arXiv:1306.1963v1 [hep-th] 8 Jun 2013

Notes on the pure spinor b ghost

Renann Lipinski Jusinskas^∗

ICTP South American Institute for Fundamental Research Instituto de Física Teórica, UNESP - Univ. Estadual Paulista Rua Dr. Bento T. Ferraz 271, 01140-070, São Paulo, SP, Brasil.

Abstract In this work, a particular BRST-exact class of deformations of the b ghost in the nonminimal pure spinor formalism is investigated and the impact of this construction in the N = 2 ĉ = 3 topological string algebra is analysed. As an example, a subclass of deformations is explicitly shown, where the U (1) current appears in a conventional form, involving only the ghost number currents. Furthermore, a c ghost like composite field is introduced, but with an unusual construction.

Contents

1 Introduction 2

2 Review of the non minimal pure spinor formalism 3

3 Deforming the b ghost 6 3.1 β = ( S,^{λ∂θ}_{λλ} ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.2 The invariance of the topological string algebra . . . . . . . . . . . . . . . . . . . 9

4 A possible c ghost 13

5 Summary and conclusions 14

A Appendix 16 A.1 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 A.2 Fundamental OPE’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

∗renannlj@ift.unesp.br

1 Introduction

The pure spinor (PS) formalism [1] is an ad hoc approach to the quantization of the superstring, in the sense that the gauge fixing procedure that provides the BRST-like description has not yet been discovered. It allows explicit Lorentz covariant computations in the elegant language of D = 10 superfields, gathering together the advantages of the other main formalisms (RNS and Green-Schwarz) without most of their restrictions. The Green-Schwarz formulation [2] does not allow a covariant split between first and second class constraints and quantization is achieved in the (semi) light cone gauge, with the introduction of the interaction-point operators. As for the Ramond-Neveu-Schwarz (RNS) string, amplitude computations require the sum over spin structures (implied by world-sheet supersymmetry and related to GSO projection), integration over super moduli space and the introduction of picture-changing and spin operators [3], lacking explicit space-time supersymmetry (the algebra closes up to a picture changing operation) and making the Ramond sector hard to deal with.

The world-sheet origin of the PS formalism, however, is still unknown, as reparametrization symmetry is hidden. Therefore, understanding the properties of the b ghost is a fundamental task in providing a better understanding of the formalism itself, its foundations and potential developments.

Since its picture-raised introduction in [4], and later extension with the inclusion of the nonminimal variables [5], the b ghost has been successfully used in computing loop amplitudes, due to the critical topological string interpretation of the formalism. However, the general properties of b are non-trivial, as it is also non-trivially composed. Its rich structure has been explored over the years [6, 7, 8, 9, 11], but it is not yet completely understood.

This work discusses two topics. The first one is the non-uniqueness of b. As long as it is defined to satisfy {Q_0, b} = T , where Q_0 is BRST charge and T is the energy-momentum tensor, any other b^′ = b + δb with {Q_0, δb} = 0 satisfies the same relation, being as good as the “original” one. Since the BRST cohomology is nontrivial only for world-sheet scalars, b^′ and b can only differ by a BRST-exact term and loop computations using different versions of the b ghost will always give the same result. The general form of the deformations δb will be constrained in order to show explicitly the invariance of the N = 2 ĉ = 3 algebra, including nilpotency of the deformed b ghost. The second topic is a c ghost like field, motivated by a naive analogy with the other formalisms, where the (b, c) system arises in gauge fixing the reparametrization symmetry. The pure spinor formalism does not have a natural conformal weight −1 field to act as the conjugate of b and its existence is intriguing. A c ghost like field will be introduced, but with an unusual construction, and it will be shown to satisfy the expected properties of such object.

The paper is organized as follows. Section 2 is a short review of the pure spinor formalism. Section 3 discusses a particular BRST-exact class of deformations of the b ghost and how it impacts the N = 2 algebra, including a specific example. Finally, section 4 introduces the c ghost. The appendix contains the conventions and the full set of fundamental OPE’s that are being used in this work.

2 Review of the non minimal pure spinor formalism

Starting with the Green-Schwarz-Siegel action (holomorphic sector),

S_{matter} = 1 2π � d^2z ( 1 α^′ ∂X^m∂X_m + p_β∂θ^β ) , (2.1)

the pure spinor formalism introduces a bosonic spinor conjugate pair (λ^α, ω_α), with action

S_λ = 1 2π � d^2z ( ω_α ¯∂λ^α ) . (2.2)

The BRST charge is, then, defined to be Q ≡ � dz (λ^αd_α) . (2.3)

Here, d_α = p_α − 1 α^′ ∂X^m (θγ_m)_α − 1 4α^′ (θγ^m∂θ) (θγ_m)_α , (2.4)

the usual free field construction of the Green-Schwarz fermionic constraints. The supersymmetric momentum is defined to be: Π^m = ∂X^m + 1 2 (θγ^m∂θ) . (2.5)

Note that {Q, Q} = − 2 α^′ � dz (λγ^mλ) Π_m, (2.6)

and nilpotency is achieved when (λγ^mλ) = 0, the D = 10 pure spinor condition. As discussed in [1], the formalism successfully quantize the superstring theory, having the advantage of being manifestly supersymmetric and Lorentz covariant.

