arXiv:1306.3842v1 [hep-ph] 17 Jun 2013

Bulk viscosity of hot dense Quark matter in PNJL model

Shi-Song Xiao

Department of Computer Science , Central China Normal University, Wuhan, 430079, China

Pan-pan Guo, Le Zhang, and De-fu Hou

Institute of Particle Physics, Central China Normal University, Wuhan 430079, China

Starting from the Kubo formula and the the QCD low energy theorem, we study the the bulk viscosity of hot dense quark matter in the PNJL model from the equation of state . We show that the bulk viscosity has a sharp peak near the chiral phase transition, and the ratio of bulk viscosity over entropy rises dramatically in the vicinity of the phase transition. These results agrees with that from lattice and other model calculations. In addition, we show that the increase of chemical potential raises the bulk viscosity.

PACS numbers: 12.38.Aw, 24.85.+p, 26.60.+c

The study of transport properties of strong interacting matter has been attracting many interests. It is very important for hydrodynamic simulations of heavy-ion collisions and for understanding properties of compact stars[1–5]. . Shear viscosity η characterizes how fast a system goes back to equilibrium under a shear mode perturbation . It is believe that the quarkgluon plasma (QGP) found in relativistic heavy-ion collider (RHIC) is strongly coupled, which is contrast to the weak coupling picture expected earlier. This is the socalled sQGP. Lattice Monte Carlo simulation4 on sQGP demonstrated that the ratio of the shear viscosity to the entropy density is rather small but still probably larger than the universal lower bound 1/4π which is obtained from Ads/CFT duality[6]. The experimental extracted value with viscous hydrodynamics combining with a microscopic transport model lies within in the range 1 ∼ 2.5 times of the lower bound[5].

Bulk viscosity describes how fast a system goes back to equilibrium under a uniform expansion,relating to the deviation from the conformal invariance of the system . It vanishes when the system has a conformal equation of state, therefore the sharp peak of the bulk viscosity would strongly affect the physics of the QCD matter near critical temperature and is very important for the study of QCD phase structure. Also bulk viscosity affects the Elliptic flow near QCD phase transition in the Relativistic heavy ion collisions[7, 8]. The study of bulk viscosity is also important for the physics of compact stars[1–4].

Recently lattice QCD calculation shows that the trace of energy-momentum tensor anomaly and the ratio of the bulk viscosity ζ over entropy density s have a sharp peak or diverge near phase transition[11–14]. Such a sharp peak behavior of ζ has also been observed in many model calculations [16–19].

At present most of the calculations are for zero baryon density[13, 15] , except a few papers trying to estimate the bulk viscosity with finite density[20, 21].For example, in Ref. [21] the authors study the viscosity at finite μ with Nambu-Jona-Lasinio (NJL) model. In Ref. [? ] the authors study the viscosity of strange quark matter at finite μ with quasi particle model. While the bulk viscosity was studied in [20] with Dyson-Schwinger equations at finite μ but zero temperature. Here we promote the calculation of bulk viscosity to both finite temperature and finite baryon density in PNJL model incorporating both confinement and chiral symmetry in this paper.

The bulk viscosity of hot dense quark matter is related to the retarded Green’s function of the trace of the energy-momentum tensor by Kubo formula. Using low energy theorems at finite temperature and chemical potential,we can extract the bulk viscosity of hot dense quark matter from the small frequency ansatz.

From Kubo formula,we can express the bulk viscosity at Lehmann representation[22] ζ = 1 9 lim_{ω→0} 1 ω ∫_∞ 0 dt ∫ d^3−→r exp (iωt)⟨[θ^μ (x), θ^μ(0)]⟩. (1) Where ω is the frequency, θ^μ is the trace of the energy-momentum tensor.Using Fourier transform and P-invariance,the formula is changed as ζ = 1 9 lim_{ω→0} 1 ω ∫_∞ 0 dt ∫ d^3−→r exp (iωt)iG^R(x) = 1 9 lim_{ω→0} 1 ω iG^R(ω, −→ 0 ) = − 1 9 lim_{ω→0} 1 ω ImG^R(ω, −→ 0 ). (2)

In Lehmann representation,the Green’function is related to spectral density ρ(ω, −→p ) = −^1_π ImG^R(ω, −→p ). For Kramers-Kroning relation,we can obtain G^R(ω, −→p ) = 1 π ∫_∞ −∞ ImG^R(u, −→p ) u − ω − iε du = ∫_∞ −∞ ρ(u, −→p ) ω − u + iε du. (3) The Euclidean Green’function is G^E (ω, −→p ) = −G^R(iω, −→p ), ω > 0 Using the formula(3)we have G^E(0, −→ 0 ) = 2 ∫_∞ 0 ρ(u, −→ 0 ) u du. (4) For QCD, the trace of energy-momentum stress tensor reads

θ^μ = m_qq̄q + β(g) 2g F^a_{μν} F^{aμν} ≡ θ_F + θ_G, (5)

where g is the strong coupling constant, θ_F and θ_G are the contribution of quark fields and of gluon field, respectively, and β(g) is the QCD β-function which determines the running behavior of g. In Eq. (5) q are quark fields with two flavors (in this letter we will limit ourselves in two flavor case and set the current quark mass m_u = m_d = m).

