arXiv:1306.1853v1 [astro-ph.CO] 7 Jun 2013

SCG-2013-04

Solar System Tests of f(R) Gravity

Jun-Qi Guo^∗ Department of Physics, Simon Fraser University 8888 University Drive, Burnaby, BC Canada V5A 1S6 (Dated: June 11, 2013)

In this paper, we study the solar system tests of f(R) gravity. When the field f^′ is light, the post-Newtonian parameter γ is equal to 1/2. We reobtain this result by focusing on the equations of motion for f(R) gravity in the Jordan frame. The result of γ = 1/2 is a gross violation of the observational value γ = 1. The chameleon mechanism in the Jordan frame is implemented in order to make f(R) gravity pass the solar system tests. The problem of the solar system tests of f(R) gravity is almost identical to the scenario of the false vacuum decay. Consequently, the condition for the validity of a thin-wall approximation in the false vacuum decay can be used as the new condition for the solar system tests. This new condition provides a pictorial interpretation to the solar system tests of f(R) gravity. Numerical simulations of the solar system tests of f(R) gravity are implemented. The combination of analytic and numerical approaches enables us to ascertain whether an f(R) model can pass the solar system tests or not.

PACS numbers: 04.25.Nx, 04.50.Kd, 11.10.Lm, 95.36.+x, 98.80.Es, 98.80.Jk

I. INTRODUCTION

The cause of the current cosmic acceleration has not yet been determined [1, 2, 3, 4, 5], although various efforts have been made to identify it. In addition to considering the cosmological-constant and scalar-field approaches, the idea that an extended theory of gravity might account for the speed-up also seems to provide a straightforward explanation. In the Jordan frame (JF), one may replace the Ricci curvature scalar in the Einstein-Hilbert action with a function of the scalar,

S_{JF} = 1 16πG ∫ d^4x √ −gf(R) + S_M [g_{μν} , ψ_m] , (1)

where G is the Newtonian gravitational constant, and ψ_m is the matter field.

Any viable f(R) model must pass the solar system tests, which place strong constraints on f(R) gravity. General relativity predicts that the parameterized post- Newtonian(PPN) parameter γ is equal to 1, and the observational results show that γ = 1 + O(10^{−4}) [6, 7]. Therefore, general relativity should be recovered from f(R) gravity in the solar system . However, on some occasions, the scalar field f^′ is very light, which generates γ = 1/2 [8, 9, 10, 11, 12, 13, 14]. In this paper, we re-derive this result by directly considering the equations of motion for f(R) gravity in the JF.

A γ close to 1 could be obtained through the chameleon mechanism [10, 15, 16, 17, 18, 19, 20, 21]. In this mechanism, the scalar field f^′ couples to the matter density, where f^′ and the matter density together construct an effective potential. f^′ stays at two minima of the effective potential: one inside and the other outside of the Sun. The mass that the field f^′ acquires from the coupling

∗Electronic address: jga35@sfu.ca

between the field f^′ and the matter density is heavier than it would acquire than in the absence of the matter density. Consequently, in the chameleon mechanism the scalar field f^′ is transiting from one minimum of the effective potential to the other when it crosses a thin shell near the surface of the Sun. The chameleon mechanism is usually implemented in the Einstein frame (EF), in which the condition on the existence of the thin shell is obtained in [15, 16]. However, the matter and the potential are coupled in a complex way in the EF. Note that the f(R) gravity is defined in the JF, and we find that the picture is more intuitive in the JF, in which the coupling between matter density and the potential is much simpler than the form in the EF.

The false vacuum decay scenario [22] and the solar system tests of f(R) gravity are very similar. Therefore, the condition for the validity of the thin-shell approximation in the false vacuum decay can be used as the new thinshell condition for the solar system tests. This new condition provides a pictorial interpretation to the problem of the solar system tests of f(R) gravity.

In addition to the analytical method, numerical experiments also provide an efficient way to study how the scalar field f^′ behaves in the effective potential. Taking the R ln R model and Hu-Sawicki model as examples, we run the numerical experiments solving the equation of motion for f^′ in different configurations. The results verify the arguments for the thin-shell condition obtained in the JF and the condition in the false-vacuum decay scenario, and further clarify whether an f(R) model can avoid the solar system tests or not.

This paper is organized as follows. In Sec. II, we give the framework of the solar system tests of f(R) gravity. In Sec. III, a γ of 1/2 is re-derived. In Sec. IV, working in the JF, we explore how to obtain a γ of 1 by the chameleon mechanism. In Sec. V, the new thin-shell condition obtained from the false-vacuum decay scenario is discussed. In Sec. VI, numerical simulations are performed to verify the thin-shell conditions. In Sec. VII, the results are summarized.

