arXiv:1306.1801v1 [gr-qc] 7 Jun 2013

THE LICHNEROWICZ EQUATION ON COMPACT MANIFOLDS WITH BOUNDARY

MICHAEL HOLST AND GANTUMUR TSOGTGEREL

Abstract. In this article we initiate a systematic study of the well-posedness theory of the Einstein constraint equations on compact manifolds with boundary. This is an important problem in general relativity, and it is particularly important in numerical relativity, as it arises in models of Cauchy surfaces containing asymptotically flat ends and/or trapped surfaces. Moreover, a number of technical obstacles that appear when developing the solution theory for open, asymptotically Euclidean manifolds have analogues on compact manifolds with boundary. As a first step, here we restrict ourselves to the Lichnerowicz equation, also called the Hamiltonian constraint equation, which is the main source of nonlinearity in the constraint system. The focus is on low regularity data and on the interaction between different types of boundary conditions, which have has not been carefully analyzed before. In order to develop a well-posedness theory that mirrors the existing theory for the case of closed manifolds, we first generalize the Yamabe classification to nonsmooth metrics on compact manifolds with boundary. We then extend a result on conformal invariance to manifolds with boundary, and prove a uniqueness theorem. Finally, by using the method of suband super-solutions (order-preserving map iteration), we then establish several existence results for a large class of problems covering a broad parameter regime, which includes most of the cases relevant in practice.

Contents

1. Introduction 2 1.1. The Einstein constraint equations 2 1.2. Conformal traceless decomposition 3 1.3. Boundary conditions 4 1.4. Discussion of the main results 6 1.5. Outline of the paper 8 2. Yamabe classification of nonsmooth metrics 8 3. Formulation of the problem 12 4. Conformal invariance and uniqueness 13 5. Method of sub and supersolutions 15 6. Existence results for the defocusing case 17 7. Partial results on the non-defocusing case 20 8. Stability with respect to the coefficients 22 9. Concluding remarks 23 Acknowledgements 24 Appendix A. Sobolev spaces 24 Appendix B. The Laplace-Beltrami operator 26 References 31

Date: June 10, 2013.

Key words and phrases. Lichnerowicz equation, Hamiltonian constraint, Einstein constraint equations, general relativity, Yamabe classification, order-preserving maps, fixed-point theorems.

The first author was supported in part by NSF Awards 0715146, 0915220, and 0821816. The second author was supported in part by NSF Award 0715146, and by NSERC Discovery Grant and FQRNT Nouveaux Chercheurs Grant. 1

1. Introduction

Our goal here is to develop a well-posedness theory for the Lichnerowicz equation on compact manifolds with boundary. We are interested in establishing results for rough data and a broad set of boundary conditions, and will therefore develop a fairly general analysis framework for treating different types of boundary conditions. Similar rough solution results for the case of closed manifolds, and for the case of asymptotically Euclidean manifolds with apparent horizon boundary conditions representing excision of interior black holes, appear in [1, 6, 9, 10, 11]. Our work here appears to be the first systematic study to treat boundary conditions of such generality. In a certain sense, it solves an open problem from Maxwell’s dissertation [8], which is the coupling between the black-hole boundary conditions and outer boundary conditions that substitute asymptotically Euclidean ends. Furthermore, we allow for the lowest regularity of data that is possible by the currently established techniques in the closed manifold case. Finally, this paper lays necessary foundations to the study of the Einstein constraint system on compact manifolds with boundary. We acknowledge from the outset that although the situation in this paper is technically more complicated in certain sense (and simpler in another sense), and a number of original ideas went into this paper, many of the techniques we use, and our a priori expectations of what type of results we would be able to produce, are largely inspired by Maxwell’s work [9, 10, 11].

In the following, we give a quick overview of the Einstein constraint equations in general relativity and the conformal decomposition introduced by Lichnerowicz, leading to the Lichnerowicz equation. After giving an overview of the various boundary conditions previously considered in the literature, we discuss the main results of this paper.

1.1. The Einstein constraint equations. Let (M, g) be an (n + 1)-dimensional spacetime, by which we mean that M is a smooth (n + 1)-manifold and g is a smooth Lorentzian metric on M with signature (−, +, . . . , +). Then the Einstein field equation in vacuum reads as

Ric_g = 0,

where Ric_g is the Ricci curvature of g.

We assume that there is a spacelike hypersurface M ⊂ M, possessing a normal vector field N ∈ Γ(T M^⊥) with |N|^2_g ≡ −1. The introduction of the field N defines a time orientation in a neighbourhood of M. Then the Einstein constraint equations on M are given by

Ric_g(N, ·) = 0.

Hence in this setting, the constraint equations are a necessary condition for the full Einstein equation to hold. Let ĝ and K̂ be the first and second fundamental forms of M, respectively defined by, with ∇ being the Levi-Civita connection of g, ĝ(X, Y ) = g(X, Y ), and K̂(X, Y ) = −g(∇_X N, Y ), for any vector fields X, Y ∈ X(M) tangent to M. In terms of ĝ and K̂, making use of the relations between them and the Riemann curvature of M that go under a myriad of designations usually involving the names of Gauss, Codazzi, and Mainardi, the constraint equations become

scal_ĝ + (tr_ĝK̂)^2 − |K̂|^2_ĝ = 0, (1)

div_ĝK̂ − d(tr_ĝK̂) = 0, (2)

where scal_ĝ is the scalar curvature of ĝ. It is well known through the work of Choquet-Bruhat and Geroch that in a certain technical sense, any triple (M, ĝ, K̂) satisfying (1)–(2) gives rise to a unique spacetime (M, g) satisfying the Einstein equation, that has (M, ĝ) as an isometrically embedded submanifold with second fundamental form equal to K̂. Thus in this sense, the constraint equations are also a sufficient condition for the Einstein equation to have a solution that is the time evolution of the given initial data (M, ĝ, K̂).

1.2. Conformal traceless decomposition. We start with the observation that the symmetric bilinear forms ĝ and K̂ together constitute n(n + 1) degrees of freedom at each point of M, while the number of equations in (1)–(2) is n + 1. Therefore crudely speaking, one has freedom to choose n^2 −1 components of (ĝ, K̂), and the remaining n + 1 components are determined by the constraint equations. The most successful approach so far to cleanly separate the degrees of freedom in the constraint equations seems to be the conformal approach initiated by Lichnerowicz.

Let ϕ denote a positive scalar field on M, and decompose the extrinsic curvature tensor as K̂ = Ŝ + τĝ, where τ =^1_n tr_ĝK̂ is the (averaged) trace and so Ŝ is the traceless part of K̂. With q̄ =^n_{n−2} , then introduce the metric g, and the symmetric traceless bilinear form S through the following conformal scaling

ĝ = ϕ^{2q̄−2}g, Ŝ = ϕ^{−2}S. (3)

The different powers of the conformal scaling above are carefully chosen so that the constraints (1)–(2) transform into the following equations

−^{4(n−1)}_{n−2} Δϕ + Rϕ + n(n − 1)τ^2ϕ^{2q̄−1} − |S|^2_gϕ^{−2q̄−1} = 0, (4) div_gS − (n − 1)ϕ^{2q̄}dτ = 0, (5)

where Δ ≡ Δ_g is the Laplace-Beltrami operator with respect to the metric g, and R ≡ scal_g is the scalar curvature of g. The equation (4) is called the Lichnerowicz equation or the Hamiltonian constraint equation, and (5) is called the momentum constraint equation.

We interpret the equations (4)–(5) as partial differential equations for the scalar field ϕ and (a part of) the traceless symmetric bilinear form S, while the metric g is considered as given. To rephrase the above decomposition in this spirit, given ϕ and S fulfilling the equations (4)–(5), the symmetric bilinear forms ĝ and K̂ given by ĝ = ϕ^{2q̄−2}g, K̂ = ϕ^{−2}S + ϕ^{2q̄−2}τg, will satisfy the constraint system (1)–(2). We call ĝ the physical metric since this is the metric that enters in the constraint system (1)–(2), and call g the conformal metric since this is used only to specify the conformal class of ĝ, the idea being that all other information is lost in the scaling (3).

One can further decompose S into “unknown” and given parts, in order to explicitly analyze the full system (4)–(5); however, in this paper we will consider only the Lichnerowicz equation (4). In particular, we will assume that the traceless symmetric bilinear form S is given. This situation can arise, for example, when the mean extrinsic curvature τ is constant, decoupling the system (4)–(5). In this case one can find S satisfying the momentum constraint (5) and then solve (4) for ϕ. In general, the need to solve the Lichnerowicz equation occurs as part of an iteration that (or whose subsequence) converges to a solution of the coupled system (4)–(5).

1.3. Boundary conditions. In this article, we will consider the Lichnerowicz equation (4) on a compact manifold with boundary. Boundaries emerge in numerical relativity when one eliminates asymptotic ends or singularities from the manifold, and so we need to impose appropriate boundary conditions for ϕ. We discuss here a fairly exhaustive list of boundary conditions previously considered in literature, and as a common denominator to all of those we propose a general set of boundary conditions to be studied in this paper.

On asymptotically flat manifolds, one has

ϕ = 1 + Ar^{2−n} + ε, with ε = O(r^{1−n}), and ∂_rε = O(r^{−n}), (6)

where A is (a constant multiple of) the total energy, and r is the usual flat-space radial coordinate [18]. So one could cut out the asymptotically Euclidean end along the sphere with a large radius r and impose the Dirichlet condition ϕ ≡ 1 at the spherical boundary. However, this can be improved as follows. By differentiating (6) with respect to r and eliminating A from the resulting two equations, we get ∂_rϕ + n − 2 r (ϕ − 1) = O(r^{−n}). (7)

Now equating the right hand side to zero, we get an inhomogeneous Robin condition, which is, e.g., known to give accurate values for the total energy [18].

A main approach to producing black hole initial data is to excise a region of space around each singularity and solve the constraint equation in the remaining region. Boundaries that enclose those excised regions are called inner boundaries, and again we need to supply appropriate boundary conditions for them. In [18], the authors introduced the boundary condition ∂_rϕ + n − 2 2a ϕ = 0, for r = a. (8)

This means that r = a is a minimal surface, and under appropriate conditions on the data (such as S), the minimal surface is a trapped surface (see the next paragraph for precise conditions). The existence of a trapped surface is important since by the singularity theorems it implies the existence of an event horizon outside of the trapped surface, provided that a suitable form of cosmic censorship holds. Strictly speaking, these types of singularity theorems do not apply to the current case of compact manifolds, and rather they typically apply to the asymptotically Euclidean case. However, our initial data on compact manifolds (with boundary) are meant to approximate asymptotically Euclidean data, hence it is reasonable to require that any initial-boundary value problem framework of Einstein’s evolution equation that uses such initial data should respect the behaviour dictated by the singularity theorems and the cosmic censorships.

Various types of trapped surface conditions more general than the minimal surface condition (8) have also been considered in the literature. In order to discuss and appropriately generalize those conditions, let us make clear what we mean by a trapped surface. Suppose that all necessary regions (including singularities and asymptotic ends) are excised from the initial slice, so that M is now a compact manifold with boundary. Assume that the boundary Σ := ∂M has finitely many components Σ_1, Σ_2, . . ., and let ν̂ ∈ Γ(T Σ^⊥) be the outward pointing unit normal (with respect to the physical metric ĝ) at the boundary. Then the expansion scalars corresponding to respectively the outgoing and ingoing (with respect to the excised region) future directed null geodesics orthogonal to Σ are given by^1 θ̂_± = ∓(n − 1)Ĥ + tr_ĝK̂ − K̂(ν̂, ν̂), (9)

where (n − 1)Ĥ = div_ĝν̂ is the mean extrinsic curvature of Σ. The surface Σ_i is called a trapped surface if θ̂_± < 0 on Σ_i, and a marginally trapped surface if θ̂_± ⩽ 0 on Σ_i. We will freely refer to either of these simply as a trapped surface, since either the meaning will be clear from the context or there will be no need to distinguish between the two. In terms of the conformal quantities we infer θ̂_± = ∓(n − 1)ϕ−q̄(^2_{n−2} ∂_ν ϕ + Hϕ) + (n − 1)τ − ϕ−2q̄S(ν, ν), (10) where ν = ϕ^{q̄−1}ν̂ is the unit normal with respect to g, and ∂_ν ϕ is the derivative of ϕ along ν. The mean curvature H with respect to g is related to Ĥ by Ĥ = ϕ−q̄(^2_{n−2} ∂_ν ϕ + Hϕ). (11)

In [10, 2], the authors studied boundary conditions leading to trapped surfaces in the asymptotically flat and constant mean curvature (τ = const) setting. Note that in this setting, because of the decay condition on K̂ one automatically has τ ≡ 0. In [10], the boundary conditions are obtained by setting θ̂_+ ≡ 0. More generally, if one specifies the scaled expansion scalar θ_+ := ϕ^{q̄−e}θ̂_+ for some e ∈ R, and pose no restriction on τ, then the (inner) boundary condition for the Lichnerowicz equation (4) can be given by 2(n−1) n−2 ∂_ν ϕ + (n − 1)Hϕ − (n − 1)τϕ^{q̄} + S(ν, ν)ϕ^{−q̄} + θ_+ϕ^e = 0. (12)

In [2], the boundary conditions are obtained by specifying θ̂_−. Similarly to the above, if we generalize this approach so that θ_− := ϕ^{q̄−e}θ̂_− is specified, then we get the (inner) boundary condition 2(n−1) n−2 ∂_ν ϕ + (n − 1)Hϕ + (n − 1)τϕ^{q̄} − S(ν, ν)ϕ^{−q̄} − θ_−ϕ^e = 0. (13)

Note that in the above-mentioned approaches, one of θ_± remains unspecified, so in order to guarantee that both θ_± ⩽ 0, one has to impose some conditions on the data, e.g., on τ or on S. Another possibility would be to rigidly specify both θ_±; we then can eliminate S from (10) and we get the boundary condition 4(n−1) n−2 ∂_ν ϕ + 2(n − 1)Hϕ + (θ_+ − θ_−)ϕ^e = 0. (14)

At the same time, eliminating the term involving ∂_ν ϕ from (10) we get a boundary condition on S that reads as

2S(ν, ν) = 2(n − 1)τϕ^{2q̄} − (θ_+ + θ_−)ϕ^{e+q̄}. (15)

We see in this case that the Lichnerowicz equation couples to the momentum constraint (5) through the boundary conditions. So even in the constant mean curvature setting (where τ ≡ const), the constraint equations (4)–(5) generally do not decouple. The only reasonable way to decouple the constraints is to consider τ ≡ 0 and e = −q̄. We discuss this possibility in the next subsection, and the general coupling through the boundary condition (15) remains as an open problem.

