arXiv:1306.2473v1 [gr-qc] 11 Jun 2013

On the existence of the Schwarzschild solution and Birkhoff’s Theorem in Scalar-Tensor gravity

Sante Carloni ESA-Advanced Concepts team, European Space Research Technology Center (ESTEC) Keplerlaan 1, Postbus 299, 2200 AG Noordwijk The Netherlands.

Peter K S Dunsby Department of Mathematics and Applied Mathematics, University of Cape Town, South Africa, South African Astronomical Observatory, Observatory Cape Town, South Africa.

We clarify a number of aspects of spherically symmetric solutions of non-minimally coupled scalar tensor theories using the 1+1+2 covariant approach. Particular attention is dedicated to the existence of a Schwarzschild solution and the applicability of Birkhoff’s theorem in this case. We also present some new exact solutions.

PACS numbers: 04.50.Kd

I. INTRODUCTION

Scalar-Tensor (ST) theories of gravity are among the most studied extensions of General Relativity (GR). Initially introduced as a completion of GR by Brans and Dicke [1], ST theories have found a wide range of uses, which include providing models of the inflation mechanism [2] and a modelling the late-time acceleration of the Universe [3]. These theories arise naturally in the context of quantum field theory on curved spacetime [4] and have also played a role in the debate about the nohair conjecture of black holes and its various realisations [5].

The name scalar-tensor theory is often used to describe theories in which both minimally and non-minimally coupled scalar fields appear. The first class of theories are the most studied, due in part to their simplicity and connection to the original models of inflation. The second class has instead gained attention with the discovery of their connection with higher dimensional theories such as Kaluza-Klein and (Super-)String theories) [6]. For both these classes, we have now a relatively clear picture of many aspects of the cosmologies of these models [7, 8] (including some unexpected phenomena [9]) and with the wealth of cosmological data currently available, there are many ways to compare their predictions with more standard models of the Universe.

It therefore comes as a surprise that in comparison with cosmology, the investigation of spherically symmetric solutions of both types of theories has been more limited. This is particularly true for theories which involve a non-trivial self-interacting potential. Indeed, many of the most important models of ST theories are characterised by a non-trivial self-interaction of the scalar field potential and in situations where there is a non-minimal coupling to gravity, very few results are known other than the (non-independent) four types of Brans solutions [10]. Determining detailed information about spherically symmetric solutions for these theories could open the way to a new generation of tests based on astrophysical data rather than those from cosmology.

This paper is an attempt to move in this direction. We aim to obtain a deeper insight into the properties of spherically symmetric solutions of ST theories, focusing mainly on the non-minimally coupled theories (many of our results turn out to also be valid in the minimally coupled case). The class of non-minimally coupled theories we consider are those characterised by a standard kinetic term for the scalar field. However, the actions we consider can be recast in the general form given by Bergmann, Nordtveldt and others [11] by a simple reparameterisation of the scalar field.

Key to our analysis is the powerful 1+1+2 covariant approach, developed by Clarkson and Barrett [12]. This formalism is a natural extension to the 1+3 approach originally developed by Ehlers and Ellis [13] and it is optimised for problems which have spherical symmetry. The 1+1+2 formalism was applied to the study of linear perturbations of a Schwarzschild spacetime [12] and to the generation of electromagnetic radiation by gravitational waves interacting with a strong magnetic field around a vibrating Schwarzschild black hole [14].

Using this approach we clarify some aspects of spherically symmetric solutions of non-minimally coupled ST theories, in particular the applicability of Birkhoff’s theorem. We also present some new exact solutions.

The paper is organised in the following way. In section II we give the general equations of ST gravity. In Section III we briefly review the covariant approach and deduce the 1+1+2 framework from the 1+3 one. We then drive the 1+1+2 equations in general and relate the 1+1+2 quantities to the metric components. In section IV we give the 1+1+2 equations for a general non-minimally coupled ST theory of gravity and we present some important results which are needed if one is to use 1+1+2 formalism to find exact solutions. In section V we discuss the existence and the meaning of Birkhoff’s theorem in this framework and finally section VII is dedicated to our conclusions.

Unless otherwise specified, natural units (ℏ = c = k_B = 8πG = 1) will be used throughout this paper and Latin indices run from 0 to 3. The symbol ∇ represents the usual covariant derivative and ∂ corresponds to partial differentiation. We use the −, +, +, + signature and the Riemann tensor is defined by

R^a_{bcd} = Γ^a_{bd,c} − Γ^a_{bc,d} + Γ^e_{bd}Γ^a_{ce} − Γ^e_{bc}Γ^a_{de} , (1)

where the Γ^a_{bd} are the Christoffel symbols (i.e. symmetric in the lower indices), defined by

Γ^a_{bd} = 1 2 g^{ae} (g_{be,d} + g_{ed,b} − g_{bd,e}) . (2) The Ricci tensor is obtained by contracting the first and the third indices R_{ab} = g^{cd}R_{acbd} . (3) Symmetrisation and the anti-symmetrisation over the indexes of a tensor are defined as

T_{(ab)} = 1 2 (T_{ab} + T_{ba}) , T_{[ab]} = 1 2 (T_{ab} − T_{ba}) . (4)

Finally the Hilbert–Einstein action in the presence of matter is given by A = 1 2 ∫ d^4x √ −g [R + 2L_m] . (5)

II. GENERAL EQUATIONS FOR SCALAR TENSOR GRAVITY

The most general action for ST theories of gravity is given by (conventions as in Wald [15]): A = ∫ dx^4 √ −g [ 1 2 F (ψ)R − L_ψ + L_m ] , (6)

where

L_ψ = 1 2 ∇_aψ∇^aψ − V (ψ), (7) V (ψ) is a generic potential expressing the self-interaction of the scalar field and L_m represents the matter contribution.

