arXiv:1306.3450v2 [gr-qc] 24 Jun 2013

Energy Conditions in f(R, T, R_{μν}T^{μν}) Gravity

M. Sharif^∗and M. Zubair^† Department of Mathematics, University of the Punjab, Quaid-e-Azam Campus, Lahore-54590, Pakistan.

Abstract

We discuss the validity of the energy conditions in a newly modified theory named as f(R, T, R_{μν} T^{μν} ) gravity, where R and T represent the scalar curvature and trace of the energy-momentum tensor. The corresponding energy conditions are derived which appear to be more general and can reduce to the familiar forms of these conditions in general relativity, f(R) and f(R, T ) theories. The general inequalities are presented in terms of recent values of Hubble, deceleration, jerk and snap parameters. In particular, we use two specific models recently developed in literature to study concrete application of these conditions as well as Dolgov-Kawasaki instability. Finally, we explore f(R, T ) gravity as a specific case to this modified theory for exponential and power law models.

Keywords: f(R, T, R_{μν} T^{μν} ) gravity; Raychaudhuri equation; Energy conditions.

PACS: 04.50.-h; 04.50.Kd; 98.80.Jk; 98.80.Cq.

1 Introduction

In current scenario, dark energy (DE) is referred as an active agent which tends to accelerate the expansion in cosmos. The expanding paradigm of

∗msharif.math@pu.edu.pk †mzubairkk@gmail.com

the universe has been affirmed from various observational measurements [1]. Modified theories have received much attention to count with the issue of cosmic acceleration. In these theories, modified gravity models have been formulated to recognize the origin of DE as modification to the Einstein- Hilbert action. One of the fascinating class of models is named as f(R) gravity where the generic nonlinear function f succeeds the Ricci scalar (for review see [2, 3]). In this theory, one can reproduce the cosmological constant scenario, i.e., the classic Λ cold dark matter (ΛCDM) model by choosing the f(R) Lagrangian as f = R − 2Λ. The ΛCDM expanding paradigm has been tested and confirmed from the recent results [4]. One interesting fact about this theory is that it develops equivalence with the Brans-Dicke (BD) [5] theory for a specific BD parameter. The BD theory involves nonminimal coupling between geometry and scalar field which has further been formulated in f(R) theory [6, 7].

Bertolami et al. [7] put a new twist on f(R) gravity by considering the Lagrangian as a function of scalar curvature explicitly coupled with matter Lagrangian density. Bertolami and Paramos [8] developed the correspondence between this modified theory and scalar-tensor theory in which nonminimal curvature matter coupling would yield two scalar fields. The interaction between the matter components and curvature terms results in non conservation of matter energy-momentum tensor [9] which may describe the cosmic acceleration [10]. Later, Harko [11] extended this theory by inserting a general function of matter Lagrangian. Nesseris [12] studied matter density perturbations to constrain this theory from growth factor as well as weak lensing observations. Wu [13] established the laws of thermodynamics in this modified theory and discussed some forms of curvature components. Harko and Lobo [14] suggested a more generalized form of f(R) theory by taking Lagrangian as a generic function of R and matter Lagrangian L_m.

In modified f(R) theories of the type involving nonminimal coupling with matter Lagrangian suffer issue related to the choice of matter Lagrangian density. If L_m = p is considered then extra force would be vanished out so that natural conservation of matter exist in such case [15]. One can still get the effective nonminimal coupling if L_m = −ρ [16]. Another way of modifying the Einstein Lagrangian is to consider the function of trace of the energy-momentum tensor T [17] such that ΛCDM model can be considered of the form R + 2Λ(T ). Harko et al. [18] implemented this idea to generate a new Lagrangian f(R, T ) where the matter geometry coupled system is introduced with arbitrary function of R and T . The corresponding effective matter geometry coupling favors the non-geodesic motion of test particles leading to extra force as suggested in other modified theories [7, 11, 15].

This theory has drawn significant attention and some cosmological features have been studied comprehensively. We have investigated the validity of first and second laws of thermodynamics in f(R, T ) gravity. It is shown that equilibrium picture of thermodynamics may not be achieved due to matter geometry interaction [19]. The reconstruction of f(R, T ) Lagrangian is executed under various considerations likewise, considering an auxiliary scalar field [20], family of holographic DE models in the background of FRW universe [21] and anisotropic solutions [22]. Alvarenga [23] discussed scalar matter perturbations for a particular model which assures the standard continuity equation and obtained matter density perturbed equations.

It is shown that for f(R, T ) Lagrangian unlikely consequences are obtained from quasistatic approximation as compared to those derived in agrement with the ΛCDM model. Jamil et al. [24] explored the reconstruction of f(R, T ) theory corresponding to cosmological solutions like ΛCDM, phantom as well as non-phantom matter fluids and Einstein static universe. However, they used the standard continuity equation without any additional constraint on f(R, T ) gravity [23]. We have used a significant approach for cosmological reconstruction in terms of e-folding reproducing different cosmological eras and the stability of f(R, T ) models is also analyzed [25].

Recently, a more complicated modified theory is developed [26, 27] which involves the nonminimal coupling through contraction of the Ricci and energymomentum tensors referred to f(R, T, R_{μν} T^{μν} ) gravity whose action is the extended Lagrangian of f(R, T ) gravity. It would be interesting to explore different cosmic features in this theory. The classical energy conditions of general relativity (GR) are profound to the Hawking-Penrose singularity theorems and classical black hole laws of thermodynamics [28]. These conditions have been used to address several important issues in GR and cosmology [29]. Energy conditions have been investigated in modified theories with different considerations such as f(R) gravity [30], f(R) gravity with nonminimal coupling to matter [31], f(R, L_m) gravity [32], f(T ) gravity [33], scalar-tensor theory [34], modified Gauss-Bonnet gravity [35] and f(R, T ) gravity [36]. We have also discussed the energy conditions in f(R, T ) gravity and investigated the stability of power law solutions for particular class of models [36].

In this work, we are interested to develop the energy conditions bounds in f(R, T, R_{μν} T^{μν} ) gravity and analyze some specific models. The energy conditions permit to set bounds for attractiveness property of gravity as well as energy density being positive. The paper has the following format. In the next section, the fundamental formulation of the field equations is presented. Section 3 comprises a brief review of energy conditions in GR and also the respective inequalities in this modified theory. In section 4, we consider some specific forms of f(R, T, R_{μν} T^{μν} ) gravity and illustrate the energy conditions bounds as well as analyze the Dolgov-Kawasaki instability. Section 5 concludes our findings.

