arXiv:1306.2874v1 [hep-ph] 12 Jun 2013

Higher bottomonia

J. Ferretti INFN, Sezione di Genova, via Dodecaneso 33, 16146 Genova (Italy) and Instituto de Ciencias Nucleares, Universidad Nacional Autónoma de México, 04510 México DF, México

E. Santopinto^∗ INFN, Sezione di Genova, via Dodecaneso 33, 16146 Genova (Italy)

We show the results of a quark model calculation of the bottomonium spectrum with self energy corrections due to the coupling to the meson-meson continuum. The bare masses used in the calculation are computed within the relativized quark model by Godfrey and Isgur. We also give results for the open-bottom strong decay amplitudes of higher bottomonia in a^3P0 model.

PACS numbers: 12.39.Pn, 13.25.Gv, 14.65.Fy, 24.85.+p

I. INTRODUCTION

Several studies on meson spectroscopy have been published in the years, based on different pictures for mesons; they include qq̄ mesons [1–11] (see also the unquenched lattice QCD calculations of Refs. [12–16]), meson-meson molecules [17–23], tetraquarks [24–26] and quarkonium hybrids [27–29] and references can be found in review papers like [30].

Many of these studies investigate hadron properties within the quark model (QM). The QM [1, 3–9, 11, 31–39] can reproduce the behavior of observables such as the spectrum and the magnetic moments, but it neglects pair-creation effects, which are manifest as a coupling to meson-meson (meson-baryon) channels. Above threshold, this coupling leads to strong decays; below threshold, it leads to virtual qq̄ − qq̄ (qqq − qq̄) components in the hadron wave function and shifts of the physical mass with respect to the bare mass, as already shown by several authors in the baryon [40–46] and meson [10, 21, 22, 47–55] sectors. Indeed, since the earliest days of hadron spectroscopy, it has been recognized that the properties of a level can be strongly influenced by the closest channels [56, 57]. An early example was the resonance Λ(1405), decaying into Σπ but strongly influenced by the nearby K̄N threshold [58], or the f_0(980), decaying into ππ but behaving remarkably as a KK̄ meson-meson molecule [59]. The continuum coupling effects can be seen, not only in the spectrum, but also in other observables, like the importance of the orbital angular momentum in the spin of the proton, as explicitly calculated for the first time with a quark model in Ref. [60], or the calculation of the flavor asymmetry of the proton [61] and the strange content of the electromagnetic form factors of the nucleon [62]; all of those predictions were obtained within the unquenched quark model (UQM) for baryons of Refs. [60–62].

Another important piece of information on a meson has to do with its possible decay modes, including strong, electromagnetic and weak decays. The dominant strong decays are transitions to open-flavor final states, where the initial bb̄ (or cc̄) meson decays by producing a light qq̄ quark-antiquark pair (q = u, d or s) followed by separation into two open-bottom (or open-charm) mesons. Since the QCD mechanism underlying this dominant decay process is still poorly understood, several phenomenological models have been developed in order to carry on this type of studies. They include pair-creation models [1, 63, 64], elementary meson emission models [65, 66] and effective Lagrangian approaches [11]. The simplest of these approaches is that of the^3P_0 pair-creation model, in all its possible variants [63, 64, 67, 68].

In this paper, we present an UQM [55, 60, 62, 69] calculation of the bottomonium spectrum (1S, 2S, 3S, 1P , 2P , 3P and 1D states) with self energies corrections due to the coupling to the meson-meson continuum. These loop corrections are computed considering a complete set of accessible SUf(5)⊗SUspin(2) ground-state (i.e. 1S) mesons. 1S intermediate states, being at lower energies with respect to P -wave and D-wave intermediate meson states, give the main contribution to the self energies of the bb̄ resonances that we are going to study. Our results are fitted to the experimental data, so that the calculated masses of the mesons of interest are the sum of a bare energy term, computed within Godfrey and Isgur’s relativized quark model [5], and a self energy correction, computed within the UQM formalism for mesons [55, 69].

Since the relativized QM by Godfrey and Isgur [5] is a powerful tool to predict the general trend of the spectrum of qq̄ mesons, both in the light and heavy sectors, we decided to update its fit to bottomonium spectrum in order

∗Corresponding author: santopinto@ge.infn.it

to include the most recent experimental data. At the same time, we could also extend the original results of Ref. [5] up to the higher radial excitations. We think that this can be very helpful to get results for observables such as strong decay widths and electromagnetic couplings of higher bottomonia, since this type of observables depend on the masses of the mesons involved in the calculation.

Finally, we present our results for the strong decay widths of higher bottomonia. The widths are computed within a modified version of the^3P_0 pair-creation model [55, 69]. In particular, the changes we have considered include the substitution of the pair-creation strength, γ_0, with an effective one, γeff_0 , in order to suppress unphysical heavy quark pair-creation, and the introduction of a quark form factor into the model’s transition operator, in order to take the non point-like nature of the created pair of constituent quarks into account.

We think that the present article may be helpful to the experimentalists in their search for new bb̄ states as well as in clarifying the properties of the already observed ones.

II. FORMALISM

A. Self energies

The Hamiltonian we consider,

H = H_0 + V , (1)

is the sum of a first part, H_0, acting only in the bare meson space, and a second part, V , which can couple a meson state |A⟩ to the meson-meson continuum |BC⟩.

The dispersive equation, resulting from a nonrelativistic Schrödinger equation, is

Σ(E_a) = ∑ BC ∫_∞ 0 q^2dq |V_{a,bc}(q)|^2 E_a − E_{bc} , (2)

where the bare energy E_a satisfies:

M_a = E_a + Σ(E_a) . (3)

M_a is the physical mass of the meson A, with self energy Σ(E_a). In Eq. (2) one has to take the contributions from various meson-meson intermediate states |BC⟩ into account. These channels, with relative momentum q between B and C, have quantum numbers J_{bc} and ℓ coupled to the total angular momentum of the initial state |A⟩. V_{a,bc} stands for the coupling due to the operator V between the intermediate state |BC⟩ and the unperturbed quark-antiquark wave function of the meson A; E_{bc} = E_b + E_c is the total energy of the channel BC, calculated in the rest frame. Finally, if the bare energy of the meson A, E_a, is greater the threshold E_{bc}, the self energy of Eq. (2) contains poles and is a complex number: in this case one has real loops instead of virtual ones.

Since the physics of the dynamics depends on the matrix elements V_{a,bc}(q), one has to choose a precise form for the transition operator, V , responsible for the creation of qq̄ pairs. Our choice is that of the unquenched quark model (UQM) of Refs. [55, 69].

B. An unquenched quark model for bottomonia

In the unquenched quark model for mesons [55, 69] the effects of quark-antiquark pairs are introduced explicitly into the quark model through a QCD-inspired^3P_0 pair-creation mechanism. This approach, which is a generalization of the unitarized quark model by Törnqvist and Zenczykowski [40] (see also Ref. [70]) is based on a QM, to which qq̄ pairs with vacuum quantum numbers are added as a perturbation and where the pair-creation mechanism is inserted at the quark level.

