arXiv:1306.2517v1 [hep-th] 11 Jun 2013

Classification of near-horizon geometries of extremal black holes

Hari K. Kunduri Department of Mathematics and Statistics, Memorial University of Newfoundland, St John’s NL A1C 4P5 , Canada email: hkkunduri@mun.ca

James Lucietti School of Mathematics and Maxwell Institute of Mathematical Sciences University of Edinburgh, King’s Buildings, Edinburgh, EH9 3JZ, UK email: j.lucietti@ed.ac.uk

Abstract

Any spacetime containing a degenerate horizon possesses a well defined notion of a nearhorizon geometry. We review such near-horizon geometry solutions in a variety of dimensions and theories in a unified manner. We discuss various general results including horizon topology and near-horizon symmetry enhancement. We also discuss the status of the classification of near-horizon geometries in theories ranging from vacuum gravity, Einstein-Maxwell theory and supergravity theories. An emphasis is placed on applications to extremal black holes. Several new results are presented and open problems are highlighted throughout.

Contents

1 Introduction 3 1.1 Black holes in string theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.2 Gauge/gravity duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 Black hole classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.4 This review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.4.1 Scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.4.2 Organisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Degenerate horizons and near-horizon geometry 9 2.1 Coordinate systems and near-horizon limit . . . . . . . . . . . . . . . . . . . . . . . 9 2.2 Curvature of near-horizon geometry . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.3 Einstein equations and energy conditions . . . . . . . . . . . . . . . . . . . . . . . 12 2.4 Physical charges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 General results 16 3.1 Horizon topology theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.2 AdS_2-structure theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.2.1 Static near-horizon geometries . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.2.2 Near-horizon geometries with rotational symmetries . . . . . . . . . . . . . 19

4 Vacuum solutions 23 4.1 Static: all dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 4.2 Three dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.3 Four dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.4 Five dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 4.5 Higher dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.5.1 Weyl solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.5.2 Myers-Perry metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 4.5.3 Exotic topology horizons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

5 Supersymmetric solutions 31 5.1 Four dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 5.2 Five dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 5.3 Six dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.4 Ten dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.5 Eleven dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

6 Solutions with gauge fields 35 6.1 Three dimensional Einstein-Maxwell-Chern-Simons . . . . . . . . . . . . . . . . . . 35 6.2 Four dimensional Einstein-Maxwell theory . . . . . . . . . . . . . . . . . . . . . . . 37 6.3 Five dimensional Einstein-Maxwell-Chern-Simons . . . . . . . . . . . . . . . . . . . 37 6.3.1 Static . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 6.3.2 Homogeneous . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 6.3.3 U(1)^2-rotational symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 6.4 Theories with hidden symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 6.5 Non-abelian gauge fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

7 Applications and related topics 45 7.1 Black hole uniqueness theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 7.1.1 Supersymmetric black holes . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 7.1.2 Extremal vacuum black holes . . . . . . . . . . . . . . . . . . . . . . . . . . 46 7.2 Stability of near-horizon geometries and extremal black holes . . . . . . . . . . . . 47 7.3 Geometric inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 7.4 Analytic continuation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 7.5 Extremal branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

8 Acknowledgements 53

1 Introduction

Equilibrium black hole solutions to Einstein’s equations have been known since the advent of General Relativity. The most obvious reason such solutions are of physical interest is the expectation that they arise as the end-state of catastrophic gravitational collapse of some suitably localised matter distribution. A less obvious reason such solutions are important is that they have played a key role in guiding studies of quantum gravity.

Classically equilibrium black holes are inert objects. However, the laws of black hole mechanics have a formal similarity with the laws of thermodynamics [15]. By studying quantum fields in a black hole background, Hawking demonstrated that this is not a mere analogy and in fact quantum mechanically black holes are a thermodynamic system [115]. The black hole radiates at small temperature

T_H = ℏκ 2π (1) proportional to the surface gravity κ of the horizon, and possesses a large entropy S_{BH} = A_H 4ℏ (2) proportional to the area A_H of spatial cross-sections of the horizon.

Deriving these semi-classical thermodynamic formulae from statistical mechanics requires a microscopic understanding of the “degrees of freedom” of the black hole. This has been a major motivation and driving force for quantum gravity research over the last four decades, although it is fair to say this is still poorly understood. It is in this context that extremal black holes are central. By definition, an equilibrium black hole is extremal (or extreme or degenerate), if the surface gravity κ = 0. (3)

It immediately follows that the Hawking temperature vanishes – extremal black holes do not radiate after all! Hence, even semi-classically, extremal black hole are inert objects and as such are expected to have a simpler quantum description.

The main purpose of this review is to discuss the classification of the near-horizon geometries of extremal black holes. There are a number of different motivations for considering this, which we will briefly review. As alluded to above, the principle reasons stem from studies in quantum gravity. In Section (1.1) and (1.2) we discuss the various ways extremal black holes and their near-horizon geometries have appeared in modern studies of quantum gravity. In Section (1.3) we discuss the more general black hole classification problem (which is also partly motivated by quantum gravity), and how near-horizon geometries provide a systematic tool for investigating certain aspects of this problem for extremal black holes.

1.1 Black holes in string theory

To date, the most promising candidate for a theory of quantum gravity is String Theory. Famously, this predicts the existence of extra spatial dimensions. As discussed above, an important test for any candidate theory of quantum gravity is that it is able to explain the semi-classical formulas (1) and (2). A major breakthrough of Strominger and Vafa [180] was to use string theory to supply a microscopic derivation of (2) for certain five dimensional extremal black holes.

The black holes in question are higher dimensional counterparts of the extremal Reissner- Nordström (RN) black holes. These are supersymmetric solutions to a supergravity theory which can be obtained as a consistent Kaluza-Klein (KK) reduction of the ten/eleven dimensional supergravity that describes string theory at low energies. Supersymmetry was crucial for their calculation, since non-renormalisation results allowed them to perform a weak coupling string calculation (involving certain D-brane configurations) to deduce the entropy of the semi-classical black holes which exist in the strong coupling regime. This was quickly generalised to supersymmetric black holes with angular momentum [26] and supersymmetric four dimensional black holes [157].

An important assumption in these string theory calculations is that a given black hole is uniquely specified by its conserved charges: its mass/energy, electric charge and angular momentum. For four dimensional Einstein-Maxwell theory this follows from the black hole uniqueness theorem (see [34] for a review). However, Emparan and Reall demonstrated that black hole uniqueness is violated for five dimensional asymptotically flat vacuum spacetimes [62]. This was via the construction of an explicit counterexample, the black ring, which is a black hole whose spatial horizon topology is S^1 × S^2. Together with the higher dimensional analogues of the Kerr black hole found by Myers and Perry [164], which have spherical topology, this established that the conserved charges are not sufficient to specify a black hole uniquely and also that other horizon topologies are possible. Indeed, this remarkable result motivated the study of stationary black holes in higher dimensional spacetimes. Subsequently, a supersymmetric black ring was constructed [55, 57] which coexists with the spherical topology black holes used in the original entropy calculations. Although microscopic descriptions for the black rings have been proposed [18, 44], it is fair to say that the description of black hole non-uniqueness within string theory is not properly understood (see [64] for a brief review).

Any supersymmetric black hole is necessarily extremal. Since the Strominger-Vafa calculation, a substantial amount of work has been directed at removing the assumption of supersymmetry and extremality, with the ultimate goal being a string theory derivation of the thermodynamics of realistic black holes such as the four dimensional Schwarzschild or Kerr black holes. Although little progress has been made in the description of such non-extremal black holes, significant progress has been made for extremal non-supersymmetric black holes. In particular, this has been via the so called black hole attractor mechanism.

The attractor mechanism is the phenomenon that the entropy of certain extremal black holes in string theory does not depend on the moduli of the theory (typically scalar fields in the supergravity theory). This was first observed for supersymmetric static black holes [68, 177, 67] although later it was realised it is valid for generic extremal black holes [175, 10]. The key idea is that extremal black holes have a well defined near-horizon geometry which typically possess an AdS_2 symmetry. Assuming this symmetry, it was argued that the entropy must be independent of the moduli of the theory. Motivated by this, it was then proved that the near-horizon geometry of any extremal black hole in this context must in fact possess an AdS_2 symmetry [148]. This general attractor mechanism thus ensures the black hole entropy is independent of the string coupling, so it can be safely computed at weak coupling. This shows that in fact it is extremality, rather than supersymmetry, which is behind the success of the string theory microscopic calculations [45, 11]. This also explains the success of the entropy calculations for extremal, non-supersymmetric black holes in four and five dimensions (e.g. [173, 61, 127]).

1.2 Gauge/gravity duality

A significant breakthrough in the study of quantum gravity is the Anti de Sitter/conformal field theory (AdS/CFT) duality [155, 186, 187, 95]. In principle, AdS/CFT asserts a fully non-perturbative equivalence of quantum gravity in asymptotically AdS spacetimes with a conformally invariant quantum field theory in one lower spatial dimension. This is an explicit realisation of a ‘holographic principle’ underlying quantum gravity [182, 181].

A crucial feature of the duality is that classical gravity in AdS spacetimes is dual to the strongly coupled regime in the CFT. This provides a precise framework to analyze the microscopic description of black holes in terms of well-defined quantum field theories. The duality was originally proposed [155] in the context of string theory on AdS_5 ×S^5, in which case the CFT is the maximally supersymmetric four dimensional SU(N) Yang Mills gauge theory. However, the original idea has subsequently been generalized to a number of dimensions and theories, and such gauge/gravity dualities are believed to hold more generally.

Classical non-extremal AdS black holes represent high-energy thermal states in the dual theory at large N and strong coupling [187]. Strong coupling poses the main obstacle to providing a precise entropy counting for such black holes, although excellent qualitative agreement can be found via extrapolating weak coupling calculations [94, 21, 117]. Precise agreement has been achieved [178] for the asymptotically AdS_3 BTZ black hole (even for the non-extremal case) [14]. This is because generically any theory of quantum gravity in AdS_3 must be described by a two dimensional CFT_2 with a specific central charge [28]. This allows one to compute the entropy from Cardy’s formula, without requiring an understanding of the microscopic degrees of freedom. In fact the string theory calculations described in the previous section can be thought of as applications of this method. This is because the black holes in question can be viewed (from a higher-dimensional viewpoint) as black strings with an AdS_3 factor in the near-horizon geometry, allowing AdS_3/CFT_2 to be applied.

A major open problem is to successfully account for black hole entropy using a higher dimensional CFT. The best understood case is when the CFT is four dimensional in which case the black holes are asymptotically AdS_5. As in the original string calculations, a strategy to overcome the strong-coupling problem is to focus on supersymmetric AdS black holes. The dual CFT states then belong to certain BPS representations, and so weak coupling calculations may not receive quantum corrections. It turns out that such black hole solutions must rotate and hence are difficult to construct. In fact the first examples of supersymmetric AdS_5 black holes [108, 107] were found via a classification of near-horizon geometries. Subsequently, a more general four parameter family of black hole solutions were found [33, 146]. The problem of classifying all supersymmetric AdS black holes motivated further classifications of near-horizon geometries, which has ruled out the possibility of other types of black hole such as supersymmetric AdS black rings [140, 147, 93]. Despite significant effort, a microscopic derivation of the entropy from the CFT has not yet been achieved in this context. Due to the low amount of supersymmetry preserved by the black holes, it appears that non-zero coupling effects must be taken into account [135, 20, 134, 19, 31].

The original AdS/CFT duality was established by arguing that there exist two complementary descriptions of the low energy physics of the string theory of a stack of N extremal D3 black branes. Near the horizon of the D-brane only low energy excitations survive, which are thus described by string theory in the AdS_5 × S^5 near-horizon geometry. On the other hand the massless degrees of freedom on a D-brane arrange themselves into (super) SU(N) Yang-Mills theory. It is natural to extend this idea to extremal black holes. Since extremal black holes typically possess an AdS_2 factor in their near-horizon geometry, one may then hope that an AdS_2/CFT_1 duality [179] could provide a microscopic description of such black holes. Unfortunately this duality is not as well understood as the higher dimensional cases. However, it appears that the black hole entropy can be reproduced from the degeneracy of the ground states of the dual conformal mechanics [156, 176].

Another approach which has recently been developed is to generalize the AdS_3/CFT_2 derivation of the BTZ entropy to describe more general black holes. This involves finding an asymptotic symmetry group of a given near-horizon geometry that contains a Virasoro algebra and then applying Cardy’s formula. This was applied to the extremal Kerr black hole and led to the so-called Kerr/CFT correspondence [97], which is a proposal that quantum gravity in the nearhorizon geometry of extremal Kerr is described by a chiral CFT_2 (see the reviews [27, 41]). This technique has provided a successful counting of the entropy of many black holes. However, as in the AdS_2/CFT_1 case, the duality is poorly understood and it appears that non-trivial excitations of the near-horizon geometry do not exist [51, 2]. The relation between these various approaches has been investigated in the special case of BTZ [13].

Recently, ideas from the gauge/gravity duality have been used to model certain phase transitions which occur in condensed matter systems, such as superfluids or superconductors [96, 112]. The key motivation to this line of research, in contrast to the above, is to use knowledge of the gravitational system to learn about strongly coupled field theories. Charged black holes in AdS describe the finite temperature phases. The non-superconducting phase is dual to the standard planar RN-AdS black hole of Einstein-Maxwell theory, which is stable at high enough temperature. However, at low enough temperatures this solution is unstable to the formation of a charged scalar condensate. The dominant phase at low temperatures is a charged black hole with scalar hair, which describes the superconducting phase. This instability of (near)-extremal RN-AdS can be understood as occurring due to the violation of the Breitenlöhner-Freedmann bound in the AdS_2 factor of the near-horizon geometry. A similar result also been shown for neutral rotating AdS black holes [50]. The near-horizon AdS_2 has also been used to provide holographic descriptions of quantum critical points and Fermi surfaces [66].

1.3 Black hole classification

The classification of higher dimensional stationary black hole solutions to Einstein’s equations is a major open problem in higher dimensional General Relativity (see [65, 123] for reviews). As explained above, the main physical motivation stems from studies of quantum gravity and high energy physics. However, its study is also of intrinsic value both physically and mathematically. On the physical side we gain insight into the behaviour of gravity in higher dimensional spacetimes, which in turn often provides renewed perspective for the classic four dimensional results. On the mathematical side, solutions to Einstein’s equation have also been of interest in differential geometry [22].^1

In four dimensions the black hole uniqueness theorem provides an answer to the classification problem for asymptotically flat black hole solutions of Einstein-Maxwell theory (see [34] for a review).^2 However, in higher dimensions, uniqueness is violated even for asymptotically flat vacuum black holes. To date, the explicit black hole solutions known are the spherical horizon topology Myers-Perry black holes [164] and the black rings [62, 167] which have S^1 × S^2 horizon topology (see [65] for a review). If one allows for more complicated boundary conditions, such as Kaluza- Klein (KK) asymptotics, then uniqueness is violated even for static black holes (see e.g. [128]). Although of less obvious physical relevance, the investigation of asymptotically flat vacuum black holes is the fundamental starting case to consider in higher dimensions, since such solutions can be viewed as limits of black holes with more general asymptotics such as KK, AdS and matter fields.

General results have been derived which constrain the topology of black holes. By generalising Hawking’s horizon topology theorem [114] to higher dimensions, Galloway and Schoen [80] have

1Although space-times correspond to Lorentzian metrics, one can often analytically continue these to complete Riemannian metrics. Indeed, the first example of an inhomogeneous Einstein metric on a compact manifold was found by Page, by taking a certain limit of the Kerr-de Sitter metrics [165], giving a metric on C P^2#C P^2.

2Albeit, under some technical assumptions such as analyticity of the metric.

shown that the spatial topology of the horizon must be such that it admits a positive scalar curvature metric (i.e. positive Yamabe type). Horizon topologies are further constrained by topological censorship [75, 39]. For asymptotically flat (and globally AdS) black holes, this implies that there must be a simply connected cobordism between cross sections of the horizon and the (D − 2)-dimensional sphere at spatial infinity. As two closed manifolds are (oriented) cobordant if and only if their corresponding Stiefel-Whitney and Pontryagin numbers are equal, it follows that for such horizons, these numbers must vanish. In D = 4, this rules out toroidal black holes, although for D = 5 it imposes no constraint. For D > 5 this does provide a logically independent constraint in addition to the positive Yamabe condition [172, 141].

General results have also been derived which constrain the symmetries of black hole spacetimes. Firstly, asymptotically flat static black holes must be spherically symmetric and hence are uniquely given by the higher dimensional Schwarzschild and Reissner-Nordström black holes [88, 86, 87]. By generalising Hawking’s rigidity theorem [114], it was shown that stationary non-extremal rotating black holes must admit at least R × U(1) isometry [124, 161] (for partial results pertaining to extremal rotating black holes see [121]). This additional isometry can be used to further refine the allowed set of D = 5 black hole horizon topologies [120].

An important class of spacetimes, for which substantial progress towards classification has been made, are the generalised Weyl solutions [63, 111]. By definition these possess an R × U(1)^{D−3} symmetry group and generalise D = 4 stationary and axisymmetric spacetimes. As in the D = 4 case, it turns out that the vacuum Einstein equations for spacetimes with these symmetries are integrable. For D = 5 this structure has allowed one to prove certain uniqueness theorems for asymptotically flat black holes with R×U(1)^2 symmetry, using the same methods as for D = 4 [125]. Furthermore, this has led to the explicit construction of several novel asymptotically flat, stationary, multi-black hole vacuum solutions, the first example being a superposition of a black ring and a spherical black hole [58]. For D > 5, the symmetry of these spacetimes is not compatible with asymptotic flatness, which would require the number of commuting rotational symmetries to not exceed ⌊^{D−1}_2 ⌋, the rank of the rotation group SO(D−1). In this case, Weyl solutions are compatible with KK asymptotics and this has been used to prove uniqueness theorems for (uniform) KK black holes/strings [126].

The general topology and symmetry constraints discussed above become increasingly weak as one increases the number of dimensions. Furthermore, there is evidence that black hole uniqueness will be violated much more severely as one increases the dimensions. For example, by an analysis of gravitational perturbations of the Myers-Perry black hole, evidence for a large new family of black holes was found [174]. Furthermore, the investigation of “blackfolds”, where the long-range effective dynamics of certain types of black holes can be analysed, suggests that many new types of black holes should exist, see [60] for a review. In the absence of new ideas, it appears that the general classification problem for asymptotically flat black holes is hopelessly out of reach.

As discussed in Section 1.2, the black hole classification problem for asymptotically AdS black holes is of interest in the context of gauge/gravity dualities. The presence of a (negative) cosmological constant, renders the problem even more complicated. Even in four dimensions, there is no analogue of the uniqueness theorems. One reason for this comes from the fact that Einstein’s equations with a cosmological constant for stationary and axisymmetric metrics are not integrable. Hence the standard method used to prove uniqueness of Kerr cannot be generalised. This also means that constructing charged generalisations, in four and higher dimensions, from a neutral seed can not be accomplished using standard solution generating methods. In fact, perturbation analyses of known solutions (e.g. Kerr-AdS and higher dimensional generalisations), reveal that if the black holes rotate sufficiently fast super-radiant instabilities exist [117, 29, 145, 30]. It has been suggested that the endpoint of these instabilities are new types of non-axisymmetric black hole solutions which are not stationary in the usual sense, but instead invariant under a single Killing field co-rotating with the horizon [145]. (Examples of such solutions have been constructed in a scalar gravity theory [49]). A further complication in AdS comes from the choice of asymptotic boundary conditions. In AdS there is the option of replacing the sphere on the conformal boundary with more general manifolds, in which case topological censorship permits more black hole topologies [77].

It is clear that supersymmetry provides a technically simplifying assumption to classifying spacetimes, since it reduces the problem to solving first order Killing spinor equations rather than the full Einstein equations. A great deal of work has been devoted to developing systematic techniques to construct supersymmetric solutions, most notably in five dimensional ungauged supergravity [82] and gauged supergravity [81]. These have been used to construct new five dimensional supersymmetric black hole solutions, which are asymptotically flat [57] and AdS [108, 107], respectively. Furthermore, the first uniqueness theorem for asymptotically flat supersymmetric black holes was proved using these methods [172].

Less obviously, it turns out the weaker assumption of extremality can also be used as a simplifying assumption, as follows. The event horizon of all known extremal black holes is a degenerate Killing horizon with compact spatial cross-sections H. It turns out that restricting Einstein’s equations for a D-dimensional spacetime to a degenerate horizon, gives a set of geometric equations for the induced metric on such (D − 2)-dimensional cross-sections H, which depend only on quantities intrinsic to H. By studying solutions to this problem of Riemannian geometry on a compact manifold H, one can thus consider the possible horizon geometries (and topologies) independently of the full parent spacetime. This strategy often also works in cases where the standard black hole uniqueness/classification techniques do not apply (e.g. AdS, higher dimensions etc.).

One can understand this feature of degenerate horizons in terms of the near-horizon limit, which, as we explain in Section 2, exists for any spacetime containing a degenerate horizon. This allows one to define an associated near-horizon geometry, which must also satisfy the full Einstein equations [172, 148], so classifying near-horizon geometries is then equivalent to classifying possible horizon geometries (and topologies). Indeed, the topic of this review is the classification of nearhorizon geometries in diverse dimensions and theories.

The classification of near-horizon geometries allows one to explore in a simplified setup the main issues which appear in the general black hole classification problem, such as the horizon topology, spacetime symmetry and the “number” of solutions. The main drawback of this approach is that the existence of a near-horizon geometry solution does not guarantee the existence of a corresponding black hole solution (let alone its uniqueness).^3 Hence, one must keep this in mind when interpreting near-horizon classifications in the context of black holes, although definite statements can be learned. In particular, one can use this method to rule out possible black hole horizon topologies, for if one can classify near-horizon geometries completely and a certain horizon topology does not appear, this implies there can be no extremal black hole with that horizon topology either. A notable example of this method has been a proof of the non-existence of supersymmetric AdS black rings in D = 5 minimal gauged supergravity [147, 93].

1.4 This review

1.4.1 Scope

In this review we will consider near-horizon geometries of solutions to Einstein’s equations, in all dimensions D ≥ 3, which contain degenerate horizons. Our aim is to provide a unified treatment of such near-horizon solutions in diverse theories with matter content ranging from vacuum gravity, to Einstein-Maxwell theories and various (minimal) supergravity theories.

We do not assume the near-horizon geometry arises as a near-horizon limit of a black hole solution. However, due to the application to extremal black holes we will mostly consider horizons

3Indeed counterexamples are known in both senses.

which admit a spatial cross-section which is compact. As we will see in various setups, compactness often allows one to avoid explicitly solving the full Einstein equations and instead use global arguments to constrain the space of solutions. As a result, the classification of near-horizon geometries with non-compact horizon cross-sections is a much more difficult problem for which less is known about. This is relevant to the classification of extremal black branes and therefore lies outside the scope of this article. Nevertheless, along the way, we will point out cases where classification has been achieved without the assumption of compactness, and in Section 7.5 we briefly discuss extremal branes in this context.

Although this is a review article, we streamline some of the known proofs and we also present several new results which fill in various gaps in the literature. Most notably, we fully classify three dimensional near-horizon geometries in vacuum gravity and Einstein-Maxwell-Chern-Simons theories, in Section 4.2 and 6.1 respectively, and classify homogeneous near-horizon geometries in five dimensional Einstein-Maxwell-Chern-Simons theories in Section 6.3.2.

1.4.2 Organisation

In Section 2 we provide key definitions, introduce a suitably general notion of a near-horizon geometry and set up the Einstein equations for such near-horizon geometries.

In Section 3 we review various general results which constrain the topology and symmetry of near-horizon geometries. This includes the horizon topology theorem and various near-horizon symmetry enhancement theorems. We also discuss the physical charges which one can calculate from a near-horizon geometry.

In Section 4 we discuss the classification of near-horizon geometries in vacuum gravity, including a cosmological constant, organised by dimension. In cases where classification results are not known, we describe the known solutions.

In Section 5 we discuss the classification of supersymmetric near-horizon geometries in various supergravity theories, organised by dimension.

In Section 6 we discuss the classification of general near-horizon geometries coupled to gauge fields. This includes D = 3, 4, 5 Einstein-Maxwell theories, allowing for Chern-Simons terms where appropriate, and D = 4 Einstein-Yang-Mills theory.

In Section 7 we discuss various applications of near-horizon geometries and related topics. This includes uniqueness/classification theorems of the corresponding extremal black hole solutions, geometric inequalities, stability of near-horizon geometries and extremal black holes, analytic continuation of near-horizon geometries, and extremal branes and their near-horizon geometries.

2 Degenerate horizons and near-horizon geometry

2.1 Coordinate systems and near-horizon limit

In this section we will introduce a general notion of a near-horizon geometry. This requires us to first introduce some preliminary constructions. Let N be a smooth codimension-1 null hypersurface in a D dimensional spacetime (M, g). In a neighbourhood of any such hypersurface there exists an adapted coordinate chart called Gaussian null coordinates which we now recall [129, 76].

Let N be a vector field normal to N whose integral curves are future directed null geodesic generators of N . In general these will be non-affinely parameterised so on N we have ∇_N N = κN for some function κ. Now let H denote a smooth (D − 2)-dimensional spacelike submanifold of N , such that each integral curve of N crosses H exactly once: we term H a cross-section of N and assume such submanifolds exist. On H choose arbitrary local coordinates (x^a), for a = 1, . . . , D−2, containing some point p ∈ H. Starting from p ∈ H, consider the point in N a parameter value v along the integral curve of N. Now assign coordinates (v, x^a) to such a point, i.e. we extend the functions x^a into N by keeping them constant along such a curve. This defines a set of coordinates (v, x^a) in a tubular neighbourhood of the integral curves of N through p ∈ H, such that N = ∂/∂v. Since N is normal to N we have N · N = g_{vv} = 0 and N · ∂/∂x^a = g_{va} = 0 on N .

We now extend these coordinates into a neighbourhood of N in M as follows. For any point q ∈ N contained in the above coordinates (v, x^a), let L be the unique past directed null vector satisfying L · N = 1 and L · ∂/∂x^a = 0. Now starting at q, consider the point in M an affine parameter value r along the null geodesic with tangent vector L. Define the coordinates of such a point in M by (v, r, x^a), i.e. the functions v, x^a are extended into M by requiring them to be constant along such null geodesics. This provides coordinates (v, r, x^a) defined in a neighbourhood of N in M, as required.

