arXiv:1306.2549v2 [gr-qc] 5 Jul 2013

Motion of test particles in a regular black hole space–time

Alberto García^1, Eva Hackmann^2, Jutta Kunz^3, Claus Lämmerzahl^{2,3} and Alfredo Macias^4 1 CINVESTAV, Mexico D.F., Mexico 2 ZARM, University of Bremen, Am Fallturm, 28359 Bremen, Germany 3 Institute for Physics, University Oldenburg, 26111 Oldenburg, Germany 4 Departamento de Fisica, Universidad Autonoma Metropolitana–Iztapalapa, A.P. 55-534, Mexico D.F. 09340, Mexico

July 8, 2013

Abstract

We consider the motion of test particles in the regular black hole space-time given by Ayón-Beato and García in Phys. Rev. Lett. 80:5056 (1998). The complete set of orbits for neutral and weakly charged test particles is discussed, including for neutral particles the extreme and over-extreme metric. We also derive the analytical solutions for the equation of motion of neutral test particles in a parametric form and consider a post-Schwarzschild expansion of the periastron shift to second order in the charge.

1 Introduction

Most of the exact black hole solutions of the Einstein field equations possess a curvature singularity, e.g. the Schwarzschild and the Kerr solution. The physical nature of such singularities is not really understood and, by the cosmic censorship conjecture, they should be hidden behind an event horizon so that the physics outside is not influenced by the singularity. In 1968 Bardeen was the first to propose a regular model which avoids such problems [1, 2, 3]. Others picked up that idea and a zoo of models was created which are commonly known as ’Bardeen black holes’ [4, 5, 6]. However, these models are no exact solution of the standard Einstein field equation. Then in 1998, Ayón-Beato and García found an exact solution to the Einstein equation coupled to a nonlinear electrodynamics which does not possess any curvature singularity and, therefore, is regular in this sense [7, 8, 9]. In the following, we call this the Ayón-Beato–García space-time. It is uniquely described by two parameters: the mass M and the electric charge Q. Asymptotically it approaches the Reissner-Nordström space-time, and for Q = 0 it reduces to the Schwarzschild space-time.

In the context of General Relativity (GR) many observable effects can be predicted which are not present in Newtonian physics. Einstein showed that the ’anomalous’ shift of Mercury’s perihelion is a relativistic effect, and also the bending of light of distant stars in the gravitational field of the Sun was predicted correctly by GR. Assuming that the gravitational field of the central object is described by the Reissner-Nordström solution, its charge has an additional effect on the periapsis shift of neutral and charged particles [10, 11, 12]. It is to be expected that the charge of the Ayón-Beato–García solution will also couple to the motion of test particles. This influence will in general be different from the Reissner-Nordström case, in particular close to the gravitating object where the two metrics strongly deviate. Therefore, the observation of the motion of massive test particles and of light near the central object is a very useful tool for extracting information about the nature of the gravitational field. In this paper, we will analyze the motion of massive test particles in the Ayón-Beato–García space-time. We will use analytical methods to completely characterize the motion of uncharged and, to some extent, charged massive test-particles. In addition, we will present the analytical solution for the equation of motion of neutral test particles.

For most of the common space-times, e.g. Schwarzschild Reissner-Nordström or Kerr, analytical solutions to the equations of motions can be given in terms of elliptic functions. The motion of test-particles in Schwarzschild space-time was extensively discussed by Hagihara in 1931 [13] using Weierstrass elliptic functions. Surprisingly, a discussion in the same detail for Reissner-Nordström space-times was given only recently for light and neutral particles by Slezáková [14] and for (magnetically and electrically) charged particles by Grunau and Kagramanova [15]. A more compact account of motion in Schwarzschild and Reissner-Nordström space-time can be found in the book of Chandrasekhar [16]. For the regular Bardeen model, the motion of massive test particles was discussed by Zhou et al [17] and gravitational lensing by Eiroa and Sendra [18]. Note that an interesting aspect of solutions in non-linear electrodynamics is the fact that photons propagate along the null geodesics of an effective metric instead of the space-time metric [19, 20, 21]. For the Ayón-Beato–García space-time the propagation of photons has been studied by Novello et al. [22]. The effective metric for photons is quite complex and in particular exhibits singularities at finite distances from the center.

The outline of the paper is as follows: First we review some general properties of the Ayón-Beato–García space–time and derive the equations of motions. In the fourth section we discuss all types of orbital motion for neutral test particles, including the overextreme case without horizons. We also analyze the stability of circular orbits and show the position of the innermost stable circular orbit as a function of the charge Q. The special case of weakly charged particles in a black hole space-time is also considered. In the fifth section we derive the analytical solution to the equation of motion for neutral test particles in terms of Weierstrass elliptic functions. For this we introduce a new affine parameter analogously to the Mino time [23]. Finally, we discuss the periastron shift for neutral test particles and close with a summary.

2 The Ayón-Beato–García space-time

In this section we review some of the basic properties of the Ayón-Beato–García spacetime, which is regular in the sense that it has no curvature singularity. This regularity is achieved by coupling to a general model of non-linear electrodynamics.

2.1 The action

To obtain electrically charged solutions of the Einstein-Maxwell equations one starts from the action S = ∫ d^4x [ 1 16π R − 1 4π L(F ) ] , (1)

where R is the scalar curvature and L is a function of F =^1_4 F_{μν} F^{μν} [7]. One then considers a Legendre transformation [24] H ≡ 2F L_F − L. (2) Defining P_{μν} ≡ L_F F_{μν} , (3) it follows that H is a function of P ≡ 1 4 P_{μν} P^{μν} = (L_F )^2F. (4)

The specific function H employed for the regular black hole solution [7] is given as

H(P ) = P ( 1 − 3 √ −2 Q^2P ) ( 1 + √ −2 Q^2P

)_3 − 3 2 Q^2s ( √ −2 Q^2P 1 + √ −2 Q^2P )_{5/2} , (5)

where s = |Q|/2m and the invariant P is a negative quantity, P = − Q^2 2r^4

, (6)

where the integration constant Q plays the role of the electric charge.

With the help of H one expresses the nonlinear electromagnetic Lagrangian in the action (1) as L = 2P H_P − H, (7)

which depends on the anti–symmetric tensor P_{μν} . The corresponding Lagrangian is then given by

L = P ( 1 − 8 √ −2 Q^2P − 6 Q^2P ) ( 1 + √ −2 Q^2P

)_4 − 3 4 Q^2s

(−2 Q^2P )^{5/4} ( 3 − 2 √ −2 Q^2P ) ( 1 + √ −2 Q^2P

)_{7/2} . (8)

Since F (P ) is not monotonic, the Lagrangian L(P ) in (8) corresponds to different branches L(F ) describing different parts of space [25, 26, 27]. This allows for an asymptotic Maxwellian behaviour, when r → ∞, while at the center r → 0 the behavior can be non- Maxwellian, which is necessary to avoid the non-existence theorem of electrically charged regular black holes of Bronnikov et al. [28, 25, 26, 27].