Under these assumptions, the meson wave function is made up of a zeroth order quark-antiquark configuration plus a sum over the possible higher Fock components, due to the creation of^3P_0 qq̄ pairs. To leading order in pair-creation, one has | ψ_A⟩ = N [ | A⟩ + ∑ BCℓJ ∫ d⃗q | BC⃗q ℓJ⟩ ⟨BC⃗q ℓJ | T^† | A⟩ E_a − E_b − E_c ] , (4) where T^† stands for the^3P_0 quark-antiquark pair-creation operator [55, 69], depending on an effective pair-creation strength γeff_0 , A is the meson, B and C represent the intermediate state mesons, and E_a, E_b = √ M^2_b + q^2 and E_c = √ M^2_c + q^2 are the corresponding energies, ⃗q and ℓ the relative radial momentum and orbital angular momentum between B and C and ⃗J = ⃗J_b + ⃗J_c + ⃗ℓ is the total angular momentum. The wave functions of the mesons A, B and C can be written as harmonic oscillator wave functions, depending on a single oscillator parameter α = 0.5 GeV.

The^3P_0 quark-antiquark pair-creation operator, T^†, is given by [55, 69]

T^† = −3 γeff_0 ∫ d⃗p_3 d⃗p_4 δ(⃗p_3 + ⃗p_4) C_{34} F_{34} e^{−r2q (⃗p3 −⃗p4)2 /6}

[χ_{34} × Y_1(⃗p_3 − ⃗p_4)]^{(0)}_0 b^†_3(⃗p_3) d^†_4(⃗p_4) , (5)

where b^†_3(⃗p_3) and d^†_4(⃗p_4) are the creation operators for a quark and an antiquark with momenta ⃗p_3 and ⃗p_4, respectively. The qq̄ pair is characterized by a color singlet wave function C_{34}, a flavor singlet wave function F_{34}, a spin triplet wave function χ_{34} with spin S = 1 and a solid spherical harmonic Y_1(⃗p_3 − ⃗p_4), which indicates that the quark and antiquark are in a relative P wave. Since the operator T^† creates a pair of constituent quarks with an effective size, the pair-creation point has to be smeared out by a Gaussian factor, whose width r_q was determined from meson decays to be in the range 0.25 − 0.35 fm [44, 70, 72]. In our calculation, we take the value r_q = 0.335 fm [55]. The pair-creation strength, γeff_0 =^{mn}_{mi} γ_0, is fitted to the strong decay Υ(4S) → BB̄, and the value for γ_0 is extracted.

In short, the two main differences with the old^3P_0 model are the introduction of a quark form factor, as already done by many authors like Törnqvist and Zenczykowski [40], Silvestre-Brac and Gignoux [44] and Geiger and Isgur [70, 72], and the use of the effective strength γeff_0 =^{mn}_{mi} γ_0, since it is well known that heavy flavor pair-creation is suppressed. We think that both the improvements, i.e. the introduction of the quark form factor and the effective strength γeff_0 , already used in Refs. [55, 69], can make the model more realistic.

The matrix elements of the pair-creation operator T^† were derived in explicit form in the harmonic oscillator basis as in Ref. [73], using standard Jacobi coordinates.

FIG. 1: Two diagrams can contribute to the process A → BC. qi and q̄i stand for the various initial (i = 1 − 4) and final (i = 5 − 8) quarks or antiquarks, respectively. Picture from Ref. [69]. APS copyright.

In the UQM, the coupling V_{a,bc} between the meson-meson continuum, BC, and the unperturbed wave function of the meson A can be written as V_{a,bc}(q) = ∑ ℓJ ⟨BC⃗q ℓJ| T^† |A⟩ . (6) In general, two different diagrams can contribute to the transition matrix element ⟨BC⃗q ℓJ| T^† |A⟩ (see Fig. 1): in the first one, the quark in A ends up in B, while in the second one it ends up in C. In the majority of cases, one of these two diagrams vanishes; however, for some matrix elements, both must be taken into account [69], as for example, this is the case of the coupling η_b → ΥΥ, where the initial | |bb̄⟩ state is coupled to the final state | |bb̄; bb̄⟩ and the created pair is a bb̄ one.

Finally, by substituting Eq. (6) into Eq. (2), we have:

Σ(E_a) = ∑ BCℓJ ∫_∞ 0 q^2dq | |⟨BC⃗q ℓJ| T † |A⟩ | |^2 E_a − E_b − E_c . (7)

The values of the pair-creation model’s parameters, used to compute the strong decays of Sec. III B and the vertices ⟨BC⃗q ℓJ| T^† |A⟩ of Eq. (7), are reported in Table I.

Parameter Value

γ0 0.732 α 0.500 GeV rq 0.335 fm mn 0.330 GeV ms 0.550 GeV mc 1.50 GeV m_b 4.70 GeV

TABLE I: Pair-creation model parameters.

C.^3P0 pair-creation model

In the^3P_0 pair-creation model [63], the open-flavor strong decays of bb̄ mesons take place via the production of a light qq̄ pair (i.e. q = u, d or s), with vacuum, i.e.^3P_0, quantum numbers, followed by the separation of the initial meson into two open-bottom mesons.

More recent variants of the^3P_0 model include a quark form factor in the transition operator [55, 60–62, 69, 70, 72], that takes the non point-like nature of the constituent quarks into account, and an effective pair-production strength γeff_0 , that suppresses unphysical heavy qq̄ pair-creation [51, 55, 69].

In particular, in Ref. [51] it is stated that in the^3P_0 model approach the pair-creation is flavor-independent, which implies an enhancement of heavy quarks creation compared to light quarks one, without a fundamental reason for that. Thus, an effective pair-creation strength γeff_0 [51, 55, 69], defined as

γeff_0 = m_n m_i γ_0 , (8)

is introduced, with i = n (i.e. u or d), s, c and b (see Table I). This problem was already recognized and corrected by several authors [51, 55, 69]. The same mechanism of Eq. (8), including also a quark form factor, is used in the calculations of the present paper and of Refs. [55, 69].

D. Godfrey and Isgur’s relativized quark model

The relativized QM [5] is a potential model for qq̄ meson spectroscopy, developed in 1985 by Godfrey and Isgur. The starting Hamiltonian of the model [5] is given by H = √ q^2 + m^2_1 + √ q^2 + m^2 + Vconf + Vhyp + Vso , (9)

where m_1 and m_2 are the masses of the constituent quark and antiquark inside the meson, q is their relative momentum (with conjugate coordinate r), Vconf, Vhyp and Vso are the confining, hyperfine and spin-orbit potentials, respectively.

The confining potential [5],

Vconf = − ( 3 4 c + 3 4 br − α_s(r) r ) ⃗F_1 · ⃗F_2 , (10)

contains a constant, c, a linear confining term and a Coulomb-like interaction, depending on a QCD-motivated running coupling constant α_s(r).

