arXiv:1306.3137v1 [gr-qc] 13 Jun 2013

Superradiance without event horizons in General Relativity

Maurício Richartz^{1, ∗} and Alberto Saa^{2, †} 1Centro de Matemática, Computação e Cognição, Universidade Federal do ABC (UFABC), 09210-170 Santo André, SP, Brazil 2Departamento de Matemática Aplicada, UNICAMP, 13083-859 Campinas, SP, Brazil.

Superradiant scattering processes are studied in general relativistic systems which, unlike rotating and/or charged black holes, do not exhibit an event horizon. Inspired by Zel’dovich’s seminal works on the amplification of waves by a rotating cylinder, we analyse, in the context of General Relativity, the possibility of superradiance for electromagnetic waves reflecting off a rotating star and for charged scalar perturbations impinging on a charged sphere. The role of energy dissipation in these systems is analysed and compared with the role of the event horizon in black hole superradiance.

PACS numbers: 04.70.Bw, 04.40.Dg, 04.40.Nr, 03.50.De

I. INTRODUCTION

A typical scattering process in nature consists in an incident wave interacting with an object (the scatterer) and being partly reflected and partly transmitted/absorbed. Usually, the amplitude of the reflected wave is smaller than the amplitude of the incident one, meaning that part of the energy carried by the incident wave is either absorbed by the scatterer or transmitted. However, in some peculiar setups (e.g. rotating and/or charged systems), incident low frequency waves are able to extract energy from the scatterer, resulting in an amplified reflected wave. This kind of amplification process is known as superradiance [1, 2] and was first proposed and discussed by Zel’dovich, who analysed scalar [3] and electromagnetic [4–6] perturbations scattering off a rotating conducting cylinder in flat spacetime (herein referred to as Zel’dovich’s cylinder). Soon after Zel’dovich’s discovery, Misner [7] investigated the possibility of superradiance in General Relativity. It was shown that incident (scalar, electromagnetic or gravitational) waves impinging on both charged [8] and/or rotating [9, 10] black holes can be superradiantly scattered if their frequency ω is sufficiently small, i.e.

0 < ω < mΩ_h + eΦ_h, (1)

where m and e are, respectively, the azimuthal number and the charge of the incident wave and Ω_h and Φ_h correspond, respectively, to the angular velocity and electric potential at the black hole horizon. More recently, it was shown that superradiant scattering is also possible in the context of analogue black holes [11–13].

There are basically two crucial requirements for the occurrence of superradiance [2]: first, there must be a region where negative energy modes, as defined by asymptotic observers, are allowed (or negative norm modes according to some inner product) and, second, there must

∗ mauricio.richartz@ufabc.edu.br † asaa@ime.unicamp.br

exist a mechanism to extract these modes from the system. This mechanism is remarkably different when comparing superradiance in Zel’dovich’s cylinder with black hole superradiance: in the first case, energy extraction occurs due to dissipation inside the cylinder; in the second, the event horizon acts as a one–way membrane, effectively preventing modes from exiting the black hole and reaching the asymptotic region. Mathematically, this difference translates into the conservation of the wave’s stress energy tensor in black hole spacetimes, ∇_μT^{μν} = 0, and non-conservation inside Zel’dovich’s cylinder, ∇_μT^{μν} ≠ 0 (for scalar fields, this difference can be formulated equivalently in terms of the particle number current - see Sec. III). Another difference in superradiant systems concerns the origin of the negative energy modes as measured by asymptotic observers. For rotating black holes, the existence of such modes is usually associated with the ergosphere, i.e. the region outside the event horizon where the asymptotic timelike Killing vector field ∂_t becomes spacelike. However, as has long been known, the existence of an ergosphere is not a necessary condition to the existence of negative energy modes [14] (and, consequently, is not necessary to superradiance either). For instance, superradiance is possible in Zel’dovich’s cylinder, which rotates in Minkowski spacetime, where no ergoregion is present.