2.2 The metric and the electric field

The metric of the regular spherically symmetric space-time we are considering is given by [7] ds^2 = g_{tt}dt^2 − g_{rr}dr^2 − r^2 ( dϑ^2 + sin^2 ϑdφ^2 ) , (9)

where g_{tt} = 1 g_{rr} = 1 − 2Mr^2 (r^2 + Q^2)^{32} + Q^2r^2 (r^2 + Q^2)^2

. (10)

Asymptotically, that is for r → ∞, this metric behaves as a Reissner–Nordström metric. At the center, r = 0, the metric is regular and exhibits a de Sitter behavior [29, 30, 27] g_{rr} ≈ 1 − 1 3 Λr^2 , Λ = 3 |Q| − 2 |Q|^3 . (11)

The electric field is given by

E_r = Q r^4 ( r^2 − 5 Q^2 (r^2 + Q^2)^4 + 15 2 M (r^2 + Q^2)^72 ) . (12)

As pointed out in [22], E_r does not have zeros as long as |Q| <^3_2 M. Above that value E_r possesses two negative and two positive zeros. Also, for Q > 2M the energy density becomes negative for small values of r.

Figure 1: Left: The metric function g_{tt} of the Ayón-Beato–García space–time for the parameters Q = 0, 0.035M, 0.05M, Q_{crit}, 0.8M, and 2M (from bottom to top). Right: For comparison, the metric function g_{tt} for Reissner–Nordström space–times. For large r both metrics approach each other, for small r the Reissner–Nordström metric tends to infinity yielding a singularity while the Ayón-Beato–García metric approaches g_{tt} = 1.

2.3 The horizons

The horizons are given by the vanishing of the metrical coefficient g_{tt} = 0, i.e. by the real solutions of

r^8 + 2(3Q^2 − 2M^2)r^6 + Q^2(11Q^2 − 4M^2)r^4 + 6Q^6r^2 + Q^8 = 0 . (13)

As r and Q appear only quadratically it suffices to consider the positive solutions and Q > 0. According to Descartes’ rule of signs this polynomial has two or no positive zeros. The above expression has a double zero at Q_{crit} ≈ 0.634M which corresponds to the extremal case with a horizon at r_{crit} ≈ 1.005M. For Q < Q_{crit} there are two horizons, for Q > Q_{crit} there are no horizons. If Q = 0 the Schwarzschild case r = 2M is recovered. As in Reissner–Nordström space-times the electromagnetic field acts repulsive in the metrical sector. Examples of g_{tt} are shown in Fig. 1.

In the case of a black hole space–time we have two horizons. The corresponding Carter– Penrose diagrams of the black hole space-time and the extreme and over-extreme cases are shown in Fig. 2.

3 The equations of motion

The equations of motion for (charged) test particles are given by qF^μ_ν dx^ν ds = d^2x^μ ds^2 + {^μ_{ρσ} } dx^ρ ds dx^σ ds (14)

where F is the electromagnetic field strength (F_{tr} = E_r, F_{μν} = 0 else), s the proper time, q is the specific charge, and {^μ_{ρσ} } =^1_2 g^{μν} (∂_ρg_{σν} + ∂_σg_{ρν} − ∂_ν g_{ρσ} ). As θ = π/2 is a valid solution of the equation we may w.l.o.g. restrict the motion to the equatorial plane.

3.1 Neutral test particles

Let us first consider the case q = 0. For the metric above we have two conserved quantities, energy and angular momentum E = g_{tt} dt ds , L = r^2 dφ ds . (15)

In addition, g_{μν}^{dxμ}_{ds}^{dxν}_{ds} = ϵ, where ϵ = 1 for massive point particles and ϵ = 0 for null geodesics (which correspond to the high energy limit of massive test particles and are

r = 0 r = 0 r = 0 r = 0

r = 0 r = 0 r = r− r = r+ r = r+ r = r− r = r− r = r+ r = r+ r = r−

r = r− r = r+ r = r+ r = r− r = r− r = r+ r = r+ r = r−

r = ∞ r = ∞ r = ∞ r = ∞

r = ∞ r = ∞ r = ∞ r = ∞

I^0

I^0

I^0

I^0

I^−

I^+

I^−

I^+

I^−

I^+

I^−

I^+

I

I

I

I

II

II

II

II

III III

III III

III III

Ayón-Beato–García black hole space–time r = 0

r = ∞ r = ∞ r = ∞ r = ∞ r = ∞ r = ∞ r = ∞ r = ∞

r = m r = m r = m r = m r = m r = m r = m r = m

I^0

I^0

I^0

I^0

I^−

I^+

I^−

I^+

I^−

I^+

I^−

I^+

I

I

I

I

III

III

III

III

III

Extremal Ayón-Beato–García r = 0 r = ∞ r = ∞ I0

No black hole

Figure 2: The Carter–Penrose diagrams of the various types of Ayón-Beato–García space– times: (a) black hole, (b) extremal black hole, (c) no black hole.

different from photon orbits). Then the geodesic equation gives the following ordinary differential equations ( dr ds )_2 = 1 g_{tt}g_{rr} ( E^2 − g_{tt} ( ϵ + L^2 r^2 )) , (16) ( dr dφ )_2 = r^4 L^2 1 g_{tt}g_{rr} ( E^2 − g_{tt} ( ϵ + L^2 r^2 )) , (17) ( dr dt )_2 = 1 E^2 g_{tt} g_{rr} ( E^2 − g_{tt} ( ϵ + L^2 r^2 )) . (18)

In our case g_{tt}g_{rr} = 1 and with the dimensionless quantities s̄ = s/M, r̄ = r/M, Q̄ = Q/M, and L̄ = L/M the first equation reduces to ( dr̄ ds̄ )_2

= E^2 − ( 1 − 2r̄^2 (r̄^2 + Q̄^2)^32 + Q̄2r̄2 (r̄^2 + Q̄^2)^2 ) ( ϵ + L̄2 r̄^2 ) =: R(r̄) , (19)

From (19) we read off an effective potential

V_{eff} = g_{tt} ( ϵ + L^2 r^2 ) − ϵ = ( 1 − 2r̄^2 (r̄^2 + Q̄^2)^32 + Q̄2r̄2 (r̄^2 + Q̄^2)^2 ) ( ϵ + L̄2 r̄^2 ) − ϵ . (20)

From the square on the left hand side of (19) it is necessary that E^2−ϵ ≥ V_{eff} for an solution to exist. This is equivalent to R(r̄) ≥ 0. Instead of discussing the effective potential we will consider this condition later on. For Q̄ = 0 we recover the usual Schwarzschild effective potential.