We extend the definitions of N and L into M by N = ∂/∂v and L = ∂/∂r. By construction the integral curves of L = ∂/∂r are null geodesics and hence g_{rr} = 0 everywhere in the neighbourhood of N in M in question. Furthermore, using the fact that N and L commute (they are coordinate vector fields), we have

∇_L(L · N) = L · (∇_LN) = L · (∇_N L) = 1 2 ∇_N (L · L) = 0

and therefore L · N = g_{vr} = 1 for all r. A similar argument shows L · ∂/∂x^a = g_{ra} = 0 for all r.

These considerations show that, in a neighbourhood of N in M, the spacetime metric g written in Gaussian null coordinates (v, r, x^a) is of the form

g = 2 dv ( dr + rh_adx^a +^1_2 rfdv ) + γ_{ab}dx^adx^b , (4)

where N is the hypersurface {r = 0} and f, h_a, γ_{ab} are smooth functions which in general may depend on all coordinates. This coordinate chart is unique up to choice of cross-section H and choice of coordinates (x^a) on H. Upon a change of coordinates on H the quantities f, h_a, γ_{ab} transform as a function, 1-form and metric respectively. Hence they may be thought of as components of a globally defined function, 1-form and Riemannian metric on H.

The coordinates developed above are valid in a neighbourhood of any smooth null hypersurface N . In this work we will in fact be concerned with smooth Killing horizons. These are null hypersurfaces which possess a normal which is a Killing field K in M. Hence we may set N = K in the above construction. Since K = ∂/∂v we deduce that in the neighbourhood of a Killing horizon N , the metric can be written as (4) where the functions f, h_a, γ_{ab} are all independent of the coordinate v. Using the Killing property one can rewrite ∇_K K = κK as d(K · K) = −2κK on N , where κ is now the usual surface gravity of a Killing horizon.

We may now introduce the main objects we will study in this work: degenerate Killing horizons. These are defined as Killing horizons N such that the normal Killing field K is tangent to affinely parameterised null geodesics on N , i.e. κ ≡ 0. Therefore, d(K · K)|_N = 0 which implies that in Gaussian null coordinates (∂_rg_{vv})|_{r=0} = 0. It follows that g_{vv} = r^2F for some smooth function F . Therefore, in the neighbourhood of any smooth degenerate Killing horizon the metric in Gaussian null coordinates reads

g = 2 dv ( dr + rh_a(r, x)dx^a +^1_2 r^2F (r, x)dv ) + γ_{ab}(r, x)dx^adx^b . (5)

We are now ready to define the near-horizon geometry of a D-dimensional spacetime (M, g) containing such a degenerate horizon. Given any ϵ > 0, consider the diffeomorphism defined by v → v/ϵ and r → ϵr. The metric in Gaussian null coordinates transforms g → g_ϵ where g_ϵ is given by (5) with the replacements F (r, x) → F (ϵr, x), h_a(r, x) → h_a(ϵr, x) and γ_{ab}(r, x) → γ_{ab}(ϵr, x). The near-horizon limit is then defined as the ϵ → 0 limit of g_ϵ. It is clear this limit always exists since all metric functions are smooth at r = 0. The resulting metric is called the near-horizon geometry and is given by

g_{NH} = 2 dv ( dr + rh_a(x)dx^a +^1_2 r^2F (x)dv ) + γ_{ab}(x)dx^adx^b , (6) where F (x) = F (0, x), h_a(x) = h_a(0, x) and γ_{ab}(x) = γ_{ab}(0, x). Notice that the r dependence of the metric is completely fixed. In fact the near-horizon geometry is completely specified by the following geometric data on the (D − 2)-dimensional cross section H: a smooth function F , 1-form h_a and Riemannian metric γ_{ab}. We will often refer to the triple of data (F, h_a, γ_{ab}) on H as the near-horizon data.

Intuitively, the near-horizon limit is a scaling limit which focuses on the spacetime near the horizon N . We emphasise that the degenerate assumption g_{vv} = O(r^2) is crucial for defining this limit and such a general notion of a near-horizon limit does non exist for a non-degenerate Killing horizon.

2.2 Curvature of near-horizon geometry

As we will see, geometric equations (such as Einstein’s equations) for a near-horizon geometry can be equivalently written as geometric equations defined purely on a (D − 2)-dimensional crosssection manifold H of the horizon. In this section we will write down general formulas relating the curvature of a near-horizon geometry to the curvature of the horizon H. For convenience we will denote the dimension of H by n = D − 2.

It is convenient to introduce a null-orthonormal frame for the near-horizon metric (6), denoted by (e^A) where A = (+, −, a), a = 1, . . . , n and

e^+ = dv, e^− = dr + rh_aê^a +^1_2 r^2F dv, e^a = ê^a , (7)

so that g = η_{AB} e^Ae^B = 2e^+e^− + e^ae^a, where ê^a are vielbeins for the horizon metric γ = ê^aê^a.^4 The dual basis vectors are

e_+ = ∂_v −^1_2 F r^2∂_r, e_− = ∂_r, e_a = ^∂_a − rh_a∂_r (8)

where ^∂_a denote the dual vectors to ê^a. The connection 1-forms satisfy de^A = −ω^A_B ∧ e^B and are given by

ω_{+−} = rF e^+ +^1_2 h_ae^a, ω_{+a} =^1_2 r^2( ^∂_aF − F h_a)e^+ −^1_2 h_ae^− + r ^∇_{[a}h_{b]}e^b

ω_{−a} = −^1_2 h_ae^+, ω_{ab} = ω̂_{ab} − r ^∇_{[a}h_{b]}e^+ . (9)

The curvature two-forms defined by Ω_{AB} = dω_{AB} + ω_{AC} ∧ ω^C_B give the Riemann tensor in this basis using Ω_{AB} =^1_2 R_{ABCD}e^C ∧ e^D. The curvature two forms are:

Ω_{ab} = Ω̂_{ab} + e^+ ∧ e^− ^∇_{[a}h_{b]} + re^+ ∧ e^d ( −h_d ^∇_{[a}h_{b]} + ^∇_d ^∇_{[a}h_{b]} +^1_2 h_a ^∇_{[b}h_{d]} −^1_2 h_b ^∇_{[a}h_{d]} )

Ω_{+−} =

(_1 4 h_ah_a − F ) e^+ ∧ e^− + re^b ∧ e^+ ( ^∂_bF − F h_b +^1_2 h_a ^∇_{[a}h_{b]} ) +^1_2 ^∇_{[a}h_{b]}e^a ∧ e^b

Ω_{+a} = r^2e^+ ∧ e^d [( −^1_2 ^∇_d + h_d ) ( ^∂_aF − F h_a) +^1_2 F ^∇_{[a}h_{d]} + ^∇_{[c}h_{a]} ^∇_{[c}h_{d]} +^1_2 h_{[a} ^∇_{d]}F ]

+ re^+ ∧ e^− ( h_aF − ^∂_aF −^1_2 h_b ^∇_{[b}h_{a]} ) +^1_2 e^− ∧ e^b ( ^∇_ah_b −^1_2 h_ah_b )

+ re^b ∧ e^d ( − ^∇_d ^∇_{[a}h_{b]} +^1_2 h_a ^∇_{[d}h_{b]} −^1_2 h_b ^∇_{[a}h_{d]} )

Ω_{−a} =^1_2 e^+ ∧ e^b ( ^∇_bh_a −^1_2 h_ah_b ) . (10)

4To avoid proliferation of indices we will denote both coordinate and vielbein indices on H by lower latin letters a, b, . . . .

The non-vanishing components of the Ricci tensor are thus given by:

R_{+−} = F −^1_2 h_ah_a +^1_2 ^∇_ah_a R_{ab} = R̂_{ab} + ^∇_{(a}h_{b)} −^1_2 h_ah_b

R_{++} = r^2 [ −^1_2 ^∇^2F +^3_2 h^a ^∇_aF +^1_2 F ^∇^ah_a − F h_ah_a + ^∇_{[c}h_{a]} ^∇_{[c}h_{a]} ] ≡ r^2S_{++}

R_{+a} = r [ ^∇_aF − F h_a − 2h_b ^∇_{[a}h_{b]} + ^∇_b ^∇_{[a}h_{b]} ] ≡ rS_{+a} (11)

The following identity may be verified:

( ^∇^a − 2h^a)S_{+a} = −2S_{++} . (12)

Henceforth we will drop the “hats” on all horizon quantities, so R_{ab} and ∇_a refer to the Ricci tensor and Levi-Civita connection of γ_{ab} on H.

2.3 Einstein equations and energy conditions

We will consider spacetimes which are solutions to Einstein’s equations: R_{μν} = Λg_{μν} + T_{μν} − 1 n g^{ρσ} T_{ρσ} g_{μν} (13)

where T_{μν} is the energy-momentum and Λ is the cosmological constant of our spacetime. We will be interested in a variety of possible energy momentum tensors and thus in this section we will keep the discussion general.

An important fact is that if a spacetime containing a degenerate horizon satisfies Einstein’s equations then so does its near-horizon geometry. This is easy to see as follows. If the metric g in (5) satisfies Einstein’s equations, then so will the 1-parameter family of diffeomorphic metrics g_ϵ for any ϵ > 0. Hence the limiting metric ϵ → 0, which by definition is the near-horizon geometry, must also satisfy the Einstein equations.

The near-horizon limit of the energy momentum tensor thus must also exist and takes the form

T = 2 dv ( T_{+−}dr + r(β_a + T_{+−}h_a)dx^a +^1_2 r^2(α + T_{+−}F )dv ) + T_{ab}dx^adx^b (14)

where T_{+−}, α are functions on H and β_a is a 1-form on H. Working in the vielbein frame (7), it is then straightforward to verify that the ab and +− components of the Einstein equations for the near-horizon geometry give the following equations on the cross-section H:

R_{ab} =^1_2 h_ah_b − ∇_{(a}h_{b)} + Λγ_{ab} + P_{ab} (15) F =^1_2 h^2 −^1_2 ∇_ah^a + Λ − E (16)

where we have defined P_{ab} ≡ T_{ab} − 1 n (γ^{cd}T_{cd} + 2T_{+−})γ_{ab} (17) E ≡ − ( n − 2 n ) T_{+−} + 1 n γ^{ab}T_{ab} . (18) It may be shown that the rest of the Einstein equations are automatically satisfied as a consequence of (15), (16) and the matter field equations, as follows.

The matter field equations must imply the spacetime conservation equation ∇^μT_{μν} = 0. This is equivalent to the following equations on H:

β_a = −(∇^b − h^b)T_{ab} − h_aT_{+−} , α = −^1_2 (∇^a − 2h^a)β_a , (19) which thus determine the components of the energy momentum tensor α, β_a in terms of T_{+−}, T_{ab}. The +a and ++ components of the Einstein equations are S_{+a} = β_a and S_{++} = α respectively, where S_{+a}, S_{++} are defined in (11). The second equation in (19) and the identity (12) imply that the ++ equation is satisfied as a consequence of the +a equation. Finally, a tedious calculation reveals that the first equation in (19) together with the contracted Bianchi identity for (15) and (16), implies the +a Einstein equation.

Although the energy momentum tensor must have a near-horizon limit, it is not obvious the matter fields themselves must. Thus, consider the full spacetime before taking the near-horizon limit. Recall that for any Killing horizon R_{μν} K^μK^ν |_N = 0 and therefore T_{μν} K^μK^ν |_N = 0. This imposes a constraint on the matter fields. We will illustrate this for Einstein-Maxwell theory whose energy-momentum tensor is T_{μν} = 2 ( F_{μρ}F^ρ_ν −^1_4 F^2g_{μν} ) , (20)

where F is the Maxwell 2-form, which must satisfy the Bianchi identity dF = 0. It can be checked that in Gaussian null coordinates T_{μν} K^μK^ν |_N = 2F_{va}F_{vb}γ^{ab}|_{r=0} and hence we deduce that F_{va}|_{r=0} = 0. Smoothness thus requires F_{va} = O(r) which implies the near-horizon limit of F in fact exists. Furthermore, imposing the Bianchi identity to the near-horizon limit of the Maxwell field relates F_{vr} and F_{va}, allowing one to write

F_{NH} = d (rΔ(x)dv) +^1_2 B_{ab}(x)dx^a ∧ dx^b , (21)

where Δ is a function on H and B is a closed 2-form on H. The 2-form B is Maxwell field induced on H and locally can be written as B = dA for some 1-form potential A on H. It can be checked that for the near-horizon limit E = 2(n − 1) n Δ^2 + 1 n B_{ab}B^{ab} (22)

P_{ab} = 2B_{ac}B^c_b + ( 2 n Δ^2 − B_{cd}B^{cd} n ) γ_{ab} . (23)

We will present the Maxwell equations in a variety of dimensions in Section 6.

It is worth remarking that the above naturally generalises to p-form electrodynamics, with p ≥ 2, for which the energy momentum tensor is T_{μν} = 2 (p − 1)! ( F_{μρ1 ...ρp−1} F^{ρ1 ...ρp−1} ν − 1 2p F^2g_{μν} ) , (24)

where F is a p-form field strength satisfying the Bianchi identity dF = 0. It is then easily checked that T_{μν} K^μK^ν |_N = 0 implies F_{va1 ...ap−1} F^{a1...ap−1}v |_{r=0} = 0 and hence F_{va1 ...ap−1} |_{r=0} = 0. Smoothness thus requires F_{va1...ap−1} = O(r) which implies that the near-horizon limit of the p-form exists. The Bianchi identity then implies that the most general form for the near-horizon limit is

F_{NH} = d (Y ∧ rdv) + X (25)

where Y is a (p − 2)-form on H and X is a closed p-form on H.

The Einstein equations for a near-horizon geometry can also be interpreted as geometrical equations arising from the restriction of the Einstein equations for the full spacetime to a degenerate horizon, without taking the near-horizon limit, as follows. The near-horizon limit can be thought of as the ϵ → 0 limit of the “boost” transformation (K, L) → (ϵK, ϵ^{−1}L). This implies that restricting the boost invariant components of the Einstein equations for the full spacetime to a degenerate horizon, is equivalent to the boost invariant components of the Einstein equations for the near-horizon geometry. The boost invariant components are +− and ab and hence we see that (15) and (16) are also valid for the full spacetime quantities restricted to the horizon. We deduce that the restriction of these components of the Einstein equations depends only on data intrinsic to H: this special feature only arises for degenerate horizons.^5 It is worth noting that the horizon equations (15) and (16) remain valid in the more general context of extremal isolated horizons [149] and Kundt metrics [131].

The positivity of E and P_{ab} can be related to standard energy conditions. For a near-horizon geometry R_{μν} (K − L)^μ(K − L)^ν |_N = −2R_{μν} K^μL^ν |_N . Since K − L is timelike on the horizon, the strong energy conditions implies R_{μν} K^μL^ν |_N ≤ 0. Hence noting that R_{μν} K^μL^ν |_N = R_{+−} = −E + Λ we deduce that the strong energy condition implies

E ≥ Λ . (26)

On the other hand the dominant energy condition implies T_{μν} K^μL^ν |_N ≤ 0. One can show T_{μν} K^μL^ν |_N = −^1_2 P_{ab}γ^{ab}. Therefore, the dominant energy condition implies

P_γ ≡ P_{ab}γ^{ab} ≥ 0 . (27)

Since P_γ = −2T_{+−}, if n ≥ 2 the dominant energy condition implies E ≥ 0: hence if Λ ≤ 0 the dominant energy condition implies both (26) and (27). Observe that Einstein-Maxwell theory with Λ ≤ 0 satisfies both of these conditions.

In this review, we describe the current understanding of the space of solutions to the basic horizon equation (15), together with the appropriate horizon matter field equations, in a variety of dimensions and theories.

2.4 Physical charges

So far we have considered near-horizon geometries independently of any extremal black hole solutions. In this section we will assume that the near-horizon geometry arises from a near-horizon limit of an extremal black hole. This limit discards the asymptotic data of the parent black hole solution. As a result, only a subset of the physical properties of a black hole can be calculated from the near-horizon geometry alone. In particular, information about the asymptotic stationary Killing vector field is lost and hence one cannot compute the mass from a Komar integral, nor can one compute the angular velocity of the horizon with respect to infinity. Below we discuss physical properties which can be computed purely from the near-horizon geometry [110, 69, 140].

Area. The area of cross sections of the horizon H is defined by

A_H = ∫ H ϵ_γ (28)

where ϵ_γ is the volume form associated to the induced Riemannian metric γ_{ab} on H.

For definiteness we now assume the parent black hole is asymptotically flat.

Angular momentum. The conserved angular momentum associated with a rotational symmetry, generated by a Killing vector m, is given by a Komar integral on a sphere at spacelike infinity S_∞:^6 J = 1 16π ∫ S_∞ ⋆dm . (29)

5The remaining components of the Einstein equations for the full spacetime restricted to N give equations for extrinsic data (i.e. r-derivatives of F, h_a, γ_{ab} which do not appear in the near-horizon geometry). On the other hand, the rest of the Einstein equations for the near-horizon geometry restricted to the horizon vanish.

6The Komar integral associated with the null generator of the horizon ∂/∂v vanishes identically. In fact one can show that for a general non-extremal Killing horizon, this integral is merely proportional to κ.

This expression can be rewritten as an integral of the near-horizon data over H, by applying Stokes’ theorem to a spacelike hypersurface Σ with boundary S_∞ ∪ H. The field equations can be used to evaluate the volume integral which is of the form ∫ Σ ⋆R(m), where R(m)_μ = R_{μν} m^ν . In particular, for vacuum gravity one simply has: J = 1 16π ∫ H (h · m) ϵ_γ . (30)

For Einstein-Maxwell theories the integral ∫ Σ ⋆R(m) can be also written as an integral over H, giving extra terms which correspond to the contribution of the matter fields to the angular momentum. For example, consider pure Einstein-Maxwell theory in any dimension so the Maxwell equation is d ⋆ F = 0. Parameterising the near-horizon Maxwell field by (21) one can show that, in the gauge L_mA = 0, J = 1 16π ∫ H (h · m + 4(m · A)Δ) ϵ_γ , (31)

so the angular momentum is indeed determined by the near-horizon data.

In five spacetime dimensions it is natural to couple Einstein-Maxwell theory to a Chern-Simons (CS) term. While the Einstein equations are unchanged, the Maxwell equation now becomes

d ⋆ F + 2ξ √ 3 F ∧ F = 0, (32)

where ξ is the CS coupling constant. The angular momentum in this case can also be written purely as an integral over H: J = 1 16π ∫ H (h · m + 4(m · A)Δ) ϵ_γ +^{16}_3^√_3 ξ(m · A)A ∧ B . (33)

Of particular interest is the theory defined by CS coupling ξ = 1, since this corresponds to the bosonic sector of minimal supergravity.

Gauge charges. For Einstein-Maxwell theories there are also electric, and possibly magnetic, charges. For example, in pure Einstein-Maxwell theory in any dimension, the electric charge is written as an integral over spatial infinity:

Q_e = 1 4π ∫ S_∞ ⋆F . (34) By applying Stokes’ Theorem to a spacelike hypersurface Σ as above, and using the Maxwell equation, one easily finds Q_e = 1 4π ∫ H Δϵ_γ . (35)

For D = 5 Einstein-Maxwell-CS theory one instead gets

Q_e = 1 4π ∫ H Δϵ_γ +^{2√}_3 ξA ∧ B . (36)

For D = 4 one also has a conserved magnetic charge Q_m =^1_{4π} ∫ S_∞ F. Using the Bianchi identity

this can be written as Q_m = 1 4π ∫ H B . (37)

For D > 4 asymptotically flat black holes there is no conserved magnetic charge. However, for D = 5 black rings H ∼= S^1 × S^2, one can define a quasi-local dipole charge over the S^2 D = 1 2π ∫ S^2 F = 1 2π ∫ S^2

B (38)

where in the second equality we have expressed it in terms of the horizon Maxwell field.

Note that in general the gauge field A will not be globally defined on H, so care must be taken to evaluate expressions such as (33) and (36), see [110, 142].

3 General results

In this section we describe a number of general results concerning the topology and symmetry of near-horizon geometries under various assumptions.

3.1 Horizon topology theorem

Hawking’s horizon topology theorem is one of the fundamental ingredients of the classic four dimensional black hole uniqueness theorems [114]. It states that cross-sections of the event horizon of an asymptotically flat, stationary, black hole solution to Einstein’s equations, satisfying the dominant energy condition, must be homeomorphic to S^2. The proof is an elegant variational argument which shows that any cross-section with negative Euler characteristic can be deformed outside the event horizon such that its outward null geodesics converge. This means one has an outer trapped surface outside the event horizon, which is not allowed by general results on black holes.^7

Galloway and Schoen have shown how to generalise Hawking’s horizon topology theorem to higher dimensional spacetimes [80]. Their theorem states if the dominant energy condition holds, a cross-section H of the horizon of a black hole, or more generally a marginally outer trapped surface, must have positive Yamabe invariant.^8 The positivity of the Yamabe invariant, which we define below, is equivalent to the existence of a positive scalar curvature metric and is well known to impose restrictions on the topology, see e.g. [79]. For example, when H is three dimensional, the only possibilities are connected sums of S^3 (and their quotients) and S^1 × S^2, consistent with the known examples of black hole solutions.

In the special case of degenerate horizons a simple proof of this topology theorem can be given directly from the near-horizon geometry [152]. This is essentially a specialisation of the simplified proof of the Galloway Schoen theorem given in Ref. [170]. However, we note that since we only use properties of the near-horizon geometry, in particular only the horizon equation (15), we do not require the existence of a black hole.

For four dimensional spacetimes, so dim H = 2, the proof is immediate, see e.g. [131, 138].

Theorem 3.1. Consider a spacetime containing a degenerate horizon with a compact cross-section H and assume the dominant energy condition holds. If Λ ≥ 0 then H ∼= S^2, except for the special case where the near-horizon geometry is flat (so Λ = 0) and H ∼= T^2. If Λ < 0 and χ(H) < 0 the area of H satisfies A_H ≥ 2πΛ^{−1}χ(H) with equality if and only if the near-horizon geometry is AdS_2 × Σ_g , where Σ_g is a compact quotient of hyperbolic space of genus g.

7The borderline case of T^2 topology was only excluded later using topological censorship [39]. Furthermore, these results were generalised to the non-stationary case and asymptotically Anti de Sitter case [77].

8A borderline case also arises in this proof, corresponding to the induced metric on H being Ricci flat. This was in fact later excluded [78].

The proof is elementary. The Euler characteristic of H can be calculated by integrating the trace of (15) over H to get χ(H) = 1 4π ∫ H R_γ ϵ_γ = 1 8π ∫ H (h · h + 4Λ + 2P_γ )ϵ_γ , (39)

where ϵ_γ is the volume form of the horizon metric γ. Therefore, for Λ ≥ 0 and matter satisfying the dominant energy condition P_γ ≥ 0 (see (27)), it follows that χ(H) ≥ 0. Equality can only occur if Λ = 0, P_γ ≡ 0, h_a ≡ 0: using (15) and (16) this implies R_{ab} = 0 and F = 0, so the near-horizon geometry is the trivial flat solution R^{1,1} × T^2. For the Λ < 0 case the above argument of course fails and one finds no restriction on the topology of H. Instead, for χ(H) < 0, one can derive a lower bound for the area of H:

A_H = 2π|χ(H)| |Λ| + 1 4|Λ| ∫ H (h · h + 2P_γ )ϵ_γ ≥ 2π|χ(H)| |Λ| . (40)

This agrees with the lower bounds found in [84, 188] in the more general context of apparent horizons. The lower bound in (40) is saturated if and only if h_a ≡ 0, P_γ ≡ 0, which implies R_{ab} = −|Λ|γ_{ab} and F = Λ, so the near-horizon geometry AdS_2 × Σ_g .

It is of interest to generalise these results to higher dimensions along the lines of Galloway and Schoen. As is well known, the total integral of the scalar curvature in itself does not constrain the topology of H in this case. An analogue of this invariant for dim H = n ≥ 3 is given by the Yamabe invariant σ(H). This is defined via the Yamabe constant associated to a given conformal class of metrics [γ] on H. First consider the volume normalised Einstein-Hilbert functional E[γ^′] ≡ ∫ H R_γ′ ϵ_γ′ ( ∫ H ϵ_γ′ )^{n−2}n (41)

where γ^′ is a Riemannian metric on H and ϵ_γ′ is the associated volume form. As is well known, this functional is neither bounded from above or below. However, the restriction of E to any conformal class of metrics is always bounded from below: the Yamabe constant Y (H, [γ]) for a given conformal class is then defined as the infimum of this functional. Parameterising the conformal class by γ^′ = ϕ^{4n−2} γ, for smooth positive functions ϕ, we thus have Y (H, [γ]) ≡ inf_{ϕ>0} E_γ [ϕ] where

E_γ [ϕ] ≡ ∫ H (_{4(n−1)} n−2 |∇ϕ|^2 + R_γ ϕ^2 ) ϵ_γ (∫ H ϕ^{2nn−2} ϵ_γ ) n−2_n . (42)

The Yamabe invariant σ(H) is defined by σ(H) = sup_{[γ]} Y (H, [γ]), where the supremum is taken over all possible conformal classes. The solution to the so called Yamabe problem states the following remarkable fact: for every conformal class [γ] on compact H, the functional E_γ [ϕ] achieves its infimum and this occurs for a constant scalar curvature metric.

We are now ready to present the degenerate horizon topology theorem.

Theorem 3.2. Consider a spacetime containing a degenerate horizon with a compact cross-section H and assume the dominant energy condition holds. If Λ ≥ 0, then either σ(H) > 0 or the induced metric on the horizon is Ricci flat. If Λ < 0 and σ(H) < 0 the area of H satisfies A_H ≥ ( σ(H) nΛ )_{n/2} . (43)

A simple proof exploits the solution to the Yamabe problem mentioned above [170, 152]. First observe that if there exists a conformal class of metrics [γ] for which the Yamabe constant Y (H, [γ]) > 0 then it follows that σ(H) > 0. Therefore, to establish H has positive Yamabe invariant, it is sufficient to show that for some γ_{ab} the functional E_γ [ϕ] > 0 for all ϕ > 0, since the solution to the Yamabe problem then tells us that Y (H, [γ]) = E_γ [ϕ_0] > 0 for some ϕ_0 > 0.

