arXiv:1306.1948v1 [math-ph] 8 Jun 2013

Link between quantum measurement and the iϵ term in the QFT propagator

Roman Sverdlov^∗

IV IISER Mohali, Knowledge City, Sector 81, SAS Nagar, Manauli, India

Luca Bombelli^†

Department of Physics and Astronomy, 108 Lewis Hall, University of Mississippi, University, MS 38677, USA

(Dated: June 8, 2013)

Mensky has suggested to account for “continuous measurement” by attaching to a path integral a weight function centered around the classical path that the integral assigns a probability amplitude to. We show that in fact this weight function doesn’t have to be viewed as an additional ingredient put in by hand. It can be derived instead from the conventional path integral if the infinitesimal term iϵ in the propagator is made finite; the “classical trajectory” is proportional to the current.

1. Introduction

According to Mensky’s proposal [1–3], the amplitude associated with a “classical” history ϕ_{cl} of a scalar field ϕ is given by a “restricted path integral” over other histories,

Z_M(ϕ_{cl}; w) = ∫ [Dϕ] e^{iS(ϕ)} w(ϕ, ϕ_{cl}) , (1)

where S is the action for the field ϕ and w(ϕ, ϕ_{cl}) a suitable weight function. We will take the width of the weight function to correspond to the separation between the classical and quantum scales for fluctuations around ϕ_{cl}. Thus, on a quantum scale, it appears that the weight function is unity over the entire space of histories, leading to the path integral as we know it. On the other hand, on a classical scale we are integrating over a very narrow set of paths, the so-called “corridor” [2], that “merge” into the classical trajectory whose probability amplitude we are computing. One example of such a weight function is

w(ϕ, ϕ_{cl}) = exp ( − α 2 ∫ d^4x (ϕ(x) − ϕ_{cl}(x))^2 ) , (2)

which leads to the path integral

Z_M(ϕ_{cl}; w) = ∫ [Dϕ] [ exp ( i ∫ d^4x ( 1 2 ∂^μϕ ∂_μϕ + + m^2 2 ϕ^2 )) exp ( − α 2 ∫ d^4x (ϕ − ϕ_{cl})^2 )] . (3)

In this paper we claim that the above modification to the path integral follows from simply rethinking some of the ingredients of the conventional propagator [4], ∫ d^4p e^{ipx} p^2 − m^2 − iϵ

, (4)

as well as the conventional Lagrangian,

L =^1_2 ∂^μϕ ∂_μϕ + m^2 2 ϕ^2 − Jϕ . (5)

In particular,

1. We will view the iϵ term in Eq. (4) as finite (but small), rather than infinitesimal.

2. We will view the J in Eq. (5) as continuous, rather than discrete.

3. We will interpret J in Eq. (5) as being the “outcome” whose probability amplitude we are computing. After all, the path integral is, strictly speaking, a function of J. This should be contrasted with the more conventional view that J represents coupled fields that are part of a “larger” path integral.

We will show that, if we compute the conventional path integral with the above modifications, J simply becomes a scaled version of the “classical” trajectory proposed by Mensky, while ϵ is the inverse square width of Mensky’s corridor. The “restricted path integral” will arise on its own without the need to introduce a weight function by hand. In fact, to our knowledge this is the first time the “measurement” follows from the path integral itself without the need for any other extra ingredients (Mensky’s “weight function” [1–3], the GRW “spontaneous localizations” [5, 6], Bohmian beables [7], or any others). In addition, the constant ϵ achieves a physical meaning which it previously lacked; the value of ϵ^{−1/2} is related to the classical scale, which can be estimated at least to some degree of accuracy.

