, we do not get AdS in the near horizon limit, rather we get M_7 × S^3 upto a conformal factor, where M_7 represents the seven dimensional Minkowski space. Now we will show how starting from this AdS_{p+3} geometry we can generate Schrödinger/Lifshitz space-times by some solution generating transformation as was done for M2- and M5-brane cases.

In order to get Schrödinger space-times we generate pp-waves, by standard technique [44], along x^1 direction as before and thus we obtain the metric

ds^2 = Q^{12}_2 u^{2−p4−p} [ −dt^2 + (dx^1)^2 + (H_1 − 1)(dt − dx^1)^2 + ∑_{p+1} i=2 (dx^i)^2 +^4_{(4−p)2} Q_2du^2 Q_2u^2

+ dΩ^2_{7−p} ]

(31) where H_1 = 1 + Q_1/r^{6−p} is a harmonic function with Q_1, the asymptotic momentum carried by the wave. By first changing r → 1/r and then defining u^2 = r^{4−p}, the harmonic function can be witten as H_1 = 1 + Q_1u^{2(6−p)/(4−p)}. Note that for p < 4, the near horizon limit r → ∞ implies u → ∞, but for p > 4, r → ∞ implies u → 0. However in both cases, in the near horizon limit H_1 ≈ Q_1u^{2(6−p)/(4−p)}. Now in the light-cone coordinates defined earlier, the above metric (31) can be written as,

ds^2 = Q^{12}_2 u^{2−p4−p}

−2dtdξ + 2Q_1u^{2(6−p)(4−p)} dξ^2 + ∑_{p+1} i=2 (dx^i)^2 +^4_{(4−p)2} Q_2du^2 Q_2u^2

+ dΩ^2_{7−p}

(32)

Dimensionally reducing the solution on S^{7−p} and expressing the resultant metric in the Einstein frame and then further taking the double Wick rotation (t → iξ and ξ → −it), the metric (32) and the other fields in (30) take the forms,

ds^2 = Q p+2 p+1 2 u^{2(p−2)} 2 (p−4)(p+1) [ −2 Q_1 Q_2 u^{44−p} dt^2 + −2dξdt + ∑_{p+1} i=2 (dx^i)^2 +^4_{(4−p)2} Q_2du^2 Q_2u^2 ]

e^{2ϕ} = Q^{2−p2}_2 u^{(2−p)(6−p)(4−p)} A_{[p+2]} = 1 Q_2u^{2(6−p)(4−p)} dt ∧ dξ ∧ dx^2 . . . ∧ dx^{p+1} (33) Comparing the metric in (33) with the Schrödinger metric given in (1) we immediately notice that this metric has a Schrödinger symmetry with hyperscaling violation. Under the scaling symmetry t → λ^{− 24−p} , ξ → λ^{2+ 24−p} ξ, x^i → λx^i (for i = 2, . . . , (p + 1)), u → λu, the metric in the square bracket remains invariant. However, as there is a hyperscaling violation the full metric is not invariant under the scaling, but changes as ds → λ^{(p−2)2/((p−4)(p+1))}ds ≡ λ^{θ/D}ds, where D is kept arbitrary as in [46]. We thus find that the metric in (33) has a hyperscaling violating Schrödinger symmetry with the dynamical critical exponent z = −2/(4 − p), hyperscaling violation exponent θ/D = (p − 2)^2/((p − 4)(p + 1)) and the spatial dimension of the boundary theory d = p. We note that for p = 2, i.e. for D3-brane ϕ = constant and θ/D = 0 and for p < 4, θ/D < 0. Therefore, there is no hyperscaling violation for p = 2 and hyperscaling violating exponent is negative for p < 4. Similar observations were made [46] for the non-relativistic Dp-branes obtained by the Null Melvin Twist [47].

Now in order to get Lifshitz space-time we rewrite the metric with waves in (31) as follows,

ds^2 = Q^{12}_2 u^{2−p4−p}

−H^{−1}_1 dt^2 + H_1 ( (1 − H^{−1}_1 )dt − dx^1

)_2 + ∑_{p+1} i=2 (dx^i)^2 +^4_{(4−p)2} Q_2du^2 Q_2u^2

+ dΩ^2_{7−p}

(34) Since here we are dealing with string theory solutions, we will take T-duality along the wave direction, i.e., x^1 to obtain Lifshitz metric. After T-duality the only metric components that will change are g_{tt}, g_{tx}1 and g_x1_x1 . Denoting the new metric components by a ‘tilde’, we have g̃_{tt} = g_{tt} − g^2_{tx1} g_x1_x1 = − Q^{12}_2 u^{2−p4−p} Q_2u^2

H^{−1}_1 = −

Q^{12}_2 u^{2−p4−p} Q_1Q_2u^{4(5−p)4−p} g̃_{tx}1 = B_{tx}1 g_x1_x1 = 0 g̃_x1_x1 = 1 g_x1_x1 = Q^{12}_2 u^{2−p4−p} Q_1u^2

(35)

where we have used the metric (34). We have also used H_1 ≈ Q_1u^{2(6−p)/(4−p)} in the near horizon limit. g̃_{tx}1 vanishes because D(p + 1)-brane solution with wave does not have an NSNS B-field. However, in the T-dual solution a B-field will be generated because of a non-vanishing g_{tx}1 component in (34). Using (35) and the other field configuration given in (30) the complete T-dual solution can be written as,

ds^2 = Q^{12}_2 u^{2−p4−p} [ − dt^2 Q_1Q_2u^{4(5−p)4−p} + Q_2 Q_1 (dx

1)^2 + ∑_{p+1} i=2 (dx^i)^2 +^4_{(4−p)2} Q_2^{du2}_{u2} Q_2u^2

+ dΩ^2_{7−p} ]

e^{2ϕ} =

Q^{3−p2}_2 Q_1 u^{(6−p)(1−p)} (4−p) B_{[2]} = 1 Q_1u^{2(6−p)4−p} dt ∧ dx^1, A_{[p+1]} = 1 Q_2u^{2(6−p)4−p} dt ∧ dx^2 ∧ . . . ∧ dx^{p+1} (36) By comparing with the metric (2), we find that the metric in (36) indeed has a Lifshitz symmetry with hyperscaling violation. In fact we recognize this solution as the near horizon limit of the 1/4 BPS, F-Dp solution found in [34]. Here F-string lies along x^1 and Dpbrane lies along x^2, . . . , x^{p+1}. Note that the gauge fields differ by a sign from those in [34] due to a slightly different convention we use here. As discussed in [34], the metric in (36) has a hyperscaling violating Lifshitz symmetry with the dynamical critical exponent z = 2(5 − p)/(4 − p), hyperscaling violation exponent θ = p − (p − 2)/(4 − p) and the spatial dimension of the boundary theory d = p + 1. Interestingly, as noted also in [34], for p = 2, or D3-brane we have θ = p = d − 1. The entanglement entropy of the boundary theory in that case is well-known to show a logarithmic violation of the area law and therefore represents compressible metallic state with hidden fermi surface [48, 49]. The entanglement entropy for the F-Dp system has been calculated in [50].