For our Riemannian manifolds (H, γ) it is easy to show, except for one exceptional circumstance, that E_γ [ϕ] > 0 for all ϕ > 0 and thus Y (H, [γ]) > 0. The proof is as follows. The horizon equation (15) can be used to establish the identity

2|∇ϕ|^2 + R_γ ϕ^2 = 2|Dϕ|^2 − ∇ · (ϕ^2h) + (Λn + P_γ )ϕ^2 (44)

for all ϕ, where we have defined the differential operator D_a ≡ ∇_a +^1_2 h_a. It is worth noting that this identity relies crucially on the precise constants appearing in equation (15). This implies the following integral identity over H: ∫ H [ 4(n − 1) n − 2 |∇ϕ|^2 + R_γ ϕ^2 ] ϵ_γ = ∫ H [ 2|Dϕ|^2 + 2n n − 2 |∇ϕ|^2 + (nΛ + P_γ )ϕ^2 ] ϵ_γ . (45)

If Λ ≥ 0, the dominant energy condition P_γ ≥ 0 implies E_γ [ϕ] ≥ 0 for all ϕ > 0 with equality only if h_a ≡ 0, P_γ ≡ 0 and Λ = 0. The exceptional case h_a ≡ 0, P_γ ≡ 0 and Λ = 0 implies R_γ = 0, which allows one to infer [80] that either R_{ab} = 0 or H admits a metric of positive scalar curvature (and is thus positive Yamabe after all).

As in four spacetime dimensions the above argument fails for Λ < 0, and thus provides no restriction of the topology of H. Instead, assuming the dominant energy condition, equation (45) implies E_γ [ϕ] ≥ −n|Λ| ∫ H ϕ^2ϵ_γ ( ∫ H ϕ^{2nn−2} ϵ_γ )^{n−2}n ≥ −n|Λ|A^{2/n}_H (46) for any ϕ > 0, where the second inequality follows from Hölder’s inequality. Therefore, by the definition of Y (H, [γ]), we deduce that Y (H, [γ]) ≥ −n|Λ|A^{2/n}_H . It follows that if σ(H) < 0, we get the stated non-trivial lower bound on the area of H. We note that the lower bound can only be achieved if h_a ≡ 0 and P_γ ≡ 0 which implies R_γ = −n|Λ|, in which case γ necessarily minimises the functional E in the conformal class [γ] so that Y (H, [γ]) = −n|Λ|A^{2/n}_H . However, since −Y (H, [γ]) ≥ |σ(H)|, it need not be the case that the lower bound in (43) is saturated by such horizon metrics (in contrast to the n = 2 case above).

We note that the above topology theorems in fact only employ the scalar curvature of the horizon metric and not the full horizon equation (15). It would be interesting if one could use the non-trace part of the horizon equation to derive further topological restrictions.

3.2 AdS_2-structure theorems

It is clear that a general near-horizon geometry (6) possesses enhanced symmetry: in addition to the translation symmetry v → v + c one also has a dilation symmetry (v, r) → (λv, λ^{−1}r) and together these form a two-dimensional non-abelian isometry group. In this section we will discuss various near-horizon symmetry theorems which guarantee further enhanced symmetry.

3.2.1 Static near-horizon geometries

A static near-horizon geometry is one for which the normal Killing field K is hypersurface orthogonal, i.e. K ∧ dK ≡ 0 everywhere.

Theorem 3.3 ([148]). Any static near-horizon geometry is locally a warped product of AdS_2, dS_2 or R^{1,1} and H. If H is simply connected this statement is global. In this case if H is compact and the strong energy conditions holds, it must be the AdS_2 case or the direct product R^{1,1} × H.

Proof: As a 1-form K = K_μdx^μ = dr + rh_adx^a + r^2F dv. A short calculation then reveals that K ∧ dK = 0 if and only if dh = 0 dF = hF , (47)

which are the staticity conditions for a near-horizon geometry. Locally they can be solved by

h = dλ F = A_0e^λ (48)

where λ(x) is a function on H and A_0 is a constant. Substituting these into the near-horizon geometry and changing the affine parameter r → e^{−λ(x)}r gives:

g = e^{−λ(x)}[A_0r^2dv^2 + 2dvdr] + γ_{ab}(x)dx^adx^b . (49)

The metric in the square bracket is a maximally symmetric space: AdS_2 for A_0 < 0, dS_2 for A_0 > 0 and R^{1,1} for A_0 = 0. If H is simply connected then λ is globally defined on H. Now consider equation (16), which in this case reduces to

A_0 =^1_2 ∇^2e^{−λ} − e^{−λ}(E − Λ) . (50)

Assume λ is a globally defined function. Integrating over H shows that if the strong energy condition (26) holds then A_0 ≤ 0. The equality A_0 = 0 occurs if and only if E = Λ, in which case λ is harmonic and hence a constant.

3.2.2 Near-horizon geometries with rotational symmetries

We begin by considering near-horizon geometries with a U(1)^{D−3} rotational symmetry whose orbits are generically cohomogeneity-1 on cross sections of the horizon H. The orbit spaces H/U(1)^{D−3} have been classified and are homeomorphic to either the closed interval or a circle, see e.g. [126]. The former corresponds to H of topology S^2, S^3, L(p, q) times an appropriate dimensional torus, whereas the latter corresponds to H ∼= T^{D−3}. Unless otherwise stated we will assume non-toroidal topology.

It turns out to be convenient to work with a geometrically defined set of coordinates as introduced in [138]. Let m_i for i = 1 . . . D − 3 be the Killing vector fields generating the isometry. Define the 1-form Σ = −i_{m1} · · · i_{mD−3} ϵ_γ where ϵ_γ is the volume form associated with the metric γ on H. Note that Σ is closed and invariant under the Killing fields m_i and so defines a closed one-form on the orbit space. Hence there exists a globally defined invariant function x on H such that dx = −i_{m1} · · · i_{mD−3} ϵ_γ . (51)

It follows that |dx|^2 = det B where B_{ij} ≡ γ(m_i, m_j ), so dx vanishes precisely at the endpoints of the closed interval where B_{ij} is rank one. As a function on H, x has precisely one minimum x_1 and one maximum x_2 which must occur at the endpoints of the orbit space. Hence H/U(1)^{D−3} ∼= [x_1, x_2].

Introducing coordinates adapted to the Killing fields m_i = ∂/∂ϕ^i, we can use (x, ϕ^i) as a chart on H everywhere except the endpoints of the orbit space. The metric for x_1 < x < x_2 then reads

γ_{ab}dx^adx^b = dx^2 det B

+ B_{ij} (x)dϕ^idϕ^j . (52)

By standard results, the one-form h may be decomposed globally on H as

h = β + dλ (53) where β is co-closed. Since h is invariant under the m_i, it follows that β and dλ are as well. Further, periodicity of the orbits of the m_i implies m_i · dλ = 0, i.e. λ = λ(x). It is convenient to define the globally defined positive function

Γ(x) ≡ e^{−λ}. (54)

Next, writing β = β_xdx + β_idϕ^i and imposing that β is co-closed, implies β^x (det B)^{1/2} = c where c is a constant. It follows i_βΣ = c and since Σ vanishes at the fixed points of the m_i, this implies c must vanish. Hence we may write h = k_idϕ^i Γ − Γ^′dx Γ (55)

where we define k_i(x) ≡ Γh_i. It is worth noting that in the toroidal case one can introduce coordinates (x, ϕ) so that the horizon metric takes the same form, with x now periodic and det B > 0 everywhere, although now the one-form h may have an extra term since the constant c need not vanish [118].

We are now ready to state the simplest of the AdS_2 near-horizon symmetry enhancement theorems:

Theorem 3.4 ([148]). Consider a D-dimensional spacetime containing a degenerate horizon, invariant under an R × U(1)^{D−3} isometry group, and satisfying the Einstein equations R_{μν} = Λg_{μν} . Then the near-horizon geometry has a global G × U(1)^{D−3} symmetry, where G is either O(2, 1) or the 2d Poincaré group. Furthermore, if Λ ≤ 0 and the near-horizon geometry is non-static the Poincaré case is excluded.

Proof: For the non-toroidal case we use the above coordinates. By examining the (xv) and (xi) components of the spacetime Einstein equations and changing the affine parameter r → Γ(x)r, one can show

g = Γ(x) [ A_0r^2dv^2 + 2dvdr ] + dx^2 det B

+ B_{ij} (x) ( dϕ^i + k^irdv ) ( dϕ^j + k^j rdv ) (56)

where A_0, k^i are constants. The metric in the square bracket is a maximally symmetric space: AdS_2 for A_0 < 0, dS_2 for A_0 > 0 and R^{1,1} for A_0 = 0. Any isometry of these 2d base spaces transforms rdv → rdv + dψ, for some function ψ(v, r). Therefore, by simultaneously transforming ϕ^i → ϕ^i − k^iψ, the full near-horizon geometry inherits the full isometry group G of the 2d base, which for A_0 ≠ 0 is O(2, 1) and for A_0 = 0 is the 2d Poincaré group.

The toroidal case can in fact be excluded [118], although as remarked above the coordinate system needs to be developed differently.

In fact as we will see in Section 4 one can completely solve for the near-horizon geometries of the above form in the Λ = 0 case.

The above result has a natural generalisation for D = 4, 5 Einstein-Maxwell theories. For the sake of generality, consider a general 2-derivative theory describing Einstein gravity coupled to abelian vectors A^I (I = 1 . . . N) and uncharged scalars Φ^A (A = 1 . . . M) in D = 4, 5 dimensions, with action S = ∫ d^D x √ −g ( R − 1 2 f_{AB} (Φ)∂_μΦ^A∂^μΦ^B − V (Φ) − 1 4 g_{IJ} (Φ)F^I_{μν} F^{Jμν} ) + S_{top}, (57)

where F^I ≡ dA^I , V (Φ) is an arbitrary scalar potential (which allows for a cosmological constant), and S_{top} = 1 2 ∫ h_{IJ} (Φ)F^I ∧ F^J if D = 4, (58) or S_{top} = 1 6 ∫ C_{IJK} F^I ∧ F^J ∧ A^K if D = 5, (59)

where C_{IJK} are constants. This encompasses many theories of interest, e.g., vacuum gravity with a cosmological constant, Einstein-Maxwell theory, and various (possibly gauged) supergravity theories arising from compactification from ten or eleven dimensions.

Theorem 3.5 ([148]). Consider an extremal black hole solution of the above D = 4, 5 theory with R × U(1)^{D−3} symmetry. The near-horizon limit of this solution has a global G × U(1)^{D−3} symmetry, where G is either SO(2, 1) or (the orientation-preserving subgroup of) the 2d Poincaré group. The Poincaré-symmetric case is excluded if f_{AB}(Φ) and g_{IJ} (Φ) are positive definite, the scalar potential is non-positive, and the horizon topology is not T^{D−2}.

Proof: The Maxwell fields F^I and the scalar fields are invariant under the Killing fields m_i, hence Φ^I = Φ^I (x). By examining the (xv) and (xi) components of Einstein’s equations for the above general theory, and changing the affine parameter r → Γ(x)r, one can show that the near-horizon metric is given by (56) and the Maxwell fields are given by

F^I = d [ e^I rdv + b^I_i (x) ( dϕ^i + k^irdv )] (60)

where e^I are constants. Hence both the near-horizon metric and Maxwell fields are invariant under G. Generic orbits of the symmetry group have the structure of T^{D−3} fibred over a 2d maximally symmetric space, i.e., AdS_2, dS_2 or R^{1,1} . AdS_2 and dS_2 give SO(2, 1) symmetry whereas R^{1,1} gives Poincaré symmetry. The dS_2 and R^{1,1} cases are excluded subject to the additional assumptions mentioned, which ensure that the theory obeys the strong energy condition.

Remarks:

• In the original statement of this theorem asymptotically flat or anti de-Sitter boundary conditions were assumed [148]. These were only used at one point in the proof, where the property that the generator of each rotational symmetry must vanish somewhere in the asymptotic region (on the “axis” of the symmetry) was used to constrain the Maxwell fields. In fact, using the general form for the near-horizon limit of a Maxwell field (21) and the fact that for non-toroidal topology at least one of the rotational Killing fields must vanish somewhere, allows one to remove any assumptions on the asymptotics of the black hole spacetime.

• In the context of black holes, toroidal topology is excluded for Λ = 0 when the dominant energy condition holds by the black hole topology theorems.

An important corollary of the above theorems is:

Corollary 3.1. Consider a D ≥ 5 spacetime with a degenerate horizon invariant under a R × U(1)^{D−3} symmetry as in Theorem 3.4 and 3.5. The near-horizon geometry is static if it is either a warped product of AdS_2 and H, or it is a warped product of locally AdS_3 and a (D − 3)-manifold.

The static conditions (47) for (56) occur if and only if: (i) k^i = 0 for all i = 1, . . . , D − 3, or (ii) k_i = const Γ and k^ik_i = ℓ^{−2}Γ with A_0 = −ℓ^{−2} < 0. Case (i) gives a warped product of a 2d maximally symmetric space and H as in Theorem (3.3). For case (ii) one can introduce U(1)^{D−3} coordinates (y^1, y^I ) where I = 2, . . . , D − 3, not necessarily periodic, so that k = ℓ^{−1}∂/∂y^1 and

g = Γ(x) [ − r^2 ℓ^2 dv^2 + 2dvdr + ( dy^1 + r ℓ dv )_2] + dx^2 B(x) + B_{IJ} (x)dy^I dy^J . (61)

The metric in the square brackets is locally isometric to AdS_3. If y^1 is a periodic coordinate the horizon topology is S^1 × B where B is some (D − 3)-dimensional manifold.

Theorem (3.5) can be extended to higher derivative theories of gravity as follows. Consider a general theory of gravity coupled to abelian vectors A^I and uncharged scalars Φ^A with action

S = S_2 + ∑ m≥1 λ^m ∫ √ −gL_m, (62)

where S_2 is the 2-derivative action above, λ is a coupling constant, and L_m is constructed by contracting (derivatives of) the Riemann tensor, volume form, scalar fields and Maxwell fields in such a way that the action is diffeomorphism and gauge-invariant.

Proposition 3.1 ([148]). Consider an extremal black hole solution of the above higher derivative theory, obeying the same assumptions as in Theorem 3.5. Assume there is a regular horizon when λ = 0 with SO(2, 1) × U(1)^{D−3} near-horizon symmetry, and the near-horizon solution is analytic in λ. Then the near-horizon solution has SO(2, 1) × U(1)^{D−3} symmetry to all orders in λ.

Hence Theorem 3.5 is stable with respect to higher-derivative corrections. However, it does not apply to so-called “small” black holes (i.e. if there is no regular black hole for λ = 0).

So far, the results described all assume D − 3 commuting rotational Killing fields. For D = 4, 5 this is the same number as the rank of the rotation group SO(D − 1), so the above results are applicable to asymptotically flat or globally AdS black holes. For D > 5 the rank of this rotation group is ⌊^{D−1}_2 ⌋, which is smaller than D − 3, so the above theorems do not apply to asymptotically flat or AdS black holes. An important open question is whether the above theorems generalise when fewer than D − 3 rotational commuting rotational isometries are assumed, in particular the case with ⌊^{D−1}_2 ⌋ commuting rotational symmetries. To this end, partial results have been obtained assuming a certain non-abelian cohomogeneity-1 rotational isometry.

Proposition 3.2 ([69]). Consider a near-horizon geometry with a rotational isometry group U(1)^m ×K whose generic orbit on H is a cohomogeneity-1 T^m-bundle over a K-invariant homogeneous space B. Furthermore, assume B does not admit any K-invariant one-forms. If Einstein’s equations R_{μν} = Λg_{μν} hold the near-horizon geometry possesses a G × U(1)^m × K isometry group, where G is either O(2, 1) or the 2d Poincaré group. Furthermore, if Λ ≤ 0 and the near-horizon geometry is non-static then the Poincaré group is excluded.

The assumptions in the above result reduce the Einstein equations for the near-horizon geometry to ODEs which can be solved in the same way as in Theorem 3.4. The special case K = SU(q), B = C P^{q−1} with m = 1 and m = 2, gives a near-horizon geometry of the type that occurs for a Myers-Perry black hole with all the angular momenta of set equal in 2q + 2 dimensions, or all but one set equal in 2q + 3 dimensions, respectively.

The preceding results apply only to cohomogeneity-1 near-horizon geometries. As discussed above, this is too restrictive to capture the generic case for D > 5. The following result for higher-cohomogeneity near-horizon geometries has been shown.

Theorem 3.6 ([152]). Consider a spacetime containing a degenerate horizon invariant under orthogonally transitive^9 isometry group R × U(1)^N , where 1 ≤ N ≤ D − 3, such that the surfaces orthogonal to the surfaces of transitivity are simply connected. Then the near-horizon geometry has

9An isometry group whose surfaces of transitivity are p < D dimensional is said to be orthogonally transitive if there exists D − p dimensional surfaces orthogonal to the surfaces of transitivity at every point.

an isometry group G × U(1)^N where G is either SO(2, 1) or the 2d Poincaré group. Furthermore, if the strong energy condition holds and the near-horizon geometry is non-static, the Poincaré case is excluded.

The near-horizon geometry is this case can be written as

g = Γ(y)[A_0r^2dv^2 + 2dvdr] + γ_{IJ} (y)(dϕ^I + k^I rdv)(dϕ^J + k^J rdv) + γ_{mn}(y)dy^mdy^n , (63)

where as in the above cases we have rescaled the affine parameter r → Γr. For the N = D − 3 case, orthogonal transitivity follows from Einstein’s equations [63], which provides another proof of Theorem 3.4 and 3.5. For N < D − 3 this result guarantees an AdS_2 symmetry for all known extremal black hole solutions since all known explicit solutions possess orthogonally transitive symmetry groups. In these higher cohomogeneity cases, the relation between Einstein’s equations and orthogonal transitivity is not understood. It would be interesting to investigate this further.

4 Vacuum solutions

The Einstein equations for a near-horizon geometry (6) in the absence of matter fields are equivalent to the following equation on H

R_{ab} =^1_2 h_ah_b − ∇_{(a}h_{b)} + Λγ_{ab} , (64)

with the function F determined by

F =^1_2 h^ah_a −^1_2 ∇_ah^a + Λ , (65)

see (15), (16). In this section we will explore solutions to equation (64) in various dimensions. It is useful to note that the contracted Bianchi identity for the horizon metric is equivalent to

∇_aF − F h_a − 2h^b∇_{[a}h_{b]} + ∇^b∇_{[a}h_{b]} = 0 . (66)

4.1 Static: all dimensions

A complete classification is possible for Λ ≤ 0. Recall from Section 3.2.1, the staticity conditions for a near-horizon geometry are dh = 0 and dF = hF .

Theorem 4.1 ([37]). The only vacuum static near-horizon geometry for Λ ≤ 0 and compact H is given by h_a ≡ 0, F = Λ and R_{ab} = Λγ_{ab}. For D = 4 this result is also valid for Λ > 0.

Proof: A simple proof of the first statement is as follows. Substituting the staticity conditions (48) into (65) gives ∇^2ψ^2 + 2Λψ^2 = 2A_0 , (67)

where ψ ≡ e^{−λ/2}. Irrespective of the topology of H one can argue that ψ is a globally defined function (for simply connected H this is automatic, otherwise it can be shown by working in patches on H and exploiting the fact that λ in each patch is only defined up to an additive constant). For Λ = 0 it is then clear that compactness implies ψ must be a constant. For Λ < 0, if one assumes ψ is non-constant one can easily derive a contradiction by evaluating the above equation at the maximum and minimum of ψ (which must exist by compactness). Hence in either case h_a ≡ 0 which gives the claimed near-horizon data.

In four dimensions one can solve (64) is general without assuming compactness of H. For non-constant ψ and any Λ one obtains the near-horizon geometry (sending r → ψ^2r)

g = ψ^2[A_0r^2dv^2 + 2dvdr] + dψ^2 P (ψ) + P (ψ)dχ^2 (68) where P (ψ) = A_0 + βψ^{−1} −^1_3 Λψ^2. (This is an analytically continued Schwarzschild with a cosmological constant.) This local form of the metric can be used to show that for Λ > 0 and ψ non-constant, there are also no smooth horizon metrics on a compact H.

4.2 Three dimensions

The classification of near-horizon geometries in D = 3 vacuum gravity with a cosmological constant can be completely solved. Although very simple, to the best of our knowledge this has not been presented before, so for completeness we include it here.

The main simplification comes from the fact that cross-sections of the horizon H are onedimensional, so the horizon equations are automatically ODEs. Furthermore, there is no intrinsic geometry on H and so the only choice concerns its global topology which must be either H ∼= S^1 or H ∼= R.

Theorem 4.2. Consider a near-horizon geometry with compact cross–section H ∼= S^1, which satisfies the vacuum Einstein equations including cosmological constant Λ. If Λ < 0 the nearhorizon geometry is given by the quotient of AdS_3 in equation (71). For Λ = 0 the only solution is the trivial flat geometry R^{1,1} × S^1. There are no solutions for Λ > 0.

Proof: We may choose a periodic coordinate x on H so the horizon metric is simply γ = dx^2 and the 1-form h = h(x)dx. Observe that h(x) must be a globally defined function and hence must be a periodic function of x. Since the curvature and metric connection trivially vanish the horizon equations (64) and (65 simplify to

h^′ =^1_2 h^2 + Λ (69) F =^1_2 h^2 −^1_2 h^′ + Λ . (70)

This system of ODEs can be explicitly integrated as we explain below. Instead, we will avoid this and employ a global argument on H. If Λ ≥ 0, integrate (69) over H to deduce that h ≡ 0 and Λ = 0, which gives the trivial flat near-horizon geometry R^{1,1} × S^1. For Λ = −^2_{ℓ2} < 0 we argue as follows. Multiply (69) by h^′ and integrate over H to find ∫ S^1 h

′2 = 0. Hence h must be a constant and substituting into the horizon equations gives h =^2_ℓ and F = 0 (without loss of generality we have chosen a sign for h). The near-horizon geometry is then

g = 2dvdr + 4r ℓ dvdx + dx^2 = −

4r^2 ℓ^2 dv^2 + 2dvdr + ( dx + 2r ℓ dv )_2 . (71)

This metric is locally AdS_3 and in the second equality we have written it as a fibration over AdS_2.

It is worth remarking that the ODE (69) can be completely integrated without assuming compactness. For Λ < 0 this reveals a second solution h = −^2_ℓ tanh (_x ℓ ) and F = −^2_{ℓ2} sech^2 (_x ℓ ) , where we have set the integration constant to zero by translating the coordinate x. Upon changing r → r cosh^2 (_x ℓ ) the resulting near-horizon geometry is:

g = cosh^2 (x ℓ ) ( − r^2 ℓ^2 dv^2 + 2dvdr ) + dx^2 . (72)

Again, this metric is locally AdS_3. Unlike the previous case though, H cannot be taken to be compact and hence we must have H ∼= R. For Λ = 0 there is also a second solution given by h = −^2_x and F =^1_{x2} , although this is singular. For Λ > 0 there is a unique solution given by h =^2_ℓ tan (_x ℓ ) and F =^1_{ℓ2} sec^2 (_x ℓ ) , although this is also singular.^{10}

10This can be obtained by analytically continuing (72) by ℓ → iℓ.

4.3 Four dimensions

The general solution to (64) is not known in this case. In view of the rigidity theorem it is natural to assume axisymmetry. If one assumes such a symmetry, the problem becomes of ODE type and it is possible to completely solve it. The result is summarised by the following theorem, first proved in [109, 149] for Λ = 0 and in [140] for Λ < 0.

Theorem 4.3 ([109, 149, 140]). Consider a spacetime containing a degenerate horizon, invariant under an R × U(1) isometry, satisfying the vacuum Einstein equations including a cosmological constant. Any non-static near-horizon geometry, with compact cross-section, is given by the nearhorizon limit of the extremal Kerr or Kerr-(A)dS black hole.

Proof: We present a streamlined version of the proof in [140]. As described in Section 3.2.2, axisymmetry implies one can introduce coordinates on H so that

γ_{ab}dx^adx^b = dx^2 B(x) + B(x)dϕ^2 h = Bk(x) Γ dϕ − Γ^′ Γ dx . (73)

The xϕ component of (64) implies k(x) ≡ k is a constant. The x component of (66) then implies F = A_0 Γ + Bk^2 Γ^2

(74)

where A_0 is a constant. Substituting this into (65) gives

A_0 = 1 2 ∇^2Γ − Bk^2 2Γ + ΛΓ . (75)

Now subtracting the xx component from the ϕϕ component of (64) gives

2Γ^{′′} −

Γ^{′2} Γ − k^2 Γ = 0 . (76)

A non-static near-horizon geometry must have k ≠ 0 and therefore from the above equation Γ is non-constant. Using this one can write (75) as ( BΓ Γ^′ )_′ = 2(A_0 − ΛΓ)Γ Γ^{′2}

. (77)

The solution to the ODE for Γ is given by Γ = k^2 β + βx^2 4 (78)

where β is a positive constant, which can then be used to solve the ODE for B: B = P (x) Γ , (79)

where P (x) = − βΛx^4 12 + (A_0 − 2Λk^2β^{−1})x^2 + c_1x −

4k^2 β^2 ( A_0 − Λk^2β^{−1} ) (80)

and c_1 is a constant. Changing affine parameter r → Γ(x)r in the full near-horizon geometry finally gives g = Γ(x)[A_0r^2dv^2 + 2dvdr] +

Γ(x) P (x) dx^2 + P (x) Γ(x)

(dϕ + krdv)^2 (81) with Γ, P determined above. Observe that this derivation is purely local and does not assume anything about the topology of H (unlike the derivation in [140] which assumed compactness). If k = 0 we recover the general static solution (68), hence let us now assume k ≠ 0.

Now assume H is compact, so by axisymmetry one must have either S^2 or T^2. Integrating (75) over H then shows that if Λ ≤ 0 then A_0 < 0 and so the metric in square brackets is AdS_2. The horizon metric extends to a smooth metric on H ∼= S^2 if and only if c_1 = 0. It can then be checked the near-horizon geometry is isometric to that of extremal Kerr for Λ = 0 or Kerr-AdS for Λ < 0 [140]. It is also easy to check that for Λ > 0 it corresponds to extremal Kerr-dS. In the non-static case, the horizon topology theorem excludes the possibility of H ∼= T^2 for Λ ≥ 0. Ref. [150] also excluded the non-static possibility with H ∼= T^2 if Λ < 0.

It would be interesting to remove the assumption of axisymmetry in the above theorem. In Ref. [132] it is shown that regular non-axisymmetric linearised solutions of (64) about the extremal Kerr near-horizon geometry do not exist. This supports the conjecture that any smooth solution of (64) on H ∼= S^2 must be axisymmetric and hence given by the above theorem.

4.4 Five dimensions

In this case there are several different symmetry assumptions one could make. Classifications are known for homogeneous horizons and horizons invariant under a U(1)^2-rotational symmetry.

A homogeneous near-horizon geometry is defined as follows. The Riemannian manifold (H, γ_{ab}) is a homogeneous space (i.e. has a transitive isometry group) which also leaves the rest of the nearhorizon data F, h_a invariant. Such geometries can be straightforwardly classified without assuming compactness of H as follows.

