arXiv:1306.2138v2 [hep-th] 17 Jun 2013

Quasi-Local Conserved Charges in Covariant Theory of Gravity

Wontae Kim^{abc},^∗ Shailesh Kulkarni^a,^† and Sang-Heon Yi^{a‡} aCenter for Quantum Spacetime (CQUeST), Sogang University, Seoul 121-742, Korea bDepartment of Physics,, Sogang University, Seoul 121-742, Korea and c Research Institute for Basic Science,Sogang University, Seoul, 121-742, Republic of Korea

In any generally covariant theory of gravity, we show the relationship between the linearized asymptotically conserved current and its non-linear completion through the identically conserved current. Our formulation for conserved charges is based on the Lagrangian description, and so completely covariant. By using this result, we give a prescription to define quasi-local conserved charges in any higher derivative gravity. As applications of our approach, we demonstrate the angular momentum invariance along the radial direction of black holes and reproduce more efficiently the linearized potential on the asymptotic AdS space.

Identifying the conserved charges have always remained as one of the most important and interesting issue in classical general relativity. There are now various approaches to calculate the conserved quantities, having their own merits and demerits. The equivocality among these approaches is the reflection of our ineptness to construct the Noether current in an unambiguous way when the local gauge symmetries are present. This problem has been tackled, upto certain extent, by focusing on the total conserved charges corresponding to the Killing vectors at asymptotic infinity of the spacetime. This is precisely the content of the ADM formalism [1]. The formalism works well and gives good physical intuition for the asymptotically flat space-time in Einstein gravity. However, for the generic spacetime, e.g. black holes in AdS spacetime, it is proved to be insufficient. In the another development, initiated by Abbott, Deser and Tekin (ADT) the asymptotic conserved charges are obtained in a covariant manner [2, 3]. This approach is especially useful for the asymptotically AdS space-time in Einstein as well as general higher derivative theories of gravity.

In contrast, an appropriate generalization of asymptotic conserved charges at the quasi-local level is one of the unresolved issues in this area. There are several proposals to compute the quasi-local charges (see [4] for an extensive review and the refs. therein). For instance, the Brown-York method [5] modified by introducing an appropriate a counter term [6] has been quite effective. However, this construction is not covariant and it has not been known to be completely consistent with the ADM or ADT formalism [2]. Another interesting expression for quasi-local charges is due to Komar [7]. Though this approach is conceptually not so transparent, one may obtain consistent results for total charges in asymptotically flat geometry. However, the corresponding expression of mass for AdS black holes gives us a divergent result. In usual Einstein gravity this difficulty has been cured by subtracting the background contribution. The resultant expression supplemented with the surface term leads to the correct expression for the mass and angular momentum [8]. This formalism by Barnich et al. plays a crucial role in determining the central charge in the

Kerr/CFT correspondence [9]. Unfortunately, there exist no clear-cut procedure for obtaining the quasi-local expressions when the higher derivative terms are present in the action. This has become one of the major stumbling block in any attempt to extend the Kerr/CFT duality to generic higher derivative theories of gravity (but, see [10]). The fact that none of the derivations of the quasi-local charges is truly clinching has led to open problems leading to alternative approaches with fresh insights.

In this letter, we would like to propose a novel way to obtain the quasi-local conserved charges for black holes in any diffeomorphically invariant theory of gravity. A new observation is to define the off-shell Noether potential in terms of the off-shell (i.e. without using the equations of motion) conserved current. By considering an appropriate variation of the metric, we are able to establish a one-to-one correspondence between the ADT formalism and the linear Noether expressions. It is worth mentioning that similar connection has also been observed in Einstein gravity [8, 11]. However, the on-shell conserved current has been used and thus the whole approach becomes rather complicated. On the other hand, in our formalism this complication cease to exist mainly because of the off-shell characteristics of Noether and ADT potentials. Once we obtain the linearized Noether potential the quasi-local charges can be easily computed.

Let us now consider generally covariant theory of gravity in D spacetime dimensions with an action

I[g_{μν} ] = 1 16πG ∫ d^D x √ −g L[g_{μν} , R, R_{μν} , ∇R, ∇R_{μν} · · ·] . (1) The variation of the above action with respect to g^{μν} is given by δI = 1 16πG ∫ d^D x [√ −gE_{μν} δg^{μν} + ∂_μΘ^μ(g; δg) ] , (2)

where E^{μν} = 0 denotes the equation of motion(EOM) for the metric and Θ denotes the surface term.