The non-minimal version of the pure spinor formalism includes a new set of variables, ( λ_α, r_α ) , and their conjugates (ω^α, s^α). The corresponding action is

S_λ = 1 2π � d^2z ( ω̄^α ¯∂λ̄_α + s^α ¯∂r_α ) , (2.7) and the non-minimal BRST current is defined to be

J_{BRST} ≡ λ^αd_α + ω^αr_α. (2.8)

For later convenience, the Laurent modes of the BRST current will be explicitly defined by Q_n ≡ � dzz^nJ_{BRST} (z) . (2.9) Through the quartet argument, it can be shown that Q_0, the non-minimal BRST charge, has the same cohomology of (2.3).

The bosonic ghost λ_α is also a pure spinor, whereas the fermionic variable r_α satisfy a consistency condition, since [ Q_0, λγ^mλ ] = −2λγ^mr. (2.10)

Summarizing, λ, λ and r are constrained through (λγ^mλ) = ( λγ^mλ ) = ( λγ^mr ) = 0, (2.11)

implying that each one of them has only 11 independent components, and that the actions (2.2) and (2.7) are gauge invariant by

δ_ϵω = ϵ^m (γ_mλ) (2.12a) δ_{ϵ,ϕ}ω̄ = ϵ^m ( γ_mλ̄ ) + ϕ^m (γ_mr) , (2.12b) δ_ϕs = ϕ^m ( γ_mλ̄ ) . (2.12c)

For this reason, ω, ω and s will always appear in the gauge invariant combinations: T_λ = −ω∂λ, N^{mn} = −^1_2 ωγ^{mn}λ, T¯_λ = −ω̄∂λ̄ − s∂r, N^{mn} =^1_2 (¯ λγ^{mn}ω̄ − rγ^{mn}s ) , J_λ = −ωλ, J¯_λ = −λ̄ω̄, J_r = rs. Φ = rω̄, S = λs, S^{mn} =^1_2λ̄γ^{mn}s. (2.13)

All the relevant OPE’s (for both matter and ghost sector) are presented in the appendix.

Since worldsheet reparametrization symmetry is not explicit in (2.1), (2.2) and (2.7), the theory lacks the natural perturbative description that comes with the usual (b, c) ghost system. Hence, the b ghost in the pure spinor formalism, as introduced in [4, 5], is built out of the above variables to satisfy {Q_0, b} = T, (2.14)

where T is the total energy-momentum tensor. Its construction is based on an ingenious chain of operators (geometrically described in [6] and operationally reviewed in [7, 9]) and the full quantum operator can be cast as

b = −s^α∂λ_α − ∂ ( λ_αλ_β ( λλ )_2 ) λ^α∂θ^β + ( λ_α ( λλ ), G^α ) − 2! ( λ_αr_β ( λλ )_2 , H^{αβ} )

− 3! ( λ_αr_βr_γ ( λλ )_3 , K^{αβγ} ) + 4! ( λ_αr_β r_γ r_λ ( λλ )_4 , L^{αβγλ} ) (2.15)

where

G^α = 1 2 γ^{αβ}_m (Π^m, d_β ) − 1 4 N_{mn} (γ^{mn}∂θ)^α − 1 4 J_λ∂θ^α + 4∂^2θ^α, (2.16a) H^{αβ} = 1 4 · 96 γ^{αβ}_{mnp} ( α^′ 2 dγ^{mnp}d + 24N^{mn}Π^p ) , (2.16b) K^{αβγ} = − 1 96 ( α^′ 2 ) N_{mn}γ^{[αβ}_{mnp} (γ^pd)^{γ]} , (2.16c) L^{αβγλ} = − 3 (96)^2 ( α^′ 2 ) (N^{mn}, N^{rs}) η^{pq}γ^{[αβ}_{mnp}γ^{γ]λ}_{qrs} . (2.16d) Observe that the ordering prescription is needed here, for one is working with fields that diverge when approach each other, and is implemented through: (A, B) (y) ≡ 1 2πi � dz z − y A (z) B (y) , (2.17)

The b ghost in (2.15) is a conformal weight 2 primary field, T (z) b (y) ∼ 2 b (z − y)^2 + ∂b (z − y) . (2.18)