Thus we have shown that starting from the AdS_{p+3} geometry (upto a conformal transformation) obtained from the near horizon limit of D(p + 1)-brane solutions of type II string theory, we can generate both the Schrödinger as well as Lifshitz space-times by making use of some solution generating techniques. Note that since the critical dynamical exponent for the Schrödinger symmetry has the value z = −2/(4 − p) and that of the Lifshitz symmetry has the value z = 2(5 − p)/(4 − p), they indeed add upto 2 as we argued in section 2.

Before we conclude this section, we would like to remark that, for the case of Dp-branes, Schrödinger/Lifshitz space-times have also been obtained in [39]. However, their connections with AdS geometry was not clear there. Lifshitz geometry was obtained in [39] by first taking a double scaling limit of the boosted black Dp-brane (this is a standard procedure for generating pp-waves [44]), then going to the light-cone coordinates and finally compactifying the solution along the space-like light-cone direction. Note that in this procedure the solution becomes nine-dimensional and also the dimensionality of the boundary theory gets reduced by one. Since the light-cone coordinates involve one of the brane directions, it is not clear why one should compactify that direction. However, we think that the proper way to identify the Lifshitz geometry from Dp-branes, as is done in this paper, is to remain in Poincare coordinates and take a T-duality. This way there is no need to compactify one of the brane directions and the dimensionality of the boundary theory does not get reduced. Also our method clarifies the connection of Lifshitz space-times with AdS geometry as a deformation of the latter by the pp-waves and a performance by T-duality. Note, however, that for Mtheory solutions we performed a dimensional reduction along the wave direction in order to obtain Lifshitz symmetry (there is no T-duality here). But since this extra dimension of M-theory is related to the string coupling constant, this means that Lifshitz symmetry is manifest only at small string coupling. When the coupling is large we have to lift the solution to M-theory and in that case we get an asymmetric Lifshitz scaling of this extra dimension. The Schrödinger space-time, on the other hand, was obtained in [39], by first going to the corresponding bubble solutions with a double Wick rotation, then taking a double scaling limit on the boosted bubble solutions and finally going to the light-cone coordinates. However, in this paper, we started from AdS solution and then deformed it by a pp-wave. We further introduced the light-cone coordinates and then took the double Wick rotation. This way we obtained Schrödinger space-times with hyperscaling violation. We also identified the hyperscaling violation exponent in this case, a feature never mentioned in [39]. We have seen that the dynamical critical exponents of the Schrödinger/Lifshitz dual space-times add upto 2. This was also observed in [39] in various cases of Dp-branes. We have given a general argument in section 2 explaining why this is so. Finally, in [39], it was shown how Lifshitz and Schrödinger space-times arise from Dp-brane solutions of string theory. Their origin was never really understood. In this paper we have shown that whenever we get an AdS solution (directly or upto a conformal transformation) in string or M-theory, not necessarily only Dp-branes, we can deform it (and apply other solution generating techniques) to generate Schrödinger/Lifshitz dual space-times.

4 Schrödinger/Lifshitz from intersecting solutions

In this section we will show how one can get Schrödinger/Lifshitz dual space-times from some intersecting solutions of M/string theory. The intersecting solutions we will consider give AdS geometry in the near horizon limit. For M-theory it is known that there are two intersecting solutions which lead to AdS_3 geometry and they are M2 ⊥ M5 and M5 ⊥ M5 ⊥ M5 [42]. There are others which lead to AdS_2 geometry, but we will not consider them for the reason mentioned earlier. For string theory solutions there are double and triple intersections which give AdS geometry, but we will consider only double intersections since the explicit triple intersecting solutions of string theory are not known and they will mostly give lower dimensional AdS space like the double intersecting solutions, therefore, Schrödinger/Lifshitz space-times will be quite similar as the double intersecting solutions. So, for string theory, we will consider D1 ⊥ D5 (type IIB), D2 ⊥ D4 (type IIA) and F ⊥ NS5 (type IIA or IIB) solution all of which are known to lead to AdS_3 geometry in the near horizon limit. We will discuss the string theory solutions in brief as they give AdS_3 and the Schrödinger/Lifshitz space-time they lead to are very similar to intersecting M-brane solutions.

4.1 M2 ⊥ M5 solution

M2-brane intersecting with M5-brane on a string has a solution of the form,

ds^2 = H^{23}_2 H^{13}_3 [ H^{−1}_2 H^{−1}_1 ( −dt^2 + (dx^1)^2 ) + H^{−1}_2 5∑ i=2 (dx^i)^2 + H^{−1}_3 (dx^6)^2 + dr^2 + r^2dΩ^2_3 ]

A_{[3]} = H^{−1}_3 dt ∧ dx^1 ∧ dx^6, A_{[6]} = H^{−1}_2 dt ∧ dx^1 ∧ . . . ∧ dx^5 (37)

Here the harmonic functions are given as H_{2,3} = 1 + Q_{2,3}/r^2 and Q_{2,3} are the charges associated with M5-brane and M2-brane respectively. Note that M2-brane lies along x^1, x^6 and M5-brane lies along x^1, x^2, . . . , x^5. In the near horizon limit H_{2,3} ≈ Q_{2,3}/r^2 and the metric in (37) takes the form,

ds^2 = Q^{23}_2 Q^{13}_3 [ r^2 Q_2Q_3 ( −dt^2 + (dx^1)^2 ) + ∑_5 i=2(dx^i)^2 Q_2 + (dx^6)^2 Q_3 + dr^2 r^2

+ dΩ^2_3 ] (38)

Now defining a new coordinate by u = 1/r, we can write the full solution (37) in the near horizon limit as,

ds^2 = Q^{23}_2 Q^{13}_3 [ −dt^2 + (dx^1)^2 + Q_2Q_3du^2 Q_2Q_3u^2 + ∑_5 i=2(dx^i)^2

Q_2 + (dx^6)^2

Q_3

+ dΩ^2_3 ]

A_{[3]} = 1 Q_3u^2 dt ∧ dx^1 ∧ dx^6, A_{[6]} = 1 Q_2u^2 dt ∧ dx^1 ∧ . . . ∧ dx^5 (39) It is clear that the above metric has AdS_3 × E^5 × S^3 structure.