Theorem 4.4 ([144]). Any vacuum, homogeneous, non-static near-horizon geometry is locally isometric to g = ( −^1_2 k^2 + Λ ) r^2dv^2 + 2dvdr + (ω̂ + krdv)^2 + ĝ (82)

where ω̂ is a U(1)-connection over a 2d base space satisfying Ric(ĝ) = λ̂ĝ with λ̂ =^1_2 k^2 + 2Λ. The curvature of the connection is dω̂ = √ k^2 + 2Λ ϵ̂, where ϵ̂ is the volume form of the 2d base, and k^2 + 2Λ ≥ 0.

The proof uses the fact that homogeneity implies h must be a Killing field and then one reduces the problem onto the 2d orbit space. Observe that for k → 0 one recovers the static near-horizon geometries. For k ≠ 0 and Λ ≥ 0 we see that λ̂ > 0 so that the 2d metric ĝ is a round S^2 and the horizon metric is locally isometric to a homogeneously squashed S^3. Hence we have:

Corollary 4.1. Any vacuum, homogeneous, non-static near-horizon geometry is locally isometric to the near-horizon limit of the extremal Myers-Perry black hole with SU(2) × U(1) rotational symmetry (i.e. equal angular momenta). For Λ > 0 one gets the same result with the Myers-Perry black hole replaced by its generalisation with a cosmological constant [116].

For Λ < 0 we see that there are more possibilities depending on the sign of λ̂. If λ̂ > 0 we again have a horizon geometry locally isometric to a homogeneous S^3. If λ̂ = 0, we can write ĝ = dx^2 + dy^2 and the U(1)-connection ω̂ = √ 2|Λ|(xdy − ydx) is non-trivial, so the cross-sections H are the Nil group manifold with its standard homogeneous metric. For λ̂ < 0, we can write |λ̂|ĝ = (dx^2 + dy^2)/y^2 and the connection |λ̂|ω̂ = √ k^2 + 2Λ dx/y, so the cross-sections H are the SL(2, R) group manifold with its standard homogeneous metric, unless k^2 = −2Λ which gives H = R × H^2 . Hence we have:

Corollary 4.2. For Λ < 0 any vacuum, homogeneous, non-static near-horizon geometry is locally isometric to either the near-horizon limit of the extremal rotating black hole [116] with SU(2)×U(1) rotational symmetry, or a near-horizon geometry with: (i) H = Nil and its standard homogenous metric, (ii) H = SL(2, R) and its standard homogeneous metric or (iii) H = R × H^2 .

This is analogous to a classification first obtained for supersymmetric near-horizon geometries in gauged supergravity, see proposition (5.3).

We now consider a weaker symmetry assumption, which allows for inhomogeneous horizons. A U(1)^2-rotational isometry is natural in five dimensions and all known explicit black hole solutions have this symmetry. The following classification theorem has been derived:

Theorem 4.5 ([138]). Consider a vacuum non-static near-horizon geometry with a U(1)^2-rotational isometry and a compact cross-section H. It must be globally isometric to the near-horizon geometry of one of the following families of black hole solutions:

1. H ∼= S^1 × S^2: the 3-parameter boosted extremal Kerr string.

2. H ∼= S^3: the 2-parameter extremal Myers-Perry black hole or the 3-parameter ‘fast’ rotating extremal Kaluza-Klein black hole [171].

3. H ∼= L(p, q): the Lens space quotients of the above H ∼= S^3 solutions.

Remarks:

• The near-horizon geometry of the vacuum extremal black ring [167] is a 2-parameter subfamily of case 1, corresponding to a Kerr string with vanishing tension [148].

• The near-horizon geometry of the ‘slowly’ rotating extremal Kaluza-Klein black hole [171] is identical to that of the 2-parameter extremal Myers-Perry in case 2.

• The H ∼= S^3 cases can be written as a single 3-parameter family of near-horizon geometries [122].

• The H ∼= T^3 case has been ruled out [118].

For Λ ≠ 0, the analogous problem has not been solved. The only known solution in this case is the H ∼= S^3 near-horizon geometry of the rotating black hole with a cosmological constant [116], which generalises the Myers-Perry black hole. It would be interesting to classify near-horizon geometries with H ∼= S^1 × S^2 in this case since this would capture the near-horizon geometry of the yet to be found asymptotically AdS_5 black ring. A perturbative attempt at constructing such a solution was discussed in [138].

4.5 Higher dimensions

For spacetime dimension D ≥ 6, so the horizon cross-section dim H ≥ 4, the horizon equation (64) is far less constraining than in lower dimensions. Few general classification results are known, although several large families of vacuum near-horizon geometries have been constructed.

4.5.1 Weyl solutions

The only known classification result for vacuum D > 5 near-horizon geometries is for Λ = 0 solutions with U(1)^{D−3}-rotational symmetry. These generalise the D = 4 axisymmetric solutions and D = 5 solutions with U(1)^2-symmetry discussed in previous sections. By performing a detailed study of the orbit spaces H/U(1)^{D−3} it has been shown that the only possible topologies for H are: S^2 × T^{D−4}, S^3 × T^{D−5}, L(p, q) × T^{D−5} and T^{D−2} [126].

An explicit classification of the possible near-horizon geometries (for the non-toroidal case) was derived in [122], see their Theorem 1. Using their theorem it is easy to show that the most general solution with H ∼= S^2×T^{D−4} is in fact isometric to the near-horizon geometry of a boosted extremal Kerr-membrane (i.e. perform a general boost of Kerr×R^{D−4} along the {t} × R^{D−4} coordinates and then compactify R^{D−4} → T^{D−4}). Non-static near-horizon geometries with H ∼= T^{D−2} have been ruled out [118] (including a cosmological constant).

4.5.2 Myers-Perry metrics

The Myers-Perry black hole solutions [164] generically have isometry groups R × U(1)^s where s = ⌊^{D−1}_2 ⌋. Observe that if D > 5 then s < D − 3 and hence these solutions fall outside the classification discussed in section 4.5.1. They are parameterised by their mass parameter μ and angular momentum parameters a_i for i = 1, . . . s. The topology of the horizon cross-section H ∼= S^{D−2}. A generalisation of these metrics with non-zero cosmological constant has been found [85]. We will focus on the Λ = 0 case, although analogous results hold for the Λ ≠ 0 solutions.

The location of the horizon is determined by the largest positive number r_+ such that in odd and even dimensions Π(r_+) − μ r^2_+ = 0 and Π(r_+) − μ r_+ = 0, respectively, where

Π(r) = s∏ i=1 (r^2 + a^2_i ) . (83)

The extremal limit of these black holes in odd and even dimensions is given by Π^′(r_+) = 2 μ r_+ and Π^′(r_+) = μ, respectively. These conditions hold only when the black hole is spinning in all the two planes available i.e. we need a_i ≠ 0 for all i = 1, · · · , s. Without loss of generality we will henceforth assume a_i > 0 and use the extremality condition to eliminate the mass parameter μ. The near-horizon geometry of the extremal MP black holes can be written in a unified form [69]:

g_{MP} = F_+ ( − Π^{′′}(r_+) 2 Π(r_+) r^2 dv^2 + 2 dvdr ) + γ_{μi μj} dμ^idμ^j + γ_{ij} ( dϕ^i +

2 r_+ a_i (r^2_+ + a^2_i )^2 r dv ) ( dϕ^j +

2 r_+ a_j (r^2_+ + a^2_j )^2 r dv ) , (84)

where F_+ = 1 − s∑ i=1 a^2_i μ^2_i r^2_+ + a^2_i

, γ_{ij} = (r^2_+ + a^2_i ) μ^2_i δ_{ij} + 1 F_+ a_i μ^2_i a_j μ^2_j , (85)

and in odd and even dimensions

γ_{μi μj} dμ^i dμ^j = s∑ i=1 (r^2_+ + a^2_i ) dμ^2_i , γ_{μiμj} dμ^i dμ^j = r^2_+ dα^2 + s∑ i=1 (r^2_+ + a^2_i ) dμ^2_i , (86)

respectively. The direction cosines μ_i and α take values in the range 0 ≤ μ_i ≤ 1 with −1 ≤ α ≤ 1 and in odd and even dimensions satisfy s∑ i=1 μ^2_i = 1 , s∑ i=1 μ^2_i + α^2 = 1 (87)

respectively. The generalisation of these near-horizon geometries for Λ ≠ 0 was given in [151]. It is worth noting that if subsets of the angular momentum parameters a_i are set equal, the rotational symmetry enhances to a non-abelian unitary group.

Since these are vacuum solutions one can trivially add flat directions to generate new solutions. For example, by adding one flat direction one can generate a boosted Myers-Perry string, whose near-horizon geometries have H ∼= S^1 × S^{D−3} topology. Interestingly, for odd dimensions D the resulting geometry has ⌊^{D−1}_2 ⌋ commuting rotational isometries. For this reason, the tensionless limit was conjectured to be also the near-horizon geometry of yet to be found asymptotically flat black rings (as is known to be the case in five dimensions) [69].

4.5.3 Exotic topology horizons

Despite the absence of explicit D > 5 black hole solutions, a number of solutions to (64) are known. It is an open problem as to whether there are corresponding black hole solutions to these near-horizon geometries.

All the constructions given below employ the following data. Let K be a compact Fano Kähler- Einstein manifold of complex dimension q − 1 and a ∈ H^2(K, Z) is the indivisible class given by c_1(K) = Ia with I ∈ N (the Fano index I and satisfies I ≤ q with equality iff K = C P^{q−1}). The Kähler-Einstein metric ḡ on K is normalised as Ric(ḡ) = 2qḡ and we denote its isometry group by G. The simplest example occurs for q = 2, in which case K = C P^1 ∼= S^2 with ḡ =^1_4 (dθ^2 + sin^2 θdχ^2).

In even dimensions greater than four, an infinite class of near-horizon geometries is revealed by the following result.

Proposition 4.1 ([141]). Let m ∈ Z and P_m be the principal S^1-bundle over any Fano Kähler- Einstein manifold K, specified by the characteristic class ma. For each m > I there exists a 1-parameter family of smooth solutions to (64) on the associated S^2-bundles H ∼= P_m ×_S1 S^2.

The dim H = 2q ansatz used for the near-horizon data is the U(1) × G invariant form

γ_{ab}dx^adx^b = dx^2 B(x) + B(x)ω ⊗ ω + A(x)^2ḡ (88) h = kB(x)ω Γ − Γ^′(x) Γ dx (89)

where ω is a U(1)-connection over K with curvature 2πma. The solutions depend on one continuous parameter L > 0 and the integer m > I. The continuous parameter corresponds to the angular momentum J[∂_ϕ] where ∂_ϕ generates the U(1)-isometry in the S^2-fibre. The various functions are given by A(x)^2 = L^2(1 − x^2), Γ(x) = ξ + x^2, k = ±2 √ ξ and B(x) = P (x)/(A(x)^{2q−2}Γ(x)) where P is a polynomial in x^2 and smoothness fixes ξ to be a function of m.

The simplest example is the q = 2, Λ = 0 solution, for which the near-horizon data takes the explicit form

γ_{ab}dx^adx^b =

L^2(ξ_m + x^2)(1 − x^2)dx^2 (4 − m^2x^2) ( ξ_m −^{4x2}_{3m2} ) + L^2(4 − m^2x^2) ( ξ_m −^{4x2}_{3m2} ) (ξ_m + x^2)(1 − x^2) ( dϕ +^1_2 cos θdχ

)_2

+^1_4 L^2(1 − x^2)(dθ^2 + sin^2 θdχ^2) (90)

h_adx^a = ± 2 √ ξ_mL^2(4 − m^2x^2) ( ξ_m −^{4x2}_{3m2} ) (ξ_m + x^2)^2(1 − x^2) ( dϕ +^1_2 cos θdχ ) − 2x ξ_m + x^2 dx (91)

where

ξ_m = 4 3 ( 3 −^4_{m2} 4 + m^2 ) (92) and m > 2. The coordinate ranges are −2/m ≤ x ≤ 2/m, 0 ≤ θ ≤ π, ϕ ∼ ϕ + 2π/m, χ ∼ χ + 2π. Cross sections of the horizon H, are homeomorphic to S^2 × S^2 if m is even, or the non-trivial bundle S^2 ~×S^2 ∼= C P^2#C P^2 if m is odd. For Λ ≠ 0 the solutions are analogous.

For q > 2 the Fano base K is higher dimensional and there are more choices available. The topology of the total space is always a non-trivial S^2-bundle over K and in fact different m give different topologies, so there are an infinite number of horizon topologies allowed. Furthermore, one can choose K to have no continuous isometries giving examples of near-horizon geometries with a single U(1)-rotational isometry. Hence if there are black holes corresponding to these horizon geometries they would saturate the lower bound in the rigidity theorem.

It is worth noting that the local form of the above class of near-horizon metrics includes as a special case that of the extremal Myers-Perry metrics H ∼= S^{2q} with equal angular momenta (for m = I). The above class of horizon geometries are of the same form as the Einstein metrics on complex line bundles [166], which in four dimensions corresponds to the Page metric [165], although we may of course set Λ ≤ 0.

Similar constructions of increasing complexity can be made in odd dimensions, again revealing an infinite class of near-horizon geometries.

Proposition 4.2. Let m ∈ Z and P_m be the principal S^1-bundle over K specified by the characteristic class ma. There exists a 1-parameter family of Sasakian solutions to (64) on H ∼= P_m.

As a simple example consider K = C P^1 × C P^1. This leads to an explicit homogeneous nearhorizon geometry with

γ_{ab}dx^adx^b = ( k^2 + 2Λ 2λ^2 ) (dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2)^2 + 1 λ ( dθ^2_1 + sin^2 θ_1dϕ^2_1 + dθ^2 + sin^2 θ_2dϕ^2 )

h^a∂_a = k √ 2λ^2 k^2 + 2Λ ∂ ∂ψ (93)

where for convenience we have written h is a vector field, k is a constant and λ = (k^2 + 6Λ)/4. Regularity requires that the Chern number m of the U(1)-fibration over each S^2 to be the same and the period Δψ = 2π/m. The total space is a Lens space S^3/Z_m-bundle over S^2 and is topologically H ∼= S^3 × S^2. For k = 0 and Λ > 0 this corresponds to a Sasaki-Einstein metric on S^3 × S^2 sometimes known as T^{1,1}.

The above proposition can be generalised as follows.

Proposition 4.3 ([144]). Given any Fano Kähler Einstein manifold K of complex dimension q −1 and coprime p_1, p_2 ∈ N satisfying 1 < Ip_1/p_2 < 2, there exists a 1-parameter family of solutions to (64) where H is a compact Sasakian (2q + 1)-manifold.

These examples have U(1)^2 × G symmetry, although possess only one independent angular momentum along the T^2-fibres. These are deformations of the Sasaki-Einstein Y^{p,q} manifolds [83].

There also exist a more general class of non-Sasakian horizons in odd dimensions.

Proposition 4.4 ([143]). Let P_{m1,m2} be the principal T^2-bundle over any Fano Kähler-Einstein manifold K, specified by the characteristic classes (m_1a, m_2a) where m_1, m_2 ∈ Z. For a countably infinite set of non-zero integers (m_1, m_2, j, k), there exists a two-parameter family of smooth solutions to (64) on the associated Lens space bundles H ∼= P_{m1 ,m2} ×_T 2 L(j, k).

The dim H = 2q + 1 form of the near-horizon data in the previous two propositions is the U(1)^2 × G invariant form

γ_{ab}dx^adx^b = dx^2 det B

+ B_{ij} (x)ω^iω^j + A(x)^2ḡ (94)

h_adx^a = B_{ij} k^j ω^i Γ − Γ^′(x) Γ dx where ω^i is a principal T^2-connection over K whose curvature is 2πm_ia. The explicit functions A(x)^2, Γ(x) are linear in x and B_{ij} (x) are ratios of various polynomials in x. Generically these solutions posses two independent angular momenta along the T^2-fibres. The Sasakian horizon geometries of proposition 4.3 arise as a special case with m_1 + m_2 = Ij and possess only one independent angular momentum. The base K = C P^1 gives horizon topologies H ∼= S^3 × S^2 or H ∼= S^3 ~×S^2 depending on whether m_1 + m_2 is even or odd respectively.

It is worth noting that the local form of this class of near-horizon metrics includes as a special case that of the extremal Myers-Perry metrics H ∼= S^{2q+1} with all but one equal angular momenta. The above class of horizon geometries are of the same form as the Einstein metrics found in [32, 143].

5 Supersymmetric solutions

Any supersymmetric horizon is necessarily a degenerate Killing horizon. This can be seen as follows. Given a Killing spinor ψ the bilinear K^μ = ψ̄Γ^μψ is a non-spacelike Killing field. By definition, a supersymmetric horizon must be invariant under the Killing field K^μ and thus K^μ must be tangent to the horizon. Hence K^μ must be null on the horizon; in other words the horizon is a Killing horizon of K^μ. Furthermore, since K^2 ≤ 0 both outside and inside the horizon, it follows that on the horizon dK^2 = 0, i.e. it must be a degenerate horizon.

5.1 Four dimensions

The simplest supergravity theory in four dimensions admitting supersymmetric black holes is minimal N = 2 supergravity, whose bosonic sector is simply standard Einstein-Maxwell theory. The general supersymmetric solution in this theory is given by the Israel-Wilson-Perjés metrics. Using this fact, the following near-horizon uniqueness theorem has been proved:

Theorem 5.1 ([36]). Any supersymmetric near-horizon geometry in N = 2 minimal supergravity is one of the maximally supersymmetric solutions R^{1,1} × T^2 or AdS_2 × S^2.

Notice that staticity here follows from supersymmetry. In Section 7 we will discuss the implications of this result for uniqueness of supersymmetric black holes in four dimensions.

For N = 2 gauged supergravity, whose bosonic sector is Einstein-Maxwell theory with a negative cosmological constant, an analogous classification of supersymmetric near-horizon geometries has not been performed. Nevertheless, one may deduce the following result, from a classification of all near-horizon geometries of this theory under the additional assumption of axisymmetry:

Proposition 5.1 ([140]). Any supersymmetric, axisymmetric, near-horizon geometry in N = 2 gauged supergravity, is given by the near-horizon limit of the 1-parameter family of supersymmetric Kerr-Newman-AdS_4 black holes [136].

Note that the above near-horizon geometry is non-static. This is related to the fact supersymmetric anti-de Sitter black holes must carry angular momentum. It would be interesting to remove the assumption of axisymmetry.

Supersymmetric black holes are not expected to exist in N = 1 supergravity. For the general N = 1 supergravity the following result has been established which supports this expectation.

Proposition 5.2 ([100]). A supersymmetric near-horizon geometry of N = 1 supergravity is either the trivial solution R^{1,1} × T^2, or R^{1,1} × S^2 where S^2 may be a non-round sphere.

5.2 Five dimensions

The simplest D = 5 supergravity theory admitting supersymmetric black holes is N = 1 minimal supergravity. The bosonic sector is Einstein-Maxwell theory with a Chern-Simons term given by (110) with a specific coupling ξ = 1. Supersymmetric solutions to this theory were classified in [82]. This was used to obtain a complete classification of supersymmetric near-horizon geometries in this theory.

Theorem 5.2 ([172]). Any supersymmetric near-horizon geometry of minimal supergravity is locally isometric to one of the following maximally supersymmetric solutions: AdS_3 ×S^2, R^{1,1} ×T^3, or the near-horizon geometry of the BMPV black hole (of which AdS_2 × S^3 is a special case).

Note that here supersymmetry implies homogeneity. The AdS_3 × S^2 near-horizon geometry has cross-sections H ∼= S^1 × S^2 and arises as the near-horizon limit of supersymmetric black rings [55, 56] and supersymmetric black strings [82, 17]. Analogous results have been obtained in D = 5 minimal supergravity coupled to an arbitrary number of vector multiplets [105]. As discussed in Section 7, the above theorem can be used to prove a uniqueness theorem for topologically spherical supersymmetric black holes.

The corresponding problem for minimal gauged supergravity has proved to be more difficult. The bosonic sector of this theory is Einstein-Maxwell-Chern-Simons theory with a negative cosmological constant. The theory admits asymptotically AdS_5 black hole solutions which are relevant in the context of the AdS/CFT correspondence [108, 33]. The following partial results have been shown.

Proposition 5.3 ([108]). Consider a supersymmetric, homogeneous near-horizon geometry of minimal gauged supergravity. Cross-sections of the horizon must be one of the following: a homogeneously squashed S^3, Nil or SL(2, R) manifold.

The near-horizon geometry of the S^3 case was used to construct the first example of an asymptotically AdS_5 supersymmetric black hole [108]. Analogous results in gauged supergravity coupled to an arbitrary number of vector multiplets (this includes U(1)^3 gauged supergravity) were obtained in [137]. Unlike the ungauged theory, homogeneity is not implied by supersymmetry, and indeed there are more general solutions.

Proposition 5.4 ([147]). The most general supersymmetric near-horizon geometry in minimal gauged supergravity, admitting a U(1)^2-rotational symmetry and a compact horizon section, is the near-horizon limit of the topologically spherical supersymmetric black holes of [33].

The motivation for assuming this isometry group is that all known black hole solutions in five dimensions possess this. Interestingly, this result implies the non-existence of supersymmetric AdS_5 black rings with R × U(1)^2 isometry.

In fact, recent results allow one to remove all assumptions and obtain a complete classification. Generic supersymmetric solutions of minimal gauged supergravity preserve^1_4 -supersymmetry.

Proposition 5.5 ([104, 93]). Any^1_2 -supersymmetric near-horizon geometry in minimal gauged supergravity, must be invariant under a local U(1)^2-rotational isometry.

Furthermore, the following has also been shown.

Proposition 5.6 ([92]). Any supersymmetric near-horizon geometry in minimal gauged supergravity with a compact horizon section must preserve^1_2 -supersymmetry.

This latter result is proved using a Lichnerowicz type identity to establish a correspondence between Killing spinors and solutions to a horizon Dirac equation, and then applying an index theorem. Therefore, combining the previous three propositions gives a complete classification theorem for near-horizon geometries in minimal gauged supergravity.

Theorem 5.3 ([147, 92, 93]). A supersymmetric near-horizon geometry in minimal gauged supergravity, with a compact horizon section, must be locally isometric to the near-horizon limit of the topologically spherical supersymmetric black holes [33], or the homogeneous near-horizon geometries with the Nil or SL(2, R) horizons.

This theorem establishes a striking corollary for the corresponding black hole classification theorem.

Corollary 5.1. Supersymmetric black rings in minimal gauged supergravity do not exist.

We emphasise that the absence of supersymmetric AdS_5 black rings is rather suprising, given asymptotically flat counterparts are known to exist [55].

Parts of the above analysis has been generalilzed by U(1)^n gauged supergravity, although the results are slightly different.

Proposition 5.7 ([137]). Consider a supersymmetric near-horizon geometry in U(1)^n minimal gauged supergravity with U(1)^2-rotational symmetry and a compact horizon section. It must be either: (i) the near-horizon limit of the topologically spherical black holes of [146]; or (ii) AdS_3 ×S^2 with H ∼= S^1 × S^2 or (iii) AdS_3 × T^2 with H ∼= T^3. These latter two cases have constant scalars and only exist in certain regions of the scalar moduli space (not including the minimal theory).

Therefore, in this theory one can not rule out the existence of supersymmetric AdS_5 black rings (although as argued in [137] they would not be connected to the asymptotically flat black rings [57]). It would be interesting to complete the classification of near-horizon geometries in this more general theory, along the lines of the minimal theory.

5.3 Six dimensions

The simplest supergravity in six dimensions is minimal supergravity. The bosonic field context of this theory is a metric and a 2-form potential with self dual field strength. The classification of supersymmetric solutions to this theory was given in [106]. This was used to work out a complete classification of supersymmetric near-horizon geometries.

Theorem 5.4 ([106]). Any supersymmetric near-horizon geometry of D = 6 minimal supergravity, with a compact horizon cross-section, is either R^{1,1} × T^4, R^{1,1} × K_3 or locally AdS_3 × S^3.

The AdS_3 ×S^3 solution has H ∼= S^1×S^3 and arises as the near-horizon limit of a supersymmetric rotating black string.

Analogous results have been obtained for minimal supergravity coupled to an arbitrary number of scalar and tensor multiplets [1].

5.4 Ten dimensions

Various results have been derived for heterotic supergravity and type IIB supergravity.

The bosonic field content of D = 10 heterotic supergravity consist of the metric, a 2-form gauge potential and a scalar field (dilaton). The full theory is invariant under 16 supersymmetries. There are two classes of supersymmetric near-horizon geometries [98]. One is the direct product R^{1,1} × H, with vanishing flux and constant dilaton, where H is Spin(7) holonomy manifold, which generically preserves one supersymmetry (there are solutions in this class which preserve more supersymmetry provided H has certain special holonomy). In the second class, the near-horizon geometry is a fibration of AdS_3 over a base B_7 (with a U(1)-connection) with a G_2 structure, which must preserve 2 supersymmetries. This class may preserve 4, 6, 8 supersymmetries if B_7 is further restricted. In particular, an explicit classification for^1_2 -supersymmetric near-horizon geometries is possible.

Proposition 5.8 ([98]). Any supersymmetric near-horizon geometry of heterotic supergravity invariant under 8 supersymmetries, with a compact horizon cross-section, must be locally isometric to one of AdS_3 × S^3 × T^4, AdS_3 × S^3 × K_3 or R^{1,1} × T^4 × K_3 (with constant dilaton).

A variety of other results have been derived assuming less supersymmetry [98, 99].

The bosonic field content of type IIB supergravity consists of a metric, a complex scalar, a complex 2-form potential and a self-dual 5-form field strength. The theory is invariant under 32 supersymmetries. A variety of results concerning the classification of supersymmetric nearhorizon geometries in this theory have been derived [90] [89] [91]. Certain explicit classification results are known for near-horizon geometries with just a 5-form flux preserving more than two supersymmetries, albeit under certain restrictive assumptions [89]. More generally, the existence of one supersymmetry places rather weak geometric constraints on the horizon cross-sections H: generically H may be any almost Hermitian spin_c manifold [91]. There are also special cases for which H has a Spin(7) structure and those for which it has an SU(4) structure (where the Killing spinor is pure).