2 f(R, T, R_{μν}T^{μν}) Gravity

The f(R, T, R_{μν} T^{μν} ) gravity is an interesting candidate among the modified theories which are based on nonminimal coupling between matter and geometry. The action of this modified theory is of the form [26, 27] A = 1 2κ^2 ∫ dx^4 √ −g [f(R, T, R_{μν} T^{μν} ) + L_m], (1) where κ^2 = 1, f(R, T, R_{μν} T^{μν} ) is an arbitrary function in all of its contents, the Ricci scalar R, trace of the energy-momentum tensor T = T^μ_μ and contraction of the Ricci tensor with T_{μν} , L_m denotes the Lagrangian density of matter part. The matter energy-momentum tensor is given by [37] T_{μν} = − 2 √ −g δ( √ −gL_m) δg^{μν} . (2)

If the matter action depends only on the metric tensor rather than on its derivatives then the energy-momentum tensor yields T_{μν} = g_{μν} L_m − 2∂L_m ∂g^{μν} . (3)

The field equations in f(R, T, R_{μν} T^{μν} ) gravity can be found by varying the action (1) with respect to g_{μν} as R_{μν} f_R − { 1 2 f − L_mf_T − 1 2 ∇_α∇_β(f_QT^{αβ})}g_{μν} + (g_{μν} □ − ∇_μ∇_ν )f_R + 1 2 □(f_QT_{μν} ) + 2f_QR_{α(μ}T^α_{ν)} − ∇_α∇_{(μ}[T^α_{ν)}f_Q] − G_{μν} L_mf_Q − 2 ( f_T g^{αβ} + f_QR^{αβ} ) ∂^2L_m ∂g^{μν} ∂g^{αβ} = (1 + f_T + 1 2 Rf_Q)T_{μν} , (4) where we set Q = R_{μν} T^{μν} to make the equations more convenient while the subscripts indicate the derivatives with respect to R, T and Q.

One can obtain the field equations in f(R, T ) and f(R) theories from the above expression by substituting some particular functions of Lagrangian. For vacuum, this leads to the field equations in f(R) gravity. The field equation (4) can be rearranged in the following form G_{μν} = R_{μν} − 1 2 Rg_{μν} = T^{eff}_{μν} , (5) which is analogous to the standard field equations in GR. Here T^{eff}_{μν} , the effective energy-momentum tensor in f(R, T, Q) gravity is defined as T^{eff}_{μν} = 1 f_R − f_QL_m [ (1 + f_T + 1 2 RfQ)T_{μν} + { 1 2 (f − Rf_R) − L_mf_T − 1 2 ∇_α∇_β(f_QT^{αβ})}g_{μν} − (g_{μν} □ − ∇_μ∇_ν )f_R − 1 2 □(f_QT_{μν} ) − 2f_QR_{α(μ}T^α_{ν)} + ∇_α∇_{(μ}[T^α_{ν)}f_Q] + 2 ( f_T g^{αβ} + f_QR^{αβ} ) ∂^2L_m ∂g^{μν} ∂g^{αβ} ] .(6)

Applying the covariant divergence to the field equation (4), we obtain ∇^μT_{μν} = 2 2(1 + f_T ) + Rf_Q [ ∇_μ(f_QR^{αμ}T_{αν} ) + ∇_ν (L_mf_T ) − 1 2 (f_QR_{σζ} + f_T g_{σζ} )∇_ν T^{σζ} − G_{μν} ∇^μ(f_QL_m) − 1 2 [∇^μ(Rf_Q) + 2∇^μf_T ] T_{μν} ] .(7)

It is significant to see that ideal continuity equation does not agree in this modified theory which is also true in other modified theories involving nonminimal matter geometry coupling [7]-[16].

3 Energy Conditions

3.1 Raychaudhuri Equation

To discuss the energy conditions in modified theories one needs to adopt the procedure originally developed in Einstein gravity. We first discuss these conditions in GR and search a way to express them in this modified theory. In fact, Raychaudhuri equation plays a key role to prove singularity theorems and explain the congruence of timelike and null geodesics. Raychaudhuri’s equation for the congruence of timelike geodesics is defined as [38] dθ dτ = − 1 3 θ^2 − σ^{μν} σ_{μν} + ω^{μν} ω_{μν} − R_{μν} u^μu^ν , (8)

where θ denotes the expansion parameter (if θ > 0 then congruence will be diverging and for θ < 0, it will be converging), σ_{μν} and ω_{μν} measure the distortion of volume and rotation of curves linked to the congruence set by the vector field u^μ. In case of null geodesics characterized by the vector field κ^μ, the temporal variation of expansion is given by dθ dτ = − 1 2 θ^2 − σ^{μν} σ_{μν} + ω^{μν}ω_{μν} − R_{μν} κ^μκ^ν . (9)

It is significant to remark that Raychaudhuri equation is exclusively geometric and hence develops no deal to any theory of gravity under discussion. Actually, the energy-momentum tensor can have contribution from different sources and it is convenient to set some constraints to deal it on physical grounds. There are certain inequalities which may limit the arbitrariness in the energy-momentum tensor based on Raychaudhuri equation with attractiveness property of gravity. The association of Raychaudhuri equation can be set from the fact that the variation of expansion parameter is related to T_{μν} if one finds the Ricci tensor from the field equations. Hence, one can develop the physical constraints on the energy-momentum tensor through the connection between Raychaudhuri equation and the field equations.

As σ^{μν} σ_{μν} ⩾ 0 (shear tensor is purely spatial), so for any hypersurface orthogonal congruence (ω_{μν} = 0), the condition of attractive gravity takes the form SEC : R_{μν} u^μu^ν ⩾ 0, NEC : R_{μν} κ^μκ^ν ⩾ 0. (10) Using the field equations, one can relate R_{μν} to T_{μν} so that the above conditions become R_{μν} u^μu^ν = (T_{μν} − T 2 g_{μν} )u^μu^ν ⩾ 0, R_{μν} κ^μκ^ν = T_{μν} κ^μκ^ν ⩾ 0. (11)

If the matter part is considered as perfect fluid

T_{μν} = (ρ + p)u_μu_ν − pg_{μν} , (12)

where energy density and pressure are denoted by ρ and p, then these conditions reduce to the most familiar form of strong and null energy conditions in GR, ρ + 3p ⩾ 0, ρ + p ⩾ 0. (13)

3.2 Energy Conditions in f(R, T, Q) Gravity

Here, we adopt the procedure developed in [31, 32] for f(R), f(R, L_m) and f(R) gravity with arbitrary and nonminimal matter geometry coupling to extend it to a more general f(R, T, Q) grvaity. The Ricci tensor in Eq.(5) can be represented in terms of T^{eff}_{μν} and its trace T^{eff} as R_{μν} = T^{eff}_{μν} − 1 2 g_{μν} T^{eff} , (14) where the contraction of Eq.(6) yields the trace of the energy-momentum tensor T^{eff} = 1 f_R − f_QL_m [ (1 + f_T + 1 2 RfQ)T + 2(f − Rf_R) − 4L_mf_T − ∇_α∇_β (f_QT^{αβ} ) − 3□f_R − 1 2 □(f_QT ) − 2f_QR_{αβ} T^{αβ} + 2g^{μν} (f_T g^{αβ} + f_QR^{αβ})

∂^2L_m ∂g^{μν} ∂g^{αβ} ] . (15)

The attractive nature of gravity needs to satisfy the following additional constraint 1 + f_T +^1_2 Rf_Q f_R − f_QL_m > 0 (16)

which does not depend on the conditions (10) derived from the Raychaudhuri equation. In fact this condition corresponds to the effective gravitational coupling in f(R, T, Q) gravity.