Under the diffeomorphism ζ, the metric transforms as δg_{μν} = ∇_μζ_ν + ∇_ν ζ_μ while the corresponding change in the Lagrangian density is given by δ_ζ (L √ −g) = ∂_μ( √ −g ζ^μL). By equating this diffeomorphism transformation with the generic variation (2) and exploiting the Bianchi identity ∇_μE^{μν} = 0, one can obtain the identically conserved (off-shell) current for a generic background metric g as [12]

J^μ(g ; ζ) = 2 √ −gE^{μν} (g) ζ_ν + ζ^μ √ −gL(g) − Θ^μ(g ; ζ) . (3) Note that this off-shell current becomes the conventional one and leads to the black hole entropy, when EOM E = 0 is used [13]. Since J^μ is identically conserved, ∂_μJ^μ = 0, the anti-symmetric second rank tensor K^{μν} , to which we shall refer as the (off-shell) Noether potential, can be introduced such that J^μ ≡ ∂_ν K^{μν} .

In order to see the relation of the above off-shell current for the diffeomorphism to a linearized conserved current for a Killing vector ξ, it is useful to consider the change in the Noether potential under the variation of the metric g → g_{μν} + δg_{μν} which preserves the Killing vector: δξ^μ = 0. Then, under such variation of the metric, the corresponding change in the off-shell current can be written in terms of the Noether potential K as

∂_ν (δK^{μν} ) = 2δ (√ −g E^{μν} ξ_ν ) + ξ^μδ( √ −gL) − δΘ^μ(g; ξ) . (4) Now, let us go through the construction of conserved charges by Abbott-Deser-Tekin [2, 3]. For a given solution of EOM with a Killing vector ξ, one can introduce a current as J^μ = δE^{μν} ξ_ν , where δE^{μν} denotes the linearization of EOM. The current defined in such way is conserved on-shell. This, allows us to introduce the so-called on-shell ADT potential, Q^{μν} as J^μ ≡ ∇_ν Q^{μν} . Note that, unlike the off-shell Noether potential the ADT potential is defined for the solution of EOM at the linearized level only. It is precisely this potential that has been used to compute the ADT charges.

Interestingly, one can also elevate this on-shell current to off-shell level [14] as J^μ_{ADT} ≡ δE^{μν} ξ_ν + E^{μα}h_{αν} ξ^ν − 1 2 ξ^μE^{αβ} h_{αβ} + 1 2 hE^μ_ν ξ^ν , (5) where h denotes the variation of the metric, h_{μν} ≡ δg_{μν} , and the indices are raised or lowered by the background metric g. The corresponding off-shell ADT potential Q^{μν}_{ADT} is given by J^μ_{ADT} = ∇_ν Q^{μν}_{ADT} , which can be rewritten in the form of δ( √ −gE^{μν} ξ_ν ) − 1 2 √ −g ξ^μE^{αβ} h_{αβ} = ∂_ν ( √ −gQ^{μν}_{ADT} ) . (6) One may note that δξ = 0 is also assumed in this case, which is the case in the on-shell ADT formalism.

Now, we would like to reveal the relationship between this off-shell ADT potential and the off-shell Noether potential. By combining Eq. (6) with the differential relation (4) with ζ being taken as a Killing vector, and by recalling the generic variation δ( √ −gL) = − √ −gE_{μν} h^{μν} + ∂_μΘ^μ(h) from the equation (2), one can see that √ −g Q^{μν}_{ADT} (g ; h) = 1 2 δK^{μν} (g ; ξ) − ξ^{[μ}Θ^{ν]}(g ; h) . (7)

This is our essential result which shows us explicitly the relationship between the ADT potential and the Noether potential. For the final derivation, we have used the covariant form of Θ term and the following configuration space result given in [15]

L_ξΘ^μ(g ; δg) − δΘ^μ(g ; ξ) = 0 , (8)

where L_ξ denotes the Lie derivative along the Killing vector ξ and δ does the variation of the background metric g. Note that Q^{μν}_{ADT} , itself is conserved when g and h satisfy the EOM and the linearized EOM, respectively.

We would like to emphasize that above derivation is based on the identically conserved or off-shell current in Eq.s (3) and (5). Consequently, the background metric does not need to be a solution of EOM to begin with. This can be compared with the configuration space approach taken by Wald et al. [13, 15, 16] wherein the background metric must satisfy the unperturbed Einstein equations. Like in the on-shell case, the above derivation of the relation between the ADT potential and the Noether potential also suffers from several ambiguities. For instance, since we have used the differentiated relation given in Eq. (4), the relation can be determined up to the identically vanishing term ∂_ρU^{μνρ} given by a totally anti-symmetric third rank tensor U^{μνρ}. However, since the the definition of the ADT potential itself contains the same ambiguity or it relies on the cohomology only, one can take the relation between the ADT potential and the variation of the off-shell Noether potential as given in Eq. (7). Furthermore, the surface term Θ also contains some ambiguities [16]. Nevertheless, it gives us the correct conserved charges after matching with the linearized charges. This argument can be applied to our approach, too. Another point which we would like to highlight here is that the relation (7) can be effectively used as a definition for the ADT potential. This way of defining the ADT potential has distinct advantage over the conventional approach when the higher derivative terms are present in the theory.