The hyperfine interaction is written as [5]

Vhyp = −^{αs (r)}_{m1m2} [_{8π} 3 ⃗S_1 · ⃗S_2 δ^3(⃗r)

+^1_{r3} (_{3 ⃗S1 ·⃗r ⃗S2·⃗r} r^2 − ⃗S_1 · ⃗S_2 )] ⃗F_i · ⃗F_j . (11)

The spin-orbit potential [5],

Vso = Vso,cm + Vso,tp , (12)

is the sum of two contributions, where

Vso,cm = −^{αs(r)}_{r3}

(_1

m_i + 1 m_j ) (_{⃗Si} m_i + ⃗S_j m_j ) · ⃗L ⃗F_i · ⃗F_j (13a)

is the color-magnetic term and

Vso,tp = − 1 2r ∂H^{conf}_{ij} ∂r ( ⃗S_i m^2_i + ⃗S_j m^2_j ) · ⃗L (13b)

is the Thomas-precession one.

What is known as Godfrey and Isgur’s model [5] is the Hamiltonian of Eq. (9) plus some relativistic effects, briefly described in App. C. These effects include the introduction of a potential smearing and the replacement of factors of quark mass with quark kinetic energy. This is exactly the model that has been used in the calculations of the present paper.

III. RESULTS

A. Bottomonium spectrum

In this section, we show our update of Godfrey and Isgur’s fit for the spectrum of bb̄ mesons [5], similarly to what was done in Ref. [74] for charmonia.

m_b = 5.024 GeV b = 0.156 GeV^2 α^{cr}_s = 0.60 Λ = 0.200 GeV c = −0.280 GeV σ0 = 0.146 GeV s = 4.36 ϵc = −0.242 ϵt = 0.030 ϵ_{so(V )} = −0.053 ϵ_{so(S)} = 0.019

TABLE II: Resulting values of Godfrey and Isgur’s model [5] parameters, obtained by re-fitting the mass formula of Eq. (9) to the most recent experimental data [71].

The results of Ref. [5] are precise, especially in the case of the low-lying bb̄ resonances. Nevertheless, due to the lack of an enough quantity of experimental data at that time, Godfrey and Isgur’s results show deviations from the experimental data in the case of bb̄ radial excitations. Specifically, there is a deviation from the experimental data, of the order of 50 MeV, in the case of 4S states. In particular, one can notice that the prediction of Ref. [5] for Υ(4S)’s mass (i.e. 10.63 GeV) is approximately 50 MeV higher than the corresponding experimental result and, moreover, the theoretical prediction for η_b(4S)’s mass (i.e. 10.62 GeV) is 40 MeV higher in energy than Υ(4S)’s observed mass. 4S resonances are quite important, being the lowest energy bb̄ states decaying into two open-bottom mesons. Since we are interested in calculating observables, such as the strong decay widths of higher bottomonia, depending on the masses of the mesons involved in the calculation (see Sec. III B), we have decided to update Godfrey and Isgur’s fit of Ref. [5] in order to take the latest experimental informations [71, 76] into account. Moreover, in Ref. [5], the authors give results for bb̄ mesons up to the first radial excitation, with the exception of Υ and η_b states. As we think that it would be helpful to the experimentalists to have a more complete picture of bottomonia in their search for new bb̄ states, such as h_b(3P, 4P ) and χ_b(3P, 4P ) [75], we decided to extend these results up to higher radial excitations (see Tables III and IV).

Our results for the spectrum of bottomonia, obtained with the values of the model’s parameters of Table II, are reported in Tables III and IV. In our calculation, we used a variational basis of 200 harmonic oscillator shells, so that our results converge very well.

State(N^{2S+1}LJ ) J^{P C} M_{th.} [MeV] Mexp. [MeV]

η_b(1^1S0) 0^{−+} 9391 9391.0±2.8 Υ(1^3S1) 1^{−−} 9490 9460.30±0.26 χ_{b0}(1^3P0) 0^{++} 9867 9859.44±0.42±0.31 χ_{b1}(1^3P1) 1^{++} 9897 9892.78±0.26±0.31 h_b(1^1P1) 1^{+−} 9904 9898.6±1.4 χ_{b2}(1^3P2) 2^{++} 9918 9912.21±0.26±0.31 η_b(2^1S0) 0^{−+} 9967 9999.0±3.5^{+2.8}_{−1.9} Υ(2^3S1) 1^{−−} 10012 10023.26±0.31 Υ(1^3D1) 1^{−−} 10144 – Υ2(1^3D2) 2^{−−} 10154 10163.7±1.4 Υ2(1^1D2) 2^{−+} 10155 – Υ3(1^3D3) 3^{−−} 10161 – χ_{b0}(2^3P0) 0^{++} 10222 10232.5±0.4±0.5 χ_{b1}(2^3P1) 1^{++} 10243 10255.46±0.22±0.50 h_b(2^1P1) 1^{+−} 10247 10259.8±0.6^{+1.4}_{−1.0} χ_{b2}(2^3P2) 2^{++} 10257 10268.65±0.22±0.50 η_b(3^1S0) 0^{−+} 10305 – χ_{b2}(1^3F2) 2^{++} 10342 – Υ3(1^1F3) 3^{+−} 10346 – Υ(3^3S1) 1^{−−} 10338 10355.2±0.5 Υ(2^3D1) 1^{−−} 10425 – Υ2(2^3D2) 2^{−−} 10432 – Υ2(2^1D2) 2^{−+} 10433 – Υ3(2^3D3) 3^{−−} 10438 –

TABLE III: Update of Godfrey and Isgur’s bottomonium spectrum prediction [5], calculated with the values of the model parameters of Table II: first part. N is the radial quantum number +1. The experimental values of the masses, Mexp., are taken from Refs. [71, 76].

B. Open bottom strong decays in the^3P0 pair-creation model

In this section, we show our results for the open bottom strong decay widths of higher bottomonia (see table VI). The decay widths are calculated within the^3P_0 model [55, 69] as

Γ_{A→BC} = Φ_{A→BC} (q_0) ∑ ℓ,J | |⟨BC⃗q_0 ℓJ| T^† |A⟩ | |^2 . (14)

Here, Φ_{A→BC} (q_0) is the standard relativistic phase space factor [55, 69], Φ_{A→BC} = 2πq_0 E_b(q_0)E_c(q_0) M_a , (15)

depending on the relative momentum q_0 between B and C and on the energies of the two intermediate state mesons, E_b = √ M^2_b + q^2_0 and E_c = √ M^2_c + q^2_0 . The values of the masses M_a, M_b and M_c, used in the calculation, are taken from the PDG [71] and Ref. [76], while in the case of still unobserved states we use our theoretical predictions of Sec. III A (see also Table V). The operator T^† inside the^3P_0 amplitudes ⟨BC⃗q_0 ℓJ| T^† |A⟩ is that of Eq. (5), which also contains the quark form factor of Refs. [70, 72]. The quark form factor, that takes the non point-like nature of the constituent quarks into account, is not included in the original formulation of the^3P_0 model [63].