We take the homogeneous and isotropic flat FRW metric defined as

ds^2 = dt^2 − a^2(t)dx^2,

where a(t) represents the scale factor and dx^2 is the spatial part of the metric. The corresponding effective energy density and pressure can be taken such that T^{eff}_{μν} assumes the form of perfect fluid. In FRW background, ρ_{eff} and p_{eff} can be obtained in this modified theory as ρ_{eff} = 1 f_R − f_QL_m [ ρ + (ρ − L_m)f_T + 1 2 (f − Rf_R) − 3H∂_tf_R − 3 2 (3H^2 − Ḣ)ρf_Q − 3 2 (3H^2 + Ḣ)pf_Q + 3 2 H∂_t[(p − ρ)f_Q] ] , (17) p_{eff} = 1 f_R − f_QL_m [ p + (p + L_m)f_T + 1 2 (Rf_R − f) + 1 2 (Ḣ + 3H^2)ρf_Q + 1 2 (3H^2 − Ḣ)pf_Q + ∂_{tt}f_R + 2H∂_tf_R + 1 2 ∂_{tt}[(ρ − p)f_Q] + 2H∂_t[(ρ + p)f_Q]] , (18)

where R = −6(Ḣ +2H^2), H =^ȧ being Hubble parameter and over dot refers to time derivative. Here, we neglect the terms involving second derivative of matter Lagrangian with respect to the metric tensor. As we are dealing with perfect fluid, so matter Lagrangian can either be L_m = p or L_m = −ρ which makes it obvious to ignore such term.

In this modified theory, we can employ an approach analogous to that in GR and combine Eqs.(11) and (14) so that SEC is of the form T^{eff}_{μν} u^μu^ν − 1 2 T^{eff} ⩾ 0, (19)

where g_{μν} u^μu^ν = 1. Using Eqs.(6) and (15), it follows that ρ_{eff} + 3p_{eff} = 1 f_R − f_QL_m [(ρ + 3p) + (ρ + 3p + 2L_m)f_T + Rf_R − f

+ 3[Ḣ(ρ − p)]f_Q + 3H∂_t[f_R + 1 2 (3ρ + 5p)f_Q]

+ 3∂_{tt}[f_R + 1 2 (ρ − p)f_Q] ] ⩾ 0, (20)

which is the SEC in f(R, T, Q) gravity. One can represent the NEC in f(R, T, Q) gravity in the form T^{eff}_{μν} κ^μκ^ν ⩾ 0. Inserting Eq.(6) in the above relation results the following inequality ρ_{eff} + p_{eff} = 1 f_R − f_QL_m [ (1 + f_T )(ρ + p) − 3H^2(ρ + p)f_Q + 2Ḣ(ρ − p)f_Q − H∂_t{f_R − 1 2 (ρ + 7p)f_Q} + ∂_{tt}{f_R + 1 2 (ρ − p)f_Q} ] ⩾ 0. (21)

It is remarked that one can obtain the NEC and SEC in f(R) and f(R, T ) modified theories by taking f(R, T, Q) = f(R) and f(R, T, Q) = f(R, T ), respectively. Moreover, the traditional structures for the NEC (ρ + p ⩾ 0) and SEC (ρ + 3p ⩾ 0) can be found in the framework of GR as a specific case with f(R, T, Q) = R. In determining the WEC and DEC, we consider the modified form of energy conditions in GR which are obtained under the transformations ρ → ρ_{eff} and p → p_{eff} . We would like to mention here that the null and strong energy conditions given by Eqs.(20) and (21) are derived from the Raychaudhuri equation. One can obtain equivalent results following the same procedure as that in GR with conditions ρ_{eff} + p_{eff} ⩾ 0 and ρ_{eff} + 3p_{eff} ⩾ 0.

We extend this approach to develop the constraints for WEC and DEC so that these conditions for f(R, T, Q) gravity are given by ρ_{eff} ⩾ 0 and ρ_{eff} − p_{eff} ⩾ 0. Using Eqs.(17) and (18), we can obtain the constraints on WEC and DEC. The WEC requires the condition (21) and the following inequality ρ_{eff} = 1 f_R − f_QL_m [ ρ + (ρ − L_m)f_T + 1 2 (f − Rf_R) − 3H∂_tf_R − 3 2 (3H^2 − Ḣ)ρf_Q − 3 2 (3H^2 + Ḣ)pf_Q + 3 2 H∂_t[(p − ρ)f_Q] ] ⩾ 0, (22)

whereas the DEC is satisfied by meeting the inequalities (21), (22) and the condition ρ_{eff} − p_{eff} = 1 f_R − f_QL_m [(ρ − p) + (ρ − p − 2L_m)f_T + f − Rf_R + {Ḣ(ρ − p) − 6H^2(ρ + p)}f_Q − H∂_t[ 1 2 (7ρ + p)f_Q + 5f_R] − ∂_{tt}[f_R + 1 2 (ρ − p)f_Q] ] ⩾ 0. (23)

When we take f(R, T, Q) = f(R, T ), the above expressions reduce to the WEC and DEC in f(R, T ) gravity which are similar to that in [36]. Also, by neglecting the dependence on the trace of energy-momentum tensor, we can have the energy conditions in f(R) gravity which are consistent with the results in [30]. If the variation of Lagrangian with respect to T and Q is null then such conditions constitute ρ ⩾ 0 and ρ + p ⩾ 0, i.e., the WEC and DEC in GR.

One can utilize the energy conditions constraints (20)-(23) to restrict some specific models in f(R, T, Q) gravity in the framework of FRW metric.

To be more definite about these energy constraints, we define deceleration, jerk and snap parameters as [39] q = − 1 H^2 ä a , j = 1 H^3

...a a , and s = 1 H^4

....a a . and express the Hubble parameter and its time derivatives in terms of these parameters Ḣ = −H^2(1 + q), Ḧ = H^3(j + 3q + 2), ... H = −H^4(5q + 2j − s + 3).