To the best of our knowledge about General Relativity, superradiant scattering has only been analysed before in black hole spacetimes. In view of that, our main objective in this work is to investigate the possibility of superradiance in general relativistic systems which do not posses an event horizon. We will, therefore, focus on general relativistic systems analogous to Zel’dovich’s cylinder, in which negative energy modes are dissipated away instead of being trapped inside the event horizon of a black hole. Our first analysis concerns the scattering of electromagnetic waves impinging on a rotating conducting object which can serve as a model for a rotating star. We then discuss the possibility of superradiance for charged scalar fields scattered by a charged sphere whose exterior metric is the Reissner-Nordström metric. Besides the absence of event horizons, in order to avoid the occurrence of the socalled ergosphere instability [15–18], we also assume no ergospheres in our spacetimes.

II. SUPERRADIANCE IN ROTATING STARS

Inspired by Zel’dovich’s original work [3] concerning the possibility of superradiance in dissipative systems, we shall consider the scattering of electromagnetic perturbations impinging on a general relativistic rotating star with angular velocity Ω and radius r = r_0. The spacetime is assumed to be stationary and axisymmetric, with corresponding timelike and spacelike Killing vector fields given, respectively, by ξ^μ_t = (∂_t)^μ and ξ^μ_ϕ = (∂_ϕ)^μ. In spherical coordinates, the most general metric g_{μν} representing such spacetime can be written as [19, 20]

ds^2 = −e^{2ν} dt^2 + e^{2μ}dr^2 + e^{2λ}r^2dθ^2

+r^2 sin^2 θe^{2α} (dϕ − ϖdt)^2 , (2)

where μ, ν, λ, α and ϖ are functions of r and θ only. Consequently, the four-velocity of the star is u^μ = γ (1, 0, 0, Ω), where γ is given by γ = [ e^{2ν} − e^{2α}r^2 sin^2 θ (ϖ − Ω)

]_− 1_2 . (3)

Note that there is a degree of freedom unspecified in (2) between the coordinates r and θ: usually one sets α = λ to study perturbations of slowly rotating stars [21] or λ = μ to study rapidly rotating stars [22] – in our paper, we leave this degree of freedom unspecified. The star is assumed to have a non-zero conductivity σ and, possibly, a non-zero charge density ρ near its surface. Outside the star (vacuum), we have σ = ρ = 0. We further assume that there are no event horizons in our spacetime and that ξ^μ_t = (∂_t)^μ is always timelike (therefore, no ergospheres are present). See Refs. [23, 24] for astrophysical applications of similar models of rotating stars.

Let us now investigate the scattering of electromagnetic waves impinging on the rotating star metric described above. The evolution of such perturbations is determined by Maxwell’s equations,

∇_μ^∗F^{μν} = 0 ( equivalently, ∇_{[μ}F_{νσ]} = 0 ) , (4) ∇_ν F^{μν} = 4πJ^μ = 4π [σF^{νμ}u_ν + ρu^μ] , (5)

where F_{μν} and^∗F_{μν} are, respectively, the Faraday tensor and its dual, and J^ν = σF^{μν} u_μ + ρu^ν is the total electromagnetic current. From the axisymmetry and the stationarity of our system, we conclude that the t and ϕ dependence of F_{μν} is given by e^{−iωt}e^{imϕ}. Additionally, the electromagnetic stress energy tensor associated with F_{μν} is given by T_{μν} = F_{μσ} F_ν^σ − 1 4 g_{μν} F^{σρ}F_{σρ}. (6)

Neglecting the backreaction of these electromagnetic perturbations on the background spacetime, we can assume the metric (2) to be fixed. As explained in the introduction, the occurrence of superradiance in systems without event horizons is related to dissipative effects, i.e. the non-conservation of the stress energy tensor. In fact, for electromagnetic perturbations we have ∇_μT^{μν} = 4πJ_σF^{νσ} , which is non-zero inside the star. Consequently, the associated energy current ~J_μ = −T_{μν} ξ^ν_t is also not conserved inside the star,

∇^μJ̃_μ = 4πJ^μF_{μν} ξ^ν_t = 4π (σF^{σμ}u_σ + ρu^μ) F_{μν} ξ^ν_t . (7)

Using Maxwell’s equations (4), one can show that

∂_μF_{30} = iωF_{μ3} − imF_{0μ}, (8)

which, after substitution into (7), together with the expressions for u^μ and ξ^μ_t imply that