II. FRAMEWORK

A variation on the action for f(R) gravity with respect to the metric yields gravitational equations of motion, f^′R_{μν} − 1 2 fg_{μν} − [∇_μ∇_ν − g_{μν} □]f^′ = 8πGT_{μν} , (2) where f^′ denotes the derivative of the function f with respect to its argument R, and □ is the usual notation for the covariant D’Alembert operator □ ≡ ∇_α∇^α. The dynamics of the degree of freedom f^′ are determined by the trace of Eq. (2)

□f^′ = 8πG 3 T + 1 3 (2f − f^′R), (3)

where T is the trace of the stress-energy tensor T_{μν} . Identifying f^′ by ϕ ≡ df dR , (4)

one can rewrite Eq. (3) as

□ϕ = V^′(ϕ) + m^{−2}_{pl} 3 T, (5) where V^′(ϕ) ≡ dV dϕ = 1 3 (2f − ϕR). (6) The spherically symmetric coordinate system inside and outside of the Sun is set up as

ds^2 = −N(r)dt^2 + 1 B(r) dr^2 + r^2dθ^2 + r^2 sin^2 θd^2ϕ, (7)

where r is the radius. The equations of motion for f(R) [11] are ϕ r^2 (−1 + B + rB^′) = −8πGρ − 1 2 (ϕR − f) −B [ ϕ^{′′} + ( 2 r + B^′ 2B ) ϕ^′ ] , (8)

ϕ r^2 ( −1 + B + rB N^′ N ) = 8πGp − 1 2 (ϕR − f) −B ( 2 r + N^′ 2N ) ϕ^′, (9)

where prime (^′) denotes the derivative with respect to r, ρ is matter density, and p is pressure. The trace equation (3) in the coordinate system described by Eq. (7) reads B [ ϕ^{′′} + ( 2 r + B^′ 2B + N^′ 2N ) ϕ^′ ] = 8πG 3 (−ρ + 3p) + V^′(ϕ), (10) which, in the weak gravitational field and when ρ ≫ p, can be approximated as ϕ^{′′} + 2 r ϕ^′ = − 8πG 3 ρ + V^′(ϕ). (11)

The boundary conditions are

lim_{r→∞} ϕ(r) = ϕ_∞ = Constant, (12)

dϕ dr | | |_{r=0} = 0. (13)

We will use the above formulas to explore the behaviors of f(R) gravity in the solar system, and compute the PPN parameter γ defined by γ ≡ − 1 − 1/B(r) 1 − N(r) . (14)

III. HOW TO OBTAIN THE PPN PARAMETER γ =^1_2

The observations show that the PPN parameter γ = 1 + O(10^{−4}), which is very close to 1 [6, 7]. However, in f(R) gravity γ can be equal to 1/2 in some circumstances. In [8, 9, 10, 11, 12, 13, 14] the results are obtained by a perturbation method or by transforming f(R) theory from the JF into the EF. In this paper, we will re-compute the PPN parameter by focusing directly on the equations of motion in the JF.

We assume that the Sun is sitting in a vacuum, and that in Eq. (11) V^′(ϕ) is negligible in comparison to ϕ^{′′} and 2ϕ^′/r. Note that at infinity, ϕ is expected to be close to the de Sitter value, ϕ_0. Thus, the solution to Eq. (11), inside and outside of the Sun, can be written as

ϕ(r)|_{interior} ≈ ϕ_0 + ϵ 2r_0 [ 3 − ( r r_0

)_2] , (15)

ϕ(r)|_{exterior} ≈ ϕ_0 + ϵ r , (16)

where ϵ = 2GM/3, M is the solar mass, and r_0 is the radius of the Sun. When both (ϕR − f)/2 and p can be neglected, the equations of motion (8)(9) become 1 r^2

(−1 + B + rB^′) ≈ − 2 3ϕ_0 8πGρ, (17)

N^′ N ≈ ϕ r^2 (1 − B) − 2B r ϕ^′ B (_ϕ r +^{ϕ′}_2

) . (18)

Notice that Eq. (17) differs from the corresponding equation in general relativity only by a factor of 2/(3ϕ_0). This means that the solutions of B(r) inside and outside of the Sun can be written as

B|_{interior} ≈ 1 −

2ϵ_1 r_0 ( r r_0

)_2

, (19)

B(r)|_{exterior} ≈ 1 −

2ϵ_1 r , (20)

where ϵ_1 = 2GM/(3ϕ_0). Substituting of Eqs. (15)(19) and Eqs. (16)(20) into Eq. (18) yields the solutions for N(r) inside and outside of the Sun,

N(r)|_{interior} ≈ exp [ 4ϵ_1 r_0 ( r r_0

)_2

+ C_1 ] , (21)

N(r)|_{exterior} ≈ C_2 ( 1 − 4ϵ_1 r ) . (22)

Letting C_2 equal to 1 and requiring N(r) to be continuous at r equal to r_0, we have

N(r)|_{exterior} ≈ 1 −

4ϵ_1 r , (23)

N(r)|_{interior} ≈ 1 −

8ϵ_1 r_0 + 4ϵ_1 r_0 ( r r_0

)_2 . (24)

Combination of Eqs. (14)(20)(23) generates the PPN parameter γ ≈^1_2 .

In summary,

ϕ(r) ≈ ϕ_0 { 1 +^{ϵ1}_{2r0} [ 3 − (_r r_0 )_2]} for r < r_0,

ϕ_0 ( 1 +^{ϵ1}_r ) for r > r_0,

(25)

B(r) ≈ 1 −^{2ϵ1}_{r0} (_r r_0

)_2

for r < r_0,

1 −^{2ϵ1}_r for r > r_0,

(26)

N(r) ≈ 1 −^{8ϵ1}_{r0} +^{4ϵ1}_{r0} (_r r_0

)_2

for r < r_0,

1 −^{4ϵ1}_r for r > r_0.