Varying the action with respect to the metric gives the gravitational field equations: F (ψ) ( R_{ab} − 1 2 Rg_{ab} ) = T^m_{ab} + ∇_aψ∇_bψ −g_{ab} ( 1 2 ∇_cψ∇^cψ + V (ψ) ) + (∇_b∇_a − g_{ab}∇_c∇^c) F (ψ) , (8)

and the variation with respect to the field ψ gives the curved spacetime version of the Klein–Gordon equation ∇_a∇^aψ + 1 2 F^′(ψ)R − V^′(ψ) = 0 , (9) where the prime indicates a derivative with respect to ψ. Both these equations reduce to the standard equations for GR and a minimally-coupled scalar field when F (ψ) = 1.

Equation (8) can be recast as G_{ab} = T^m_{ab} F (ψ) + T^ψ_{ab} = T^{(ef f )}_{ab} , (10)

where T^ψ_{ab} has the form

T^ψ_{ab} = 1 F (ψ) [ ∇_aψ∇_bψ − g_{ab} ( 1 2 ∇_cψ∇^cψ + V (ψ) )

+∇_b∇_aF (ψ) − g_{ab}∇_c∇^cF (ψ)] . (11)

Provided that ψ_{,a} ≠ 0, equation (9) also follows from the conservation equations

∇^bT^ψ_{ab} = 0 . (12)

The reformulation above will be very important for our purposes. In fact, the form of (10) allows us to treat scalar tensor gravity as standard Einstein gravity in presence of two effective fluids and permits a straightforward generalisation of the 1+1+2 formalism to these equations.

III. 1+1+2 COVARIANT APPROACH

In the following we give a brief review of the 1+1+2 covariant approach [12]. We will proceed first with the standard 1+3 decomposition and then perform a further split of the spatial degrees of freedom relative to a preferred spatial direction. This allows us to derive a set of variables better suited to systems in which a spatial direction is important (i.e., the radial one in the case of spherical symmetry).

A. Kinematics

In 1+3 approach we define a time-like congruence, with unit tangent vector u^a (u^au_a < 0^1). In this way, any tensor field can be projected along u^a (extracting the temporal parts) or into the 3-space orthogonal to u^a using the projection tensor h^a_b = g^a_b + u^au_b.

In the 1+1+2 approach, we further split this 3-space by introducing the spatial unit vector e^a orthogonal to u^a, so that

e_au^a = 0 , e_ae^a = 1 . (13)

Then the tensor

N_a^b ≡ h_a^b − e_ae^b = g_a^b + u_au^b − e_ae^b , N^a_a = 2 (14)

1 Note that we are not assuming that u_a is normalised. The components of u_a will play an important role in connecting the 1+1+2 variables and the metric.

projects vectors into the 2-surfaces orthogonal to e^a and u^a. It is obvious that e^aN_{ab} = 0 = u^aN_{ab}. Using N_{ab}, any 3-vector λ^a = h^a_b λ^b can be irreducibly split into a component along e^a and a sheet component Λ^a, orthogonal to e^a, i.e.,

λ^a = Λe^a + Λ^a , λ ≡ λ^ae_a , Λ^a ≡ N^{ab}λ_b , (15)

A similar decomposition can be done for 3-tensors λ_{ab} = h^c_ah^d_b Φ_{cd}, which can be split into scalar (along e^a), 2- vector and 2-tensor parts as follows: λ_{ab} = λ_{⟨ab⟩} = Λ ( e_ae_b − 1 2 N_{ab} ) + 2Λ_{(a}e_{b)} + Λ_{ab} , (16)

where Λ ≡ e^ae^bλ_{ab} = −N^{ab}λ_{ab} , Λ_a ≡ N_a^be^cλ_{bc} , Λ_{ab} ≡ λ_{{ab}} ≡ ( N^c_{(a}N_{b)}^d − 1 2 N_{ab}N^{cd} ) λ_{cd} . (17)

The Levi-Civita 2-tensor is defined as ε_{ab} ≡ ε_{abc}e^c = η_{dabc}e^cu^d , (18) where ε_{abc} is the 3-space permutation tensor, which is the volume element of the 3-space and η_{abcd} is the spacetime 4-volume element. ε_{ab} plays the usual role of 2 volume element for the 2-surfaces.

With these definitions it follows that any 1+3 quantity can be locally split into three types of objects: scalars, 2- vectors and 2-tensors defined on the 2-surfaces orthogonal to e^a.

B. Derivatives and the kinematical variables

Using u^a and h_{ab} we can obtain two derivative operators: one defined along the time-like congruence: Ẋ^{a..b}_{c..d} = u^e∇_eX^{a..b}_{c..d} (19) and the projected derivative D: D_eX^{a..b}_{c..d} = h^a_f h^p_c...h^b_gh^q_dh^r_e∇_rT^{f..g}_{p..q} . (20) Applying the covariant derivative to u_a we can obtain the key 1+3 quantities:

∇_au_b = −u_au̇_b + 1 2 Θh_{ab} + σ_{ab} + ω_{ab} , (21)

where u̇_a is the acceleration, Θ is the expansion parameter, σ_{ab} the shear and ω_{ab} is the vorticity.

