arXiv:1306.1827v1 [gr-qc] 7 Jun 2013

Wave function of the Universe, preferred reference frame effects and metric signature transition

Hossein Ghaffarnejad^1 Department of Physics, Semnan University, P.O.Box 35195-363, Iran

Abstract Extending the Brans Dicke (BD) gravity theory in the presence of power-law self interacting potential ∼ ϕ^n, action functional of a dynamical unit-time-like four vector field N_μ and action functional of perfect fluid matter field, we study classical and quantum approaches of a flat Robertson-Walker (RW) space time. In the classical approach we use slow-roll condition of the potential V (ϕ), and obtain power-law inflationary cosmological model which exhibits metric signature transition at the origin of time. Our solution follows n ≈ −4, with negative barotropic index γ ≈ −1 corresponding to dark matter perfect fluid and ω ≥ 4 × 10^4 corresponding to the experimentally predicted value on the BD parameter. Deceleration parameter is obtained also as q ≈ −1. Applying a minisuperspace model of quantum cosmology, we derive corresponding Wheeler DeWitt (WD) wave functional equation of the system with a nonzero ADM mass. Minisuperspace potential of the WD equation has a saddle minimal point and near this point the WD takes a separable form. WD wave solution predicts a maximal probability on the metric signature transition hypersurface. Our WD wave solution follows ω ≥ 4 × 10^4 and slow-roll parameters of the self interacting BD potential which are used by our classical inflationary solutions. Furthermore our solutions predict a quantization condition on the ADM mass as M_{ADM} = k^2/l^2_p with k = 1, 2, 3, · · · where l_p = (16πG)^{1/2} is the well known Planck length.

1 Introduction

In previous years there have been several proposals to study Lorentz invariance violations in alternative gravity theories and their observational consequences (see [1-6] and references therein). These models are presented to introduce gravitational effects of a preferred reference frame described by a unit time-like vector field N_μ. Regarding general covariance, N_μ is taken

1E-mail address: hghafarnejad@ yahoo.com.

as a dynamical field. Bimetric gravity theories are also based on a dynamical vector field. In the latter models, there are two metric with inequivalent causal structure, namely gravitational metric g_{μν} and matter metric ĝ_{μν} = g_{μν} +ξN_μN_ν respectively where ξ is a dimensionless coupling constant. Trajectories of matter test particles are geodesics of the matter metric ĝ_{μν} and trajectories of the other elementary or dilatonic fields are geodesics of the gravitational metric respectively. These theories differs from ordinary scalar tensor gravity theories such that BD gravity [7] in a fundamental way: there the scalar field is essentially a conformal factor and the light cons derived in ‘Einstein frame‘ and the ‘Jordan frame‘ are identical [8,9]. These models which are based on a variable speed of light, are proposed to solve cosmological important problems, namely the horizon, flatness and magnetic monopole relic problems [10]. Also there is provided a specific dynamical mechanism to explain the origin of the spontaneous symmetry breaking of the local Lorentz and diffeomorphism invariance postulated in earlier publications [11-13]. Albrecht, Magueijo and Barrow have also proposed models of varying speed of light as possible solutions to the initial value problems in cosmology [14,15]. There is also reason to doubt exact Lorentz invariance: it leads to divergences in quantum field theory associated with states of arbitrarily high energy and momentum. This problem can be amended with a short distance high energy cutoff scale which, however, breaks Lorentz invariance [16]. Lorentz invariance violation directly causes to change the metric signature of space time [5]. The motivation into metric signature transition is usually caused by the extension of real functions to complex values, which needs to be consideration at least as trivial wick rotations in a complex plane [5,17,18]. Applicable context of Euclidean signature solutions of a gravity theory will be useful to study thermodynamical aspects of the quantum black holes evaporation [19]. Also evolution of Euclidean signature to its Lorentzian regime is useful in the path integral approach to quantum cosmology and gravity [20]. A state of particular interest in any quantum mechanical theory is the ground state, or state of minimum excitation. This is naturally defined by the path integral, made definite by a rotation to Euclidean time from Lorentzian time, over the class of paths which have vanishing action in the far past. In this article we use scalar-vector-tensor gravity theory [6] extended from the BD model. The model which is considered here is BD action with three additional matter terms: (a) action of power-law potential as ∼ ϕ^n, which is suitable in study of chaotic inflation [21]. (b) action of dynamical preferred reference frame effect with a four velocity N_μ(x^ν ). (c) action of perfect fluid matter field with equation of state as p = γρ where p and ρ are pressure and density respectively. Barotropic index γ is assumed here to be a constant. All matter terms is assumed here to move on a single gravitational metric. In other words the model is not considered to be acts as a bimetric theory such as [10]. We will seek flat RW metric solutions of the model which exhibit metric signature transition from Euclidean (+,+,+,+) to Lorentzian (+,-,-,-) signatures in approach of classical and quantum cosmology. Organization of the work is as follows.