5.5 Eleven dimensions

The bosonic field content of D = 11 supergravity consists of a metric g_{μν} and a 3-form potential C_{μνρ}. The near-horizon limit of the 4-form field strength F = dC can be written as (25), where Y and X are a 2-form and closed 4-form respectively on the 9-dimensional horizon cross-sections H. The near-horizon Einstein equations are (15) and (16) with Λ = 0 and the matter field terms are given by [101]

P_{ab} = −^1_2 Y_{ac}Y^c_b +^1_{12} X_{ac1c2c3} X^{c1c2c3}_b + γ_{ab}

(_1 12 Y^2 −^1_{144} X^2 ) (95) E =^1_6 Y^2 +^1_{144} X^2 . (96)

We note that the dominant and strong energy conditions are satisfied: P_{ab}γ^{ab} =^1_4 Y^2 +^1_{48} X^2 ≥ 0 and E ≥ 0. Therefore, the general results established under these assumptions, discussed in Section 3, are all valid, including most notably the horizon topology theorem.

Various classification results have been derived for supersymmetric near-horizon geometry solutions under the assumption that cross-sections of the horizon are compact. Static supersymmetric near-horizon geometries are warped products of either R^{1,1} or AdS_2 with M_9, where M_9 admits a particular G-structure [102]. We note that these warped product forms are guaranteed by the general analysis of static near-horizon geometries in Section 3.2.1. Supersymmetric near-horizon geometries have been studied more generally in [101]. Most interestingly, a near-horizon (super)symmetry enhancement theorem has been established.

Theorem 5.5 ([103]). Any supersymmetric near-horizon geometry solution to eleven dimensional supergravity, with compact horizon cross-sections, must preserve an even number of supersymmetries. Furthermore, the bosonic symmetry group must contain SO(2, 1) × U(1).

The proof of this follows by first establishing a Lichnerowicz type identity for certain horizon Dirac operators and then application of an index theorem. As far as bosonic symmetry is concerned, the above result is a direct analogue of the various near-horizon symmetry theorems discussed in Section 3.2, which are instead established under various assumptions of rotational symmetry.

6 Solutions with gauge fields

In this section we will consider general near-horizon geometries coupled to non-trivial gauge fields. We will mostly focus on theories which are the bosonic sector of minimal supergravity theories (since these are the best understood cases). Extremal, non-supersymmetric, near-horizon geometries may be thought of as interpolating between vacuum and supersymmetric solutions. They consist of a much larger class of solutions which, at least in higher dimensions, are much more difficult to classify. In particular, we consider D = 3, 4, 5 Einstein-Maxwell theory, possibly coupled to a Chern-Simons term in odd dimensions, and D = 4 Einstein-Yang-Mills theory.

6.1 Three dimensional Einstein-Maxwell-Chern-Simons

The classification of near-horizon geometries in D = 3 Einstein-Maxwell theory with a cosmological constant can be completely solved. To the best of our knowledge this has not been presented before, so for completeness we include it here. It should be noted though that partial results which capture the main result were previously shown in [160].

The method parallels the vacuum case in Section 4.2 closely. As in that case the near-horizon metric data reads h = h(x)dx and γ = dx^2. Since cross-sections H of the horizon are onedimensional, the Maxwell 2-form induced on H must vanish identically. Hence the most general near-horizon Maxwell field (21) in three dimensions is F_{NH} = d(rΔ(x)dv). It is straightforward to show that the 3d Maxwell equation d ⋆ F = 0, where ⋆ is the Hodge dual with respect to the spacetime metric, is equivalent to the following equation on H:

Δ^′ = hΔ . (97)

The near-horizon Einstein equations (15) and (16) are simply

h^′ =^1_2 h^2 + 2Δ^2 + Λ (98) F =^1_2 h^2 −^1_2 h^′ + Λ . (99)

Theorem 6.1. Consider a near-horizon geometry with a compact horizon cross-section H ∼= S^1 in Einstein-Maxwell-Λ theory. If Λ < 0 the near-horizon geometry must be either AdS_2 × S^1 with a constant AdS_2 Maxwell field, or the quotient of AdS_3 (71) with a vanishing Maxwell field. If Λ = 0 the only solution is the trivial flat near-horizon geometry R^{1,1} × S^1. If Λ > 0 there are no solutions.

Proof: Rather that solving the above ODEs we may use a global argument. Compactness requires x to be a periodic coordinate on H ∼= S^1 and since h, Δ are globally defined they must be periodic functions of x. For Λ ≥ 0 simply integrate (98) over H to find that the only solution is the trivial flat one h ≡ 0, Δ ≡ 0 and Λ = 0. For Λ ≡ −^2_{ℓ2} < 0 we may argue as follows. Multiply (98) by h^′ and integrate over H to obtain 0 = ∫ S^1

(h^{′2} − 2Δ^2h^′)dx = ∫ S^1

(h^{′2} + 4Δ^2h^2)dx , (100)

where in the second equality we have integrated by parts and used (97). Hence h must be a constant and hΔ ≡ 0. Equation (98) then implies Δ is also a constant. We deduce the only possible solutions are h = 0, Δ = ±^1_ℓ , or h = ±^2_ℓ , Δ = 0. The former gives a near-horizon geometry AdS_2 × S^1 and the latter is the vacuum solution locally isometric to AdS_3.

This result implies that the near-horizon limit of any charged rotating black hole solution to 3d Einstein-Maxwell-Λ theory either has vanishing charge or angular momentum. The AdS_2 × S^1 solution is the near-horizon limit of the non-rotating extremal charged BTZ black hole, whereas the AdS_3 solution is the vacuum rotating extremal BTZ [14]. A charged rotating regular black hole was correctly presented later, by applying a solution generating technique to the charged non-rotating black hole [159]. We have checked that its near-horizon geometry is the AdS_2 × S^1 solution, so the angular momentum is lost in the near-horizon limit, in agreement with the above analysis. It would be interesting to investigate whether charged rotating black holes exist which instead possess a locally AdS_3 near-horizon geometry. In this case charge would not be captured by the near-horizon geometry, a phenomenon which is known to occur for five dimensional supersymmetric black rings whose near-horizon geometry is locally AdS_3 × S^2.

In 2 + 1 dimensions an abelian gauge field monopole is not isolated. Electric charge can be “screened” by adding a mass term to the gauge field. A natural way to do this is to add a Chern- Simons term μ ∫ A ∧ F to the spacetime action, resulting in a topologically massive gauge theory.

This only modifies the Maxwell equation:

d ⋆ F + μF = 0 (101)

where μ is the mass parameter of the gauge field. For the near-horizon Maxwell field it can be shown that this is equivalent to Δ^′ = (h + μ)Δ . (102) As in the pure Einstein-Maxwell case, a complete classification of near-horizon geometries to this theory is possible. To the best of our knowledge this has not been presented before.

Theorem 6.2. Consider a near-horizon geometry with a cross-section H ∼= S^1 in Einstein- Maxwell-Λ theory with a Chern-Simons term and mass μ. If Λ < 0 the functions Δ and h are constant and the near-horizon geometry is the homogeneous S^1-bundle over AdS_2 (104). If Λ = 0 the only solution is the trivial flat near-horizon geometry R^{1,1} ×S^1. If Λ > 0 there are no solutions.

For Λ ≥ 0 the proof of this is identical to the Einstein-Maxwell case above. For Λ = −^2_{ℓ2} one can also use the same argument as the Einstein-Maxwell case. Using the horizon equation (98) and Maxwell equation (102) one can show 0 = ∫ S^1

(h^{′2} − 2Δ^2h^′)dx = ∫ S^1

(h^{′2} + 4Δ^2(h + μ)^2)dx , (103)

which implies h must be a constant and Δ(h + μ) ≡ 0. The horizon equation then implies Δ is a constant. If Δ = 0 one gets the vacuum AdS_3 solution. If Δ ≠ 0 then h = −μ and^1_2 μ^2 +2Δ^2 =^2_{ℓ2} . The rest of the near-horizon data is given by F =^1_2 μ^2 + Λ and hence the near-horizon geometry is

g = −2Δ^2r^2dv^2 + 2dvdr − 2μrdvdx + dx^2 = − (_1 2 μ^2 +^2_{ℓ2} ) r^2dv^2 + 2dvdr + (dx − μrdv)^2 (104)

and F = Δdr ∧ dv. Note that if μ = 0 we recover the AdS_2 × S^1 solution, whereas if Δ → 0 we recover the vacuum AdS_3 solution.

This implies that the near-horizon geometry of any charged rotating black hole solution to this theory is either the vacuum AdS_3 solution, or the non-trivial solution (104) which is sometimes referred to as “warped AdS_3”. It appears that charged rotating black hole solutions to this theory have not yet been constructed, although horizonless particle-like solutions have been found [40].

6.2 Four dimensional Einstein-Maxwell theory

The spacetime Einstein-Maxwell equations are (13), (20) with n = 2 and d ⋆ F = 0, where ⋆ is the Hodge dual with respect to the spacetime metric, and the Bianchi identity dF = 0. The near-horizon geometry Einstein-Maxwell equations are given by (15) and (16) where

P_{ab} = 2B_{ac}B_{bd}γ^{cd} + Δ^2γ_{ab} − γ_{ab} 2 B^2 (105)

E = Δ^2 +

B^2 2 (106)

d ⋆_2 B = ⋆_2i_hB + ⋆_2(dΔ − Δh). (107)

where ⋆_2 is the Hodge dual with respect to the horizon metric γ_{ab}. Observe that ⋆_2B is a function on H.

Static near-horizon geometries have been completely classified. For Λ = 0 this was first derived in [38], and generalised to Λ ≠ 0 in [140].

Theorem 6.3 ([38, 140]). Consider a static near-horizon geometry in D = 4 Einstein-Maxwell−Λ theory, with compact horizon cross-section H. For Λ ≥ 0 it must be AdS_2 × S^2. For Λ < 0 it must be AdS_2 × H where H is one of the constant curvature surfaces S^2, T^2, Σ_g .

It is worth remarking that if one removes the assumption of compactness one still can completely classify near-horizon geometries. The extra solution one obtains can be written as a warped product

g = ψ^2(A_0r^2dv^2 + 2dvdr) + dψ^2 P (ψ) + P (ψ)dϕ^2 (108)

F = edr ∧ dv + bψ^{−2}dψ ∧ dϕ (109)

where P (ψ) = A_0 − c(2ψ)^{−1} − (e^2 + b^2)ψ^{−2} − Λψ^2/3, which is an analyticaly continued Reissner- Nordström-Λ solution.

Non-static near-horizon geometries are not fully classified, except under the additional assumption of axisymmetry.

Theorem 6.4 ([149, 140]). Any axisymmetric, non-static near-horizon geometry in D = 4 Einstein- Maxwell−Λ theory, with a compact horizon cross-section, must be given by the near-horizon geometry of an extremal Kerr-Newman−Λ black hole.

Ref. [149] solved the Λ = 0 in the context of isolated degenerate horizons, where the same equations on H arise. Ref. [140] solved the case with Λ ≠ 0. Note that the horizon topology theorem excludes the possibility of toroidal horizon cross-sections for Λ ≥ 0. Reference [150] also excluded the possibility of a toroidal horizon cross-section if Λ < 0 under the assumptions of the above theorem.

It is worth noting that the results presented in this section, as well as the techniques used to establish them, are entirely analogous to the vacuum case presented in Section 4.3.

6.3 Five dimensional Einstein-Maxwell-Chern-Simons

The field equations of D = 5 Einstein-Maxwell theory coupled to a Chern-Simons term are given by (13), (20) with n = 3 and

d ⋆ F + 2ξ √ 3 F ∧ F = 0 (110) where F is the Maxwell two form and dF = 0. The cases of most interest are ξ = 0 and ξ = 1 which correspond to pure Einstein-Maxwell theory and the bosonic sector of minimal supergravity respectively. The corresponding near-horizon geometry equations are given by (15), (16) and P_{ab} = 2B_{ac}B_{bd}γ^{cd} + ( 2Δ^2 3 − 1 3 B^2 ) γ_{ab} (111) E = 4Δ^2 3 + B^2 3 (112)

d ⋆_3 B = − ⋆_3 i_hB − ⋆_3(dΔ − Δh) + 4ξ √ 3 ΔB (113)

where ⋆_3 is the Hodge dual with respect to the 3d horizon metric γ_{ab}. In this section we summarise what is known about solutions to these equations, which is mostly restricted to the Λ = 0 case. Hence, unless otherwise stated, we assume Λ = 0 in this section.

A number of new complications arise which render the classification problem more difficult, most obviously the lack of electro-magnetic duality. Therefore, purely electric solutions, which correspond to Δ ≠ 0 and B ≡ 0, are qualitatively different to purely magnetic solutions, which correspond to Δ ≡ 0 and B ≠ 0.

6.3.1 Static

Perhaps somewhat surprisingly a complete classification of static near-horizon geometries in this theory has not been achieved yet. Nevertheless, a number of results have been proved under various extra assumptions. All the results summarised in this section were proved in [139].

As in other five dimensional near-horizon geometry classifications, the assumption of U(1)^2 rotational symmetry proves to be useful. Static near-horizon geometries in this class in general are either warped products of AdS_2 and H, or AdS_3 and a 2d manifold, see the Corollary 3.1. The AdS_3 near-horizon geometries are necessarily purely magnetic and can be classified for any ξ.

Proposition 6.1. Any static AdS_3 near-horizon geometry with a U(1)^2-rotational symmetry, in Einstein-Maxwell-Chern-Simons theory, with a compact horizon cross-section, is the direct product of a quotient of AdS_3 and a round S^2.

This classifies a subset of purely magnetic geometries. By combining the results of [139] together with proposition 6.4 of [142], it can be deduced that for ξ = 1 there are no purely magnetic AdS_2 geometries; therefore, with these symmetries, one has a complete classification of purely magnetic geometries.

Corollary 6.1. Any static, purely magnetic, near-horizon geometry in minimal supergravity, possessing U(1)^2-rotational symmetry and compact cross-sections H, must be locally isometric to AdS_3 × S^2 with H = S^1 × S^2.

We now turn to purely electric geometries.

Proposition 6.2. Consider a static, purely electric, near-horizon geometry in Einstein-Maxwell- Chern-Simons theory, with a U(1)^2-rotational symmetry and compact cross-section. It must be given by either AdS_2 × S^3, or a warped product of AdS_2 and an inhomogeneous S^3.

The latter non-trivial solution is in fact the near-horizon limit of an extremal RN black hole immersed in a background electric field (this can be generated via a Harrison type transformation).

Finally, we turn to the case where the near-horizon geometry possess both electric and magnetic fields. In fact one can prove a general result in this case, i.e. without the assumption of rotational symmetries.

Proposition 6.3. Any static near-horizon geometry with compact cross-sections H, in Einstein- Maxwell-Chern-Simons theory with coupling ξ ≠ 0, with non-trivial electric and magnetic fields, is a direct product of AdS_2 × H, where the metric on H is not Einstein.

Explicit examples for 0 < ξ^2 < 1/4 were also found, which all have H ∼= S^3 with U(1)^2- rotational symmetry. However, we should emphasise that no examples are known for minimal supergravity (ξ = 1). Hence there is the possibility that in this case static near-horizon geometries with non-trivial electric and magnetic fields do not exist, although this has not yet been shown. If this is the case, then the above results fully classify static near-horizon geometries with U(1)^2- rotational symmetry. For ξ = 0 the analysis of electro-magnetic geometries is analogous to the purely magnetic case above; in fact there exists a dyonic AdS_2 geometry which is direct product AdS_2 × S^2 × S^1 and it is conjectured there are no others.

6.3.2 Homogeneous

The classification of homogeneous near-horizon geometries can be completely solved, even including a cosmological constant Λ. This does not appear to have been presented explicitly before, so for completeness we include it here with a brief derivation. We define a homogeneous near-horizon geometry as follows. The Riemannian manifold (H, γ_{ab}) is assumed to be a homogeneous space, i.e. admits a transitive isometry group, and we also assume the rest of the near-horizon data (F, h_a, Δ, B_{ab}) are invariant under this isometry group. Hence the near-horizon geometry and Maxwell field are invariant under this isometry group.

An immediate consequence of homogeneity is that an invariant function must be a constant and any invariant 1-form must be a Killing field. Hence the 1-forms h and j ≡ ⋆_3B are Killing and the functions F , Δ, h^2, j^2 must be constants. The horizon Einstein equations (15), (16), (111), (112) and Maxwell equation (113) thus simplify.

Firstly, note that if h and j vanish identically then H is Einstein R_{ab} =^1_2 (Δ^2 + 2Λ)γ_{ab}, so H is a constant curvature space S^3, R^3 , H^3 (the latter two can only occur if Λ < 0). This family includes the static near-horizon geometry AdS_2 × H.

Now consider the case where at least one of h and j is non-vanishing. By contracting the Maxwell equation (113) with j^aj^b one can show that (j · h)^2 = j^2h^2 and hence by the Cauchy- Schwarz inequality j and h must be parallel as long as they are both non-zero. Thus, if one of h, j is non-vanishing, we can write h_a = ku_a and j_a = qu_a for some constants k, q where u_a is a unit normalised Killing vector field. The near-horizon equations now reduce to

R_{ab} =^1_2 ( k^2 − 4q^2 ) u_au_b +

(_4 3 q^2 +^1_2 Δ^2 + Λ ) γ_{ab} (114) F =^1_2 k^2 −^2_3 q^2 − Δ^2 + Λ (115) qdu = (_{√3} 2 k + 2ξq ) Δ ⋆ u . (116)

This allows one to prove:

Theorem 6.5. Any homogeneous near-horizon geometry in Einstein-Maxwell-CS-Λ theory for which one of the constants k, q is non-zero, must be locally isometric to g = ( −^1_2 k^2 −^2_3 q^2 − Δ^2 + Λ ) r^2dv^2 + 2dvdr + (ω̂ + krdv)^2 + ĝ (117) F = Δdr ∧ dv + qϵ̂ (118)

where ω̂ is a U(1)-connection over a 2d base with metric ĝ satisfying Ric(ĝ) = λ̂ĝ, with λ̂ = 1 2 k^2 +^2_3 q^2 + Δ^2 + 2Λ, and ϵ̂ is the volume form of the 2d base. The curvature of the connection is dω̂ = [k^2 −^4_3 q^2 + Δ^2 + 2Λ]^{1/2} ϵ̂ and k^2 −^4_3 q^2 + Δ^2 + 2Λ ≥ 0. If q ≠ 0 the constants must satisfy

k^2 −^4_3 q^2 + Δ^2 + 2Λ =^1_4 q^{−2}Δ^2 (√ 3k + 4ξq )_2 , whereas if q = 0 one must have kΔ = 0.

The proof of this proceeds as in the vacuum case, by reducing the horizon equations to the 2d orbit space defined by the Killing field u. The above result contains a number of special cases of interest, which we now elaborate upon. Firstly, note that q = Δ = 0 reduces to the vacuum case, see Theorem 4.4.

Before discussing the general case consider k = 0, so the near-horizon geometry is static, which connects to the previous section. The constraint on the parameters is (1 − 4ξ^2)Δ^2 =^4_3 q^2 − 2Λ and hence if Λ ≤ 0 one must have 0 ≤ ξ^2 <^1_4 . For ξ = 0 the connection is trivial and hence the near-horizon geometry is locally isometric to the dyonic AdS_2 ×S^1 ×S^2 solution. For 0 < ξ^2 <^1_4 we get examples of the geometries in proposition (6.3) where H ∼= S^3 with its standard homogeneous metric.

Now we consider Λ = 0 in generality so at least one of k, q, Δ is non-zero, in which case λ̂ > 0 and so ĝ is the round S^2. The horizon is then either H ∼= S^3 with its homogeneous metric or H ∼= S^1 × S^2, depending on whether the connection ω̂ is non-trivial or not, respectively. Notably we have:

Corollary 6.2. Any homogeneous near-horizon geometry of minimal supergravity is locally isometric to AdS_3 ×S^2, or the near-horizon limit of either (i) the BMPV black hole (including AdS_2 ×S^3), or (ii) an extremal nonsupersymmetric charged black hole with SU(2) × U(1) rotational symmetry.

The proof of this follows immediately from Theorem 6.5 with Λ = 0 and ξ = 1. In this case the constraint on the parameters factorises to give two branches of possible solutions (a) k = −2q/ √ 3 or (b) Δ^2(k + 2 √ 3q) = 4q^2(k − 2q/ √ 3)/3. Case (a) gives two solutions. If Δ ≠ 0 it must have H ∼= S^3 and corresponds to the BMPV solution (i) (for q → 0 this reduces to AdS_2 × S^3), whereas if Δ = 0 it is the AdS_3 × S^2 solution with H ∼= S^1 × S^2. Case (b) also gives two solutions. If k = 2q/ √ 3 then Δ = 0 which gives AdS_3 × S^2 with H ∼= S^1 × S^2, otherwise we get solution (ii) with H ∼= S^3. Note that solution (ii) reduces to the vacuum case as Δ, q → 0.

The black hole solution (ii) may be constructed as follows. A charged generalisation of the Myers-Perry black hole can be generated in minimal supergravity [43]. Generically, the extremal limit depends on 3-parameters with two independent angular momenta J_1, J_2 and R × U(1)^2 symmetry. Setting |J_1| = |J_2| gives two distinct branches of 2-parameter extremal black hole solutions with enhanced SU(2) × U(1) rotational symmetry corresponding to the BMPV solution (i) (which reduces to the RN solution if J = 0) or solution (ii) (which reduces to the vacuum extremal Myers-Perry black hole in the neutral limit).

It is interesting to note the analogous result for pure Einstein-Maxwell theory:

Corollary 6.3. Any homogeneous near-horizon geometry of Einstein-Maxwell theory is locally isometric to either (i) g = − (_1 2 k^2 + 2q^2 ) r^2dv^2 + 2dvdr + ( dψ + k cos θdϕ 1 2 k^2 + 2q^2 + krdv )_2 + dθ^2 + sin^2 θdϕ^2 1 2 k^2 + 2q^2

F = ±^{2√}_3 qdr ∧ dv + q sin θdθ ∧ dϕ 1 2 k^2 + 2q^2

(119)

or (ii) g = − ( Δ^2 +^4_3 q^2 ) r^2dv^2 + 2dvdr + ( dψ + Δ cos θdϕ Δ^2 +^4_3 q^2

±^{2√}_3 qrdv

)_2 + dθ^2 + sin^2 θdϕ^2 Δ^2 +^4_3 q^2

F = Δdr ∧ dv + q sin θdθ ∧ dϕ Δ^2 +^4_3 q^2

(120)

This also follows from application of Theorem 6.5 with Λ = 0 and ξ = 0. Solution (i) for q → 0 reduces to the vacuum solution of Theorem 4.4, whereas for k = 0 gives the static dyonic AdS_2 × S^1 × S^2 solution. Solution (ii) for Δ = 0 gives AdS_3 × S^2, whereas for Δ ≠ 0 it gives a near-horizon geometry with H ∼= S^3 which for q → 0 is AdS_2 × S^3. A charged rotating black hole solution to Einstein-Maxwell theory generalising Myers-Perry is not known explicitly. Hence this corollary could be of use for constructing such an extremal charged rotating black hole with R × SU(2) × U(1) symmetry.

For Λ = −4/ℓ^2 < 0 there are even more possibilities, since λ̂ may be positive, zero, or negative. One then gets near-horizon geometries which generically have H ∼= S^3, Nil, SL(2, R), respectively, equipped with their standard homogeneous metrics. Each of these may have a degenerate limit with H ∼= S^1 ×S^2, T^3, S^1 ×H^2 , as occurs in the vacuum and supersymmetric cases. The full space of solutions interpolates between the vacuum case given in corollary 4.2, and the supersymmetric nearhorizon geometries of gauged supergravity of proposition 5.3. For example, the supersymmetric horizons [108] corresponds to k = −2 √ 3q and k^2 = 9/ℓ^2 with λ̂ = Δ^2 − 3ℓ^{−2}. We will not investigate the full space of solutions in detail here.

6.3.3 U(1)^2-rotational symmetry

The classification of near-horizon geometries in D = 5 Einstein-Maxwell-CS theory, under the assumption of U(1)^2 symmetry, turns out to be significantly more complicated than the vacuum case. This is unsurprising; solutions may carry two independent angular momenta, electric charge and dipole/magnetic charge (depending on the spacetime asymptotics). As a result, there are several ways for a black hole to achieve extremality. Furthermore, such horizons may be deformed by background electric fields [139].

In the special case of minimal supergravity one can show:

Proposition 6.4 ([142]). Any near-horizon geometry of minimal supergravity with U(1)^2-rotational symmetry takes the form (56), (60), where the functional form of Γ(x), B_{ij} (x), b_i(x) can be fully determined in terms of rational functions of x. In particular, Γ(x) is a quadratic function.

The method of proof is discussed in Section 6.4. Although this solves the problem in principle, it turns out that in practice it is very complicated to disentangle the constraints on the constants which specify the solution. Hence an explicit classification of all possible solutions has not yet been obtained, although in principle it is contained in the above result.

We now summarise all known examples of five dimensional non-static near-horizon geometries with non-trivial gauge fields, which arise as near-horizon limits of known black hole or black string solutions. All these examples possess U(1)^2 rotational symmetry and hence fall into the class of solutions covered by Theorem 3.5, so the near-horizon metric and field strength (g, F) take the form (56) and (60) respectively. We will divide them by horizon topology.

Spherical topology

Charged Myers-Perry black holes: This asymptotically flat solution is known explicitly only for minimal supergravity ξ = 1 (in particular it is not known in pure Einstein-Maxwell ξ = 0), since it can be constructed by a solution generating procedure starting with the vacuum Myers-Perry solution. It depends on four parameters M, J_1, J_2, Q corresponding to the ADM mass, two independent angular momenta and an electric charge. The extremal limit generically depends on three parameters and gives a near-horizon geometry with H ∼= S^3.

Charged Kaluza-Klein black holes: The most general known solution to date was found in [184] (see references therein for a list of previously known solutions) and carries a mass, two independent angular momenta, a Kaluza-Klein monopole charge, an electric charge and a ‘magnetic charge’^{11}. The extremal limit will generically depend on five-parameters, however, as for the vacuum case the extremal locus must have more than one connected component. These solutions give a large family of near-horizon geometries with H ∼= S^3.

S^1 × S^2 topology

Supersymmetric black rings and strings: The asymptotically flat supersymmetric black ring [55] and the supersymmetric Taub-NUT black ring [56] both have a near-horizon geometry which is locally AdS_3 × S^2. There are also supersymmetric black string solutions with such near-horizon geometries [82, 17].