In the same way as before we can now split the D operator using e^a and N_{ab}: X̂_{a..b}^{c..d} ≡ e^f D_f X_{a..b}^{c..d} , (22) δ_f X_{a..b}^{c..d} ≡ N_a^f ..N_b^g N_h^c..N_i^dN_f^j D_j X_{f..g}^{i..j} .(23)

The covariant derivative of e^a can be split in the direction orthogonal to u^a into it’s irreducible parts to give:

D_ae_b = e_aa_b + 1 2 ϕN_{ab} + ξε_{ab} + λ_{ab} . (24) For an observer that chooses e^a as a special direction in spacetime, ϕ = δ_ae^a represents the expansion of the sheet, λ_{ab} = δ_{{a}e_{b}} is the shear of e^a (i.e., the distortion of the sheet), ξ =^1_2 ε^{ab}δ_ae_b is a representation of the “twisting” or rotation of the sheet and a^a = ê_a its acceleration.

Using equations (15) and (16) one can split the 1+3 kinematical variables and Weyl tensors as follows:

u̇^a = Ae^a + A^a , (25) ω^a = Ωe^a + Ω^a , (26)

σ_{ab} = Σ ( e_ae_b − 1 2 N_{ab} ) + 2Σ_{(a}e_{b)} + Σ_{ab} , (27) E_{ab} = E ( e_ae_b − 1 2 N_{ab} ) + 2E_{(a}e_{b)} + E_{ab} , (28) H_{ab} = H ( e_ae_b − 1 2 N_{ab} ) + 2H_{(a}e_{b)} + H_{ab} , (29)

where E_{ab} and H_{ab} are the electric and magnetic part of the Weyl tensor respectively. It follows that the key variables of the 1+1+2 formalism are: {Θ, A, Ω, Σ, E, H, A^a, Ω^a, Σ^a, E^a, H^a, Σ_{ab}, E_{ab}, H_{ab}} . (30) Similarly, we may split the general energy momentum tensor in (10) as:

T_{ab} = μu_au_b + ph_{ab} + 2q_{(a}u_{b)} + π_{ab} , (31)

where μ is the energy density and p is the pressure.

The anisotropic fluid variables q^a and π_{ab} can be further split as:

q^a = Qe^a + Q^a , (32)

π_{ab} = Π [ e_ae_b − 1 2 N_{ab} ] + 2Π_{(a}e_{b)} + Π_{ab} . (33)

C. 1+1+2 equations for LRS-II Spacetimes

Because of its structure, the 1+1+2 formalism is ideally suited for a covariant description of all the Locally Rotationally Symmetric (LRS) spacetimes. These spacetimes possess a continuous isotropy group at each point [16] and exhibit locally a unique, preferred, covariantly defined spatial direction.

Since LRS space-times are constructed to be isotropic, there are no preferred directions in the sheet and consequently all 1+1+2 vectors and tensors vanish. It follows that the only non-zero 1+1+2 variables are the covariantly defined scalars [12] {A, Θ, ϕ, ξ, Σ, Ω, E, H, μ, p, Π, Q} . A subclass of the LRS spacetimes, called LRS-II, contain all the LRS spacetimes that are rotation free. As a consequence, the variables Ω, ξ and H are identically zero in LRS-II spacetimes and {A, Θ, ϕ, Σ, E, μ, p, Π, Q} fully characterise the kinematics. The propagation and constraint equations for these variables can be found in [12].

Let us now turn to the case of spherically symmetric static spacetimes which belong naturally to LRS class II. The condition of staticity implies that the dot derivatives of all the quantities vanish. Therefore the expansion vanishes, (Θ = 0), and this implies Σ = 0. The same holds for the heat flux Q. Hence the set of 1+1+2 equations which describe the spacetime become:

ϕ̂ = − 1 2 ϕ^2 − 2 3 μ − 1 2 Π − E , (34) Ê − 1 3 μ̂ + 1 2 Π̂ = − 3 2 ϕ ( E + 1 2 Π ) , (35) 0 = −Aϕ + 1 3 (μ + 3p) − E + 1 2 Π , (36)

p̂ + Π̂ = − ( 3 2 ϕ + A ) Π − (μ + p) A , (37)

Â = − (A + ϕ) A + 1 2 (μ + 3p) , (38) K̂ = −ϕK, (39) K = 1 3 μ − E − 1 2 Π + 1 4 ϕ^2 . (40)

Eliminating E and using the constraints the system above can be reduced to ϕ̂ = Aϕ − μ − p − Π − ϕ^2 2 , (41)

Â = −A (A + ϕ) + 1 2 (μ + 3p) , (42)

Π̂ + p̂ = −A(μ + p + Π) − 3Πϕ 2 , (43) K = −p − Π + 1 4 ϕ(A + ϕ) . (44) E = 1 3 (μ + 3p) + 1 2 Π − Aϕ . (45)

One could, of course, decide to eliminate other variables. In particular one might tray to retain the (39), due to its simplicity. However, as we will see in section IV, this choice has to be taken with great care, especially when attempting to find exact solutions. Once these equations have been solved it is useful to connect the 1+1+2 quantities to the metric coefficients and hence reconstruct the metric.