In section 2, we introduce the gravity model. In section 3 we solve corresponding dynamical field equations defined in a flat RW metric and obtain power-low time dependent metric solutions which exhibit signature transition under some suitable conditions on the parameters. In section 4 we solve corresponding WD wave equation by regarding the Hartle-Hawking boundary conditions: the boundary conditions are that the Universe has no boundary [20]. Section 5 denotes to summary and concluding remark.

2 The model

We take the following scalar-vector-tensor-gravity theory [6]. I = 1 16π ∫ dx^4 √ g { ϕR − ω ϕ g^{μν} ∇_μϕ∇_ν ϕ + Λϕ^n n + 1 } (2.1)

+ 1 8π ∫ dx^4 √ gϕ { F_{μν} F^{μν} − N_μN^ν F^{μλ}Ω_{νλ} }

− 1 16π ∫ dx^4 √ gϕN_μN^ν { F^{μλ}F_{νλ} + Ω^{μλ}Ω_{νλ} }

− 1 8π ∫ dx^4 √ gN^μN^ν { ϕR_{μν} − ω ϕ ∇_μϕ∇_ν ϕ }

+ 1 16π ∫ ζ(x^ν )dx^4 √ g(g^{μν} N_μN_ν − 1) + I_{matter} where dynamical unit time-like four-vector field N_μ(x^ν ) is four velocity of a preferred reference frame and

F_{μν} = 2(∇_μN_ν − ∇_ν N_μ), Ω_{μν} = 2(∇_μN_ν + ∇_ν N_μ). (2.2)

In terms of partial derivative ∂_μ we have

F_{μν} = 2(∂_μN_ν − ∂_ν N_μ) (2.3) and Ω_{μν} = 2(∂_μN_ν + ∂_ν N_μ) + 4Γ^λ_{μν} N_λ. (2.4)

The undetermined Lagrange multiplier ζ(x^ν ) controls that N_μ to be an unit time-like vector field. The parameter Λ is a suitable self-interacting coupling constant of the elementary BD scalar field ϕ. Its dimension is (lenght)^{2n−4}. ϕ describes inverse of variable Newton‘s gravitational coupling parameter [7] and its dimension is (lenght)^{−2} in units c = ℏ = 1. g is absolute value of determinant of the metric. ‘ω‘ is dimensionless BD parameter which was obtained experimentally as ‘ω ≥ 4 × 10^4‘ [22]. When ω → ∞ then the BD gravity theory leads to the Einstein‘s general relativity theory [9]. There was obtained that the BD gravity theory can be derived from a low energy string effective theory with a particular value for the BD parameter as ω = −1 which dose not allow for standard inflation [23,24] (see also [9]). It is due to a fundamental symmetry of strings. This is a symmetry of string amplitudes which relates large and small radius of compactification. Also negative values of ω come from Kaluza-Klein theory, when these alternative theories in (4+h) dimensions reduce to a generalized BD theory after the dimensional reduction in the zero modes approximation such as ω = −(1 +^1_h ) [25]. Varying (2.1) with respect to ζ(x^ν ), ϕ, N^μ and g^{μν} we obtain respectively:

g^{μν} N_μN_ν = 1, (2.5) 2ω √ g ∇_μ (√ gg^{μν} ∇_ν ϕ ϕ ) − 4ω √ g ∇_μ (√ gN^μN^ν ∇_ν ϕ ϕ ) + ωg^{μν}∇_μϕ∇_ν ϕ ϕ^2