Now in order to get Schrödinger space-time we generate pp-waves along the common brane dicetion x^1 by the standard technique. The metric in (39) then takes the form,

ds^2 = Q^{23}_2 Q^{13}_3 [ −dt^2 + (dx^1)^2 + (H_1 − 1)(dt − dx^1)^2 + Q_2Q_3du^2 Q_2Q_3u^2 + ∑_5

i=2(dx^i)^2 Q_2 + (dx^6)^2 Q_3

+ dΩ^2_3 ]

(40) where H_1 = 1 + Q_1/r^2 is another harmonic function and Q_1 is the asymptotic momentum of the wave. Going to the light cone coordinates and further taking double Wick rotation as before we arrive at the solution,

ds^2 = Q^{23}_2 Q^{13}_3 [ − 2Q_1 Q_2Q_3 dt^2 + −2dξdt + Q_2Q_3du^2 Q_2Q_3u^2 + ∑_5

i=2(dx^i)^2 Q_2 + (dx^6)^2 Q_3

+ dΩ^2_3 ]

A_{[3]} = 1 Q_3u^2 dt ∧ dξ ∧ dx^6, A_{[6]} = 1 Q_2u^2 dt ∧ dξ ∧ dx^2 ∧ . . . ∧ dx^5 (41) The metric in (41) has a Schrödinger symmetry under the scaling t → λ^0t, ξ → λ^2ξ and u → λu. Note that the coordinates x^2, . . . , x^6 do not scale and we can compactify the solution on S^3 as well as E^5 to get a zero dimensional Schrödinger metric. This Schrödinger space-time has d = 0, the dynamical critical exponent z = 0 and no hyperscaling violation, i.e., θ = 0.

Lifshitz space-time can be obtained by rewriting the metric (40) as follows,

ds^2 = Q^{23}_2 Q^{13}_3 [ −H^{−1}_1 dt^2 + H_1 ( (1 − H^{−1}_1 )dt − dx^1

)_2

+ Q_2Q_3du^2 Q_2Q_3u^2 + ∑_5

i=2(dx^i)^2 Q_2 + (dx^6)^2 Q_3

+ dΩ^2_3 ]

(42) Now compactifying along x^1, the wave direction, we get the ten dimensional string theory solution as,

ds^2 = Q^{12}_1 Q^{12}_2 [ − dt^2 Q_1Q_2Q_3u^4 + du^2 u^2 + ∑_5 i=2(dx^i)^2

Q_2 + (dx^6)^2

Q_3

+ dΩ^2_3 ]

e^{2ϕ} =

Q^{32}_1 Q^{12}_2 Q_3

B_{[2]} = 1 Q_3u^2 dt ∧ dx^6, A_{[5]} = 1 Q_2u^2 dt ∧ dx^2 ∧ . . . ∧ dx^5, A_{[1]} = 1 Q_1u^2 dt (43)

Note that the metric has a scaling symmetry t → λ^2t, u → λu and since the other spatial coordinates do not scale one can compactify the solution on S^3 × E^5 to get a zero dimensional Lifshitz metric. The dilaton is constant. The dynamical critical exponent here is z = 2 and hyperscaling violation exponent θ = 0. Now since the corresponding Schrödinger metric has dynamical critical exponent z = 0 they indeed add upto 2. However, note that since the other spatial dimensions do not scale, the zero dimensional Lifshitz metric (consisting of the first two terms of the metric in (43)) can be cast into an AdS_2 form by defining a new variable ũ = u^2. In this sense the zero dimensional Lifshitz is kind of trivial.

4.2 More Lifshitz-like space-times

As the solution (43) is obtained from the dimensional reduction (along the wave direction) of the near horizon limit of ‘M2 ⊥ M5 + wave’ solution of M-theory, it must correspond to the near horizon limit of F ⊥ D4 ⊥ D0 solution of string theory. Indeed one can check that this is the case by explicitly constructing this solution (from the dimensional reduction of the complete ‘M2 ⊥ M5 + wave’ solution) and taking the near horizon limit. This way the complete F ⊥ D4 ⊥ D0 solution takes the form,

ds^2 = H^{12}_1 H^{12}_2 [ H^{−1}_3 ( −H^{−1}_1 H^{−1}_2 dt^2 + (dx^6)^2 ) + H^{−1}_2 5∑ i=2 (dx^i)^2 + dr^2 + r^2dΩ^2_3 ]

e^{2ϕ} =

H^{32}_1 H^{12}_2 H_3

, B_{[2]} = H^{−1}_3 dt ∧ dx^6

A_{[1]} = H^{−1}_1 dt, A_{[5]} = H^{−1}_2 dt ∧ dx^2 ∧ . . . ∧ dx^5 (44)

Here F-string is along x^6 and D4-brane is along x^2, x^3, x^4, x^5. It can be easily checked that the near horizon limit of (44) gives (43). One can get more Lifshitz-like solution with hyperscaling violation by taking T-dualities on the above F ⊥ D4 ⊥ D0 solution. So, for example, by taking T-duality along one of the common transverse directions, say x^7, we can generate F ⊥ D5 ⊥ D1 solution given as,

ds^2 = H^{12}_1 H^{12}_2 [ H^{−1}_3 ( −H^{−1}_1 H^{−1}_2 dt^2 + (dx^6)^2 ) + H^{−1}_2 5∑ i=2 (dx^i)^2 + H^{−1}_1 H^{−1}_2 (dx^7)^2 + dr^2 + r^2dΩ^2 ]

e^{2ϕ} =

H_1 H_2H_3

, B_{[2]} = H^{−1}_3 dt ∧ dx^6

A_{[2]} = H^{−1}_1 dt ∧ dx^7, A_{[6]} = H^{−1}_2 dt ∧ dx^2 ∧ . . . ∧ dx^5 ∧ dx^7 (45)