Let us begin with the general spherically symmetric static metric:

ds^2 = −A(ρ)dτ^2+B(ρ)dρ^2+C(ρ)(dθ^2+sin^2 θdϕ^2) . (46)

Using the definition of covariant derivative one obtains:

A = e^au̇_a = 1 2A dA dρ √ B , (47) and ϕ = δ_ae^a = 1 C dC dρ √ B . (48)

Note that we have two equations for three metric components, so at first sight it might seem that given a solution of the 1+1+2 potentials A and ϕ, there is no way to determine the metric. One needs to remember, however, that the form of the coefficient B depends on the choice of the coordinated ρ, so that the factor √ B can be reabsorbed into the definition of ρ and effectively the metric (46) has only two unknown functions. Therefore a p coordinate directly associated with the “hat” derivative, would have X̂ = X_{,p} which implies B(p) = 1.

The formulae above reveal an interesting connection between the 1+1+2 formalism and the Takeno variables [17]. In fact one can see that many of the theorems proven by Takeno have a correspondence in the 1+1+2 formalism.

IV. SPHERICALLY SYMMETRIC STATIC SPACE-TIMES IN SCALAR TENSOR GRAVITY

The simplest way to write the 1+1+2 equations for the case of ST gravity is to use the recasting of the field equations that we gave in Section II. In particular T^ψ_{ab} can be decomposed as in (31) with

μ^ψ = 1 F (ψ) [ 1 2 ψ̂^2 + V + F^′ ( ψ̂ + ϕ ψ̂ ) + F^{′′} ψ̂^2 ] ,(49)

p^ψ = 1 F (ψ) [ − ψ̂2 6 − V − 2 3 F^{′′}ψ̂^2 − 2 3 F^′ ( ψ̂ + ϕψ̂ )

−F^′A ψ̂ ] , (50)

Π^ψ = 1 F (ψ) [ 2 3 ψ̂^2 + 2 3 F^{′′}ψ̂^2 + 2 3 F^′ ( ψ̂ − ϕψ̂ )] . (51)

In this way it is possible to write (34-38) as

F [ 2ϕ̂ + (ϕ − 2A)ϕ ] + 2ψ̂^2 = 2AF^′ψ̂ − 2F^{′′}ψ̂^2 − 2F^′ψ̂ , (52) 2F [ Â + A(A + ϕ) ] + 2V = F^{′′}ψ̂^2 + (3A + ϕ)F^′ψ̂ − F^′ψ̂ , (53) ψ̂ {[ 3 (F^′)^2 + 2F ] ψ̂ + F ′ (3F ′′ + 1) ψ̂2 + (A + ϕ) [ 3 (F^′)^2 + 2F ] ψ̂ + 4V F^′ − 2F V^′ } = 0 , (54) K = ψ̂2 2F + V F + F^′ F ψ̂(A + ϕ) + 1 4 ϕ(A + ϕ) , (55) E = ψ̂2 3F − 2V 3F − F^′ F ψ̂(A + 1 2 ϕ) − Aϕ , (56)

where we have assumed F ≠ 0. The above equations characterise the static and spherically symmetric solutions of a general ST theory of gravity. Note that in spite of the fact that the last equation above contains second derivatives of the scalar field ψ, it does not correspond exactly to the Klein-Gordon equation. In fact, equation (54) can be shown to correspond to a combination of the Klein Gordon equation and the trace of the general field equations.

Let us now show how (52-56) can be used to obtain exact solutions. The first thing to do is to choose a suitable radial coordinate. A clever choice is to proceed in a way that equation (39) has a trivial solution like in the case of the coordinate r for which X̂ = −^1_2 rϕ∂_r X in [12]. The Gauss curvature is therefore just K = r^{−2}. However, one must be careful in this respect to check that (55) is fulfilled, because the choice above decouples K from ψ. This can be clearly seen by considering the theory F = 2F_1e^{ϕ0ψ2}

ϕ_0

+ F_2 + 2ψ ϕ_0

, (57) V = − 1 4 ψ^2_0 [ 3ϕ_0 ( 4F_1e^{ϕ0ψ2} + F_2ϕ_0 + 2ψ ) + 10 ] ,(58)

with the solution A = 1 2 ϕ_0 , ϕ = ϕ_0 and ψ = ψ_0 + 2 ln(ϕ_0r) (59)

of (52-54), which corresponds to the following solution for the metric

A = A_0r^{2 ϕ0|ϕ0|} , B = ψ^2_0 r^2 , C = r^{−2} . (60)

Although the above solution satisfies (52-54) and (39), it does not satisfy (55) and is not a solution of the field equations (8). This happens because the coordinate change removes the connection between K and ϕ so that (39) does not guarantee that (55) is satisfied.