In order to get rid of the square root appearing in the equation (19) we introduce a new variable u = 1/ √ r̄^2 + Q̄^2. This restricts u to 0 ≤ u ≤ Q̄^{−1} and simplifies the equation to ( du ds̄ )_2

= u^4P_6(u) , (21)

where P_6 is a polynomial of degree six,

P_6(u) = Q̄^2αu^6 − 2αu^5 − Q̄^2βu^4 + 2βu^3 − (E^2Q̄^2 + L̄^2)u^2 + 2uϵ + E^2 − ϵ , (22) with α = Q̄^2(L̄^2 − ϵQ̄^2), β = (L̄^2 − 2ϵQ̄^2). Written as an integral equation this reads

s̄ − s̄_0 = ∫_u u_0 du u^2 √ P_6(u)

, (23)

where u(s̄_0) = u_0 are the initial values. The right hand side is a hyperelliptic integral of the third kind. We will analytically solve this equation in a parametric form later on.

3.2 Charged test particles Now consider the case q ≠ 0. The electrostatic potential is

A_0 = −Q r^5 (r^2 + Q^2)^3 + 3 2 M Q r^5 (r^2 + Q^2)^52

. (24)

Here we can not perform the limit Q → 0 which is no problem since the potentials have no physical meaning. For the corresponding field strength this problem does not occur. However, the fact that A_0 is an odd function of r has strong consequences for the effective equations of motion, as we will below.

The constants of motions are modified due to the charge to

E = u_μξ^μ_{(t)} + qA_0 = g_{tt} dt ds , (25) L = −u_μξ^μ_{(φ)} = −g_{φφ} dφ ds = r^2 dφ ds , (26)

1 = g_{μν} u^μu^ν = g_{tt} ( dt ds )_2 − g_{rr} ( dr ds )_2 − g_{φφ} ( dφ ds )_2 , (27)

where u is the four-velocity and ξ_{(t)} and ξ_{(φ)} are the Killing vectors, resulting in ( dr ds )_2

= (E − qA_0)^2 − g_{tt} ( 1 + L^2 r^2 ) . (28)

If we use the dimensionless quantities introduced above and q̄ = qQ̄^{−1} this can be written as ( dr̄ ds̄ )_2 = R(r̄) + q̄E ( 2Q̄^2r̄^5 (r̄^2 + Q̄^2)^3 − 3r̄^5 (r̄^2 + Q̄^2)^52 )

+ q̄^2 ( Q̄4r̄10 (r̄^2 + Q̄^2)^6 − 3Q̄^2r̄^{10} (r̄^2 + Q̄^2)^{11}2 + 9 4 r̄^{10} (r̄^2 + Q̄^2)^5 ) =: R_{q̄}(r̄) , (29) with R(r̄) as in (19) and R_{q̄=0} = R. With the substitution u = 1/ √ r̄^2 + Q̄^2 as above this simplifies to ( du ds̄ )_2

= u^4 [ P_6(u) + q̄E(2Q̄^2u − 3)(1 − Q̄^2u^2)^{72}

+ q̄^2 ( Q̄^4u^2 − 3Q̄^2u + 9 4 ) (1 − Q̄^2u^2)^6 ] =: u^4U(u) (30)

with P_6 as in (21). Unfortunately, this substitution does not eliminate all roots, which apparently cannot be avoided for charged particles. This type of equation has the same structure as the equation of motion for the Kehagias-Sfetsos black hole in Hořava-Lifshitz gravity [31]. To our knowledge, an analytical solution is not known. However, the topology of orbits can be analyzed, which will be done below for weakly charged test particles in black hole space-times.

4 Types of orbits

The equation of motion (19) is invariant under changes in sign of E, L̄, and Q̄ whereas (29) is invariant under changes of sign of q̄E, L̄, and Q̄. Therefore, we choose L̄ > 0 and Q̄ > 0, as well as E > 0 for neutral test particles and q̄ > 0 for charged particles. We also note that the radial coordinate only appears squared, which implies that a discussion of r ≥ 0 is sufficient. Due to the square on the left hand sides of (19) and (29) a necessary condition for the existence of a solution is that R(r̄) ≥ 0 and R_{q̄}(r̄) ≥ 0. In the following we will discuss these conditions separately.

4.1 Massive neutral test particles

Let us consider whether R(r̄) ≥ 0 is fulfilled at r̄ = 0, ∞. First, we observe that R(r̄) → E^2 − ϵ for r̄ → ∞ which implies that only for E^2 ≥ ϵ infinity may be reached. For r̄ → 0, it is R(r̄) = −^{L̄2}_{r̄2} +E^2 −ϵ+^{L̄2}_{Q̄3} (Q̄ −2)+O(r̄^2) implying that r̄ = 0 may only be reached for L̄ = 0 and E2 ≥ ϵ. Furthermore, in black hole space-times R is always positive between the horizons due to g_{tt} < 0 there.

Once we know the behavior of R(r̄) at the origin and at infinity, all possible types of orbits (i.e. regions of R(r) ≥ 0) can be inferred from the number of positive real zeros. Suppose that for a given set of parameters all types of orbits have been identified. If now the constants of motion are varied, the number of real zeros of R changes at that sets of parameters where double zeros occur, which correspond to circular orbits. Therefore, the analysis of circular orbits is the key element for identifying all possible types of orbits. For this analysis, we switch to the coordinate u = 1/ √ r̄^2 + Q̄^2, see (21). Solving P_6(u) = 0, dP_6 du (u) = 0 for E^2 and L̄^2 yields

E^2 = 1 A(u) (Q̄^4u^4 − 2Q̄^2u^3 − Q̄^2u^2 + 2u − 1)^2 ,

L̄^2 = 1 uA(u) (2Q̄^4u^3 − 3Q̄^2u^2 − Q̄^2u + 1)(1 − Q̄^2u^2)^2 ,

(31)

where A(u) := 2Q̄^6u^6 − 3Q̄^4u^5 − 4Q̄^4u^4 + 6Q̄^2u^3 + 2Q̄^2u^2 − 3u + 1. Note that for u → 0 the expression for L̄^2 diverges but E^2 = 1 − u + O(u^2). Near u = Q̄^{−1} we get L̄^2 = 4(Q̄ − 2)Q̄^3(u − Q̄^{−1})^2 + O((u − Q̄^{−1})^3), E^2 → 1 and, therefore, circular orbits near r̄ = 0 may exist for Q̄ > 2. In the limit Q̄ = 0 equations (31) reduce to the well known Schwarzschild expressions E^2 =^{(1−2u)2}_{1−3u} =^{(r−2)2}_{r(r−3)} , L̄^2 =^1_{u(1−3u)} =^{r2}_{r−3} .