− (2.6) 2ωN^μN^ν ∇_μϕ∇_ν ϕ ϕ^2

+ (R − 2N^μN^ν R_{μν} ) + nΛϕ^{n−1} n + 1 2{F_{μν} F^{μν} − N_μN^ν F^{μλ}Ω_{νλ}} − N_μN^ν {F^{μλ}F_{νλ} + Ω^{μλ}Ω_{νλ}} = 0, 2N^ν [Ω_{νλ}F^λ_μ + Ω_{μλ}F^λ_ν − F^λ_ν F_{μλ} − Ω^λ_ν Ω_{μλ}]+ (2.7) 4 [ ω ϕ^2 N^ν ∇_μϕ∇_νϕ − N^ν R_{μν} ] + 2ζ(x^ν )N_μ ϕ + ∇^ν { √ gϕ(N_μN^λΩ_{λν} − N_μN^λF_{λν} + 2F_{μν} + 2N_ν N^λΩ_{λμ})} ϕ √ g = − 16π ϕ N^ν T^{matter} μν

and − 8πT^{matter}_{μν} = ϕG_{μν} + ζ(x^α)N_μN_ν + 4ϕF_{μβ}F^β_ν (2.8) −4ϕN_ν N^β R_{μβ} − 3ϕN_βN_μ[F^{βλ}F_{νλ} + Ω^{βλ}Ω_{νλ}] − 2ϕN_αN_μF^{αλ}Ω_{νλ} −4ϕN_μN^β F^λ_ν Ω_{βλ} +

∇_μ( √ g∇_ν ϕ) √ g + 4ω ϕ N_ν N^β∇_μϕ∇_βϕ − 2∇_μ[ √ g∇_λ(ϕN^λN_ν )] √ g +g_{μν} { ω 4ϕ ∇_βϕ∇^βϕ − Λϕ^n 2(n + 1) − ϕF_{αβ}F^{αβ} + ϕN_αN^β F^{αλ}Ω_{βλ} + ϕ 2 N_αN^β [F^{αλ}F_{βλ} + Ω^{αλ}Ω_{βλ}] + N^αN^β [ϕR_{αβ} − ω ϕ ∇_αϕ∇_βϕ] − ζ(x^ν ) 2 (N^αN_α − 1) −

∇^α( √ g∇_αϕ) √ g + 2∇_β( √ g∇_λ(ϕN^λN^β )) √ g }. In the next section, we solve the above dynamical field equations defined in a flat RW metric. Matter stress tensor T^{matter}_{μν} which is considered here is assumed to be a prefect fluid with a barotropic type of state equation as p = γρ in which ρ and p is density and pressure respectively and γ is a constant.

3 Signature transition in classical cosmology

We choose space time with highest symmetry which is spatially homogenous and isotropic dynamical flat universe. Whose line element is given by the well known RW metric. Lorentzian signature flat RW metric is given from point of view of a free falling comoving observer as

ds^2 = dt^2 − R^2(t){dx^2 + dy^2 + dz^2} (3.1)

where R(t) is the scale factor of space time. Using (2.5) and space time symmetries in (3.1) it is required that we set

N_μ(t) = N_t N_x N_y N_z = 1 0 0 0 . (3.2)

In this case we have

F_{μν} (t) = 0, Ω_{μν} (t) = 4R(t)Ṙ(t)

0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1

(3.3)

where overdot is differentiation with respect to time parameter ‘t‘. As a simple matter model, we consider a perfect fluid stress tensor as T^{μν}_{matter} = (ρ + p)U^μU^ν − pg^{μν} (3.4) where four velocity of the perfect fluid is assumed to be normalized as g_{μν} U^μU^ν = 1 and hence the fluid dose not move from point of view of comoving reference frame. In other words we have

N_μ(t) = U_μ(t). (3.5)

Applying (3.1) and (3.5) the stress tensor (3.4) become:

T^{μν}_{matter} (t) = ρ(t) 0 0 0 0 p(t)/R^2(t) 0 0 0 0 p(t)/R^2(t) 0 0 0 0 p(t)/R^2(t)

. (3.6)

Matter conservation equation ∇^μT^{matter}_{μν} = 0, leads to

Rρ̇ + 3Ṙ(ρ + p) = 0 (3.7)

and corresponding action functional of the perfect fluid stress tensor (3.6) is obtained as [ see appendix ]: I_{matter}[ρ, R] = ∫ dx^4R^3ρ. (3.8)