2. Calculations

Let us now start from the “formal” evaluation of the path integral with the three modifications listed above, and see where it leads us. Since we are taking seriously the iϵ term in the propagator, we have to make the corresponding modifications to the Lagrangian. It is easy to see that the iϵ term in the propagator can be obtained by replacing m^2 → m^2 − iϵ. This same modification will result in the Lagrangian

L =^1_2 ∂^μϕ ∂_μϕ + m^2 − iϵ 2 ϕ^2 − Jϕ , (6)

where Jϕ is a source term. The two-point function is given by

D(x_1, x_2) =

∂^2 log Z ∂J(x_1) ∂J(x_2) | | | |_{J(x)=0}, (7)

where the partition function Z(J) = ∫ [Dϕ] e^{iS(J,ϕ)}, with S(J, ϕ) = ∫ d^4x L, is given by [4] Z(J) = ∫ [Dϕ] exp ( i ∫ d^4x ( 1 2 ∂^μϕ ∂_μϕ + + m^2 − iϵ 2 ϕ^2 − Jϕ )) . (8)

But, as long as x_1 ≠ x_2, the above D(x_1, x_2) will remain the same if we add to the Lagrangian density some arbitrary function f of J and use L^′(J, ϕ) := L(J, ϕ) + f(J): ∂^2 ∂J(x_1) ∂J(x_2) log Z^′ = ∂^2 ∂J(x_1) ∂J(x_2) { log ∫ Dϕ × × exp ( ∫ d^4x ( L(ϕ, J; x) + f(J(x)) ) )}

= ∂^2 ∂J(x_1) ∂J(x_2) log [ exp ( ∫ d^4x f(J(x)) ) × × ∫ Dϕ exp ( ∫ d^4x L(ϕ, J, x) )]

= ∂^2 ∂J(x_1) ∂J(x_2) ∫ d^4x f(J(x)) + + ∂^2 ∂J(x_1) ∂J(x_2) log Z = ∂^2 ∂J(x_1) ∂J(x_2) log Z . (9)

Now, if we select f(J) = iJ^2 2ϵ (10)

we obtain a complete square, L + iJ^2 2ϵ =^1_2 ∂^μϕ ∂_μϕ + m^2 − iϵ 2 ϕ^2 + iJ^2 2ϵ =^1_2 ∂^μϕ ∂_μϕ + m^2 2 ϕ^2 − iϵ 2 ( ϕ − iJ ϵ )_2

. (11)

It is easy to see that the partition function Z^′(ϕ) we get from this Lagrangian density matches the Z_M(ϕ; w) in (3) if we make the identifications ϵ = α , J = −iϵ ϕ_{cl} . (12) Notice that in order for this match to work we have to keep ϕ_{cl} real, but allow J to become imaginary. The latter fact will only affect the overall sign (i^2 = −1) of the propagator, while its magnitude will remain unchanged.

In order to match the formalism of conventional QFT even more closely, we will point out that the path integral around some non-trivial classical function ϕ_{cl} can be obtained as a Taylor series expansion around some other function ϕ̃_{cl}, that can in principle be far from ϕ_{cl}. For example, we can use ϕ̃_{cl} = 0, which tells us that a multiparticle system like a large classical object can be obtained as a superposition of terms coming from the interaction among the particles, because the coefficients in the expansion represent the n-point functions of the theory.

Attenuation of the particle

The fact that the “mass” has an imaginary contribution coming from the iϵ term implies that the exponent of e^{±iωt} acquires a real term, which makes the magnitude of the exponential deviate from unity. If t > 0, then we close the contour in the lower half of the complex plane, obtaining ∫ dω e^{−iωt} ω^2 − ω^2_k − iϵ = πi √ ω^2_k + iϵ e^{it} √_{ω2k +iϵ}

= πi √ ω^2_k + iϵ e^{iωk t}e^{−ϵt/2ωk} + O(ϵ^2) . (13)

If, on the other hand, t < 0, then we close the contour in the upper half, obtaining ∫ dω e^{−iωt} ω^2 − ω^2_k − iϵ = πi √ ω^2_k + iϵ e^{−it} √_{ω2k +iϵ}