Note also that it is a Lorentz scalar, manifestly supersymmetric and nilpotent [8, 9],

b (z) b (y) ∼ regular. (2.19)

Together, b and J_{BRST} are the fermionic generators of a twisted N = 2 ĉ = 3 algebra [5], T (z) T (y) ∼ 2 T (z − y)^2 + ∂T (z − y) , (2.20a)

J_{BRST} (z) b (y) ∼ 3 (z − y)^3 + J (z − y)^2 + T (z − y) , (2.20b) J (z) T (y) ∼ 3 (z − y)^3 + J (z − y)^2

, (2.20c) J (z) J (y) ∼ 3 (z − y)^2

, (2.20d) J (z) J_{BRST} (y) ∼ J_{BRST} (z − y) , (2.20e) J (z) b (y) ∼ − b (z − y) , (2.20f)

where the bosonic generators are the energy-momentum tensor, T , and the U (1) current, J, given by

J = J_λ + J_r − 2 λ∂λ λλ + 2 r∂θ λλ − 2 (rλ) ( λ∂θ ) ( λλ )_2 . (2.21)

It is worth noting that, although unusual, the non-quadratic terms appearing here ensure the closure of the algebra and do not spoil the interpretation of J as the ghost number current^1.

3 Deforming the b ghost

From equation (2.14), it is clear that the b ghost can be defined only up to BRST-exact terms. In this sense, it is not unique and it might be interesting to check whether the basic properties presented in section 2 are preserved with a BRST-exact deformed version of b.

For example, the simplest known version of the pure spinor b ghost, b_{nc} = −s∂λ + ( C_α Cλ , G^α ) + 2 (C∂λ) (C∂θ) (Cλ)^2

, (3.1)

differs from (2.15) by a BRST-exact term [7]. It obviously satisfies {Q_0, b_{nc}} = T , but it is non-covariant due to the presence of the constant spinor C_α.

1Even the apparent mixing between matter and ghosts due to the non-regular OPE dα (z) J (y) ∼ 2 (z − y)^2 [ Q0, λα ( λλ ) ]

does not contradict this interpretation, as it is BRST-exact.

Performing the OPE computation of b_{nc} with itself, given by

b_{nc} (z) b_{nc} (y) ∼ 1 (z − y) (Cγ_mC) 2 (Cλ)^2

Π^m ( − 1 α^′ Π^2 − d∂θ )

A − α^′ 8 (dγ^m∂d) D^m + . . . , (3.2)

one readily observes that b_{nc} is nilpotent^2 only for (Cγ_mC) = 0, that is, when C_α is a pure spinor.

Consider, now, b^′ = b + [Q_0, β] . (3.3)

Due to (2.19), it is clear that

b^′ (z) b^′ (y) ∼ b (z) [Q_0, β (y)] + [Q_0, β (z)] b (y) + [Q_0, β (z)] [Q_0, β (y)] . (3.4)

Note that the left-hand side of this relation can be written as

{Q_0, β (z) b (y) − b (z) β (y) + β (z) [Q_0, β (y)]} + T (z) β (y) − β (z) T (y) .

Requiring β to be a primary conformal weight 2 object,

T (z) β (y) − β (z) T (y) ∼ regular, (3.5)

and equation (3.4) is equivalent to

b^′ (z) b^′ (y) ∼ {Q_0, (β (z) b (y) − b (z) β (y) + β (z) [Q_0, β (y)])} . (3.6)

There is no hope that b^′ will be nilpotent for a generic β, as in the non-covariant example above, and to understand the general case, it is useful to start with a simpler one.

3.1 β = ( S,^{λ∂θ}_{λλ} )

2Observe that A, the Virasoro constraint, and D^m, belong to Siegel’s algebra [12], as expected, since G^α given in (2.16a) contains Π^m (γmd)^α, the κ-symmetry generator. As a possible pole in (3.2) should be BRST-closed [8, 9], it is straightforward to determine the remaining terms appearing inside the curly brackets of (3.2), up to BRST-exact ones, like { Q0, ∂Π^{m C∂θ}_{Cλ} } .

Consider the particular covariant deformation β = ( S, λ∂θ λλ ) , (3.7a)

[Q_0, β] = − ( ( J_λ + J_r ) , λ∂θ λλ ) − ( S, λ∂λ λλ )

+ ( S, r∂θ λλ ) − ( S, ( λ∂θ ) (rλ) ( λλ )_2 ) , (3.7b)

where S was defined in (2.13).

It is direct to see that β (z) [Q_0, β (y)] ∼ regular. (3.8)

There are no double poles, and possible simple poles are proportional to ( λ∂θ )_2 = 0.