Usually the linearization is regarded as meaningful only at the asymptotic infinity to guarantee the validity of the linearization. To overcome this difficulty and to introduce quasi-local conserved charges, it has been proposed to use one parameter path in the solution space [8, 11, 16, 17]. More explicitly, the path can be taken as the interpolation through a free parameter Q in the solutions of EOM, by the parameter s as sQ (0 ≤ s ≤ 1). According to this approach, it is straightforward to integrate the linearized potential in Eq. (7) under appropriate conditions [8] and to obtain quasi-local conserved charges. By integrating the one-parameter variable s, one can obtain the conserved charge for the onshell background g as Q(ξ) = 1 8πG ∫_1 0 ds ∫ d^{D−2}x_{μν} √ −g Q^{μν}_{ADT} (g|s) , (9) where d^{D−2}x_{μν} denotes the anti-symmetrized integration over coordinates of the co-dimension two subspace. This expression, which is the extension of the Einstein gravity case given in [8], is meaningful definition for conserved charges since ∫ ds √ −gQ^{μν}_{ADT} is conserved at the nonlinear level whenever the integration is well-defined.

The conserved charge given in Eq. (9) can be defined at the interior region not just at the asymptotic infinity as in [16, 17]. By using Eq. (7), the quasi-local conserved charge corresponding to a Killing vector ξ can be eventually written as Q(ξ) = 1 16πG ∫ d^{D−2}x_{μν} ( ΔK^{μν} (ξ) − 2ξ^{[μ} ∫_1 0 ds Θ^{ν]} ) , (10) where ΔK^{μν} (ξ) ≡ K^{μν}_{s=1}(ξ) − K^{μν}_{s=0}(ξ) denotes the finite difference between the two end points of the path and K^{μν}_{s=0} may be taken just as the vacuum solution. We are going to stress that this can be taken as the proposal for the quasi-local conserved charges in any covariant theory of gravity, which become identical with the ADT charges at the asymptotic infinity. This can also be regarded as the generalization of the Einstein gravity case [17] to generally covariant theory of gravity and as the extension of the result on the asymptotically flat space [16] to the arbitrary asymptotic one, especially to the asymptotic AdS one. Note also that our formulation resolves, through the surface term contribution and the matching with the linearized ADT potential, the normalization issue [18] of the Noether potential on the asymptotic AdS space with the background subtraction.

We now apply our formalism to some specific examples, and in the process we obtain some new features. (i) Invariance of angular momentum: One of the interesting consequences of our expression given in (10) for quasi-local conserved charges is the angular momentum invariance along the radial direction of black hole solutions. To show this, let us take the rotational Killing vector of axi-symmetric black hole solutions as ξ_R =^∂_{∂θ} and the integration measure as orthogonal to time and radial directions, d^{D−2}x_{tr} . These choices guarantee the absence of the contribution coming from the surface term in Eq. (10). Furthermore, the background value of generalized Noether potential K^{μν}_{s=0} for the flat or the AdS space can also be shown to vanish. As a result, the angular momentum, which is given by

J_r = Q(ξ_R) = 1 16πG ∫ B_r d^{D−2}x_{μν} K^{μν} (ξ_R) , (11) becomes independent of the radial position, r through the Stokes’ theorem. This result explains the validity of the usage of the Komar’s expression for conserved charges in some cases. Note that this kind of the invariance is known, in somewhat different way, in Einstein gravity [19]. Moreover, the invariance of the angular momentum has been crucially used for the matching between the entropies of infra-red and ultra-violate CFT’s which are duel to the near horizon and asymptotic AdS_3 spaces of extremal black holes [20].