(27)

For comparison, we also list the corresponding quantities in general relativity: ϕ(r) is always equal to 1 and

B_{GR}(r) ≈

1 −^{3ϵ}_{r0} (_r r_0

)_2

for r < r_0,

1 −^{3ϵ}_r for r > r_0,

(28)

N_{GR}(r) ≈

1 −^{6ϵ}_{r0} +^{3ϵ}_{r0} (_r r_0

)_2

for r < r_0,

1 −^{3ϵ}_r for r > r_0.

(29)

More generally, when the matter density and the radius of the Sun are large enough for some f(R) models, ϕ(r) could be almost constant at 0 < r < r_1 < r_0, therefore V^′(ϕ) − 8πGρ/3 ≈ 0. At r_1 < r < r_0, the field ϕ(r) varies with r, ϕ^{′′} + 2ϕ^′/r = −8πGρ/3 + V^′(ϕ). In this case, the solutions of B(r) and N(r) become a bit more complicated. However, the form of ϕ(r) will not change outside of the Sun, except that in the definition of ϵ, M is replaced by

M_{eff} ≈ 4π ∫_{r0} r_1 [ ρ − 3V^′(ϕ) 8πG ] r^2dr. (30)

Therefore, the value of γ remains 1/2. This result is at a discrepancy with the observations of γ = 1 + O(10^{−4}) [6, 7]. In the rest of this paper, we will examine how to avoid this discrepancy.

IV. HOW TO OBTAIN THE PPN PARAMETER γ = 1

A. The chameleon mechanism in the EF

The conflict between the theoretical results and the observations on the parameter γ in f(R) gravity could be avoided through the chameleon mechanism [10, 15, 16, 17, 18, 19, 20, 21]. The f(R) gravity can be transformed into the EF. The field ϕ is re-scaled to ϕ̃ = √ 3/2m_{pl} ln ϕ, where m_{pl} is the Planck mass and 8πG = m^{−2}_{pl} . The new field ϕ̃ acquires a heavier mass from the coupling of ϕ̃ to the environment both inside and outside of the Sun than it does in the vacuum case. An effective potential is constructed by the scalar field of ϕ̃ and the matter density. The effective potential has two minima, one on each side of the Sun’s surface. The field has a fast transition between the two minima near the Sun’s surface. When the transition happens in a short enough “time” (distance), f(R) gravity can avoid the solar system constraints. More details are given in Appendix.

B. The chameleon mechanism in the JF

General relativity predicts that γ is equal to 1. By comparing the equations of motion for f(R) gravity, (8) and (9), with those of general relativity, 1 r^2

(−1 + B + rB^′) = −8πGρ, (31)

1 r^2 ( −1 + B + rB N^′ N ) = 8πGp, (32) one can see that in order to obtain a γ equal to 1 in f(R) gravity, f(R) should be reduced to general relativity from the Sun to the Milky Way galaxy. In other words, from ρ ≈ ρ_{Sun} ∼ g/cm^3 to ρ ≈ ρ_{Galaxy} ∼ 10^{−23}g/cm^3,

4 f(R) ≈ R, and f^′ ≈ 1. Therefore, with Eq. (11) we can obtain that at places far away from the Sun

V^′(ϕ_∞) − 8πG 3 ρ_∞ = 0. (33)

When the radius of the Sun is large enough and the matter density of the Sun is high enough for some f(R) models, inside the Sun

V^′(ϕ_c) − 8πG 3 ρ_c = 0. (34)

From inside to outside of the Sun: |△ϕ| ≈ 8πG 3 |△ρ| |V^{′′}(ϕ)| ∼ |V^′(ϕ)| |V^{′′}(ϕ)| ∼ R |V^{′′}(ϕ)| ≪ 1. (35)

Taking the spatial coordinate r in Eq. (11) as the “time” coordinate,

ϕ̈ + 2 r ϕ̇ = − [ −V^′(ϕ) + 8πG 3 ρ ] . (36)

Then, as shown in Fig. 1, Points B and C correspond to the respective quasi-stationary states for the field ϕ outside and inside of the Sun, and |ϕ_B − ϕ_C | ≪ 1. However, if the matter density of the environment is zero, the field ϕ will move to Point A, and a γ ≈ 1/2 will be obtained.

FIG. 1: Description of the chameleon mechanism in the JF.

When ϕ^′ → 0 and ϕ^{′′} → 0, Eqs. (8)(9) become ϕ r^2 (−1 + B + rB^′) = −8πGρ − 1 2 (ϕR − f), (37)

ϕ r^2 ( −1 + B + rB N^′ N ) = 8πGp − 1 2 (ϕR − f). (38) Letting η_1 = 8πGρ + (ϕR − f)/2 and η_2 = −8πGp + (ϕR − f)/2, we obtain

B(r) ≈ 1 +

C_1 r − η_1 3 r^2, (39)

N(r) ≈ C_2 exp [ − ∫ C_1/r^2 + (η_2 − η_1/3)r 1 + C_1/r − η_1r^2/3) dr ] . (40)

When η_1r ≪ C_1/r^2 and η_2r ≪ C_1/r^2, one obtains B(r) ≈ N(r) ≈ 1 + C_1 r , (41)

and γ ≈ 1.