Here F-string is along x^6, D5-brane is along x^2, . . . , x^5, x^7 and D1-brane is along x^7. The harmonic functions are given as H_{1,2,3} = 1 + Q_{1,2,3}/r, where Q_{1,2,3} are the charges associated with D1-brane, D5-brane and F-string respectively. In the near horizon limit r → 0 and further defining the coordinate u^2 = r, we can write the solution (45) as,

ds^2 = Q^{12}_1 Q^{12}_2 u^2 [ − u^2 Q_1Q_2Q_3 dt^2 +

(dx^6)^2 u^2Q_3 + ∑_5

i=2(dx^i)^2 u^2Q_2 + (dx^7)^2 Q_1Q_2 + 4 du^2 u^2

+ dΩ^2 ]

e^{2ϕ} =

Q_1u^2 Q_2Q_3

, B_{[2]} = u^2 Q_3 dt ∧ dx^6 A_{[2]} = u^2 Q_1 dt ∧ dx^7, A_{[6]} = u^2 Q_2 dt ∧ dx^2 ∧ . . . ∧ dx^5 ∧ dx^7 (46) It is clear from (46) that the part of the metric in square bracket is invariant under the scaling t → λ^{−1}t, x^{1, ..., 5} → λx^{1, ..., 5}, u → λu. However the full metric is not scale invariant. This tells us that the metric has Lifshitz scaling (with z = −1) with hyperscaling violation. To obtain the hyperscaling violation exponent we have to compactify the metric on S^2 × R and express the resultant metric in the Einstein frame. The compactified metric has the form,

ds^2 = Q^{15}_1 Q_2Q^{25}_3 u^{125} [ − u^2 Q_1Q_2Q_3 dt^2 +

(dx^6)^2 u^2Q_3 + ∑_5 i=2(dx^i)^2 u^2Q_2 + 4 du^2 u^2 ] (47)

Since under the scaling mentioned above this metric changes as ds → λ^65 ds ≡ λ^θd ds, where d is the spatial dimension of the boundary theory (which is 5 in this case), we have the hyperscaling violation exponent θ = 6. Thus F ⊥ D5 ⊥ D1 solution in the near horizon limit gives a Lifshitz-like metric with z = −1, θ = 6 and d = 5.

We can generate more such intersecting solutions from F ⊥ D4 ⊥ D0 by applying Tduality along x^2 direction. The resultant solution is F ⊥ D3 ⊥ D1 and then by further taking T-duality along x^7 direction we get F ⊥ D4 ⊥ D2 solution. One can easily check that both these solutions yield Lifshitz-like metric in the near horizon limit. The former one, F ⊥ D3 ⊥ D1, gives zero dimensional Lifshitz metric (which can be recast into AdS_2 form) in the near horizon limit very similar to F ⊥ D4 ⊥ D0 and the latter one, F ⊥ D4 ⊥ D2 gives five dimensional Lifshitz metric in the near horizon limit (and dimensional reduction) with z = −1 and θ = 6 very similar to F ⊥ D5 ⊥ D1 solution. By applying T-duality on F ⊥ D3 ⊥ D1 along x^3 direction we can generate intersecting solution F ⊥ D2 ⊥ D2 and by further applying T-duality along x^7, we can generate F ⊥ D3 ⊥ D3 solutions. Again we find that both these solutions yield Lifshitz-like metric in the near horizon limit. F ⊥ D2 ⊥ D2 gives zero dimensional Lifshitz metric very similar to F ⊥ D4 ⊥ D0 and F ⊥ D3 ⊥ D3 gives five dimensional Lifshitz metric with z = −1 and θ = 6 very similar to F ⊥ D5 ⊥ D1. Therefore, we do not give any further details of these solutions. S-dual of the type IIB solutions can also give more intersecting solutions of the type discussed here, but they also yield very similar Lifshitz space-time as their original counterpart and therefore we do not discuss them here.

4.3 M5 ⊥ M5 ⊥ M5 solution

Apart from M2 ⊥ M5 solution the other solution which yields AdS geometry in the near horizon limit is M5 ⊥ M5 ⊥ M5. The solution has the form [43],

ds^2 = (H_2H_3H_4)^{23} [ (H_2H_3H_4)^{−1}(−dt^2 + (dx^1)^2) + (H_2H_3)^{−1}((dx^2)^2 + (dx^3)^2) +(H_2H_4)^{−1}((dx^4)^2 + (dx^5)^2) + (H_3H_4)^{−1}((dx^6)^2 + (dx^7)^2) + dr^2 + r^2dΩ^2 ] A_{[6]} = H^{−1}_2 dt ∧ dx^1 ∧ . . . ∧ dx^5, A^′_{[6]} = H^{−1}_3 dt ∧ dx^1 ∧ dx^4 ∧ . . . ∧ dx^7 A^{′′}_{[6]} = H^{−1}_4 dt ∧ dx^1 ∧ dx^2 ∧ dx^3 ∧ dx^6 ∧ dx^7 (48)

Note that here the three M5-branes intersect on a string along x^1 and they intersect pairwise on 3-branes along x^1, x^2, x^3, along x^1, x^4, x^5 and along x^1, x^6, x^7. The three harmonic functions are given as H_{2,3,4} = 1 + Q_{2,3,4}/r, where Q_{2,3,4} are the charges associated with the three M5-branes. The M5-branes are electric and so, A_{[6]}, A^′_{[6]} and A^{′′}_{[6]} are the three 6-form gauge fields to which they couple. In the near horizon limit H_{2,3,4} ≈ Q_{2,3,4}/r and further defining a new coordinate by u^2 = 1/r, we can rewrite the metric in (48) as

ds^2 = (Q_2Q_3Q_4)^{23} [ −dt^2 + (dx^1)^2 + 4Q_2Q_3Q_4du^2

Q_2Q_3Q_4u^2 + (dx^2)^2 + (dx^3)^2 Q_2Q_3 + (dx^4)^2 + (dx^5)^2 Q_2Q_4 + (dx^6)^2 + (dx^7)^2 Q_3Q_4

+ dΩ^2 ] (49)

It is clear from the metric (49) that it has the structure AdS_3 × E^6 × S^2. As discussed in section 2, we will show how starting from this AdS geometry we can generate Schrödinger/Lifshitz dual space-times by solution generating techniques.