Applying (3.1), (3.2), (3.3) and (3.8), the action functional (2.1) become I = 1 16π ∫ dx^4L (3.9)

where the Lagrangian density L is given by

L = 6ϕRṘ^2 + ωR^3ϕ̇^2 ϕ + ΛR^3ϕ^n n + 1

+ 16πρR^3. (3.10)

Applying (3.1), (3.2), (3.3), and (3.6), the field equations (2.6) and (2.7) become respectively − 2ω ϕ̈ ϕ + ω ϕ̇2 ϕ^2 − 6ω Ṙϕ̇ Rϕ + 6 Ṙ2 R^2 + nΛϕ^{n−1} n + 1

= 0 (3.11) and 6 R̈ R − 2ω ϕ̇2 ϕ^2 − ζ ϕ = 8πρ ϕ . (3.12) Also one can obtain time-time and space-space components of the metric equation (2.8) respectively such as follows. 9 R̈ R − 13ω 4 ϕ̇2 ϕ^2 + 3 Ṙ2 R^2 − ζ ϕ + Λϕ^{n−1} 2(n + 1) = 8πρ ϕ (3.13) and R̈ R + ϕ̈ ϕ − Ṙ2 R^2 − 3ω 4 ϕ̇2 ϕ^2 + 3 Ṙϕ̇ Rϕ − Λϕ^{n−1} 2(n + 1) = 8πp ϕ . (3.14) In the following we seek particular solutions which follow the above dynamical field equations and also the Euler-Lagrange equations of the fields ϕ(t) and R(t) derived from the Lagrangian density (3.10). Varying (3.10) with respect to the field ϕ(t), one can show that the corresponding Euler-Lagrange equation is obtained same as (3.11). Varying (3.10) with respect to the scale factor R(t), the corresponding Euler Lagrange equation is obtained as 4 R̈ R + 2 Ṙ2 R^2 + 4 Ṙϕ̇ Rϕ − ω ϕ̇2 ϕ^2 − Λϕ^{n−1} n + 1 = 16πρ ϕ . (3.15)

Applying (3.11), (3.12) and (3.13) we obtain 12n R̈ R + 4ω ϕ̈ ϕ − ω(5n + 2) ϕ̇2 ϕ^2

+ 12ω Ṙϕ̇ Rϕ + 12(n − 1) Ṙ2 R^2

= 0. (3.16)

Using (3.11), (3.12) and (3.15) we have ζ ϕ = 4 R̈ R + ω n ϕ̈ ϕ − (3 + n) n Ṙ2 R^2 − ω(1 + 3n) 2n ϕ̇2 ϕ^2 + (3ω − 2n) n Ṙϕ̇ Rϕ . (3.17)

Applying (3.12) and (3.17) we obtain 8πρ ϕ = 2 R̈ R − ω n ϕ̈ ϕ + (3 + n) n Ṙ2 R^2 + ω(1 − n) 2n ϕ̇2 ϕ^2 + (2n − 3ω) n Ṙϕ̇ Rϕ . (3.18)

Using (3.11) and (3.14) we have 8πp ϕ = R̈ R + (n − ω) n ϕ̈ ϕ + (3 − n) n Ṙ2 R^2 + ω(2 − 3n) 2n ϕ̇2 ϕ^2 + 3(n − ω) n Ṙϕ̇ Rϕ . (3.19)

We are now in a position to obtain time dependent solutions of the fields ϕ(t) and R(t) by using (3.11) and (3.16) such as follows. ϕ(t) = l^{−2}_p (t/l_p)^{21−n} , R(t) = l_p(t/l_p)^β (3.20) where l_p = (16πG)^{1/2} is the well known Planck length in units c = ℏ = 1. In this case (3.16) can be rewritten as ω = β(1 − n)^2[β(2n − 1) − n] n − 2β(1 − n) . (3.21)

Using (3.21), the equation defined by (3.11) leads to Λ = 2β(1 + n)[12(1 − n)β^2 + (10n − 11)β − 2n] [n − 2β(1 − n)]l^{2(2−n)}p . (3.22)