The OPE between β and b is also simple to obtain. The action of S in b is to transform r_α in λ_α, making all the terms in the chain vanish due to the antisymmetric form of H^{αβ}, K^{αβγ} and L^{αβγλ}. There are simple poles proportional to ( λ∂θ )_2

and also quadratic poles related to the contraction between d_α and ∂θ^β (and, of course, simple poles coming from the Taylor expansion), but they always appear together with the constraints (2.11), implying that

β (z) b (y) ∼ regular. (3.9)

Looking back to expression (3.6) and using (3.8) and (3.9), nilpotency of the deformed b ghost b_a ≡ b + a [ Q_0, ( S, λ∂θ λλ )] , (3.10)

follows directly, i.e.

b_a (z) b_a (y) ∼ regular. (3.11)

Here, a is just a numerical constant.

As a final check, the OPE computation of b_a with the BRST current results J_{BRST} (z) b_a (y) ∼ 3 (z − y)^3 + J_a (z − y)^2 + T (z − y) , (3.12)

where J_a = J_λ − aJ_λ + (1 − a) J_r + (8a − 2) ( λ∂λ λλ − r∂θ λλ + (rλ) ( λ∂θ ) ( λλ )_2 ) . (3.13)

Observe that � dz { J_a (z) λ_α ( λλ ) (y) } = − λ_α ( λλ ) (y) , � dz { J_a (z) r_α ( λλ ) (y) } = 0,

and the right-hand sides of the above equations do not depend on a.

Together, b_a, J_a, J_{BRST} and T satisfy a N = 2 ĉ = 3 critical topological string algebra. To illustrate how this particular example might be interesting, observe that (3.13) admits three simplifications, depending on the numerical choices of a:

• the first one is trivial, a = 0, and corresponds to the usual construction, without deformations;

• the second choice is a = 1, removing J_r from the U (1) current. In this case, the combination ( J_λ − J_λ ) is explicit, but does not appear alone.

• and the last one is a =^1_4 . With this particular choice, (3.13) is more conventional looking, since the unusual non-quadratic-terms vanish:

J 1_4 = J_λ − 1 4 J_λ + 3 4 J_r. (3.14)

Note that the non-minimal variables become fractionally charged.

3.2 The invariance of the topological string algebra

Now, a more general class of deformations (defined as in (3.3)) will be analysed. Requiring invariance of the N = 2 ĉ = 3 algebra, it will be shown that some constraints on the deformations must be imposed and β will be restricted to be:

• a commuting object, in order for b^′ to have definite statistics;

• an ghost number −2 object with respect to J (then b^′ will have a definite ghost charge), that is J (z) β (y) ∼ −2 β (z − y) . (3.15)

• supersymmetric, which avoids the explicit introduction of objects that trivialize the cohomology. The two known examples are

ξ_1 = (Cθ) (Cλ) , (3.16a)

ξ_2 = ( λθ ) ( λλ ) − (rθ) , (3.16b)

where {Q_0, ξ_1} = {Q_0, ξ_2} = 1 and C_α is any constant spinor;

• and, as already mentioned, a primary conformal weight 2 field, T (z) β (y) ∼ 2 β (z − y)^2 + ∂β (z − y) ; (3.17)

With this in mind, it is straightforward to examine the impact of the deformation on the topological string algebra.

Assuming that the BRST current does not change, the first relation that will be presented is the OPE between J_{BRST} and β, that can be generically written as J_{BRST} (z) β (y) ∼ [Q_1, β] − y [Q_0, β] (z − y)^2 + [Q_0, β] (z − y) , (3.18)

where Q_n was defined in (2.9). Note that the cubic pole vanishes, since there are no ghost number −1 anticommuting world-sheet scalars with the above requisites (for example, ( λθ ) is ruled out as it is not supersymmetric). Then, it follows that J_{BRST} (z) [Q_0, β] (y) ∼ J^′ − J (z − y)^2

, (3.19)

for the BRST charge Q_0 is nilpotent. The quadratic pole does not have to vanish and the deformed U (1) current is defined to be

J^′ = J − {Q_0, [Q_1, β]} (3.20)

Therefore, (2.20b) is reproduced with J → J^′ and b → b^′.

The next OPE, (2.20c), is obviously preserved, since β is a primary conformal weight 2 field by assumption.

The J^′ OPE with itself is given generically by

J^′ (z) J^′ (y) ∼ { 3 + φ (z − y)^2 + 1 2 ∂φ (z − y) } , (3.21)

where the contribution of J (z) J (y) was made explicit. Observe that,

J (z) {Q_0, [Q_1, β (y)]} = {Q_0, J (z) [Q_1, β (y)]} + J_{BRST} (z) [Q_1, β (y)] = − {Q_0, [Q_1, J (z)] β (y)} − J_{BRST} (z) [Q_1, β] (y) + {Q_0, [Q_1, J (z) β (y)]} .