(ii) Higher curvature case: To obtain the concrete expression for total or quasi-local conserved charges, let us consider a gravity Lagrangian which contains only the invariants of curvature tensors: L = L[g, R, R^2, R^{μν} R_{μν} , · · ·]. In this case, it is convenient to treat the curvature tensors as independent variables and to introduce the covariant current and Noether potential as J^μ ≡ √ −gJ^μ, K^{μν} ≡ √ −gK^{μν} . Note that E_{μν} can be represented by E_{μν} = P^{αβγ}_{(μ} R_{ν)αβγ} − 2∇^ρ∇^σ P_{μνρσ} − 1 2 g_{μν} L , (12)

where P -tensor is defined as P^{μνρσ} ≡ ∂L/∂R_{μνρσ} . And the surface term Θ may be taken by

Θ^μ(δg) = 2 √ −g[P^{μ(αβ)γ} ∇_γ δg_{αβ} − δg_{αβ}∇_γ P^{μ(αβ)γ} ] . (13) Though this surface term has some intrinsic ambiguities, we adopt this form in the following. Writing the surface term Θ in term of δg_{μν} ,one can obtain the above current in the form of J^μ = 4∇_ν P^{μ(ρσ)ν} ∇_ρξ_σ +2P^{μνρσ} ∇_ν ∇_ρξ_σ −4ξ_σ∇_ν ∇_ρP^{μνρσ} . (14) Then, the covariant Noether potential is given by

K^{μν} = 2P^{μνρσ} ∇_ρξ_σ − 4ξ_σ (∇_ρP^{μνρσ} ) . (15)

In Einstein gravity, it turns out that K^{μν} = 2∇^{[μ}ξ^{ν]}. Therefore, the above K^{μν} expression can be regarded as the natural extension from Einstein gravity [7, 11]. By using our result and the covariant form of the surface term Θ = √ −gΘ , the ADT potential in these theories cab be given by 2Q^{μν}_{ADT} = δK^{μν} + 1 2 h K^{μν} − 2ξ^{[μ}Θ^{ν]} . (16)

Note that there needs no ad-hoc adjustment of the famous factor two in the Komar’s expression since it is matched with the twice of the ADT potential in our formulation. The similar observation was done in the asymptotically flat case in the covariant phase space approach [15]. By using the Noether potential in the higher curvature gravity, one can obtain the ADT potential for arbitrary background in a simplified and systematic way. Specifically, one can show that the ADT potential for the R^n term is given by Q^{μν}_Rn = nR^{n−1}Q^{μν}_R + n δR^{n−1}∇^{[μ}ξ^{ν]} +2nξ^{[μ}∇^{ν]}δR^{n−1} − nξ^{[μ}h^{ν]}_α∇^αR^{n−1} , where the ADT potential for the R term, Q^{μν}_R , and δR^{n−1} ≡ (n − 1)R^{n−2} δR term are given respectively by Q^{μν}_R ≡ ξ_α∇^{[μ}h^{ν]α} − h^{α[μ}∇_αξ^{ν]} + 1 2 h ∇^{[μ}ξ^{ν]} −ξ^{[μ}∇_αh^{ν]α} + ξ^{[μ}∇^{ν]}h , δR^{n−1} = (n − 1)R^{n−2}(−R^{αβ}h_{αβ} + ∇^α∇^β h_{αβ} − ∇^2h) . This expression matches completely with the known results for R and R^2 terms as special cases.

(iii)BTZ black holes: In contrast with the angular momentum of AdS black holes, it turns out that, in order to obtain the correct mass of AdS black holes, one needs to subtract the background value of the Noether potential (see some earlier attempt [21]) and should add the surface term contribution. As an example, let us consider rotating BTZ black hole solutions [22] in three-dimensional higher curvature gravity. Since the P -tensor is divergence free for the BTZ case, ∇_μP^{μνρσ} = 0, one can explicitly show that the mass expression comes entirely from the surface term while the contribution from ΔK vanishes. Furthermore, since the central charge of the boundary dual CFT is proportional to g_{μν} (∂L/∂R_{μν} ), one can show that the mass and the angular momentum of BTZ black holes become proportinal to the central charge.

In conclusion, we have established a relation between the ADT potential and the linearized Noether potential for any higher derivative theory of gravity. The key ingredient of our derivation was using the off-shell current. This finding has solved the issue raised by Wald et al. in [16]. The equivalence has also enabled us to identify the ADT charges with the linearized Noether charges, both of which are defined at the asymptotic boundary of the spacetime. By integrating the linearized Noether expression along a one parameter path in the solution space, we have proposed an appropriate definition of quasi-local charges which are matched consistently with the ADT charges. The upshot of our approach is that the Noether potential with a surface term is sufficient to obtain quasilocal charges consistently with ADT charges in any covariant theory of gravity. Since the ADT and Noether charges are related in one-to-one fashion, we can obtain the ADT potential more easily. Our formulation would be very useful in the Kerr/CFT duality. It would be really interesting to use our result for quasi-local charges and extend the extremal-Kerr/CFT correspondence to higher derivative theories of gravity.