1We follow the convention of [17] and [2] on the sign of K̂, which is the opposite of [13] and [10]. Note however that our Ĥ is the same as ĥ in [10], which is equal to H̃ in [2] divided by n − 1.

1.4. Discussion of the main results. At this point we expect that the reader is reasonably familiar with the setting and the notation of the paper. Before delving into the technical arguments, we now take a step back and discuss somewhat informally what we think are the most interesting aspects of our results. The precise and general statements are found in the main body of the article to follow.

Our well-posedness theory allows metrics that are barely continuous in the sense that g ∈ W^{s,p} with p ∈ (1, ∞) and s ∈ (^n_p , ∞) ∩ [1, ∞), where W^{s,p} is the usual Sobolev space. This is the smoothness class considered in [6] and [11] for the case of closed manifolds. As an auxiliary result we also prove the Yamabe classification of such rough metrics on compact manifolds with boundary, in §2. It is worthwhile to discuss at some length the consequences of our approach to the construction of initial data with interesting properties, such as data approximating asymptotically Euclidean ends, and data containing various trapped surfaces. In the rest of this subsection we go into these issues. In particular, towards the end of this subsection we answer a question posed by Maxwell in his dissertation [8].

We start with the observation that apart from the Dirichlet condition (6), all the boundary conditions considered in the previous subsection are of the form

∂_ν ϕ + b_H ϕ + b_θϕ^e + b_τ ϕ^{q̄} + b_wϕ^{−q̄} = 0. (16)

For instance, in (12) and (13), one has b_H =^{n−2}_2 H, b_θ = ±^{n−2}_{2(n−1)} θ_±, b_τ = ∓^{n−2}_2 τ, and b_w = ±^{n−2}_{2(n−1)} S(ν, ν). The minimal surface condition (8) corresponds to the choice b_θ = b_τ = b_w = 0, and b_H =^{n−2}_2 H. The outer Robin condition (7) is b_H = (n − 2)H, b_θ = −(n − 2)H with e = 0, and b_τ = b_w = 0.

We suppose that on each boundary component Σ_i, either the Dirichlet condition ϕ ≡ 1 or the Robin condition (16) is enforced. In particular, we allow the situation where no Dirichlet condition is imposed anywhere. Also, in order to facilitate the linear Robin condition (7) and a nonlinear condition such as (12) at the same time, we must in general allow the exponent e in (16) to be only locally constant.

The main tool used in this paper is the method of sub- and super-solutions, combined with maximum principles and a couple of results from conformal geometry. Consequently, the techniques are most sensitive to the signs of the coefficients in (16), and the preferred signs are (e − 1)b_θ ⩾ 0, b_τ ⩾ 0, and b_w ⩽ 0. We call this regime the defocusing case, and in this case we have a very satisfactory wellposedness theory, given by Theorem 4.3, Theorem 6.1, and Theorem 6.2. Let us look at how this theory applies to each of the boundary conditions presented in the previous subsection. First of all, not surprisingly, the Dirichlet boundary condition

ϕ ≡ 1, (17)

is completely harmless. In fact, imposing this condition on a boundary component alone can ensure uniqueness, and except the negative Yamabe case, existence as well. The outer Robin condition suggested by (7) can be written as

∂_ν ϕ + b_H ϕ + b_θ = 0, (18)

with b_H = (n − 2)H, and b_θ = −(n − 2)H. This is justified by the fact that H = r^{−1} + o(r^{−1}) on asymptotically Euclidean manifolds. Since e = 0, we have (e − 1)b_θ ⩾ 0 for sufficiently large r. Hence we are in the defocusing regime. For existence in the nonnegative Yamabe cases, which are the most relevant cases in practice, we need the technical condition b_H ⩾^{n−2}_2 H in Theorem 6.1, but this is easily satisfied since H > 0 for large r. For the negative Yamabe case, we cannot say anything about existence since Theorem 6.2, which is our only existence result in this case, requires b_H ⩽^{n−2}_2 H.

Let us now discuss the black-hole boundary conditions for asymptotically Euclidean data on maximal slices as in [2, 10]. Recall that one has τ ≡ 0 in this setting. In [2], Dain studies the boundary condition (13) with e = q̄, which we restate here for convenience: 2(n−1) n−2 ∂_ν ϕ + (n − 1)Hϕ − θ̂_−ϕ^{q̄} − S(ν, ν)ϕ^{−q̄} = 0. (19) Since θ̂_− ⩽ 0, we are in the defocusing case upon requiring that S(ν, ν) ⩾ 0. On account of (9), (11), and (19) we have θ̂_− − θ̂_+ = 2(n − 1)Ĥ = 2S(ν, ν)ϕ^{−2q̄} + 2θ̂_−. (20)

By imposing the condition |θ̂_−| ⩽ S(ν, ν)ϕ^{−2q̄}_+ , where ϕ_+ is an a priori upper bound on ϕ, Dain guarantees Ĥ ⩾ 0, and hence θ̂_+ ⩽ θ̂_− ⩽ 0.

Our generalization (13) of Dain’s condition favours the choices τ ⩾ 0 and e ⩾ 1, in addition to S(ν, ν) ⩾ 0. From (15) we have θ̂_+ = −2S(ν, ν)ϕ^{−2q̄} + 2(n − 1)τ − θ_−ϕ^{e−q̄}. (21)

In order to ensure that θ̂_+ ⩽ 0, a simple approach would be to set e = q̄ as in Dain’s condition, and to require 2(n − 1)τ + |θ_−| ⩽ 2S(ν, ν)ϕ^{−2q̄}_+ , (22) where ϕ_+ is an a priori upper bound on ϕ.

The boundary condition proposed in [10] by Maxwell is the condition (12) with θ_+ ≡ 0 (and e = q̄), which reads 2(n−1) n−2 ∂_ν ϕ + (n − 1)Hϕ + S(ν, ν)ϕ^{−q̄} = 0. (23) The sign S(ν, ν) ⩽ 0 would have been preferred, but we are forced to abandon it because from (15) we get

2S(ν, ν) = −(θ̂_+ + θ̂_−)ϕ^{2q̄} = −θ̂_−ϕ^{2q̄} ⩾ 0, (24)

since we want to have θ̂_− ⩽ 0. On the other hand, (20) implies that

2(n − 1)Ĥ = θ̂_− ⩽ 0. (25) Although the boundary value problem is no more in the defocusing case, Maxwell proves the existence of solution under the condition (n − 1)H + S(ν, ν) ⩽ 0.

In our generalization (12) of Maxwell’s condition, the preferred signs are τ ⩽ 0, S(ν, ν) ⩽ 0, and e ⩽ 1. As in the preceding paragraph, there is a strong tendency against the condition S(ν, ν) ⩽ 0, but we can get away with it if we strengthen the condition τ ⩽ 0, as follows. From (15) we have θ̂_− = 2(n − 1)τ − 2S(ν, ν)ϕ^{−2q̄} − θ_+ϕ^{e−q̄}. (26)

So the only force going for θ̂_− ⩽ 0 is τ ⩽ 0. In particular, upon setting e = −q̄, if ϕ_− is an a priori lower bound on ϕ, then θ̂_− ⩽ 0 is guaranteed under 2|S(ν, ν)| + |θ_+| ⩽ 2(n − 1)|τ|ϕ^{2q̄}_− . (27) Similarly, for S(ν, ν) ⩾ 0 one can impose |θ_+| ⩽ 2S(ν, ν) + 2(n − 1)|τ|ϕ^{2q̄}_− , (28) in order to have θ̂_− ⩽ 0. Note that the case S(ν, ν) ⩾ 0 is not in the defocusing regime, but we have an existence result in §7 assuming S(ν, ν) is sufficiently small.

None of the results in [2, 10] give initial data satisfying θ̂_− ⩽ θ̂_+ < 0. Whether or not such data exist is one of the open problems that Maxwell posed in his dissertation [8]. We show now that such data exist. Recall that we have τ ≡ 0. The first approach is to put θ_+ = θ_− =: θ and e = −q̄ in (14) and (15), to get 2 n−2 ∂_ν ϕ + Hϕ = 0, S(ν, ν) = −θ. (29)

The first equation is simply the minimal surface condition. Actually, on minimal surfaces in maximal slices, the outgoing and ingoing expansion scalars are equal to each other, and given by θ̂_± = −K̂(ν̂, ν̂) = −ϕ^{−2q̄}S(ν, ν) there, cf. (9) and (10). In particular, one can specify the sign of expansion scalars θ̂_+ ≡ θ̂_− arbitrarily, by solving the momentum constraint equation (5) with the boundary condition S(ν, ν) = −θ. The latter is possible, as shown in [10] for the asymptotically Euclidean case. For the compact case, Maxwell’s techniques work mutatis mutandis.

A more general approach is to put e = −q̄ in (14) and (15), to get 4(n−1) n−2 ∂_ν ϕ + 2(n − 1)Hϕ + (θ_+ − θ_−)ϕ^{−q̄} = 0, 2S(ν, ν) = −(θ_+ + θ_−).

(30)

The second equation poses no problem, and in the first equation, since θ_+ ⩾ θ_−, the coefficient in front of ϕ^{−q̄} has the “wrong” sign. In fact, it is of the form (23) considered by Maxwell. Hence Maxwell’s result in [10] gives existence under the condition 2(n − 1)H + θ_+ − θ_− ⩽ 0 for the asymptotically Euclidean case. For the compact case, we prove existence results in §7 under similar smallness conditions on |θ_+ − θ_−|.

1.5. Outline of the paper. In order to develop a well-posedness theory for the Lichnerowicz equation that mirrors the theory developed for the case of closed manifolds, in Section 2, we extend the technique of Yamabe classification to nonsmooth metrics on compact manifolds with boundary. In particular, we show that two conformally equivalent rough metrics cannot have scalar curvatures with distinct signs. Then in Section 3, we give a precise formulation of the problem that we want to study, and in Section 4, we establish results on conformal invariance and uniqueness. Section 5 is devoted to the method of sub- and super-solutions tailored to the situation at hand. Our existence results are presented in Section 6 and in Section 7, which respectively focus on the defocusing and non-defocusing cases. We end the paper with some results on continuous dependence of the solution on the coefficients (Section 8), and an appendix containing necessary supporting technical results that maybe difficult to find in the literature.

2. Yamabe classification of nonsmooth metrics

Let M be a smooth, connected, compact manifold with boundary and dimension n ⩾ 3. Assume that M is equipped with a smooth Riemannian metric g. With a positive function φ ∈ C^∞(M), let g̃ be related to g by the conformal transformation g̃ = φ^{2q̄−2}g, where q̄ =^n_{n−2} . We say that g̃ and g are conformally equivalent, and write g̃ ∼ g, which defines an equivalence relation on the space of metrics. The conformal equivalence class containing g will be denoted by [g]; that is, g̃ ∈ [g] if and only if g̃ ∼ g. It is well known from, e.g., the work of Escobar [3, 4] that given any smooth Riemannian metric g on a compact connected manifold M with boundary, there is always a metric g̃ ∼ g that has scalar curvature of constant sign and vanishing boundary mean curvature, and moreover the sign of this scalar curvature is determined by [g]. In particular, two conformally equivalent metrics with vanishing boundary mean curvature cannot have scalar curvatures of distinct signs, and this defines three disjoint sets in the space of (conformal classes of) metrics: they are referred to as the Yamabe classes. We remark here that there is a related classification depending on the sign of the boundary mean curvature when one requires g̃ to have vanishing scalar curvature and boundary mean curvature of constant sign.

We will extend the Yamabe classification to metrics in the Sobolev spaces W^{s,p} under rather mild conditions on s and p. Let g ∈ W^{s,p} be a Riemannian metric, and let R ∈ W^{s−2,p}(M) denote its scalar curvature and H ∈ W^{s−1− 1p ,p}(Σ) denote the mean extrinsic curvature of the boundary Σ := ∂M, with respect to the outer normal. We consider the functional E : W^{1,2}(M) → R defined by

E(φ) = (∇φ, ∇φ) +^{n−2}_{4(n−1)} ⟨R, φ^2⟩ +^{n−2}_2 ⟨H, (γφ)^2⟩_Σ,

where γ : W^{1,2}(M) → W^12^{,2}(Σ) is the trace map. By Corollary A.4, the pointwise multiplication is bounded on W^{1,2} ⊗ W^{1,2} → W^{σ,q} for σ ⩽ 1 and σ −^n_q < 2 − n. Putting σ = 2−s and q = p^′, these conditions read as 2−s−^n_{p′} = 2−n−s+^n_p < 2−n or s−^n_p > 0, and s ⩾ 1. So if sp > n and s ⩾ 1, φ^2 ∈ W^{2−s,p′} for φ ∈ W^{1,2}, meaning that the second term is bounded in W^{1,2}. Similarly, the third term is bounded in W^{1,2}.

For 2 ⩽ q ⩽ 2q̄, and 2 ⩽ r ⩽ q̄ + 1 with q > r, and b ∈ R, we define Y_g(q, r, b) = inf_{φ∈B(q,r,b)} E(φ), where B(q, r, b) = {φ ∈ W^{1,2} : ‖φ‖^q + b‖γφ‖^r_{,Σ} = 1}. Under the conditions sp > n and s ⩾ 1, one can show that Y_g(q, r, b) is finite (cf. [4, Proposition 2.3]), and moreover that Y_g := Y_g(2q̄, r, 0) is a conformal invariant, i.e., Y_g = Y_{g̃} for any two metrics g̃ ∼ g, now allowing W^{s,p} functions for the conformal factor. We refer to Y_g as the Yamabe invariant of the metric g, and we will see that the Yamabe classes correspond to the signs of the Yamabe invariant.

Theorem 2.1. Let M be a smooth connected Riemannian manifold with dimension n ⩾ 3 and with a metric g ∈ W^{s,p}, where we assume sp > n and s ⩾ 1. Let q ∈ [2, 2q̄), and r ∈ [2, q̄ + 1) with q > r, and let b ∈ R. Then, there exists a strictly positive function ϕ ∈ B(q, r, b) ∩ W^{s,p}(M), such that −Δϕ +^{n−2}_{4(n−1)} Rϕ = λqϕ^{q−1}, γ∂_ν ϕ +^{n−2}_2 Hγϕ = λrb(γϕ)^{r−1}, (31)

where the sign of λ is the same as that of Y_g(q, r, b) defined above.