Dipole black rings: The singly spinning dipole black ring [59] is a solution to Einstein-Maxwell- CS for all ξ. It is a 3-parameter family with a single angular momentum and dipole charge possessing a 2-parameter extremal limit. The resulting near-horizon geometry with H ∼= S^1 × S^2 is parameterized by 4-parameters (q, λ, R_1, R_2) with one constraint relating them. Asymptotic flatness of the full black hole solution imposes one further constraint, although from the viewpoint of the near-horizon geometry, this is strictly an external condition and we will deal with the general case here. The solution is explicitly given by

g = Γ(x) [ − r^2dv^2 ℓ^2

+ 2dvdr ] + ℓ^2Γ(x)dx^2 (1 − x^2) + R^2_1λ(1 + λ)H(x) q(1 − λ)F (x) ( dϕ^1 +

(1 − λ) λR_1R_2 √ 1 − λ 1 + λ rdv )_2 + R^2q^2ω^2_0 (1 − x^2) H(x)^2

(dϕ^2)^2

F = √ 3 2 d [√ 1 − q 1 + q ω_0qR_2(1 + x) H(x) dϕ^2 ] (121)

where Γ(x) = √_{q(1−λ)} λ(1+λ) F (x)H(x) with F (x) = 1 + λx, H(x) = 1 − qx. We have also defined the

length scale

ℓ^2 = R^2 √ λ(1 + λ)q^3 1 − λ . (122)

The parameters satisfy 0 < λ, q < 1. The local metric induced on spatial cross sections H extends smoothly to a metric on S^1 × S^2 provided ω_0 = √ F (1)H(1)^3 = √ F (−1)H(−1)^3.

Charged non-supersymmetric black rings: The dipole ring solution admits a three-parameter charged generalization with one independent angular momentum and electric and dipole charges [54] (the removal of Dirac-Misner string singularities imposes an additional constraint, so this solution has the same number of parameters as that of [59]). The charged black ring has a twoparameter extremal limit with a corresponding two-parameter near-horizon geometry. As in the above case, at the level of near-horizon geometries there is an additional independent parameter corresponding to the arbitrary size of the radius of the S^1.

Electro-magnetic Kerr black strings: Black string solutions have been constructed carrying five independent charges: mass M, linear momentum P along the S^1 of the string, angular momentum J along the internal S^2, as well as electric Q_e and magnetic charge Q_m [42]. These solutions admit

11This is a conserved charge for such asymptotically KK spacetimes.

a four parameter extremal limit, which in turn give rise to a five-parameter family of non-static near horizon geometries (the additional parameter is the radius of the S^1 at spatial infinity) [142].

For simplicity we will restrict our attention to the solutions with P = Q_e = 0. The resulting near-horizon solution is parameterized by (a, c_β , s_β) with c^2_β − s^2_β = 1 and corresponds to an extremal string with non-zero magnetic charge and internal angular momentum:

g = Γ(x) [ − r^2dv^2 ℓ^2

+ 2dvdr ] + ℓ^2Γ(x)dx^2 (1 − x^2) + 4a^4(c^4_β + s^2_β )^2(1 − x^2) ℓ^2Γ(x) ω^2

+ a^2 [ Rdϕ^1 a − 8a^2c^3_β s^3_β ℓ^4 rdv + 2a^2c_β s_β (c^2_β + s^2_β )(1 − x^2) ℓ^2Γ(x) ω ]_2

(123)

F = 2 √ 3a^3s_β c_β (c^4_β + s^4_β ) ℓ^2 d [ x Γ(x) ω ] (124)

where we have defined the one-form

ω = dϕ^2 −

(c^2_β + s^2_β ) ℓ^2(c^4_β + s^4_β ) rdv , (125)

the function Γ(x) = a^2 ℓ^2 ( 1 + x^2 + 4c^2_βs^2_β ) (126)

and the length scale ℓ^2 = 2a^2(c^4_β + s^4_β). The induced metric on cross-sections of the horizon H extends smoothly to a cohomogeneity-1 metric on S^1 × S^2.

Although the two preceding solutions share many features, it is important to emphasize that only the former is known to correspond to the near-horizon geometry of an asymptotically flat black ring. It is conjectured that there exists a general black ring solution to minimal supergravity which carries mass, two angular momenta, electric and dipole charges all independently. Hence there should exist corresponding 4-parameter families of extremal black rings. Ref. [142] discusses the possibility that the tensionless Kerr-string solution is the near-horizon geometry of these yet to be constructed black rings.

6.4 Theories with hidden symmetry

Consider U(1)^{D−3}-invariant solutions of a general theory of the form (57). One may represent such solutions by a three-dimensional metric h_{μν} and a set of scalar fields Φ^M (potentials) all defined on a three-dimensional manifold, see e.g. [142]. Equivalently, such solutions can be derived from the field equations of a three-dimensional theory of gravity coupled to a scalar harmonic map whose target manifold is parameterized by the Φ^M with metric G_{MN} (Φ) determined by the specific theory. In certain theories of special interest, the scalar manifold is a symmetric space G/K and G_{MN} (Φ) is the bi-invariant metric. Then the theory is equivalent to a three-dimensional theory of gravity coupled to a non-linear sigma model with target space G/K.

Consider near-horizon geometries with U(1)^{D−3} isometry in such theories. It can be shown [148, 122, 142] that the classification problem reduces to an ODE on the orbit space H/U(1)^{D−3} for the Φ^M , while h_{μν} is completely determined. We will assume non-toroidal horizon topology so the orbit space is an interval, which without loss of generality we take to be [−1, 1] parameterized by the coordinate x. The ODE is the equation of motion for a non-linear sigma model defined on this interval: d dx [ (1 − x^2)Φ^{−1}(x) d dx Φ(x) ] = 0 (127) where Φ(x) is a coset representative of G/K parameterizing the various Φ^M . It is straightforward to integrate this matrix equation and completely solve for the scalar fields Φ^M , which can then be used to reconstruct the full D-dimensional solution. Hence in principle one has the full functional form of the solution. However, in practice, reconstructing the near-horizon data is hindered by the non-linearity of the scalar metric.

The most notable example which can be treated in the above formalism is vacuum D-dimensional gravity for which G/K = SL(D − 2, R)/SO(D − 2). The classification problem for near-horizon geometries can be completely solved [122] using this approach as discussed earlier in Section 4.5.1.

Four-dimensional Einstein-Maxwell also possesses such a structure where the coset is now G/K = SU(2, 1)/SU(2), although the near-horizon classification discussed earlier in Section 6.2 does not exploit this fact.

It turns out that D = 5 minimal supergravity also has a non-linear sigma model structure with G/K = G_{2,2}/SO(4) (G_{2,2} refers to the split real form of the exceptional Lie group G_2). The classification of near-horizon geometries in this case was analysed in [142] using the hidden symmetry and some partial results were obtained, see proposition 6.4.

It is clear this method has wider applicability. It would be interesting to use it to classify near-horizon geometries in other theories possessing such hidden symmetry.

6.5 Non-abelian gauge fields

Much less work has been done on classifying extremal black holes and their near-horizon geometries coupled to non-abelian gauge fields.

The simplest setup for this is four dimensional Einstein-Yang-Mills theory. As is well known, the standard four dimensional black hole uniqueness theorems fail in this case (at least in the nonextremal case), see for a review [185]. Nevertheless, near-horizon geometry uniqueness theorems analogous to the Einstein-Maxwell case have recently been established for this theory.

Static near-horizon geometries in this theory have been completely classified.

Theorem 6.6 ([150]). Consider D = 4 Einstein-Yang-Mills−Λ theory with a compact semi-simple gauge group G. Any static near-horizon geometry with compact horizon cross-section is given by: AdS_2 × S^2 if Λ ≥ 0; AdS_2 × H where H is one of S^2, T^2, Σ_g if Λ < 0.

The proof employs the same method as in Einstein-Maxwell theory. However, it should be noted that the Yang-Mills field need not be that of the abelian embedded solution. The horizon gauge field may be any Yang-Mills connection on S^2, or on the higher genus surface as appropriate, with a gauge group G (if there is a non-zero electric field E the gauge group G is broken to the centraliser of E). The moduli space of such connections have been previously classified [12]. Hence, unless the gauge group is SU(2), one may have genuinely non-abelian solutions. It should be noted that static near-horizon geometries have been previously considered in Einstein-Yang-Mills-Higgs under certain restrictive assumptions [23].

Non-static near-horizon geometries have also been classified under the assumption of axisymmetry.

Theorem 6.7 ([150]). Any axisymmetric non-static near-horizon geometry with compact horizon cross-section, in D = 4 Einstein-Yang-Mills−Λ with a compact semi-simple gauge group, must be given by the near-horizon geometry of an abelian embedded extreme Kerr-Newman−Λ black hole.

The proof of this actually requires new ingredients as compared to the Einstein-Maxwell theory. The AdS_2-symmetry enhancement theorems discussed in Section 3.2 do not apply in the presence of a non-abelian gauge field. Nevertheless, assuming the horizon cross-sections are of S^2 topology allows one to use a global argument to show the symmetry enhancement phenomenon still occurs. This implies the solution is effectively abelian and allows one to avoid finding the general solution to the ODEs that result from the reduction of the Einstein-Yang-Mills equations. One can also rule out toroidal horizon cross-sections, hence giving a complete classification of horizons with a U(1)-symmetry.

Interestingly, Einstein-Yang-Mills theory with a negative cosmological constant is a consistent truncation of the bosonic sector of D = 11 supergravity on a squashed S^7 [168]. It would be interesting if near-horizon classification results could be obtained in more general theories with non-abelian Yang-Mills fields, such as the full N = 8, D = 4, SO(8)-gauged supergravity that arises as a truncation of D = 11 supergravity on S^7.

7 Applications and related topics

7.1 Black hole uniqueness theorems

One of the main motivations for classifying near-horizon geometries is to prove uniqueness theorems for the corresponding extremal black hole solutions. This turns out to be a much harder problem and has only been achieved when extra structure is present which constrains certain global aspects of the spacetime. The role of the near-horizon geometry is to provide the correct boundary conditions near the horizon for the global black hole solution.

7.1.1 Supersymmetric black holes

Uniqueness theorems for supersymmetric black holes have been proved in the simplest four and five-dimensional supergravity theories, by employing the associated near-horizon classifications described in Section 5.

In four dimensions, the simplest supergravity theory which admits supersymmetric black holes is N = 2 minimal supergravity; its bosonic sector is simply Einstein-Maxwell theory.

Theorem 7.1 ([36]). Consider an asymptotically flat, supersymmetric black hole solution to N = 2, D = 4 minimal supergravity. Assume that the supersymmetric Killing vector field is timelike everywhere outside the horizon. Then it must belong to the Majumdar-Papapetrou family of black holes. If the horizon is connected it must be the extremal Reissner-Nordström black hole.

It would be interesting to remove the assumption on the supersymmetric Killing vector field to provide a complete classification of supersymmetric black holes in this case.

In five dimensions, the simplest supergravity theory which admits supersymmetric black holes is N = 1 minimal supergravity. Using general properties of supersymmetric solutions in this theory, as well as the near-horizon classification discussed in Section 5, the following uniqueness theorem has been obtained.

Theorem 7.2 ([172]). Consider an asymptotically flat, supersymmetric black hole solution to N = 1, D = 5 minimal supergravity, with horizon cross section H ∼= S^3. Assume that the supersymmetric Killing vector field is timelike everywhere outside the horizon. Then it must belong to the BMPV family of black holes [26].

Remarks:

• The BMPV solution is a stationary, non-static, non-rotating black hole with angular momentum J and electric charge Q. For J = 0 it reduces to the extremal Reissner-Nordström black hole.

• It would be interesting to investigate the classification of supersymmetric black holes without the assumption on the supersymmetric Killing vector field.

• An analogous uniqueness theorem for supersymmetric black rings [57], i.e. for H ∼= S^1 × S^2, remains an open problem.

• An analogous result has been obtained for minimal supergravity theory coupled to an arbitrary number of vector multiplets [105].

Analogous results for asymptotically AdS black holes in gauged supergravity have yet to be obtained and this remains a very interesting open problem. This is particularly significant due to the lack of black hole uniqueness theorems even for pure gravity in AdS. However, it is worth mentioning that the analysis of [108] used the homogeneous near-horizon geometry of Theorem 5.3 with H ∼= S^3, together with supersymmetry, to explicitly integrate for the full cohomogeneity-1 AdS_5 black hole solution. It would be interesting to prove a uniqueness theorem for supersymmetric AdS_5 black holes assuming R × U(1)^2 symmetry.

7.1.2 Extremal vacuum black holes

The classic black hole uniqueness theorem of General Relativity roughly states that any stationary, asymptotically flat black hole solution to the vacuum Einstein equations must be given by the Kerr solution. Traditionally this theorem assumed that the event horizon is non-degenerate, at a number of key steps. Most notably, the rigidity theorem, which states that a stationary rotating black hole must be axisymmetric, is proved by first showing that the event horizon is a Killing horizon. Although the original arguments [114] assumed non-degeneracy of the horizon, in four dimensions this assumption can be removed [129, 161, 121].

This allows one to reduce the problem to a boundary value problem on a 2d dimensional domain (the orbit space), just as in the case of a non-degenerate horizon. However, the boundary conditions near the boundary corresponding to the horizon depend on whether the surface gravity vanishes or not. Unsurprisingly, the boundary conditions near a degenerate horizon can be deduced from the near-horizon geometry. Curiously, this has only been realised rather recently. This has allowed one to extend the uniqueness theorem for Kerr to the degenerate case.

Theorem 7.3 ([169, 3, 70, 35]). The only four dimensional, asymptotically flat, stationary and axisymmetric, rotating, black hole solution of the Einstein vacuum equations, with a connected degenerate horizon with non-toroidal horizon sections, is the extremal Kerr solution.

We note that [169] employs methods from integrability and the inverse scattering method. The remaining proofs employ the near-horizon geometry classification theorem discussed in Section 4.3 together with the standard method used to prove uniqueness of non-extremal Kerr. The above uniqueness theorem has also been established for the extremal Kerr-Newman black hole in Einstein-Maxwell theory [3, 35].

The assumption of a non-toroidal horizon is of course justified by the black hole horizon topology theorems. Similarly, as discussed above, axisymmetry is justified by the rigidity theorem under the assumption of analyticity. Together with these results, the above theorem provides a complete classification of rotating vacuum black holes with a single degenerate horizon, under the stated assumptions. The proof that a non-rotating black hole must be static has only been established for non-degenerate horizons, so the classification of non-rotating degenerate black holes remains an open problem.

In higher dimensions, there is of course no such simple general uniqueness theorem. For spacetimes with R × U(1)^{D−3} symmetry though, one has a mathematical structure analogous to D = 4 stationary and axisymmetric spacetimes. Namely, one can reduce the problem to an integrable boundary value problem on a 2d orbit space. However in this case the boundary data is more complicated. It was first shown that non-degenerate black hole solutions in this class are uniquely specified by certain topological data which specifies the U(1)^{D−3}-action on the manifold, referred to as interval data (i.e. rod structure) [125, 126]. The proof is entirely analogous to that for uniqueness of Kerr amongst stationary and axisymmetric black holes. This has been extended to cover the degenerate case, again by employing the near-horizon geometry to determine the correct boundary conditions.

Proposition 7.1 ([70]). Consider a five dimensional, asymptotically flat, stationary black hole solution of the vacuum Einstein equations, with R × U(1)^2 isometry group and a connected degenerate horizon (with non-toroidal sections). There exists at most one such solution with given angular momenta and a given interval structure.

It is worth emphasising that although there is no near-horizon uniqueness theorem in this case, see Section 4.4, this result actually only requires the general SO(2, 1) × U(1)^2 form for the nearhorizon geometry and not its detailed functional form.

It seems likely that the results of this section could be extended to R × U(1)^{D−3} invariant extremal black holes in Einstein-Maxwell type theories in higher dimensions. In D = 5 it is known that coupling a CS term in such a way to give the bosonic sector of minimal supergravity, implies such solutions are determined by a non-linear sigma model analogous to the pure vacuum case. Hence it should be straightforward to generalise the vacuum uniqueness theorems to this theory.

7.2 Stability of near-horizon geometries and extremal black holes

All known near-horizon geometries are fibrations of the horizon cross-section H over an AdS_2 base (see Section 3.2). By writing the AdS_2 in global coordinates one obtains examples of smooth complete spacetimes which solve the Einstein equations. Explicitly, by converting the near-horizon geometry (63) to AdS_2 global coordinates, such spacetimes take the general form

ds^2 = ℓ^2Γ(y) [ − cosh^2 ρ dt^2 + dρ^2 ] + γ_{mn}(y)dy^mdy^n +γ_{IJ} (y)(dϕ^I + ℓ^2k^I sinh ρ dt)(dϕ^J + ℓ^2k^J sinh ρ dt) , (128)

where we have written the constant A_0 = −ℓ^{−2} in terms of the radius of AdS_2. These spacetimes possess two timelike boundaries, and of course do not contain a horizon. It is of interest to consider the stability of such “global” near-horizon geometries, as spacetimes in their own right. It turns out that this problem is rather subtle.

In fact, general arguments suggest that any near-horizon geometry must be unstable when backreaction is taken into account and the nearby solution must be singular [16]. This follows from the fact that H is marginally trapped, so there exist perturbations which create a trapped surface and by the singularity theorems the resulting spacetime must be geodesically incomplete. If the perturbed solution is a black hole sitting inside the near-horizon geometry, then this need not be an issue.^{12} For AdS_2 × S^2, heuristic arguments also indicating its instability have been obtained by dimensional reduction to an AdS_2 theory of gravity [156]. In particular, this suggests that the backreaction of matter in AdS_2 × S^2, is not consistent with a fall off preserving both of the AdS_2 boundaries.

So far we have been talking about the non-linear stability of near-horizon geometries. Of course, linearised perturbations in these background can be analysed in more detail. A massless scalar field in the near-horizon geometry of an extremal Kerr black hole (NHEK) reduces to a massive charged

12Similarly, higher dimensional pure AdS spacetime is unstable to the formation of small black holes [25].

scalar field in AdS_2 with a homogeneous electric field [16]. This turns out to capture the main features of the Teukolsky equation for NHEK which describes linearised gravitational perturbations of NHEK [2, 51]. In contrast to the above instability, these works revealed the stability of NHEK against linearized gravitational perturbations. In fact, one can prove a non-linear uniqueness theorem in this context: any stationary and axisymmetric solution which is asymptotic to NHEK, possibly containing a smooth horizon, must in fact be NHEK [2].

So far we have discussed stability of near-horizon geometries as spacetimes in their own right. A natural question is what information about the stability of an extremal black hole can be deduced from the stability properties of its near horizon geometry. Clearly stability of the nearhorizon geometry is insufficient to establish stability of the black hole, but it has been argued that certain instabilities of the near-horizon geometry imply instability of the black hole [53]. For higher dimensional vacuum near-horizon geometries, one can construct gauge-invariant quantities (Weyl scalars) whose perturbation equations decouple, generalising the Teukolsky equation [53].^{13} One can then perform a Kaluza-Klein reduction on H to find that linearized gravitational (and electromagnetic) perturbations reduce to an equation for a massive charged scalar field in AdS_2 with a homogeneous electric field (as for the NHEK case above). The authors of [53] define the near-horizon geometry to be unstable if the effective Breitenhöhner-Freedman bound for this charged scalar field is violated. They propose the following conjecture: an instability of the nearhorizon geometry (in the above sense), implies an instability of the associated extreme black hole, provided the unstable mode satisfies a certain symmetry requirement. This conjecture is supported by the linear stability of NHEK and was verified for the known instabilities of odd dimensional cohomogeneity-1 Myers-Perry black holes [48]. It is also supported by the known stability results for the five dimensional Myers-Perry black hole [162] and the Kerr-AdS_4 black hole [52]. This conjecture suggests that even-dimensional near-extremal Myers-Perry black holes, which are more difficult to analyse directly, are also unstable [183].

Recently, it has been shown that extremal black holes exhibit linearised instabilities at the horizon. This was first observed for a massless scalar field in an extremal RN and extremal Kerr black hole background [6, 4, 5, 7]. The instability is somewhat subtle. While the scalar decays everywhere on and outside the horizon, the first transverse derivative of the scalar does not generically decay on the horizon, and furthermore the kth-transverse derivative blows up as v^{k−1} along the horizon. These results follow from the existence of a non-vanishing conserved quantity on the horizon linear in the scalar field. If the conserved quantity vanishes it has been shown that a similar, albeit milder, instability still occurs on the horizon [46, 24, 8, 153]. It should be noted that this instability is not in contradiction with the above linear stability of the near-horizon geometry. From the point of view of the near-horizon geometry, it is merely a coordinate artefact corresponding to the fact that the Poincaré horizon of AdS_2 is not invariantly defined [153].

The horizon instability has been generalised to a massless scalar in an arbitrary extremal black hole in any dimension, provided the near-horizon geometry satisfies a certain assumption [154]. This assumption in fact follows from the AdS_2-symmetry theorems and hence is satisfied by all known extremal black holes. Furthermore, by considering the Teukolsky equation, it was shown that a similar horizon instability occurs for linearised gravitational perturbations of extremal Kerr [154]. This was generalised to certain higher dimensional vacuum extremal black holes [163]. Similarly, using Moncrief’s perturbation formalism for RN, it was shown that coupled gravitational and electromagnetic perturbations of extremal RN within Einstein-Maxwell theory also exhibit such a horizon instability [154]. An interesting open question is what is the fate of the non-linear evolution of such horizon instabilities. To this end, an analogous instability has been established for certain non-linear wave equations [9].

13This stems from the fact that such spacetimes admit null geodesic congruences with vanishing expansion, rotation, and shear (i.e. they are algebraically special).

7.3 Geometric inequalities

Interestingly, near-horizon geometries saturate certain geometric bounds relating the area and conserved angular momentum of dynamical axisymmetric horizons.

In particular, for four dimensional dynamical axially symmetric spacetimes, the area of black hole horizons with a given angular momentum is minimised by the extremal Kerr black hole. The precise statement is:

Theorem 7.4 ([47, 130]). Consider an axisymmetric spacetime satisfying the Einstein equations with a non-negative cosmological constant and matter obeying the dominant energy condition. The area of any closed (stably outermost) marginally trapped surface S satisfies A ≥ 8π|J| (129) where J is the angular momentum of S. Furthermore, this bound is saturated if and only if the metric induced on S is that of the (near-)horizon geometry of an extreme Kerr black hole.

The above result can be generalised to higher dimensions, albeit under stronger symmetry assumptions.

Theorem 7.5 ([119]). Consider a D-dimensional spacetime satisfying the vacuum Einstein equations with non-negative cosmological constant Λ which admits a U(1)^{D−3}-rotational isometry. Then the area of any (stably outer) marginally trapped surface satisfies A ≥ 8π|J_+J_−|^{1/2} where J_± are distinguished components of the angular momenta associated to the rotational Killing fields which have fixed points on the horizon. Further, if Λ = 0 then equality is achieved if the spacetime is a near-horizon geometry and conversely, if the bound is saturated, the induced geometry on spatial cross-sections of the horizon is that of a near-horizon geometry.

The proof of the above results involve demonstrating that axisymmetric near-horizon geometries are minimizers of a certain functional defined on spatial cross sections of the horizon. In particular, for D = 4, the horizon is topologically S^2 and J_+ = J_− and one recovers (129). It would be interesting to investigate generalisations to Einstein-Maxwell theories.

7.4 Analytic continuation

In this section we discuss analytic continuation of near-horizon geometries to obtain other Lorentzian or Riemannian metrics. As we will see, this uncovers a number of surprising connections between seemingly different spacetimes and geometries.

As discussed in Section 3.2, typically near-horizon geometries have an SO(2, 1) isometry. Generically, the orbits of this isometry are three dimensional line or circle bundles over AdS_2. One can often analytically continue these geometries so AdS_2 → S^2 and SO(2, 1) → SU(2) (or SO(3)) with orbits which are circle bundles over S^2. It is most natural to work with the near-horizon geometry written in global AdS_2 coordinates (128). Such analytic continuations are then obtained by setting ρ → i(θ −^π_2 ) and k^I → ik^I .

First we discuss four dimensions. One can perform an analytic continuation of the near-horizon geometry of extremal Kerr to obtain the zero mass Lorentzian Taub-NUT solution [148]. More generally, there is an analytic continuation of the near-horizon geometry of extremal Kerr-Newman- Λ to the zero mass Lorentzian RN-Taub-NUT-Λ solution [140]. In fact, Page constructed a smooth compact Riemannian metric on the non-trivial S^2-bundle over S^2 with SU(2) × U(1) isometry, by taking a certain limit of the Euclidean Kerr-dS metric [165]. He showed that locally his metric is the Euclidean Taub-NUT-Λ with zero mass. Hence, it follows that there exists an analytic continuation of the near-horizon geometry of extremal Kerr-Λ to Page’s Einstein manifold. (Also we deduce that Page’s limit is a Riemannian version of a combined extremal and near-horizon limit).

Explicitly, the analytic continuation of the near-horizon extremal Kerr-Λ metric (81) to the Page metric, can be obtained as follows. First write the near-horizon geometry in global coordinates (128), then analytically continue ρ → i(θ −^π_2 ) and ℓ^2k = 2iα^2, ℓ^2β = 4α^2 and redefine the coordinates (t, ϕ) → (ϕ, ψ) appropriately, to find

ds^2 = α^2(1 − x^2)dx^2 P (x) + 4α^2P (x) (1 − x^2)

(dψ + cos θdϕ)^2 + α^2(1 − x^2) ( dθ^2 + sin^2 θdϕ^2 ) (130)

with P (x) = 1 + x^2 − (1 + 2x^2 −^1_3 x^4)α^2Λ . (131)

By an appropriate choice of parameters, this metric extends to a smooth global, inhomogeneous Einstein metric on the non-trivial S^2 bundle over S^2, as follows. Compactness and positive definiteness requires one to take Λ > 0 and −x_1 < x < x_1 where ±x_1 are two adjacent roots of P (x) such that |x_1| < 1. The (x, ψ) part of the metric has conical singularities at x = ±x_1 which are removed by imposing Δψ = 2πx_1 1 − Λα^2(1 − x^2_1)

(132)

resulting in an S^2 fibre. This fibration is globally defined if mΔψ = 4π where m ∈ Z, so combining these results implies m = 4x_1(3 + x^2_1) 3 + 6x^2_1 − x^4_1

. (133)

As Page showed, the only solution is m = 1, which implies the S^2-bundle is non-trivial. This manifold is diffeomorphic to the first del Pezzo surface C P^2# C P^2.

