arXiv:1306.3072v1 [math-ph] 13 Jun 2013

The (n, 1)-Reduced DKP Hierarchy, the String Equation and W Constraints

Johan van de Leur Mathematical Institute, University of Utrecht, P.O. Box 80010, 3508 TA Utrecht, The Netherlands e-mail: J.W.vandeLeur@uu.nl

June 14, 2013

Abstract

The total descendent potential of of a simple singularity satisfies the Kac-Wakimoto principal hierarchy. Bakalov and Milanov showed recently that it is also a highest weight vector for the corresponding W -algebra. This was used by Liu, Yang and Zhang to prove its uniqueness. We construct this principal hierarchy of type D in a different way, viz. as a reduction of some DKP hierarchy. This gives a Lax type and a Grassmannian formulation of this hierarchy. We show in particular that the string equation induces a large part of the W constraints of Bakalov and Milanov. These constraints are not only given on the tau function, but also in terms of the Lax and Orlov-Schulman operators.

1 Introduction

Bakalov and Milanov showed in a recent publication [1] that the total descendant potential of an A, D or E type singularity is a highest weight vector for the corresponding W -algebra. For type A Fukuma, Kawai and Nakayama showed that these W -constraints can be obtained completely from the string equation. This was used by Kac and Schwarz [9] to show that this A_n potential is a unique n + 1-reduced KP tau function, if one assumes that it corresponds to a point in the big cell of the Sato Grassmannian. Uniqueness for type D and E singularities, together with the A case as well, was recently shown by Liu, Yang and Zhang in [14]. They use the results of [1] and the twisted vertex algebra construction to obtain this result. Both constructions use the Kac-Wakimoto principal hierarchy construction of [10].

In this paper we obtain the principal realization of the basic module of type D^{(1)}n as a certain reduction of a representation of D_∞. The reduction of the corresponding DKP-type hierarchy gives Hirota bilinear equations for the corresponding tau functions. This gives an equivalent but slightly different formulation of Kac-Wakimoto D_n principal hierarchy [10]. The total descendent potential of a D_n type singularity satisfies these equations. This approach has 3 advantages: (1) there is a Lax type formulation for this hierarchy; (2) there is a Grassmannian formulation for this reduced hierarchy; (3) one can show that the string equation generates part of the W -algebra constraints. This makes it possible to describe -at least part of- the W - algebra constraints in terms of pseudo-differential operators and in terms of the corresponding Grassmannian.

2 The (n, 1)-reduced DKP hierarchy

2.1 The principal hierarchy for D^{(1)}_{n+1}

The principal hierarchy of the affine Lie algebra D^{(1)}_{n+1} can be described in many different ways [6], [10]. Here we take the approach of ten Kroode and the author [11] and describe this hierarchy as a reduction of the 2-component BKP hierarchy, i.e., we introduce two neutral or twisted fermionic fields and obtain a representation of the Lie algebra of d_∞. We define an equation which describes the corresponding D_∞ group orbit of the highest weight vector. Following Jimbo and Miwa [5] we use a certain reduction procedure, which reduces the group to a smaller group, viz., to the group corresponding to D^{(1)}_{n+1} in its principal realization and thus obtain a larger set of equations describing the group orbit.

Let n be a positive integer, consider the following Clifford algebra Cl(C^∞ ) on the vector space C^∞ with basis ϕ^1_{i2n} , ϕ^2_{i2} , with i ∈ Z and symmetric bilinear form

(ϕ^1i_{2n} , ϕ^1j_{2n} ) = (ϕ^2i_2 , ϕ^2j_2 ) = (−)^iδ_{i,−j}, (ϕ^1i_{2n} , ϕ^2j_2 ) = 0 .

The Clifford algebra has the usual commutation relations:

ϕ^1i_{2n} ϕ^1j_{2n} + ϕ^1j_{2n} ϕ^1i_{2n} =(−)^iδ_{i,−j} = ϕ^2i_2 ϕ^2j_2 + ϕ^2j_2 ϕ^2i_2 ,

ϕ^1i_{2n} ϕ^2j_2 + ϕ^2j_2 ϕ^1i_{2n} =0 .

We define its corresponding Spin module V with vacuum vector |0⟩ as follows (cf. [11]):

ϕ^1i_{2n} |0⟩ = ϕ^2i_2 |0⟩ = 0, i > 0, ( ϕ^1_0 + iϕ^2_0 ) |0⟩ = 0 . The normal ordered elements : ϕ^a_i ϕ^b_j : form the infinite Lie algebra of type d_∞, where the central elements acts as 1, see [11] for more details. The best way to describe the affine Lie algbra D^{(1)}_{n+1} is to introduce, following [2], ω = e^{πi}n the 2n-th root of 1, and write φ(z) = ∑ m∈^1_{2n} Z φ_{(m)}z^{−m−1}, then φ(e^{2πik}z) = ∑ m∈^1_{2n} Z ω^{−2kmn}φ_{(m)}z^{−m−1} .

The fields corresponding to the elements in the Clifford algebra are

ϕ^1(z) = ∑ i∈Z ϕ^1i_{2n} z^{−n−i2n} , ϕ^2(z) = ∑ i∈Z ϕ^2i_2 z^{−1−i2} .

Then the commutation relations can be described as follows in term of the anti-commutator { , } { ϕ^1(z), ϕ^1(e^{2πin}w) } = (−)^n 2n−1∑

j=0 δ_j (z − w), { ϕ^2(z), ϕ^2(e^{2πi}w) } = − 1∑ j=0 δ_{jn}(z − w), { ϕ^1(z), ϕ^2(w) } = 0 .

where δ_j (z − w) is the 2n-twisted delta function of e.g. [2]: δ_j (z − w) = z^{j2n} w^{−j2n} δ(z − w) = ∑ k∈^j_{2n} +Z z^kw^{−k−1} .

Then, see [11], the modes of the fields : ϕ^a(e^{2πik}z)ϕ^b(e^{2πiℓ}z) : 1 ≤ a, b ≤ 2, 0 ≤ k, ℓ ≤ 2n − 1, together with 1 span the affine Lie algebra of type D^{(1)}_{n+1} in its principal realization. The spin module V splits in the direct sum of two irreducible components when restricted to D^{(1)}_{n+1}. The irreducible components V = V_0 and V_1 correspond to the Z_2 gradation given by

deg |0⟩ = 0, deg ϕ^{±a}_k = 1 .

The highest weight vector of V_0 is |0⟩, the highest weight vector of V_1 is |1⟩ = 1 √ 2 ( ϕ^1_0 − iϕ^2_0 ) |0⟩ . Here V_0 is the basic representation, V_1 is an other level 1 module. Both modules are isomorphic.