∇^μJ̃_μ = 4πγ [ ρΩF_{30} + σ ω F^μ_0 [(ω − mΩ) F_{μ0} − iΩ∂_μF_{30}] ] . (9) Now, in order to calculate the energy flux at infinity we would like to integrate the expression above over the region K of the spacetime bounded by constant time hypersurfaces at t_1 and t_2 and by constant radius hypersurfaces at r_1 → 0 and r_2 → ∞. Since the fields may be discontinuous at the surface of the star, it is convenient to consider K = K_1 ∪ K_2, where K_1 is the region of K in the interior of the star and K_2 is the complement of K_1 with respect to K. Using Gauss’ law, we obtain ∫ K_1∪K_2 ∇^μ ~J_μdV = ∮ ∂K_1 ~J_μn^μdΣ + ∮ ∂K_2 J̃_μn^μdΣ, (10)

where dV = √ −gd^4x is the 4-volume element, dΣ is a 3-volume surface element and n^μ is the outward unit normal to ∂K_1 or ∂K_2, the boudaries of K_1 and K_2. Because of the stationarity of the system, the integrals over the constant time hypersurfaces cancel each other and the RHS of equation (10) reduces to surface integrals over constant radius hypersurfaces, lim r_2→+∞ ∮ r=r_2 T_{01}e^{−μ}dΣ − lim_{r3→r+} 0 ∮ r=r_3 T_{01}e^{−μ}dΣ + lim_{r3→r−} 0 ∮ r=r_3 T_{01}e^{−μ}dΣ − lim_{r1→0} ∮ r=r_1 T_{01}e^{−μ}dΣ, (11)

where we have used the fact that n^μ = (0, e^{−μ}, 0, 0) for these hypersurfaces.

The first and last terms in the expression above can be interpreted, respectively, as the energy fluxes through the origin and through infinity. Since there is no singularity at r = 0, the energy flux through the origin vanishes (in principle, this can be demonstrated by modelling the matter inside the star, solving Maxwell’s equations in the limit r → 0 and requiring regularity of the fields). Combining equations (9), (10) and (11), and using the fact that J^μ vanishes in K_2 (because σ = ρ = 0 outside the star), one obtains

3 ∫ K_1 4πγ [ ρΩF_{30} + σ ω F^μ_0 [(ω − mΩ) F_{μ0} − iΩ∂_μF_{30}] ] dV = lim_{r2→+∞} ∮ r=r_2 T_{01}e^{−μ}dΣ− lim_{r3→r+} 0 ∮ r=r_3 T_{01}e^{−μ}dΣ+ lim_{r3→r−} 0 ∮ r=r_3 T_{01}e^{−μ}dΣ. (12)

In order to simplify the expression above, we need to analyse the continuity of the electromagnetic fields at the boundary r = r_0. Integrating Maxwell’s equation (4) over an infinitesimal volume element enclosing the hypersurface r = r_0 and using Gauss’s law, one is able to show that^∗F^{01},^∗F^{21} and^∗F^{31} (and, consequently, F_{23}, F_{03} and F_{02}) are continuous at r = r_0 (for a similar analysis in the case of Zel’dovich’s cylinder, see Ref. [6]; for a similar analysis in the case of perfect conductive stars, see Refs. [25, 26]). Integrating Maxwell’s equation (5), it is possible to show that F^{12} is continuous at r = r_0 and that

F^{13} | |_{r=r+0} − F^{13} | |_{r=r−0} = −Ω ( F^{01} | |_{r=r+0} − F^{01} | |_{r=r−0} ) = 4πe^μΩΔq, (13)

where Δq =

∫_r+_0

r^−_0 ρdr is the surface charge density. Since

the charge density ρ is possibly non-zero only near the boundary r = r_0, the first term in (12) becomes a surface integral. With the help of (13), together with the continuity of F_{23}, F_{03}, F_{02} and F^{12}, one can show that this surface integral cancels the last two terms in (12) and, consequently, ∫ K_1 4πγ [ σ ω F^μ_0 [(ω − mΩ) F_{μ0} − iΩ∂_μF_{30}] ] dV = lim r_2→+∞ ∮ r=r_2 T_{01}e^{−μ}dΣ. (14)