Since R, Ṙ and R̈ are represented in terms of the above relations, so using these parameters the energy conditions (20)-(23) can be constituted as

(ρ + p)(1 + f_T ) + 1 2 {ρ̈ − p̈ + H(ρ̇ + 7ṗ) − 4(1 + q)H^2(ρ − p) − 6H^2 × (ρ + p)}f_Q − 6H^2(s − j + (q + 1)(q + 8))f_{RR} + (T̈ − HṪ )f_{RT} + {Q̈ − HQ̇ − 3H^3(j − q − 2)(2(ρ̇ − ṗ) + H(ρ + 7p)) − 3H^4(ρ − p)(s + q^2 + 8q + 6)}f_{RQ} + 1 2 {2T̈ + (2(ρ̇ − ṗ) + H(ρ + 7p))Ṫ }f_{T Q} + 1 2 {2Q̈ + (2(ρ̇ − ṗ) + H(ρ + 7p))Q̇}f_{QQ} + [6H^3(j − q − 2)]^2f_{RRR} − 12H^3(j − q − 2)Ṫ f_{RRT} + {18(ρ − p)[H^3(j − q − 2)]^2 − 12H^3(j − q − 2)Q̇}f_{RRQ} + 2Ṫ [Q̇ − 3H^3(ρ − p)(j − q − 2)]f_{RT Q} + Ṫ^2f_{RT T} + Q̇[Q̇ − 6H^3(ρ − p)(j − q − 2)]f_{RQQ} + 1 2 × (ρ − p)Ṫ [Q̇f_{T QQ} + Ṫ f_{T T Q}] + 1 2 (ρ − p)Q̇[Ṫ f_{T QQ} + Q̇f_{QQQ}] ⩾ 0, (NEC) (24) ρ(1 + f_T ) − L_mf_T + 1 2 f + 3H^2(1 − q)f_R + 3 2 H{ṗ − ρ̇ − 2H(2ρ + p) − H(ρ − p)q}f_Q − 3H{Q̇ + 3H^3(p − ρ)(j − q − 2)}f_{RQ} + 3 2 H(p − ρ)(Q̇ × f_{QQ} + Ṫ f_{T Q}) + 18H^4(j − q − 2)f_{RR} − 3HṪ f_{RT} ) ⩾ 0, (WEC) (25)

(ρ + 3p)(1 + f_T ) + 2L_mf_T − f − 6H^2(1 − q)f_R + 3 2 {ρ̈ − p̈ + H(3ρ̇ + 5ṗ) + 6H^2[(p − ρ)(1 + q)]}f_Q − 18H^4(s + j + q^2 + 7q + 4)f_{RR} + 3(T̈ + HṪ )f_{RT} + 3{Q̈ + HQ̇ − 3H^3(j − q − 2)[2(ρ̇ − p) + H(3ρ + 5p)] − 3H^4 × (ρ − p)(s + q^2 + 8q + 6)}f_{RQ} + 3 2 {(ρ − p)T̈ + [2(ρ̇ − ṗ) + H(3ρ + 5p)Ṫ ]} × f_{T Q} + 3 2 {(ρ − p)Q̈ + [2(ρ̇ − ṗ) − H(ρ + 3p)Q̇]}f_{QQ} + 3[6H^3(j − q − 2)]^2 × f_{RRR} − 36H^3(j − q − 2)Ṫ f_{RRT} + 3{−12H^3(j − q − 2)Q̇ + 18(ρ − p)[6 × H^3(j − q − 2)]^2}f_{RRQ} + 6Ṫ {Q̇ − 3(ρ − p)H^3(j − q − 2)}f_{RT Q} + 3Ṫ^2 × f_{RT T} + 3Q̇{Q̇ − 6H^3(ρ − p)(j − q − 2)}f_{RQQ} + 3 2 (ρ − p)Ṫ {2Q̇f_{T QQ} + Ṫ f_{T T Q}} + 3 2 (ρ − p)Q̇^2f_{QQQ} ⩾ 0, (SEC), (26)

(ρ − p)(1 + f_T ) − 2L_mf_T + f + 6H^2(1 − q)f_R + 1 2 {p̈ − ρ̈ − H(7ṗ + ρ̇) − 12H^2(ρ + p) − 2H^2(ρ − p)(1 + q)}f_Q − {Q̈ + 5HQ̇ − 6H^3(j − q − 2) × (ρ̇ − ṗ) − 3H^4(j − q − 2)(7ρ + p) − 3H^4(s + q^2 + 8q + 6)(ρ − p)} − 1 2 {(ρ − p)T̈ + [2(ρ̇ − ṗ) + H(7ρ + p)]Ṫ }f_{T Q} − 1 2 {(ρ − p)Q̈ + [2(ρ̇ − ṗ) + H(7ρ + p)]Q̇}f_{QQ} + 6H^4[s + 5j + (q − 1)(q + 4)]f_{RR} − (T̈ + 5Ṫ H)f_{RT} − [6H^3(j − q − 2)]^2f_{RRR} + 12H^3(j − q − 2)Ṫ f_{RRT} + {12H^3(j − q − 2)Q̇ − 18[H^3(j − q − 2)]^2(ρ − p)}f_{RRQ} − 2Ṫ {Q̇ − 6H^3(j − q − 2)(ρ − p)}f_{RT Q} − Ṫ^2f_{RT T} − Q̇{Q̇ − 6H^3(j − q − 2)(ρ − p)}f_{RQQ} − 1 2 (ρ − p)Ṫ {Q̇f_{T QQ} + Ṫ f_{T T Q}} 1 2 (ρ − p)Q̇{Ṫ f_{T QQ} + Q̇f_{QQQ}} ⩾ 0. (DEC) (27) The results of energy conditions in terms of cosmographic parameters for f(R) and f(R, T ) theories can be achieved from the constraints (23)-(27).