On the other hand, the theory

F = F_0ψ^2 V = V_0ψ^β (61)

does satisfy the system (52-55) for this convenient choice of radial coordinate and it is easy to find the exact solution A = A_0 r , ϕ = 2 r (62) K = F_0 [2A_0(β − 4) + β − 10] − 2

r^2(β − 2)F_0 + V_0σ^β_0 r^2F_0σ^2_0

,(63)

which, in terms of the metric coefficients is given by:

A = r^{2A0} , B = 1 , C = K^{−1} . (64)

The above solution satisfies all the Einstein equations upon direct substitution. Since this solution does not reduce to Minkowski spacetime in any limit of the parameters, it is clearly not asymptotically flat. The associated Newtonian potential can be calculated in the usual way and contains a constant term of the same order of the gravitational constant.

V. THE EXISTENCE OF A SCHWARZSCHILD SOLUTION AND BIRKHOFF’S THEOREM

An important question one can address using the system (52-56) is whether or not the theory discussed in section (6) admits in general a Schwarzschild solution and if the Birkhoff theorem is at all satisfied. In what follows we discuss this problem in detail.

The Schwarzschild solution is obtained when ϕ and A satisfy

ϕ̂ + ϕ^2 2 − Aϕ = 0 , Â + A^2 + Aϕ = 0 . (65)

In addition, since the Ricci scalar is identically zero, we find that the standard Klein-Gordon equation holds

ψ̂ + 2(A − ϕ)ψ̂ − V ′ = 0 . (66)

Substituting the above equations in (52-54) and assuming F ≠ 0, we obtain:

ψ̂^2 (F^{′′}(ψ) + 1) − Aψ̂F^′(ψ) + ψ̂F^′(ψ) = 0 , (67) ψ̂F ′(ψ) + ψ̂ [ ψ̂F^{′′}(ψ) + (3A + ϕ)F^′(ψ) ] + 2V (ψ) = 0 , (68) ψ̂F^′(ψ) [ ψ̂ ( 2(A + ϕ)F^′(ψ) − ψ̂ ) + 2V (ψ) ] = 0,(69)

It is easy to see that this system has a (double) solution

F^{′′}(ψ) = −1 , F^′(ψ) = 0 , V (ψ) = 1 2 ψ̂^2 , (70)

which is clearly inconsistent. This means that the class of scalar tensor theories of gravity discussed in section (6) have no Schwarzschild solution.

This result clearly has consequences for Birkhoff’s theorem.

There are a number of formulations of this theorem in the context of General Relativity[18–25]. We will adopt the one of Schutz [26] which can be stated as follows:

The Schwarzschild solution is the only static, spherically symmetric, asymptotically flat solution of General Relativity in vacuum.

There are other more mathematically precise definitions of the Birkhoff’s theorem, but for our purposes the one given above will be sufficient. From what we have found above it is clear that the classical formulation of Birkhoff’s theorem given above does not apply. However, one could define a generalised version, for example:

Scalar tensor gravity must possess a unique static, spherically symmetric and asymptotically flat solution in vacuum.

Let us adopt this as an Extension of Birkhoff’s Theorem (EBT) and let us see what impact it has on the system (52-54).

• Staticity and Spherical symmetry Staticity and spherical symmetry is guaranteed by the construction of the 1+1+2 formalism so that all the solutions of the (52-54) have this property by definition.

• Vacuum condition

In ST gravity there is not a clear definition of the concept of a vacuum: one could argue that the scalar field ϕ is a form of matter or a scalar part of the gravitational field [27]. In the first case one cannot have a proper vacuum solution, however in the classical treatment there is no reason to consider ϕ to be a matter field. In [18], Birkhoff’s theorem was generalised to the case of a static matter source. If we use this result, as far as the scalar field is static, we can always consider this hypothesis to be satisfied.

• Uniqueness of the solution

Proving the uniqueness of the solution of the system (52-54) is however more tricky: one has to prove that in the explicit form the L.H.S. of this system is Lifschitz continuous so that the Picard- Lindelöf theorem is satisfied. This implies that the functions F and V need to be Lifschitz continuous and A and ϕ need to be continuos in the variable associated with the hat derivative. In addition to that the condition

F (ψ)[2F (ψ) + 3F^′(ψ)] ≠ 0 (71)

needs to be satisfied. This last condition is evident only if the (52-54) is expressed in standard form. Note that this condition also implies that F should not have any zeros i.e. that the gravitational interaction cannot change sign.

• Asymptotic flatness

The most difficult hypothesis to prove is that of asymptotic flatness. The general proof of this properties for a given metric requires very refined theoretical tools like the Penrose’s conformal compactification [15]. The covariant approaches offers an interesting alternative, although a somewhat less general, approach to this problem. In fact decomposing the Riemann tensor in terms the 1+3 variables one obtains [13] R^{ab}_{cd} = R^{ab}_{P cd} + R^{ab}_{I cd} + R^{ab}_{E cd} + R^{ab}_{H cd} , (72) R^{ab}_{P cd} = 2 3 (μ + 3p) u^{[a} u_{[c} h^{b]}_{d]} + 2 3 μ h^a_{[c} h^b_{d]} , (73)

R^{ab}_{I cd} = − 2 u^{[a} h^{b]}_{[c} q_{d]} − 2 u_{[c} h^{[a}_{d]} q^{b]}

−2 u^{[a} u_{[c} π^{b]}_{d]} + 2 h^{[a}_{[c} π^{b]}_{d]} , (74)

R^{ab}_{E cd} = 4 u^{[a} u_{[c} E^{b]}_{d]} + 4 h^{[a}_{[c} E^{b]}_{d]} , (75)