State(N^{2S+1}LJ ) J^{P C} M_{th.} [MeV] Mexp. [MeV]

χ_{b0}(3^3P0) 0^{++} 10494 – Υ3(1^3G3) 3^{−−} 10507 – χ_{b1}(3^3P1) 1^{++} 10511 – h_b(3^1P1) 1^{+−} 10515 – χ_{b2}(3^3P2) 2^{++} 10524 – η_b(4^1S0) 0^{−+} 10569 – Υ(4^3S1) 1^{−−} 10595 10579.4±1.2 χ_{b2}(2^3F2) 2^{++} 10585 – Υ3(2^1F3) 3^{+−} 10589 – Υ(3^3D1) 1^{−−} 10661 – Υ2(3^3D2) 2^{−−} 10667 – Υ2(3^1D2) 2^{−+} 10668 – Υ3(3^3D3) 3^{−−} 10673 – χ_{b0}(4^3P0) 0^{++} 10726 – Υ3(2^3G3) 3^{−−} 10727 – χ_{b1}(4^3P1) 1^{++} 10740 – h_b(4^1P1) 1^{+−} 10744 – χ_{b2}(4^3P2) 2^{++} 10751 – χ_{b2}(3^3F2) 2^{++} 10800 – Υ3(3^1F3) 3^{+−} 10803 – Υ(10860) 1^{−−} – 10876±11 Υ2(4^3D2) 2^{−−} 10876 – Υ2(4^1D2) 2^{−+} 10877 – Υ3(4^3D3) 3^{−−} 10881 – Υ3(3^3G3) 3^{−−} 10926 – Υ(11020) 1^{−−} – 11019±8

TABLE IV: Caption as in Table III, second part, excited radial states. N is the radial quantum number +1. The experimental values of the masses, Mexp., are taken from Refs. [71, 76].

State J^P M [GeV] Source

B 0^− 5.279 [71] B^∗ 1^− 5.325 [71] Bs 0^− 5.366 [71] B^∗_s 1^− 5.416 [71] Bc 0^− 6.277 [71] B^∗_c 1^− 6.340 [5]

TABLE V: Masses of open bottom mesons used in the calculations.

Another difference between our calculation and those of Refs. [63, 67, 73, 74] is the substitution of the pair-creation strength γ_0 with the effective strength γeff_0 of Eq. (8). The introduction of this effective mechanism suppresses those diagrams in which a heavy qq̄ pair is created, as discussed in Sec. II C. More details on this mechanism can be found in Refs. [51, 55, 69].

Finally, the results of our calculation, obtained with the values of the model parameters of Table I, are reported in Table VI. Other results for the strong decays of bottomonia can be found in Ref. [77], where the authors calculated the decay widths of open charm, charmonium and bb̄ Υ states [Υ(4S), Υ(10860) and Υ(11020)] within the^3P_0 model.

State J^{P C} BB̄ BB̄^∗ B^∗B̄^∗ BsB̄s BsB̄^∗_s B^∗_s B̄^∗_s B̄B^∗ B̄_sB^∗_s

Υ(4^3S1) 1^{−−} 21 – – – – – Υ(10860) 1^{−−} 1 21 45 0 3 1 Υ(11020) 1^{−−} 0 8 26 0 0 2 Υ(3^3D1) 1^{−−} 23 4 15 – – – χ_{b0}(4^3P0) 0^{++} 26 – 24 – – – χ_{b1}(4^3P1) 1^{++} – 20 1 – – – h_b(4^1P1) 1^{+−} – 33 5 – – – χ_{b2}(2^3F2) 2^{++} 34 – – – – – χ_{b2}(4^3P2) 2^{++} 10 28 5 1 – – χ_{b2}(3^3F2) 2^{++} 5 26 53 2 2 – Υ2(3^3D2) 2^{−−} – 37 30 – – – Υ2(4^3D2) 2^{−−} – 28 36 – 4 4 Υ2(3^1D2) 2^{−+} – 55 57 – – – Υ2(4^1D2) 2^{−+} – 22 37 – 4 3 Υ3(3^3D3) 3^{−−} 15 56 113 – – – Υ3(2^3G3) 3^{−−} 3 43 39 – – – Υ3(4^3D3) 3^{−−} 1 4 49 0 1 2 Υ3(3^3G3) 3^{−−} 7 0 13 2 0 5 Υ3(3^1F3) 3^{+−} – 28 46 – 3 –

TABLE VI: Strong decay widths (in MeV) in heavy meson pairs for higher bottomonium states. Columns 3-8 show the decay width contributions from various channels BC, such as BB̄, BB̄^∗ and so on. The values of the model parameters are given in table I. The symbol – in the table means that a certain decay is forbidden by selection rules or that the decay cannot take place because it is below the threshold.

C. Bare and self energy calculation of bb̄ states

The relativized QM [5] is now used to compute the bare energies of the bb̄ mesons, E_a, that we need in the self energy calculation of Table VIII. In our study, we computed the bare energies E_a’s as the eigenvalues of Eq. (9), with the values of the model parameters of Table VII. At variance with QM calculations, such as those of Ref. [5] and Tables III and IV, we did not fit the eigenvalues of Eq. (9), i.e. the E_a’s, to the experimental data [71]. In our case, the quantities fitted to the spectrum of bottomonia [71, 76] are the physical masses M_a’s of Eq. (3) and therefore the fitting procedure is an iterative one.

m_b = 4.568 GeV b = 0.1986 GeV^2 α^{cr}_s = 0.600 Λ = 0.200 GeV c = 0.628 GeV σ0 = 0.0127 GeV s = 2.655 ϵc = −0.2948 ϵt = 0.0129 ϵ_{so(V )} = −0.0715 ϵ_{so(S)} = 0.0573

TABLE VII: Values of Godfrey and Isgur’s model parameters, obtained by fitting the results of Eq. (3) to the experimental data [71, 76].

Once the values of the bare energies are known, it is possible to calculate the self energies Σ(E_a)’s of the bb̄ states through Eq. (7), summing over a complete set of accessible SUf(5)⊗SUspin(2) 1S intermediate states. If the bare energy of the initial meson A is above the threshold BC, i.e. E_a > M_b + M_c, the self energy contribution due to the

State J^{P C} BB̄ BB̄^∗ B^∗B̄^∗ BsB̄s BsB̄^∗_s B^∗_s B̄^∗_s BcB̄c BcB̄^∗_c B^∗_c B̄^∗_c η_bη_b η_bΥ ΥΥ Σ(Ea) Ea Ma Mexp. B̄B^∗ B̄_sB^∗_s B̄_cB^∗_c