4 Constraints on Class of f(R, T, Q) Models

To illustrate how these energy conditions put limits on f(R, T, Q) gravity, we consider some specific functional forms for the Lagrangian (1) namely [27],

1. f(R, T, Q) = R + αQ, 2. f(R, T, Q) = R(1 + αQ), where α is a coupling parameter. Recently, these models have been studied in [27] which suggest that exponential and de Sitter type solutions exist for these forms of f(R, T, Q) gravity. Thus one can deduce that coupling between matter and geometry may cause the current cosmic acceleration. 4.1 f(R, T, Q) = R + αQ In the first place, we consider the Lagrangian given by R + αQ. In FRW background, the energy conditions for such model can be represented as αA_1 + H∂_tA_2 ⩾ A_3, (28) where A_i’s purely depend on the energy conditions under discussion. For NEC, one can have

A^{NEC}_1 = (2Ḣ − 3H^2)ρ − (2Ḣ + 3H^2)p + ∂_{tt}[α^{−1} + 1 2 (ρ − p)], A^{NEC}_2 = −(1 − α 2 (ρ + 7p)), A^{NEC}_3 = −(ρ + p). (29) For WEC, this yields

A^{W EC}_1 = −3H^2ρ, A^{W EC}_2 = 3α 2 (p − ρ) − 3, A^{W EC}_3 = −ρ. (30) For SEC, one can find

A^{SEC}_1 = 3ρ(2Ḣ + H^2) − 3p(2Ḣ + 3H^2) + 3∂_{tt}[α^{−1} + 1 2 (ρ − p)], A^{SEC}_2 = 3(1 + α 2 (3ρ + 5p)), A^{SEC}_3 = −(ρ + 3p). (31) For DEC, it follows that

A^{DEC}_1 = 2Ḣ(p − ρ) + 6H^2(p − ρ) − ∂_{tt}[α^{−1} + 1 2 (ρ − p)], A^{DEC}_2 = − α 2 (7ρ + p) − 5, A^{DEC}_3 = −(ρ − p). (32)

We can also find the condition of attractive gravity for this model from inequality (28) so that

A^{AG}_1 = (1 − αL_m) ( 1 α + R 2 )_{−1} , A^{AG}_2 = constant, A^{AG}_3 = 0. The energy conditions (28)-(32) can be expressed in terms of deceleration parameter (see appendix A.1). It can be seen that these conditions depend only on the parameters H, q and α. In our discussion, we set the present day values of cosmographic parameters as q_0 = −0.81^{+0.14}_{−0.14}, j_0 = 2.16^{+0.81}_{−0.75} [40] and H_0 = 73.8 [41], while matter is assumed to be pressureless. To exemplify how these conditions can constrain the above model, we consider the WEC given by the relation ρ − 6H^2 − 3αHρ̇ ⩾ 0. (33)

For the given H and q, one can see that the above inequality relies on the measures of parameter α and time derivative of energy density. Here, ρ̇ can be evaluated using Eq.(7) which takes the form

ρ̇ = −6Hρ{1 + αH^2(2 + 5q − 3H(1 + q))}/{2 − 3α(2 − q)H^2}.

It can be seen that ρ̇ is always negative. Using this value of ρ̇ in Eq.(33), we find that WEC for the model f(R, T, Q) = R + αR is satisfied if α > 0 for present day values of q and H. 4.2 f(R, T, Q) = R(1 + αQ) In second example, we consider the function f given by R(1+αQ) and energy conditions for such model can be written as

α̂B_1 + H∂_tB_2 ⩾ B_3, (34)

where α̂ = (−1)α and B_i’s purely depend on the energy conditions under discussion. For NEC, one can have

B^{NEC}_1 = [−3H^2(ρ + p) + 2Ḣ(ρ − p)]R + ∂_{tt}[α̂^{−1} + Q + 1 2 (ρ − p)R], B^{NEC}_2 = −(1 + α̂Q − α̂ 2 (ρ + 7p)R), B^{NEC}_3 = −(ρ + p). (35)

For WEC, one can have

B^{W EC}_1 = − 3 2 [(3H^2 − Ḣ)ρ + (3H^2 + Ḣ)p]R,

B^{W EC}_2 = 3[ α̂ 2 (p − ρ)R − (1 + α̂Q)], B^{W EC}_3 = −ρ. (36) For SEC, it follows that

B^{SEC}_1 = 3[Ḣ(ρ − p)]R + ∂_{tt}[α̂^{−1} + Q + 1 2 (ρ − p)R], B^{SEC}_2 = 3[1 + α̂Q + α̂ 2 (3ρ + 5p)R], B^{SEC}_3 = −(ρ + 3p). (37)

For DEC, this yields

B^{DEC}_1 = −6H^2(ρ + p)R − (ρ + p)ḢR − ∂_{tt}[α̂^{−1} + Q + 1 2 (ρ − p)R], B^{DEC}_2 = −(5(1 + αQ) + α 2 (7ρ + p)R), B^{DEC}_3 = −(ρ − p). (38)

The condition of attractive gravity can be obtained from the inequality (34) and relevant components are

B^{AG}_1 = (1 + α̂Q − RL_m) ( 1 α̂ + R^2 2 )_{−1} , B^{AG}_2 = constant, B^{AG}_3 = 0. The viability of modified theories is under debate to develop the criteria for different modifications to the Einstein-Hilbert action. In this perspective, one of the important criterion is Dolgov-Kawasaki instability which has been developed to constrain the f(R) gravity and f(R) gravity with curvature matter coupling [42]. Recently, the authors [26, 27] have executed this instability analysis for f(R, T, Q) gravity which yields the condition of Dolgov-Kawasaki instability as

3f_{RR} + ( 1 2 T − T^{00} ) f_{QR} ⩾ 0. (39)

For the model f = R(1 + αQ), the inequality (39) takes the form α(ρ − 3p) + 6α̂H(ρ + p)∂_t ( H R ) ⩾ 0, where

α̂ = { (−1)α if R, Q < 0 α if R, Q > 0 . One can derive the above inequality using the relation (34) so that B_i’s are given by

B^{AG}_1 = ρ − 3p ρ + p , B^{AG}_2 = 6α̂H R , B^{AG}_3 = 0.

We check the validity of constraints (34)-(38) for this model. The constraint to ensure WEC is given by

ρ[1 + 9αH^4(2j − q^2 − 3q + 2)] + 9αH^3(1 − 2q)ρ̇ ⩾ 0.

As in the previous case, we evaluate ρ̇

ρ̇ = −3Hρ{1 + 6αH^4(j − 4q + 2q^2 − 1)}/{1 + 9αH^4(1 − q)(2 − q)}.

Here, ρ̇ < 0 for any value of α and hence the WEC is satisfied only if parameter α is positive.

4.3 f(R, T ) Models

Here we present f(R, T, Q) gravity models which involve null variation with respect to Q and corresponds to f(R, T ) gravity. Although the energy conditions are examined in f(R, T ) gravity but the constraints are developed for very particular cases. Alvarenga et al. [43] studied the energy conditions for some models of the type f(R, T ) = R + 2f(T ) and analyse their stability under matter perturbations. In our previous work [36], we established the energy condition constraints for those f(R, T ) models which confirm the existence of power law solutions in this modified theory. Here we are interested in more general functional forms of f(R, T ) involving an exponential function and also the coupling between R and T . We present the energy condition constraints for the following models

1. f(R, T ) = αexp (_R α + λT ) 2. f(R, T ) = R + ηR^mT^n where α, λ, η, m and n are arbitrary constants.