As [Q_1, J (z)] = −zJ_{BRST} (z), the right-hand side can be rewritten as

J (z) {Q_0, [Q_1, β (y)]} = {Q_0, [Q_1, J (z) β (y)]} −z {Q_0, J_{BRST} (z) β (y)} + {Q_1, J_{BRST} (z) β (y)} . (3.22) Noting that {Q_n, Q_m} = 0, (3.23) for any n, m ≥ 0, equation (3.18) implies that J (z) {Q_0, [Q_1, β (y)]} is BRST-exact. Thus, replacing the definition (3.20) in left hand side of (3.21), φ is demonstrated to be a ghost number 0 BRST-exact world-sheet scalar, which cannot appear due to the hypothesis on β and shows that the OPE (2.20d) is reproduced when J → J^′.

Going on, the OPE with J_{BRST} and (J^′ − J) can be trivially shown to be regular, as its general form can be cast as J_{BRST} (z) {Q_1, [Q_0, β]} (0) ∼ [Q_1 {Q_1, [Q_0, β]}] z^2 + [Q_0, {Q_1, [Q_0, β]}] z . (3.24)

Through (3.23), this result demonstrates that the deformations preserve (2.20e).

The last OPE to be analysed is (2.20f), with J → J^′ and b → b^′.

J^′ (z) b^′ (y) = J (z) b (y) + {Q_1, [Q_0, β (z)]} b (y) +J (z) [Q_0, β (y)] + {Q_1, [Q_0, β (z)]} [Q_0, β (y)] . (3.25)

Using (3.15), (3.18) and {Q_1, b (z)} = J (z) + zT (z), the above equation can be rewritten as

J^′ (z) b^′ (y) ∼ − b^′ (z − y) + [Q_0, {Q_1, [Q_0, β (z)]} β (y)]

− [Q_0, {Q_1, β (z) b (y)}] (3.26)

In order for the topological algebra to be preserved, equations (3.6) and (3.26) impose some conditions on β and the following OPE’s must hold up to BRST-closed poles:

β (z) b (y) ∼ regular, (3.27a) β (z) [Q_0β (y)] ∼ regular, (3.27b) β (z) {Q_0, [Q_1, β (y)]} ∼ regular. (3.27c)

If this is the case,

b^′ (z) b^′ (y) ∼ regular,

J^′ (z) b^′ (y) ∼ − b^′ (z − y) . Therefore, the N = 2 ĉ = 3 critical topological string algebra is invariant under the selfconsistent deformations of the b ghost and the U (1) current, respectively, (3.3) and (3.20), as long as the requisites on β presented before equation (3.18) and in (3.27) are imposed. The example of subsection 3.1 satisfies all of these conditions.

Note that equation (3.27a) opens the question about the cohomology of the b ghost. It is interesting to point out that in the same manner that the BRST cohomology is non-trivial only for world-sheet scalars, the b ghost cohomology can be shown to be non-trivial only under a certain condition, that will now be derived.

Defining, B ≡ � dzb (z) , (3.28)

it is direct to demonstrate through the OPE (2.20b) that {B, J_{BRST} (z)} = T (z) − ∂J (z) . (3.29) Now, suppose that there is an operator V_{hg} satisfying T (z) V_{hg} (y) ∼ h V_{hg} (z − y)^2 + ∂V_{hg} (z − y) , (3.30a) J (z) V_{hg} (y) ∼ g V_{hg} (z − y) , (3.30b)

and that is annihilated by B, i.e.

[B, V_{hg}] = 0. (3.31)

Then it follows that {B, J_{BRST} (z) V_{hg} (y)} ∼ (h + g) V_{hg} (z − y)^2

+ (1 − g) ∂V_{hg} (z − y) , (3.32)

showing that V_{hg} is B-exact for (h + g) ≠ 0 and constituting an exclusion criterion for the non-trivial cohomology of B.

As can be seen by equations (3.15) and (3.17), β in the b ghost deformations discussed above satisfies (h + g) = 0.

The cohomology of B will not be further discussed. Note that even the space where B acts is not yet understood. For example, one has to be concerned about poles em ( λλ ) higher than 11, as there is not a simple regularization scheme that would allow a formal functional integration over its zero modes [6]. Note also that there is no natural candidate for an operator that trivializes the B cohomology. Next section discusses a possible construction that fits the desired properties of the c ghost.

4 A possible c ghost

In the topological string perspective, the existence of a c ghost in the non-minimal pure spinor formalism may seem to be meaningless. Indeed, the construction of the b ghost conjugate is very unusual and, more than that, unrequired. The reason is simple. First, one does not have a natural −1 conformal weight field to work with. Second, the amplitudes prescription (including the notion of unintegrated vertex, compared to the other superstring formalisms) is very well established without it.