To obtain Schrödinger space-times we generate pp-waves along x^1 by standard technique. The above metric in that case takes the form,

ds^2 = (Q_2Q_3Q_4)^{23} [ −dt^2 + (dx^1)^2 + (H_1 − 1)(dt − dx^1)^2 + 4Q_2Q_3Q_4du^2 Q_2Q_3Q_4u^2 + (dx^2)^2 + (dx^3)^2 Q_2Q_3 + (dx^4)^2 + (dx^5)^2 Q_2Q_4 + (dx^6)^2 + (dx^7)^2 Q_3Q_4

+ dΩ^2 ] (50)

where H_1 = 1 + Q_1/r is another harmonic function and Q_1 is the asymptotic charge carried by the wave. In terms of u, harmonic function is given as H_1 = 1 + Q_1u^2. Substituting this in the metric (50), going to the light cone coordinates defined earlier and further taking the double Wick rotation (t → iξ and ξ → −it), the metric as well as the gauge fields take the forms,

ds^2 = (Q_2Q_3Q_4)^{23} [ − 2Q_1 Q_2Q_3Q_4 dt^2 +

−2dξdt + 4Q_2Q_3Q_4du^2 Q_2Q_3Q_4u^2 + (dx^2)^2 + (dx^3)^2 Q_2Q_3 + (dx^4)^2 + (dx^5)^2 Q_2Q_4 + (dx^6)^2 + (dx^7)^2 Q_3Q_4

+ dΩ^2 ]

A_{[6]} = 1 Q_2u^2 dt ∧ dξ ∧ . . . ∧ dx^5, A^′_{[6]} = 1 Q_3u^2 dt ∧ dξ ∧ dx^4 ∧ . . . ∧ dx^7 A^{′′}_{[6]} = 1 Q_4u^2 dt ∧ dξ ∧ dx^2 ∧ dx^3 ∧ dx^6 ∧ dx^7 (51)

Under the scaling symmetry t → λ^0t, ξ → λ^2ξ and u → λu, the metric in (51) remains invariant. Note that the other coordinates do not scale and therefore we can compactify the metric on E^6 × S^2, to get a zero dimensional Schrödinger metric with z = 0 and θ = 0, very much like the case we discussed for M2 ⊥ M5 solution in subsection 4.1.

To obtain Lifshitz space-time we rewrite the metric (50) as follows,

ds^2 = (Q_2Q_3Q_4)^{23} [ −H^{−1}_1 dt^2 + H_1 ( (1 − H^{−1}_1 )dt − dx^1

)_2

+ 4Q_2Q_3Q_4du^2 Q_2Q_3Q_4u^2 + (dx^2)^2 + (dx^3)^2 Q_2Q_3 + (dx^4)^2 + (dx^5)^2 Q_2Q_4 + (dx^6)^2 + (dx^7)^2 Q_3Q_4

+ dΩ^2 ] (52)

Compactifying along x^1, the wave direction, we obtain the string theory solution as,

ds^2 = (Q_1Q_2Q_3Q_4)^{12} [ − dt^2 Q_1Q_2Q_3Q_4u^4 + 4du^2 u^2 + (dx^2)^2 + (dx^3)^2

Q_2Q_3 + (dx^4)^2 + (dx^5)^2 Q_2Q_4 + (dx^6)^2 + (dx^7)^2 Q_3Q_4

+ dΩ^2 ]

e^{2ϕ} =

Q^{32}_1 (Q_2Q_3Q_4)^12

A_{[5]} = 1 Q_2u^2 dt ∧ dx^2 ∧ . . . ∧ dx^5, A^′_{[5]} = 1 Q_3u^2 dt ∧ dx^4 ∧ . . . ∧ dx^7 A^{′′}_{[5]} = 1 Q_4u^2 dt ∧ dx^2 ∧ dx^3 ∧ dx^6 ∧ dx^7, A_{[1]} = 1 Q_1u^2 dt (53)

The metric above has a scaling symmetry t → λ^2t, u → λu. Since the other spatial coordinates do not scale we can compactify them to obtain a zero dimensional Lifshitz metric. However, we note that by defining a new parameter ũ = u^2 we can recast the metric into AdS_2 form. The dilaton in this case is constant very much like M2 ⊥ M5 case we discussed before. By looking at the solution (53) we recognize this to be the near horizon limit of the intersecting 1/16 BPS type IIA string theory solution D4 ⊥ D4 ⊥ D4 ⊥ D0. By applying T- and S-dualities to this solution one can construct many such intersecting 1/16 BPS solutions. These solutions in the near horizon limit will not give AdS geometry, but it will be worthwhile to see whether some of these solutions can give rise to interesting Lifshitz-like space-time. We leave this for a future investigation.

4.4 D1 ⊥ D5 solution

This type IIB string theory solution is known to lead to AdS_3 × E^4 × S^3 metric in the near horizon limit. So, we can obtain Schrödinger/Lifshitz dual space-times starting from this metric. In order to see this we first write the solution,

ds^2 = H^{12}_2 H^{12}_3 [ H^{−1}_2 H^{−1}_3 (−dt^2 + (dx^1)^2) + H^{−1}_3 5∑ i=2 (dx^i)^2 + dr^2 + r^2dΩ^2_3 ]

e^{2ϕ} =

H_2 H_3 A_{[2]} = H^{−1}_2 dt ∧ dx^1, A_{[6]} = H^{−1}_3 dt ∧ dx^1 ∧ . . . ∧ dx^5 (54)

Here H_{2,3} = 1 + Q_{2,3}/r^2 and Q_{2,3} are the charges associated with D1-brane and D5-brane respectively. D1-brane lies along x^1 and D5-brane lies along x^1, . . . , x^5. In the near horizon limit H_{2,3} ≈ Q_{2,3}/r^2 and then defining a new coordinate u = 1/r, we write the solution as,

ds^2 = Q^{12}_2 Q^{12}_3 [ −dt^2 + (dx^1)^2 + Q_2Q_3du^2 Q_2Q_3u^2 + 1 Q_3 5∑ i=2 (dx^i)^2 + dΩ^2_3 ]

e^{2ϕ} =

Q_2 Q_3 A_{[2]} = 1 Q_2u^2 dt ∧ dx^1, A_{[6]} = 1 Q_3u^2 dt ∧ dx^1 ∧ . . . ∧ dx^5 (55) The metric above is AdS_3 × E^4 × S^3. Once we have AdS_3, we can get Schrödinger space-time as before by first generating a pp-wave along the common brane direction x^1, going to the light-cone coordinates defined before and then taking a double Wick rotation. The resultant Schrödinger metric takes the form,

ds^2 = Q^{12}_2 Q^{12}_3 [ − 2Q_1 Q_2Q_3 dt^2 + −2dξdt + Q_2Q_3du^2 Q_2Q_3u^2 + 1 Q_3 5∑ i=2 (dx^i)^2 + dΩ^2_3 ] (56)

where Q_1 is the asymptotic momentum carried by the wave. The metric is invariant under the scaling t → λ^0t, ξ → λ^2ξ and u → λu. Also, since the other spatial coordinates do not scale we can compactify the solution on T^4 × S^3 to obtain a zero dimensional Schrödinger space-time very similar to M2 ⊥ M5 case.