2.2 The DKP hierarchy and its principal reduction

The DKP hierarchy is the following equation on T ∈ V_0:

Res_z ( (−)^nϕ^1(z)T ⊗ ϕ^1(e^{2πin}z)T − ϕ^2(z)T ⊗ ϕ^2(e^{2πi}z)T ) = 0 .

This equation describes an element in the D_∞-group orbit of |0⟩.

If one restricts the action on |0⟩ to the loop group of type D^{(1)}_{n+1}, the orbit is smaller and is characterized by a reduction, which we call the principal reduction, see e.g. [5], [3]. In fact T ∈ V_0 is in this loop group orbit, if and only if T satisfies the equations:

Res_z z^p ( (−)^nϕ^1(z)T ⊗ ϕ^1(e^{2πin}z)T − ϕ^2(z)T ⊗ ϕ^2(e^{2πi}z)T ) = 0, for all integers p ≥ 0. (2.1)

However, for us it will be more convenient not only to use the action on |0⟩ but also on |1⟩ and write T_a for the action of the loop group on |a⟩, where a = 0, 1. One thus obtains:

Res_z z^p ( (−)^nϕ^1(z)T_a ⊗ ϕ^1(e^{2πin}z)T_b − ϕ^2(z)T_a ⊗ ϕ^2(e^{2πi}z)T_b ) = δ_{a+b,1}δ_{p0}T_b ⊗ T_a . (2.2)

for all integers p ≥ 0, here a, b = 0, 1

2.3 A Grassmannian description

We follow the description of [8]. The Clifford algebra Cl(C^∞ ) has a natural Z_2-gradation Cl(C^∞ ) = Cl_0(C^∞ ) ⊕ Cl_1(C^∞ ), where Cl_0(C^∞ )_0 consists of products of an even number of elements from C^∞ . Let Spin(C^∞ ) denote the multipicative group of invertible elements in a ∈ Cl_0(C^∞ ) such that aC^∞ a^{−1} = C^∞ . There exists a homomorphism T : Spin(C^∞ ) → D_∞ such that T (g)(v) = gvg^{−1}. Thus T (g) is orthogonal, i.e., (T (g)(v), T (g)(w)) = (v, w), in fact it is an element in SO(C^∞ ). Let a = 0, 1, then Ann(g|a⟩) = {v ∈ C^∞ | vg|a⟩ = 0} = {gvg^{−1} ∈ C^∞ | v|a⟩ = 0} = T (g) (Ann(|a⟩)) . Since Ann(|a⟩) = C ϕ^1_0 + (−)^aiϕ^2_0 √ 2 ⊕ ⨁ i>0 C ϕ^1i_{2n} ⊕ C ϕ^2i_2 , (2.3)

it is easy to verify that Ann(|a⟩) for a = 0, 1 is a maximal isotropic subspace of C^∞ and hence Ann(g|a⟩) for a = 0, 1 and g ∈ Spin(C^∞ ) is also maximal isotropic. Hence an element in the D_∞ group orbit of the vacuum vector produces two unique maximal isotropic subspaces. We can say even more, the modified DKP hierarchy, i.e. equation (2.2) with p = 0 and {a, b} = {0, 1}, has the following geometric interpretation, see also [8] for more information,

dim (Ann(g|a⟩ − Ann(g|b⟩)) = 1 0 ≤ a ≠ b ≤ 1.

Note that this follows immediately from (2.3). Let e_1 and e_2 be the orthonormal basis of C^2 we identify ϕ^1i_{2n} = t^{i2n} e_1, ϕ^1i_2 = t^{i2} e_2 , (2.4)

where we assume that the bilinear form does not change, i.e.,

(t^{i2n} e_1, t^{j2n} e_1) = (−)^iδ_{i,−j}, (t^{i2} e_2, t^{j2} e_2) = (−)^iδ_{i,−j}, (t^{i2n} e_1, t^{j2} e_2) = 0 .

We think of t = e^{iθ} as the loop parameter. Now if g corresponds to an element in D^{(1)}_{n+1}, then Ann(g|a⟩) satisfies tAnn(g|a⟩) ⊂ Ann(g|a⟩), a = 0, 1 . 2.4 A bosonization procedure

The bosonization procedure is well known, see e.g. [11]. Here we do not take the usual one, but the one which is related to the D_{n+1} singularities as in the paper of Bakalov and Milanov [1]. This means that we introduce a parameter √ ℏ and that we choose the realization of the Heisenberg algebra slightly different from the usual one.

The bosonization of this principal hierarchy consists of identifying V with the space F = C [θ, q^a_k ; a = 1, 2 · · · n + 1, k = 0, 1, . . .]. Here θ is a Grassmann variable satisfying θ^2 = 0. Moreover σ(V_0) = F_0 = C [q^a_k ; a = 1, 2 · · · n + 1, k = 0, 1, . . .] and σ(V_1) = F_1 = θC [q^a_k ; a =

1, 2 · · · n + 1, k = 0, 1, . . .]. The Heisenberg algebra, α^a_k is defined by

α^1(z) = ∑ i∈^1_{2n} +^1_n Z

α^1_i z^{−i−1} :=

(−1)^n 2 √ n : ϕ^1(z)ϕ^1(e^{2πin}z) :,

α^2(z) = ∑ i∈^1_2 +Z

α^2_i z^{−i−1} := −1 2 : ϕ^2(z)ϕ^2(e^{2πi}z) : .

Then

[α^a_k, α^b_ℓ] = kδ_{ab}δ_{k,−ℓ} and [α^1_k, ϕ^1(z)] = z^k √ n ϕ^1(z), [α^2_k, ϕ^2(z)] = z^kϕ^1(z) .

Note that in the notation of [1] n = N − 1,

α^1(z) = Y ( √ nv_1, z), α^2(z) = Y (v_{n+1}, z) and ϕ^1(z) = Y (e^{v1} , z), ϕ^2(z) = Y (e^{vn+1} , z) .