C. Comparison of the EF and the JF

The EF and JF approaches to obtaining γ = 1 are equivalent. From Eq. (A.2), one obtains dU dχ = m^2_{pl} 2χ^3

(2f − χR) . (42)

Equation (A.4) yields dχ dϕ̃ = 1 m_{pl} √ 2 3 χ. (43)

Substituting Eqs. (A.5)(A.8)(42)(43) into Eq. (A.12) generates

2f − f^′R = ρ(r), (44)

which is just Eq. (33) or (34) in the JF. Thus, the two approaches are equivalent. In the JF approach, we do not have to do the transformations between the JF and the EF. In the EF, the field ϕ and matter density ρ are coupled together in the second term of Eq. (A.12). However, in the JF only the matter density term is present in the second term of the corresponding Eq. (33) or (34).

V. ANALOGY BETWEEN THE DECAY OF THE FALSE VACUUM AND THE SOLAR SYSTEM TESTS OF f(R) GRAVITY

From the mathematical point of view, the solar system tests of f(R) gravity are very similar to the false vacuum decay discussed in [22]. The conclusions in this paper provide a pictorial description of the condition for the existence of a thin shell.

It is possible to rewrite Eq. (11) as ϕ^{′′} + 2 r ϕ^′ = V^′eff(ϕ), (45)

where

V^′eff(ϕ) = − 8πG 3 ρ + V^′(ϕ). (46)

The boundary conditions are described by Eqs. (12) and (13). The dynamics of ϕ(r) defined by Eqs. (11)-(13) are almost identical to the scenario for false vacuum decay, except that the former have one dimension less than the latter. In the case of the false vacuum decay, the condition on the fast transition of a scalar field between the two minima of a potential is derived in [22], which can be straightforwardly taken as the new thin-shell condition in the f(R) case. This condition can be equivalently expressed in the following three formats: ζ 8Veff-max

≪ 1, (47) Δa a ≪ 1, (48) Δ ( μ^2 ) μ^2

≪ 1. (49)

With the illustration of Fig. 2, Δa = a_+ − a_−, a = (a_+ + a_−)/2, μ^2 = [V^{′′}_{eff}(ϕ_+) + V^{′′}_{eff}(ϕ_−)] /2, and Δ ( μ^2 ) = |V^{′′}_{eff}(ϕ_+) − V^{′′}_{eff}(ϕ_−)|.

For convenience, one may take the spatial coordinate as the “time” coordinate, and rewrite Eq. (45) in a “dynamical” format

ϕ̈ + 2 r ϕ̇ = − [ −V^′eff(ϕ) ] , (50)

where the overdot still denotes the derivative with respect to r. The field ϕ is required to satisfy the boundary conditions described by Eqs. (12) and (13). When the condition of Eq. (47) is met in that the two maxima of −V_{eff} are almost at the same “height” as shown in Fig. 3, in the beginning the field ϕ will quasi-statically stay at right maximum of the inverted potential −Veff for a long “time” due to the large friction force 2ϕ̇/r. Then, after a long “time” (when r is large enough), the friction force becomes negligible such that the field ϕ will run through the valley instantly and then slowly approach the left maximum of −Veff. In this case, ϕ is an instanton, and has a thin-shell near the Sun’s surface in the solar system tests problem. However, if the condition described by Eq. (47) is not satisfied, as shown in Fig. 6, the friction force 2ϕ̇/r will be large and the field ϕ will move slowly from one maximum of −V_{eff} to the other one. In this case, ϕ(r) does not have a thin-shell near the Sun’s surface.

VI. NUMERICAL SIMULATIONS OF f(R) MODELS

In order to verify the analytic arguments in Secs. III to V, we will numerically explore the behaviors of ϕ(r) in the solar system for the R ln R model and the Hu-Sawicki model.

A. The R ln R model

The f(R) gravity can be generated from a renormalization group flow. When the running of the gravitational coupling is defined by the same beta-function

FIG. 2: Pictorial description of the new thin-shell condition expressed by Eqs. (47)-(49).

FIG. 3: The inverted potential −V_{eff}(ϕ). In the beginning, the field ϕ quasi-statically stays at the right maximum of the inverted potential −V_{eff}(ϕ) for a long “time” due to the large friction force 2ϕ̇/r. Then, after a long “time” (if r is large enough), the friction force becomes negligible, the field ϕ will run through the valley instantly and then slowly approach the left maximum of −V_{eff}(ϕ).

as the (quantum) function in quantum chromodynamics, one is led to the R ln R model, in which f(R) = R α_0 ( 1 + α_0 ln^R_{R0} ) [23]. For convenience, we can rewrite it as f(R) = R ( 1 + α_0 ln R R_0 ) , (51)

where α_0 and R_0 are positive. The de Sitter curvature Λ = R_0e^{−1/α0 +1} is exponentially suppressed in comparison to R_0. The cosmic dynamics of this model are explored in our previous work [23, 24].