Proof. The above equation is the Euler-Lagrange equation for the functional E over positive functions with the Lagrange multiplier λ, so it suffices to show that E attains its infimum Y_g(q, r, b) over B(q, r, b) at a positive function ϕ ∈ W^{s,p}(M). Let {ϕ_i} ⊂ B(q, r, b) be a sequence satisfying E(ϕ_i) → Y_g(q, r, b). If φ ∈ B(q, r, b) satisfies the bound E(φ) ⩽ Λ then one has that ‖φ‖_{1,2} ⩽ C(Λ), cf. [4, Proposition 2.4], and since Y_g(q, r, b) is finite, we conclude that {ϕ_i} is bounded in W^{1,2}(M).

By the reflexivity of W^{1,2}(M), the compactness of W^{1,2}(M) → L^q(M), and the compactness of the trace map γ : W^{1,2}(M) → L^r(Σ), there exist an element ϕ ∈ W^{1,2}(M) and a subsequence {ϕ^′_i} ⊂ {ϕ_i} such that ϕ^′_i ⇀ ϕ in W^{1,2}(M), ϕ^′_i → ϕ in L^q(M), and γϕ^′_i → γϕ in L^r(Σ). The latter two imply ϕ ∈ B(q, r, b). It is not hard to show that E is weakly lower semi-continuous, and it follows that E(ϕ) = Y_g(q, r, b), so ϕ satisfies (31). Since E(|ϕ|) = E(ϕ), after replacing ϕ by |ϕ|, we can assume that ϕ ⩾ 0. Corollary B.4 implies that ϕ ∈ W^{s,p}(M), and since ϕ ≠ 0 as ϕ ∈ B(q, r, b), by Lemma B.7 we have ϕ > 0. Finally, multiplying (31) by ϕ and integrating by parts, we conclude that the sign of the Lagrange multiplier λ is the same as that of Y_g(q, r, b). □

Under the conformal scaling g̃ = φ^{2q̄−2}g, the scalar curvature and the mean extrinsic curvature transform as R̃ = φ1−2q̄(−^{4(n−1)}_{n−2} Δφ + Rφ), H̃ = (γφ)−q̄(^2_{n−2} γ∂_ν φ + Hγφ), so assuming the conditions of the above theorem we infer that any given metric g ∈ W^{s,p} can be transformed to the metric g̃ = ϕ^{2q̄−2}g with the continuous scalar curvature R̃ =^{4λq(n−1)}_{n−2} ϕ^{q−2q̄}, and the continuous boundary mean curvature H̃ = 2λbr n−2 (γϕ)^{r−q̄−1}, where the conformal factor ϕ is as in the theorem. In other words, given any metric g ∈ W^{s,p}, there exist continuous functions ϕ ∈ W^{s,p}(M) with ϕ > 0, R̃ ∈ W^{s,p}(M) and H̃ ∈ W^{s− 1p ,p}(Σ), having constant sign, such that

−^{4(n−1)}_{n−2} Δϕ + Rϕ = R̃ϕ^{2q̄−1}, 2 n−2 γ∂_ν ϕ + Hγϕ = H̃(γϕ)^{q̄}. (32)

We will prove below that the conformal invariant Y_g of the metric g completely determines the sign of R̃, giving rise to the Yamabe classification of metrics in W^{s,p}. Note that the sign of the boundary mean curvature can be controlled by the sign of the parameter b ∈ R, unless of course R̃ ≡ 0, in which case we are forced to have H̃ ≡ 0 in the above argument (this does not rule out the possibility that the sign of H̃ be controlled by some other technique).

In the class of smooth metrics there is a stronger result known as the Yamabe theorem which is proven by Escobar in [3, 4] for compact manifolds with boundary: (almost) any conformal class of smooth metrics contains a metric with constant scalar curvature. The Yamabe theorem is simply the extension of the above theorem to the critical case q = 2q̄ and r = q̄ + 1, and we see that for smooth metrics the sign of the Yamabe invariant determines which Yamabe class the metric is in. A proof of the Yamabe theorem requires more delicate techniques since we lose the compactness of the embeddings W^{1,2}(M) → L^q(M) and γ : W^{1,2}(M) → L^r(Σ), see [3, 4] for a treatment of smooth metrics. It seems to be not known whether or not the Yamabe theorem can be extended to nonsmooth metrics such as the ones considered in this paper. We will not pursue this issue here; however, the following simpler result justifies the Yamabe classification of nonsmooth metrics.

Theorem 2.2. Let (M, g) be a smooth, compact, connected Riemannian manifold with boundary, where we assume that the components of the metric g are (locally) in W^{s,p}, with sp > n and s ⩾ 1. Let the dimension of M be n ⩾ 3. Then, the followings are equivalent:

a) Y_g > 0 (Y_g = 0 or Y_g < 0).

b) Y_g(q, r, b) > 0 (resp. Y_g(q, r, b) = 0 or Y_g(q, r, b) < 0) for any q ∈ [2, 2q̄), r ∈ [2, q̄ + 1) with q > r, and any b ∈ R.

c) There is a metric in [g] whose scalar curvature is continuous and positive (resp. zero or negative), and boundary mean curvature is continuous and has any given sign (resp. is identically zero, has any given sign).

In particular, two conformally equivalent metrics cannot have scalar curvatures with distinct signs.

Proof. The implication b) ⇒ c) is proven in Theorem 2.1.

We begin by proving the implication c) ⇒ a), i.e., that if there is a metric in [g] with continuous scalar curvature of constant sign, then Y_g has the corresponding sign. Since Y_g is a conformal invariant, we can assume that the scalar curvature R of g is continuous and has constant sign, and moreover that H = 0. If R < 0, then E(φ) < 0 for constant test functions φ = const and there is a constant function in B(2q̄, ·, 0), so we have Y_g < 0. If R ⩾ 0, then E(φ) ⩾ 0 for any φ ∈ W^{1,2}, so Y_g ⩾ 0. Taking constant test functions, we infer that R = 0 implies Y_g = 0. Now, if R > 0 then E(φ) defines an equivalent norm on W^{1,2}, and we have 1 = ‖φ‖_{2q̄} ⩽ C‖φ‖_{1,2} for φ ∈ B(2q̄, ·, 0), so Y_g > 0.

We shall now prove the implication a) ⇒ b), i.e., that for q ∈ [2, 2q̄) and r ∈ [2, q̄ + 1) with q > r, the sign of Y_g determines the sign of Y_g(q, r, b). If Y_g < 0, then E(φ) < 0 for some φ ∈ B(2q̄, ·, 0), and since E(kφ) = k^2E(φ) for k ∈ R, there is some kφ ∈ B(q, r, b) such that E(kφ) < 0, so Y_g(q, r, b) < 0. If Y_g ⩾ 0, then E(φ) ⩾ 0 for all φ ∈ B(2q̄, ·, 0), and for any ψ ∈ B(q, r, b) there is k such that kψ ∈ B(2q̄, ·, 0), so Y_g(q, r, b) ⩾ 0. All such k are uniformly bounded for b ⩽ 0 since k = 1/‖ψ‖_{2q̄} ⩽ C/‖ψ‖_q ⩽ C by the continuity estimate ‖ · ‖_q ⩽ C‖ · ‖_{2q̄}. For b ⩽ 0, from this we have for all ψ ∈ B(q, r, b), E(ψ) = E(kψ)/k^2 ⩾ Y_g/k^2 ⩾ Y_g/C^2, meaning that Y_g > 0 implies Y_g(q, r, b) > 0.

What remains to be proven is the implication a) ⇒ b) for Y_g ⩾ 0 and b > 0. To this end, we first prove that for b > 0, Y_g = 0 implies Y_g(2q̄, q̄ + 1, b) = 0 and Y_g > 0 implies Y_g(2q̄, q̄ + 1, b) > 0. Since Y_g(2q̄, q̄ + 1, b) is a conformal invariant, without loss of generality we assume that the scalar curvature has constant sign and the boundary has vanishing mean curvature (which is possible by the above paragraph). If Y_g = 0, then R = 0 and so E(φ) = (∇φ, ∇φ) ⩾ 0 for φ ∈ W^{1,2}(M). Thus Y_g(2q̄, q̄ + 1, b) ⩾ 0. On the other hand, E(φ) = 0 for constant test functions φ = const and there is a constant function in B(2q̄, q̄ + 1, b), so we have Y_g(2q̄, q̄ + 1, b) = 0. Now suppose that Y_g > 0 and Y_g(2q̄, q̄ + 1, b) = 0, which implies that R > 0 and there exists a sequence {ψ_i} ⊂ B(2q̄, q̄ + 1, b) such that E(ψ_i) → 0. Since R > 0 we have ψ_i → 0 in W^{1,2}(M), which by the Sobolev embedding gives ψ_i → 0 in L^{2q̄}(M) and γψ_i → 0 in L^{q̄+1}(Σ). This contradicts with ψ_i ∈ B(2q̄, q̄ + 1, b), hence Y_g > 0 ⇒ Y_g(2q̄, q̄ + 1, b) > 0.

Finally, we need to prove that for b > 0, Y_g(2q̄, q̄ + 1, b) > 0 implies Y_g(q, r, b) > 0 and Y_g(2q̄, q̄ + 1, b) = 0 implies Y_g(q, r, b) = 0. If Y_g(2q̄, q̄ + 1, b) ⩾ 0, then E(φ) ⩾ 0 for all φ ∈ B(2q̄, q̄ + 1, b), and for any ψ ∈ B(q, r, b) there is k such that kψ ∈ B(2q̄, q̄ + 1, b), so Y_g(q, r, b) ⩾ 0. All such k are uniformly bounded for b > 0 since k ⩽ min{ 1 ‖ψ‖_{2q̄} , 1 b^{1/(q̄+1)}‖γφ‖_{q̄+1,Σ} } ⩽ C min{ 1 ‖ψ‖_q , 1 b^{1/r}‖γφ‖_{r,Σ} } ⩽ C 2 ‖ψ‖_q + b^{1/r}‖γφ‖_{r,Σ} ⩽ 2C.

From this we have for all ψ ∈ B(q, r, b),

E(ψ) = E(kψ)/k^2 ⩾ Y_g/k^2 ⩾ Y_g(2q̄, q̄ + 1, b)/(4C^2),

meaning that Y_g(2q̄, q̄ + 1, b) > 0 implies Y_g(q, r, b) > 0. On the other hand, if Y_g(q, r, b) > 0 then by the implications b) ⇒ c) ⇒ a), which have been proven at this point, we have Y_g > 0, and this implies Y_g(2q̄, q̄ + 1, b) > 0 by the previous paragraph. Thus Y_g(2q̄, q̄ + 1, b) = 0 ⇒ Y_g(q, r, b) = 0, completing the proof. □

3. Formulation of the problem

In this subsection we will formulate a boundary value problem for the Lichnerowicz equation, with a low regularity requirements on the equation coefficients. To make it explicit that the boundary conditions are enforced, in what follows this boundary value problem will be called the Lichnerowicz problem.

With n ⩾ 3, let M be a smooth, compact n-dimensional manifold with or without boundary, and with p ∈ (1, ∞) and s ∈ (^n_p , ∞) ∩ [1, ∞), let g ∈ W^{s,p} be a Riemannian metric on M. Then it is known that the Laplace-Beltrami operator can be uniquely extended to a bounded linear map Δ : W^{s,p}(M) → W^{s−2,p}(M), cf. Lemma B.1.

Given any two functions u, v ∈ L^∞, and t ⩾ 0 and q ∈ [1, ∞], define the interval [u, v]_{t,q} = {ϕ ∈ W^{t,q}(M) : u ⩽ ϕ ⩽ v} ⊂ W^{t,q}(M). We equip [u, v]_{t,q} with the subspace topology of W^{t,q}(M). We will write [u, v]_q for [u, v]_{0,q}, and [u, v] for [u, v]_∞. Let a_τ , a_w ∈ W^{s−2,p}(M) be nonnegative functions, and let a_R :=^{n−2}_{4(n−1)} R ∈ W^{s−2,p}(M), where we recall that R is the scalar curvature of the metric g. Assuming that ϕ_−, ϕ_+ ∈ W^{s,p}(M) and ϕ_+ ⩾ ϕ_− > 0, we introduce the nonlinear operator f : [ϕ_−, ϕ_+]_{s,p} → W^{s−2,p}(M), f(ϕ) = a_Rϕ + a_τ ϕ^{2q̄−1} − a_wϕ^{−2q̄−1} where the pointwise multiplication by an element of W^{s,p}(M) defines a bounded linear map in W^{s−2,p}(M), cf. Corollary A.4(a). Note that using the above operators, we can write the Lichnerowicz equation (4) as −Δϕ + f(ϕ) = 0, provided that the coefficients in f are given by

a_τ =^{n(n−2)}_4 τ^2, a_w =^{n−2}_{4(n−1)} |S|^2_g. (33)

In particular, our assumption that these coefficients are nonnegative is well justified.

Now we need a set up for the boundary conditions. We assume that the boundary Σ ≡ ∂M of M is divided as follows

Σ = Σ_D ∪ Σ_N , Σ_D ∩ Σ_N = ∅. (34)

Note that this requires each boundary component to be either entirely in Σ_D or in Σ_N . We emphasize that in what follows the cases Σ_D = ∅ or Σ_N = ∅ are included. As the notation suggests, we will consider boundary conditions for the Lichnerowicz equation of Dirichlet type on Σ_D and of nonlinear Robin type on Σ_N .

Let γ_Dϕ := ϕ|_{ΣD} , γ_N ϕ := ϕ|_{ΣN} , and γ_N ∂_ν ϕ := (∂_ν ϕ)|_{ΣN} for smooth ϕ. These maps can be uniquely extended to continuous surjective maps γ_{D,N} : W^{s,p}(M) → W^{s− 1p ,p}(Σ_{D,N} ), and γ_N ∂_ν : W^{s,p}(M) → W^{s−1− 1p ,p}(Σ_N ), when s −^1_p is not an integer.With b_H , b_θ, b_τ , b_w ∈ W^{s−1− 1p ,p}(Σ_N ), we introduce the nonlinear operator

g = g̃ ∘ γ_N : [ϕ_−, ϕ_+]_{s,p} → W^{s−1− 1p ,p}(Σ_N ),

where g̃ : γ_N ([ϕ_−, ϕ_+]_{s,p}) → W^{s−1− 1p ,p}(Σ_N ) is defined by

g̃(φ) = b_H φ + b_θφ^e + b_τ φ^{q̄} + b_wφ^{−q̄}.