When deriving superradiance in Zel’dovich’s cylinder [4–6], the usual procedure is to restrict the analysis to certain polarization modes. Similarly, in the rotating star case, we now restrict our analysis to modes which have vanishing F_{03}. Physically, this means that zero angular momentum observers (ZAMOs) [19] will measure a vanishing electric field in the ϕ̂ direction. For these modes, eq. (14) reduces to lim r_2→+∞ ∮ r=r_2 T_{01}e^{−μ}dΣ = 4πσ ω (ω − mΩ) ∫ K_1 γF^μ_0F_{μ0}dV, (15) which is always negative if 0 < ω < mΩ. In other words, the flux of energy being radiated away from the star is larger than the incident energy flux, characterizing superradiance. Furthermore, it is also possible to calculate the flux of angular momentum by replacing the energy current ~J_μ with the angular momentum current T_{μν} ξ^ν_ϕ in the calculations above. Proceeding this way, one is able to show that not only energy, but also angular momentum is extracted from the star. One can, therefore, conclude that low-frequency electromagnetic waves will be superradiantly scattered by the star, extracting (part of) its rotational energy in the process.

III. SUPERRADIANCE IN CHARGED SPHERES

In blackhole spacetimes it is known that superradiance is possible in both rotating (Kerr metric) and charged (Reissner-Nordström metric) situations. As we shall see below, a similar statement concerning dissipative superradiance is also true. In the previous section, we have shown the possibility of superradiance in a rotating system without an event horizon. Now, in our second example, we shall consider the scattering of a charged scalar field impinging on a general relativistic sphere of mass M, charge Q and radius r_0. The corresponding spacetime metric is given by

ds^2 = −e^{2ν(r)}dt^2 + e^{2μ(r)}dr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2, (16)

where (t, r, θ, ϕ) are the usual spherical coordinates and μ and λ are functions of r only. Outside the sphere (r > r_0), the vacuum Einstein-Maxwell equations are satisfied and, therefore, the spacetime is described by the RN metric,

e^{2ν(r)} = e^{−2μ(r)} = Δ r^2 = r^2 − 2Mr + Q^2 r^2

. (17)

Since we do not want to consider black hole spacetimes, we are implicitly assuming that r_0 is larger than the radius of the RN black hole, i.e. r_0 > M + √ M^2 − Q^2.

There are no ergospheres in our spacetime either since we assume that ξ^μ_t = ∂_t^μ is always timelike.

The interior metric (r < r_0), on the other hand, is determined by solving the non-vacuum Einstein-Maxwell equations. Because of the spherical symmetry, the only non-zero component of the Faraday tensor F_{μν} is

F_{01} = −F_{10} = dΦ dr = − q r^2 e^{ν+μ}, (18)

where Φ(r) is the associated electric potential and q(r) represents the charge inside a sphere of radius r. The corresponding electromagnetic 4-potential is given by A_μ = (−Φ(r), 0, 0, 0). We refer the reader to Ref. [27] for a comprehensive review of interior RN solutions.

Having described the background spacetime, we now proceed to investigate the possibility of superradiance by a massless scalar field ψ with electric charge e, which is assumed to be minimally coupled to the electric potential A_μ. The propagation of this scalar field is governed by the Klein–Gordon (KG) equation,

(∇^μ − ieA^μ) (∇_μ − ieA_μ) ψ = 0, (19)

which can be derived from the following action, S = ∫ [(∇_μ − ieA_μ) ϕ] [(∇^μ + ieA^μ) ψ^∗] √ −g d^4x. (20)

Dissipative effects in this system can be included by introducing a new term in the KG equation. More precisely, we modify equation (19) in the reference frame of an stationary observer with respect to the charged star according to

(∇^μ − ieA^μ) (∇_μ − ieA_μ) ψ + a (∂_t − ieA_t) ψ = 0, (21)

where a is a constant representing the absorptive properties of the medium. This extra term is completely analogous to the dissipative term considered by Zel’dovich in his original analysis [3].

By introducing the ansatz ψ = R(r)Y_{ℓm}(θ, ϕ)e^{−iωt}, the dissipative KG equation above becomes separable. The angular functions Y_{ℓm}(θ, ϕ) are the spherical harmonics of orbital number ℓ and azimuthal number m, ω is the frequency of the wave and the radial function R satisfies the following equation, e^{−ν−μ} d dr ( e^{ν−μ}r^2 dR dr ) + [ e^{−2ν} r^2 (ω − eΦ(r))^2 −iar^2 (ω − eΦ(r)) − ℓ(ℓ + 1) ] R = 0. (22)

The full solution of the equation above depends on the specifics of the background metric. In our superradiance analysis it is sufficient to know the explicit solution only in the asymptotic limit, R(r) = 1 r e^{−iωr} + R_{ωℓ} r e^{+iωr}, r → ∞, (23) where^1_r e^{−iωr} represents the incident wave and^1_r e^{+iωr} represents the reflected wave with amplitude R_{ωℓ}.