For this model, the function f(R) can be rewritten as

f(R) = R(ϕ − α_0). (52)

When ϕ^{′′} and 2ϕ^′/r are negligible compared to V^′(ϕ) and

8πGρ/3 in Eq. (11), one obtains

ϕ ≈ 2α_0 + α_0W (X), (53)

where X = 8πGρ/Λ and W (X) is the Lambert W function. Equations (52) and (53) show that, at the general relativistic limit,

α_0 ≈ 1 W (X) ≪ 1. (54)

W (X) ≈ ln(X) when X ≫ 1. Then, with Eq. (53) ϕ is logarithmically dependent on X when X ≫ 1, this model is therefore reduced to general relativity only for a certain regime of curvature or matter density. This is quite different from some other models, such as the Hu- Sawicki model [13], the Starobinsky model [25], and the exponential model [26, 27, 28], in which f(R) goes to general relativity once the matter density ρ is above a certain value. The running of ϕ makes it hard for this model to pass the solar system tests.

Utilizing Newton’s iteration method, we numerically solve Eq. (11) in the solar system case, taking into account the nonzero matter density of the Milky Way Galaxy. In this paper, we set the parameters to be dimensionless. We let the radius of the Sun r_0 equal to 1, in which case the densities of the Sun, the Milky Way Galaxy and the dark energy are 2.2 × 10^{−6}, 10^{−29} and 10^{−34}, respectively. We describe the matter density profile around the Sun approximately as ρ = ρ_{Sun} 1 + e^{10(r−r0)}

+ ρ_{Galaxy}. (55)

In the R ln R model, we let α_0 = 0.0126 and R_0 = 1 so that Λ can take the value of the dark energy, 10^{−34}. The numerical results are shown in Figs. 4-6. Figure 5 shows that, Eq. (11) can be approximated as ϕ^{′′} + 2ϕ^′/r ≈ 8πGρ/3 and ϕ^{′′} + 2ϕ^′/r ≈ 0 inside and outside of the Sun, respectively. As a result, outside of the Sun ϕ(r) ≈ ϕ_0 + 2GM/(3r) and thus γ ≈ 1/2, as discussed in Sec. III. This result can also be interpreted from the arguments on the conditions described by Eqs. (35), and (47)-(49). Inside the Sun the equation for ϕ is reduced to ϕ^{′′} + 2ϕ^′/r ≈ 8πGρ/3. Therefore, the field ϕ does not settle at the equilibrium between V^′(ϕ) and 8πGρ/3. As a result, the condition of Eq. (35) is not satisfied. On the other hand, Fig. 6 shows that the inverted potential −V_{eff} only has only one rather than two maxima, so the new thin-shell condition described by Eqs. (47)-(49) is violated. The potentials V , V_{eff}, and V_m in Fig. 6 are defined by Eqs. (6), (46), and V^′_m = −8πGρ/3, respectively. Equation (46) implies that V_{eff} = V + V_m.

If we only consider the mathematical aspects of Eq. (11), a thin-shell solution can be obtained when the parameters with appropriate values make the field ϕ(r) heavy enough. For example, take α_0 = 0.015 and R_0 = 1. Using the same units as the ones used in the solar system case, we set the matter densities of the sphere and the

FIG. 4: The field ϕ(r) in the R ln R model in the solar system case. A thin shell does not exist near the surface of the Sun. ϕc(= 0.202555860) is the value of ϕ at r = 0.

FIG. 5: The terms in Eq. (11) for the R ln R model in the solar system case. The friction force 2ϕ^′/r is relatively large, and ϕ^{′′} + 2ϕ^′/r ≈ 8πGρ/3, which leads to a γ ≈ 1/2.

FIG. 6: The inverted effective potential −V_{eff}(ϕ) in the R ln R model in the solar system case. The field ϕ slowly rolls down from Maximum 1 to “Maximum 2” due to the large friction, as is also shown in Fig. 4. The new thin-shell condition of Eqs. (47)-(49) is not met. ϕc(= 0.202555860) is the value of ϕ at r = 0, and V_{eff} = V + Vm.

background at 55 and 5, respectively. The radius of the sphere r_0 is 10. The results for this new set of parameters are shown in Figs. 7-11. In this configuration, the thinshell conditions described by Eq. (35) and Eqs. (47)-(49) are satisfied, as shown in Figs. 10 and 11. Therefore a thin shell for the field ϕ(r) exists at the boundary of the sphere, as shown in Fig. 7.

The difficulty that the R ln R model has evading the solar system tests can be interpreted as follows. Consider a sphere sitting in a background with nonzero matter density. Assume that the ϕ stays at the coupling state ϕ ≈ 2α_0 + α_0W (X) and that X(= 8πGρ/Λ) is much greater than 1. Then, the scalar field ϕ runs logarithmically with respect to the matter density. This running can easily trigger the field ϕ to move off the coupling state inside the sphere and then the field ϕ will slowly approach the other coupling state which is far way from the sphere. The smaller the matter density of the sphere is, the earlier the field ϕ will release from the coupling state inside the sphere. In the solar system case, such a coupling process does not even exist. As a result, it remains challenging for the R ln R model to pass the solar system test when the chameleon mechanism has been taken into account. This problem is significantly alleviated in some f(R) models (e.g. the Hu-Sawicki model) that are close to the ΛCDM model. In these models the field ϕ is not sensitive to the change of the matter density when the matter density is above the cosmological constant scale.