This construction is related to an automorphism ρ that acts on the v_1, v_2, . . . , v_n, v_{n+1} as follows v_1 → v_2 → · · · → v_n → −v_1, v_{n+1} → −v_{n+1} , then Y (v_j, z) = Y (ρ^{j−1}(v_1), z) = Y (v_1, e^{2(j−1)πi}z), Y (e^{vj} , z) = Y (e^{v1} , e^{2(j−1)πi}z), 1 < j ≤ n. Let σ be the isomorphism which sends V to F , such that σ(|0⟩) = 1 and σ(|1⟩) = θ,

σα^1_− 2j−1_{2n −k}σ^{−1} = ℏ^{− 1}2 q^j_k ((2j − 1)/(2n))_k

, σα^12j−1_{2n +k}σ^{−1} = ((2j − 1)/(2n))_{k+1} ℏ^{12} ∂ ∂q^j_k ,

σα^2_− 1_{2 −k}σ^{−1} = ℏ^{− 1}2 q^{n+1}_k (1/2)_k

, σα^21_{2 +k}σ^{−1} = (1/2)_{k+1} ℏ^{12} ∂ ∂q^{n+1}_k , (2.5)

for k = 0, 1, 2, . . . and 1 ≤ j ≤ n, where (x)_k = x(x + 1) · · · (x + k − 1) =^{Γ(x+k)}_{Γ(x)} is the (raising) Pochhammer symbol (N.B. (x)_0 = 1). To describe σϕ^a(z)σ^−1, we introduce two extra operators θ and^∂_{∂θ} , then

σϕ^1(z)σ^{−1} = ( θ +^∂_{∂θ} ) √ 2 z^{− 12} Γ^1(q, z^{12n} ), σϕ^2(z)σ^{−1} = i ( θ −^∂_{∂θ} ) √ 2 z^{− 12} Γ^2(q, z^{12} ) , (2.6)

where Γ^1(q, z^{12n} ) = Γ^1_+(q, z^{12n} )Γ^1_−(q, z^{12n} ), Γ^2(q, z^{12} ) = Γ^2_+(q, z^{12} )Γ^2_−(q, z^{12} ) with

Γ^1_+(q, z^{12n} ) = exp 1 √ n n∑ j=1 ∞∑ k=0 ℏ^{− 1}2 q^j_k ((2j − 1)/(2n))_{k+1} z^{2j−12n +k},

Γ^1_−(q, z^{12n} ) = exp 1 √ n n∑ j=1 ∞∑ k=0 − ((2j − 1)/(2n))_k ℏ^{12} ∂ ∂q^j_k z^{− 2j−12n −k},

Γ^2_+(q, z^{12} ) = exp ∞∑ k=0 ℏ^{− 1}2 q^{n+1}_k (1/2)_{k+1} z^{12 +k},

Γ^2_−(q, z^{12} ) = exp ∞∑ k=0 − (1/2)_k ℏ^{12} ∂ ∂q^{n+1}_k z^{− 12 −k}

(2.7)

Now let σ(T_0) = τ_0 and σ(T_1) = τ_1θ Using (2.7) we can rewrite the equation (2.2) and thus obtain a family of Hirota bilinear equations on τ_a, here p ≥ 0:

Res_λ ( λ^{2np−1}Γ^1(q, λ)τ_a ⊗ Γ^1(q, −λ)τ_b − (−)^{a+b}λ^{2p−1}Γ^2(q, λ)τ_a ⊗ Γ^2(q, −λ)τ_b ) = 2δ_{a+b,1}δ_{p0}τ_b⊗τ_a . (2.8) From now on we will often omit σ

Note that the total descendent potential of a D_{n+1} singularity satisfies (2.8).

3 Sato-Wilson and Lax equations

3.1 Pseudo-differential operator approach

We want to reformulate (2.8) in terms of pseudo-differential operators. For this we introduce an extra variable x by replacing q^1_0 and q^{n+1}_0 by q^1_0 +^{ℏ 12}_{2n} x and q^{n+1}_0 +^{ℏ 12}_2 x and write ∂ for ∂_x. Then both τ_a and Γ^b(x, q, λ)τ_a will depend on x. We keep the dependence in τ_a but remove it in the second term by writing Γ^b(x, q, λ)τ_a = Γ^b(q, λ)τ_ae^{xλ} Next we rewrite (2.2):

Res_λ W (λ)diag(λ^{2np−1}, λ^{2p−1}) ⊗ W (−λ)^T = δ_{p0}V ⊗ V^T , (3.1)

where W (λ) = ( Γ^1(q, λ)τ_0 iΓ^2(q, λ)τ_0 iΓ^1(q, λ)τ_1 Γ^2(q, λ)τ_1 ) e^{xλ}, V = ( τ_1 iτ_1 iτ_0 τ_0 ) . (3.2)

Divide the first row of W and V by τ_1 and the second by τ_0, one thus obtains

Res_λ P (λ)diag(λ^{2np−1}, λ^{2p−1})E(λ)e^{xλ} ⊗ e^{−xλ}E(−λ)^T P (−λ)^T J = δ_{p0}I, (3.3)

where

P (λ) = 1 √ 2 (_{Γ1−(q,λ)τ0} τ_1 i

Γ^2_−(q,λ)τ_0 τ_1 i^{Γ1−(q,λ)τ1}_{τ0}^{Γ2−(q,λ)τ1}_{τ0} )

and E(λ) = ( Γ^1_+(q, λ) 0 0 Γ^2_+(q, λ) ) , J = ( 0 −i −i 0 )

Then using the fundamental Lemma of [7], equation (3.3) leads to:

(P (∂)diag(∂^{2np−1}, ∂^{2p−1})P^∗(∂)J)_− = δ_{p0}∂^{−1}I. (3.4)

Taking p = 0 one deduces that P^{−1}∂^{−1} = ∂^{−1}P^∗J (3.5) and for p > 0 that (P diag(∂^{2np}, ∂^{2p})P^{−1})_{≤0} = 0 Now differentiate (3.3) for p = 0 to some q^j_k and apply the fundamental Lemma then one gets the following Sato-Wilson equations: ∂P ∂q^j_k P^{−1} = −(B^j_k)_{≤0}, (3.6)

where

B^j_k = 1√ n ℏ^{− 1}2 ((2j−1)/(2n))_{k+1} P E11∂ 2j−1+2knP −1 if j ≤ n, ℏ^{− 1}2 (1/2)_{k+1} P E22∂

1+2kP −1 if j = n + 1.