Applying (3.20) and (3.21), the equations defined by (3.17), (3.18) and (3.19) reduce to the following relations respectively. ζ(t) = ζ_0 l^4_p ( t l_p ) 2n_{1−n} , ρ(t) = ρ_0 l^4_p ( t l_p ) 2n_{1−n} , p(t) = γρ(t) (3.23)

with ζ_0 =

6β^3 + (13 − 7n − 2n^2)β^2 + 4n^2β n − 2β(1 − n) , (3.24)

ρ_0 = β[6n + (9 − 13n + 6n^2)β − 12(n^2 − 3n + 2)β^2] 8π[n − 2β(1 − n)] (3.25) and γ = [2n^2(1 + n) + n(1 − n)(n^2 + 9n − 6)β + (1 − n)(2n^3 − 17n^2 + 11n − 2)β^2 −6n(1−n)^2β^3]/{n(1−n)[6nβ+(9−13n+6n^2)β^2−12(n^2 −3n+2)β^3]}. (3.26) Applying (3.20) and (3.23), the matter conservation equation (3.7) leads to the following constraint condition. γ = −1 − 2n 3β(1 − n) (3.27) where γ is called barotropic index of the state equation p(t) = γρ(t). The constraint conditions defined by (3.26) and (3.27) can be determine particular values of the parameters n and β. However the metric line element (3.1) with power-law inflationary solution (3.20) leads to

ds^2 = dt^2 − l^2_p(t/l_p)^{2β}{dx^2 + dy^2 + dz^2}. (3.28)

To be a realistic model of the early universe and also to test whether or not our model is consistent with recent observational date, a scale invariant spectrum of scalar perturbations n_s defined by

n_s ≃ 1 + 2η − 6ϵ (3.29)

should be generated after inflation [27], where η, ϵ are called slow-roll parameters as ϵ = 1 2l^2_p ( V^′(ϕ) V (ϕ) )_2 , η = 1 2l^2_p V^{′′}(ϕ) V (ϕ) (3.30)

and V (ϕ) is effective potential which supports the inflation. Over-prime ′ denotes to differentiation with respect to the inflaton field ϕ. To match the observational date, n_s should be around unity at the end of inflation. This guaranties the generation of scale invariant scalar perturbations [27]. Using (3.20), (3.29), (3.30) and V (ϕ) =^{Λϕn}_{n+1} we obtain

n_s ≃ 1 − n(n + 2) 8π ( l_p t ) 4_{1−n} (3.31)

which with n < 1 corresponds to the slow-roll regime of the power-law inflationary solutions, namely

lim_{t>>lp} n_s → 1, n ≤ 1. (3.32)

Corresponding deceleration parameter is obtained as q = − R̈R Ṙ2 = −1 + 1 β (3.33)

which with β >> 1 its value leads to q ≈ −1 which corresponds to a powerlaw inflationary cosmological model. Hence we restrict us to regimes where β >> 1, n < 1. (3.34)

With β >> 1 the equations defined by (3.26) and (3.27) reduce to

γ ∼= −1 (3.35) and 2n^2 − 7n + 5 = 0 (3.36) with n^+ ∼= 0.6, n^− ∼= −4.1. (3.37) The equation (3.35) describes dark matter dominant of the perfect fluid matter field. With β >> 1 the BD parameter defined by (4.21) become ω ∼= β(n − 1) ( n − 1 2 ) (3.38)

which with particular values (3.37) we will have

ω^+ ∼= −0.04β → −∞, ω^− ∼= 23.46β → +∞. (3.39)

Predicted experimental values of the BD parameter as ω ≥ 4 × 10^4 restrict us to choose ω^− as a physical solution. With n^− = −4.1 and β >> 1 the relations defined by (3.22), (3.24) and (3.25) reduce to the following relations respectively. Λ^− ∼=

37β^2 l^{12}_p

(3.40)

ζ^−_0 ∼= −

3β^2 5 (3.41) and ρ^−_0 ∼=

9β^2 π . (3.42)

Metric signature transition may to be studied by applying τ(t) = (t/l_p)^{2/3} as a time evolution parameter of particular non-comoving reference frame where τ < 0 and τ > 0 corresponds to imaginary comoving time it and real comoving time t parameter respectively. Using this transformation the metric equation (3.28) can be rewritten as ds^2 l^2_p = 9 4 τdτ^2 − τ^{3β} {dx^2 + dy^2 + dz^2}. (3.43)