• f(R, T ) = αexp (_R α + λT ) If^R_α + λT ≪ 1 then f(R, T ) ≈ α + R +^λ_α T + ... representing the ΛCDM model. The energy constraints in f(R, T ) gravity can be achieved by placing null variation of f with respect to Q in the results (20)-(23) which are similar to that in [36].

For the exponential model, these conditions take the form exp (_R α + λT ) 1 + αλ exp (_R α + λT ) (C_1 + C_2) ⩾ C_3, (40)

where C_i’s depend on the energy conditions given in Appendix A.2. The condition of attractive gravity in f(R, T ) gravity is (1 + f_T )/f_R > 0 which becomes (1+αλ exp (_R α + λT ) )/ exp (_R α + λT ) > 0 for the exponential model.

We can obtain this inequality from Eq.(40) for C_1 = 1, C_2 = C_3 = 0. It is suggested [27] that Dolgov-Kawasaki instability in f(R, T ) gravity would be identical to that in f(R) gravity so that one can check the viability of f(R, T ) models on similar steps as in f(R) theory. Thus for f(R, T ) theory, we have f_R(R, T ) > 0, f_{RR}(R, T ) > 0, R≥R_0. For this model, the instability conditions are formulated as exp (_R α + λT ) > 0 and^1_α exp (_R α + λT ) > 0 which can be derived from relation (40) by taking C_1 = 1, C_2 = αλ exp (_R α + λT ) , C_3 = 0 and C_1+C_2 =^1_α ( 1 + αλ exp (_R α + λT )) , C_3 = 0, respectively. One can represent energy conditions (A.2) in the form of cosmographic parameters. It is mentioned here that the measurement of present day value of snap parameter ‘s’ has not been reported from reliable sources so far.

The energy conditions corresponding to the above model depend on ‘s’ except the WEC, so we explore the validity of WEC. The inequality to fulfill the WEC is given by ρ ( 1 + αλ exp (_R α + λT ) exp (_R α + λT ) ) + α(0.5 − λL_m) + 3H^2{(1 − q) + 6α^{−1}H^2 × (j − q − 2)} − 3λHṪ ⩾ 0. Using the WEC results in GR, i.e., ρ > 0 and also the condition of attractive gravity (1 + αλ exp (_R α + λT ) )/ exp (_R α + λT ) > 0, the above inequality is reduced to

α(0.5 − λL_m) + 3H^2{(1 − q) + 6α^{−1}H^2(j − q − 2)} − 3λHṪ ⩾ 0.

We set the matter Lagrangian density as L_m = p and assume the pressureless matter so that

0.5α + 3H^2{(1 − q) + 6H^2(j − q − 2)α^{−1}} − 3λHρ̇ ⩾ 0. (41)

If we consider the present day values of the parameters like Hubble, deceleration and jerk then the above inequality depends on ρ̇ and values of constants (α, λ). We find ρ̇ from the energy conservation equation in f(R, T ) gravity

ρ̇ + 3H(ρ + p) = −1 1 + f_{2T} [ (ρ − L_m)ḟ_T − L̇_mf_T + 1 2 Ṫ f_T ] . (42)

For exponential model, this takes the form ρ̇ = − 3Hρ{1 + λ(α − 2H^2(j − q − 2)) exp (_R α + λT ) } 1 + (1.5 + λρ)αλ exp (_R α + λT ) If α > 0 then the first two terms in inequality (41) are positive whereas for the last term we need to have −ρ̇ > 0. From the above expression, we see that −ρ̇ > 0 if λ > 0 and α > 2H^2_0 (j_0 − q_0 − 2). Thus, the WEC for exponential f(R, T ) model is satisfied if λ > 0 and α > 2H^2_0 (j_0 − q_0 − 2). We consider another form of matter Lagrangian L_m = −ρ for which the continuity equation and constraint to fulfill the WEC are given by ρ̇ = − 3Hρ{1 + λ(α − 4H^2(j − q − 2)) exp (_R α + λρ ) } 1 + (1.5 + 2λρ)αλ exp (_R α + λρ ) , α(0.5 + λρ) + 3H^2{(1 − q) + 6α^{−1}H^2(j − q − 2)} − 3λHρ̇ ⩾ 0.

As in the previous case, we find a constraint for which ρ̇ < 0 which is only possible if α > 4H^2(j − q − 2). It is to be noted that we set the present values of H and other parameters so that the WEC is satisfied if λ > 0 and α > 4H^2(j − q − 2). • f(R, T ) = R + ηR^mT^n Here, we consider the power law type f(R, T ) model which involves coupling between R and T . Such functional form of f(R, T ) matches to the form of Lagrangian f(R, T ) = f_1(R) + f_2(R)f_3(T ) with f_1(R) = R, f_2(R) = R^m and f_3(T ) = T^n which involves the explicit nonminimal gravitational matter geometry coupling. In a recent work [25], we have reconstructed such type of f(R, T ) models corresponding to power law solutions. The attractiveness of gravity implies that {1 + η̂nR^mT^{n−1}}/{1 + η̂mR^{m−1}T^n} > 0. The energy condition constraints for this model can be represented as η̂|R|^m|T |^n 1 − η̂n|R|^m|T |^{n−1} [D_1 + L_mT^{−1}D_2] ⩾ D_3, (43)

where D_i’s can have particular relations depending on the energy conditions which are shown in appendix A.3.

We are concerned to study the WEC inequality for this model and develop the constraints as in exponential model. The condition to meet the WEC is given by ρ + ηR^mρ^n [ n(1 − L_mρ^{−1}) + 1 2 (1 − m) − 3m(m − 1)HṘR^{−2} − 3mnHρ̇R^{−1}ρ^{−1} ] ⩾ 0. Initially, we consider L_m = p for which the above inequality can be represented in the form of deceleration and jerk parameters as

2ρ + 2η[6H^2(1 − q)]^mρ^n [ 2n + 1 − m + m(m − 1) j − q − 2 (1 − q)^2 + mnρ̇ρ^{−1} 2(1 − q)H ] ⩾ 0. (44)

The coupling parameter η is assumed to be positive so that the above constraint is satisfied if one can meet the condition in square bracket. For this purpose, ρ̇ can be obtained using Eq.(42) in the form ρ̇ = − 3Hρ{1 + nη[6H^2(1 − q)]^mρ^{n−1} ( 1 +^{m(j−q−2)} 3(1−q) ) } 1 + n(n + 0.5)η[6H^2(1 − q)]^mρ^{n−1} . Substituting ρ̇ in Eq.(44), it is found that WEC is satisfied if both the constants m and n are positive. One can also examine the WEC constraint for L_m = −ρ for which WEC can be met if m, n > 0 with coupling parameter being positive.