Now introduce the operators L = P ∂P^{−1}, C_a = P E_{aa}P^{−1}, Then clearly [L, C_a] = 0, [C_a, C_b] = δ_{ab}C_a, C_1 + C_2 = I, ( L^{2np}C_1 + L^{2p}C_2 ) ≤0 = 0 (3.7) and one has the following Lax equations: ∂L ∂q^j_k = [(B^j_k)_{>0}, L], ∂C_a ∂q^j_k = [(B^j_k)_{>0}, C_a] . (3.8)

3.2 The Orlov-Schulman and S operator

Introduce the Orlov-Schulman operator M = P ExE^{−1}P^{−1} = P RP^{−1}, where

R = xI + 2ℏ^{− 12} ∞∑ k=0 ( √ nE_{11} n∑ j=1 q^j_k ((2j − 1)/(2n))_k

∂^{2nk+2j−2} + E_{22} q^{n+1}_k (1/2)_k ∂^{2k} ) ,

then [L, M] = I and the wave function W (λ) satisfies LW (λ) = λW (λ), C_iW (λ) = W (λ)E_{ii}, MW (λ) = ∂W (λ) ∂λ . (3.9)

Moreover, M = ∂P ∂∂ P^{−1} + 2ℏ^{− 12} ∞∑ k=0 ( √ n n∑ j=1 q^j_k ((2j − 1)/(2n))_k

L^{2nk+2j−2}C_1 + q^{n+1}_k (1/2)_k

L^{2k}C_2 ) . We want to calculate S = ( 1 2n ML^{1−2n}C_1 + 1 2 ML^{−1}C_2 ) ≤0 P , (3.10)

then S = 1 2n ∂P ∂∂ ∂^{1−2n}E_{11} + 1 2 ∂P ∂∂ ∂^{−1}E_{22} + ∞∑ k=0 ( 1 √ nℏ n∑ j=1 q^j_k ((2j − 1)/(2n))_k

L^{2n(k−1)+2j−1}C_1 + 1 √ ℏ q^{n+1}_k (1/2)_k

L^{2k−1}C_2 ) ≤0 P

= 1 2n ∂P ∂∂ ∂^{1−2n}E_{11} + 1 2 ∂P ∂∂ ∂^{−1}E_{22} + 1 √ nℏ n∑ j=1 q^j_0P ∂^{2j−2n−1}E_{11} + 1 √ ℏ q^{n+1}_0 P ∂^{−1}E_{22}

+ ∞∑ k=1 ( 1 √ nℏ n∑ j=1 q^j_k ((2j − 1)/(2n))_k

L^{2n(k−1)+2j−1}C_1 + 1 √ ℏ q^{n+1}_k (1/2)_k

L^{2k−1}C_2 ) ≤0 P

= 1 2n ∂P ∂∂ ∂^{1−2n}E_{11} + 1 2 ∂P ∂∂ ∂^{−1}E_{22} + 1 √ nℏ n∑ j=1 q^j_0P ∂^{2j−2n−1}E_{11} + 1 √ ℏ q^{n+1}_0 P ∂^{−1}E_{22}

− n+1∑ j=1 ∞∑ k=0 q^j_{k+1} ∂P ∂q^j_k

(3.11)

4 The string equation and W constraints

4.1 The principal Virasoro algebra

The principal realization of the basic representation of type D^{(1)}_{n+1} has a natural Virasoro algebra with central charge n+1. It is given by (see e.g. [11]):

L_k = ∑ j∈Z (−)^j j 4n : ϕ^1−j_{2n} ϕ^1j_{2n +k} : +(−)^j j 4 : ϕ^2−j_2 ϕ^2j_{2 +k} : +δ_{k,0} ( n + 1 16n + n^2 − 1 24n )

= ∑ j∈Z 1 2 : α^1_{− 12n −} j_n α^1_{12n +} j_{n +k} : + 1 2 : α^2_− 1_{2 −j} α^21_{2 +j+k} : +δ_{k,0} ( n + 1 16n + n^2 − 1 24n ) . (4.1)

or in terms of the field L(z) = ∑ k∈Z L_kz^{−k−2} = 1 2 w^{− 12} ∂ ∂w w^{12} ( (−)^n : ϕ^1(w)ϕ^1(e^{2πin}z) : − : ϕ^2(w)ϕ^2(e^{2πi}z) : )| w=z + ( n + 1 16n + n^2 − 1 24n ) z^{−2} .

Using (2.5) we can express L_k in terms of the ”times” q^j_k, in particular L_{−1} is equal to:

σL_{−1}σ^{−1} = 1 2ℏ ( q^{n+1}_0

)_2 + 1 2ℏ n∑ j=1 q^j_0q^{n+1−j} 0 + n+1∑ ℓ=1 ∞∑ k=0 q^ℓ_{k+1} ∂ ∂q^ℓ_k . (4.2)

Let τ ∈ V_0, the string equation is the following equation on τ

L_{−1}τ = 0 . (4.3)

We will show that if τ is in the D^{(1)}_{n+1} group orbit of the vacuum vector, hence satisfies (2.1), and τ satisfies the string equation, i.e., that τ is annihilated by L_{−1}, that this induces the annihilation of other elements in the W_{Dn+1} W -algebra. We will follow the approach of [12] (see also [13]). For this we use the following. If τ = τ_0 = g|0⟩ satisfies the string equation, then also its companion τ_1 = g|1⟩, satisfies the string equations. This is because σL_{−1}σ^{−1} commutes with the intertwining operator θ +^∂_{∂θ} between F_0 and F_1.

4.2 A consequence of the string equation

Assume that the string equation (4.3) L_{−1}τ_a = 0 holds for both a = 0, 1. Then clearly also

Γ^c_−(λ) (L_{−1}τ_a) τ_b − L_{−1}τ_b (τ_b)^2

Γ^c_−(λ)(τ_a) = 0 . (4.4)

Denote by τ^c_d = Γ^c_−(λ)(τ_d), then (4.4) is equivalent to

τ_bΓ^c_−(λ) (L_{−1}) τ^c_a − τ^c_a L_{−1}τ_b (τ_b)^2

= 0 . (4.5)

Now,

Γ^c_−(λ) (L_{−1}) = 1 2ℏ Γ^c_−(λ) ( ( q^{n+1}_0

)_2 + n∑ j=1 q^j_0q^{n+1−j} 0 ) + n+1∑ ℓ=1 ∞∑ k=0 Γ^c_−(λ) ( q^ℓ_{k+1} ) ∂ ∂q^ℓ_k ,

hence (4.5) turns into: 1 2ℏ τ^c_a τ_b ( Γ^c_−(λ) − 1 ) ( ( q^{n+1}_0

)_2 + n∑ j=1 q^j_0q^{n+1−j} 0 ) + n+1∑ ℓ=1 ∞∑ k=0 ( Γ^c_−(λ) ( q^ℓ_{k+1} ) τ_b ∂τ^c_a ∂q^ℓ_k − τ^c_a (τ_b)^2 q^ℓ_{k+1} ∂τ_b ∂q^ℓ_k ) = 0 .