= πi √ ω^2_k + iϵ e^{−iωk t}e^{ϵt/2ωk} + O(ϵ^2) . (14)

The answers for t < 0 and t > 0 can be combined as ∫ dω e^{−iωt} ω^2 − ω^2_k − iϵ = πi √ ω^2_k + iϵ e^{iωk|t|} e^{−ϵ|t|/2ωk} . (15) The coefficient e^{−ϵ|t|/2ωk} can be understood from Mensky’s perspective in the following way. In order for the weight factor to be non-zero, we would like the width of the corridor to go to zero at both t → −∞ and t → ∞, while the corridor can become wider in some region of bounded length. The region of “widening” of the corridor physically corresponds to the lifetime of some particle(s). Thus, we have an additional reason for said lifetimes to be finite even if such particles are non-decaying.

Another aspect of QFT that arises naturally when we consider the finite lifetime of the particles are the boundary conditions one imposes on the field ϕ in a path integral, which are that their deviation from the reference field, ϕ_{cl} in our case, vanish on the boundary, usually at t = ±∞. If one takes the point of view of calculating a Taylor series around ϕ̃_{cl} = 0, as mentioned at the end of the previous section, then the fact that ϕ → 0 on the boundary is enforced by the formalism and does not have to be added by hand.

Even in conventional QFT, a particle is said to be “created” at “sources” and “annihilated” at “sinks” [4]. It is usually assumed that sources/sinks correspond to some quantum interaction we are leaving out only for convenience reasons. Thus, a “sink” for a photon is an electron that absorbs it, while in the absence of electrons the lifetime of a photon is infinite. In our case, however, we are reinterpreting sources/sinks in terms of Mensky’s “continuous measurement” imposed from outside (see modifications 2 and 3), which is present even in vacuum. This implies the creation, propagation and annihilation of photons in the complete absence of electrons.

The physical justification for introducing nonmaterial sources/sinks is that if said sources/sinks were physical particles, the propagators would only be part of some bigger calculation. On the other hand, the “complete calculation” will not have any sources/sinks at all. This would make the latter unphysical, and thus the smaller calculations unphysical as well. A closely connected problem is that if a measurement is being conducted by a measuring apparatus, then there has to be some entity that would measure said measuring apparatus, so where to start? These arguments are tied together as sources/sinks are identified with measurement. Thus, we would identify sources/sinks with particles if we hold on to the view that a measuring apparatus consists of particles, and viceversa.

In order to break both of these circles, we stick with the “non-material” option. We accomplish this by taking the non-conventional view that a classical electromagnetic field does not consist of photons. On the other hand, photons represent quantum oscillations away from the classical history. More generally, particles are part of the “quantum sector” while particle-free fields are part of the “classical sector” of the theory (the same concept was used in some versions of the GRW model [10]). The classical sector is what is being measured; yet, the process of measurement involves energy exchange between the two sectors. This amounts to non-conservation of energy if one “only” watches the quantum sector (ignoring the classical one), hence the creation/annihilation of isolated photons.

What we are doing has parallels with GRW models. These models agree with us in that the source of wave function collapse is completely independent of the presence of matter; the only role matter plays is that it amplifies the effects of this process; yet these effects are still non-zero even in the absence of matter. For reasons similar to those that hold in our case, it has been argued that GRW models do not conserve energy [10, 11], but it has also been proposed that conservation might be restored if one includes the energy of the “classical field” that the quantum field interacts with [10]. This parallels what we are doing. The deeper reason, besides these analogies, is that Mensky’s corridor can, in fact, emerge from the GRW model on large time scales [14].