If we assume 3β = 2k, k = 1, 2, 3, · · · , (3.44)

then the metric equation (3.43) will be has Lorentzian signature (+,-,-,-) with τ > 0 and Euclidean signature (-,-,-,-) with τ < 0. With particular values k > 2500, the BD parameter ω^− ∼= 16k given by (3.39) follows its corresponding experimental values as ω ≥ 4 × 10^4. On the hypersurface τ = 0 we have ds = 0 corresponding to light-like geodesics. Applying (3.43), the Kretschmann and Ricci scalars become R_{αβγδ} R^{αβγδ} ≃^1_{τ 6} and R^α ≃^1_{τ 3} respectively. These scalars are singular on the hypersurface τ = 0. The Kretschmann scalar is symmetric function under the time reversibility τ → −τ but the Ricci scalar is not. Symmetry breaking of the Ricci scalar should be cause to change signature of the metric. Non-vanishing singularity of these scalars on the signature transition hypersurface τ = 0 motivates us to study the signature transition of the space time in the quantum cosmological approach where the classical concept of time would break down. Quantum mechanically uncertainty principle on the fields causes to invalid classical singularity of these scalars on the metric signature transition hypersurface τ = 0. In the next section we will follow the minisuperspace approach of quantum cosmology and solve the WD probability wave equation of the system with particular choice n^− = −4, γ = −1 and ω = 16k with k = 1, 2, 3, · · · .

4 Signature transition in quantum cosmology

Applying (3.20), (3.23) and (3.27), the conservation equation defined by (3.7) leads to ρR^{3(1+γ)} = ρ_0l^{3γ−1}_p (4.1)

where ρ_0 is given by (3.25). Using (3.40), (3.42), (4.1) with n^− = −4, γ = −1, 3β = 2k, ω = 16k, and k = 1, 2, 3, · · · , the Lagrangian density (3.10) become

L = 6ϕRṘ^2 + 16kR^3ϕ̇^2/ϕ − 148k^2R^3/27l^{12}_p ϕ^4 + 64k^2R^3/l^4_p. (4.2)

Defining dimensionless fields x^2 = l^2_pϕ and y = R^2/l^2_p, the lagrangian density (4.2) become L = l_p { 3x^2ẏ^2 2y^12

+ 64ky^{32} ẋ^2 } + 4k^2y^{3/2} l_p { 16 − 37 27x^8 } . (4.3)

Using the definition of canonical momentum and Hamiltonian density given by Π_x =^{∂L}_{∂ẋ} , Π_y =^{∂L}_{∂ẏ} and H = Π_xẋ + Π_yẏ − L, respectively, one can obtain H = 3x^2Π^2_x + 128ky^2Π^2_y − 3027k^3y^3(16x^2 −^{37}_{27x6} ) 768kl_px^2y^{3/2}

. (4.4)

Applying Dirac canonical quantization operators as Π̂_x = −i^δ_{δx} and Π̂_y = −i^δ_{δy} with ℏ = 1, and nonzero ADM mass M_{ADM} we obtain WD wave equation ĤW (x, y) = M_{ADM} W (x, y) such as follows. { 3x^2 δ^2 δx^2 + 128ky^2 δ^2 δy^2 + U(x, y) } W_k(x, y) = 0 (4.5)

where we define M_{ADM} = k^2 l_p (4.6) and U(x, y) = 3027k^3y^3 ( 16x^2 − 37 27x^6 ) − 768k^3x^2y^{3/2}. (4.7)

Using ∂_xU(x, y) = 0, ∂_yU(x, y) = 0 (4.8) we obtain saddle point of the above super-potential as

x_0 ≈ 1, y_0 ≈ 0.05. (4.9)

In this point Taylor series expansion of the potential U(x, y) become

U(x, y) ∼= −3k^3 − 17k^3(x − 1)^2 + 398k^3(x − 1)(y − 0.05) + 10709k^3(y − 0.05)^2. (4.10) We will solve the WD equation (4.5) at neighborhood (x, y) → (1, 0.05) where U(x, y) ≈ −3k^3 and so the WD wave equation (4.5) can be take as separable form. In the latter case the WD equation (4.5) become { 3x^2 δ^2 δx^2 + 128ky^2 δ^2 δy^2 − 3k^3 } W_k(x, y) ∼= 0. (4.11)