Figure 3: Analysis of A(u) and B(u). Left: in the admissible range A(u) has two zeros a_1 < a_2 for Q̄ < Q̄_c, a double zero at Q̄ = Q̄_c and A(u) > 0 for all u ∈ [0, Q̄^{−1}] if Q̄ > Q̄_c. Right: in the admissible range, B(u) has a single zero b_1 if Q̄ < 2 and two zeros b_1 < b_2 if Q̄ ≥ 2.

From the equations (31) two necessary conditions for the existence of circular orbits can be derived: the polynomial in the denominator of E^2 has to be positive, A(u) > 0, and accordingly B(u) := 2Q̄^4u^3 − 3Q̄^2u^2 − Q̄^2u + 1 ≥ 0 is also necessary. Let us consider the first condition: A(u) has a double zero in [0, Q̄^{−1}] at approximately Q̄_c ≈ 0.691, u_c ≈ 0.582 (r̄_c ≈ 1.572). For Q̄ < Q̄_c there are two zeros a_1 < a_2 in [0, Q̄^{−1}] with positive A for 0 ≤ u < a_1 and a_2 < u ≤ Q̄^{−1}. If Q̄ > Q̄_c then A(u) is positive in the complete range [0, Q̄^{−1}]. Concerning the second condition, B may have up to two positive real zeros (by Descartes’ rule of signs) and B(0) = 1, B(Q̄^{−1}) = Q̄ − 2. From that we infer that for Q̄ < 2 the polynomial B is positive in 0 ≤ u ≤ b_1 < Q̄−1 for the smallest positive zero b_1 of B. For a graphical summary of these findings see Fig. 3. As A(b_1) < 0 if Q̄ < Q̄_{crit}, b_1 = a_2 if Q̄ = Q̄_{crit}, and A(b_1) > 0 with b_1 > a_2 if Q̄_{crit} < Q̄ < Q̄_c we conclude that a_1 < b_1 < a_2 if Q̄ < Q̄_{crit} and a_2 ≤ b_1 if Q̄_{crit} ≤ Q̄ ≤ Q̄_c. Summarized,

• 0 ≤ Q̄ < Q̄_{crit}: for all black hole space-times there may be circular orbits only for 0 ≤ u < a_1 or, equivalently, (a^{−2}_1 − Q̄^2)^12 < r̄ ≤ ∞;

• Q̄_{crit} ≤ Q̄ ≤ Q̄_c: circular orbits exist in 0 ≤ u < a_1 and a_2 < u ≤ b_1 or, equivalently, (a^{−2}_1 − Q̄^2)^12 < r̄ ≤ ∞ and (b^{−2}_1 − Q̄^2)^12 ≤ r̄ < (a^{−2}_2 − Q̄^2)^12 ;

• Q̄_c ≤ Q̄ < 2: circular orbits exist for 0 ≤ u ≤ b_1 or, equivalently, (b^{−2}_1 − Q̄^2)^12 ≤ r̄ ≤ ∞; • Q̄ ≥ 2: an additional inner region with circular orbits appears, b_2 ≤ u < Q̄^{−1}, where b_2 is the largest zero of B, i.e. circular orbits exist in (b^{−2}_1 − Q̄^2)^12 ≤ r̄ ≤ ∞ and 0 ≤ r̄ ≤ (b^{−2}_2 − Q̄^2)^12 .

The stability of the circular orbits can be analyzed by considering the second derivative of P_6 (see eq. (21)). If P_6 has a maximum then the circular orbit is stable and else unstable. Inserting (31) in^{d2P6}_{du2} (u) yields

d^2P_6 du^2 (u) = −2u^3 A(u) T (u) , (32)

T (u) = 4Q̄^{10}u^9 − 9Q̄^8u^8 + 6Q̄^6(1 − 2Q̄^2)u^7 + 27Q̄^6u^6 − 6Q̄^4(3 − 4Q̄^2)u^5 − 42Q̄^4u^4 + 6Q̄^2(3 − 2Q̄^2)u^3 + 15Q̄^2u^2 − 6u + 1 . (33)

Figure 4: Radii of circular orbits for neutral test particles in Ayón-Beato–García spacetimes as a function of the charge Q̄. The black vertical line marks Q̄ = Q̄_{crit} and the grey dashed line the outer horizon. Left: The Dark grey regions correspond to stable and the light grey to unstable circular orbits. In the white regions no circular orbits are possible. Right: Radius of the innermost stable circular orbit. The first jump occurs at Q̄_{crit} from (a^{−2}_1 − Q̄^2)^12 to (b^{−2}_1 − Q̄^2)^12 due to the vanishing horizons. At Q̄ = 2 an additional maximum in the effective potential appears which causes the second jump to r̄ = 0.

As^{d2P6}_{du2} (u) → −2u^3 +O(u^4) there are always stable circular orbits for large r, and because of^{d2P6}_{du2} (Q̄^{−1}) =^{8(2−Q̄)}_{Q̄3} stable circular orbits near r = 0 are possible if Q̄ > 2. The expression diverges at the zeros of A(u), i.e. only for Q̄ < Q̄_c at a_{1,2}. Also, T (u) has double zeros at Q̄_t ≈ 0.747, u_t ≈ 0.353 and Q̄_{crit}, u_{crit}. Together with T (b_1) > 0 for Q̄ > Q̄_{crit} and T (b_2) < 0 for Q̄ > 2 we infer:

• 0 ≤ Q̄ ≤ Q̄_{crit}: There is a single triple zero u_{ISCO} in [0, a_1] which corresponds to the innermost stable circular orbit with stable circular orbits for r̄ > r̄_{ISCO} := (u^{−2}_{ISCO} − Q̄^2)^12 and unstable orbits for r̄ < r̄_{ISCO}.

• Q̄_{crit} < Q̄ ≤ Q̄_c: Here also a triple zero u_{t1} exists in [0, a_1], but in addition^{d2P6}_{du2} (u) < 0 for u ∈ [a_2, b_1]. Therefore, stable circular orbits exist in r̄ > (u^{−2}_{t1} − Q̄^2)^12 and (b^{−2}_1 − Q̄^2)^12 ≤ r̄ < (a^{−2}_2 − Q̄^2)^12 .

• Q̄_c < Q̄ ≤ Q̄_t: Two triples zeros u_{t1} ≤ u_{t2} are located in [0, b_1] with stable circular orbits for r̄ > (u^{−2}_{t1} − Q̄^2)^12 and (b^{−2}_1 − Q̄^2)^12 ≤ r̄ < (u^{−2}_{t2} − Q̄^2)^12 .

• Q̄_t < Q̄ ≤ 2: Here u_{t1,2} vanish and all possible circular orbits are stable, i.e. for r̄ ≥ (b^{−2}_1 − Q̄^2)^12 .