η_b(1^1S0) 0^{−+} – -26 -26 – -5 -5 – -1 -1 – – 0 -64 9455 9391 9391 Υ(1^3S1) 1^{−−} -5 -19 -32 -1 -4 -7 0 0 -1 – 0 – -69 9558 9489 9460 η_b(2^1S0) 0^{−+} – -43 -41 – -8 -7 – -1 -1 – – 0 -101 10081 9980 9999 Υ(2^3S1) 1^{−−} -8 -31 -51 -2 -6 -9 0 0 -1 – 0 – -108 10130 10022 10023 η_b(3^1S0) 0^{−+} – -59 -52 – -8 -8 – -1 -1 – – 0 -129 10467 10338 – Υ(3^3S1) 1^{−−} -14 -45 -68 -2 -6 -10 0 0 -1 – 0 – -146 10504 10358 10355 h_b(1^1P1) 1^{+−} – -49 -47 – -9 -8 – -1 -1 – 0 – -115 10000 9885 9899 χ_{b0}(1^3P0) 0^{++} -22 – -69 -3 – -13 0 – -1 0 – 0 -108 9957 9849 9859 χ_{b1}(1^3P1) 1^{++} – -46 -49 – -8 -9 – -1 -1 – – 0 -114 9993 9879 9893 χ_{b2}(1^3P2) 2^{++} -11 -32 -55 -2 -6 -9 0 -1 -1 0 – 0 -117 10017 9900 9912 h_b(2^1P1) 1^{+−} – -66 -59 – -10 -9 – -1 -1 – 0 – -146 10393 10247 10260 χ_{b0}(2^3P0) 0^{++} -33 – -85 -4 – -14 0 – -1 0 – 0 -137 10363 10226 10233 χ_{b1}(2^3P1) 1^{++} – -63 -60 – -9 -10 – -1 -1 – – 0 -144 10388 10244 10255 χ_{b2}(2^3P2) 2^{++} -16 -42 -72 -2 -6 -10 0 0 -1 0 – 0 -149 10406 10257 10269 h_b(3^1P1) 1^{+−} – -18 -73 – -11 -10 – -1 -1 – 0 – -114 10705 10591 – χ_{b0}(3^3P0) 0^{++} -4 – -160 -6 – -15 0 – -1 0 – 0 -186 10681 10495 – χ_{b1}(3^3P1) 1^{++} – -25 -74 – -11 -10 – 0 -1 – – 0 -121 10701 10580 – χ_{b2}(3^3P2) 2^{++} -19 -16 -79 -3 -8 -12 0 0 -1 0 – 0 -138 10716 10578 – Υ2(1^1D2) 2^{−+} – -72 -66 – -11 -10 – -1 -1 – – 0 -161 10283 10122 – Υ(1^3D1) 1^{−−} -24 -22 -90 -3 -3 -16 0 0 -1 – 0 – -159 10271 10112 – Υ2(1^3D2) 2^{−−} – -70 -68 – -10 -11 – -1 -1 – 0 – -161 10282 10121 10164 Υ3(1^3D3) 3^{−−} -18 -43 -78 -3 -8 -11 0 -1 -1 – 0 – -163 10290 10127 –

TABLE VIII: Self energies, Σ(Ea) (in MeV, see column 15), for 1S, 2S, 3S, 1P , 2P , 3P and 1D bottomonium states due to coupling to the meson-meson continuum, calculated with the effective pair-creation strength of Eq. (8) and the values of the UQM parameters of Table I. Columns 3-14 show the contributions to Σ(Ea) from various channels BC, such as BB̄, BB̄^∗ and so on. In column 16 are reported the values of the bare energies, Ea, calculated within the relativized QM [5], with the values of the model parameters of Table VII. In column 17 are reported the theoretical estimations Ma of the masses of the bb̄ states, which are the sum of the self energies Σ(Ea) and the bare energies Ea (see also Fig. 2). Finally, in column 18 are reported the experimental values of the masses of the bb̄ states, as from the PDG [71, 76]. The symbol − means that the contribution from a channel is suppressed by selection rules (spins, G-parity, ...).

FIG. 2: Comparison between the calculated masses (black lines) of 1S, 2S, 3S, 1P , 2P , 3P and 1D bottomonium states via Eq. (3) and the experimental ones [71, 76] (boxes). The new values of Godfrey and Isgur’s model parameters are taken from Table VII. The picture also shows the lowest strong decay thresholds.

meson-meson channel BC is computed as

Σ(E_a)(BC) = P ∫_∞ M_b +M_c dE_{bc} E_a−E_{bc} qE_bE_c E_{bc} | |⟨BC⃗q ℓJ| T^† |A⟩ | |^2 + 2πi {_{qEb Ec} E_a | ⟨BC⃗q ℓJ| T^† |A⟩ |_2} E_{bc}=E_a , (16)

where the symbol P indicates a principal part integral, calculated numerically, and 2πi {_{qEbEc} E_a | |⟨BC⃗q ℓJ| T † |A⟩ | |^2 } E_{bc}=E_a is the imaginary part of the self energy.

Finally, the results of our calculation, obtained with the set of parameters of Table I and the effective pair-creation strength of Eq. (8), are given in Table VIII and Fig. 2. This means that the vertices ⟨BC⃗q ℓJ| T^† |A⟩ of Eqs. (7) and (16) are computed with the same set of^3P_0 model’s parameters of Sec. III B, fitted to the experimental Υ(4S) → BB̄ strong decay width [71] (see App. B).

D. Discussion of the results

In this paper we have reported the results of an unquenched quark model calculation of the self energies corrections to the spectrum of bottomonia. In the UQM formalism of Refs. [55, 69], the effects of qq̄ sea pairs are introduced explicitly into the QM through a QCD-inspired^3P_0 pair-creation mechanism.

The self energies, we studied in this paper, are corrections to the meson masses arising from the coupling to the meson-meson continuum. Neglected in naive QM’s, these loop effects provide an indication of the quality of the quenched approximation used in QM’s calculations, in which only valence quarks are taken into account. It is thus worthwhile seeing what happens when these pair-creation effects are introduced into the quark model, similarly to what is done in unquenched lattice QCD calculations [12–16]. Therefore, we could say that these kind of studies can also be seen as inspections of the QM, of its power in predicting the properties of hadrons and of its range of applicability: if the departure from QM’s results is important, one can see new physics emerging or better extra degrees of freedom.

Several studies on the goodness of the quenched approximation in the QM have already been done, such as those of Refs. [60–62, 69, 70, 72, 73]. Many of them show that the quark model can predict several hadron properties with a quite high level of accuracy. Nevertheless, there are observables whose expectation value on the valence component of a certain hadron is null, even if the expectation value on the sea component of the same hadron is nonzero: for example, this occurs in the case of the flavor asymmetry of the nucleon [61], where one has to incorporate loop effects into the QM in order to carry out this kind of calculation. This is also the case of the self energy calculations of Refs. [55, 69] and of the present paper.

Our results for the self energies of bottomonia show that the loop corrections to the spectrum of bb̄ mesons (see Table VIII) are relatively small. Specifically for bottomonium states, they are approximately 1−2% of the corresponding meson mass, while we have shown in Ref. [55] that the charmonium mass shifts induced by loop corrections are in the order of 2−6 %. The relative mass shifts, namely the difference between the self energies of two meson states, are in the order of a few tens of MeV. Nevertheless, these continuum-coupling effects can become qualitatively important because of the high precision predictions of meson masses one can obtain in the heavy-quark sector.

These continuum coupling effects are also particularly important in the case of suspected non qq̄ states, such as the X(3872) [78], whose nature has not been understood completely yet. Indeed, at the moment, there are two possible interpretations for the meson [79]: a weakly bound 1^{++} DD̄^∗ molecule [21–23] or a cc̄ state [10, 55, 80–82], with 1^{++} quantum numbers. In particular, in Ref. [55] it is shown that the continuum coupling effects of the X(3872) can give rise to BB̄^∗ and B^∗B̄^∗ components in addition to the cc̄ core and determine a downward energy shift, which is necessary to obtain a better reproduction of the experimental data. Up to now, for the bottomonium case we have investigated states that are far away from meson-meson decay thresholds, with the exception of 3P states, due to the complexity of the calculations as one goes up with the energies and the shells; nevertheless, the study of these higher excitations will be the next step [84].