Similarly, there is an analytic continuation of the near-horizon geometry of the extremal Kerr- Newman−Λ which gives a family of smooth Riemannian metrics on S^2-bundles over S^2 which satisfy the Riemannian Einstein-Maxwell equations (and hence have constant scalar curvature). Interestingly, this leads to an infinite class of metrics (i.e. there are any infinite number of possibilities for the integer m). The local solution can be derived directly by classifying solutions of the Riemannian Einstein-Maxwell equations with SU(2) × U(1) isometry group acting on threedimensional orbits (see e.g. [158]). One finds the geometry is given by (130) but with P (x) now given by P (x) = 1 + x^2 + c − (1 + 2x^2 −^1_3 x^4)α^2Λ (134)

where c is a constant related to the electric and magnetic charges of the analytically continued extremal Kerr-Newmann black hole. The regularity condition now becomes m = 4x_1(3 + x^2_1) 3 + 6x^2_1 − x^4_1 + 8c(3 − x^2_1)x_1 (1 − x^2_1)(3 + 6x^2_1 − x^4_1)

(135)

which for c = 0 reduces to (133). One can check the 2nd term above is monotonically increasing in the range 0 < x_1 < 1 and unbounded as x_1 → 1. If c > 0 then there is a unique solution for every integer m ≥ 1. For c < 0 the only allowed solutions are m = 0 and m = 1, and in fact there exist values of c < 0 such that there are two solutions with m = 1. For m even, the metric extends to a global metric on the trivial S^2 bundle over S^2, whereas for m odd, globally the space is C P^2# C P^2. Hence one obtains a generalization of the Page metric.

Curiously, in five dimensions there exist analytic continuations of near-horizon geometries to stationary black hole solutions [148]. For example, one can perform an analytic continuation of the near-horizon geometry of an extremal Myers-Perry black hole with J_1 ≠ J_2 to obtain the full cohomogeneity-1 Myers-Perry black hole with J_1 = J_2 (which need not be extremal). In this case the S^1 bundle over S^2 that results after analytic continuation is the homogenous S^3 of the resulting black hole. This generalises straightforwardly with the addition of a cosmological constant and/or charge. Interestingly, this also works with the near-horizon geometries of extremal black rings. For example, there is an analytic continuation of the near-horizon geometry of the extremal dipole black ring which gives a static charged squashed KK black hole with S^3 horizon topology. In these five dimensional cases, the isometry of the near-horizon geometries is SO(2, 1) × U(1)^2 which has 4d orbits; hence one can arrange the new time coordinate to lie in these orbits in such a way it is not acted upon by the SU(2). This avoids NUT charge, which is inevitable in the four dimensional case discussed above. As in the four dimensional case, there are analytic continuations which result in Einstein metrics on compact manifolds. For example, there is an analytic continuation of the near-horizon geometry of extremal Myers-Perry-Λ which gives an infinite class of Einstein metrics on S^3-bundles over S^2, which were first found by taking a Page limit of the Myers-Perry-dS black hole [113].

In higher than five dimensions one can similarly perform analytic continuations of Einstein near-horizon geometries to obtain examples of compact Einstein manifolds. The near-horizon geometries of Myers-Perry-Λ give the Einstein manifolds which have been constructed by a Page limit of the Myers-Perry-dS metrics [85]. On the other hand, the new families of near-horizon geometries [141, 143], discussed in section 4.5.3, analytically continue to new examples of Einstein metrics on compact manifolds which have yet to be explored.

So far we have discussed analytic continuations in which the AdS_2 is replaced by S^2. Another possibility is to replace the AdS_2 with hyperbolic space H^2 . For simplicity let us focus on static near-horizon geometries. Such an analytic continuation is then easily achieved by replacing the global AdS_2 time with imaginary time, i.e. t → it in (128). In this case, instead of a horizon, one gets a new asymptotic region corresponding to ρ → ∞. General static Riemannian manifolds possessing an end which is asymptotically extremal in this sense were introduced in [71]. Essentially, they are defined as static manifolds possessing an end in which the metric can be written as an Euclideanised static spacetime containing a smooth degenerate horizon. It was shown that Ricci flow preserves this class of manifolds, and furthermore asymptotically extremal Ricci solitons must be Einstein spaces [71]. These results were used to numerically simulate Ricci flow to find a new Einstein metric which has an interesting interpretation in the AdS/CFT correspondence [71], which we briefly discuss in the next section. It would be interesting to investigate non-static near-horizon geometries in this context.

7.5 Extremal branes

Due to the applications to black hole solutions, we have mostly focused on the near-horizon geometries of degenerate horizons with cross-sections H which are compact. However, as we discussed in Section 2, the concept of a near-horizon geometry exists for any spacetime containing a degenerate horizon, independent of the topology of H. In particular, extremal black branes possess horizons with non-compact cross-sections H. Hence the general techniques discussed in this review may be used to investigate the classification of the near-horizon geometries of extremal black branes. In general, this is a more difficult problem, since as we have seen, compactness of H can often be used to avoid solving for the general local metric by employing global arguments. Since it is outside the scope of this review, we will not give a comprehensive overview of this topic; instead we shall select a few noteworthy examples.

First consider AdS_D space written in Poincaré coordinates

ds^2 = y^2(−dt^2 + dx^idx^i) + dy^2 y^2

(136) where i = 1, . . . , D−2. The surface y = 0, often called the Poincaré horizon, is a degenerate Killing horizon of the Killing field K = ∂/∂t. However, these coordinates are not valid at y = 0 (the induced metric is singular) and hence are unsuitable for extracting the geometry of the Poincaré horizon. One may introduce coordinates adapted to the Poincaré horizons by constructing Gaussian null coordinates as described in Section 2. We need to find null geodesics γ(λ) which in particular satisfy K · γ̇ = 1. Explicitly, this condition is simply ṫ = −y^{−2}. Now, since ∂/∂x^i are Killing fields, along any geodesic the quantities (∂/∂x^i) · γ̇ must be constant; this gives ẋ^i = −k^iy^{−2} where k^i are constant along the geodesics. The null constraint now simplifies to ẏ^2 = 1 − k^ik^i and so k^ik^i < 1. This latter equation is easily integrated to give y(λ) and using the above we may now integrate for t(λ) and x^i(λ). The result is y = √ (1 − k^ik^i) λ , t = v + 1 (1 − k^ik^i)λ

, x^i = k^i (1 − k^ik^i)λ

, (137)

where v is an integration constant and we have set the other integration constants to zero to ensure the horizon is at λ = 0. This gives a family of null geodesics parameterised by (v, k^i), which shoot out from every point on the horizon; hence we may take the (v, k^i) as coordinates on the horizon. We can then change from Poincaré coordinates (t, x^i, y) to the desired Gaussian null coordinates (v, λ, k^i). Indeed, one can check that in the coordinates (v, λ, k^i), the Killing field K = ∂/∂v and the metric takes the form (5) (with r = λ). In fact, as is often the case, it is convenient to use a different affine parameter r = λ(1 − k^ik^i). Also, since k^ik^i < 1 we may write k^i = tanh η μ^i, where μ^iμ^i = 1 parameterise a unit (D − 3)-sphere. Now the coordinate transformation becomes

y = r cosh η , t = v + 1 r , x^i = tanh η μ^i r , (138)

and the AdS_D metric in these coordinates is

ds^2 = cosh^2 η ( −r^2dv^2 + 2dvdr ) + dη^2 + sinh^2 η dΩ^2_{D−3} . (139)

It is now manifest that the surface r = 0 is a smooth degenerate Killing horizon of ∂/∂v, corresponding to the Poincaré horizon, which we may now extend onto and through by taking r ≤ 0. Cross-section of the Poincaré horizon are non-compact and of topology R^{D−2} with a (non-flat) induced metric given by the standard Einstein metric on hyperbolic space H^{D−2} . Observe that the above expresses AdS_D as a warped product of AdS_2 and hyperbolic space H^{D−2} , i.e., as a static near-horizon geometry (with no need to take a near-horizon limit!), as observed in [71].

The BPS extremal D3, M2, M5 black branes of 10, 11-dimensional supergravity are well known to have a near-horizon geometry given by AdS_5 × S^5, AdS_4 × S^7 and AdS_7 × S^4 respectively with their horizons corresponding to a Poincaré horizon in the AdS factor. However, as discussed above, the standard Poincaré coordinates are not valid on the horizon and hence unsuitable if one wants to extend the brane geometry onto and beyond the horizon. To this end, it is straightforward to construct Gaussian null coordinates adapted to the horizon of these black branes and check their near-horizon limit is indeed given by (139) plus the appropriate sphere.^{14}

Extremal branes of course occur in other contexts. For example, the Randall-Sundrum model posits that we live on a 3 + 1 dimensional brane in a 4 + 1 dimensional bulk spacetime with a negative cosmological constant. A longstanding open problem has been to construct solutions to the five dimensional Einstein equations with a black hole localised on such a brane, the so-called brane-world black hole.^{15} In the five dimensional spacetime, the horizons of such black holes extend out into the bulk. Ref. [133] constructed the near-horizon geometry of an extremal charged

14We would like to thank Carmen Li for verifying this.

15There is a vast literature on this problem, which we will not attempt to review here.

black hole on a brane. This involved constructing (numerically) the most general five dimensional static near-horizon geometry with SO(3) rotational symmetry, which turns out to be a 1-parameter family generalisation of (139) (this is the 5d analogue of the 4d general static near-horizon geometry with a non-compact horizon, see Section 4.1).

Notably, Ref. [73] numerically constructed the first example of a brane-world black hole solution. This corresponds to a Schwarzschild like black hole on a brane suspended above the Poincaré horizon in AdS_5. An important step towards this solution was the construction of a novel asymptotically AdS Einstein metric with a Schwarzschild conformal boundary metric and an extremal Poincaré horizon in the bulk (sometimes called a black droplet) [71]. This was found by numerically simulating Ricci flow on a suitable class of stationary and axisymmetric metrics. This solution is particularly interesting since by the AdS/CFT duality it is the gravity dual to a strongly coupled CFT in the Schwarzschild black hole, thus allowing one to investigate strongly coupled QFT in black hole backgrounds. Recently, generalisations in which the boundary black hole is rotating have been constructed, in which case there is also the possibility of making the black hole on the boundary extremal [72, 74].

8 Acknowledgements

HKK is supported by an NSERC Discovery Grant. JL is supported by an ESPRC Career Acceleration Fellowship. We would especially like to thank Harvey Reall for several fruitful collaborations on this topic and numerous discussions over the years. We would also like to thank Pau Figueras and Mukund Rangamani for a collaboration on this topic. JL would also like to thank Pau Figueras, Keiju Murata, Norihiro Tanahashi and Toby Wiseman for collaborations on related topics.

References

[1] Akyol, M. and Papadopoulos, G., “Topology and geometry of 6-dimensional (1,0) supergravity black hole horizons”, Class.Quant.Grav., 29, 055002, (2012). [DOI], [arXiv:1109.4254 [hep-th]].

[2] Amsel, Aaron J., Horowitz, Gary T., Marolf, Donald and Roberts, Matthew M., “No Dynamics in the Extremal Kerr Throat”, JHEP, 0909, 044, (2009). [DOI], [arXiv:0906.2376 [hep-th]].

[3] Amsel, Aaron J., Horowitz, Gary T., Marolf, Donald and Roberts, Matthew M., “Uniqueness of Extremal Kerr and Kerr-Newman Black Holes”, Phys.Rev., D81, 024033, (2010). [DOI], [arXiv:0906.2367 [gr-qc]].

[4] Aretakis, Stefanos, “Stability and Instability of Extreme Reissner-Nordstróm Black Hole Spacetimes for Linear Scalar Perturbations I”, Commun.Math.Phys., 307, 17–63, (2011). [DOI], [arXiv:1110.2007 [gr-qc]].

[5] Aretakis, Stefanos, “Stability and Instability of Extreme Reissner-Nordstrom Black Hole Spacetimes for Linear Scalar Perturbations II”, Annales Henri Poincare, 12, 1491–1538, (2011). [DOI], [arXiv:1110.2009 [gr-qc]].

[6] Aretakis, Stefanos, “Decay of Axisymmetric Solutions of the Wave Equation on Extreme Kerr Backgrounds”, J.Funct.Anal., 263, 2770–2831, (2012). [DOI], [arXiv:1110.2006 [gr-qc]].

[7] Aretakis, Stefanos, “Horizon Instability of Extremal Black Holes”, (2012). [arXiv:1206.6598 [gr-qc]].

[8] Aretakis, Stefanos, “A note on instabilities of extremal black holes under scalar perturbations from afar”, Class.Quant.Grav., 30, 095010, (2013). [DOI], [arXiv:1212.1103 [gr-qc]].

[9] Aretakis, Stefanos, “Nonlinear instability of scalar fields on extremal black holes”, Phys. Rev.

D 87,, 084052, (2013). [arXiv:1304.4616 [gr-qc]].

[10] Astefanesei, Dumitru, Goldstein, Kevin, Jena, Rudra P., Sen, Ashoke and Trivedi, Sandip P., “Rotating attractors”, JHEP, 0610, 058, (2006). [DOI], [arXiv:hep-th/0606244 [hep-th]].

[11] Astefanesei, Dumitru, Goldstein, Kevin and Mahapatra, Swapna, “Moduli and (un)attractor black hole thermodynamics”, Gen.Rel.Grav., 40, 2069–2105, (2008). [DOI], [arXiv:hep-th/0611140 [hep-th]].

[12] Atiyah, M.F. and Bott, R., “The Yang-Mills equations over Riemann surfaces”, Phil.Trans.Roy.Soc.Lond., A308, 523–615, (1982).

[13] Balasubramanian, Vijay, de Boer, Jan, Sheikh-Jabbari, M.M. and Simon, Joan, “What is a chiral 2d CFT? And what does it have to do with extremal black holes?”, JHEP, 1002, 017, (2010). [DOI], [arXiv:0906.3272 [hep-th]].

[14] Banados, Maximo, Teitelboim, Claudio and Zanelli, Jorge, “The Black hole in threedimensional space-time”, Phys.Rev.Lett., 69, 1849–1851, (1992). [DOI], [arXiv:hep-th/9204099 [hep-th]].

[15] Bardeen, James M., Carter, B. and Hawking, S.W., “The Four laws of black hole mechanics”, Commun.Math.Phys., 31, 161–170, (1973). [DOI].

[16] Bardeen, James M. and Horowitz, Gary T., “The Extreme Kerr throat geometry: A Vacuum analog of AdS(2) x S**2”, Phys.Rev., D60, 104030, (1999). [DOI], [arXiv:hep-th/9905099 [hep-th]].

[17] Bena, Iosif, “Splitting hairs of the three charge black hole”, Phys.Rev., D70, 105018, (2004).

[DOI], [arXiv:hep-th/0404073 [hep-th]].

[18] Bena, Iosif and Kraus, Per, “Microscopic description of black rings in AdS / CFT”, JHEP, 0412, 070, (2004). [DOI], [arXiv:hep-th/0408186 [hep-th]].

[19] Berkooz, Micha and Reichmann, Dori, “Weakly Renormalized Near 1/16 SUSY Fermi Liquid Operators in N=4 SYM”, JHEP, 0810, 084, (2008). [DOI], [arXiv:0807.0559 [hep-th]].

[20] Berkooz, Micha, Reichmann, Dori and Simon, Joan, “A Fermi Surface Model for Large Supersymmetric AdS(5) Black Holes”, JHEP, 0701, 048, (2007). [DOI], [arXiv:hep-th/0604023 [hep-th]].

[21] Berman, David S. and Parikh, Maulik K., “Holography and rotating AdS black holes”, Phys.Lett., B463, 168–173, (1999). [DOI], [arXiv:hep-th/9907003 [hep-th]].

[22] Besse, A.L., Einstein Manifolds, (Springer-Verlag, Heidelberg, Germany, 1987).

[23] Bicak, J., Cris, C., Hajicek, P. and Higuchi, A., “Gauge symmetry breakdown at the horizon of extreme black holes”, Class.Quant.Grav., 12, 479–498, (1995). [DOI], [arXiv:gr-qc/9406009 [gr-qc]].

[24] Bizon, Piotr and Friedrich, Helmut, “A remark about wave equations on the extreme Reissner-Nordstróm black hole exterior”, Class.Quant.Grav., 30, 065001, (2013). [DOI], [arXiv:1212.0729 [gr-qc]].

[25] Bizon, Piotr and Rostworowski, Andrzej, “On weakly turbulent instability of anti-de Sitter space”, Phys.Rev.Lett., 107, 031102, (2011). [DOI], [arXiv:1104.3702 [gr-qc]].

[26] Breckenridge, J.C., Myers, Robert C., Peet, A.W. and Vafa, C., “D-branes and spinning black holes”, Phys.Lett., B391, 93–98, (1997). [DOI], [arXiv:hep-th/9602065 [hep-th]].

[27] Bredberg, Irene, Keeler, Cynthia, Lysov, Vyacheslav and Strominger, Andrew, “Cargese Lectures on the Kerr/CFT Correspondence”, Nucl.Phys.Proc.Suppl., 216, 194–210, (2011). [DOI], [arXiv:1103.2355 [hep-th]].

[28] Brown, J. David and Henneaux, M., “Central Charges in the Canonical Realization of Asymptotic Symmetries: An Example from Three-Dimensional Gravity”, Commun.Math.Phys., 104, 207–226, (1986). [DOI].

[29] Cardoso, Vitor and Dias, Oscar J.C., “Small Kerr-anti-de Sitter black holes are unstable”, Phys.Rev., D70, 084011, (2004). [DOI], [arXiv:hep-th/0405006 [hep-th]].

[30] Cardoso, Vitor, Dias, Oscar J.C. and Yoshida, Shijun, “Classical instability of Kerr- AdS black holes and the issue of final state”, Phys.Rev., D74, 044008, (2006). [DOI], [arXiv:hep-th/0607162 [hep-th]].

[31] Chang, Chi-Ming and Yin, Xi, “1/16 BPS States in N=4 SYM”, (2013). [arXiv:1305.6314 [hep-th]].

[32] Chen, Dezhong, “Examples of Einstein manifolds in odd dimensions”, (2011). [arXiv:1103.0817 [math.DG]].

[33] Chong, Z.-W., Cvetic, Mirjam, Lu, H. and Pope, C.N., “General non-extremal rotating black holes in minimal five-dimensional gauged supergravity”, Phys.Rev.Lett., 95, 161301, (2005). [DOI], [arXiv:hep-th/0506029 [hep-th]].

[34] Chrusciel, Piotr T., Costa, Joao Lopes and Heusler, Markus, “Stationary Black Holes:

Uniqueness and Beyond”, Living Rev.Rel., 15, 7, (2012). [arXiv:1205.6112 [gr-qc]].

[35] Chrusciel, Piotr T. and Nguyen, Luc, “A uniqueness theorem for degenerate Kerr-Newman black holes”, Annales Henri Poincare, 11, 585–609, (2010). [DOI], [arXiv:1002.1737 [gr-qc]].

[36] Chrusciel, Piotr T., Reall, Harvey S. and Tod, Paul, “On Israel-Wilson-Perjes black holes”, Class.Quant.Grav., 23, 2519–2540, (2006). [DOI], [arXiv:gr-qc/0512116 [gr-qc]].

[37] Chrusciel, Piotr T., Reall, Harvey S. and Tod, Paul, “On non-existence of static vacuum black holes with degenerate components of the event horizon”, Class.Quant.Grav., 23, 549–554, (2006). [DOI], [arXiv:gr-qc/0512041 [gr-qc]].

[38] Chrusciel, Piotr T. and Tod, Paul, “The Classification of static electro-vacuum spacetimes containing an asymptotically flat spacelike hypersurface with compact interior”, Commun.Math.Phys., 271, 577–589, (2007). [DOI], [arXiv:gr-qc/0512043 [gr-qc]].

[39] Chrusciel, Piotr T. and Wald, Robert M., “On the topology of stationary black holes”, Class.Quant.Grav., 11, L147–L152, (1994). [DOI], [arXiv:gr-qc/9410004 [gr-qc]].

[40] Clement, Gerard, “Spinning charged BTZ black holes and selfdual particle - like solutions”, Phys.Lett., B367, 70–74, (1996). [DOI], [arXiv:gr-qc/9510025 [gr-qc]].

[41] Compere, Geoffrey, “The Kerr/CFT correspondence and its extensions: a comprehensive review”, Living Rev.Rel., 15, 11, (2012). [arXiv:1203.3561 [hep-th]].

[42] Compere, Geoffrey, de Buyl, Sophie, Stotyn, Sean and Virmani, Amitabh, “A General Black String and its Microscopics”, JHEP, 1011, 133, (2010). [DOI], [arXiv:1006.5464 [hep-th]].

[43] Cvetic, Mirjam and Youm, Donam, “General rotating five-dimensional black holes of toroidally compactified heterotic string”, Nucl.Phys., B476, 118–132, (1996). [DOI], [arXiv:hep-th/9603100 [hep-th]].

[44] Cyrier, Michelle, Guica, Monica, Mateos, David and Strominger, Andrew, “Microscopic entropy of the black ring”, Phys.Rev.Lett., 94, 191601, (2005). [DOI], [arXiv:hep-th/0411187 [hep-th]].

[45] Dabholkar, Atish, Sen, Ashoke and Trivedi, Sandip P., “Black hole microstates and attractor without supersymmetry”, JHEP, 0701, 096, (2007). [DOI], [arXiv:hep-th/0611143 [hep-th]].

[46] Dain, Sergio and Dotti, Gustavo, “The wave equation on the extreme Reissner-Nordstróm black hole”, Class.Quant.Grav., 30, 055011, (2013). [DOI], [arXiv:1209.0213 [gr-qc]].

[47] Dain, Sergio and Reiris, Martin, “Area - Angular momentum inequality for axisymmetric black holes”, Phys.Rev.Lett., 107, 051101, (2011). [DOI], [arXiv:1102.5215 [gr-qc]].

[48] Dias, Oscar J.C., Figueras, Pau, Monteiro, Ricardo, Reall, Harvey S. and Santos, Jorge E., “An instability of higher-dimensional rotating black holes”, JHEP, 1005, 076, (2010). [DOI], [arXiv:1001.4527 [hep-th]].

[49] Dias, Oscar J.C., Horowitz, Gary T. and Santos, Jorge E., “Black holes with only one Killing field”, JHEP, 1107, 115, (2011). [DOI], [arXiv:1105.4167 [hep-th]].

[50] Dias, Oscar J.C., Monteiro, Ricardo, Reall, Harvey S. and Santos, Jorge E., “A Scalar field condensation instability of rotating anti-de Sitter black holes”, JHEP, 1011, 036, (2010). [DOI], [arXiv:1007.3745 [hep-th]].

[51] Dias, Oscar J.C., Reall, Harvey S. and Santos, Jorge E., “Kerr-CFT and gravitational perturbations”, JHEP, 0908, 101, (2009). [DOI], [arXiv:0906.2380 [hep-th]].

[52] Dias, Oscar J.C., Santos, Jorge E. and Stein, Maren, “Kerr-AdS and its Near-horizon Geometry: Perturbations and the Kerr/CFT Correspondence”, JHEP, 1210, 182, (2012). [DOI], [arXiv:1208.3322 [hep-th]].

[53] Durkee, Mark and Reall, Harvey S., “Perturbations of near-horizon geometries and instabilities of Myers-Perry black holes”, Phys.Rev., D83, 104044, (2011). [DOI], [arXiv:1012.4805 [hep-th]].

[54] Elvang, Henriette, Emparan, Roberto and Figueras, Pau, “Non-supersymmetric black rings as thermally excited supertubes”, JHEP, 0502, 031, (2005). [DOI], [arXiv:hep-th/0412130 [hep-th]].

[55] Elvang, Henriette, Emparan, Roberto, Mateos, David and Reall, Harvey S., “A Supersymmetric black ring”, Phys.Rev.Lett., 93, 211302, (2004). [DOI], [arXiv:hep-th/0407065 [hep-th]].

[56] Elvang, Henriette, Emparan, Roberto, Mateos, David and Reall, Harvey S., “Supersymmetric 4-D rotating black holes from 5-D black rings”, JHEP, 0508, 042, (2005). [DOI], [arXiv:hep-th/0504125 [hep-th]].

[57] Elvang, Henriette, Emparan, Roberto, Mateos, David and Reall, Harvey S., “Supersymmetric black rings and three-charge supertubes”, Phys.Rev., D71, 024033, (2005). [DOI], [arXiv:hep-th/0408120 [hep-th]].

[58] Elvang, Henriette and Figueras, Pau, “Black Saturn”, JHEP, 0705, 050, (2007). [DOI], [arXiv:hep-th/0701035 [hep-th]].

[59] Emparan, Roberto, “Rotating circular strings, and infinite nonuniqueness of black rings”, JHEP, 0403, 064, (2004). [DOI], [arXiv:hep-th/0402149 [hep-th]].

[60] Emparan, Roberto, “Effective theory for black branes”, Prog.Theor.Phys.Suppl., 190, 247– 260, (2011). [DOI].

[61] Emparan, Roberto and Horowitz, Gary T., “Microstates of a Neutral Black Hole in M Theory”, Phys.Rev.Lett., 97, 141601, (2006). [DOI], [arXiv:hep-th/0607023 [hep-th]].

[62] Emparan, Roberto and Reall, Harvey S., “A Rotating black ring solution in five-dimensions”, Phys.Rev.Lett., 88, 101101, (2002). [DOI], [arXiv:hep-th/0110260 [hep-th]].

[63] Emparan, Roberto and Reall, Harvey S., “Generalized Weyl solutions”, Phys.Rev., D65, 084025, (2002). [DOI], [arXiv:hep-th/0110258 [hep-th]].

[64] Emparan, Roberto and Reall, Harvey S., “Black Rings”, Class.Quant.Grav., 23, R169, (2006). [DOI], [arXiv:hep-th/0608012 [hep-th]].

[65] Emparan, Roberto and Reall, Harvey S., “Black Holes in Higher Dimensions”, Living Rev.Rel., 11, 6, (2008). [arXiv:0801.3471 [hep-th]].

[66] Faulkner, Thomas, Liu, Hong, McGreevy, John and Vegh, David, “Emergent quantum criticality, Fermi surfaces, and AdS(2)”, Phys.Rev., D83, 125002, (2011). [DOI], [arXiv:0907.2694 [hep-th]].

[67] Ferrara, Sergio and Kallosh, Renata, “Supersymmetry and attractors”, Phys.Rev., D54, 1514–1524, (1996). [DOI], [arXiv:hep-th/9602136 [hep-th]].

[68] Ferrara, Sergio, Kallosh, Renata and Strominger, Andrew, “N=2 extremal black holes”, Phys.Rev., D52, 5412–5416, (1995). [DOI], [arXiv:hep-th/9508072 [hep-th]].

[69] Figueras, Pau, Kunduri, Hari K., Lucietti, James and Rangamani, Mukund, “Extremal vacuum black holes in higher dimensions”, Phys.Rev., D78, 044042, (2008). [DOI], [arXiv:0803.2998 [hep-th]].