As an aside, let us note that we may omit explicitly writing the trace maps γ_D etc, when it clutters formulas more than it clarifies. Returning back to the main flow of the discussion, we fix a function ϕ_D ∈ W^{s− 1p ,p}(Σ_D) with ϕ_D > 0. Now we formulate the Lichnerowicz problem in terms of the above defined operators: Find an element ϕ ∈ [ϕ_−, ϕ_+]_{s,p} solution of −Δϕ + f(ϕ) = 0, γ_N ∂_ν ϕ + g(ϕ) = 0, γ_Dϕ = ϕ_D. (35)

We note that by appropriately choosing the boundary components Σ_N and Σ_D, the Robin data b_H , b_θ, b_τ , b_w, and the Dirichlet datum ϕ_D, one can recover various combinations of any of the (inner or outer) boundary conditions considered in §1.3. For instance, in (12) and (13), one has b_H =^{n−2}_2 H, b_θ = ±^{n−2}_{2(n−1)} θ_±, b_τ = ±^{n−2}_2 τ, and b_w = ±^{n−2}_{2(n−1)} S(ν, ν). The minimal surface condition (8) corresponds to the choice b_θ = b_τ = b_w = 0, and b_H =^{n−2}_2 H. The outer Robin condition (7) is b_H = (n − 2)H, b_θ = −(n − 2)H with e = 0, and b_τ = b_w = 0. In order to facilitate the linear Robin condition (7) and a nonlinear condition such as (12) at the same time, we allow the exponent e in (16) to be only locally constant.

4. Conformal invariance and uniqueness

Let M be a smooth, compact, connected n-dimensional manifold with boundary, equipped with a Riemannian metric g ∈ W^{s,p}, where we assume throughout this section that n ⩾ 3, p ∈ (1, ∞), and that s ∈ (^n_p , ∞) ∩ [1, ∞). We consider the following model for the Lichnerowicz problem

F (ϕ) := −Δϕ +^{n−2}_{4(n−1)} Rϕ + aϕ^t γ_N ∂_ν ϕ +^{n−2}_2 Hγ_N ϕ + b(γ_N ϕ)^e γ_Dϕ − c = 0,

where t, e ∈ R are constants, R ∈ W^{s−2,p}(M) and H ∈ W^{s−1− 1p ,p}(Σ) are respectively the scalar and mean curvatures of the metric g, and the other coefficients satisfy a ∈ W^{s−2,p}(M), b ∈ W^{s−1− 1p ,p}(Σ_N ), and c ∈ W^{s− 1p ,p}(Σ_D). Setting q̄ =^n_{n−2} , we will be interested in the transformation properties of F under the conformal change g̃ = θ^{2q̄−2}g of the metric with the conformal factor θ ∈ W^{s,p}(M) satisfying θ > 0. To this end, we consider

F̃ (ψ) := −Δ̃ψ +^{n−2}_{4(n−1)}R̃ψ + ãψ^t γ_N ∂_{ν̃} ψ +^{n−2}_2 H̃γ_N ψ + b̃(γ_N ψ)^e γ_Dψ − c̃ = 0, where Δ̃ is the Laplace-Beltrami operator associated to the metric g̃, ν̃ is the outer normal to Σ with respect to g̃, R̃ ∈ W^{s−2,p}(M) and H̃ ∈ W^{s−1− 1p ,p}(Σ) are respectively the scalar and mean curvatures of g̃, and ã ∈ W^{s−2,p}(M), b̃ ∈ W^{s−1− 1p ,p}(Σ_N ), and c̃ ∈ W^{s− 1p ,p}(Σ_D).

Lemma 4.1. Let ã = θ^{t+1−2q̄}a, b̃ = θ^{e−q̄}b, and c̃ = θ^{−1}c. Then we have F̃ (ψ) = 0 ⇔ F (θψ) = 0, F̃ (ψ) ⩾ 0 ⇔ F (θψ) ⩾ 0, F̃ (ψ) ⩽ 0 ⇔ F (θψ) ⩽ 0. Proof. One can derive the following relations R̃ = θ2−2q̄R −^{4(n−1)}_{n−2} θ1−2q̄Δθ, Δ̃ψ = θ^{2−2q̄}Δψ + 2θ^{1−2q̄}⟨dθ, dψ⟩_g.

Combining these relations with Δ(θψ) = θΔψ + ψΔθ + 2⟨dθ, dψ⟩_g, we obtain −Δ̃ψ +^{n−2}_{4(n−1)}R̃ψ = θ^{1−2q̄} ( −Δ(θψ) +^{n−2}_{4(n−1)} Rθψ ) . On the other hand, we have H̃ = θ1−q̄H +^2_{n−2} θ−q̄∂_ν θ, ∂_{ν̃} ψ = θ^{1−q̄}∂_ν ψ, where traces are understood in the necessary places. The above imply that ∂_{ν̃} ψ +^{n−2}_2 H̃ψ = θ^{−q̄} ( ∂_ν (θψ) +^{n−2}_2 Hθψ ) , and the proof follows. □ This result implies the following uniqueness result for the model Lichnerowicz problem.

Lemma 4.2. Let the coefficients of the model Lichnerowicz problem satisfy (t − 1)a ⩾ 0, (e − 1)b ⩾ 0, and c > 0. If the positive functions θ, ϕ ∈ W^{s,p}(M) are distinct solutions of the constraint, i.e., F (θ) = F (ϕ) = 0, and θ ≠ ϕ, then (t − 1)a = 0, (e − 1)b = 0, Σ_D = ∅, and the ratio θ/ϕ is constant. If in addition, t ≠ 1, then Y_g = 0.

Proof. Let the scaled constraint F̃ be associated to the scaled metric g̃ = θ^{2q̄−2}g as above, and assume that ã = θ^{t+1−2q̄}a, b̃ = θ^{e−q̄}b, and c̃ = θ^{−1}c ≡ 1. Then by Lemma 4.1, ψ := ϕ/θ satisfies F̃ (ψ) = 0. From F (θ) = 0, we have R̃ = θ1−2q̄ ( Rθ −^{n−1}_{4(n−1)} Δθ ) = −^{4(n−1)}_{n−1} θ^{1−2q̄} · aθ^t = −^{4(n−1)}_{n−1} ã, H̃ = θ−q̄ (Hθ +^2_{n−2} ∂_ν θ) = −^2_{n−2} θ−q̄ · bθe = −^2_{n−2}b̃, which imply

F̃ (ψ) = −Δ̃ψ +^{n−2}_{4(n−1)}R̃ψ + ãψ^t γ_N ∂_{ν̃} ψ +^{n−2}_2 H̃ψ + b̃ψ^e γ_Dψ − c̃ = −Δ̃ψ + ã(ψ^t − ψ) γ_N ∂_{ν̃} ψ + b̃(ψ^e − ψ) γ_Dψ − 1 = 0, where the trace γ_N is assumed in the necessary places. By Lemma B.2, we have ⟨∇(ψ − 1), ∇(ψ − 1)⟩ = −⟨Δ̃(ψ − 1), ψ − 1⟩ + ⟨γ_N ∂_{ν̃} (ψ − 1), ψ − 1⟩_N + ⟨γ_D∂_{ν̃} (ψ − 1), ψ − 1⟩_D = −⟨ã(ψ^t − ψ), ψ − 1⟩ − ⟨b̃(ψ^e − ψ), ψ − 1⟩_N = −⟨ã, ψ(ψ^{t−1} − 1)(ψ − 1)⟩ − ⟨b̃, ψ(ψ^{e−1} − 1)(ψ − 1)⟩_N . Since the right hand side is nonpositive by (t − 1)a ⩾ 0 and (e − 1)b ⩾ 0, and the left hand side is manifestly nonnegative, we infer that both sides vanish, therefore ψ = const. If Σ_D ≠ ∅, then ψ ≡ 1 is immediate. Now, if Σ_D = ∅, and ψ ≠ 1, then from the above equation we obtain ⟨ã, t − 1⟩ + ⟨b̃, e − 1⟩_N = 0, concluding the first part of the lemma. Finally, if in addition to the above, t ≠ 1, then we have R̃ = 0 hence Y_g = 0. □

The following uniqueness theorem essentially says that in order to have multiple positive solutions the Lichnerowicz problem must be a linear pure Robin boundary value problem on a conformally flat manifold.

Theorem 4.3. Let the coefficients of the Lichnerowicz problem satisfy a_τ ⩾ 0, a_w ⩾ 0, (e − 1)b_θ ⩾ 0, b_τ ⩾ 0, b_w ⩽ 0, and ϕ_D > 0. Let the positive functions θ, ϕ ∈ W^{s,p}(M) be solutions of the Lichnerowicz problem, with θ ≠ ϕ. Then a_τ = a_w = 0, (e − 1)b_θ = b_τ = b_w = 0, Σ_D = ∅, the ratio θ/ϕ is constant, and Y_g = 0.

Proof. This is a simple extension of Lemma 4.2. □

5. Method of sub and supersolutions

Before going into existence results, we shall introduce the notion of sub- and super-solutions to the Lichnerowicz problem. Let us write the equation (35) in the form

F (ϕ) := −Δϕ + f(ϕ) γ_N ∂_ν ϕ + g(ϕ) γ_Dϕ − ϕ_D = 0. Then we say that a function ψ is a super-solution if F (ψ) ⩾ 0, and sub-solution if F (ψ) ⩽ 0.

Theorem 5.1. Suppose that the signs of the coefficients a_τ , a_w, b_θ, b_τ , b_w, and b_H − n−2 2 H are locally constant, and let ϕ_D > 0. Let ϕ_−, ϕ_+ ∈ W^{s,p}(M) be respectively sub- and super-solutions satisfying 0 < ϕ_− ⩽ ϕ_+. Then there exists a positive solution ϕ ∈ [ϕ_−, ϕ_+]_{s,p} to the Lichnerowicz problem.

Proof. We prove the lemma for s ∈ (1, 3], from which the general case follows easily.

Using the conformal invariance, without loss of generality we assume that the scalar curvature and the mean curvature of the boundary do not change sign. Then one can write the Lichnerowicz problem in the form

F (ϕ) = −Δϕ + ∑ i a_i(f_i ∘ ϕ) γ_N ∂_ν ϕ + ∑ i b_i(g_i ∘ ϕ) γ_Dϕ − ϕ_D = 0, where the sums are finite, a_i, b_i ⩾ 0, and f_i, g_i ∈ C^1(I) with I = [min ϕ_−, max ϕ_+]. With a ∈ W^{s−2,p}(M) and b ∈ W^{s−1− 1p ,p}(Σ_N ), define the operator L : W^{s,p}(M) → Y := W^{s−2,p}(M) ⊗ W^{s−1− 1p ,p}(Σ_N ) ⊗ W^{s− 1p ,p}(Σ_D), by L : u → (−Δu + au, γ_N ∂_ν u + bγ_N u, γ_Du), and define K : [ϕ_−, ϕ_+]_{s,p} → Y, by K : u → (au − ∑ i a_i(f_i ∘ u), bu − ∑ i b_i(g_i ∘ u), ϕ_D). Now the Lichnerowicz problem can be written as Lϕ = K(ϕ), ϕ ∈ [ϕ_−, ϕ_+]_{s,p}. If a and b are both positive (which is a sufficient condition), L is bounded and invertible, cf. Lemma B.8. Moreover, by choosing a and b sufficiently large, one can make K nondecreasing in [ϕ_−, ϕ_+]_{s,p}. Namely, the choice a = 1 + ∑ i a_i max_I |f^′_i |, b = 1 + ∑ i b_i max_I |g^′_i|,

suffices. Since L^{−1} and K are both nondecreasing, the composite operator T = L^{−1}K : [ϕ_−, ϕ_+]_{s,p} → W^{s,p}(M), is nondecreasing. Using that ϕ_+ is a super-solution, we have ϕ_+ = L^{−1}Lϕ_+ ⩾ L^{−1}K(ϕ_+) = T (ϕ_+), and similarly, ϕ_− ⩽ T (ϕ_−), hence T : [ϕ_−, ϕ_+]_{s,p} → [ϕ_−, ϕ_+]_{s,p}.

By applying Lemma A.5 from Appendix, for any s̃ ∈ (^n_p , s], s − 2 ∈ [−1, 1] and 1 p ∈ (^{s−1}_2 δ, 1 −^{3−s}_2 δ) with δ =^1_p −^{s̃−1}_n , we have ‖aϕ − ∑ i a_i(f_i ∘ ϕ)‖_{s−2,p} ≲ ‖ϕ‖_{s̃,p} + ∑ i ‖a_i‖_{s−2,p} ( ‖ϕ_+‖_∞ max_I |f^′_i | + max_I |f_i| + ‖ϕ‖_{s̃,p} max_I |f^′_i | ) . Let us verify if^1_p is indeed in the prescribed range. First, we have δ =^1_n +^1_p −^{s̃}_n <^1_n since^{s̃}_n −^1_p > 0, and taking into account 3 + s ⩽ 2n, we infer 1 −^{3−s}_2 δ ⩾ 1 −^{3−s}_{2n} = 2n−3−s 2n +^s_n >^1_p , confirming the upper bound for^1_p . For the other bound, we need 1 p >^{s−1}_2 δ =^{s−1}_{2p} −^{(s−1)(s̃−1)}_{2n} , or in other words,^{(s−1)(s̃−1)}_n >^{s−3}_p . Since s ∈ (1, 3], any s̃ ∈ (^n_p , s) ∩ (1, s) will satisfy this inequality. In the following we fix such an s̃.