Defining W_k(x, y) = P_k(x)Q_k(y) (4.12) the above equation leads to the following linear ordinary differential equations.

d^2P_k(x) dx^2 − k^3 cos^2 ηP_k(x) x^2

= 0 (4.13) and d^2Q_k(y) dy^2 − 3k^2 sin^2 ηQ_k(y) 128y^2

= 0 (4.14)

where η is separation of variables constant and k = 1, 2, 3, · · · , which with k > 2500 follow power-law inflationary solutions in the classical approach. Hence we seek solutions of the equations (4.13) and (4.14) under the condition k → ∞ (large positive integer). One can obtain easily general solutions of the above equations as

P_k(x) = x^{12} {A_+x

√_{14 +k3 cos2 η} + A_−x^− √_{14 +k3 cos2 η}

} (4.15) and Q_k(y) = y^{12} {B_+y

√_1

4 +^{3k2 sin2 η}

128 + B_−y^−

√_1 4 +^{3k2 sin2 η}

128 } (4.16) where A_±, B_± are constants and whose values should be determined by initial values of the cosmological system. We use initial conditions as P_k(1) = 1, P^′_k(1) = 0 and Q_k(0.05) = 1, Q^′_k(0.05) = 0 where ′ denotes to differentiation with respect to x and y respectively. In this case we obtain

A_± = 1 2 { 1 ∓ 1 √ 1 + 4k^3 cos^2 η } (4.17) and B_± =

∓1 +

√_1

4 +^{3k2 sin2 η}_{128} √_1

4 +^{3k2 sin2 η}_{128}

(0.05)^{− 12 ∓}

√_1 4 +^{3k2 sin2 η}

128 . (4.18)

Applying (4.15), (4.16), (4.17) and (4.18), with k >> 1 we obtain

P^q_k (x) ≃ 1 2 { x^q + 1 x^q } (4.19) and Q^s_k(y) ≃ 1 2 {( y 0.05 )_s + ( 0.05 y )_s} (4.20) with W^{(q,s)}_k (x, y) = P^q_k (x)Q^s_k(y) (4.21)

where we defined q = k^{3/2} cos η, s = 0.153k sin η (4.22)

with

tan η = s √ k 0.153q . (4.23)

The parameters defined by q, s take arbitrary real values. If whose values are chosen as (q, s) = 0, 1, 2, 3, · · · then the corresponding solutions defined by (4.19) and (4.20) will be have still real values at regions x < 0, y < 0 and so the WD wave solution (4.21) exhibits nonzero probability of metric signature transition. In case (q, s) = (1, 1), diagram of the WD wave functional (4.21) multiplied by 10^{−30}, is given by the figure 1. This figure shows signature transition quantum tunneling of the space time metric with maximal probability from Euclidean region y < 0 to Lorentzian region y > 0 in the presence of quantum fluctuations of the fields x, y. In the classical theory the singularity is a place where the field equations and hence predictability, break down. Namely singularity of the Kretschmann and Ricci scalars at the origin of the expansion comoving cosmic time. It is seen that the situation is improved in the quantum theory. In other words in the quantum cosmological approach classical concepts of the time breaks down and so uncertainty principle of the minisuperspace variables x and y quantum fluctuations, against that the Kretschmann and Ricci scalars reach to a infinite value. Hence the quantum cosmological approach of the metric signature transition may to be remove the predicted naked singularity of classical approach of cosmological system.

5 Summary and concluding remarks

We studied classical and quantum BD cosmology in the presence of a self interacting BD potential, perfect fluid cosmic dark matter and gravitational effects of an unit dynamical time like four vector field. In the slow roll regime of the potential our classical solutions predict a power-law inflationary model where dark matter is dominated and the solution exhibit metric signature transition from Euclidean to Lorentzian signature from point of view of a preferred reference frame. However Kretschmann and Ricci scalars of the space time become infinite on the metric signature transition hypersurface and this problem may to be make unreliable our classical solutions, but corresponding quantum cosmological WD wave solutions are promising. There is obtained a maximum value for the WD probability wave function on the signature transition hypersurface. We should be point that our WD solution are valid near the minimal saddle point of the corresponding minisuperspace potential where the WD equation can be take a separable form. This saddle point is near of the metric signature transition hypersurface and so our approximated WD solution and whose predictions are valid. Furthermore our WD solutions predicts a quantization condition on the nonzero ADM mass of the system.