Under these conditions, a c ghost like field is undoubtedly strange. It will be defined as c ≡ − (rλ) ( ∂λλ ) + (r∂θ) , (4.1)

satisfying the relation b (z) c (y) ∼ 1 (z − y) . (4.2)

Note that c must have ghost number +1, since b is a ghost number −1 field.

To demonstrate that (4.1) is the conjugate of (2.15), observe that (rλ) = − [ Q, ( λλ )] . (4.3)

By a direct computation, one can derive b (z) (rλ) (y) ∼ − ( ∂λλ ) + (r∂θ) (z − y) , (4.4)

which is verified through b (z) [ Q, ( λλ )] (y) = − { Q, b (z) ( λλ ) (y) } + {Q, b (z)} ( λλ ) (y) = − { Q, b (z) ( λλ ) (y) } + T (z) ( λλ ) (y) ∼ ∂ ( λλ ) (z − y) − { Q, ( λ∂θ )} (z − y) ∼ ( ∂λλ ) + (r∂θ) (z − y) , (4.5)

where (2.14) was used.

Since the b ghost is nilpotent, (2.19), the right hand side of the above equation does not have

any poles with b, that is b (z) ( ∂λλ + r∂θ ) (y) ∼ regular. (4.6)

Therefore, equation (4.2) is directly reproduced.

Note also that {Q, c} = c∂c, (4.7) the usual BRST relation between the c ghost and the BRST charge, and that c is a supersym-

metric Lorentz scalar.

The analogous construction of the c ghost as the conjugate of (3.10) is c_a ≡ − (rλ) ∂ ( λλ ) + (a − 1) { Q, ( λ∂θ )}, (4.8) satisfying

b_a (z) c_a (y) ∼ 1 (z − y) . (4.9)

5 Summary and conclusions

In this work, a simple analysis of the non-uniqueness on the definition of the b ghost in the

non-minimal pure spinor formalism was made.

As the relation {Q_0, b} = T allows the construction of the composite b ghost up to BRST-

exact terms, it is interesting to understand the emerging of the critical topological string algebra with the different versions of such field. Observe that for

δb = [Q_0, β] , (5.1)

self-consistency in the N = 2 algebra implies a deformation of the U (1) current as well,

δJ = {Q_1, [Q_0, β]} . (5.2)

For a particular example, it was shown to appear in a more conventional form (equation (3.14)), and nilpotency of the deformed b ghost was demonstrated (equation (3.11)).

In section 4, a novel feature of the formalism was introduced, the c ghost. Although interesting, the strange form of (4.1) may be pathological, in the sense that one now is able to construct an entire new class of composite operators that trivialize the cohomology, e.g. ξ ≡ λ∂θ λ∂λ − r∂θ ⇒ {Q_0, ξ} = 1. (5.3)

It is clear, however, that this construction is highly artificial and cannot emerge naturally in any known process for the pure spinor formalism. From the conformal field theory point of view, this kind of construction is very unusual. Note that the denominator in (4.1) contains derivatives of world-sheet scalars, which implies that, wherever they vanish, the c ghost is singular.

Note also that the existence of a composite field satisfying b (z) c (y) ∼ 1 (z − y) , trivializes the cohomology of b. In the twisting picture, the BRST current J_{BRST} and the b ghost exchange roles in different twists. Then, it might be useful to understand the cohomology of the pure spinor b ghost and study the Siegel’s gauge implementation on the physical vertices (e.g. [13]).

The simple results shown here evidence that the pure spinor b ghost is only partially understood. A deeper example, is the recent work of N. Berkovits [11], which presents the structure

Γ^m = 1 2 ( λγ^md ) ( λλ ) − 1 8 ( λγ^{mnp}r ) N_{np} ( λλ )_2 . (5.4)

More than the visual simplification of the b ghost, which can now be written as

b = Π_mΓ^m + 1 4 (rγ_{mn}λ) ( λλ ) Γ^mΓ^n + . . . , the introduction of (5.4) is the first step of an attempt to relate the pure spinor formalism to the RNS string in which was called a dynamical twisting.

All together, these newly found ingredients may lead to a better understanding of the worldsheet origin of the pure spinor formalism and be the first step, perhaps, in establishing an equivalence with the other known superstring formalisms^3.

Acknowledgements: I would like to thank Ido Adam, Nathan Berkovits, Humberto Gomez, Sebastian Guttenberg and Andrei Mikhailov for useful discussions and suggestions. This work was supported by FAPESP grant 2009/17516-4.