(4.6) We rewrite this as:_{n+1} ∑ ℓ=1 ∞∑ k=0 q^ℓ_{k+1} ∂^{τ ca}_{τb} ∂q^ℓ_k + R_{abc} = 0 , (4.7)

where

R_{ab1} = τ^1_a 2τ_b λ^{−2n}− 1 √ nℏ τ^1_a τ_b n∑ j=1 λ^{1−2j} q^{n+1−j}_0 − √ ℏ √ nτ_b n∑ ℓ=1 ∞∑ k=0 ((2ℓ−1)/2n)_{k+1}λ^{1−2nk−2n−2ℓ} ∂τ^1_a ∂q^ℓ_k (4.8) and R_{ab2} = τ^2_a 2τ_b λ^{−2} − 1 √ ℏ τ^2_a τ_b λ^{−1}q^{n+1}_0 − √ ℏ τ_b ∞∑ k=0 (1/2)_{k+1}λ^{−2k−3} ∂τ^2_a ∂q^{n+1}_k . (4.9)

We will now show that

Proposition 4.1 The string equation (4.3) induces (( 1 2n ML^{1−2n} − 1 2 L^{−2n} ) C_1 + ( 1 2 ML^{−1} − 1 2 L^{−2} ) C_2 ) ≤0 = 0 . (4.10)

Proof. To prove this we first observe that (4.10) is equivalent to ( 1 2 P ∂^{−2n}E_{11} + 1 2 P ∂^{−2}E_{22} ) ≤0 − S = 0, (4.11)

where S is given by (3.11). We calculate the various parts of this formula. 1 2 P_{a1}λ^{−2n} − 1 √ nℏ n∑ j=1 q^j_0P_{a1}λ^{2j−2n−1} = i^{a−1}τ^1_{a−1} 2 √ 2τ_{2−a} λ^{−2n} − i^{a−1}τ^1_{a−1} √ 2nℏτ_{2−a} n∑ j=1 λ^{2j−2n−1}q^j_0 ,

1 2 P_{a2}λ^{−2} − 1 √ ℏ q^{n+1}_0 P_{a2}λ^− = i(−i)^{a−1}τ^1_{a−1} 2 √ 2τ_{2−a} λ^{−2} − i(−i)^{a−1}τ^1_{a−1} √ 2ℏτ_{2−a} λ^{−1} . Now 1 2n ∂P_{a1}(λ) ∂λ λ^{1−2n} = i^{a−1}ℏ^12 √ 2nτ_{2−a} ∂τ^1_{a−1} ∂λ λ^{1−2n} = i^{a−1}ℏ^12 √ 2nτ_{2−a} n∑ ℓ=1 ∞∑ k=0 ((2ℓ − 1)/2n)_{k+1}λ^{1−2n(k+1)−2ℓ} ∂τ^1_{a−1} ∂q^ℓ_k and 1 2 ∂P_{a2}(λ) ∂λ λ^{−1} = i(−i)^{a−1}ℏ^12 √ 2τ_{2−a} ∂τ^1_{a−1} ∂λ λ^{−1} = i(−i)^{a−1}ℏ^12 √ 2τ_{2−a} ∞∑ k=0 (1/2)_{k+1}λ^{−2k−3} ∂τ^1_{a−1} ∂q^{n+1}_k . Substituting these formulas into (4.11) one obtains up to a multiplicative scalar n+1∑ ℓ=1 ∞∑ k=0 q^ℓ_{k+1} ∂τ^1_{a−1}/τ_{2−a} ∂q^ℓ_k + τ^1_{a−1} 2τ_{2−a} λ^{−2n} − τ^1_{a−1} √ nℏτ_{2−a} n∑ j=1 λ^{2j−2n−1}q^j_0

− ℏ^12 √ nτ_{2−a} n∑ ℓ=1 ∞∑ k=0 ((2ℓ − 1)/2n)_{k+1}λ^{1−2n(k+1)−2ℓ} ∂τ^1_{a−1} ∂q^ℓ_k = 0 and n+1∑ ℓ=1 ∞∑ k=0 q^ℓ_{k+1} ∂τ^1_{a−1}/τ_{2−a} ∂q^ℓ_k + τ^1_{a−1} 2τ_{2−a} λ^{−2} − τ^1_{a−1} √ ℏτ_{2−a} λ^{−1}q^{n+1}_0 − ℏ^12 τ_{2−a} ∞∑ k=0 (1/2)_{k+1}λ^{−2k+3} ∂τ^1_{a−1} ∂q^{n+1}_k = 0,

which is exactly equation (4.7). □

A consequence of (3.7) and Proposition 4.1:

Proposition 4.2 Let τ satisfy the string equation, then for all p, q ≥ 0, except p = q = 0, the following equation holds: (( 1 2n ML^{1−2n} − 1 2 L^{−2n} )_q L^{2np}C_1 + ( 1 2 ML^{−1} − 1 2 L^{−2} )_q L^{2p}C_2 ) ≤0 = 0 . (4.12)

We rewrite the formula (4.12), using (3.5): (( 1 2n P R∂^{1−2n} − 1 2 ∂^{−2n} )_q ∂^{2np−1}E_{11}P^∗J + ( 1 2 R∂^{−1} − 1 2 ∂^{−2} )_q ∂^{2p−1}E_{22}P^∗J ) − = 0 . (4.13)

Now using again the fundamental Lemma of [7] this gives

Res_λ ( λ^{2np−1} ( 1 2n λ^{1−2n}∂_λ − 1 2 λ^{−2n} )_q W (λ)E_{11} + λ^{2p−1} ( 1 2 λ^{−1}∂_λ − 1 2 λ^{−2} )_q W (λ)E_{22} ) ⊗W (−λ)^T = 0 . (4.14) Now let λ^k = z, then ∂_z =^1_k λ^{1−k}∂_λ and^1_k λ^{1−k}∂_λ −^1_2 λ^{−k} = z^12 ∂_z z^{− 1}2 , then (4.14) is equivalent to Res_z z^p∂^q_z ( z^{− 12} Γ^1(q, z^{12n} )τ_a ) ⊗z^{− 12} Γ^1(q, −z^{12n} )τ_b−(−)^{a+b}z^p∂^q_z ( z^{− 12} Γ^2(q, z^{12} )τ_a ) ⊗z^{− 12} Γ^2(q, −z^{12} )τ_b = 0 .