5 Conclusions

The late time accelerated cosmic expansion is a major issue in cosmology. Modified gravity has appeared as a handy candidate to address such issues which predict the destiny of the universe. Recently, a more generalized modified theory is established on the basis of curvature matter coupling named as f(R, T, R_{μν} T^{μν} ) gravity [26, 27]. This theory is an extensive form of f(R, T ) gravity where Lagrangian not only depends on R and T but also involves the contribution from contraction of the Ricci and the energy-momentum tensors. In this modified theory, extra force is always present due to the coupling between matter and geometry leading to motion of test particles as nongeodesic. In previous studies of nonminimal coupling [15, 16], it has been encountered that extra force disappears if one chooses L_m = −p whereas it does not vanish even for this L_m in f(R, T, R_{μν} T^{μν} ) theory. The expression of extra force in f(R, T, R_{μν} T^{μν} ) gravity [27] explicitly depends on R_{μν} as compared to f(R, T ) gravity. Thus the deviation from geodesic motion can be more significant in this case.

Lagrangian of f(R, T, R_{μν} T^{μν} ) gravity is more comprehensive implying that different functional forms of f can be suggested. The versatility in Lagrangian raises the question how to constrain such theory on physical grounds. In [26, 27], the authors have studied the validity of this theory and developed the notable Dolgov-Kawasaki instability (the condition of stability against local perturbations). In this paper, we have developed some constraints on general as well as specific forms of f(R, T, R_{μν} T^{μν} ) gravity by examining the respective energy conditions. The NEC and SEC are derived using the Raychaudhuri equation along with the condition that gravity is attractive. These conditions are more general as compared to those derived in f(R) and f(R, T ) theories. Moreover, these inequalities are equivalent to the results found from conditions ρ + 3p ⩾ 0 and ρ + p ⩾ 0 under the transformations ρ → ρ_{eff} and p → p_{eff} , respectively. One can employ the similar procedure to derive the WEC and DEC by translating their counterpart in GR for effective energy-momentum tensor. The conditions of positive effective gravitational coupling and attractive nature of gravity are also obtained in this theory.

To illustrate how these conditions can constrain the f(R, T, R_{μν} T^{μν} ) gravity, we have taken two functional forms of f namely, f = R + αQ and f = R(1 + αQ). It is shown that WEC for these models depends on the coupling parameter α and is satisfied only if α is positive. We have also set the Dolgov-Kawasaki criterion in this discussion. In section 4.3, the f(R, T ) gravity is addressed as a specific case to this modified theory. We have taken two interesting choices for the Lagrangian, one involving an exponential function and other having explicit coupling between R and T . The validity of

WEC for both choices of matter Lagrangian L_m = p and L_m = −ρ have been explored. The WEC for f(R, T ) = αexp (_R α + λT ) is met in both cases if coupling parameter λ > 0 and α > 2H^2_0 (j_0 − q_0 − 2)(or α > 4H^2_0 (j_0 − q_0 − 2)), respectively. For the model f(R, T ) = R + ηR^mT^n, the WEC is satisfied if both the constants m and n are positive.

Acknowledgment The authors thank the Higher Education Commission, Islamabad, Pakistan for its financial support through the Indigenous Ph.D. 5000 Fellowship Program Batch-VII.

Appendix A

NEC : ρ + p + α 2 {ρ̈ − p̈ + H(ρ̇ + 7ṗ) − H^2[ρ(5 + q) + p(1 − 2q)]} ⩾ 0,

WEC : ρ + 3α 2 {H(ṗ − ρ̇) − 2H^2} ⩾ 0, SEC : ρ + 3p + 3α 2 {ρ̈ − p̈ + H(3ρ̇ + 5ṗ) − 2H^2(1 + 2q)ρ − 2(1 − 2q) × H^2p} ⩾ 0, DEC : ρ − p + α 2 {p̈ − ρ̈ − H(7ρ̇ + ṗ) + 4H^2ρ(q − 2)ρ + 4H^2(2 − q) × p} ⩾ 0. (A.1)

NEC : C^{NEC}_1 = 1 α^2 ( Ṙ^2 + α(R̈ − HṘ) + 2αλṘṪ ) + λ{T̈ − HṪ + λṪ^2}, C^{NEC}_2 = 0, C^{NEC}_3 = −(ρ + p),

WEC : C^{W EC}_1 = 3(Ḣ + 2H^2) − 3 α HṘ − 3λHṪ , C^{W EC}_2 = α ( 1 2 − λL_m ) , C^{W EC}_3 = −ρ, SEC : C^{SEC}_1 = R + 3 α^2 ( Ṙ^2 + α(R̈ + HṘ) + 2αλṘṪ ) + 3λ{T̈ + Ṫ (H + λṪ )}, C^{SEC}_2 = α(2λL_m − 1), C^{NEC}_3 = −(ρ + 3p), DEC : C^{DEC}_1 = −R − 1 α^2 ( Ṙ^2 + α(R̈ + 5HṘ) + 2αλṘṪ ) − λ{T̈ + Ṫ (5H + λṪ )}, C^{DEC}_2 = α(1 − 2λL_m), C^{DEC}_3 = −(ρ − p). (A.2)

NEC : D^{NEC}_1 = m(m − 1)R^{−2}{R̈ − HṘ + (m − 2)Ṙ^2R^{−1} + 2nṘṪ T^{−1}} + nR^{−1}T^{−1}{T̈ − HṪ + (n − 1)Ṫ^2T^{−1}}, D^{NEC}_2 = 0, D^{NEC}_3 = −(ρ + p), WEC : D^{W EC}_1 = (1 − m){0.5 + 3mHṘR^{−2}} − 3mnHṪ R^{−1}T^{−1}, D^{W EC}_2 = −n, D^{W EC}_3 = −ρ SEC : D^{SEC}_1 = (m − 1){1 + 3mR^{−2}{R̈ + HṘ + (m − 2)Ṙ^2R^{−1} + 2nṘṪ × T^{−1}}} + 3mnR^{−1}T^{−1}{T̈ + HṪ + (n − 1)Ṫ^2T^{−1}}, D^{SEC}_2 = 2n, D^{SEC}_3 = −(ρ + 3p), DEC : D^{DEC}_1 = (1 − m){1 + mR^{−2}{R̈ + 5HṘ + (m − 2)Ṙ^2R^{−1} + 2nṘṪ × T^{−1}}} − mnR^{−1}T^{−1}{T̈ + 5HṪ + (n − 1)T^{−1}}, D^{DEC}_2 = −2n, D^{DEC}_3 = −(ρ − p). (A.3)

References

[1] Perlmutter, S. et al.: Astrophys. J. 517(1999)565; Riess, A.G. et al.:

Astrophys. J. 659(2007)98.