R^{ab}_{H cd} = 2 η^{abe} u_{[c} H_{d]e} + 2 η_{cde} u^{[a} H^{b]e} . (76)

which in terms of the 1+1+2 variables and the static and spherically symmetric case reduces to

R^{ab}_{P cd} = 2 3 (μ + 3p) u^{[a} u_{[c} h^{b]}_{d]} + 2 3 μ h^a_{[c} h^b_{d]} , (77) R^{ab}_{I cd} = −2 u^{[a} u_{[c} ( e^{b]}e_{d]} − 1 2 N^{b]}_{d]} ) Π + 2 h^{[a}_{[c} ( e^{b]}e_{d]} − 1 2 N^{b]}_{d]} ) Π , (78)

R^{ab}_{E cd} = 4 u^{[a} u_{[c} ( e^{b]}e_{d]} − 1 2 N^{b]}_{d]} ) E + 4 h^{[a}_{[c} ( e^{b]}e_{d]} − 1 2 N^{b]}_{d]} ) E , R^{ab}_{H cd} = 0 . (79)

If a metric is asymptotically flat, there will be a limit in which u_a, e_a and N_{ab} are constant tensors and the Riemann tensor is identically zero. This implies, by definition, that in this limit A and ϕ have to be zero, since they are defined in terms of the derivatives of the first two vectors and that the above relations become equations for μ, p, Π and E. Using (36) it is easy to see that E = 1 3 (μ + 3p) + 1 2 Π − Aϕ (80)

which means E → 1 3 (μ + 3p) + 1 2 Π . (81)

Therefore, the behaviour of E is determined by μ, p and Π: if these last quantities tend individually to zero then Riemann tensor will also tend to zero. Using (49-51), one obtains that in the case of (6) this is realised if ψ → const , V (ψ) F (ψ) → 0, (82)

which is compatible with what is found in [28]. It is interesting to note that in this limit (41) and (42) reduce to the equations that give rise to the Schwarzschild solution.

A. The relation with f(R)-gravity and conformal transformations.

The form of the Birkhoff theorem given above (EBT) is clearly unsatisfactory. It implies that no general conclusion about this issue can be made for ST gravity and consequently forces us to check whether this theorem holds on a case by case basis. To alleviate this situation, one could think of using what has have learned in the case of f(R)-gravity (see [29]). In this paper it was found that the validity the original Birkhoff’s theorem is guaranteed if f(R) | |_{R=0} = 0, f^′(R) | |_{R=0} ≠ 0 . (83)

Since we know that f(R)-gravity can be mapped into a Brans-Dicke-like theory with a non-trivial potential

ψ = f^′(R), R(ψ) = V^′(ψ) (84) V (ψ) = R(ψ)ψ − f(R(ψ)), (85) we can ask if the results of [29] lead to any insight on the validity of the EBT for ST gravity. Unfortunately the answer is negative. In fact, since the Schwarzschild solution is characterised by R = 0, (84-85) implies immediately that the scalar field is constant. In other words, the conditions found in [29] effectively correspond to GR via (84-85).

B. Conformal transformations.

Another interesting way to attack this problem is to look at it from the point of view of conformal transformations. It is well known that under a conformal transformation ST theories of gravity of the type (6) are mapped into GR minimally coupled to a scalar field [30]. Can we then use the conformal transformations to discover EBT complying theories?

Let us consider the conformal transformation

g̃_{ab} = Ω^2g_{ab} , (86)

with Ω^2 = F (ψ). It is well known that under this tansformation, equation (6) in vacuum can be recast as A = ∫ dx^4 √ −g [ 1 2 R − 1 2 ∇_aΨ∇^aΨ − W (Ψ) ] , (87)

where Ψ = ∫ ( 3F^′(ψ)^2 − 2F (ψ)

F (ψ)^2 )_{1/2} dψ (88) and W (Ψ) =

V (Ψ) F (Ψ) | | | |_{Ψ=Ψ(ψ)} , (89)

As mentioned earlier, it has been recently shown that if the scalar field is static, the (Jebsen-)Birkhoff theorem holds for these theories [18]. It would be interesting to determine that if we have a solution of (87) satisfying the EBT, it is possible to obtain a solution of (6) satisfying the EBT. In other words, we need to check that the EBT holds under a conformal transformations.

In terms of the key 1+1+2 quantities, the conformal transformation (86) correspond to the transformations

ũ_a = Ωu_a, ẽ_a = Ωe_a Ñ_{ab} = Ω^2N_{ab} . (90)

Let us see now examine how the conditions of the EBT transform under (86).

• Staticity and Spherical Symmetry

It is obvious that a time independent transformation will map a static metric into a static metric. In addition, it it is easy to see that under the conformal transformation above, the 1+1+2 vector quantities are mapped to zero. For example:

Ã_a = A^a Ω + δ_aΩ Ω . (91)

If the quantities on the RHS are subject to spherical symmetry, it is clear that Ã_a = 0. The same reasoning applies to all the other quantities.

• Vacuum condition

This aspect of the conformal transformation can be confusing. With respect to the definition of a vacuum given above, one effectively passes from vacuum theory to a theory in which matter is present. However, as we have seen, this additional form of matter is static and we can use the results of [18] to conclude that the change of nature of the scalar field does not affect the transformation properties of the EBT.

• Uniqueness of the solution.