B. The Hu-Sawicki model

The function f(R) in the Hu-Sawicki model reads [13] f(R) = R − R_0 C_1R^n C_2R^n + R^n_0

, (56)

where C_1 and C_2 are dimensionless parameters, R_0 = 8πGρ̄_0/3, and ρ̄_0 is the average matter density of the present universe. We consider the simplest version of this model f(R) = R − CR_0R R + R_0

, (57)

where C is a dimensionless parameter. In this model,

V^′(ϕ) =

R^3 3(R + R_0)^2 [ 1 + (1 − C)

R_0 R ( 2 + R_0 R )] . (58) The above two equations show that as long as the matter density is much greater than R_0, the curvature R will trace the matter density very well, and ϕ will be close to 1. We compute the field ϕ(r) when a sphere sits in a background with nonzero matter density. The parameters assume the following values. C = 1.2. In the same set of units as in the solar system case, the radius of the sphere is r_0 is equal to 1, and the densities of the sphere, background, and R_0 are 2.2 × 10^{−4},

FIG. 7: The field ϕ(r) in the R ln R model when the parameters are set up to make the field ϕ heavy. A thin shell exists at the boundary of the sphere. ϕc(= 1.70) is the value of ϕ at r = 0.

FIG. 8: The terms in Eq. (11) for the R ln R model. The absolute value of the friction force |2ϕ^′/r| is much less than that of the net force |ϕ^{′′}|, which allows the field ϕ to cross the valley of −V_{eff} instantly.

FIG. 9: Zoom-in of Fig. 8 near the surface of the sphere. The absolute value of the friction force |2ϕ^′/r| is much less than that of the net force |ϕ^{′′}|, which allows the field ϕ to cross the valley of −V_{eff} instantly.

FIG. 10: The ratio 8πGρ/V^{′′}(ϕ) in the R ln R model. The ratio 8πGρ/V^{′′}(ϕ) is about 0.4 and, to some extent, satisfies the thin-shell condition described by Eq. (35).

FIG. 11: The inverted effective potential −V_{eff}(ϕ) in the R ln R model. In the beginning the field ϕ quasi-statically stays at the right maximum of −V_{eff}(ϕ) for a long “time”, then instantly crosses the valley, and slowly approaches the left maximum of −V_{eff}(ϕ). The new thin-shell condition described by Eqs. (47)-(49) is satisfied. ϕc(= 1.70) is the value of ϕ at r = 0, and V_{eff} = V + Vm.

10^{−2}ρ_{sphere}, and 10^{−7}ρ_{sphere}, respectively. The density profile is ρ = ρ_{sphere}/[1 + exp(30(r − r_0)] + ρ_{background}. The solution for ϕ(r) is plotted in Fig. 12, which shows that ϕ(r) has a thin shell near the boundary of the sphere. Figures 13 and 14 show that the thin-shell conditions described by Eq. (35) and Eqs. (47)-(49) are satisfied.

In principle, when the computational precision is high enough, numerical simulations in the solar-system case can be performed. On the other hand, in this study we only considered a simple case (n is equal to 1) of the Hu-Sawicki model (56). The model with a larger n will be more favored to pass the solar system tests because the field ϕ will be suppressed more in this circumstance. However, implementing all such simulations is beyond the scope of this paper.

FIG. 12: The field ϕ(r) in the Hu-Sawicki model. A thin shell exists near the boundary of the sphere. ϕc(= 1−1.188×10^{−14} ) is the value of ϕ at r = 0.

FIG. 13: The ratio 8πGρ/V^{′′}(ϕ) in the Hu-Sawicki model. The ratio 8πGρ/V^{′′}(ϕ) satisfies the thin-shell condition described by Eq. (35).

FIG. 14: The inverted effective potential −V_{eff}(ϕ) in the Hu- Sawicki model. In the beginning the field ϕ quasi-statically stays at the right maximum of −V_{eff}(ϕ) for a long “time”, then instantly crosses the valley, and slowly approaches the left maximum of −V_{eff}(ϕ). The new thin-shell condition described by Eqs. (47)-(49) is satisfied. ϕc(= 1 − 1.188 × 10^{−14} ) is the value of ϕ at r = 0, and V_{eff} = V + Vm.

VII. CONCLUSIONS

The confrontation between f(R) gravity and the solar system tests has been explored in the JF in this paper. We studied how to obtain γ ≈ 1/2 and γ ≈ 1 in different circumstances by using the equations of motion for f(R) gravity in the JF. The coupling between the field ϕ and the matter density ρ in the JF has a very simple format and therefore provides an intuitive picture of the problem of solar system tests of f(R) gravity.

The analogy between the false vacuum decay and the solar system tests of f(R) gravity provides a new thinshell condition to testify whether an f(R) model can pass the solar system tests or not. The numerical simulations of two f(R) models verify the analytic results of the thinshell conditions.