Repeating the above estimation for the second component of K(ϕ) in the appropriate norm, and combining it with the above estimate for the first component, we get ‖K(ϕ)‖_Y ≲ 1 + ‖ϕ‖_{s̃,p}, and by the boundedness of L^{−1}, there exists a constant A > 0 such that ‖T (ϕ)‖_{s,p} ⩽ A(1 + ‖ϕ‖_{s̃,p}), ∀ϕ ∈ [ϕ_−, ϕ_+]_{s,p}. For any ε > 0, the norm ‖ϕ‖_{s̃,p} can be bounded by the interpolation estimate ‖ϕ‖_{s̃,p} ⩽ ε‖ϕ‖_{s,p} + Cε^{−s̃/(s−s̃)}‖ϕ‖_p, where C is a constant independent of ε. Since ϕ is bounded from above by ϕ_+, ‖ϕ‖_p is bounded uniformly, and now demanding that ‖ϕ‖_{s,p} ⩽ M, we get ‖T (ϕ)‖_{s,p} ⩽ A ( 1 + Mε + Cε^{−s̃/(s−s̃)} ) , (36) with possibly different constant C. Choosing ε such that 2εA = 1 and setting M = 2A(1 + Cε^{−s̃/(s−s̃)}), we can ensure that the right hand side of (36) is bounded by M, meaning that with B_M = {u ∈ W^{s,p}(M) : ‖u‖_{s,p} ⩽ M}, we have T : [ϕ_−, ϕ_+]_{s,p} ∩ B_M → [ϕ_−, ϕ_+]_{s,p} ∩ B_M .

The set U = [ϕ_−, ϕ_+]_{s,p} ∩ B_M is bounded in W^{s,p}, and hence compact in W^{s̃,p} for s̃ < s. We know that there is s̃ < s such that T is continuous in the topology of W^{s̃,p}, so by the Schauder theorem there is a fixed point ϕ ∈ U of T , i.e., T (ϕ) = ϕ. The proof is established. □

6. Existence results for the defocusing case

In this section, we prove existence results for the Lichnerowicz problem with the coefficients satisfying a_τ ⩾ 0, a_w ⩾ 0, (e − 1)b_θ ⩾ 0 with e ≠ 1, b_τ ⩾ 0, and b_w ⩽ 0. Note that while we have a_τ ⩾ 0 and a_w ⩾ 0 for a wide range of matter phenomena, including the vacuum case as in this paper, there seem to be no a priori reason to restrict attention to the above mentioned signs for the bcoefficients. Nevertheless, this case is where we can develop the most complete theory, which case we call the defocusing case, inspired by terminology from the theory of dispersive equations. We obtain in the next subsection partial results on the existence for the non-defocusing case, which requires more delicate techniques.

We start with metrics with nonnegative Yamabe invariant. In the following theorem, the symbol ∨ denotes the logical disjunction (or logical OR).

Theorem 6.1. Let Y_g ⩾ 0. Let the coefficients of the Lichnerowicz problem satisfy a_τ ⩾ 0, a_w ⩾ 0, b_H ⩾^{n−2}_2 H, (e − 1)b_θ ⩾ 0 with e ≠ 1, b_τ ⩾ 0, b_w ⩽ 0, and ϕ_D > 0. Then there exists a positive solution ϕ ∈ W^{s,p}(M) of the Lichnerowicz problem if and only if one of the following conditions holds: a) Σ_D ≠ ∅;

b) Σ_D = ∅, b_θ = 0, ( Y_g > 0 ∨ a_τ ≠ 0 ∨ b_H ≠^{n−2}_2 H ∨ b_τ ≠ 0 ) , and (a_w ≠ 0 ∨ b_w ≠ 0);

c) Σ_D = ∅, b_θ ≠ 0, b_θ ⩾ 0, and (a_w ≠ 0 ∨ b_w ≠ 0); d) Σ_D = ∅, b_θ ≠ 0, b_θ ⩽ 0, and ( Y_g > 0 ∨ a_τ ≠ 0 ∨ b_H ≠^{n−2}_2 H ∨ b_τ ≠ 0 ) ; e) Σ_D = ∅, b_θ = b_τ = b_w = 0, b_H =^{n−2}_2 H, a_τ = a_w = 0, and Y_g = 0.

Proof. For the “only if” part, it suffices to prove that when the Lichnerowicz problem has a solution with Σ_D = ∅, then one of the conditions b)-e) must be satisfied. Let us first consider the case b_θ ⩾ 0. By Theorem 2.2, one can conformally transform the metric to a metric with nonnegative scalar curvature and zero boundary mean curvature. So by conformal invariance of the Lichnerowicz problem, without loss of generality we can assume that a_R =^{n−2}_{4(n−1)} R ⩾ 0 and b_H ⩾^{n−2}_2 H = 0, where H is the boundary mean curvature (Note that the condition b_H ⩾^{n−2}_2 H is conformally invariant). We have, for ϕ ∈ W^{s,p}(M) and φ ∈ W^{2−s,p′} (M) ⟨Δϕ, φ⟩ = −⟨∇ϕ, ∇φ⟩ + ⟨∂_ν ϕ, φ⟩_Σ. Applying this with ϕ a solution of the Lichnerowicz problem and φ ≡ 1, we get ∫ M a_Rϕ + a_τ ϕ^{2q̄−1} − a_wϕ^{−2q̄−1} = − ∫ Σ (b_H ϕ + b_τ ϕ^{q̄} + b_θϕ^e + b_wϕ^{q̄}),

or, rearranging the terms, ∫ M a_Rϕ + a_τ ϕ^{2q̄−1} + ∫ Σ b_H ϕ + b_τ ϕ^{q̄} + b_θϕ^e = ∫ M a_wϕ^{−2q̄−1} + ∫ Σ |b_w|ϕ^{q̄}. The both sides of the equality are nonnegative, and so any one term being nonzero will force at least one term in the other side of the inequality to be nonzero. This reasoning leads to the conditions b), c) and e), and the remaining condition is from the analogous consideration of the case b_θ ⩽ 0.

Now we shall prove the “if” part of the theorem. If Y_g > 0, we assume that a_R =^{n−2}_{4(n−1)} R > 0 and b_H ⩾^{n−2}_2 H > 0 on Σ_N . On the other hand if Y_g = 0, we assume that a_R =^{n−2}_{4(n−1)} R = 0 and b_H ⩾^{n−2}_2 H = 0 on Σ_N . We use Theorem 5.1, which concludes the proof upon constructing sub- and super-solutions.

We first consider the case b_θ ⩽ 0 and so e < 1. Let v ∈ W^{s,p}(M) be the solution to −Δv + (a_R + a_τ )v = a_w, γ_N ∂_ν v + (b_H + b_τ )v = −b_w − b_θ, γ_Dv = ϕ_D. (37)

We have a_R + a_τ ⩾ 0 and b_H + b_τ ⩾ 0. The solution exists and is unique when at least one of a_R + a_τ ≠ 0, b_H + b_τ ≠ 0, and Σ_D ≠ ∅ holds as in condition a), b) or d), or all the coefficients vanish as in e). Since the right hand sides of (37) are nonnegative, from the weak maximum principle Lemma B.7(a) we have v ⩾ 0, and since one of a_w ≠ 0, b_w + b_θ ≠ 0, or Σ_D ≠ ∅ holds by hypothesis, from the strong maximum principle Lemma B.7(b) we have v > 0. We also have v ∈ W^{s,p} → C^0. Let us define ϕ = βv for a constant β > 0 to be chosen later. Then we have −Δϕ + f(ϕ) = −Δϕ + a_Rϕ + a_τ ϕ^{2q̄−1} − a_wϕ^{−2q̄−1}

= a_τ (β^{2q̄−1}v^{2q̄−1} − βv) + a_w(β − β^{−2q̄−1}v^{−2q̄−1}), and γ_N ∂_ν ϕ + g(ϕ) = γ_N ∂_ν ϕ + b_H ϕ + b_τ ϕ^{q̄} + b_θϕ^e + b_wϕ^{−q̄} = b_τ (β^{q̄}v^{q̄} − βv) − b_w(β − β^{−q̄}v^{−q̄}) − b_θ(β − β^ev^e). Now, choosing β > 0 sufficiently large or sufficiently small, we can ensure that ϕ is respectively a super- or sub-solution.

In case b_θ ⩾ 0, replacing the second equation in (37) by

γ_N ∂_ν v + (b_H + b_τ + b_θ)v = −b_w,

the proof proceeds in the same fashion. □

The next theorem treats metrics with negative Yamabe invariant, and reduces the Lichnerowicz problem into a prescribed scalar curvature problem.

Theorem 6.2. Let Y_g < 0. Let the coefficients of the Lichnerowicz problem satisfy a_τ ⩾ 0, a_w ⩾ 0, b_H ⩽^{n−2}_2 H, (e − 1)b_θ ⩾ 0 with e ≠ 1, b_τ ⩾ 0, b_w ⩽ 0, and ϕ_D > 0. Then there exists a positive solution ϕ ∈ W^{s,p}(M) of the Lichnerowicz problem if and only if there exists a positive solution u ∈ W^{s,p}(M) to the following problem

−Δu + a_Ru + a_τ u^{2q̄−1} = 0, γ_N ∂_ν u + b_H u + b_τ u^{q̄} + b^+_θ u^e = 0, γ_Du = 1, (38)

where b^+_θ = max{0, b_θ}.

Proof. For the “only if” part, we will show that if ϕ ∈ W^{s,p}(M) solves the Lichnerowicz problem, then the equation (38) has a solution. We will assume that b_θ ⩾ 0, and point out that all the subsequent arguments can be easily modified to handle the case b_θ ⩽ 0. Noting that (38) is just a modified Lichnerowicz problem with a_w = 0, b_w = 0, and ϕ_D ≡ 1, we will establish the existence of u with the help of Theorem 5.1 by constructing sub- and super-solutions. Let ϕ > 0 be a solution to the (unmodified) Lichnerowicz problem. Then, since a_w ⩾ 0 and b_w ⩽ 0, we have −Δϕ + a_Rϕ + a_τ ϕ^{2q̄−1} ⩾ 0, γ_N ∂_ν ϕ + b_H ϕ + b_τ ϕ^{q̄} + b_θϕ^e ⩾ 0, γ_Dϕ ⩾ min ϕ_D, which means that with β > 0 sufficiently large, βϕ is a super-solution to (38).

For sub-solution, let us make a conformal change such that both the scalar curvature and the boundary mean curvature are strictly negative. In other words, we have a_R < 0 and b_H < 0. With ε ∈ R, let v_ε ∈ W^{s,p}(M) be the solution to −Δv_ε − a_Rv_ε = −a_R − a_τ ε, γ_N ∂_ν v_ε − b_H v_ε = −b_H − (b_τ + b_θ)ε, γ_Dϕ = 1. We have v_ε ≡ 1 for ε = 0, and we have v_ε ∈ W^{s,p} → L^∞, so as ε goes to 0, v_ε tends to 1 uniformly. Let us fix ε > 0 such that v_ε ⩾^1_2 . By taking ψ = βv_ε with a constant β > 0, it holds that

− Δψ + a_Rψ + a_τ ψ^{2q̄−1} = βa_R(2v_ε − 1) + a_τ (β^{2q̄−1}v^{2q̄−1}_ε − βε), and γ_N ∂_ν ψ + b_H ψ + b_τ ψ^{q̄} + b_θψ^e = βb_H (2v_ε − 1) + βb_τ (β^{q̄}v^{q̄}_ε − βε) + βb_θ(β^ev^e_ε − βε). Hence ψ is a sub-solution to (38) for β > 0 sufficiently small.

Now we will prove the “if” part of the theorem. Let u ∈ W^{s,p}(M) be a positive solution of (38). Then one can easily see that with β > 0 sufficiently small, βu is a sub-solution to the Lichnerowicz problem. If a_w = 0 and b_w = 0, then taking β > 0 sufficiently large one can ensure that βu is a super-solution. To construct a supersolution for the case a_w ≠ 0 or b_w ≠ 0, let us make the conformal transformation g → u^{2q̄−2}g. Note that the scaled metric has the scalar curvature (−a_τ ), and since Y_g < 0, we have a_τ ≠ 0. With respect to this scaled metric, and all the coefficients being properly scaled, the Lichnerowicz problem reads −Δϕ − a_τ ϕ + a_τ ϕ^{2q̄−1} − a_wϕ^{−2q̄−1} = 0, γ_N ∂_ν ϕ − (b_τ + b_θ)ϕ + b_τ ϕ^{q̄} + b_θϕ^e + b_wϕ^{−q̄} = 0, γ_Dϕ = ϕ_D. Let v ∈ W^{s,p}(M) be the solution to −Δv + a_τ v = a_w, γ_N ∂_ν v + (b_τ + b_θ)v = −b_w, γ_Dv = ϕ_D. The conditions a_τ ≠ 0, and all the coefficients being nonnegative assure that the equation has a unique nonnegative solution, and since at least one of a_w ≠ 0 and b_w ≠ 0 holds, we have v > 0. Now one can show that ϕ = βv is a super-solution for sufficiently large β > 0. □ As we are not aware of any results on the prescribed scalar curvature problem in the above theorem whose solvability is equivalent to that of the Lichnerowicz problem in the negative Yamabe case, we verify its solvability for a simple case where the functions a_τ and b_τ + b_θ are bounded below by a positive constant.

Lemma 6.3. Let Y_g < 0. Let the coefficients of the Lichnerowicz problem satisfy a_τ ⩾ 0, b_H ⩽^{n−2}_2 H, b_θ ⩾ 0 with e > 1, b_τ ⩾ 0, and ϕ_D > 0. Moreover, assume that there is a constant c > 0 such that a_τ ⩾ c, and b_τ + b_θ ⩾ c pointwise almost everywhere. Then there exists a positive solution u ∈ W^{s,p}(M) to the following problem

−Δu + a_Ru + a_τ u^{2q̄−1} = 0, γ_N ∂_ν u + b_H u + b_τ u^{q̄} + b_θu^e = 0, γ_Du = 1. (39)

Proof. Let us make a conformal change such that both the scalar curvature and the boundary mean curvature are continuous and strictly negative. In other words, we have a_R ∈ C(M), b_H ∈ C(Σ_N ), a_R < 0, and b_H < 0. Then, since |a_R| and |b_H | are bounded above, and both a_τ and b_τ + b_θ are bounded below by a positive constant, it is easy to see that any sufficiently large u = const > 0 is a super-solution to (39).