Lifshitz space-time can also be obtained as before by rewriting the metric with waves in a suitable form as described in section 2 and then taking T-duality along the wave direction x^1. The resultant metric will be the near horizon limit of the T-dual solution of ‘D1 ⊥ D5 + wave’ solution we just described. This T-dual solution is nothing but the F ⊥ D4 ⊥

D0 solution (44) we described in subsection 4.2. In the near horizon limit it gives a zero dimensional Lifshitz metric which can be written in AdS_2 form by a suitable coordinate transformation as shown in (43).

4.5 D2 ⊥ D4 solution

This is a type IIA string theory solution which can be obtained from D1 ⊥ D5 solution by applying T-duality along one of the D5-brane direction transverse to D1-brane. Here D2 and D4 intersect on a string and is 1/4 BPS, unlike 1/2 BPS D2-D4 solution where D2-brane is completely inside the D4-brane. The solution has been discussed in [35], where we found that in the near horizon limit it gives AdS_3 × E^4 × S^3 as in D1 ⊥ D5 system. We can generate Schrödinger/Lifshitz dual space-times starting from this AdS_3 geometry. As in D1 ⊥ D5 case here also we get zero dimensional Schrödinger metric with dynamical critical exponent z = 0 and with no hyperscaling violation. The corresponding Lifshitz is also zero dimensional with z = 2 and θ = 0, which can also be recast into AdS_2 form.

D3 ⊥ D3 solution of type IIB string theory [35] is also known to give AdS_3 in the near horizon limit. The Schrödinger/Lifshitz dual space-times obtained from this solution also have very similar forms as those of D2 ⊥ D4 or D1 ⊥ D5 solutions. So, we do not give any further details for this solution.

4.6 F ⊥ NS5 solution: an exception

F ⊥ NS5 solution can be obtained from D1 ⊥ D5 solution by applying S-duality. Like D1 ⊥ D5, this solution also leads to AdS metric in the near horizon limit. F ⊥ NS5 solution of either type IIA or IIB string theory has the form,

ds^2 = H_3 [ H^{−1}_2 H^{−1}_3 (−dt^2 + (dx^1)^2) + H^{−1}_3 5∑ i=2 (dx^i)^2 + dr^2 + r^2dΩ^2_3 ]

e^{2ϕ} =

H_3 H_2 B_{[2]} = H^{−1}_2 dt ∧ dx^1, B_{[6]} = Q_3 Vol(Ω_3) (57)

where H_{2,3} = 1 + Q_{2,3}/r^2 and Q_{2,3} are the charges associated with the F-string and the NS5-brane respectively. In the near horizon limit H_{2,3} ≈ Q_{2,3}/r^2 and then defining a new coordinate by u = 1/r we can write the metric in (57) as,

ds^2 = Q_3 [ −dt^2 + (dx^1)^2 + Q_2Q_3du^2 Q_2Q_3u^2 + 1 Q_3 5∑ i=2 (dx^i)^2 + dΩ^2_3 ] (58)

It is clear that the metric (58) has AdS_3 × E^4 × S^3 structure. As we argued in section 2, we might expect to get Schrödinger/Lifshitz dual space-times starting from this AdS geometry.

However, we will argue that this is not the case and F ⊥ NS5 is an exception. Schrödinger space-time can be obtained by generating a wave along the common brane direction x^1, then rewriting the resulting solution in the light-cone coordinates and finally taking the double Wick rotation. As in D1 ⊥ D5 case, here also we get a zero dimensional Schrödinger metric with z = 0 and θ = 0. We can then try to get Lifshitz space-time by rewriting the metric as given in (8) and then taking T-duality along the wave direction x^1. However, since the solution ‘F ⊥ NS5 + wave’ is invariant under T-duality, we can not generate Lifshitz metric in this case and the resultant metric will still exhibit Schrödinger symmetry. So, this is the only case where our algorithm of generating Schrödinger/Lifshitz dual space-times starting from AdS geometry does not work.

5 Conclusion

To conclude, in this paper we have shown how starting from AdS geometry (obtained from various string/M theory solutions in the near horizon limit either directly or upto a conformal transformation), one can generate Schrödinger/Lifshitz dual space times (without or with hyperscaling violation) by some solution generating techniques known for string/M theory. Schrödinger/Lifshitz space-times obtained in this way are dual in the sense that their dynamical critical exponents add upto 2. We have studied various examples including simple branes and double and triple intersecting branes. Among simple brane solutions we have studied M2-, M5- and D3-branes, which are known to give AdS_4, AdS_7 and AdS_5 geometries respectively, directly in the near horizon limit. We have also studied D(p + 1)-branes (p ≠ 3, 4) which are known to give AdS_{p+3} geometry upto a conformal transformation. Then we have studied double and triple intersecting M-brane solutions M2 ⊥ M5 and M5 ⊥ M5 ⊥ M5 which are known to give AdS_3 geometry and some double intersecting string solutions D1 ⊥ D5 (of type IIB), D2 ⊥ D4 (of type IIA) and F ⊥ NS5 (of type IIA or IIB) which are also known to give AdS_3 geometries. In all these cases we have obtained Schrödinger/Lifshitz dual space-times except F ⊥ NS5 case. For obtaining Schrödinger space-times we had to deform the AdS geometry by introducing pp-waves along one of the brane directions (for single brane) and one of the common brane directions (for the intersecting branes) and then wrote the solution in the light-cone coordinate. By further taking a double Wick rotation we obtained metric having Schrödinger symmetry without or with hyperscaling violation. On the other hand to obtain Lifshitz space-times we took the deformed solution in Poincare coordinates and either dimensionally reduced it along the wave direction (for M-theory solutions) or took T-duality (for string theory solutions) along the same direction. These reduced or T-dual solutions then exhibited Lifshitz scaling symmetry without or with hyperscaling violation. More Lifshitz (but not Schrödinger) space-times were obtained by taking further T-duality along other directions as shown for specific case in subsection 4.2. Thus starting from the same string or M-theory solutions, which are known to give AdS geometry in the near horizon decoupling limit, we obtained both Schrödinger and Lifshitz space-times by using solution generating techniques. Since these solution generating techniques do not break supersymmetry and the string/M-theory solutions are BPS, we expect the Schrödinger and the Lifshitz space-times we obtained this way also preserve some fraction of space-time supersymmetries. Intersecting branes give low dimensional or AdS_3 space and consequently the Schrödinger/Lifshitz dual space-times obtained in these cases are zero dimensional. Zero dimensional Lifshitz can also be cast into AdS_2 form by some coordinate transformation. However, we found that we can not obtain Schrödinger/Lifshitz dual space-times for F ⊥ NS5 intersecting solution even if it gives AdS_3 geometry (in the near horizon limit). We can get Schrödinger metric, but no Lifshitz metric can be obtained by T-duality as this solution with pp-wave (along the common brane direction) is T-duality invariant. Our results can be interpreted from the dual field theory point of view as obtaining certain strongly correlated condensed matter system (having Schrödinger or Lifshitz scaling symmetry) by some sort of a deformation of a relativistic system. The precise form of the deformation in field theory is not clear to us.