• 2 < Q̄: A triple zero u_{t3} is located in the inner range [b_2, Q̄^{−1}] and, therefore, stable circular orbits exist for r̄ ≥ (b^{−2}_1 − Q̄^2)^12 as before and 0 ≤ r̄ < (u^{−2}_{t3} − Q̄^2)^12 .

For a graphical representation of this analysis see Fig. 4, which also shows the radius of the innermost stable circular orbit as a function of Q̄.

With this analysis of circular orbits we can identify all possible orbits types in parameter space. In Fig. 5 the orbit types for massive neutral particles in Ayón-Beato–García space-times are shown. In regions marked with F there is a flyby orbit (r_p ≤ r ≤ ∞, r_p the periapsis), B denotes a bound orbit (r_p ≤ r ≤ r_a, r_a the apoapsis), and an indexed star means that the orbit crosses both horizons. There are also regions where no motion

(a) Q̄ = 0.3 (Q̄ < Q̄crit) (b) Q̄ = 0.65 (Q̄crit < Q̄ < Q̄c)

(c) Q̄ = 0.7 (Q̄c < Q̄ < Q̄t) (d) Q̄ = 0.8 (Q̄t < Q̄ < 2)

(e) Q̄ = 5 (2 < Q̄)

Figure 5: Orbit types for massive neutral test particles in Ayón-Beato–García space-times. The black vertical lines mark E = 1, and the other red solid lines mark circular orbits. They divide different types of orbit configurations. Blue dots denote the innermost stable circular orbit r̄_{ISCO} and green boxes the boundaries of regions of unstable circular orbits between r̄_{ISCO} and r̄ = ∞.

is possible (R(r) < 0 for all r) marked by 0. If more than one type is possible the actual orbit is determined by the initial conditions.

4.2 Weakly charged test particles in black hole space-times

From equation (29) it is a necessary condition for charged test particles that R_{q̄}(r̄) ≥ 0 for a solution to exist. Let us first consider the cases r̄ → 0, ∞. At r̄ → ∞ we have R_{q̄}(r̄) → E^2 − 1 − 3q̄(E −^3_4q̄) what implies that for^3_2 q̄ − 1 ≤ E ≤^3_2q̄ + 1 infinity may not be reached. For r̄ → 0 the limit is not influenced by q̄ as R_{q̄}(r̄) → −^{L̄2}_{r̄2} +E^2 −1+^{L̄2}_{Q̄3} (Q̄−2), i.e. r̄ = 0 may again only be reached for L̄ = 0 and E^2 ≥ 1.

We now turn to the simpler equation (30). It is necessary that U(u) ≥ 0 for the existence of a solution. This means that the type of orbit is determined by the values of U at the boundaries of the physical meaningful region u ∈ [0, Q̄^{−1}] and the number of real zeros in between. As noted above, the sign of U at u = 0 changes at E =^3_2 q̄ ± 1 whereas U is negative at u = Q̄^{−1} as long as L̄ ≠ 0. The number of real zeros of U in [0, Q̄^{−1}] changes for varying constants of motion if double zeros occur, which correspond to circular orbits. Solving U(u) = 0 and^{dU}_{du} (u) = 0 for E and L̄^2 yields

E_{1,2} = 1 4A(u) [ q̄(1 − Q̄^2u^2)^{52} D(u) ± g_{tt}(u) √ 16A(u) + q̄^2C(u) ]

L̄^2_{1,2} = (1 − Q̄2u2)2B(u) uA(u) + q̄Q̄^2g_{tt}(u) 8uA^2(u)

(12Q̄^2u^2 − 15u − 2) × [ q̄Q̄^2(1 − Q̄^2u^2)^6(12Q̄^2u^2 − 15u − 2)u ∓ (1 − Q̄^2u^2)^{72} √ 16A(u) + q̄^2C(u) ] (34)

where g_{tt}(u) is the metric function under the substitution u = 1/ √ r̄^2 + Q̄^2, C(u) = u^2Q̄^4(1 − Q̄^2u^2)^5(12Q̄^2u^2 − 15u − 2)^2 and

D(u) = 4Q̄^8u^7 − 15Q̄^6u^6 + 2Q̄^4(6 + Q̄^2)u^5 − 5Q̄^4u^4 − 6Q̄^2(3Q̄^2 − 1)u^3 + 35Q̄^2u^2 − 2(9 + Q̄^2)u + 6 . (35)

For E and L̄ to be real the expression under the square root has to be positive, 16A(u) + q̄^2C(u) ≥ 0. From the discussion of neutral particles we know that A(u) > 0 for all u ∈ [0, Q̄^{−1}] if Q̄ > Q̄_c. In addition, C(u) ≥ 0 for all u in the admissible range. Let us denote the smallest charge Q̄ for which 16A(u) + q̄^2C(u) ≥ 0 for all u ∈ [0, Q̄^{−1}] by Q̄_c(q̄) (i.e. Q̄_c(q̄ = 0) = Q̄_c). The value of Q̄_c(q̄) as a function of q̄ is shown in Figure 6. Above Q̄_c(q̄) the expressions for E_{1,2} and L̄^2_{1,2} from (34) are real for all u ∈ [0, Q̄^{−1}]. Below it 16A(u) + q̄^2C(u) has two zeros ã_{1,2} with 16A(u) + q̄^2C(u) ≥ 0 for 0 ≤ u ≤ ã_1 and ã_2 ≤ u ≤ Q̄^{−1}. As a second necessary condition, L̄^2 has also to be greater or equal to zero. At the boundaries we have L̄^2_{1,2} = (1 ± q̄Q̄^2)u^{−1} + O(u^0) and L̄2_{1,2} = 4Q̄3(Q̄ − 2)(u − Q̄−1)2 + O((u − Q̄−1)3). This means that near u = 0 (r = ∞), L̄2_1 is always positive but L̄2 is positive only if q̄Q̄2 < 1. Near u = Q̄−1 (r = 0), L̄2_{1,2} is negative if Q̄ < 2. From the discussion of neutral test particles we know that for q̄ = 0 the expression L̄^2 is positive in the range [0, a_1]. This remains valid for small q̄ until that value of q̄(Q̄) is reached where L̄^2 has a double zero in [0, a_1]. We therefore assume here that the test-particle is weakly charged in the sense that q̄Q̄^2 < 1 and q̄ that small that L̄2 is positive in the range [0, ã_1]. Numerical analysis indicates that q̄ < Q̄_{crit} seems to be sufficient. Note that in this case always Q̄_c(q̄) > Q̄_{crit}. A typical example of orbit configurations for fixed Q̄ and q̄ is shown in Figure 7.