(4.15) And this formula induces:

Res_z (−)^nz^p∂^q_z ( ϕ^1(z) ) T_a ⊗ ϕ^1(e^{2πin}z)T_b − z^p∂^q_z ( ϕ^2(z) ) T_a ⊗ ϕ^2(e^{2πi}z)T_b = 0 , Res_z (−)^nz^pϕ^1(e^{2πin}z)T_a ⊗ ∂^q_z ( ϕ^1(z) ) T_b − z^pϕ^2(e^{2πi}z)T_a ⊗ ∂^q_z ( ϕ^2(z) ) T_b = 0 .

(4.16)

4.3 Some useful formulas

We have

[: ϕ^1(y)ϕ^1(e^{2πin}w) :, ϕ^1(z)] = ϕ^1(y){ϕ^1(e^{2πin}w), ϕ^1(z)} − {ϕ^1(y), ϕ^1(z)}ϕ^1(e^{2πin}w)

= (−)^n 2n−1∑

j=0 δ_j (z − w)ϕ^1(y) − δ_j (z − e^{2πin}y)ϕ^1(e^{2πin}w) and similarly

[: ϕ^2(y)ϕ^2(e^{2πi}w) :, ϕ^2(z)] = − 1∑ j=0 δ_{jn}(z − w)ϕ^2(y) − δ_{jn}(z − e^{2πi}y)ϕ^2(e^{2πi}w) .

We calculate the action of X(y, w) ⊗ 1 = ( (−)^n : ϕ^1(y)ϕ^1(e^{2πin}w) : − : ϕ^2(y)ϕ^2(e^{2πi}w) : ) ⊗ 1 on the bilinear identity (2.2), using the above fomulas one obtains:

δ_{a+b,1}δ_{p0}X(y, w)T_b ⊗ T_a =

=Res_z z^p{(−)^n (_{2n−1} ∑ j=0 δ_j (z − w)ϕ^1(y) − δ_j (z − e^{2πin}y)ϕ^1(e^{2πin}w) ) T_a ⊗ ϕ^1(e^{2πin}z)T_b

− (_1 ∑ j=0 δ_{jn}(z − w)ϕ^2(y) − δ_{jn}(z − e^{2πi}y)ϕ^2(e^{2πi}w) ) T_a ⊗ ϕ^1(e^{2πin}z)T_b

+ (−)^nϕ^1(z)X(y, w)T_a ⊗ ϕ^1(e^{2πin}z)T_b − ϕ^2(z)X(y, w)T_a ⊗ ϕ^2(e^{2πi}zT_b}

Thus δ_{a+b,1}δ_{p0}X(y, w)T_b ⊗ T_a− −Res_z z^p ( (−)^nϕ^1(z)X(y, w)T_a ⊗ ϕ^1(e^{2πin}z)T_b − ϕ^2(z)X(y, w)T_a ⊗ ϕ^2(e^{2πi}z)T_b ) = w^p ( (−)^nϕ^1(y)T_a ⊗ ϕ^1(e^{2πin}w)T_b − ϕ^2(y)T_a ⊗ ϕ^2(e^{2πi}w)T_b ) − y^p ( (−)^nϕ^1(e^{2πin}w)T_a ⊗ ϕ^1(y)T_b − ϕ^2(e^{2πi}w)T_a ⊗ ϕ^2(y)T_b ) (4.17)

4.4 W constraints

Now, let X_{kℓ} = Res_ww^k∂^ℓ_yX(y, w)|_{y=w}, then putting p = 0 in formula (4.17) and using (4.16), one deduces:

Res_z ( (−)^nϕ^1(z)X_{pq}T_a ⊗ ϕ^1(e^{2πin}z)T_b − ϕ^2(z)X_{pq}T_a ⊗ ϕ^2(e^{2πi}z)T_b ) = δ_{a+b,1}X_{pq}T_b ⊗ T_a.

Thus

Res_λ λ^{−1} ( Γ^1(q, λ)X_{pq}τ_a ⊗ Γ^1(q, −λ)τ_b − (−)^{a+b}Γ^2(q, λ)X_{pq}τ_a ⊗ Γ^2(q, −λ)τ_b ) = 2δ_{a+b,1}X_{pq}τ_b⊗τ_a. (4.18) Note that here we abuse the notation, we write X_{pq} for σX_{pq}σ^{−1}. Consider this as equation in two sets of variables x, q and x^′, q^′. Let a ≠ b and set x = x^′ and q = q^′, This gives X_{pq}τ_a τ_a = X_{pq}τ_b τ_b . (4.19)

Now divide Γ^c(q, λ) (X_{pq}τ_a) by τ_b, then

Γ^c(q, λ) (X_{pq}τ_a) τ_b = Γ^c_+(q, λ) Γ^c_−(q, λ)τ_a τ_b Γ^c_−(q, λ) ( X_{pq}τ_a τ_a )

Now using (4.19), we rewrite (4.18) in the matrix version

Res_λ λ^{−1} 2∑ c=1 Γ^c_−(q, λ) ( X_{pq}τ_a τ_a ) P (λ)E_{cc}E(λ)e^{xλ} ⊗ e^{−xλ}E(−λ)^T P (−λ)^T J = X_{pq}τ_a τ_a I . (4.20)

Let Γ^c_−(q, λ) ( X_{pq}τ_a τ_a ) = ∞∑ k=0 S^c_k(x, q)λ^{−k} , then

Res_λ 2∑ c=1 ∞∑ k=0 S^c_kP (λ)E_{cc}λ^{−k−1}E(λ)e^{xλ} ⊗ e^{−xλ}E(−λ)^T P (−λ)^T J = X_{pq}τ_a τ_a I . (4.21)

This gives_∞ ∑ k=1 S^c_kP (∂)E_{cc}∂^{−k}P (∂)^{−1} = 0 . (4.22)

Now multiplying with P (∂)∂^{ℓ−1} from the right and taking the residue, one deduces that

S^c_ℓ (x, q) = 0, for ℓ = 1, 2, · · · , (4.23)

hence, ( Γ^c_−(q, λ) − 1 ) ( X_{pq}τ_a τ_a ) = 0 , (4.24)

from which we conclude that X_{pq}τ_a τ_a = constant. (4.25)

In order to calculate these constants, we determine [X_{01}, X_{pq}] and [X_{11}, X_{0q}]. The action of both operators on τ give zero. Now write X_{pq} = X^1_{pq} + X^2_{pq}, then

X^a_{pq} = ∑ k>(q−p)n (−)^kb_{pq}(k)ϕ^a_− k_{2n} ϕ^ak_{2n +p−q}, where b_{pq}(k) = ( k 2n + 1 2 − q ) q − ( − k 2n + 1 2 − p ) q , (4.26) where from now on we assume n = 1 if a = 2. In particular