In order to construct a sub-solution we employ the technique introduced in [9]. Let v ∈ W^{s,p}(M) be the positive solution of the following problem −Δv + (a_τ − a_R)v = −a_R, γ_N ∂_ν v + (b_τ + b_θ − b_H )v = −b_H , γ_Dv = 1. (40)

Defining u = β(1 + v) for a constant β > 0 to be chosen later, we have −Δu + a_Ru + a_τ u^{2q̄−1} = 2βa_Rv − βa_τ [ v − β^{2q̄−2}(1 + v)^{2q̄−1} ] and γ_N ∂_ν u + b_H u + b_τ u^{q̄} + b_θu^e = 2βb_H v − βb_τ [ v − β^{q̄−1}(1 + v)^{q̄} ] − βb_θ [ v − β^{e−1}(1 + v)^e ] . Now, choosing β > 0 sufficiently small, we can ensure that u is a sub-solution. □

7. Partial results on the non-defocusing case

In this section, we consider the case where the condition b_w ⩽ 0 is violated, still keeping the conditions (e − 1)b_θ ⩾ 0 and b_τ ⩾ 0 intact. This case covers all applications we have in mind, and moreover serves as a good model case since violating more conditions would only make the presentation messy without adding any conceptual difficulties. In fact, we will further simplify the presentation as follows. We assume that Σ_D = ∅, b_τ = 0, and e = 0, that is, the Lichnerowicz problem (35) becomes

−Δϕ + a_Rϕ + a_τ ϕ^{2q̄−1} − a_wϕ^{−2q̄−1} = 0, in M

∂_ν ϕ + b_H ϕ + b_wϕ^{−q̄} − b = 0, on Σ,

(41)

where we introduced the notation b = −b_θ, since we are going to assume b ⩾ 0. We also assume that the boundary Σ is decomposed into two disjoint components Σ_1 and Σ_2, which represent the “inner” and the “outer” parts of the boundary. One of these components may well be empty. On the inner boundary Σ_1, we let b_H < 0, b_w ⩾ 0, and b ≡ 0, and on the outer boundary Σ_2, we let b_H > 0, b_w ≡ 0, and b > 0.

In analogy to the functional considered in Section 2, we define the functional E : W^{1,2}(M) → R by E(φ) = (∇φ, ∇φ) + ⟨a_R + a_τ , φ^2⟩ + ⟨b_H , (γφ)^2⟩_Σ, where γ : W^{1,2}(M) → W^12^{,2}(Σ) is the trace map. By the same reasoning, E(φ) is finite for φ ∈ W^{1,2}(M). Then we let

Y = inf_{φ∈W 1,2} E(φ) ‖φ‖^{2q̄}_{2q̄} . (42)

We have the following existence result.

Theorem 7.1. Assume the above setting, and assume Y > 0. Let the coefficients satisfy a_R ⩾ 0, a_τ ⩾ 0, and a_w ⩾ 0. On the inner boundary Σ_1, we let b_H < 0, b_w ⩾ 0, and b ≡ 0, and on the outer boundary Σ_2, we let b_H > 0, b_w ≡ 0, and b > 0. In addition, we assume that ‖^{bw}_{bH} ‖_L∞_{(Σ1)} is sufficiently small. Then there exists a positive solution ϕ ∈ W^{s,p}(M) of the Lichnerowicz problem (41). Proof. First, we construct a sub-solution. Let v ∈ W^{s,p}(M) be the solution to −Δv + (a_R + a_τ )v = 0, in M ∂_ν v + |b_H |v = b, on Σ. (43)

Since |b_H | ≢ 0, the solution is unique and positive. Let ϕ = βv with β > 0 to be chosen later. Then we have

− Δϕ + a_Rϕ + a_τ ϕ^{2q̄−1} − a_wϕ^{−2q̄−1} = a_τ (β^{2q̄−1}v^{2q̄−1} − βv) − a_wβ^{−2q̄−1}v^{−2q̄−1}, (44) which is clearly nonpositive if β > 0 is sufficiently small. Furthermore, we have

∂_ν ϕ + b_H ϕ + b_wϕ^{−q̄} − b = { 2b_H vβ + b_wv^{−q̄}β^{−q̄} on Σ_1, 0 on Σ_2.

(45)

This is where the smallness of the ratio^{bw}_{bH} is used: The ratio should be so small that 2b_H vβ + b_wv^{−q̄}β^{−q̄} ≤ 0 on Σ_1.

Now we will construct a super-solution. Let v ∈ W^{s,p}(M) be the solution to −Δv + (a_R + a_τ )v = a_w, in M ∂_ν v + b_H v = b, on Σ,

(46)

and define ϕ = βv with β > 0 to be chosen later. Supposing for the moment that such solution exists and is positive, we have

− Δϕ + a_Rϕ + a_τ ϕ^{2q̄−1} − a_wϕ^{−2q̄−1} = a_τ (β^{2q̄−1}v^{2q̄−1} − βv) + a_w(β − β^{−2q̄−1}v^{−2q̄−1}), (47) and ∂_ν ϕ + b_H ϕ + b_wϕ^{−q̄} − b = b_wv^{−q̄}β^{−q̄} + b(β − 1). (48) By choosing β > 0 sufficiently large, we can ensure that ϕ is a super-solution.

We need to address the existence and positivity of v ∈ W^{s,p}(M) satisfying (46). Consider the operator A_κ : W^{s,p}(M) → W^{s−2,p}(M)⊗W^{s−1− 1p ,p}(Σ_1)⊗W^{s−1− 1p ,p}(Σ_2) defined by A_κv = −Δv + (a_R + a_τ )v γ_1∂_ν v + κb_H γ_1v γ_2∂_ν v + b_H γ_2v , (49)

for 0 ≤ κ ≤ 1, where γ_i : W^{s,p}(M) → W^{s− 1p ,p}(Σ_i) are the trace maps. We will show that the kernel of A_κ is trivial, which would then imply invertibility. This is straightforward when κ = 0 because a_R + a_τ ≥ 0 and b_H > 0 on Σ_2. So we assume 0 < κ ≤ 1. Suppose that the kernel is nontrivial, i.e., that there is nontrivial v ∈ W^{s,p}(M) satisfying A_κv = 0. Then by applying Lemma B.2 we have ⟨∇v, ∇v⟩ = −⟨Δv, v⟩ + ⟨∂_ν v, v⟩_Σ = −⟨(a_R + a_τ )v, v⟩ − κ⟨b_H v, v⟩_{Σ1} − ⟨b_H v, v⟩_{Σ2} , which implies that κE(v) ≤ 0, and so contradicts the assumption Y > 0. As for positivity of v, we will show that the solutions v_κ to A_κv_κ = (a_w, 0, b) are strictly positive for all 0 ≤ κ ≤ 1. Let I ⊂ [0, 1] be the set of κ for which v_κ > 0 in M. We know that 0 ∈ I, and that I is open, since the map κ → v_κ is a continuous map into W^{s,p}(M). To show that I is closed, let κ be in the closure of I. Then v_κ ≥ 0, which means by Lemma B.7(b) that either v_κ ≡ 0 or v_κ > 0. However, v_κ cannot vanish identically since b ≢ 0. □

8. Stability with respect to the coefficients

In this subsection, we investigate the behaviour of the solution under perturbation of coefficients in the Lichnerowicz problem. We anticipate that results in this direction will be used in studies of the coupled system, see [12] for an example in the case of closed manifolds. Let us write the Lichnerowicz problem (35) in the form F (ϕ, α) := −Δϕ + f(ϕ) γ_N ∂_ν ϕ + g(ϕ) γ_Dϕ − ϕ_D = 0, where we denote by α = (a_τ , a_w, b_H , b_τ , b_θ, b_w, ϕ_D) the collection of the coefficients. Note that we hold the background metric g fixed, and so will not consider perturbations with respect to a_R. Then we define the Lichnerowicz map L : α → ϕ by F (L(α), α) = 0, whenever there exists a unique positive solution ϕ ∈ W^{s,p}(M) to F (ϕ, α) = 0. Recall that the space in which α lives is [W^{s−2,p}(M)]^2 × [W^{s−1− 1p ,p}(Σ_N )]^3 × W^{s− 1p ,p}(Σ_D).

Theorem 8.1. Let α = (a_τ , a_w, b_H , b_τ , b_θ, b_w, ϕ_D) be such that a_τ ⩾ 0, a_w ⩾ 0, and ϕ_D > 0. Assume moreover that the Lichnerowicz map is well defined at α and that the solution ϕ = L(α) satisfies

(q̄ − 1)b_τ + (e − 1)b_θϕ^{e−q̄} ⩾ (q̄ + 1)b_wϕ^{−2q̄}.

In particular, this is satisfied unconditionally (of ϕ) when b_τ ⩾ 0, (e − 1)b_θ ⩾ 0, and b_w ⩽ 0. Then the Lichnerowicz map is defined in a neighbourhood of α and differentiable there provided that at least one of the following conditions holds a) Σ_D ≠ ∅; b) a_τ + a_w ≠ 0;

c) (q̄ − 1)b_τ + (e − 1)b_θϕ^{e−q̄} ≠ (q̄ + 1)b_wϕ^{−2q̄}.

Proof. The idea of the proof comes from [12], and uses the conformal invariance in combination with the implicit function theorem. By conformal invariance, the Lichnerowicz map L̂ defined with respect to the scaled metric ĝ = ϕ^{2q̄−2}g satisfies L̂(α̂) = ϕ^{−1}L(α) ≡ 1,

with α̂ = (â_τ , â_w, b̂_H , b̂_τ , b̂_θ, b̂_w, ϕ̂_D) defined by

â_τ = a_τ , b̂_τ = b_τ , b̂_θ = ϕ^{e−q̄}b_θ, ϕ̂_D = ϕ^{−1}ϕ_D,

â_w = ϕ^{−4q̄}a_w, b̂_w = ϕ^{−2q̄}b_w, b̂_H = ϕ^{1−q̄}b_H +^2_{n−2} ϕ^{−q̄}∂_ν ϕ.

Now we drop the hats from the notations and consider the case ϕ ≡ 1. One can compute that the Gâteau derivative of F at (ϕ, α) along (φ, 0) is DF_{ϕ,α}(φ, 0) = −Δφ + a_Rφ + (2q̄ − 1)a_τ ϕ^{2q̄−2}φ + (2q̄ + 1)a_wϕ^{−2q̄−2}φ γ_N ∂_ν φ + b_H φ + q̄b_τ ϕ^{q̄−1}φ + eb_θϕ^{e−1}φ − q̄b_wϕ^{−q̄−1}φ γ_Dφ , From F (1, α) = 0 we infer a_R + a_τ − a_w = 0 b_H + b_τ + b_θ + b_w = 0,

and taking this into account, the Gâteau derivative of F at (1, α) along (φ, 0) is DF_{1,α}(φ, 0) = −Δφ + (2q̄ − 2)a_τ φ + (2q̄ + 2)a_wφ γ_N ∂_ν φ + (q̄ − 1)b_τ φ + (e − 1)b_θφ − (q̄ + 1)b_wφ γ_Dφ . The linear operator φ → DF_{1,α}(φ, 0) is invertible if (q̄−1)b_τ +(e−1)b_θ −(q̄ +1)b_w ⩾ 0, and at least one of a_τ + a_w ≠ 0 and (q̄ − 1)b_τ + (e − 1)b_θ − (q̄ + 1)b_w ≠ 0 holds. To finish the proof, we put the hats back on the coefficients and express them in terms of the original (unhatted) coefficients. □

9. Concluding remarks

In this article we developed a well-posedness theory of low regularity for the Lichnerowicz equation arising from the Einstein equations in general relativity. We began by reviewing the constraints in the Einstein equations and the conformal traceless decomposition introduced by Lichnerowicz. Motivated by models of asymptotically flat manifolds as well as by trapped surface conditions for excising black holes, we examined several different types of boundary conditions, and then posed a general boundary value problem for the Lichnerowicz equation that is the focus for the remainder of the paper. In order to develop a well-posedness theory that mirrors the theory developed for the case of closed manifolds, we first generalized the technique of Yamabe classification to nonsmooth metrics on compact manifolds with boundary. In particular, we showed that two conformally equivalent rough metrics cannot have scalar curvatures with distinct signs. We started our study of the well-posedness question by first extending a result on conformal invariance to manifolds with boundary, and then using the result to prove a uniqueness theorem. Next, we presented the method of sub- and super-solutions tailored to the situation at hand. Finally, we gave several explicit constructions of the necessary sub- and super-solutions in the cases of interest, and included a stability result with respect to the coefficients.

Acknowledgements

The first author was supported in part by NSF Awards 1065972, 1217175, and 1262982. The second author was supported in part by NSF Award 0715146, and by an NSERC Discovery Grant and an FQRNT Nouveaux Chercheurs Grant.

Appendix A. Sobolev spaces

In this appendix we recall some properties of Sobolev spaces over compact manifolds with boundary. The following definition makes precise what we mean by fractional order Sobolev spaces. We expect that without much difficulty all results in this paper can be modified to reflect other smoothness classes such as Bessel potential spaces or general Besov spaces. In the following definition Ω is a subset of R^n , and C^∞_0 (Ω) is the space of all C^∞ functions with compact support in Ω.

Definition A.1. For s ⩾ 0 and 1 ⩽ p ⩽ ∞, we denote by W^{s,p}(Ω) the space of all distributions u defined in Ω, such that

(a) when s = m is an integer, ‖u‖_{m,p} = ∑ |ν|⩽m ‖∂^ν u‖_p < ∞, where ‖ · ‖_p is the standard L^p-norm in Ω;

(b) and when s = m + σ with m (nonnegative) integer and σ ∈ (0, 1), ‖u‖_{s,p} = ‖u‖_{m,p} + ∑ |ν|=m ‖∂^ν u‖_{σ,p} < ∞; where ‖u‖_{σ,p} = (∫∫ Ω×Ω |u(x) − u(y)|^p |x − y|^{n+σp} dxdy ) 1_p , for 1 ⩽ p < ∞, and ‖u‖_{σ,∞} = ess sup_{x,y∈Ω} |u(x) − u(y)| |x − y|^σ . For s < 0 and 1 < p < ∞, W^{s,p}(Ω) ≡ W̊^{s,p}(Ω) denotes the topological dual of W̊ −s,p^′ (Ω), where^1_p +^1_{p′} = 1 and W̊ −s,p^′ (Ω) is the closure of C∞_0 (Ω) in W −s,p^′ (Ω).

These well known spaces are Banach spaces with corresponding norms, and become Hilbert spaces when p = 2. We refer to [5, 15] and references therein for further properties.

Now we will define analogous spaces on compact manifolds with boundary. Let M be an n-dimensional smooth compact manifold with boundary, and let {(U_i, φ_i)} be a collection of charts such that {U_i} forms a finite cover of M. Recall that for a manifold with boundary, φ_i : U_i → R^n_+ where R^n_+ = {(x_1, . . . , x_n) ∈ R^n : x_n ⩾ 0}. Then for any distribution u ∈ C^∞_0 (U_i)^∗, the pull-back φ^∗_i (u) ∈ C^∞_0 (φ_i(U_i))^∗ is defined by φ^∗_i (u)(v) = u(v ∘ φ_i) for all v ∈ C^∞_0 (φ_i(U_i)). Extending φ^∗_i (u) by zero outside φ_i(U_i) ⊂ R^n_+ where necessary, in the following we treat it as a distribution on R^n_+ . Let {χ_i} be a smooth (up to the boundary) partition of unity subordinate to {U_i}.