In order to prove that uniqueness is preserved, one has to ensure that the conditions of the Picard– Lindelöf theorem are still satisfied in the transformed system. The Lifschitz continuity of the functions F and V is guaranteed by the fact that they are not modified by the conformal transformation. However, in the field re-definition part of the transformation, the scalar field ψ is changed by (88), so one has to prove that the continuity is preserved under re-definition of the field. However, this operation involves an integral of a continuous function (F is assumed to be always different from zero) and therefore it is continuous.

For A and ϕ, under conformal transformation one has Ã = A Ω + Ω̂ Ω , ϕ̃ = ϕ Ω + Ω̂ Ω , (92)

so that if Ω is continuous they preserve their continuity. Remarkably, when we substitute the (92) into (52-54), (71) is preserved and no other conditions need to be added. Consequently, for a regular conformal transformation, the uniqueness of the solution is not modified.

• Asymptotic flatness

It is easy to see that the relations (73-76) are invariant under conformal transformations. Therefore, the conditions for asymptotic flatness found from these equations remain the same. However, the thermodynamic quantities are rescaled via the conformal factor:

μ̃ = Ω^2μ, p̃ = Ω^2p, Π̃ = Ω^2Π , (93)

therefore we require that if a tilded thermodynamic quantity goes to zero this behaviour is guaranteed also for the un-tilded quantities. It is clear that this can happen only if the conformal factor asymptotically approaches a constant. In terms of the scalar field, these conditions amount to Ψ → Ψ_0 = const. and W (Ψ) = F (Ψ(ψ))^{−1}V (Ψ(ψ)) → 0. The first condition is satisfied only if (88) converges to a constant when F and its first derivative do so and this gives us a constraint on the ST theories that satisfy the EBT.

We can summarise what we have found above as:

Given a conformal transformation in which the conformal factor is static, continuous and asymptotically approaches a constant, one can use a solution of GR with a minimally coupled scalar field to obtain a ST theory with an accompanying solution satisfying the EBT.

Let us verify this result explicitly. Consider the minimally coupled theory A = ∫ dx^4 √ −g [ 1 2 R − 1 2 ∇_aσ∇^aσ ] . (94)

The spherically symmetric solutions for these theory are well known [31, 32]. A solution which is also asymptotically flat is given by

ds^2 = −A(r)dτ^2 +B(r)dρ^2 +C(r)(dθ^2 +sin^2 θdϕ^2)], (95)

where A(r) = e^{α/r} B(r) = e^{−α/r} C(r) = r^2e^{−α/r} , (96) with the complex scalar field σ = iα √ 2r . (97)

Using the results above we can generate a set of theories with accompanying solutions satisfying the EBT. For example, choosing

Ω = e √ 1−α √ α 2 √ 3r √ α − 1 6 , (98) with α > 0. We obtain for this theory:

F (ψ) = 1 6 (α − 1)ψ^2 , (99)

so that the accompanying solution satisfying the EBT is

ds^2 = e^{−6α+} √ 3 √ 1−α √ α 6r dτ^2 + e^{−6α+} √ 3 √ 1−α √ α 6r dr^2 +

r^2e^{−6α+} √ 3 √ 1−α √ α 6r (dθ^2 + sin^2 θdϕ^2) , (100)

with the scalar field solution ψ = e √ 1−α √ α 2 √ 3r . (101)

A second possibility is Ω = √ sec ( α 2 √ 3r ) (102)

with α > 0. In this case we obtain:

F (ψ) = 1 − ψ^2 6 , (103)

so that the accompanying solution satisfying the EBT is

ds^2 = −e^{α/r} sec ( α 2 √ 3r ) dτ^2 + e^{−α/r} sec ( α 2 √ 3r ) dr^2 +r^2 sec ( α 2 √ 3r ) (dθ^2 + sin^2 θdϕ^2) , (104)

with the scalar field solution ψ = √ 6 ( e^{iα√3r} − 1 e^{iα√3r} + 1 ) . (105)

It is clear from the above examples that this process can be repeated with any exact solution in the Einstein frame. The inclusion of the potential does not alter the technique describe above: we just have to obtain the transformed potential which is easily derived using the relation (89).

VI. CONCLUSIONS.

In this paper we have used the 1+1+2 formalism to analyse the spherically symmetric metrics in the context of non-minimally coupled Scalar-Tensor (ST) gravity. As in the case of the 1+3 covariant approach, our method can be easily applied if one treats the non-Einsteinian parts of the gravitational interaction as an effective fluid.

The key 1+1+2 equations form a closed system of three differential equation plus two constraints, which can be simplified considerably by carefully choosing the radial coordinate. Note however, that the wrong choice can result in a decoupling of the key equations, leading to solutions of the 1+1+2 equations which are not solutions of the full Einstein equations.

The main result of this paper relates to the existence of the Schwarzschild solution in ST gravity and on how this impacts on the original formulation of Birkhoff’s theorem. Using the 1+1+2 equations it is easy to show that no ST theory admits a Schwarzschild solution unless the scalar field is trivial. It follows that one cannot define a Birkhoff theorem in the usual way. Instead we proposed an extension to this theorem (EBT) in which the role of the Schwarzschild solution is taken by the general static and spherically symmetric solution for these theories. Using the conformal relation between GR and ST gravity, we demonstrated that the EBT is preserved under a conformal transformation. In this way, the knowledge of a unique static and spherically symmetric and asymptotically flat solution in GR minimally coupled to a scalar field leads to the derivation of a number of theories for which the EBT is satisfied.