X^a_{01} = ∑ k>n (−)^ka_(k)ϕ^a_− k_{2n} ϕ^ak_{2n −1}, where a(k) = k n − 1 . (4.27)

Then

[X^a_{01}, X^b_{pq}] = δ_{ab} ∑ j>n, k>(q−p)n (−)^ka(j)b_{pq}(k) ( δ_{j−2n,k}ϕ^a_− j_{2n} ϕ^aj_{2n +p−q−1}+ + δ_{j,−k+2(q−p+1)n}ϕ^a_− k_{2n} ϕ^ak_{2n +p−q−1} − δ_{j,k}ϕ^aj_{2n −1}ϕ^a_− j_{2n +p−q} − δ_{j,k+2(p−q)n}ϕ^a_− k_{2n} ϕ^ak_{2n +p−q−1} ) . (4.28)

Now, if p − q ≠ 1 the right hand side is normally ordered and we obtain

[X^a_{01}, X^b_{pq}] = δ_{ab} ∑ j>(q−p+1)n (−)^j (a(j)b_{pq}(j − 2n) − a(j + 2(p − q)n)b_{pq}(j)) ϕ^a_− j_{2n} ϕ^aj_{2n +p−q−1} .

It is straightforward to check that a(j)b_{pq}(j − 2n) − a(j + 2(p − q)n)b_{pq}(j) = −2pb_{p−1,q}(j) , thus [X^a_{01}, X^b_{pq}] = −2δ_{ab}pX^b_{p−1,q}, if p − q ≠ 1 . (4.29) If p − q = 1 we have to normal order the right hand side of (4.28). Note that in that case, the second and third term of the right hand side of (4.28) are equal to 0 and the first term is normally ordered, the last one not. This gives

[X^a_{01}, X^b_{q+1,q}] = −2δ_{ab}(q + 1)X^b_{q,q} − 2c^b_{q+1} , (4.30)

where

c^b_{q+1} = ( 1 2 a(2n)b_{q+1,q}(0) + ∑ −n<k<0 a(k + 2n)b_{q+1,q}(k) )

= n∑ j=1−n ( j 2n − q ) q+1 + ( − j 2n − q ) q+1 . (4.31)

Clearly, if p = 0 the right hand side of (4.29) is equal to 0. For that case, one calculates

[X^a_{11}, X_{0q}] = 2qX_{0q} ,

so finally we obtain the following result. Note that X_{p,0} = 0 and let c_q = c^1_q + c^2_q, then

Theorem 4.1 For all p ≥ 0 and q > 0, one has the following W constraints: ( X_{pq} + δ_{p,q} 2q + 2 c_{q+1} ) τ_a = 0, for both a = 0, 1,

where c_q = n∑ j=1−n ( j 2n − q ) q + ( j 2 − q ) q + ( − j 2n − q ) q + ( − j 2 − q ) q . (4.32)

It is straightforward to check that for |y| > |z|:

X^a(y, z) = (−)^n : ϕ^a(y)ϕ^a(e^{2πin}z) : = 1 2 (yz)^{− 12} y^12n + z^12n y^12n − z^12n ( Γ^a_+(q, y^{12n} )Γ^a_+(q, −z^{12n} )Γ^a_−(q, y^{12n} )Γ^a_−(q, −z^{12n} ) − 1 )

and X^a_{pq} =

(−1)^n q + 1

Res_z z^p∂^{q+1}_y (y − z) : ϕ^a(y)ϕ^a(e^{2πin}z) : |_{y=z} . Now ∂^k_y ( (y − z)(yz)^{− 12} y^12n + z^12n y^12n − z^12n ) |_{y=z} = c^a_kz^{−k} .

Now let Γ^a(y, z) = Γ^a_+(q, y^{12n} )Γ^a_+(q, −z^{12n} )Γ^a_−(q, y^{12n} )Γ^a_−(q, −z^{12n} ) , then

X^a_{pq} = Res_z 1 2q + 2 q+1∑ k=0 ( q + 1 k ) c_kz^{p−k}∂^{q−k+1}_y (Γ^a(y, z) − 1) |_{y=z} We now want to obtain one formula for all the W-constraints. For this, we first write the generating series of the c^a_k: ∞∑ k=0 c^a_k k! z^k = ∞∑ k=0 (_n ∑ j=1−n (_j 2n k ) + ( −^j_{2n} k )) z^k

= n∑ j=1−n ( (1 + z)^{j2n} + (1 + z)^{− j2n} ) .

Next we calculate for |u| > |z| > |w|, ∞∑ p,q=0 X^a_{pq} q! u^{−p−1}w^{q+1} = 1 2 ∞∑ p,q=0 Res_z u^{−p−1}w^{q+1} (q + 1)! q+1∑ k=0 ( q + 1 k ) c^a_kz^{p−k} (∂_y)^{q−k+1} (Γ^a(y, z) − 1) |_{y=z}

= 1 2 Res_z 1 u − z ∞∑ q=0 q+1∑ k=0 c^a_k k! (w z )_k (w∂_y)q−k+1 (q − k + 1)!

(Γ^a(y, z) − 1) |_{y=z}

= 1 2 Res_z 1 u − z ∞∑ k=0 ∞∑ ℓ=0 c^a_k k! (w z )_k (w∂_y)ℓ ℓ! (Γ^a(y, z) − 1) |_{y=z}

= 1 2 Res_z 1 u − z n∑ j=1−n ( (1 + w z )^{j2n} + (1 + w z )^{− j2n} ) (Γ^a(z + w, z) − 1) .

(4.33)

Note that

Res_z 1 u − z n∑ j=1−n ( (1 + w z )^{j2n} + (1 + w z )^{− j2n} ) = n∑ j=1−n ( (1 + w u )^{j2n} + (1 + w u )^{− j2n} ) − c^a_0 ,

thus

Theorem 4.2 For |u| > |z| > |w|, one has the following W constraints:

Res_z 1 u − z (_n ∑ j=1−n ( (1 + w z )^{j2n} + (1 + w z )^{− j2n} ) Γ^1(z + w, z)+

+ 1∑ j=0 ( (1 + w z )^{j2} + (1 + w z )^{− j2} ) Γ^2(z + w, z) ) τ_a = 0 .