A Appendix

A.1 Conventions

Indices:

m, n, . . . = 0, . . . , 9 space-time vector indices, α, β, . . . = 1, . . . , 16 space-time spinor indices,

The indices antisymmetrization is represented by the square brackets, meaning

[I_1 . . . I_n] = 1 n! (I_1 . . . I_n + all antisymmetric permutations) . (A.1)

For example, γ^{[m}γ^{n]} = 1 2 (γ^mγ^n − γ^nγ^m) = γ^{mn}. (A.2)

Concerning OPE’s, the right-hand sides of the equations are always evaluated at the coordinate of the second entry, that is, A (z) B (y) ∼ C (z − y)^2 + D (z − y) (A.3)

means C = C (y) and D = D (y).

3In a recent work [10], it was shown that the super moduli space is not projected for genus g ≥ 5, meaning that “certain approaches to superstring perturbation theory that are very powerful in low orders have no close analogue in higher orders”. Basically, the super moduli space has a structure on its own, which implies that the pure spinor formalism may not be equivalent to the RNS superstring as it does not contain such structure. This deserves further investigation.

The gamma matrices γ^m_{αβ} and γ^{αβ}_m satisfy

{γ^m, γ^n}^α_β = (γ^m)^{ασ} γ^n_{σβ} + (γ^n)^{ασ} γ^m_{σβ} = 2η^{mn}δ^α_β . (A.4)

The Fierz decompositions of bispinors are given by

χ^αψ^β = 1 16 γ^{αβ}_m (χγ^mψ) + 1 3!16 γ^{αβ}_{mnp} (χγ^{mnp}ψ) + 1 5!16 ( 1 2 ) γ^{αβ}_{mnpqr} (χγ^{mnpqr}ψ) (A.5) and χ_αψ^β = 1 16 δ^β_α (χψ) − 1 2!16

(γ_{mn})^β_α (χγ^{mn}ψ) + 1 4!16 (γ_{mnpq})^β_α (χγ^{mnpq}ψ) , (A.6) which can be used to derive the following identities:

(γ^{mn})^α_β (γ_{mn})^γ_λ = 4γ^m_{βλ}γ^{αγ}_m − 2δ^α_β δ^γ_λ − 8δ^α_λ δ^γ_β , (A.7a) η_{mn}γ^m_{αβ} γ^n_{γλ} = −η_{mn} ( γ^m_{αγ} γ^n_{βλ} + γ^m_{αλ}γ^n_{γβ} ) , (A.7b) γ^mγ^{n1...nk} γ_m = (−1)^k (10 − 2k) γ^{n1...nk} . (A.7c) A.2 Fundamental OPE’s

This part of the Appendix is a summary of the relevant OPE’s that are being used in this work.

Matter fields

The fundamental fields of the matter sector are X^m (z, z̄), p_α (z) and θ^α (z), satisfying X^m (z, z̄) X^n (y, ȳ) ∼ − α^′ 2 η^{mn} ln |z − y|^2 , (A.8)

p_α (z) θ^β (y) ∼ δ^β_α z − y . (A.9)

The OPE’s involving the primary supersymmetric objects defined in (2.4) and (2.5) are given by Π^m (z) Π^n (y) ∼ − α^′ 2 η^{mn} (z − y)^2

, (A.10a)

d_α (z) Π^m (y) ∼ γ^m_{αβ} ∂θ^β (z − y) , (A.10b) d_α (z) d_β (y) ∼ − 2 α^′ γ^m_{αβ}Π_m (z − y) . (A.10c)

The matter energy momentum tensor is simply

T_{matter} = − 1 α^′ Π^mΠ_m − d_α∂θ^a (A.11)

and satisfies T_{matter} (z) T_{matter} (y) ∼ − 11 (z − y)^4 + 2 T_{matter} (z − y)^2 + ∂T_{matter} (z − y) . (A.12)

Minimal fields

As mentioned in section 2, only gauge invariant quantities are being used. The set of OPE’s from the minimal sector is:

T_λ (z) T_λ (y) ∼^{11}_{(z−y)4} + 2^{Tλ}_{(z−y)2} +^{∂Tλ}_{(z−y)} , J_λ (z) T_λ (y) ∼ −^8_{(z−y)3} +^{Jλ}_{(z−y)2}

N^{mn} (z) T_λ (y) ∼^{N mn}_{(z−y)2} , T_λ (z) λ^α (y) ∼^{∂λα}_{(z−y)} , N^{mn} (z) λ^α (y) ∼^1_2^{(γmnλ)α}_{(z−y)} ,

N^{mn} (z) J_λ (y) ∼ regular, J_λ (z) λ^α (y) ∼^{λα}_{(z−y)} , J_λ (z) J_λ (y) ∼ −^4_{(z−y)2} ,

N^{mn} (z) N^{pq} (y) ∼ 6 η^{m[p}η^{q]n} (z − y)^2 + 2 η^{m[q}N^{p]n} + η^{n[p}N^{q]m} (z − y) .