Let us now make some numeric predictions. First of all, Eq. 15 tells us that the lifetime of a particle “to the future” from the given time is 2ω_k/ϵ. Since the lifetime “to the past” is the same, the total lifetime is τ = 4ω_k ϵ . (16)

This means that in the rest frame of any given particle its lifetime is

τ_{rest} = 4m ϵ , (17)

and then since ω_k = γm, the Lorentz time dilation gives us

τ = γτ_{rest} = 4γm ϵ = 4ω_k ϵ . (18)

Let us now evaluate the relation between ϵ and the measurement precision. Suppose we are “measuring” ϕ within a small four-volume δv. In this case, the “weight” coming from the corridor is w(δϕ, δv) = e^{−ϵ(δϕ)2δv/2} . (19) This means that the standard deviation of ϕ inside that small volume is Δϕ(δv) = √ 2 ϵ δv . (20)

On the other hand, Eq. 18 implies that ϵ = 4ω_k τ . (21)

By substituting the above value of ϵ into Eq. 19 we obtain Δϕ(δv) = √ τ 2m δv . (22)

The lifetime τ is something that takes place in a “large” scale, while the volume δv is very small. Thus, τ is independent of δv, while Δϕ is a function of the latter. We see therefore that Δϕ is inversely proportional to √ δv (this can actually be seen by inspection of the “weight” factor in Mensky’s original formulation, even without reading anything else we have done), with a coefficient that is a function of the lifetime τ (this is where the non-trivial implication of our calculation comes into the picture).

What about other models?

What we have done so far seems to be a very strong argument in favor of Mensky’s model and against all other models of quantum measurement. After all, Mensky’s corridor arises naturally out of iϵ and we need iϵ independently of measurement theory in order for the integral to be well defined. So, is it still possible for us to believe in other models?

The answer is yes, if we view spacetime as discrete. In this case, the contour of integration will be discretized as well, which means that poles will be avoided with absolute certainty, without tilting the contour. This, however, will lead to a wrong prediction: the resulting integral will be a linear combination of the integrals that arise out of the two ways of tilting the contour, which means that we will have a superposition of a forward-propagating and a backward-propagating particle. One way to “get rid of it” is to introduce iϵ. But this is not the only way. We can, instead, introduce a GRW measurement process and then refer to the result in

Ref. [14] that proves that on a scale of many GRWtype hits some type of approximation to Mensky’s integral emerges. Since Mensky’s path integral is equivalent to iϵ, this means that a process without iϵ that is being “interrupted” by a very large number of GRW hits will result in the emergence of a process with iϵ. This in turn implies that between two subsequent hits we have both forward and backward propagation but on the scale of a large number of hits the forward propagation survives while the backward propagation disappears. This is due to the forward time direction of each GRW hit.

One can say that in the continuum case, where we are forced to introduce iϵ to avoid poles, Mensky’s framework is the most natural one. On the other hand, in the discrete case iϵ also becomes artificial since poles are avoided with or without it. Thus, if one believes in discreteness, it is up to one’s taste to see what is more artificial than what. At the same time, one can also point out that, in light of the fact that we take the issue of poles seriously, we have to be consistent and take all other mathematical issues seriously; thus, we can’t consider a continuum since a path integral with uncountably many degrees of freedom is not well defined.

Nevertheless, since there is no logical link between the two types of mathematical consistencies, it is possible to worry about poles without worrying about the number of degrees of freedom. For example, one can “believe in” a path integral over some finite set of harmonics produced by a “particle in a box”, which would allow ⃗p to be discrete while we would still have to integrate over a continuous range for ω. In this case one might still introduce iϵ to avoid poles, and thus “force” oneself to accept Mensky’s view. But, if one introduces a discretization of time, that specific discretization would lead to a discretization of ω, thus allowing one to avoid poles and consequently make iϵ (and, therefore, Mensky’s approach) unnecessary. In that latter case the GRW model (or other models without iϵ) might be logical alternatives to the Mensky approach.