Definition A.2. For s ∈ R and p ∈ (1, ∞), we denote by W^{s,p}(M) the space of all distributions u defined in M, such that ‖u‖_{s,p} = ∑ i ‖φ^∗_i (χ_iu)‖_{s,p} < ∞, (50) where the norm under the sum is the W^{s,p}(R^n_+ )-norm. In case s ⩾ 0, these Sobolev spaces can also be defined for p = 1 and p = ∞.

Likewise, we define the spaces W̊^{s,p}(M) by using W̊^{s,p}(R^n_+ ).

In the following, we collect some basic properties of these spaces. Recall that a Riemannian metric on M induces a volume form on M, so that L^p spaces can be defined on M.

Lemma A.3. Let s_i ⩾ s with s_1 + s_2 ⩾ 0, and 1 ⩽ p, p_i ⩽ ∞ (i = 1, 2) be real numbers satisfying s_i − s ⩾ n ( 1 p_i − 1 p ) , s_1 + s_2 − s > n ( 1 p_1 + 1 p_2 − 1 p ) , where the strictness of the inequalities can be interchanged if s ∈ N_0 . In case min(s_1, s_2) < 0, in addition let 1 < p, p_i < ∞, and let

s_1 + s_2 ⩾ n ( 1 p_1 + 1 p_2 − 1 ) . Then, the pointwise multiplication of functions extends uniquely to a continuous bilinear map W^{s1,p1} (M) ⊗ W^{s2,p2} (M) → W^{s,p}(M). Some important special cases are considered in the following corollary.

Corollary A.4. (a) If p ∈ (1, ∞) and s ∈ (^n_p , ∞), then W^{s,p} is a Banach algebra. Moreover, if in addition q ∈ (1, ∞) and σ ∈ [−s, s] satisfy σ−^n_q ∈ [−n−s+^n_p , s−^n_p ], then the pointwise multiplication is bounded as a map W^{s,p} ⊗ W^{σ,q} → W^{σ,q}.

(b) Let 1 < p, q < ∞ and σ ⩽ s ⩾ 0 satisfy σ −^n_q < 2(s −^n_p ) and σ −^n_q ⩽ s −^n_p . Then the pointwise multiplication is bounded as a map W^{s,p} ⊗ W^{s,p} → W^{σ,q}.

The following lemma is proved in [9] for the case p = q = 2. With the help of Lemma A.3, the proof can easily be adapted to the following general case. Lemma A.5. Let p ∈ (1, ∞) and s ∈ (^n_p , ∞), and let u ∈ W^{s,p}. Let σ ∈ [−1, 1] and^1_q ∈ (^{1+σ}_2 δ, 1 −^{1−σ}_2 δ), and let v ∈ W^{σ,q}, where δ =^1_p −^{s−1}_n . Moreover, let f : [inf u, sup u] → R be a smooth function. Then, we have ‖v(f ∘ u)‖_{σ,q} ⩽ C ‖v‖_{σ,q} (‖f ∘ u‖_∞ + ‖f^′ ∘ u‖_∞‖u‖_{s,p}) , where the constant C does not depend on u, v or f.

In the following lemma we consider nonsmooth Riemannian metrics on M. Lemma A.6. Let γ ∈ (1, ∞) and α ∈ (^n_γ , ∞). Fix on M a Riemannian metric of class W^{α,γ} .

(a) Let p ∈ (1, ∞) and s ⩽ min{α, α + n(^1_p −^1_γ )}. Then identifying the space C^∞(M) as a subspace of distributions via the L^2-inner product, C^∞(M) is densely embedded in W^{s,p}(M).

(b) Let s ∈ [−α, α], p ∈ (1, ∞), and s −^n_p ∈ [−n − α +^n_γ , α −^n_γ ]. Then the L^2-inner product on C^∞_0 (M) extends uniquely to a continuous bilinear pairing

W̊ s,p(M) ⊗ W̊ −s,p^′ (M) → R, where^1_p +^1_{p′} = 1. Moreover, the pairing induces a topological isomorphism [W̊^{s,p}(M)]^∗ ∼= W̊^{−s,p′} (M).

Appendix B. The Laplace-Beltrami operator In this appendix we will state a priori estimates for the Laplace-Beltrami operator in some Sobolev spaces. Let M be an n-dimensional smooth compact manifold with boundary. Then for m ∈ N, α ∈ R, and γ ∈ [1, ∞], we define D^{α,γ}_m (M) to be the class of differential operators A that can formally be written in local coordinates as A = ∑ |ν|⩽m a^ν ∂_ν with a^ν ∈ W^{α−m+|ν|,γ}(R^n_+ ), |ν| ⩽ m. Now, let the manifold M be equipped with a Riemannian metric in W^{α,γ} , where the exponents satisfy the condition αγ > n. Then with ∇_a being the Levi-Civita connection corresponding to the metric, the Laplace-Beltrami operator Δ is defined by Δϕ = ∇_a∇^aϕ for smooth functions ϕ. One can easily verify that the Laplace- Beltrami operator is in the class D^{α,γ}_2 (M).

Lemma B.1. Let A be a differential operator of class D^{α,γ}_m (M). Then, A can be extended to a bounded linear map A : W^{s,q}(M) → W^{σ,q}(M), for q ∈ (1, ∞), s ⩾ m − α, and σ satisfying σ ⩽ min{s, α} − m, σ < s − m + α − n γ , σ − n q ⩽ α − n γ − m, and s − n q ⩾ m − n − α + n γ . Proof. This is a straightforward application of Lemma A.3. □ Let us record the following integration-by-parts result.

Lemma B.2. Let s ∈ [1 − α, 1 + α], and s −^n_p ∈ (1 − n − α +^n_γ , 1 + α −^n_γ ]. Then, for u ∈ W^{s,p}(M) and v ∈ W^{2−s,p′} (M), we have ⟨Δu, v⟩ = −⟨∇u, ∇v⟩ + ⟨γ∂_ν u, γv⟩_N + ⟨γ∂_ν u, γv⟩_D. (51) We now consider local a priori estimates for the Laplace-Beltrami operator. In the following Σ := ∂M denotes the boundary of M. For V ⊂ M or V ⊆ Σ, the W^{s,p}(V )-norm is denoted by ‖ · ‖_{s,p,V} . Recall that if V = M we simply write ‖ · ‖_{s,p}. Lemma B.3. Let α −^n_γ > max{0, 1 −^n_2 }. Let q ∈ (1, ∞), s ∈ (2 − α, α], and s −^n_q ∈ (2 − n − α +^n_γ , α −^n_γ ]. Then

(a) for any y ∈ M \ Σ, there exist a constant c > 0 and open neighborhoods U ⊂ V ⊂ M \ Σ of y such that c‖χu‖_{s,q} ⩽ ‖χΔu‖_{s−2,q} + ‖u‖_{s−1,q,V} , (52) for any u ∈ W^{s,q}(M) and χ ∈ C^∞_0 (U) with χ ⩾ 0.

(b) for any y ∈ Σ, there exist a constant c > 0 and open neighborhoods U ⊂ V ⊂ M of y such that c‖χu‖_{s,q} ⩽ ‖χΔu‖_{s−2,q} + ‖χγu‖_{s−} 1_{q ,q,Σ} + ‖u‖_{s−1,q,V} , (53) for any u ∈ W^{s,q}(M) and χ ∈ C^∞(U) with supp χ ⊂ U and χ ⩾ 0.

(c) for any y ∈ Σ, there exist a constant c > 0 and open neighborhoods U ⊂ V ⊂ M of y such that c‖χu‖_{s,q} ⩽ ‖χΔu‖_{s−2,q} + ‖χγ∂_ν u‖_{s−1−} 1_{q ,q,Σ} + ‖u‖_{s−1,q,V} , (54) for any u ∈ W^{s,q}(M) and χ ∈ C^∞(U) with supp χ ⊂ U and χ ⩾ 0.

Proof. We will only prove (c). In a local chart containing y, the Laplace-Beltrami operator takes the form Δ = ∑ ik g^{ik}∂_i∂_k + ∑ i g^i∂_i, where g^{ik} ∈ W^{α,γ} (R^n_+ ) is the metric and g^i ∈ W^{α−1,γ} (R^n_+ ). We make the decomposition Δ = Δ + R + λ, where Δ = ∑ ik g^{ik}(y)∂_i∂_k, R = ∑ ik[g^{ik} − g^{ik}(y)]∂_i∂_k. Obviously λ = Δ − Δ − R is the lower order term. Likewise, the boundary operator reads in local coordinates B := γ_N ∂_ν = ∑ i γ_ng^{in}∂_i, where γ_n is the extension of γ_nϕ = ϕ|_{xn=0}. We introduce the decomposition B = B + ϱ, where B = ∑ i γ_ng^{in}(y)∂_i. Let U = {x ∈ R^n_+ : |x − y| < r} be the half ball of radius r centered at y. From the theory of constant coefficient elliptic operators, we infer the existence of a constant c > 0 such that for any u ∈ W^{s,q}(R^n_+ ) with supp u ⊂ U, c‖u‖_{s,q} ⩽ ‖Δu‖_{s−2,q} + ‖u‖_{s−2,q} + ‖Bu‖_{s−1−} 1_{q ,q,∂U} ⩽ ‖Δu‖_{s−2,q} + ‖Ru‖_{s−2,q} + ‖λu‖_{s−2,q} + ‖u‖_{s−2,q} + ‖Bu‖_{s−1−} 1_{q ,q,∂K} + ‖ϱu‖_{s−1−} 1_{q ,q,∂U} . Since α >^n_γ , without loss of generality we can assume that g^{ik} ∈ C^{0,h} for some h > 0, so ‖Ru‖_{s−2,q} ⩽ Cr^h‖u‖_{s,q}, and ‖ϱu‖_{s−1−} 1_{q ,q,∂U} ⩽ Cr^h‖u‖_{s,q}, where C is a constant depending only on the metric. By choosing r so small that Cr^h ⩽^c_4 , we have c 2 ‖u‖_{s,q} ⩽ ‖Δu‖_{s−2,q} + ‖λu‖_{s−2,q} + ‖Bu‖_{s−1−} 1_{q ,q,∂U} + ‖u‖_{s−2,q}. Now we will work with the lower order term. Choose δ ∈ (0, α −^n_γ ) such that δ ⩽ min{1, s + α − 2, s −^n_q + α −^n_γ + n − 2}. We have λ ∈ D^{α−1,γ}_1 (M), so by Lemma B.1, λ : W^{s−δ,γ} → W^{s−2,γ} is bounded. Then using a well known interpolation inequality, we get ‖λu‖_{s−2,q} ⩽ C‖u‖_{s−δ,q} ⩽ Cε‖u‖_{s,q} + C^′ε^{−(2−δ)/δ} ‖u‖_{s−2,q}, for any ε > 0. Choosing ε > 0 sufficiently small, we conclude that c‖u‖_{s,q} ⩽ ‖Δu‖_{s−2,q} + ‖Bu‖_{s−1−} 1_{q ,q,∂U∩R}n_+ + ‖u‖_{s−2,q}, for u ∈ W^{s,q}(R^n_+ ) with supp u ⊂ U. We apply this inequality to χu, and then observing that [Δ, χ] is in D^{α,γ}_1 (M) and [B, γχ] is in D^{α− 1γ ,γ}_0 (Σ), we obtain (54). □ Now let the boundary Σ be decomposed as Σ = Σ_D ∪ Σ_N with Σ_D ∩ Σ_N = ∅.

We can easily globalize the above result as follows.

Corollary B.4. Let the conditions of Lemma B.3 hold. Then there exists a constant c > 0 such that for all u ∈ W^{s,q}(M) c‖u‖_{s,q} ⩽ ‖Δu‖_{s−2,q} + ‖γ_N ∂_ν u‖_{s−1−} 1_{q ,q,N} + ‖γ_Du‖_{s−} 1_{q ,q,D} + ‖u‖_{s−2,q}. (55) Proof. We first cover M by open neighborhoods U by applying Lemma B.3 to every point y ∈ M, and then choose a finite subcover of the resulting cover. Then a partition of unity argument gives (55) with the term ‖u‖_{s−2,q} replaced by ‖u‖_{s−1,q}, and finally one can use an interpolation inequality to get the conclusion. □

Let us recall the following well known results from functional analysis.

Lemma B.5. Let X and Y be Banach spaces with continuous embedding X → Y . Let A : X → Y be a continuous linear map. Then

(a) A necessary and sufficient condition that the graph of A be closed in X × Y is that there exists a constant c > 0 such that c‖u‖_X ⩽ ‖Au‖_Y + ‖u‖_Y for all u ∈ X.

(b) If in addition the embedding X → Y is compact then the range of A is closed and the kernel of A is finite-dimensional.

As an immediate consequence, we obtain the following result.

Lemma B.6. Let p ∈ (1, ∞) and s ∈ (^n_p , ∞) ∩ [1, ∞), and let M be an ndimensional, smooth, compact manifold with boundary, equipped with a Riemannian metric in W^{s,p}. In addition, let α ∈ W^{s−2,p}(M) and β ∈ W^{s−1− 1p ,p}(Σ_N ). Then, the operator L : W^{s,p}(M) → W^{s−2,p}(M) ⊗ W^{s−1− 1p ,p}(Σ_N ) ⊗ W^{s− 1p ,p}(Σ_D), defined by L : u → (−Δu + αu, γ_N ∂_ν u + βγ_N u, γ_Du) is Fredholm with index zero.

Moreover, if there is a constant c > 0 such that ⟨∇u, ∇u⟩ + ⟨αu, u⟩ + ⟨βu, u⟩_N ⩾ c⟨u, u⟩, then L is invertible.

Proof. With X = W^{s,p}(M) and Y = W^{s−2,p}(M) ⊗ W^{s−1− 1p ,p}(Σ_N ) ⊗ W^{s− 1p ,p}(Σ_D), one has the compact embedding ı : X → Y : u → (u, 0, 0). Then Lemma B.5 in combination with Corollary B.4 and the fact that L is formally self-adjoint, implies that L is Fredholm. It is well known that when the metric is smooth, index of L is zero independent of s and p. We can approximate the metric h by smooth metrics so that L is arbitrarily close to a Fredholm operator with index zero. Since the level sets of index as a function on Fredholm operators are open, we conclude that the index of L is zero.