Figure 6: The value Q̄_c(q̄) as a function of the charge of the particle q̄. The blue horizontal line denotes the critical value Q̄_{crit}.

Figure 7: Orbit types for charged test particles in Ayón-Beato–García space-times. Here Q̄ = 0.4 and q̄ = 0.1. The red lines mark circular orbits and the black lines E =^3_2 q̄ ± 1. They divide different types of orbit configurations, which are denoted in the same way as for neutral test particles.

5 Analytical solution for motion of neutral test particles

In this section we derive the analytical solution to the equation of motion (17) in the Ayón-Beato–García space-time. With the dimensionless quantities used throughout the paper and the substitution u = 1/ √ r̄^2 + Q̄^2 this equation reads ( du dφ )_2 = (1 − Q̄^2u^2)^2 L^2

P_6(u) (36)

This ordinary differential equation can be solved in terms of algebro-geometric methods. It corresponds to a hyperelliptic curve of genus two. This situation is similar to the structure of the geodesic equation in Schwarzschild-de Sitter space-time, where an analytical solution can be found in terms of derivatives of the Riemann θ-function in two complex variables restricted to the theta-divisor, see [32]. However, here the differential is of the third kind, which introduces an additional complication, which can be handled in the following way: by introducing a parameter λ with^{dλ}_{ds̄} = u^2, λ(s̄_0) = 0 in equation (36) we split the problem in two parts, ( du dλ )_2 = P_6(u) , (37) dφ dλ = L̄ 1 − Q̄^2u^2

, (38)

with u(0) = u_0, φ(0) = φ_0. This new affine parameter λ can be seen as an analog of the Mino time [23]. Let us first consider (37). With the substitution u = ±^1_x + u_P where P_6(u_P ) = 0 the problem is transformed to the standard form ( x dx dλ )_2 = c_5 5∑ i=0 c_i c_5 x^i = c_5P_5(x) , c_i =

(±1)^i (6 − i)!

d^{(6−i)}P_6 du^{(6−i)} (u_P ) . (39)

Here, the sign in the substitution should be chosen such that c_5 is positive and, therefore, depends on the choice of u_P . The solution to this equation is given by [33, 34, 32] x(λ) = − σ_1 σ_2

(λ_σ ) , (40)

where σ_i is the i-th derivative of the Kleinian sigma function in two variables

σ(z) = Ce^{ztκz}θ[K_∞]((2ω)^{−1}z; τ) (41)

which is given by the Riemann θ-function with characteristic K_∞. A number of parameters enters here: the symmetric Riemann matrix τ, the period-matrix (2ω, 2ω^′), the periodmatrix of the second kind (2η, 2η^′), the matrix κ = η(2ω)^{−1}, and the vector of Riemann constants with base point at infinity 2K_∞ = (0, 1)^t + (1, 1)^tτ. The constant C can be given explicitly, see e.g. [33], but does not matter here. In eq. (40) the argument λ_σ is an element of the one-dimensional sigma divisor: λ_σ = (f( √ c_5λ − λ_{in}), √ c_5λ − λ_{in})^t where λ_{in} = ∫_∞ x_0 xdx √_{P5(x)} with x_0 = ±(u_0 − u_P )^{−1} depends only on the initial values and the function f is given by the condition σ(λ_σ ) = 0. For more details on the construction of such solutions see e.g. [33]. With (40) the solution for r̄ is given by

r̄^2(λ) = σ^2_1 (λ_σ) (σ_2(λ_σ) ∓ u_P σ_1(λ_σ))^2

− Q̄^2 , P_6(u_P ) = 0 , σ(λ_σ) = 0 . (42)

Let us now turn to the equation (38) for φ. It can be written in the form

φ − φ_0 = ∫_λ λ_0 L̄dλ 1 − Q̄^2u^2 = L̄ √ c_5 ∫_x x_0 xdx (1 − Q̄^2u^2(x)) √ P_5(x)

, (43)

= L̄ √ c_5 [ ∫_x x_0

2Q̄^2u_P dx (1 − Q̄^2u^2_P )^2 √ P_5(x) + ∫_x x_0 xdx (1 − Q̄^2u^2_P ) √ P_5(x) + 2∑ i=1 ∫_x x_0 C_idx (x − u_i) √ P_5(x) ] , (44)

where u_{1,2} =^{∓Q̄}_{1±Q̄uP} and C_i = (−1)^{i u3i}_{2Q̄} . The first two terms can be expressed directly in terms of λ, ∫_x x_0 xdx √ P_5(x) = √ c_5λ = (λ_σ − λ_{σ,λ=0})_2 , (45) ∫_x x_0 dx √ P_5(x) = ∫_∞ x_0 dx √ P_5(x) + ∫_x ∞ dx √ P_5(x) = −f(−λ_{in}) + f( √ c_5λ − λ_{in}) = (λ_σ − λ_{σ,λ=0})_1 . (46)

The summands of the last term can be rewritten as [33] ∫_x x_0 dx (x − u_i) √ P_5(x) = 1 √ P_5(u_i) [ 1 2 log σ(Σ^+(λ)) σ(Σ^−(λ)) − 1 2 log σ(Σ^+(0)) σ(Σ^−(0)) − (λ_σ − λ_{σ,λ=0})^t (∫_{u+i} u^−_i dr_j ) j=1,2 ] (47)

where Σ^±(λ)_j = (λ_σ)_j − 2 ∫_u±_i ∞ x^{j−1}dx √_{P5(x)} and dr_j = ∑_{5−j} k=j(k + 1 − j)^{ck+1+j}_{c5}^{xkdx}_4√_{P5(x)} with c_i

as in (39). Here the sign in u^±_i indicates the branch of the square root. This means, ∫_u+_i u^−_i drj = ±2 ∫_{ei} u_i drj (modulo periods) where ei is a zero of P5 close to ui . Summarized

this gives φ(λ) = L̄ √ c_5 { 2Q̄^2u_P (f( √ c_5λ − λ_{in}) − f(−λ_{in})) (1 − Q̄^2u^2_P )^2 + √ c_5λ 1 − Q̄^2u^2_P + 2∑ i=1 C_i √ P_5(u_i) ×

× [ 1 2 log σ(Σ^+(λ)) σ(Σ^−(λ)) − 1 2 log σ(Σ^+(0)) σ(Σ^−(0)) − (λ_σ − λ_{σ,λ=0})^t (∫_{u+i} u^−_i dr_j ) j=1,2 ]} . (48)

The equations (42) and (48) together analytically solve the differential equation (17) in a parametric form. In Fig. 8 we used this parametric solution to plot as an example two orbits of neutral test particles in the Ayón-Beato–García space-time, which do not cross the horizons.