A possible way to determine whether superradiance occurs or not is to calculate the so-called particle number current ~J_μ,

~J_μ = i [ψ (∇_μ + ieA_μ) ψ^∗ − ψ^∗ (∇_μ − ieA_μ) ψ] , (24)

associated with both incident and reflected waves. This quantity, being the Noether-current associated with the symmetry ψ → e^{iβ} ψ of the action (20), is conserved for solutions ψ of the original KG equation (19), i.e. ∇_μ ~J^μ = 0; for the dissipative KG equation (21), however, the same does not happen and ∇_μ ~J^μ = ia (ψ^∗∂_tψ − ψ∂_tψ^∗) + 2eaA_t|ψ|^2 = 2a(ω − eΦ(r))|ψ|^2, (25)

where we have used the explicit time-dependence of the scalar field and the fact that A_t = −Φ(r) to obtain the last equality.

Integrating the above expression over the same region K described after equation (9) and using Gauss’ law, one obtains ∫ K ∇_μ ~J^μdV = ∫ K 2a(ω − eΦ(r))|ψ|^2dV = ∮ ∂K ~J_μn^μdΣ, (26) where, again, dV = √ −gd^4x is the 4-volume element, dΣ is a 3-volume surface element and n^μ is the outward unit normal to ∂K, the boudary of K. Following the same procedure used in the rotating case, we can use equation (26) to obtain the flux through infinity,

lim r_2→+∞ ∮ r=r_2 J̃_μn^μdΣ = 2aΔt

r_0∫

0 [ω − eΦ(r)] e^{μ+ν} r^2|R|^2dr ≤ 2aΔt [ω − eΦ(r_0)]

r_0∫

0 e^{μ+ν} r^2|R|^2dr, (27)

where Δt = t_2 − t_1. In order to write the expression above, we have performed the temporal and angular integrals and have used the fact that the electric potential is a decreasing function of r [see eq. (18)]. Consequently, if the frequency of the incident wave is sufficiently small, 0 < ω < eΦ(r_0), we conclude that the particle number flux through infinity is negative and, therefore, the flux associated with the reflected wave is larger than the one associated with the incident wave, characterizing superradiance.

It is also possible to derive an expression for the reflection coefficient |R_{ωℓ}|^2. By rewriting the LHS of (27) with the help of eqs. (23) and (24), we obtain

|R_{ωℓ}|^2 = 1 − a ω ∫_{r0} 0 (ω − eΦ(r)) e^{μ+ν} r^2 |R(r)|^2 dr > 1 − a(ω − eΦ(r_0)) ω ∫_{r0} 0 e^{μ+ν} r^2 |R(r)|^2 dr. (28)

Therefore, for sufficiently low frequencies 0 < ω < eΦ(r_0), the reflection coefficient is greater than one. Note that for the original, non-dissipative (a = 0) KG equation, we have |R_{ωℓ}|^2 = 1, meaning that the incoming particle number flux equals the reflected one, i.e. no absorption/amplification takes place, as expected.

IV. FINAL REMARKS

Motivated by Zel’dovich’s works on superradiance [3, 4], we have discussed in this paper the possibility of superradiant scattering in general relativistic systems without event horizons. However, instead of the cylindrical scatterer of Zel’dovich, we have considered a rotating star and a charged sphere in our analysis. In fact, we have shown that electromagnetic waves incident on a rotating star and charged scalar perturbations impinging on a charged sphere can be amplified if their frequencies are sufficiently low. Similarly to Zel’dovich’s cylinder, this type of superradiant scattering is possible only because of dissipation of negative energies inside the scatterer (compare with black hole superradiance, where, instead of energy dissipation, there is an event horizon present). We believe that, since Zel’dovich’s cylinder rotates in a flat spacetime, our analysis is the first one of this kind of dissipative superradiance in General Relativity.