Acknowledgements: This work was supported by the National Research Foundation of Korea(NRF) grant funded by the Korea government(MSIP) through the CQUeST of Sogang University with grant number 2005- 0049409. W. Kim was supported by the Sogang University Research Grant of (2013)201310022. S.-H.Yi was supported by the National Research Foundation of Korea(NRF) grant funded by the Korea government(MOE) (2012R1A1A2004410). We would like to thank S. Deser and B. Tekin for useful comments on the manuscript.

∗ wtkim@sogang.ac.kr † skulkarnig@gmail.com ‡ shyi@sogang.ac.kr [1] R. L. Arnowitt, S. Deser and C. W. Misner, Gen. Rel.

Grav. 40, 1997 (2008) [gr-qc/0405109].

[2] L. F. Abbott and S. Deser, Nucl. Phys. B 195, 76 (1982);

L. F. Abbott and S. Deser, Phys. Lett. B 116, 259 (1982). [3] S. Deser and B. Tekin, Phys. Rev. D 67, 084009 (2003) [hep-th/0212292]; S. Deser and B. Tekin, Phys. Rev. Lett. 89, 101101 (2002) [hep-th/0205318]; C. Senturk, T. C. Sisman and B. Tekin, Phys. Rev. D 86, 124030 (2012) [arXiv:1209.2056 [hep-th]];

[4] L. B. Szabados, Living Rev. Rel. 7, 4 (2004). [5] J. D. Brown and J. W. York, Jr., Phys. Rev. D 47, 1407 (1993) [gr-qc/9209012].

[6] V. Balasubramanian and P. Kraus, Commun. Math.

Phys. 208, 413 (1999) [hep-th/9902121]. [7] A. Komar, Phys. Rev. 113, 934 (1959).

[8] G. Barnich, Class. Quant. Grav. 20, 3685 (2003) [hepth/0301039]; G. Barnich and G. Compere, Phys. Rev. D 71, 044016 (2005) [Erratum-ibid. D 71, 029904 (2006)] [gr-qc/0412029].

[9] M. Guica, T. Hartman, W. Song and A. Strominger, Phys. Rev. D 80, 124008 (2009) [arXiv:0809.4266 [hepth]]; G. Compere, Living Rev. Rel. 15, 11 (2012) [arXiv:1203.3561 [hep-th]].

[10] T. Azeyanagi, G. Compere, N. Ogawa, Y. Tachikawa and S. Terashima, Prog. Theor. Phys. 122, 355 (2009) [arXiv:0903.4176 [hep-th]].

[11] G. Barnich and F. Brandt, Nucl. Phys. B 633, 3 (2002) [hep-th/0111246].

[12] N. Deruelle, J. Katz and S. Ogushi, Class. Quant. Grav.

21, 1971 (2004) [gr-qc/0310098]; T. Padmanabhan, Rept. Prog. Phys. 73, 046901 (2010) [arXiv:0911.5004 [gr-qc]].

[13] R. M. Wald, Phys. Rev. D 48, 3427 (1993) [grqc/9307038].

[14] A. Bouchareb and G. Clement, Class. Quant. Grav.

24, 5581 (2007) [arXiv:0706.0263 [gr-qc]]; S. Nam, J. - D. Park and S. -H. Yi, Phys. Rev. D 82, 124049 (2010) [arXiv:1009.1962 [hep-th]].

[15] V. Iyer and R. M. Wald, Phys. Rev. D 50, 846 (1994) [gr-qc/9403028].

[16] R. M. Wald and A. Zoupas, Phys. Rev. D 61, 084027 (2000) [gr-qc/9911095].

[17] G. Barnich and G. Compere, J. Math. Phys. 49, 042901 (2008) [arXiv:0708.2378 [gr-qc]].

[18] R. Aros, M. Contreras, R. Olea, R. Troncoso and J. Zanelli, Phys. Rev. Lett. 84, 1647 (2000) [grqc/9909015]; R. Aros, M. Contreras, R. Olea, R. Troncoso and J. Zanelli, Phys. Rev. D 62, 044002 (2000) [hepth/9912045].

[19] B. Julia and S. Silva, Class. Quant. Grav. 15, 2173 (1998) [gr-qc/9804029].

[20] W. Kim, S. Kulkarni and S. -H. Yi, JHEP 1305, 041 (2013) [arXiv:1303.3691 [hep-th]].

[21] A. Magnon, J. Math. Phys. 26, 3112 (1985). [22] M. Banados, C. Teitelboim and J. Zanelli, Phys. Rev.

Lett. 69, 1849 (1992) [hep-th/9204099].