Consider a sphere sitting in a background with nonzero matter density. In the chameleon mechanism, the field ϕ is coupled to the matter densities of the sphere as well as the background inside and outside of the sphere. Regarding the R ln R model, in the coupling state the scalar field ϕ runs logarithmically with respect to the matter density when 8πGρ/Λ is much greater than 1. This relationship can easily trigger the field ϕ to release from the coupling state inside the sphere and ϕ will then slowly approach the other coupling state, which is far way from the sphere. Consequently, it is challenging for the R ln R model to pass the solar system test, and in fact the coupling state even does not exist inside the Sun for this model. In some other f(R) models which are very close to the ΛCDM model (e.g. Hu-Sawicki model), the field ϕ is robust to the change of the matter density as long as it is greater than the cosmological constant. As a result, this class of f(R) models have the advantage to pass the solar system tests.

Acknowledgments

This work was supported by the Discovery Grants program of the Natural Sciences and Engineering Research Council of Canada. The author would like to thank Andrei V. Frolov, Aaron Plahn, Levon Pogosian, Howard Trottier, and Shaojie Yin for useful discussions, and the University of Saskatchewan for its hospitality during the Black Holes IX conference.

Appendix: The chameleon mechanism in f(R) gravity in the EF

This Appendix mainly refers to [10]. It is possible to transform the gravity part of the action in the JF expressed by Eq. (1) into the format of the scalar-tensor theory with Brans- Dicke parameter ωBD = 0

Sgrav = ∫ d^4x √ −g ( m^2_{pl} 2 χR − χ^2U(χ) ) , (A.1)

where U(χ) = m^2_{pl} 2χ^2

[χR − f(R)] , (A.2) χ ≡ df(R) dR . (A.3)

Then the metric can be re-scaled as, g̃μν = χgμν = e^{2βϕ̃/mpl} gμν = e √_{2/3ϕ̃/mpl} gμν , (A.4) with β = − 1 √ 6 , (A.5) χ = e √_{2/3ϕ̃/mpl} . (A.6)

The re-scaling generates the action of f(R) gravity in the EF

SEF = ∫ d^4x √ −g̃ ( m^2_{pl} 2 R̃ − 1 2 g̃^{μν} ∂μϕ̃∂νϕ̃ − U(ϕ̃) )

+SM [ g̃μν e^− √_{2/3ϕ̃/mpl} , ψm ] . (A.7)

A non-relativistic conserved matter density in the EF is defined as ρ(r̃) = χ^{−3/2}ρ(r), (A.8)

where r̃ is the radius in the EF, which is related to the one in the JF by r̃ = χ^{1/2}r, and ρ(r) is the non-relativistic matter density in the JF.

We can consider a static, spherically symmetric body, with a non-zero background density. Variation of the action described by Eq. (A.7) with respect to the field ϕ̃ yields the equation of motion for the field in weak-field limit

d^2ϕ̃ dr̃^2 + 2 r̃ dϕ̃ dr̃ = U_,~_ϕ + β m_{pl} ρ(r̃)e^{βϕ̃/mpl} . (A.9)

For convenience, we define an effective potential

U_{eff}(ϕ̃) ≡ U(ϕ̃) + ∑ i ρ_ie^{βiϕ̃/mpl} , (A.10)

and assume the density profile has the following form:

ρ(r̃) = ρ_c for r̃ < Rc, ρ_∞ for r̃ > Rc. (A.11)

We denote by ϕ̃c and ϕ̃∞ the field value which minimizes U_{eff} for r < Rc and r > Rc, respectively. The field is defined in Eq. (A.4). The potential U_{eff}(ϕ̃) has a minimum inside and outside of the body,

U_,~_ϕ(ϕ̃c) + β m_{pl} ρ_ce^{βϕ̃c/mpl} = 0. (A.12)

If U^{′′}(ϕ̃c) is large enough, the field ϕ̃ will transit from one minimum to the other one across a thin shell near the surface of the sphere, ΔRc Rc ≡ ϕ̃_∞ − ϕ̃_c 6βm_{pl}Φc ≈ Rc − R_{roll} Rc ≪ 1, (A.13)

where Φc ≈ 10^{−6} is the Newtonian potential at the surface of the Sun. The above equation is called the thin-shell condition [15, 16]. The observational results give the following constraint [10]

|ϕ̃^∞_{min} − ϕ̃^c_{min}| Φc √ 3/2 m_{pl}

≤ 3.5 × 10^{−5}. (A.14)

[1] A. G. Riess et al. [ Supernova Search Team Collaboration ], “Observational evidence from supernovae for an accelerating universe and a cosmological constant,” Astron. J. 116, 1009-1038 (1998). [arXiv:astro-ph/9805201].

[2] S. Perlmutter et al. [ Supernova Cosmology Project Collaboration ], “Measurements of Ω and Λ from 42 high redshift supernovae,” Astrophys. J. 517, 565-586 (1999). [arXiv:astro-ph/9812133].

[3] A. G. Riess et al. [ Supernova Search Team Collaboration ], “Type Ia supernova discoveries at z > 1 from the Hubble Space Telescope: Evidence for past deceleration and constraints on dark energy evolution,” Astrophys. J. 607, 665-687 (2004). [arXiv:astro-ph/0402512].