6 Appendix

Variational form of an arbitrary matter field stress tensor T_{μν} is given by [19]: δI_{matter} = − 1 2 ∫ dx^4 √ gT_{μν} δg^{μν} (6.1) which by using the identity

δT^μ_μ = g_{μν} δT^{μν} + T_{μν} δg^{μν} (6.2)

can be rewritten as δI_{matter} = − 1 2 ∫ dx^4 √ g{δT^μ_μ − g_{μν} δT^{μν} }. (6.3) Applying (3.1), (3.6) and (3.7), the action function (6.3) takes the following form. δI_{matter} = −3 ∫ dx^4pR^2δR = ∫ dx^4δ(R^3ρ) = δ ∫ dx^4R^3ρ. (6.4)

References

1. T. Jacobson and D. Mattingly, Phys. Rev. D64, 024028 (2001); gr-qc/0007031.

2. T. Jacobson, S. Liberati, and D. Mattingly, gr-qc/0303001 (2003).

3. D. Mattingly and T. Jacobson, gr-qc/0112012 (2001).

4. J. F. Barbero G. and E. J. S. Villaseñor, Phys. Rev. D68, 087501 (2003);

gr-qc/0307066 5. J. F. Barbero. G, Phys. Rev. D54, 1492 (1996).

6. H. Ghaffarnejad, Gen. Relativ. Gravit., 40, 2229 (2008); 41, 2941 (E) (2009).

7. C. Brans, and R. Dicke, Phys. Rev. 124, 925 (1961). 8. Y. M. Cho, Class. Quantum. Grav. 10, 2963 (1997). 9. L.J.Garay and J. G. Bellido, ge-qc/ 9209015 (1992). 10. M. A. Clayton and J. W. Moffat, Phys. Lett. B 460, 263 (1999). 11. J. W. Moffat, Int.J.Mod. Phys.D2,351 (1993), gr-qc/9211020. 12. J.W. Moffat, Found, of Phys. 23, 41 (1993); gr-qc/9209001. 13. J.W.Moffat, astro-ph/9811390 (1998).

14. A. Albrecht and J. Maguiejo, Phys. Rev.D59, 043516 (1999); astro-ph/9811018. 15. J. D. Barrow, Phys.Rev.D59, 043515 (1999); astro-ph/9811022. 16. T. Jacobson Phys. Rev.D44, 1731 (1991).

17. T. Dereli and R. W. Tucker, Class. Quantum. Grav. 10, 365, (1993). 18. T. Dereli, M. Önder and R. W. Tucker, Class. Quantum. Grav. 10, 1425, (1993).

19. General Relativity (R. M. Wald, The University of Chicago Press, 1984). 20. J. B. Hartle, S. W. Hawking, Phys. Rev. D28, 2960 (1983). 21. A. Linde, D. Linde and A. Mezhlumian, gr-qc/9306035 (2006). 22. C. M. Will, Living Rev. Rel. 9 (2006); http://WWW.livingreviews.org/lrr-2006-3. 23. R. Brustein, M. Faux and Burt A. Ovrut, Phys. Lett B302, 169 (1993). 24. S. Kalara, Nucl. Phys. B341, 252 (1990).

25. J. M. Overduin and P. S. Wesson, gr-qc/9805018 (1998). 26. The Light Dark Universe (J. M. Overduin and P. S. Wesson, World Scientific, 2008).

27. Cosmology: The origin and evolution of cosmic structure (P. Coles and F. Lucchin, John Wiley and Sons, 1995).

Figure 1: Diagram describes surface plot of the WD wave solution W^{(1,1)}_{k>>1}(x, y) = 0.25 × 10^{−30} ( x +^1_x ) [(_y 0.05 ) + (_{0.05} y )] which has maximum value at neighborhood of the origin (x, y) → (0, 0). Regions of the minisuperspace (x, y) with y < 0 and y > 0 denotes to Euclidean and Lorentzian regions of the flat RW space time respectively where scale factor of space time is R = l_p √ y and ϕ = x^2/l^2_p denotes to the BD scalar field.