In this paper we have also calculated the strong decay widths of bb̄ states within a modified version of the^3P_0 model of hadron decays [55, 69]. The corrections we have introduced into the transition operator of the model include: 1) the use of a quark form factor, in order to take the effective size of the constituent quarks into account [44, 55, 69, 70, 72]; 2) the replacement of the pair-creation strength γ_0 with the effective strength of Eq. (8), that suppresses heavy qq̄ pair-creation [51, 55, 69]. The introduction of this effective mechanism is necessary, since in the original formulation of the^3P_0 model the flavor-independent pair-creation implies an unphysical enhancement of heavy quarks creation compared to light quarks one, without a fundamental reason for that [51].

Finally, we think that the present paper may be a useful help to the experimentalists in their search for new bb̄ states. In the last few years the interest in heavy quarkonium physics has increased enormously, and also the number of collaborations devoted to the topic because of the developement of new B factories. In particular, BaBar [85, 86], Belle [87], CDF [88] and D0 have produced many interesting results. Moreover, all four detectors at LHC (Alice, Atlas, CMS and LHCb) have the capacity to study charmonia and bottomonia and have already produced some new results [89], such as the discovery of a new χ_b(3P ) system [75]. There are also approved proposals for new experiments, such as Belle II [90]. Therefore, we think it is important to study the properties of heavy mesons in order to provide (updated) informations to the experimentalists about spectra, strong decay widths, helicity amplitudes, and so on.

Acknowledgments

This work was supported by INFN, by Fondazione Angelo Della Riccia, Firenze, Italy, and by CONACYT (Grant No. 78833) and PAPIIT-DGAPA (Grant No. IN113711), Mexico.

Appendix A: SUf(5) couplings

The SUf(5) flavor couplings that we have to calculate in the^3P_0 model are ⟨F_B (14)F_C (32)|F_A(12)F_0(34)⟩ for the first diagram of Fig. 1, and ⟨F_B (32)F_C (14)|F_A(12)F_0(34)⟩ for the second diagram, where F_X (ij) represents the flavor wave function for the meson X (i.e. the initial meson A, the final mesons B and C or the^3P_0 created pair 0) made up of the quarks i and j. These overlaps can be easily calculated if we adopt a matrix representation of the mesons [47]. In this case, the two diagrams become, respectively,

⟨F_B (14)F_C (32)|F_A(12)F_0(34)⟩ = T r[F_AF^T_B F_0F^T_C ] =^{1√}_5 T r[F_AF^T_B F^T_C ] , ⟨F_B (32)F_C (14)|F_A(12)F_0(34)⟩ = T r[F_AF^T_C F_0F^T_B ] =^{1√}_5 T r[F_AF^T_C F^T_B ] .

(A1)

Appendix B: Parameters of the^3P0 pair-creation model

The value of the width of the constituent quark form factor, r_q = 0.335 fm, is taken from Ref. [55]. The value of the harmonic oscillator parameter is taken as α = 0.5 GeV. Finally, the value of the pair-creation strength, γeff_0 (see Table I), has to be fitted to the reproduction of experimental strong decay widths. We have chosen to fit γeff_0 to the experimental strong decay width Υ(4S) → BB̄ [71]. In this case, since the created pair qq̄ is uū or dd̄, the effective pair creation strength γeff_0 coincides with γ_0 [see Eq. (8)].

The decay width is calculated within the^3P_0 model [44, 67] as

Γ_{ψ→D}¯_D = 2Φ_{A→BC} | |⟨BC⃗q_0 ℓJ| T † |A⟩ | |^2 = 2Φ_{Υ(4S)→B}¯_B | |⟨BB̄⃗q_0 11 | | T † |Υ(4S)⟩ | |^2 = 21 MeV ,

(B1)

where the factor of 2 is introduced since Υ(4S) decays into B^0B̄^0 or B^+B^−, ⟨BC⃗q_0 ℓJ| T^† |A⟩ is the^3P_0 amplitude describing the coupling between the meson |A⟩ = |Υ(4S)⟩ and the final state |BC⟩ = | |BB̄⟩ and Φ_{A→BC} = 2πq_0 E_bE_c M_a (B2)

is the standard relativistic phase space factor [67], with E_b = √ M^2_b + q^2_0 and E_c = √ M^2_c + q^2_0 .

Appendix C: Relativistic effects in Godfrey and Isgur’s relativized model

Godfrey and Isgur [5] introduce some relativistic effects in a semi-quantitative way. In particular: a) the intensity of the various contributions in Eq. (9) has to depend on the relative momentum between the quark and the antiquark inside the meson; b) the interaction, because of the relative qq̄ momentum dependence, has to be non local.

First of all, Godfrey and Isgur re-write the effective potential as

Veff(r) = Geff(r) + Seff(r) . (C1)

After introducing the schematic notation

f^i_{12}(r) = ( m_1m_2 E_1E_2 )_{1/2+ϵi} f(r) ( m_1m_2 E_1E_2 )_{1/2+ϵi} , (C2)

where i = contact (c), tensor (t), vector spin-orbit [so(v)] and scalar spin-orbit [so(s)] (see Tables II and VII), and f(r) stands for the basic potentials G(r) = − 4α_s(r) 3r (C3a) and S(r) = βr + c , (C3b)

one has

G_{ef f} (r) = ( 1 +^{p2}_{E1E2} )_{1/2} G̃(r) ( 1 +^{p2}_{E1E2} )_{1/2} + (_{⃗S} 1·⃗L 2m^2_1 1 r ∂G̃^{so(v)} 11 ∂r +^{⃗S2·⃗L}_{2m2}^1_r^{∂G̃so(v)22}_{∂r} + (^{⃗S1+⃗S2})^{·⃗L}_{m1m2}^1_r^{∂G̃so(v)12}_{∂r} )

+^{2⃗S1·⃗S2} 3m_1 m_2 ∇

2G̃c_{12} − (_{⃗S1·r̂ ⃗S2·r̂− 13 ⃗S1·⃗S2} m_1m_2 ) (_{∂2} ∂r^2 − 1 r ∂ ∂r ) G̃t_{12}

(C4a)

and S_{ef f} (r) = S̃(r) − ⃗S_1 · L 2m^2_1 1 r ∂S̃^{so(s)}_{11} ∂r − ⃗S_2 · L 2m^2 1 r ∂S̃^{so(s)}_{22} ∂r . (C4b)

Godfrey and Isgur introduce smearing functions for the mesons qq̄, ρ_{ij} (⃗r − ⃗r^′) = σ^3_{ij} π^{3/2} e^{−σ2ij} (^{⃗r−⃗r ′} )^2 , (C5)

that they apply to the potentials G(r) and S(r) of Eq. (C3) to obtain smeared potentials G̃(r) and S̃(r) via f̃_{ij} (⃗r) = ∫ d^3r^′ ρ_{ij} (⃗r − ⃗r^′) f (⃗r^′) , (C6)

with the prescription

σ^2_{ij} = σ^2_0 [ 1 2 + 1 2 ( 4m_im_j (m_i + m_j )^2

)_4]

+ s^2 ( 2m_im_j m_i + m_j

)_2 , (C7)

where σ_0 and s are parameters (see Table II).