Non-minimal fields

For the non-minimal sector, that encompasses a larger number of gauge invariant currents, the full set of OPE’s is: T_λ (z) T_λ (y) ∼ 2^{Tλ}_{(z−y)2} +^{∂Tλ}_{(z−y)} , N^{mn} (z) T_λ (y) ∼^{N mn}_{(z−y)2} , S^{mn} (z) T_λ (y) ∼^{Smn}_{(z−y)2} ,

J¯_λ (z) T_λ (y) ∼ −^{11}_{(z−y)3} +^{Jλ}_{(z−y)2} , Φ (z) T_λ (y) ∼^Φ_{(z−y)2} , S (z) T_λ (y) ∼^S_{(z−y)2} ,

J_r (z) T_λ (y) ∼^{11}_{(z−y)3} +^{Jr}_{(z−y)2} , T_λ (z) λ_α (y) ∼^{∂λα}_{(z−y)} , T_λ (z) r_α (y) ∼^{∂rα}_{(z−y)} , Φ (z) S (y) ∼ −^8_{(z−y)2} −^{Jλ+Jr}_{(z−y)} , Φ (z) S^{mn} (y) ∼^{N mn}_{(z−y)} , Φ (z) λ_α (y) ∼ −^{rα}_{(z−y)} , Φ (z) Φ (y) ∼ regular, N^{mn} (z) J¯_λ (y) ∼ regular, N^{mn} (z) Φ (y) ∼ regular,

N^{mn} (z) N^{pq} (y) ∼ 2^{ηm[q N p]n+ηn[pN q]m} (z−y) , Jλ̄ (z) Jr (y) ∼ − 3 (z−y)^2 , Jλ̄ (z) Jλ̄ (y) ∼ − 5 (z−y)^2 , N^{mn} (z) J_r (y) ∼ regular, N^{mn} (z) S (y) ∼ regular, J_r (z) J_r (y) ∼^{11}_{(z−y)2} , N^{mn} (z) λ_α (y) ∼ −^1_2 (λγ^{mn})_α (z−y) , N mn (z) r_α (y) ∼ −^1_2^{(rγmn)α}_{(z−y)} , J¯_λ (z) λ_α (y) ∼^{λα}_{(z−y)} , J_r (z) r_α (y) ∼^{rα(y)}_{(z−y)} , J¯_λ (z) r_α (y) ∼ regular, J_r (z) λ_α (y) ∼ regular.

References

[1] N. Berkovits, “Super Poincare covariant quantization of the superstring,” JHEP 0004, 018 (2000) [hep-th/0001035].

[2] M. B. Green and J. H. Schwarz, “Covariant Description of Superstrings,” Phys. Lett. B 136, 367 (1984).

[3] D. Friedan, E. J. Martinec and S. H. Shenker, “Conformal Invariance, Supersymmetry and String Theory,” Nucl. Phys. B 271, 93 (1986).

[4] N. Berkovits, “Multiloop amplitudes and vanishing theorems using the pure spinor formalism for the superstring,” JHEP 0409 (2004) 047 [hep-th/0406055].

[5] N. Berkovits, “Pure spinor formalism as an N=2 topological string,” JHEP 0510 (2005) 089 [hep-th/0509120].

[6] N. Berkovits and N. Nekrasov, “Multiloop superstring amplitudes from non-minimal pure spinor formalism,” JHEP 0612, 029 (2006) [hep-th/0609012].

[7] I. Oda and M. Tonin, “Y-formalism and b ghost in the non-minimal pure spinor formalism of superstrings,” Nucl. Phys. B 779 (2007) 63, arXiv:0704.1219 [hep-th].

[8] O. Chandia, “The b Ghost of the Pure Spinor Formalism is Nilpotent,” Phys. Lett. B 695, 312 (2011), arXiv:1008.1778 [hep-th].

[9] R. L. Jusinskas, “Nilpotency of the b ghost in the non-minimal pure spinor formalism,” JHEP 1305, 048 (2013) arXiv:1303.3966 [hep-th].

[10] R. Donagi and E. Witten, “Supermoduli Space Is Not Projected,” arXiv:1304.7798 [hep-th]. [11] N. Berkovits, “Dynamical twisting and the b ghost in the pure spinor formalism,” arXiv:1305.0693 [hep-th].

[12] W. Siegel, “Classical Superstring Mechanics,” Nucl. Phys. B 263, 93 (1986). [13] Y. Aisaka and N. Berkovits, “Pure Spinor Vertex Operators in Siegel Gauge and Loop Amplitude Regularization,” JHEP 0907, 062 (2009) arXiv:0903.3443 [hep-th].