Acknowledgements

One of the authors (PD) would like to acknowledge thankfully the financial support of the Council of Scientific and Industrial Research, India (SPM-07/489 (0089)/2010-EMR-I). We would like to thank Harvendra Singh for useful discussions.

References

[1] C. R. Hagen, “Scale and conformal transformations in galilean-covariant field theory,” Phys. Rev. D 5, 377 (1972).

[2] U. Niederer, “The maximal kinematical invariance group of the free Schrodinger equation.,” Helv. Phys. Acta 45, 802 (1972).

[3] T. Mehen, I. W. Stewart and M. B. Wise, “Conformal invariance for nonrelativistic field theory,” Phys. Lett. B 474, 145 (2000) [hep-th/9910025].

[4] Y. Nishida and D. T. Son, “Nonrelativistic conformal field theories,” Phys. Rev. D 76, 086004 (2007) [arXiv:0706.3746 [hep-th]].

[5] E. M. Lifshitz, “On the theory of second-order phase transitions I & II,” Zh. Eksp. Teor.

Fiz. 11, 255 & 269 (1941).

[6] R. M. Hornreich, M. Luban and S. Shtrikman, “Critical Behavior at the Onset of ⃗k- Space Instability on the lamda Line,” Phys. Rev. Lett. 35, 1678 (1975).

[7] S. Sachdev, “Quantum Phase Transitions,” Cambridge University Press, 1999. [8] S. Sachdev, “The quantum phases of matter,” arXiv:1203.4565 [hep-th]. [9] D. M. Eagles, “Possible Pairing without Superconductivity at Low Carrier Concentrations in Bulk and Thin-Film Superconducting Semiconductors,” Phys. Rev. 186, 456 (1969).

[10] A. J. Leggett, in “Modern trends in the theory of condensed matter,” (Springer, Berlin, 1980).

[11] P. Nozieres and S. Schmitt-Rink, “Bose condensation in an attractive fermion gas: From weak to strong coupling superconduct ivity,” J. Low. Temp. Phys. 59, 195 (1985).

[12] D. S. Rokhsar and S. A. Kivelson, “Superconductivity and the Quantum Hard-Core Dimer Gas,” Phys. Rev. Lett. 61, 2376 (1988).

[13] E. Fradkin, D. A. Huse, R. Moessner, V. Oganesyan and S. L. Sondhi, “On bipartite Rokhsar-Kivelson points and Cantor deconfinement,” Phys. Rev. B 69, 224415 (2004).

[14] A. Vishwanath, L. Balents and T. Senthil, “Quantum Criticality and Deconfinement in Phase Transitions Between Valence Bond Solids,” Phys. Rev. B 69, 224416 (2004).

[15] E. Ardonne, P. Fendley and E. Fradkin, “Topological Order and Conformal Quantum Critical Points,” Ann. Phys. 310, 493 (2004).

[16] K. Balasubramanian and J. McGreevy, “Gravity duals for non-relativistic CFTs,” Phys.

Rev. Lett. 101, 061601 (2008) [arXiv:0804.4053 [hep-th]].

[17] D. T. Son, “Toward an AdS/cold atoms correspondence: A Geometric realization of the Schrodinger symmetry,” Phys. Rev. D 78, 046003 (2008) [arXiv:0804.3972 [hep-th]].

[18] S. Kachru, X. Liu and M. Mulligan, “Gravity Duals of Lifshitz-like Fixed Points,” Phys.

Rev. D 78, 106005 (2008) [arXiv:0808.1725 [hep-th]].

[19] S. A. Hartnoll, “Lectures on holographic methods for condensed matter physics,” Class.

Quant. Grav. 26, 224002 (2009) [arXiv:0903.3246 [hep-th]].

[20] C. P. Herzog, “Lectures on Holographic Superfluidity and Superconductivity,” J. Phys.

A 42, 343001 (2009) [arXiv:0904.1975 [hep-th]].

[21] J. McGreevy, “Holographic duality with a view toward many-body physics,” Adv. High Energy Phys. 2010, 723105 (2010) [arXiv:0909.0518 [hep-th]].

[22] S. Sachdev, “What can gauge-gravity duality teach us about condensed matter physics?,” Ann. Rev. Condensed Matter Phys. 3, 9 (2012) [arXiv:1108.1197 [condmat.str-el]].

[23] J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [hep-th/9711200].

[24] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B 428, 105 (1998) [hep-th/9802109].

[25] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150].

[26] A. Bergman, K. Dasgupta, O. J. Ganor, J. L. Karczmarek and G. Rajesh, “Nonlocal field theories and their gravity duals,” Phys. Rev. D 65, 066005 (2002) [hep-th/0103090].

[27] M. Alishahiha and O. J. Ganor, “Twisted backgrounds, PP waves and nonlocal field theories,” JHEP 0303, 006 (2003) [hep-th/0301080].

[28] E. G. Gimon, A. Hashimoto, V. E. Hubeny, O. Lunin and M. Rangamani, “Black strings in asymptotically plane wave geometries,” JHEP 0308, 035 (2003) [hep-th/0306131].