This, however, still leaves the option of including iϵ in the continuum case despite it being “unnecessary”, and obtaining the Mensky restricted path integrals anyway. One possible justification for doing the latter is that one might wish to avoid backward propagation in time even between the GRW hits. But that would only be due to one’s philosophical inclination. After all, there is no empirical evidence that rules out backward propagation on small time scale — as long as we claim that it is being killed on the larger time scale, which we do (in particular we claim that the GRW model leads to the emergence of the Mensky formalism on larger scale as discussed in Ref. [14], which in turn leads to the emergence of iϵ, and thus gets rid of backward propagation).

Conclusion

In this paper we have shown how two apparently unrelated and unsatisfactory aspects of QFT, the quantum measurement issue and the meaning of iϵ, are related. This result is quite interesting since the communities that would be interested in these two questions are very different: the former would be physicists and the latter mathematicians. So it seems to show that a rather “technical” question that most physicists tend to push aside actually relates to something else which they find to be very interesting. What is especially interesting is that the only “modification” needed to include “quantum measurement” was shown to be part of the QFT formalism as we know it, with a reinterpreted ϵ. Of course, this in some ways correlates to what would happen if we “do” impose other modifications (as pointed out in the last section) but at the same time if we believe in “quantum corridors”, then the last section won’t be necessary and we can hope to avoid any other modifications at all. Finally, we have made the non-trivial prediction of a “finite” lifetime for massive scalar particles, and we have shown a dependence between their lifetime and the precision of field measurements; this part is a new prediction and doesn’t follow from conventional QFT.

∗ Electronic address: romansverdlov@iisermohali.ac.in † Electronic address: luca@phy.olemiss.edu

[1] M.B. Mensky, “Quantum continuous measurements, dynamical role of information and restricted path integrals”, in Proceedings TH2002 (International Conference on Theoretical Physics) Supplement, Birkhäuser 2003, and arXiv:quant-ph/0212112.

[2] M.B. Mensky Quantum Measurement and Decoherence Kluwer Academic Publishers 2000.

[3] For more recent work on continuous measurement theory, see A. Kent “Path integrals and reality” arXiv:1305.6565.

[4] M.E. Peskin and D.V. Schroeder An Introduction to Quantum Field Theory Addison-Wesley 1995.

[5] G.C. Ghirardi, A. Rimini and T. Weber, “A model for a unified quantum description of macroscopic and microscopic systems”, in Quantum Probability and Applications, L. Accardi et al. (eds), Springer, Berlin, 1985.

[6] G.C. Ghirardi, A. Rimini and T. Weber, “Unified dynamics for microscopic and macroscopic systems”, Phys. Rev. D 34, 470 (1986).

[7] D. Dürr, S. Goldstein and N. Zanghì, “Quantum equilibrium and the role of operators as observables in quantum theory”, J. Stat. Phys. 116, 959-1055 (2004), and arXiv:quant-ph/0308038.

[8] W. Struyve and H. Westman, “A new pilot-wave model for quantum field theory”, AIP Conf. Proc. 844, 321-339 (2006), and arXiv:quant-ph/0602229.

[9] S. Colin and W. Struyve, “A Dirac sea pilot-wave model for quantum field theory”, J. Phys. A 40, 7309-7342 (2007), and arXiv:quant-ph/0701085.

[10] P. Pearle, “Wavefunction collapse and conservation laws”, Found. Phys. 30 (2000) 1145-1160, and

arXiv:quant-ph/0004067.

[11] A. Bassi, E. Ippoliti and B. Vacchini,

“On the energy increase in space-collapse models”, J. Phys. A: Math. Gen. 38, 8017 (2005), and arXiv:quant-ph/0506083.

[12] P. Pearle, “How stands collapse 1”,

arXiv:quant-ph/0611211.

[13] P. Pearle, “How stands collapse 2”,

arXiv:quant-ph/0611212.

[14] R. Sverdlov, “Connection between GRW ‘spontaneous collapse’ and Mensky’s ‘restricted path integral’ models”, arXiv:1305.7516.