6 Periastron shift for neutral test particles

The equation (17) for neutral particles can be used to derive the periastron shift of bound orbits in Ayón-Beato–García space-times, that is, the difference between 2π and the azimuthal angle accumulated from one passage of the periastron to the next. If we introduce the normalized quantities used throughout the paper eq. (17) can be rewritten as ( dr̄ dφ )_2 = r̄^4 L̄2 [ E^2 − ( 1 − 2r̄ (r̄^2 + Q̄^2)^32 + Q̄2r̄2 (r̄^2 + Q̄^2)^2 ) ( 1 + L^2 r^2 )] =: R_φ(r̄) . (49)

Figure 8: Orbits for neutral massive particles in a space-time with Q̄ = 0.3. Left: bound orbit for E^2 = 0.98, L̄^2 = 40. Right: flyby orbit for E^2 = 1.05, L^2 = 20. The small black circles indicate the horizons.

The periastron shift Ω_r is then given by the period Λ_r of r(φ), i.e. r(φ+Λ_r) = r(φ), minus 2π, which is

Ω_r = Λ_r − 2π = 2 ∫_{r̄a} r̄_p dr̄ √ R_φ(r̄)

− 2π , (50)

where r̄_p is the periastron and r̄_a the apastron.

As the Ayón-Beato–García space-time approaches the Reissner-Nordström space-time for large radii and the Schwarzschild space-time for small Q̄, the question arises how the expression (50) differs from the analogous expression in these space-times. To analyze this, we consider how Ω_r expands for small charges Q̄ and then compare the result to the Reissner-Nordström correction for small charges. For this we consider r̄_p and r̄_a as fixed and all other quantities like E = E(Q̄) and L̄ = L̄(Q̄) as dependent on Q̄. This means that the derivatives of E and L̄ with respect to Q̄ are needed. Therefore, we consider the zeros of R_φ(r̄) which are given by ± √ r̄^2_i − Q̄^2 where r̄_i are the six zeros of

P (r̄) = (E^2 − 1)r̄^6 + 2r̄^5 − (E^2Q̄^2 + L̄^2)r̄^4 + 2(L̄^2 − 2Q̄^2)r̄^3 + Q̄^2(2Q̄^2 − L̄^2)r̄^2 + 2Q̄^2(Q̄^2 − L̄^2)r̄ − Q̄^6 + Q̄^4L̄^2 . (51)

As r̄_p and r̄_a should be fixed this implies

r̄_{1,2} = √ r̄^2_{p,a} + Q̄^2 ≈ r̄_{p,a} + Q̄2 2r̄_{p,a}

. (52)

By expanding P (r̄) = (E^2 − 1)

∏_6 i=1(r̄ − r̄_i) in powers of Q̄ and comparing coefficients we can then derive that E ≈ ( (r̄_a − 2)(r̄_p − 2)(r̄_a + r̄_p) r̄_ar̄_p(r̄_a + r̄_p − 2) − 2(r̄^2_a + r̄^2_p)

) 1_2

− (r̄_a + r̄_p)(7r̄_ar̄_p − 4r̄_a − 4r̄_p − 12) 2((r̄_a − 2)(r̄_p − 2)(r̄_a + r̄_p))^12 (r̄_ar̄_p(r̄_a + r̄_p − 2) − 2(r̄^2_a + r̄^2_p))^32

Q̄^2 , (53)

L̄ ≈ ( 2 r̄_ar̄_p(r̄_a + r̄_p − 2) − 2(r̄^2_a + r̄^2_p)

) 1_2

− (r̄_a + r̄_p)(r̄^2_ar̄_p + r̄_ar̄^2_p + r̄_ar̄_p + 3r̄^2_a + 3r̄^2_p − 6r̄_a − 6r̄_p) 2 √ 2(r̄_ar̄_p(r̄_a + r̄_p − 2) − 2(r̄^2_a + r̄^2_p))^32

Q̄^2 . (54)

Now the Taylor expansion of (50) reads

Ω_r ≈ Λ_{r,S} + Λ_{r,Q}2Q̄^2 − 2π = 2 ∫_{r̄a} r̄_p dr̄ √ R_0(r̄) − 2π + ∫_{r̄a} r̄_p

(L̄^{′′}E^2 − L̄E^{′′}E − L̄^{′′})r̄^5 + 2r̄^4L̄^{′′} + L̄r̄^3 + 3L̄r̄^2 + L̄^3r̄ + 3L̄^3)|¯_{Q=0}dr̄ L̄3r̄R_0(r̄) √ R_0(r̄)

Q̄^2,

(55)

where R_0(r̄) = (E^2 −1)L̄^{−2}r̄^4+2L̄^{−2}r̄^3−r̄^2+2r̄ is the Schwarzschild expression and a prime denotes differentiation with respect to Q̄. Accordingly, the first term of the expansion yields the Schwarzschild periastron precession rate, as can be seen by substituting r̄ = αnx^2+β nx^2+1 with α = r̄3,0, β = r̄p, and n = r̄_a−r̄_p r̄_{3,0}−r̄_a , where 0 < r̄3,0 < r̄p < r̄a are the zeros of

R_0(r̄). The first term in (55) is then given by

Λ_{r,S} =

4L(0) √ (1 − E^2(0))r̄_p(r̄_a − r̄_{3,0})

∫_1 0 dx √ (1 − x^2)(1 − k^2x^2) = 4 √ r̄_ar̄_pK(k) √ r̄_ar̄_p − 4r̄_a − 2r̄_p = 4 √ pK(k) √ p + 2e − 6

, (56)

where K(k) is the complete elliptic integral of the first kind with the modulus k^2 =

2(r̄_a−r̄_p) r̄_ar̄_a−4r̄_p−2r̄_a = 4e p+2e−6 . Here r̄a = p 1−e and r̄_p =^p_{1+e} with the semilatus rectum p and the eccentricity e. This is the standard result. By applying the same substitution to the second term in (55) and a decomposition in partial fractions we get

Λ_{r,Q}2 =

(3p^2 − 8p + e^2 + 3)K(k) p^32 √ p + 2e − 6 + (3p^3 − 24p^2 + 75p − 7pe^2 − 12(1 − e^2))E(k) p^32 √ p + 2e − 6 (2e − p + 6)

, (57)

where E(k) is the complete elliptic integral of the second kind.

A corresponding analysis of the periapsis shift in Reissner-Nordström space-time yields

Ω_r ≈ Λ_{r,S} − 2π + Q̄2 √ p √ p + 2e − 6 [ (p − 2)K(k) − (p^2 − 6p − 2e^2 + 18)E(k) p − 2e − 6 ] (58)

Obviously the two expressions for the periastron shift differ in the strong field, but for p → ∞ we obtain in both cases Ω_r ≈^{6π}_p −^π_p Q̄^2. This result coincides with the result of Chaliasos [12] (see his equation (47) with vanishing charge of the test particle, i.e. e = 0).