[29] V. E. Hubeny, M. Rangamani and S. F. Ross, “Causal structures and holography,” JHEP 0507, 037 (2005) [hep-th/0504034].

[30] J. Maldacena, D. Martelli and Y. Tachikawa, “Comments on string theory backgrounds with non-relativistic conformal symmetry,” JHEP 0810, 072 (2008) [arXiv:0807.1100 [hep-th]].

[31] A. Donos and J. P. Gauntlett, “Supersymmetric solutions for non-relativistic holography,” JHEP 0903, 138 (2009) [arXiv:0901.0818 [hep-th]].

[32] S. S. Pal, “Non-relativistic supersymmetric Dp branes,” Class. Quant. Grav. 26, 245014 (2009) [arXiv:0904.3620 [hep-th]].

[33] S. A. Hartnoll, J. Polchinski, E. Silverstein and D. Tong, “Towards strange metallic holography,” JHEP 1004, 120 (2010) [arXiv:0912.1061 [hep-th]]; A. Donos and J. P. Gauntlett, “Lifshitz Solutions of D=10 and D=11 supergravity,” JHEP 1012, 002 (2010) [arXiv:1008.2062 [hep-th]]; R. Gregory, S. L. Parameswaran, G. Tasinato and I. Zavala, “Lifshitz solutions in supergravity and string theory,” JHEP 1012, 047

(2010) [arXiv:1009.3445 [hep-th]]; A. Donos, J. P. Gauntlett, N. Kim and O. Varela, “Wrapped M5-branes, consistent truncations and AdS/CMT,” JHEP 1012, 003 (2010) [arXiv:1009.3805 [hep-th]]; D. Cassani and A. F. Faedo, “Constructing Lifshitz solutions from AdS,” JHEP 1105, 013 (2011) [arXiv:1102.5344 [hep-th]]; N. Halmagyi, M. Petrini and A. Zaffaroni, “Non-Relativistic Solutions of N=2 Gauged Supergravity,” JHEP 1108, 041 (2011) [arXiv:1102.5740 [hep-th]]; B. Gouteraux and E. Kiritsis, “Generalized Holographic Quantum Criticality at Finite Density,” JHEP 1112, 036 (2011) [arXiv:1107.2116 [hep-th]]; W. Chemissany and J. Hartong, “From D3-Branes to Lifshitz Space-Times,” Class. Quant. Grav. 28, 195011 (2011) [arXiv:1105.0612 [hep-th]]; J. Jeong, Ö. Kelekci and E. O Colgain, “An alternative IIB embedding of F(4) gauged supergravity,” JHEP 1305, 079 (2013) [arXiv:1302.2105 [hep-th]].

[34] P. Dey and S. Roy, “Lifshitz-like space-time from intersecting branes in string/M theory,” JHEP 1206, 129 (2012) [arXiv:1203.5381 [hep-th]].

[35] P. Dey and S. Roy, “Intersecting D-branes and Lifshitz-like space-time,” Phys. Rev. D 86, 066009 (2012) [arXiv:1204.4858 [hep-th]].

[36] P. Dey and S. Roy, “Lifshitz metric with hyperscaling violation from NS5-Dp states in string theory,” Phys. Lett. B 720, 419 (2013) [arXiv:1209.1049 [hep-th]].

[37] K. Balasubramanian and K. Narayan, “Lifshitz spacetimes from AdS null and cosmological solutions,” JHEP 1008, 014 (2010) [arXiv:1005.3291 [hep-th]]; K. Narayan, “Lifshitz-like systems and AdS null deformations,” Phys. Rev. D 84, 086001 (2011) [arXiv:1103.1279 [hep-th]]; K. Narayan, “On Lifshitz scaling and hyperscaling violation in string theory,” Phys. Rev. D 85, 106006 (2012) [arXiv:1202.5935 [hep-th]].

[38] H. Singh, “Special limits and non-relativistic solutions,” JHEP 1012, 061 (2010) [arXiv:1009.0651 [hep-th]].

[39] H. Singh, “Lifshitz/Schródinger Dp-branes and dynamical exponents,” JHEP 1207, 082 (2012) [arXiv:1202.6533 [hep-th]].

[40] D. S. Fisher, “Scaling and critical slowing down in random-field Ising systems,” Phys.

Rev. Lett. 56, 416 (1986).

[41] H. J. Boonstra, B. Peeters and K. Skenderis, “Branes and anti-de Sitter space-times,” Fortsch. Phys. 47, 109 (1999) [hep-th/9801076].

[42] H. J. Boonstra, B. Peeters and K. Skenderis, “Brane intersections, anti-de Sitter space-times and dual superconformal theories,” Nucl. Phys. B 533, 127 (1998) [hep-th/9803231].

[43] I. R. Klebanov and A. A. Tseytlin, “Intersecting M-branes as four-dimensional black holes,” Nucl. Phys. B 475, 179 (1996) [hep-th/9604166].

[44] J. G. Russo and A. A. Tseytlin, “Waves, boosted branes and BPS states in m theory,” Nucl. Phys. B 490, 121 (1997) [hep-th/9611047].

[45] J. Gath, J. Hartong, R. Monteiro and N. A. Obers, “Holographic Models for Theories with Hyperscaling Violation,” arXiv:1212.3263 [hep-th].

[46] B. S. Kim, “Schródinger Holography with and without Hyperscaling Violation,” JHEP 1206, 116 (2012) [arXiv:1202.6062 [hep-th]].

[47] L. Mazzucato, Y. Oz and S. Theisen, “Non-relativistic Branes,” JHEP 0904, 073 (2009) [arXiv:0810.3673 [hep-th]].

[48] N. Ogawa, T. Takayanagi and T. Ugajin, “Holographic Fermi Surfaces and Entanglement Entropy,” JHEP 1201, 125 (2012) [arXiv:1111.1023 [hep-th]].

[49] L. Huijse, S. Sachdev and B. Swingle, “Hidden Fermi surfaces in compressible states of gauge-gravity duality,” Phys. Rev. B 85, 035121 (2012) [arXiv:1112.0573 [cond-mat.strel]].

[50] P. Dey and S. Roy, “Holographic entanglement entropy of the near horizon 1/4 BPS F-Dp bound states,” Phys. Rev. D 87, 066001 (2013) [arXiv:1208.1820 [hep-th]].