[2] Nojiri, S. and Odintsov, S.D.: Int. J. Geom.Meth. Mod. Phys.

4(2007)115; Sotiriou, T.P and Faraoni, V.: Rev. Mod. Phys. 82(2010)451; Nojiri, S. and Odintsov, S.D.: Phys. Rept. 505(2011)59; Sharif, M. and Zubair, M.: Astrophys. Space Sci. 342(2012)511; Bamba, K. Capozziello, S. Nojiri, S. and Odintsov, S.D.: Astrophys. Space Sci. 345(2012)155; Sharif, M. and Zubair, M.: Advances in High Energy Phys. 2013(2013)790967.

[3] Amendola, L. and Tsujikawa, S.: Dark Energy: Theory and Observations (Cambridge University Press 2010).

[4] Ade, P.A.R. et al.: arXiv:1303.5062.

[5] Brans, C.H and Dicke, R.H.: Phys. Rev. 124(1961)925.

[6] Allemandi, G., Borowiec, A., Francaviglia, M. and Odintsov, S.D. Phys.

Rev. D 72(2005)063505; Inagaki, T. Nojiri, S. and Odintsov, S.D.: JCAP 06(2005)010.

[7] Bertolami, O., Boehmer, C.G. Harko, T. and Lobo, F.S.N.: Phys. Rev.

D 75(2007)104016.

[8] Bertolami, O. and Paramos, J.: Phys. Rev. D 77(2008)084018. [9] Bertolami, O., Lobo, F.S.N. and Paramos, J.: Phys. Rev. D 78(2008)064036.

[10] Bisabr, Y.: Phys. Rev. D 86(2012)044025. [11] Harko, T.: Phys. Lett. B 669(2008)376. [12] Nesseris, S.: Phys. Rev. D 79(2009)044015. [13] Wu, Y.-B.: Phys. Lett. B 717(2012)323.

[14] Harko, T. and Lobo, F.S.N.: Eur. Phys. J. C 70(2010)373. [15] Sotiriou, T.P. and Faraoni, V.: Class. Quantum Grav. 25(2008)205002. [16] Bertolami, O. and Paramos, J.: Class. Quantum Grav. 25(2008)245017. [17] Poplawski, N.J.: arXiv:gr-qc/0608031.

[18] Harko, T., Lobo, F.S.N., Nojiri, S. and Odintsov, S.D.: Phys. Rev. D 84(2011)024020.

[19] Sharif, M. and Zubair, M.: JCAP 03(2012)028; ibid. Erratum:

05(2012)E01; Thermodynamic Behavior of Particular f(R, T ) Gravity Models, J. Exp. Theor. Phys. (to appear, 2013).

[20] Houndjo, M.J.S.: Int. J. Mod. Phys. D 21(2012)1250003. [21] Houndjo, M.J.S. and Piattella, O.F.: Int. J. Mod. Phys. D 21(2012)1250024; Sharif, M. and Zubair, M.: J. Phys. Soc. Jpn. 82(2013)064001; Reconstruction and Stability of f(R, T ) Gravity with Ricci and Modified Ricci Dark Energy (submitted).

[22] Sharif, M. and Zubair, M.: J. Phys. Soc. Jpn. 81(2012)114005. [23] Alvarenga, F.G. et al.: Phys. Rev. D 87(2013)103526. [24] Jamil, M., Momeni1, D, Raza M. and Myrzakulov, R.: Eur. Phys. J. C 72(2012)1999.

[25] Sharif, M. and Zubair, M.: Cosmological Reconstruction and Stability in f(R, T ) Gravity (submitted).

[26] Odinstov, S.D. and Saez-Gomez, D: arXiv:1304.5411v1. [27] Haghani, Z., Harko, T., Lobo, F.S.N., Sepangi, H.R. and Shahidi, S.:

arXiv:1304.5957v2.

[28] Hawking, S.W. and Ellis, G.F.R.: The Large Scale Structure of Spacetime, (Cambridge University Press, England, 1973).

[29] Visser, M.: Phys. Rev. D 56(1997)7578; Santos, J and Alcaniz, J.S.:

Phys. Lett. B 642(2006)311; Santos, J, Alcaniz, J.S. and Reboucas, M.J.: Phys. Rev. D 74(2006)067301; Gong, Y. et al.: JCAP 08(2007)018; Gong, Y. and Wang, A.: phys. Lett. B 652(2007)63.

[30] Santos, J. et al.: Phys. Rev. D 78(2007)083513; Santos, J, Reboucas, M.J. and Alcaniz, J.S.: Int. J. Mod. Phys. D 19(2010)1315.

[31] Wang, J. et al.: Phys. Lett. B 689(2010)133; Bertolami, O. and Sequeira, M.C.: Phys. Rev. D 79(2009)104010.

[32] Wang, J. and Liao, K.: Class. Quantum Grav. 29(2012)215016. [33] Liu, Di and Reboucas, M.J.: Phys. Rev. D 86(2012)083515. [34] Sharif, M. and Waheed, S.: Advances in High Energy Phys.

2013(2013)253985.

[35] Garcia, N.M.: Phys. Rev. D 83(2011)104032; Zhao, Y.Y.: Eur. Phys. J.

C 72(2012)1924.

[36] Sharif, M. and Zubair, M.: J. Phys. Soc. Jpn. 82(2013)014002. [37] Landau, L.D. and Lifshitz, E.M.: The Classical Theory of Fields (Butterworth-Heinemann, 2002).

[38] Poisson, P.: A Relativist’s Toolkit: The Mathematics of Black-Hole Mechanics(Cambridge University Press, England, 2004).

[39] Visser, M.: Class. Quantum Grav. 21(2004)2603; Gen. Relativ. Grav.

37(2005)1541.

[40] Rapetti, D. et al.: Mon. Not. R. Astron. Soc. 375(2007)1510.

[41] Riess, A. G. et al.: Astrophys. J. 730(2011)119.

[42] Dolgov, A.D. and Kawasaki, M.: Phys. Lett. B 573(2003)1; Nojiri, S., Odintsov, S.D.: Phys. Rev. D 68(2003)123512; De Felice, A., Tsujikawa, S.: Living Rev. Rel. 13(2010)03; Bertolami, O. and Sequeira, M. C.: Phys. Rev. D 79(2005)104010; Wang, J. et al.: Phys. Lett. B 689(2010)133.

[43] Alvarenga, A.G., Houndjo, M.J.S., Monwanou, A.V. and Orou, J.B.C:

J. Modern Phys. 4(2013)130.