Finally, G̃(r) and S̃(r) in Eqs. (C4) can be written as [5] G̃(r) = − ∑ k 4α_k 3r Erf(τ_{kij} r) (C8a) and S̃(r) = βr [ e^{−σ2ij r2} √ πσ_{ij} r + ( 1 +^1_{2σ2ij r2} ) Erf(σ_{ij} r) ] + c , (C8b)

where 1 τ^2_{kij} = 1 γ^2_k + 1 σ^2_{ij} ; (C8c) α_k and γ_k of Eq. (C8) are used to parametrize the running coupling constant α_s(Q^2) as [5]

α_s(Q^2) = ∑ k α_k exp ( − Q^2 4γ^2_k ) . (C9)

[1] E. Eichten, K. Gottfried, T. Kinoshita, J. B. Kogut, K. D. Lane and T. -M. Yan, Phys. Rev. Lett. 34 (1975) 369; E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane and T. -M. Yan, Phys. Rev. D 17 (1978) 3090; 21 (1980) 203.

[2] C. Quigg and J. L. Rosner, Phys. Rept. 56 (1979) 167. [3] W. Buchmuller and S. H. H. Tye, Phys. Rev. D 24 (1981) 132. [4] P. Moxhay and J. L. Rosner, Phys. Rev. D 28 (1983) 1132. [5] S. Godfrey and N. Isgur, Phys. Rev. D 32 (1985) 189.

[6] S. N. Gupta, S. F. Radford and W. W. Repko, Phys. Rev. D 34 (1986) 201. [7] L. P. Fulcher, Phys. Rev. D 42 (1990) 2337; Phys. Rev. D 44 (1991) 2079.

[8] F. Iachello, N. C. Mukhopadhyay and L. Zhang, Phys. Rev. D 44 (1991) 898; Phys. Lett. B 256 (1991) 295. [9] W. Lucha, F. F. Schoberl and D. Gromes, Phys. Rept. 200 (1991) 127. [10] I. V. Danilkin and Yu. A. Simonov, Phys. Rev. Lett. 105 (2010) 102002. [11] P. Colangelo, F. De Fazio, F. Giannuzzi and S. Nicotri, Phys. Rev. D 86 (2012) 054024. [12] G. S. Bali, K. Schilling and A. Wachter, Phys. Rev. D 56 (1997) 2566. [13] C. T. H. Davies et al. [UKQCD Collaboration], Phys. Rev. D 58 (1998) 054505.

[14] A. Gray, I. Allison, C. T. H. Davies, E. Dalgic, G. P. Lepage, J. Shigemitsu and M. Wingate, Phys. Rev. D 72 (2005) 094507.

[15] T. Burch and C. Ehmann, Nucl. Phys. A 797 (2007) 33. [16] S. Meinel, Phys. Rev. D 82 (2010) 114502.

[17] J. D. Weinstein and N. Isgur, Phys. Rev. D 41 (1990) 2236. [18] T. Barnes and E. S. Swanson, Phys. Rev. D 46 (1992) 131. [19] N. A. Tornqvist, Z. Phys. C 61 (1994) 525.

[20] E. S. Swanson, Phys. Lett. B 588 (2004) 189; 598 (2004) 197.

[21] C. Hanhart, Y. S. Kalashnikova, A. E. Kudryavtsev and A. V. Nefediev, Phys. Rev. D 76 (2007) 034007. [22] V. Baru, A. A. Filin, C. Hanhart, Y. S. Kalashnikova, A. E. Kudryavtsev and A. V. Nefediev, Phys. Rev. D 84 (2011) 074029.

[23] F. Aceti, R. Molina and E. Oset, Phys. Rev. D 86 (2012) 113007. [24] R. L. Jaffe, Phys. Rev. D 15 (1977) 267.

[25] L. Maiani, F. Piccinini, A. D. Polosa and V. Riquer, Phys. Rev. Lett. 93 (2004) 212002. [26] E. Santopinto and G. Galata, Phys. Rev. C 75 (2007) 045206. [27] F. J. Llanes-Estrada and S. R. Cotanch, Phys. Lett. B 504 (2001) 15. [28] F. Buisseret and C. Semay, Phys. Rev. D 74 (2006) 114018 [29] P. Guo, A. P. Szczepaniak, G. Galata, A. Vassallo and E. Santopinto, Phys. Rev. D 78 (2008) 056003. [30] S. Godfrey and J. Napolitano, Rev. Mod. Phys. 71 (1999) 1411; K. K. Seth, Nucl. Phys. A 721 (2003) 853 [Pramana 62 (2004) 615]; P. Colangelo, F. De Fazio and R. Ferrandes, Mod. Phys. Lett. A 19 (2004) 2083; T. Skwarnicki, Int. J. Mod. Phys. A 19 (2004) 1030; N. Brambilla et al. [Quarkonium Working Group Collaboration], hep-ph/0412158; R. L. Jaffe, Phys. Rept. 409 (2005) 1; E. S. Swanson, AIP Conf. Proc. 870 (2006) 349; Phys. Rept. 429 (2006) 243; E. Eichten, S. Godfrey, H. Mahlke and J. L. Rosner, Rev. Mod. Phys. 80 (2008) 1161; S. Godfrey and S. L. Olsen, Ann. Rev. Nucl. Part. Sci. 58 (2008) 51; N. Drenska et al., Riv. Nuovo Cim. 033 (2010) 633; G. V. Pakhlova, P. N. Pakhlov and S. I. Eidelman, Phys. Usp. 53 (2010) 219 [Usp. Fiz. Nauk 180 (2010) 225]; A. Ali, PoS BEAUTY 2011 (2011) 002; G. Colangelo et al., Eur. Phys. J. C 71 (2011) 1695; R. Faccini, A. Pilloni and A. D. Polosa, Mod. Phys. Lett. A 27 (2012) 1230025.

[31] N. Isgur and G. Karl, Phys. Rev. D 18 (1978) 4187; Phys. Rev. D 19 (1979) 2653 [Erratum-ibid. D 23 (1981) 817]; Phys.

Rev. D 20 (1979) 1191.

[32] S. Capstick and N. Isgur, Phys. Rev. D 34 (1986) 2809. [33] R. Bijker, F. Iachello and A. Leviatan, Annals Phys. 236 (1994) 69.

[34] L. Y. Glozman, D. O. Riska, Phys. Rept. 268 (1996) 263; L. Y. Glozman, W. Plessas, K. Varga, R. F. Wagenbrunn, Phys.

Rev. D 58 (1998) 094030.

[35] U. Loring, B. C. Metsch and H. R. Petry, Eur. Phys. J. A 10 (2001) 395.

[36] M. Ferraris, M. M. Giannini, M. Pizzo, E. Santopinto and L. Tiator, Phys. Lett. B 364 (1995) 231; E. Santopinto, F. Iachello and M. M. Giannini, Eur. Phys. J. A 1 (1998) 307; E. Santopinto and M. M. Giannini, Phys. Rev. C 86 (2012) 065202.