[70] Figueras, Pau and Lucietti, James, “On the uniqueness of extremal vacuum black holes”, Class.Quant.Grav., 27, 095001, (2010). [DOI], [arXiv:0906.5565 [hep-th]].

[71] Figueras, Pau, Lucietti, James and Wiseman, Toby, “Ricci solitons, Ricci flow, and strongly coupled CFT in the Schwarzschild Unruh or Boulware vacua”, Class.Quant.Grav., 28, 215018, (2011). [DOI], [arXiv:1104.4489 [hep-th]].

[72] Figueras, Pau and Tunyasuvunakool, Saran, “CFT’s in rotating black hole backgrounds”, Class. Quantum Grav., 30, 125015, (2013). [DOI], [arXiv:1304.1162 [hep-th]].

[73] Figueras, Pau and Wiseman, Toby, “Gravity and large black holes in Randall-Sundrum II braneworlds”, Phys.Rev.Lett., 107, 081101, (2011). [DOI], [arXiv:1105.2558 [hep-th]].

[74] Fischetti, Sebastian and Santos, Jorge E., “Rotating Black Droplet”, (2013). [arXiv:1304.1156 [hep-th]].

[75] Friedman, John L., Schleich, Kristin and Witt, Donald M., “Topological censorship”, Phys.Rev.Lett., 71, 1486–1489, (1993). [DOI], [arXiv:gr-qc/9305017 [gr-qc]].

[76] Friedrich, Helmut, Racz, Istvan and Wald, Robert M., “On the rigidity theorem for spacetimes with a stationary event horizon or a compact Cauchy horizon”, Commun.Math.Phys., 204, 691–707, (1999). [DOI], [arXiv:gr-qc/9811021 [gr-qc]].

[77] Galloway, G.J., Schleich, K., Witt, D.M. and Woolgar, E., “Topological censorship and higher genus black holes”, Phys.Rev., D60, 104039, (1999). [DOI], [arXiv:gr-qc/9902061 [gr-qc]].

[78] Galloway, Gregory J., “Rigidity of outer horizons and the topology of black holes”, (2006).

[arXiv:gr-qc/0608118 [gr-qc]].

[79] Galloway, Gregory J., “Constraints on the topology of higher dimensional black holes”, (2011). [arXiv:1111.5356 [gr-qc]].

[80] Galloway, Gregory J. and Schoen, Richard, “A Generalization of Hawking’s black hole topology theorem to higher dimensions”, Commun.Math.Phys., 266, 571–576, (2006). [DOI], [arXiv:gr-qc/0509107 [gr-qc]].

[81] Gauntlett, Jerome P. and Gutowski, Jan B., “All supersymmetric solutions of minimal gauged supergravity in five-dimensions”, Phys.Rev., D68, 105009, (2003). [DOI], [arXiv:hep-th/0304064 [hep-th]].

[82] Gauntlett, Jerome P., Gutowski, Jan B., Hull, Christopher M., Pakis, Stathis and Reall, Harvey S., “All supersymmetric solutions of minimal supergravity in five- dimensions”, Class.Quant.Grav., 20, 4587–4634, (2003). [DOI], [arXiv:hep-th/0209114 [hep-th]].

[83] Gauntlett, Jerome P., Martelli, Dario, Sparks, James F. and Waldram, Daniel, “A New infinite class of Sasaki-Einstein manifolds”, Adv.Theor.Math.Phys., 8, 987–1000, (2006). [arXiv:hep-th/0403038 [hep-th]].

[84] Gibbons, G.W., “Some comments on gravitational entropy and the inverse mean curvature flow”, Class.Quant.Grav., 16, 1677–1687, (1999). [DOI], [arXiv:hep-th/9809167 [hep-th]].

[85] Gibbons, G.W., Lu, H., Page, Don N. and Pope, C.N., “Rotating black holes in higher dimensions with a cosmological constant”, Phys.Rev.Lett., 93, 171102, (2004). [DOI], [arXiv:hep-th/0409155 [hep-th]].

[86] Gibbons, Gary W., Ida, Daisuke and Shiromizu, Tetsuya, “Uniqueness and nonuniqueness of static black holes in higher dimensions”, Phys.Rev.Lett., 89, 041101, (2002). [DOI], [arXiv:hep-th/0206049 [hep-th]].

[87] Gibbons, Gary W., Ida, Daisuke and Shiromizu, Tetsuya, “Uniqueness of (dilatonic) charged black holes and black p-branes in higher dimensions”, Phys.Rev., D66, 044010, (2002). [DOI], [arXiv:hep-th/0206136 [hep-th]].

[88] Gibbons, Gary W., Ida, Daisuke and Shiromizu, Tetsuya, “Uniqueness and nonuniqueness of static vacuum black holes in higher dimensions”, Prog.Theor.Phys.Suppl., 148, 284–290, (2003). [DOI], [arXiv:gr-qc/0203004 [gr-qc]].

[89] Gran, U., Gutowski, J. and Papadopoulos, G., “IIB black hole horizons with five-form flux and extended supersymmetry”, JHEP, 1109, 047, (2011). [DOI], [arXiv:1104.2908 [hep-th]].

[90] Gran, U., Gutowski, J. and Papadopoulos, G., “IIB black hole horizons with five-form flux and KT geometry”, JHEP, 1105, 050, (2011). [DOI], [arXiv:1101.1247 [hep-th]].

[91] Gran, U., Gutowski, J. and Papadopoulos, G., “IIB horizons”, (2013). [arXiv:1304.6539 [hep- -th]].

[92] Grover, J., Gutowski, J.B., Papadopoulos, G. and Sabra, W.A., “Index Theory and Supersymmetry of 5D Horizons”, (2013). [arXiv:1303.0853 [hep-th]].

[93] Grover, J., Gutowski, J.B. and Sabra, W.A., “Supersymmetric AdS Black Rings”, (2013).

[arXiv:1306.0017 [hep-th]].

[94] Gubser, S.S., Klebanov, Igor R. and Peet, A.W., “Entropy and temperature of black 3- branes”, Phys.Rev., D54, 3915–3919, (1996). [DOI], [arXiv:hep-th/9602135 [hep-th]].

[95] Gubser, S.S., Klebanov, Igor R. and Polyakov, Alexander M., “Gauge theory correlators from noncritical string theory”, Phys.Lett., B428, 105–114, (1998). [DOI], [arXiv:hep-th/9802109 [hep-th]].

[96] Gubser, Steven S., “Breaking an Abelian gauge symmetry near a black hole horizon”, Phys.Rev., D78, 065034, (2008). [DOI], [arXiv:0801.2977 [hep-th]].

[97] Guica, Monica, Hartman, Thomas, Song, Wei and Strominger, Andrew, “The Kerr/CFT Correspondence”, Phys.Rev., D80, 124008, (2009). [DOI], [arXiv:0809.4266 [hep-th]].

[98] Gutowski, J. and Papadopoulos, G., “Heterotic Black Horizons”, JHEP, 1007, 011, (2010).

[DOI], [arXiv:0912.3472 [hep-th]].

[99] Gutowski, J. and Papadopoulos, G., “Heterotic horizons, Monge-Ampere equation and del Pezzo surfaces”, JHEP, 1010, 084, (2010). [DOI], [arXiv:1003.2864 [hep-th]].

[100] Gutowski, J. and Papadopoulos, G., “Topology of supersymmetric N=1, D=4 supergravity horizons”, JHEP, 1011, 114, (2010). [DOI], [arXiv:1006.4369 [hep-th]].

[101] Gutowski, J. and Papadopoulos, G., “M-Horizons”, (2012). [arXiv:1207.7086 [hep-th]].

[102] Gutowski, Jan and Papadopoulos, George, “Static M-horizons”, JHEP, 1201, 005, (2012).

[DOI], [arXiv:1106.3085 [hep-th]].

[103] Gutowski, J.B. and Papadopoulos, G., “Index theory and dynamical symmetry enhancement of M-horizons”, (2013). [arXiv:1303.0869 [hep-th]].

[104] Gutowski, J.B. and Sabra, W.A., “Enhanced Horizons”, Class.Quant.Grav., 27, 235011, (2010). [DOI], [arXiv:0807.4714 [hep-th]].

[105] Gutowski, Jan B., “Uniqueness of five-dimensional supersymmetric black holes”, JHEP, 0408, 049, (2004). [DOI], [arXiv:hep-th/0404079 [hep-th]].

[106] Gutowski, Jan B., Martelli, Dario and Reall, Harvey S., “All Supersymmetric solutions of minimal supergravity in six- dimensions”, Class.Quant.Grav., 20, 5049–5078, (2003). [DOI], [arXiv:hep-th/0306235 [hep-th]].

[107] Gutowski, Jan B. and Reall, Harvey S., “General supersymmetric AdS(5) black holes”, JHEP, 0404, 048, (2004). [DOI], [arXiv:hep-th/0401129 [hep-th]].

[108] Gutowski, Jan B. and Reall, Harvey S., “Supersymmetric AdS(5) black holes”, JHEP, 0402, 006, (2004). [DOI], [arXiv:hep-th/0401042 [hep-th]].

[109] Hajicek, Petr, “Three remarks on axisymmetric stationary horizons”, Commun.Math.Phys., 36, 305–320, (1974).

[110] Hanaki, Kentaro, Ohashi, Keisuke and Tachikawa, Yuji, “Comments on charges and nearhorizon data of black rings”, JHEP, 0712, 057, (2007). [DOI], [arXiv:0704.1819 [hep-th]].

[111] Harmark, Troels, “Stationary and axisymmetric solutions of higher-dimensional general relativity”, Phys.Rev., D70, 124002, (2004). [DOI], [arXiv:hep-th/0408141 [hep-th]].

[112] Hartnoll, Sean A., Herzog, Christopher P. and Horowitz, Gary T., “Building a Holographic Superconductor”, Phys.Rev.Lett., 101, 031601, (2008). [DOI], [arXiv:0803.3295 [hep-th]].

[113] Hashimoto, Yoshitake, Sakaguchi, Makoto and Yasui, Yukinori, “New infinite series of Einstein metrics on sphere bundles from AdS black holes”, Commun.Math.Phys., 257, 273–285, (2005). [DOI], [arXiv:hep-th/0402199 [hep-th]].

[114] Hawking, S.W., “Black holes in general relativity”, Commun.Math.Phys., 25, 152–166, (1972). [DOI].

[115] Hawking, S.W., “Particle Creation by Black Holes”, Commun.Math.Phys., 43, 199–220, (1975). [DOI].

[116] Hawking, S.W., Hunter, C.J. and Taylor, Marika, “Rotation and the AdS / CFT correspondence”, Phys.Rev., D59, 064005, (1999). [DOI], [arXiv:hep-th/9811056 [hep-th]].

[117] Hawking, S.W. and Reall, H.S., “Charged and rotating AdS black holes and their CFT duals”, Phys.Rev., D61, 024014, (2000). [DOI], [arXiv:hep-th/9908109 [hep-th]].

[118] Holland, Jan, “Non-existence of toroidal cohomogeneity-1 near horizon geometries”, (2010).

[arXiv:1008.0520 [gr-qc]].

[119] Hollands, Stefan, “Horizon area-angular momentum inequality in higher dimensional spacetimes”, Class.Quant.Grav., 29, 065006, (2012). [DOI], [arXiv:1110.5814 [gr-qc]].

[120] Hollands, Stefan, Holland, Jan and Ishibashi, Akihiro, “Further restrictions on the topology of stationary black holes in five dimensions”, Annales Henri Poincare, 12, 279–301, (2011). [DOI], [arXiv:1002.0490 [gr-qc]].

[121] Hollands, Stefan and Ishibashi, Akihiro, “On the ‘Stationary Implies Axisymmetric’ Theorem for Extremal Black Holes in Higher Dimensions”, Commun.Math.Phys., 291, 403–441, (2009). [DOI], [arXiv:0809.2659 [gr-qc]].

[122] Hollands, Stefan and Ishibashi, Akihiro, “All vacuum near horizon geometries in arbitrary dimensions”, Annales Henri Poincare, 10, 1537–1557, (2010). [DOI], [arXiv:0909.3462 [gr-qc]].

[123] Hollands, Stefan and Ishibashi, Akihiro, “Black hole uniqueness theorems in higher dimensional spacetimes”, Class.Quant.Grav., 29, 163001, (2012). [DOI], [arXiv:1206.1164 [gr-qc]].

[124] Hollands, Stefan, Ishibashi, Akihiro and Wald, Robert M., “A Higher dimensional stationary rotating black hole must be axisymmetric”, Commun.Math.Phys., 271, 699–722, (2007). [DOI], [arXiv:gr-qc/0605106 [gr-qc]].

[125] Hollands, Stefan and Yazadjiev, Stoytcho, “Uniqueness theorem for 5-dimensional black holes with two axial Killing fields”, Commun.Math.Phys., 283, 749–768, (2008). [DOI], [arXiv:0707.2775 [gr-qc]].

[126] Hollands, Stefan and Yazadjiev, Stoytcho, “A Uniqueness theorem for stationary Kaluza- Klein black holes”, Commun.Math.Phys., 302, 631–674, (2011). [DOI], [arXiv:0812.3036 [gr-qc]].

[127] Horowitz, Gary T. and Roberts, Matthew M., “Counting the Microstates of a Kerr Black Hole”, Phys.Rev.Lett., 99, 221601, (2007). [DOI], [arXiv:0708.1346 [hep-th]].

[128] Horowitz, Gary T. and Wiseman, Toby, “General black holes in Kaluza-Klein theory”, (2011).

[arXiv:1107.5563 [gr-qc]].

[129] Isenberg, James and Moncrief, Victor, “Symmetries of cosmological Cauchy horizons”, Commun.Math.Phys., 89, 387–413, (1983).

[130] Jaramillo, Jose Luis, Reiris, Martin and Dain, Sergio, “Black hole Area-Angular momentum inequality in non-vacuum spacetimes”, Phys.Rev., D84, 121503, (2011). [DOI], [arXiv:1106.3743 [gr-qc]].

[131] Jezierski, Jacek, “On the existence of Kundt’s metrics with compact sections of null hypersurfaces”, AIP Conf.Proc., 1122, 312–315, (2009). [DOI], [arXiv:0806.0518 [gr-qc]].

[132] Jezierski, Jacek and Kaminski, Bartek, “On the stability of degenerate axially symmetric Killing horizon”, (2012). [arXiv:1206.5136 [gr-qc]].

[133] Kaus, Alexander and Reall, Harvey S., “Charged Randall-Sundrum black holes and N=4 super Yang-Mills in AdS(2) x S**2”, JHEP, 0905, 032, (2009). [DOI], [arXiv:0901.4236 [hep-th]].

[134] Kim, Seok and Lee, Ki-Myeong, “1/16-BPS Black Holes and Giant Gravitons in the AdS(5) X S**5 Space”, JHEP, 0612, 077, (2006). [DOI], [arXiv:hep-th/0607085 [hep-th]].

[135] Kinney, Justin, Maldacena, Juan Martin, Minwalla, Shiraz and Raju, Suvrat, “An Index for 4 dimensional super conformal theories”, Commun.Math.Phys., 275, 209–254, (2007). [DOI], [arXiv:hep-th/0510251 [hep-th]].

[136] Kostelecky, V. Alan and Perry, Malcolm J., “Solitonic black holes in gauged N=2 supergravity”, Phys.Lett., B371, 191–198, (1996). [DOI], [arXiv:hep-th/9512222 [hep-th]].

[137] Kunduri, Hari K. and Lucietti, James, “Near-horizon geometries of supersymmetric AdS(5) black holes”, JHEP, 0712, 015, (2007). [DOI], [arXiv:0708.3695 [hep-th]].

[138] Kunduri, Hari K. and Lucietti, James, “A Classification of near-horizon geometries of extremal vacuum black holes”, J.Math.Phys., 50, 082502, (2009). [DOI], [arXiv:0806.2051 [hep- -th]].

[139] Kunduri, Hari K. and Lucietti, James, “Static near-horizon geometries in five dimensions”, Class.Quant.Grav., 26, 245010, (2009). [DOI], [arXiv:0907.0410 [hep-th]].

[140] Kunduri, Hari K. and Lucietti, James, “Uniqueness of near-horizon geometries of rotating extremal AdS(4) black holes”, Class.Quant.Grav., 26, 055019, (2009). [DOI], [arXiv:0812.1576 [hep-th]].

[141] Kunduri, Hari K. and Lucietti, James, “An infinite class of extremal horizons in higher dimensions”, Commun.Math.Phys., 303, 31–71, (2011). [DOI], [arXiv:1002.4656 [hep-th]].

[142] Kunduri, Hari K. and Lucietti, James, “Constructing near-horizon geometries in supergravities with hidden symmetry”, JHEP, 1107, 107, (2011). [DOI], [arXiv:1104.2260 [hep-th]].

[143] Kunduri, Hari K. and Lucietti, James, “Degenerate horizons, Einstein metrics, and Lens space bundles”, (2012). [arXiv:1210.1268 [hep-th]].

[144] Kunduri, Hari K. and Lucietti, James, “Extremal Sasakian horizons”, Phys.Lett., B713, 308–312, (2012). [DOI], [arXiv:1204.5149 [hep-th]].

[145] Kunduri, Hari K., Lucietti, James and Reall, Harvey S., “Gravitational perturbations of higher dimensional rotating black holes: Tensor perturbations”, Phys.Rev., D74, 084021, (2006). [DOI], [arXiv:hep-th/0606076 [hep-th]].

[146] Kunduri, Hari K., Lucietti, James and Reall, Harvey S., “Supersymmetric multi-charge AdS(5) black holes”, JHEP, 0604, 036, (2006). [DOI], [arXiv:hep-th/0601156 [hep-th]].

[147] Kunduri, Hari K., Lucietti, James and Reall, Harvey S., “Do supersymmetric anti-de Sitter black rings exist?”, JHEP, 0702, 026, (2007). [DOI], [arXiv:hep-th/0611351 [hep-th]].

[148] Kunduri, Hari K., Lucietti, James and Reall, Harvey S., “Near-horizon symmetries of extremal black holes”, Class.Quant.Grav., 24, 4169–4190, (2007). [DOI], [arXiv:0705.4214 [hep- -th]].

[149] Lewandowski, Jerzy and Pawlowski, Tomasz, “Extremal isolated horizons: A Local uniqueness theorem”, Class.Quant.Grav., 20, 587–606, (2003). [DOI], [arXiv:gr-qc/0208032 [gr-qc]].

[150] Li, Carmen and Lucietti, James, “Uniqueness of extreme horizons in Einstein-Yang-Mills theory”, Class.Quant.Grav., 30, 095017, (2013). [DOI], [arXiv:1302.4616 [hep-th]].

[151] Lu, H., Mei, Jianwei and Pope, C.N., “Kerr/CFT Correspondence in Diverse Dimensions”, JHEP, 0904, 054, (2009). [DOI], [arXiv:0811.2225 [hep-th]].

[152] Lucietti, James, “Two remarks on near-horizon geometries”, Class.Quant.Grav., 29, 235014, (2012). [DOI], [arXiv:1209.4042 [gr-qc]].

[153] Lucietti, James, Murata, Keiju, Reall, Harvey S. and Tanahashi, Norihiro, “On the horizon instability of an extreme Reissner-Nordstróm black hole”, JHEP, 1303, 035, (2013). [DOI], [arXiv:1212.2557 [gr-qc]].

[154] Lucietti, James and Reall, Harvey S., “Gravitational instability of an extreme Kerr black hole”, Phys.Rev., D86, 104030, (2012). [DOI], [arXiv:1208.1437 [gr-qc]].

[155] Maldacena, Juan Martin, “The Large N limit of superconformal field theories and supergravity”, Adv.Theor.Math.Phys., 2, 231–252, (1998). [arXiv:hep-th/9711200 [hep-th]].

[156] Maldacena, Juan Martin, Michelson, Jeremy and Strominger, Andrew, “Anti-de Sitter fragmentation”, JHEP, 9902, 011, (1999). [arXiv:hep-th/9812073 [hep-th]].

[157] Maldacena, Juan Martin and Strominger, Andrew, “Statistical entropy of four-dimensional extremal black holes”, Phys.Rev.Lett., 77, 428–429, (1996). [DOI], [arXiv:hep-th/9603060 [hep- -th]].

[158] Martelli, Dario, Passias, Achilleas and Sparks, James, “The supersymmetric NUTs and bolts of holography”, (2012). [arXiv:1212.4618 [hep-th]].

[159] Martinez, Cristian, Teitelboim, Claudio and Zanelli, Jorge, “Charged rotating black hole in three space-time dimensions”, Phys.Rev., D61, 104013, (2000). [DOI], [arXiv:hep-th/9912259 [hep-th]].

[160] Matyjasek, Jerzy and Zaslavskii, O.B., “Extremal limit for charged and rotating (2+1)- dimensional black holes and Bertotti-Robinson geometry”, Class.Quant.Grav., 21, 4283, (2004). [DOI], [arXiv:gr-qc/0404090 [gr-qc]].

[161] Moncrief, Vincent and Isenberg, James, “Symmetries of Higher Dimensional Black Holes”, Class.Quant.Grav., 25, 195015, (2008). [DOI], [arXiv:0805.1451 [gr-qc]].

[162] Murata, Keiju, “Conformal weights in the Kerr/CFT correspondence”, JHEP, 1105, 117, (2011). [DOI], [arXiv:1103.5635 [hep-th]].

[163] Murata, Keiju, “Instability of higher dimensional extreme black holes”, Class.Quant.Grav., 30, 075002, (2013). [DOI], [arXiv:1211.6903 [gr-qc]].

[164] Myers, Robert C. and Perry, M.J., “Black Holes in Higher Dimensional Space-Times”, Annals Phys., 172, 304, (1986). [DOI].

[165] Page, Don N., “A COMPACT ROTATING GRAVITATIONAL INSTANTON”, Phys.Lett., B79, 235, (1978). [DOI].

[166] Page, Don N. and Pope, C.N., “INHOMOGENEOUS EINSTEIN METRICS ON COMPLEX LINE BUNDLES”, Class.Quant.Grav., 4, 213–225, (1987). [DOI].

[167] Pomeransky, A.A. and Sen’kov, R.A., “Black ring with two angular momenta”, (2006).

[arXiv:hep-th/0612005 [hep-th]].

[168] Pope, C.N., “THE EMBEDDING OF THE EINSTEIN YANG-MILLS EQUATIONS IN d = 11 SUPERGRAVITY”, Class.Quant.Grav., 2, L77, (1985). [DOI].

[169] R. Meinel, M. Ansorg, A. Kleinwachter G. Neugebauer and Petroff, D., “Relativistic Figures of Equilibrium”, Cambridge University Press, Sec 2.4, (2008).

[170] Racz, Istvan, “A Simple proof of the recent generalisations of Hawking’s black hole topology theorem”, Class.Quant.Grav., 25, 162001, (2008). [DOI], [arXiv:0806.4373 [gr-qc]].

[171] Rasheed, Dean, “The Rotating dyonic black holes of Kaluza-Klein theory”, Nucl.Phys., B454, 379–401, (1995). [DOI], [arXiv:hep-th/9505038 [hep-th]].

[172] Reall, Harvey S., “Higher dimensional black holes and supersymmetry”, Phys.Rev., D68, 024024, (2003). [DOI], [arXiv:hep-th/0211290 [hep-th]].

[173] Reall, Harvey S., “Counting the microstates of a vacuum black ring”, JHEP, 0805, 013, (2008). [DOI], [arXiv:0712.3226 [hep-th]].

[174] Reall, Harvey S., “Higher dimensional black holes”, Int.J.Mod.Phys., D21, 1230001, (2012).

[DOI], [arXiv:1210.1402 [gr-qc]].

[175] Sen, Ashoke, “Black hole entropy function and the attractor mechanism in higher derivative gravity”, JHEP, 0509, 038, (2005). [DOI], [arXiv:hep-th/0506177 [hep-th]].

[176] Sen, Ashoke, “Quantum Entropy Function from AdS(2)/CFT(1) Correspondence”, Int.J.Mod.Phys., A24, 4225–4244, (2009). [DOI], [arXiv:0809.3304 [hep-th]].

[177] Strominger, Andrew, “Macroscopic entropy of N=2 extremal black holes”, Phys.Lett., B383, 39–43, (1996). [DOI], [arXiv:hep-th/9602111 [hep-th]].

[178] Strominger, Andrew, “Black hole entropy from near horizon microstates”, JHEP, 9802, 009, (1998). [arXiv:hep-th/9712251 [hep-th]].

[179] Strominger, Andrew, “AdS(2) quantum gravity and string theory”, JHEP, 9901, 007, (1999).

[arXiv:hep-th/9809027 [hep-th]].

[180] Strominger, Andrew and Vafa, Cumrun, “Microscopic origin of the Bekenstein-Hawking entropy”, Phys.Lett., B379, 99–104, (1996). [DOI], [arXiv:hep-th/9601029 [hep-th]].

[181] Susskind, Leonard and Witten, Edward, “The Holographic bound in anti-de Sitter space”, (1998). [arXiv:hep-th/9805114 [hep-th]].

[182] ’t Hooft, Gerard, “Dimensional reduction in quantum gravity”, (1993). [arXiv:gr-qc/9310026 [gr-qc]].

[183] Tanahashi, Norihiro and Murata, Keiju, “Instability in near-horizon geometries of even-dimensional Myers-Perry black holes”, Class.Quant.Grav., 29, 235002, (2012). [arXiv:1208.0981 [hep-th]].

[184] Tomizawa, Shinya and Mizoguchi, Shun’ya, “General Kaluza-Klein black holes with all six independent charges in five-dimensional minimal supergravity”, Phys.Rev., D87, 024027, (2013). [DOI], [arXiv:1210.6723 [hep-th]].

[185] Volkov, Mikhail S. and Gal’tsov, Dmitri V., “Gravitating nonAbelian solitons and black holes with Yang-Mills fields”, Phys.Rept., 319, 1–83, (1999). [DOI], [arXiv:hep-th/9810070 [hep-th]].

[186] Witten, Edward, “Anti-de Sitter space and holography”, Adv.Theor.Math.Phys., 2, 253–291, (1998). [arXiv:hep-th/9802150 [hep-th]].

[187] Witten, Edward, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories”, Adv.Theor.Math.Phys., 2, 505–532, (1998). [arXiv:hep-th/9803131 [hep-th]].

[188] Woolgar, E., “Bounded area theorems for higher genus black holes”, Class.Quant.Grav., 16, 3005–3012, (1999). [DOI], [arXiv:gr-qc/9906096 [gr-qc]].