The invertibility part follows easily from (51). □

Now we present maximum principles for the Laplace-Beltrami operator, followed by a simple application. These types of results are well known, but nevertheless we state them here for completeness.

It is convenient at times when working with barriers and maximum principle arguments to split real valued functions into positive and negative parts; we will use the following notation for these concepts: ϕ^+ := max{ϕ, 0}, ϕ^− := min{ϕ, 0}, whenever they make sense. In the proof of the following lemma we will use the fact that for ϕ ∈ W^{1,p} it holds ϕ^+ ∈ W^{1,p} and so ϕ^− ∈ W^{1,p}, cf. [14] or [7].

Lemma B.7. Let p ∈ (1, ∞) and s ∈ (^n_p , ∞) ∩ [1, ∞), and let M be an ndimensional, smooth, compact manifold with boundary, equipped with a Riemannian metric in W^{s,p}. Moreover, let α ∈ W^{s−2,p}(M) and β ∈ W^{s−1− 1p ,p}(Σ_N ). Let ϕ ∈ W^{s,p}(M) be such that

− Δϕ + αϕ ⩾ 0, γ_N ∂_ν ϕ + βϕ ⩾ 0, and γ_Dϕ ⩾ 0. (56)

(a) If α ⩾ 0 and β ⩾ 0 and if α ≠ 0 or β ≠ 0 or Σ_D ≠ ∅, then ϕ ⩾ 0. (b) If M is connected, Σ_D = ∅, and ϕ ⩾ 0, then either ϕ ≡ 0 or ϕ > 0 everywhere.

(c) Let M be connected, and ϕ ⩾ 0. Also let Σ_D ≠ ∅ and γ_Dϕ > 0. Then ϕ > 0 everywhere.

Proof. Let us prove (a). Since ϕ ∈ W^{1,n}, we have −ϕ^− ∈ W^{1,n}_+ and ϕϕ^− ∈ W^{1,n}_+ . Note that W^{1,n} → (W^{s−2,p})^∗ by n ⩾ 2. Now, by using the property (56) and the positivity of α and β, we get ⟨∇ϕ^−, ∇ϕ^−⟩ = ⟨∇ϕ, ∇ϕ^−⟩ = −⟨Δϕ, ϕ^−⟩ + ⟨γ_N ∂_ν ϕ, γ_N ϕ^−⟩_N + ⟨γ_D∂_ν ϕ, γ_Dϕ^−⟩_D ⩽ −⟨α, ϕϕ^−⟩ − ⟨β, ϕϕ^−⟩_N ⩽ 0, implying that ϕ^− = const. So if ϕ ⩾̸ 0, it would have to be a negative constant. Let us assume that ϕ = const < 0. Then necessarily Σ_D = ∅, since otherwise we have the boundary condition ϕ ⩾ 0 on Σ_D. Moreover, from (56) we have α|ϕ| ⩽ 0, which, in combination with the assumption α ⩾ 0, implies α = 0. Similarly, we get β = 0, and we conclude that in order for ϕ to have negative values, it must hold that α = 0, β = 0, and Σ_D = ∅. This proves (a).

Now we will prove (b) and (c). Since ϕ is continuous, the level set ϕ^{−1}(0) ⊂ M is closed. Following [10, 11], we apply the weak Harnack inequality [16, Theorem 5.2] to show that ϕ^{−1}(0) is also relatively open in M. Then by connectedness of M we will have the proof.

Let L be the second order differential operator

Lϕ = −∂_i(a^{ij} ∂_j ϕ + a^iϕ) + b^j ∂_j ϕ + aϕ, (57)

where a^{ij} are continuous and positive definite, and a^i, b^j ∈ L^t, and a ∈ L^{t/2} for some t > n. Then the weak Harnack inequality [16, Theorem 5.2] implies that if Lϕ ⩾ 0 and ϕ ⩾ 0 then for sufficiently small R > 0, and for some large but finite q, ‖ϕ‖_Lq_{(B(x,2R))} ⩽ CR^{nq} inf_{B(x,R)} ϕ, (58) where B(x, R) denotes the open ball of radius R (in the background flat metric) centred at x, and C is a constant that depends only on n, t, q, and the coefficients of the differential operator.

Let x ∈ M \ Σ be an interior point, and let us work in local coordinates around x. Then the Laplace-Beltrami operator can be written as

Δϕ = ∂_i(g^{ij}∂_j ϕ) + (∂_ig^{ij} + g^{ik}Γ^j_{ik})∂_j ϕ.

We need that g^{ij} is continuous, and that ∂_ig^{ij} + g^{ik}Γ^j_{ik} is in L^t for some t > n. Clearly the first condition is satisfied since g^{ij} ∈ W^{s,p}_{loc} with ε := s −^n_p > 0. As for the other condition, we have ∂_ig^{ij} + g^{ik}Γ^j_{ik} ∈ W^{s−1,p}_{loc} . But W^{s−1,p}_{loc} ⊂ L^t for any t <^n_{1−ε} , and since n <^n_{1−ε} there is some t > n such that ∂_ig^{ij} + g^{ik}Γ^j_{ik} ∈ L^t. Hence we see that the Laplace-Beltrami operator poses no problem. Now the term α ∈ W^{s−2,p}_{loc} is problematic if, for instance, s < 2. This can be treated with the technique introduced in [11] as follows. Let u ∈ W^{s,p} be any function satisfying ∂_i∂^iu = α, where ∂_i∂^i is the Laplace operator with respect to the flat background metric. Then an application of the Leibniz formula gives αϕ = (∂_i∂^iu)ϕ = ∂_i((∂^iu)ϕ) − (∂^iu)∂_iϕ, and we have ∂^iu ∈ W^{s−1,p}_{loc} ⊂ L^t for some t > n, so that the weak Harnack inequality can be applied. If ϕ(x) = 0 and ϕ is nonnegative, the inequality (58) implies that ϕ ≡ 0 in a neighbourhood of x. Hence the set ϕ^{−1}(0) is relatively open in the interior of M.

Now let x ∈ Σ_N , and consider a local coordinate ball B of small radius centred at x so that the half-ball B_+ = B ∩ {x ∈ R^n : x_n > 0} coincides with the interior of M ∩ B. Then there is a vector field X ∈ W^{s−1,p} such that g(X, ν) = β on the flat boundary D = ∂B_+ ∩ Σ. So for any nonnegative φ ∈ C^∞(B_+ ∪ D) with φ|_{∂B} = 0, we have ⟨∇ϕ + ϕX, ∇φ⟩ + ⟨αϕ + ϕ∇X + X∇ϕ, φ⟩ = ⟨−Δϕ + αϕ, φ⟩ + ⟨∂_ν ϕ + βϕ, φ⟩_D ⩾ 0. In local coordinates this reads ∫ B_+ √ |g|(g^{ij}∂_j ϕ + X^iϕ)∂_iφ + √ |g|(αϕ + ∂_iX^iϕ + X^j∂_j ϕ)φ ⩾ 0. (59) where |g| is the determinant of the matrix [g_{ij} ]. Let u ∈ W^{s,p}_{loc} be such that ∂_i∂^iu = √ |g|(α + ∂_iX^i), and define a^{ij} = √ |g|g^{ij}, a^i_1 = √ |g|X^i, a^i_2 = ∂^iu, and b^j = √ |g|X^j − ∂^j u. We know that a^{ij} is continuous, and a^i_1, a^i_2, b^j ∈ W^{s−1,p}_{loc} ⊂ L^t for some t > n. In terms of these functions, (59) becomes ∫ B_+

(a^{ij}∂_j ϕ + a^i_1ϕ)∂_iφ + [∂_i(a^i_2ϕ) + b^j ∂_j ϕ]φ ⩾ 0.

For any given x ∈ R^n , let x^∗ ∈ R^n be its reflection with respect to the plane {x_n = 0}. Then for x ∈ B^∗_+, we define ψ^∗(x) = ψ(x^∗) with ψ being any function, c^{∗i}(x) = c^i(x^∗) if i < n and c^{∗n}(x) = −c^n(x^∗) with c^i being one of a^i_1, a^i_2, and b^i, and a^{∗ij} (x) = a^{ij}(x^∗) if i, j < n or i = j = n, and a^{∗ij} (x) = −a^{ij} (x^∗) otherwise. Now it is obvious that ∫ B_+

(a^{ij} ∂_j ϕ + a^i_1ϕ)∂_iφ + [∂_i(a^i_2ϕ) + b^j ∂_j ϕ]φ = ∫ B^∗_+

(a^{∗ij} ∂_j ϕ^∗ + a^{∗i}_1 ϕ^∗)∂_iφ^∗ + [∂_i(a^{∗i}_2 ϕ^∗) + b^{∗j} ∂_j ϕ^∗]φ^∗,

so that defining the extension of the quantities by w̃(x) = w(x) if x ∈ B_+ and w̃(x) = w^∗(x) if x ∈ B \ B_+, for any nonnegative φ ∈ C^∞(B) with compact support, we have 0 ⩽ ∫ B (ã^{ij}∂_jϕ̃ + ã^i_1ϕ̃)∂_iφ + [∂_i(ã^i_2ϕ̃) + b̃^j ∂_jϕ̃]φ = ∫ B [−∂_i(ã^{ij} ∂_jϕ̃ + ã^i_1ϕ̃ − ã^i_2ϕ̃) + b̃^j ∂_jϕ̃]φ.

This means that L̃ϕ̃ = −∂_i(ã^{ij} ∂_jϕ̃ + (ã^i_1 − ã^i_2)ϕ̃) + b̃^j ∂_jϕ̃ ⩾ 0,

in B, so that the weak Harnack inequality can now be applied to L̃ and ϕ̃. Thus if ϕ(x) = 0 at x ∈ Σ_N , then the inequality (58) gives ϕ ≡ 0 in a neighbourhood of x. We conclude that ϕ^{−1}(0) is relatively open in M \ Σ_D, and this proves (b) since Σ_D = ∅ in this case.

Finally, for (c), since ϕ > 0 on Σ_D it follows that Σ_D ∩ ϕ^{−1}(0) = ∅, and so from the proof of (b), the set ϕ^{−1}(0) is relatively open in M. Since its complement is not empty by hypothesis we have ϕ > 0 everywhere. □

Lemma B.8. Let the hypotheses of Lemma B.7(a) hold, and define the operator L : W^{s,p}(M) → W^{s−2,p}(M) ⊗ W^{s−1− 1p ,p}(Σ_N ) ⊗ W^{s− 1p ,p}(Σ_D), by L : u → (−Δu + αu, γ_N ∂_ν u + βγ_N u, γ_Du). Then, L is bounded and invertible.

Proof. By Lemma B.6, the operator L is Fredholm with index zero. The injectivity of L follows from Lemma B.7(a), for if ϕ_1 and ϕ_2 are two solutions of Lϕ = F , then the above lemma implies that ϕ_1 − ϕ_2 ⩾ 0 and ϕ_2 − ϕ_1 ⩾ 0. □

References

[1] Y. Choquet-Bruhat. Einstein constraints on compact n-dimensional manifolds. Class. Quantum Grav., 21:S127–S151, 2004.

[2] S. Dain. Trapped surfaces as boundaries for the constraint equations. Classical Quantum Gravity, 21(2):555–573, 2004.

[3] J. F. Escobar. The Yamabe problem on manifolds with boundary. J. Differential Geom., 35(1):21–84, 1992.

[4] J. F. Escobar. Conformal deformation of a Riemannian metric to a constant scalar curvature metric with constant mean curvature on the boundary. Indiana Univ. Math. J., 45(4):917– 943, 1996.

[5] P. Grisvard. Elliptic Problems in Nonsmooth Domains. Pitman Publishing, Marshfield, MA, 1985.

[6] M. Holst, G. Nagy, and G. Tsogtgerel. Rough solutions of the Einstein constraints on closed manifolds without near-CMC conditions. Comm. Math. Phys., 288(2):547–613, 2009. Available as arXiv:0712.0798 [gr-qc].

[7] S. Kesavan. Topics in Functional Analysis and Applications. John Wiley & Sons, Inc., New York, NY, 1989.

[8] D. Maxwell. Initial Data for Black Holes and Rough Spacetimes. PhD thesis, University of Washington, 2004.

[9] David Maxwell. Rough solutions of the Einstein constraint equations on compact manifolds.

J. Hyp. Diff. Eqs., 2(2):521–546, 2005.

[10] David Maxwell. Solutions of the Einstein constraint equations with apparent horizon boundaries. Comm. Math. Phys., 253(3):561–583, 2005.

[11] David Maxwell. Rough solutions of the Einstein constraint equations. J. Reine Angew. Math., 590:1–29, 2006.

[12] David Maxwell. A class of solutions of the vacuum Einstein constraint equations with freely specified mean curvature. Math. Res. Lett., 16(4):627–645, 2009.

[13] C. W. Misner, K. S. Thorne, and J. A. Wheeler. Gravitation. W. H. Freeman and Company, San Francisco, CA, 1970.

[14] D. Mitrović and D. Žubrinić. Fundamentals of applied functional analysis, volume 91 of Pitman monographs and surveys in pure and applied mathematics. Addison Wesley Longman, Essex, England, 1998.

[15] H. Triebel. Theory of function spaces, volume 78 of Monographs in Mathematics. Birkhäuser Verlag, Basel, 1983.

[16] N. Trudinger. Linear elliptic operators with measurable coefficients. Ann. Scuola Norm. Sup.

Pisa, 27(3):265–308, 1973.

[17] R. M. Wald. General Relativity. University of Chicago Press, Chicago, IL, 1984. [18] J. W. York, Jr. and T. Piran. The initial value problem and beyond. In R. A. Matzner and L. C. Shepley, editors, Spacetime and Geometry: The Alfred Schild Lectures, pages 147–176, Austin, Texas, 1982. University of Texas Press.

Department of Mathematics, University of California, San Diego, 9500 Gilman Drive, Dept. 0112, La Jolla, CA 92093-0112 USA

E-mail address: mholst@math.ucsd.edu

Department of Mathematics and Statistics, McGill University, 805 Sherbrooke West, Montreal, QC H3A 0B9 Canada

E-mail address: gantumur@math.mcgill.ca