We can express this in a different manner. Define

q^a_1 [z] = ∂_yΓ^a(y, z)|_{y=z} , and q^a_r [z] = ∂^{r−1}_z q^a_1 [z] ,

then

q^1_r [z] = 1 √ n n∑ j=1 ∞∑ k=0 ( ℏ^{− 1}2 q^j_k ((2j − 1)/(2n))_{k+1−r} z^{2j−12n +k−r} − ((2j − 1)/(2n))_{k+r} ℏ^{12} ∂ ∂q^j_k z^{− 2j−12n −k−r} ) ,

q^2_r [z] = ∞∑ k=0 ( ℏ^{− 1}2 q^{n+1}_k (1/2)_{k+1−r} z^{12 +k−r} − (1/2)_{k+r} ℏ^{12} ∂ ∂q^{n+1}_k z^{− 12 −k−r} , )

(4.34)

here we use the convention that for m > 0: 1 (a)_{−m} = Γ(a) Gamma(a − m) = (a − m)_m .

Thus X^a_{pq} q! + δ_{pq} 2 c_{q+1} (q + 1)! = 1 2 Res_z q+1∑ ℓ=0 z^{p−ℓ} c_ℓ ℓ! : S_{q−ℓ+1} ( q^a_r [z] r! ) : . where the S_ℓ(x) are the elementary Schur functions defined by ∞∑ ℓ=0 S_ℓ(x) = exp (_∞ ∑ k=1 x_kz^k ) . Thus we have the following consequence of Theorem 4.2:

Corollary 4.1 For |u| > |z| > |w|,

Res_z 1 u − z (_n ∑ j=1−n ( (1 + w z )^{j2n} + (1 + w z )^{− j2n} ) : e^{∑∞r=1 q} 1 r [z]w r r! : +

+ 1∑ j=0 ( (1 + w z )^{j2} + (1 + w z )^{− j2} ) : e^{∑∞r=1 q2r [z]wrr!} : ) τ_a = 0 .

4.5 The string equation on the Grassmannian

Using the (4.1)-formulation of L_{−1} in terms of the elements ϕ^a_i , one can show that

[L_{−1}, ϕ^1k_{2n} ] = ( 1 2 − k 2n ) ϕ^1k_{2n −1}, [L_{−1}, ϕ^2k_2 ] = ( 1 2 − k 2 ) ϕ^1k_{2 −1} . (4.35)

Then using the identification (2.4) we obtain

[L_{−1}, t^{k2n} e_1] = − ( t^{12} d dt t^{− 12} ) ( t^{k2n} ) e_1, [L_{−1}, t^{k2} e_2] = − ( t^{12} d dt t^{− 12} ) ( t^{k2} ) e_2 (4.36)

Now applying the dilaton shift q^1 → q^1 + 1, then σL_1σ^{−1} changes according to the description (4.2) to σL_1σ^{−1} + ∂ ∂q^1_0 and by (2.5) one finds that L_{−1} changes into L_{−1} + 2nℏ^{− 1}2 α^1_{12n} . Since

[α^11_{2n} , ϕ^a(z)] = δ_{a1} √ n z^{12n} ϕ^1(z) ,

we obtain

Proposition 4.3 Let W be the point of the Grassmannian which corresponds to the tau function that satisfies the string equation, then W satisfies tW ⊂ W and ( − d dt + 1 2 t^{−1} + 2 √ nℏ^{− 12} t^{12n} E_{11} ) W ⊂ W . Note that the total descendent potential of a D_{n+1} type singularity is tau function, that satisfies this condition. Vakulenko, used a similar approach in [15]. He showed that the tau function is unique. However, his action on the Grassmannian seems somewhat strange.

Aknowledgement

I would like to thank Bojko Bakalov for useful discussions.

References

[1] B. Bakalov, T. Milanov, W -Constraints for the Total Descendant Potential of a Simple Singularity, Compositio Mathematica DOI: http://dx.doi.org/10.1112/S0010437X12000668 (arXiv:1203.3414).

[2] B. Bakalov, V. Kac, Twisted modules over lattice vertex algebras. Lie theory and its applications in physics V, 326, World Sci. Publ., River Edge, NJ, 2004.

[3] E. Date, M. Jimbo, M. Kashiwara, T. Miwa, Solitons, τ functions and Euclidean Lie algebras. Mathematics and physics (Paris, 1979/1982), 261279, Progr. Math., 37, Birkhäuser Boston, Boston, MA, 1983.

[4] M. Fukuma, H. Kawai, R. Nakayama, Infinite-dimensional Grassmannian structure of twodimensional quantum gravity. Comm. Math. Phys. 143 (1992), no. 2, 371403.

[5] M. Jimbo,T. Miwa, Solitons and infinite-dimensional Lie algebras. Publ. Res. Inst. Math.

Sci. 19 (1983), no. 3, 9431001.

[6] V. Kac, Infinite-dimensional Lie algebras. Third edition. Cambridge University Press, Cambridge, 1990.

[7] V. G. Kac and J. W. van de Leur, The n-component KP hierarchy and representation theory, Jour. Math. Phys. 44, 3245–3293 (2003).

[8] V. Kac, J. van de Leur, The geometry of spinors and the multicomponent BKP and DKP hierarchies. The bispectral problem (Montreal, PQ, 1997), 159202, CRM Proc. Lecture Notes, 14, Amer. Math. Soc., Providence, RI, 1998.

[9] V. Kac, A. Schwarz, Geometric interpretation of the partition function of 2D gravity. Phys.

Lett. B 257 (1991), no. 3-4, 329334.

[10] V. Kac, M. Wakimoto, Exceptional hierarchies of soliton equations. Theta functionsBowdoin 1987, Part 1 (Brunswick, ME, 1987), 191237, Proc. Sympos. Pure Math., 49, Part 1, Amer. Math. Soc., Providence, RI, 1989.

[11] F. Ten Kroode, J. van de Leur, Bosonic and fermionic realizations of the affine algebra so^{(1)}_{2n} , Comm. Algebra 20 (1992), no. 11, 31193162.

[12] J. van de Leur, The nth reduced BKP hierarchy, the string equation and BW_{1+∞}- constraints. Representations of Lie groups, Lie algebras and their quantum analogues. Acta Appl. Math. 44 (1996), no. 1-2, 185206.

[13] J. van de Leur, The Adler-Shiota-van Moerbeke formula for the BKP hierarchy, J. Math.

Phys. 36 (1995), no. 9, 49404951.

[14] Si-Qi Liu, Di Yang, Youjin Zhang, Uniqueness Theorem of W-Constraints for Simple Singularities. arXiv:1305.2593.

[15] V. I. Vakulenko, Solution of Virasoro conditions for the DKP-hierarchy. (Russian) Teoret.

Mat. Fiz. 107 (1996), no. 1, 21–26; translation in Theoret. and Math. Phys. 107 (1996), no. 1, 435440