7 Summary

In this paper we considered the motion of massive test particles in the metric presented in [7], which we called the Ayón-Beato–García space-time. It is given as a solution to the Einstein equations coupled to a nonlinear electrodynamics, and is completely determined by its mass M and its charge Q. After a review of the space-time and the corresponding equations of motion we classified the complete set of orbit types for neutral test particles moving on geodesics, without any restriction on the value of Q. In particular, we analyzed conditions for circular orbits and the position of the innermost stable circular orbit as a function of the charge. We also considered possible types of orbits of a weakly charged test particle moving in a black hole space-time. In addition, we derived the analytical solution of the equation of motion dependent on a new affine parameter, which can be seen as an analog of the Mino time [23]. We also discussed the periastron precession rate and derived a post-Schwarzschild correction to the order Q̄^2. It would be interesting to extend this work to a rotating version, which has still to be derived.

Acknowledgment

We thank Volker Perlick for useful discussions. This research was supported by the DFG Research Training Group 1620 “Models of Gravity”, by DFG–CONACyT Grant No. B330/418/11, by GIF Grant No. 1078/2009, and by CONACyT Grants No. 166041F3 and No. 178346F3.

References

[1] J. Bardeen. in Proceedings of GR5, Tiflis, U.S.S.R., 1968.

[2] A. Borde. Open and closed universes, initial singularities, and inflation. Phys. Rev. D, 50:3692, 1994.

[3] A. Borde. Regular black holes and topology change. Phys. Rev. D., 55:7615, 1997.

[4] C. Barrabès and V.P. Frolov. How many new worlds are inside a black hole? Phys.

Rev. D, 53:3215, 1996.

[5] M. Mars, M. M. Martín-Prats, and J. M. M. Senovilla. Models of regular Schwarzschild black holes satisfying weak energy conditions. Class. Quant. Grav., 13:L51, 1996.

[6] A. Cabo and E. Ayón-Beato. About black holes with nontrapping interior. Int. J.

Mod. Phys. A, 14:2013, 1999.

[7] E. Ayón-Beato and A. García. Regular black hole in general relativity coupled to nonlinear electrodynamics. Phys. Rev. Lett., 80:5056, 1998.

[8] E. Ayón-Beato and A. García. Nonsingular charged black hole solution for nonlinear source. Gen. Rel. Grav., 31:629, 1999.

[9] E. Ayón-Beato and A. García. New regular black hole solution from nonlinear electrodynamics. Phys. Lett. B, 464:25, 1999.

[10] G. Jaffé. Bemerkungen über die relativistischen Keplerellipsen. Annalen der Physik, 372:212–226, 1922.

[11] M. T. Teli and D. Palaskar. Perihelic Shift of Planets Due to the Gravitational Field of the Charged Sun. Nuovo Cimento C, 7:130, 1984.

[12] E. Chaliasos. Perihelion shift in the Reissner-Nordstroem field. Cel. Mech. Dyn.

Astr., 79:135, 2001.

[13] Y. Hagihara. Theory of relativistic trajectories in a gravitational field of Schwarzschild. Japan. J. Astron. Geophys., 8:67, 1931.

[14] G. Slezáková. Geodesic geometry of black holes. Phd thesis, University of Waikato, Waikato, New Zealand, 2006.

[15] S. Grunau and V. Kagramanova. Geodesics of electrically and magnetically charged test particles in the Reissner–Nordström space-time: analytical solutions. Phys. Rev. D, 83:044009, 2011.

[16] S. Chandrasekhar. The Mathematical Theory of Black Holes. Oxford University Press, Oxford, 1983.

[17] S. Zhou, J. Chen, and Y. Wang. Geodesic structure of test particle in Bardeen spacetime. Int. J. Mod. Phys. D, 21:1250077, 2012.

[18] E. F. Eiroa and C. M. Sendra. Gravitational lensing by a regular black hole. Class.

Quant. Grav., 28:085008, 2011.

[19] J. Plebański. Lectures on non-linear electrodynamics: an extended version of lectures given at the Niels Bohr Institute and NORDITA, Copenhagen, in October 1968. NORDITA, 1970.

[20] S. A. Gutierrez, A. L. Dudley, and J. F. Plebanski. Signals and discontinuities in general relativistic nonlinear electrodynamics. J. Math. Phys., 22:2835–2848, 1981.

[21] M. Novello et al. Geometrical aspects of light propagation in nonlinear electrodynamics. Phys. Rev. D, 61:045001, 2000.

[22] M. Novello, S. E. Perez Bergliaffa, and J. M. Salim. Singularities in general relativity coupled to nonlinear electrodynamics. Class. Quant. Grav., 17:3821–3832, 2000.

[23] Y. Mino. Perturbative approach to an orbital evolution around a supermassive black hole. Phys. Rev. D, 67:084027, 2003.

[24] I.H. Salazar, A. Garcia, and J. Plebanski. Duality rotations and type D solutions to Einstein equations with nonlinear electromagnetic sources. J. Math. Phys., 28:2171, 1987.

[25] K. A. Bronnikov. Comment on ’Regular black hole in general relativity coupled to nonlinear electrodynamics’. Phys. Rev. Lett., 85:4641, 2000.

[26] K. A. Bronnikov. Regular magnetic black holes and monopoles from nonlinear electrodynamics. Phys. Rev. D, 63:044005, 2001.

[27] I. Dymnikova. Regular electrically charged structures in nonlinear electrodynamics coupled to general relativity. Class. Quant. Grav., 21:4417–4429, 2004.

[28] K. A. Bronnikov et al. Scalar, electromagnetic, and gravitational fields interaction:

Particlelike solutions. Annals Phys., 118:84, 1979.

[29] I. Dymnikova. Cosmological term as a source of mass. Class. Quant. Grav., 19:725– 740, 2002.

[30] I. Dymnikova. Spherically symmetric space-time with the regular de Sitter center.

Int. J. Mod. Phys. D, 12:1015–1034, 2003.

[31] V. Z. Enolskii et al. Particle motion in Hořava–Lifshitz black hole space-times. Phys.

Rev. D, 84:084011, 2011.

[32] E. Hackmann and C. Lämmerzahl. Complete analytic solution of the geodesic equation in Schwarzschild–(anti) de Sitter space–times. Phys. Rev. Lett., 100:171101, 2008.

[33] V.M. Buchstaber, V.Z. Enolskii, and D.V. Leykin. Hyperelliptic Kleinian Functions and Applications, volume 10 of Reviews in Mathematics and Mathematical Physics 10. Gordon and Breach, New York, 1997.

[34] V.Z. Enolskii, M. Pronine, and P.H. Richter. Double pendulum and θ-divisor. J.

Nonlinear Sc., 13:157, 2003.