We also note an interesting difference between the two systems analysed in this paper: for the charged sphere, we have derived superradiance using a Noether current of the non-dissipative KG equation; for the rotating star, instead, we have used the stress energy tensor of the

Maxwell field and the associated energy current. However, we believe that it is also possible to derive superradiance using the KG stress energy tensor in the charged sphere case and a Noether current in the rotating star case (see Ref. [28] for a similar discussion concerning black hole superradiance).

Finally, we also point out a few characteristic details of our derivation of superradiance in the rotating star case. First, we have assumed that the permittivity ϵ and the permeability μ of the spacetime do not change significantly between the inside and the outside of the star. Taking into account possible differences in ϵ and μ would probably enhance the superradiant amplification – see Ref. [6] for a detailed analysis in Zeldovich’s cylinder. Furthermore, our derivation did not depend on any kind of separability of Maxwell’s equations in the variables r and θ. The derivation of superradiance for a Kerr black hole, on the other hand, usually relies on the separability of the Newman-Penrose scalars ϕ_0, ϕ_1, ϕ_2 and the associated Teukolsky equations [29, 30].

ACKNOWLEDGMENTS

The authors are grateful to FAPESP and CNPq for the financial support.

[1] C. A. Manogue, Annals of Physics 181, 261 (1988). [2] M. Richartz, S. Weinfurtner, A. J. Penner, and W. G.

Unruh, Phys. Rev. D 80, 124016 (2009). [3] Y. B. Zel’Dovich, JETP Lett. 14, 180 (1971). [4] Y. B. Zel’Dovich, Sov. Phys. JETP 35, 1085 (1972). [5] Y. B. Zel’dovich, L. V. Rozhansky, and A. A. Starobinsky, Radiophysics and Quantum Electronics 29, 761 (1986).

[6] J. D. Bekenstein and M. Schiffer, Phys. Rev. D 58, 064014 (1998).

[7] C. W. Misner, Bull. Am. Phys. Soc. 17, 472 (1972). [8] J. D. Bekenstein, Phys. Rev. D 7, 949 (1973). [9] A. A. Starobinsky, Sov. Phys. JETP 37, 28 (1973). [10] A. A. Starobinsky and S. M. Churilov, Sov. Phys. JETP 38, 1 (1974).

[11] S. Basak and P. Majumdar, Class. Quant. Grav. 20, 3907 (2003).

[12] S. Basak and P. Majumdar, Class. Quant. Grav. 20, 2929 (2003).

[13] M. Richartz, A. Prain, S. Weinfurtner, and S. Liberati, Class. Quant. Grav. 30, 085009 (2013).

[14] G. Denardo and R. Ruffini, Phys. Lett. B 45, 259 (1973).

[15] J. L. Friedman, Comm. Math. Phys. 63, 243 (1978). [16] N. Comins and B. F. Schutz,

Proc. Royal Society London A 364, 211 (1978). [17] B. F. Schutz and N. Comins, Mon.Not.Roy.Astron.Soc.

182, 69 (1978).

[18] S. Yoshida and Y. Eriguchi, Mon.Not.Roy.Astron.Soc.

282, 580 (1996).

[19] J. M. Bardeen, Astrophys. J. 162, 71 (1970). [20] S. Chandrasekhar and J. L. Friedman, Astrophys. J. 175, 379 (1972).

[21] J. B. Hartle, Astrophys. J. 150, 1005 (1967). [22] J. B. Hartle and D. H. Sharp, Astrophys. J. 147, 317 (1967).

[23] L. Rezzolla, B. J. Ahmedov, and J. C. Miller, Mon.Not.Roy.Astron.Soc. 322, 723 (2001).

[24] L. Rezzolla, B. Ahmedov, and J. Miller, Found.Phys. 31, 1051 (2001).

[25] J. M. Cohen and E. T. Toton, Annals of Physics 87, 244 (1974).

[26] J. M. Cohen and M. W. Kearney, Astrophysics and Space Science 70, 295 (1980).

[27] B. Ivanov, Phys. Rev. D 65, 104001 (2002). [28] R. Wald, General Relativity (University of Chicago Press, 1984, p. 329).

[29] S. A. Teukolsky, Astrophys. J. 185, 635 (1973). [30] S. A. Teukolsky and W. H. Press, Astrophys. J. 193, 443 (1974).