[4] E. Komatsu et al. [ WMAP Collaboration ], “Seven-year Wilkinson Microwave Anisotropy Probe (WMAP) observations: Cosmological interpretation,” [arXiv:1001.4538 [astro-ph.CO]].

[5] P. A. R. Ade et al. (Planck Collaboration) “Planck 2013 results. I. Overview of products and scientific results,”

arXiv:1303.5062 [astro-ph]

[6] S. S. Shapiro, J. L. Davis, D. E. Lebach, and J. S. Gregory, “Measurement of the Solar Gravitational Deflection of Radio Waves using Geodetic Very-Long-Baseline Interferometry Data, 19791999,” Phys. Rev. Lett. 92, 121101 (2004) [7] B. Bertotti, L. Iess, and P. Tortora, “A test of general relativity using radio links with the Cassini spacecraft,” Nature 425, 374 (2003) [8] T. Chiba, T. L. Smith, and A. L. Erickcek, “Solar System constraints to general f(R) gravity,” Phys. Rev. D 75, 124014 (2007) [arXiv:astro-ph/0611867] [9] T. P. Sotiriou and V. Faraoni, “f(R) Theories Of Gravity,” Rev. Mod. Phys. 82, 451-497 (2010) [arXiv:0805.1726 [gr-qc]] [10] T. Faulkner, M. Tegmark, E. F. Bunn, and Yi Mao, “Constraining f(R) Gravity as a Scalar Tensor Theory,” Phys. Rev. D 76, 063505 (2007) [arXiv:astro-ph/0612569v1] [11] T. Kobayashi and K. Maeda, “Relativistic stars in f(R) gravity, and absence thereof,” Phys. Rev. D 78, 064019 (2008) [arXiv:0807.2503 [astro-ph]] [12] K. Kainulainen, J. Piilonen, V. Reijonen, and D.

Sunhede, “Spherically symmetric spacetimes in f(R) gravity theories,” Phys. Rev. D, 76, 024020 (2007) [arXiv:0704.2729 [gr-qc]] [13] W. Hu and I. Sawicki, “Models of f(R) Cosmic Acceleration that Evade Solar-System Tests,” Phys. Rev. D 76,

064004 (2007) [arXiv:0705.1158 [astro-ph]] [14] P.-J. Zhang, “The behavior of f(R) gravity in the solar system, galaxies and clusters,” Phys. Rev. D 76, 024007 (2007) [arXiv:astro-ph/0701662] [15] J. Khoury and A. Weltman, “Chameleon Cosmology,” Phys. Rev. D 69, 044026 (2004) [arXiv:astro-ph/0309411] [16] J. Khoury and A. Weltman, “Chameleon Fields: Awaiting Surprises for Tests of Gravity in Space,” Phys. Rev. Lett. 93, 171104 (2004) [arXiv:astro-ph/0309300] [17] I. Navarro and K. V. Acoleyen, “f(R) actions, cosmic acceleration and local tests of gravity,” JCAP 0702, 022 (2007) [arXiv:gr-qc/0611127] [18] J.-A. Gu and W.-T. Lin, “Solar-System Constraints on f(R) Chameleon Gravity,” arXiv:1108.1782 [gr-qc] [19] T. Tamaki and S. Tsujikawa, “Revisiting chameleon gravity - thin-shells and no-shells with appropriate boundary conditions,” Phys. Rev. D 78, 084028 (2008) [arXiv:0808.2284 [gr-qc]] [20] S. Tsujikawa, T. Tamaki, and R. Tavakol, “Chameleon scalar fields in relativistic gravitational backgrounds,” JCAP 05, 020 (2009) [arXiv:0901.3226 [gr-qc]] [21] A. D. Felice and S. Tsujikawa, “f (R) Theories,” Living Rev. Rel., 13, 3 (2010) [arXiv:1002.4928 [gr-qc]] [22] S. Coleman, “Fate of the false vacuum: Semiclassical theory,” Phys. Rev. D 15, 2929 (1977) [23] A. V. Frolov and J.-Q. Guo, “Small Cosmological Constant from Running Gravitational Coupling,”

arXiv:1101.4995 [astro-ph.CO]

[24] J.-Q. Guo and A. V. Frolov, “Cosmological Evolution in f(R) Gravity and a Logarithmic Model,”

arXiv:1305.7290 [astro-ph.CO]

[25] A. A. Starobinsky, “Disappearing cosmological constant in f(R) gravity,” JETP Letter, 86, 157 (2007) [arXiv:0706.2041v2 [astro-ph]] [26] E. V. Linder, “Exponential Gravity,” Phys. Rev. D 80,123528 (2009) [arXiv:0905.2962 [astro-ph]] [27] K. Bamba, C.-Q. Geng, and C.-C. Lee, “Cosmological evolution in exponential gravity,” JCAP 08, 021 (2010) [arXiv:1005.4574 [astro-ph]] [28] E. Elizalde, S. Nojiri, S. D. Odintsov, L. Sebastiani, and S. Zerbini, “Non-singular exponential gravity: a simple theory for early- and late-time accelerated expansion,” Phys. Rev. D 83, 086006 (2011) [arXiv:1012.2280v2 [hep-th]]