[37] E. Santopinto, Phys. Rev. C 72 (2005) 022201; J. Ferretti, A. Vassallo and E. Santopinto, Phys. Rev. C 83 (2011) 065204. [38] A. Valcarce, H. Garcilazo and J. Vijande, Phys. Rev. C 72 (2005) 025206. [39] G. Galata and E. Santopinto, Phys. Rev. C 86 (2012) 045202.

[40] N. A. Törnqvist and P. Zenczykowski, Phys. Rev. D 29 (1984) 2139; Z. Phys. C 30 (1986) 83; P. Zenczykowski, Annals Phys. 169 (1986) 453.

[41] K. G. Horacsek, Y. Iwamura and Y. Nogami, Phys. Rev. D 32 (1985) 3001 [Erratum-ibid. D 36 (1987) 3527]. [42] W. Blask, M. G. Huber and B. Metsch, Z. Phys. A 326 (1987) 413. [43] M. Brack and R. K. Bhaduri, Phys. Rev. D 35 (1987) 3451. [44] B. Silvestre-Brac and C. Gignoux, Phys. Rev. D 43 (1991) 3699. [45] Y. Fujiwara, Prog. Theor. Phys. 89 (1993) 455; 90 (1993) 105. [46] D. Morel and S. Capstick, [nucl-th/0204014].

[47] S. Ono and N. A. Tornqvist, Z. Phys. C 23 (1984) 59; K. Heikkila, S. Ono and N. A. Tornqvist, Phys. Rev. D 29 (1984) 110 [Erratum-ibid. D 29 (1984) 2136]; S. Ono, A. I. Sanda and N. A. Tornqvist, Phys. Rev. D 34 (1986) 186.

[48] E. van Beveren and G. Rupp, Phys. Rev. Lett. 91 (2003) 012003; E. van Beveren, J. E. G. N. Costa, F. Kleefeld and G. Rupp, Phys. Rev. D 74 (2006) 037501; G. Rupp and E. van Beveren, Eur. Phys. J. A 31 (2007) 698.

[49] E. J. Eichten, K. Lane and C. Quigg, Phys. Rev. D 69 (2004) 094019. [50] D. S. Hwang and D. -W. Kim, Phys. Lett. B 601 (2004) 137. [51] Y. S. Kalashnikova, Phys. Rev. D 72 (2005) 034010. [52] M. R. Pennington and D. J. Wilson, Phys. Rev. D 76 (2007) 077502. [53] T. Barnes and E. S. Swanson, Phys. Rev. C 77 (2008) 055206. [54] I. V. Danilkin and Y. .A. Simonov, Phys. Rev. D 81 (2010) 07402. [55] J. Ferretti, G. Galatá and E. Santopinto, arXiv:1302.6857 [hep-ph]. [56] C. Patrignani, T. K. Pedlar and J. L. Rosner, arXiv:1212.6552 [hep-ex]. [57] T. J. Burns, Phys. Rev. D 87 (2013) 034022. [58] R. H. Dalitz and S. F. Tuan, Phys. Rev. Lett. 2 (1959) 425. [59] S. M. Flatte et al., Phys. Lett. B 38 (1972) 232.

[60] R. Bijker and E. Santopinto, Phys. Rev. C 80 (2009) 065210; E. Santopinto and R. Bijker, Few Body Syst. 44 (2008) 95. [61] E. Santopinto and R. Bijker, Phys. Rev. C 82 (2010) 062202. [62] R. Bijker, J. Ferretti and E. Santopinto, Phys. Rev. C 85 (2012) 035204.

[63] L. Micu, Nucl. Phys. B 10 (1969) 521; A. Le Yaouanc, L. Oliver, O. Pene and J. -C. Raynal, Phys. Rev. D 8 (1973) 2223;

Phys. Rev. D 9 (1974) 1415; Phys. Lett. B 71 (1977) 397; Phys. Lett. B 72 (1977) 57. [64] R. Kokoski and N. Isgur, Phys. Rev. D 35 (1987) 907.

[65] R. Koniuk and N. Isgur, Phys. Rev. D 21 (1980) 1868 [Erratum-ibid. D 23 (1981) 818]; Phys. Rev. Lett. 44 (1980) 845. [66] R. Bijker, F. Iachello and A. Leviatan, Phys. Rev. D 55 (1997) 2862.

[67] E. S. Ackleh, T. Barnes and E. S. Swanson, Phys. Rev. D 54 (1996) 6811; T. Barnes, F. E. Close, P. R. Page and E. S. Swanson, Phys. Rev. D 55 (1997) 4157.

[68] W. Roberts and B. Silvestre-Brac, Phys. Rev. D 57 (1998) 1694. [69] J. Ferretti, G. Galatá, E. Santopinto and A. Vassallo, Phys. Rev. C 86 (2012) 015204. [70] P. Geiger and N. Isgur, Phys. Rev. D 55 (1997) 299.

[71] J. Beringer et al. [Particle Data Group Collaboration], Phys. Rev. D 86 (2012) 010001. [72] P. Geiger and N. Isgur, Phys. Rev. Lett. 67 (1991) 1066; Phys. Rev. D 44 (1991) 799; Phys. Rev. D 47 (1993) 5050. [73] W. Roberts, and B. Silvestre-Brac, Few-Body Systems 11 (1992) 171. [74] T. Barnes, S. Godfrey and E. S. Swanson, Phys. Rev. D 72 (2005) 054026. [75] G. Aad et al. [ATLAS Collaboration], Phys. Rev. Lett. 108 (2012) 152001. [76] R. Mizuk et al. [Belle Collaboration], Phys. Rev. Lett. 109 (2012) 232002. [77] J. Segovia, D. R. Entem and F. Fernandez, Phys. Lett. B 715 (2012) 322.

[78] S. K. Choi et al. [Belle Collaboration], Phys. Rev. Lett. 91 (2003) 262001; D. Acosta et al. [CDF II Collaboration], Phys.

Rev. Lett. 93 (2004) 072001.

[79] E. S. Swanson, Phys. Rept. 429 (2006) 243. [80] M. Suzuki, Phys. Rev. D 72 (2005) 114013. [81] C. Meng and K.-T. Chao, Phys. Rev. D 75 (2007) 114002. [82] S. Coito, G. Rupp and E. van Beveren, Eur. Phys. J. C 71 (2011) 1762. [83] P. Geiger and N. Isgur, Phys. Rev. D 41 (1990) 1595. [84] J. Ferretti and E. Santopinto, work in progress. [85] E. Prencipe, arXiv:1208.3081 [hep-ex]. [86] V. Santoro, AIP Conf. Proc. 1492 (2012) 214. [87] J. S. Lange, arXiv:1109.1699 [hep-ex]. [88] K. Yi, arXiv:0906.4996 [hep-ex].

[89] N. Leonardo, Talk given at Hadron2011 13-17 Jun 2011: Kunstlerhaus, Munich, Germany. [90] C. Z. Yuan [BELLE II Collaboration], arXiv:1208.3813 [physics.ins-det].