The investigation of the detailed properties of these solutions and how they relate to Astrophysics will be the subject of future work.

Acknowledgments

We wish to thank Valerio Faraoni for useful comments. PKSD thanks the NRF (South Africa) for financial support.

[1] C. Brans and H. Dicke,Phys. Rev. 124, 925 (1961) [2] D. La, P. J. Steinhardt, Phys. Rev. Let. 62(4), 376-378 (1989).

[3] See for example E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 70 (2004) 043539 [arXiv:hep-th/0405034].

[4] J. F. Donoghue, Phys. Rev. D50, 3874 (1994). [5] J. D. Bekenstein, in Cosmology and Gravitation, M. Novello, ed. (Atlantisciences, France 2000), pp. 1-85,(1998) arXiv preprint gr-qc/9808028.

[6] P. G. Bergmann, Annals of Mathematics, 49, 255264 (1948) [7] Y. Fujii, K. Maeda The scalar-tensor theory of gravitation Cambridge University Press, (2003).

[8] V. Faraoni, Cosmology in scalar-tensor gravity Kluwer Academic Publishing (2004).

[9] T. Damour, K. Nordtvedt Phys. Rev. Lett. 70, 22172219

(1993) ; J. P. Mimoso, A. Nune, Astrophysics and Space Science, 26, 327 [10] C.H. Brans, Phys. Rev. 125, 2194 (1962); A. Bhadra, K.

Sarkar, Gen. Relat. Gravit. 37, 2189 (2005).

[11] K. Nordtvedt Astrophys. J., 161, 1059 (1970); P. G.

Bergmann, Int. J. of Th. Phys. (1) 25-36 (1968) [12] C. A. Clarkson and R. K. Barrett, Class. Quant.

Grav. 20, 3855 (2003) [arXiv:gr-qc/0209051]; C. Clarkson, Phys. Rev. D 76, 104034 (2007) [arXiv:0708.1398 [gr-qc]. C. A. Clarkson, M. Marklund, G. Betschart and P. K. S. Dunsby, Astrophys. J. 613, 492 (2004) [astro-ph/0310323].

[13] J. Ehlers Abh. Mainz Akad. Wiss. u. Litt. (Math. Nat.

kl) 11 (1961); G. F. R. Ellis, in General Relativity and Cosmology, Proceedings of XLVII Enrico Fermi Summer School, ed . R. K, Sachs (New York Academic Press, 1971); G. F. R. Ellis and H. van Elst Cosmological models (Cargèse lectures 1998), in Theoretical and Observational Cosmology, edited by M. Lachièze-Rey, p. 1 (Kluwer, Dordrecht, 1999).

[14] C. A. Clarkson, M. Marklund, G. Betschart and P. K. S.

Dunsby, 2003 Astrophys.J. 613 492-505 (2004). [15] Wald, R. M. 1984, General Relativity (The University of Chicago Press).

[16] H. van Elst, G.F.R. Ellis CGQ13.5, 1099 (1996) [17] H. Takeno, ”The Theory of Spherically Symmetric Space- Times” (Daigaku, Hiroshima, Japan, 1963).

[18] V. Faraoni, Phys. Rev. D 81 (2010) 044002 [arXiv:1001.2287 [gr-qc]].

[19] G. Øyvind, S. Hervik. Einstein’s general theory of relativity: with modern applications in cosmology Springer

Verlag, 2007.

[20] S. Weinberg Gravitation and cosmology: principles and applications of the general theory of relativity Vol. 1. New York: Wiley, 1972.

[21] R. M. Wald, General relativity University of Chicago press, 2010.

[22] H. C. Ohanian, R. Ruffini Gravitation and spacetime New York: Norton, 1976.

[23] N. Straumann, General relativity and relativistic astrophysics, Berlin and New York, Springer-Verlag (1984).

[24] H. Stephani, ed. Exact solutions of Einstein’s field equations. Cambridge University Press, 2003.

[25] W. Rindler, Relativity: special, general, and cosmological Oxford University Press, Oxford, UK [26] B. Schutz, A first course in general relativity Cambridge university press, 1985.

[27] T. PSotiriou, V. Faraoni and S. Liberati, Int. J. Mod.

Phys. D 17 (2008) 399 [arXiv:0707.2748 [gr-qc]]. [28] T. P. Sotiriou and V. Faraoni, Phys. Rev. Lett. 108 (2012) 081103 [arXiv:1109.6324 [gr-qc]].

[29] A. M. Nzioki, S. Carloni, R. Goswami and P. K. S. Dunsby, Phys. Rev. D 81 (2010) 084028 [arXiv:0908.3333 [gr-qc]].

[30] V. Faraoni, E. Gunzig and P. Nardone, Fund. Cosmic Phys. 20 (1999) 121 [gr-qc/9811047]; S. Carloni, E. Elizalde and S. Odintsov, Gen. Rel. Grav. 42 (2010) 1667 [arXiv:0907.3941 [gr-qc]].

[31] M. Wyman PRD 24, 4, 839 (1981) [32] H. A. Buchdahl, Phys. Rev. 115, 1325 (1959).