From the QCD low-energy theorems at finite temperature T and μ [24], one can find ( T ∂ ∂T + μ ∂ ∂μ − d ) ⟨Ô⟩_T = ∫ d^4x⟨T_t{θ_G(x), Ô(0)}⟩, (6) where d is the canonical dimension of the operator Ô. Using the above equation, one has ( T ∂ ∂T + μ ∂ ∂μ − 4 ) ⟨θ_G⟩_T = ∫ d^4x⟨T_t{θ_G(x), θ_G(0)}⟩, (7) ( T ∂ ∂T + μ ∂ ∂μ − 3 ) ⟨θ_F ⟩_T = ∫ d^4x⟨T_t{θ_G(x), θ_F (0)}⟩. (8) From the above two relations one obtains

9ζω_0 = ∫ d^4x⟨ T_t{θ^μ (x), θ^μ (0)}⟩ = ( T ∂ ∂T + μ ∂ ∂μ − 4 ) ⟨θ_G⟩_T + 2 ( T ∂ ∂T + μ ∂ ∂μ − 3 ) ⟨θ_F ⟩_T + ∫ d^4x⟨ T_t{θ_F (x)θ_F (0)}⟩ ≈ ( T ∂ ∂T + μ ∂ ∂μ − 4 ) ⟨θ^μ⟩_T + ( T ∂ ∂T + μ ∂ ∂μ − 2 ) ⟨θ_F ⟩_T = f_1(T, μ)(ε − 3P ) + f_2(T, μ)⟨θ_F ⟩_T , (9)

where

f_1(T, μ) = ( T ∂ ∂T + μ ∂ ∂μ − 4 )

f_2(T, μ) = ( T ∂ ∂T + μ ∂ ∂μ − 2 ) , (10)

and ε is the energy density and P is the pressure density of QCD. Here, because the current quark mass m of u and d quark is very small, in deriving Eq. (9) we have neglected the term proportional to m^2.

The low energy theorems adapt to long distance,low frequency and strong coupling QCD[9][10].Using the non-perturbation theory,the Euclidean Green’s function can be represented as

G^E (0, −→ 0 ) = ∫ d^4x < T θ(x), θ(0) > = f_1(T, μ) < θ >_T +f_2(T, μ)⟨θ_F ⟩_T . (11)

Where < θ >_T is the trace of the energy-momentum tensor.Its average value in zero temperature is < θ >_0= −4|ε_v|, ε_v is the vacuum energy density,including the quark condensates and the gluon condensates in our work.In the low energy theorems,the difference of energy density and the pressure corresponds to non-zero vacuum expectation value of the energymomentum tensor ε − 3P =< θ >_T − < θ >_0. Analogously, ⟨θ_F ⟩_T =< mq̄q >_T + < mq̄q >_0 . Using the PCAC relations, we can express the vacuum expectation value < mq̄q >_0 through the Pion and Kaon masses and decay constants < mq̄q >_0= −M^2_π f^2_π − M^2_k f^2_k . Using these relations ,combining the formula(4)and (5),we obtain[13]: 2 ∫_∞ 0 ρ(u, −→ 0 ) u du = (T ∂ ∂T + μ ∂ ∂μ − 4) < θ >_T + ( T ∂ ∂T + μ ∂ ∂μ − 2 ) ⟨θ_F ⟩_T = (T ∂ ∂T + μ ∂ ∂μ − 4)(ε − 3P − 4|ε_v|+ < mq̄q >_0) + ( T ∂ ∂T + μ ∂ ∂μ − 2 ) (< mq̄q >_T + < mq̄q >_0). (12)

This formula don’t include the perturbative contribution as long as we consider the strong coupling situation. So we can use the following ansatz in the small frequency region[13] ρ(ω, −→ 0 ) ω = 9ζω^2 π (ω^2_0 + ω^2) Where ζ is the bulk viscosity and ω_0 is a scale at which the perturbation theory becomes valid, ω_0 ∼ T . Using this ansatz and the formula(6),we extract the bulk viscosity: ζ = 1 9ω_0 (T ∂ ∂T + μ ∂ ∂μ − 4)(ε − 3P − 4|ε_v|+ < mq̄q >_0) (13) + 1 9ω_0 ( T ∂ ∂T + μ ∂ ∂μ − 2 ) (< mq̄q >_T + < mq̄q >_0) The NJL(Nambu-Jona-Lasino)model is based on an effective lagrangian of relativistic fermions which interact through local current-current couplings.It can illustrate the transmutation of originally light quarks into massive quasi-particles,and the spontaneously broken chiral symmetry.But the quark confinement is missing in the NJL model. The deconfinement phase transition is characterized by spontaneous breaking of the Z(3)center symmetry of QCD.The corresponding order parameter is the Polyakov loop (p-loop). So the PNJL model introduce both the chiral condensate ⟨ΨΨ⟩ and the p-loop Φ coupling to the quarks to solve the problem of the NJL model[23, 25].

The PNJL model is an effective method to deal with the non-perturbative QCD. So the bulk viscosity extracted from the formula in the low energy theorems can be calculated in this model. The Lagrangian of two-flavor PNJL model at finite chemical potential is given by[25] L_{P NJL} = q (iγ^μD_μ − ^m) q + g [ (qq)^2 + (qiγ_5−→τ q)^2 ] − U(Φ(A), Φ(A), T ) (14) Where D^μ = ∂^μ − iA^μ, A^μ = δ_{μ0}A^0. The effective potential U is expressed in terms of the traced p-loop Φ =^{T rcL}_{NC} and its conjugate Φ =^{T rcL†}_{NC} ,where L = exp(^{iA4}_T ),A_4 is the gauge field. U(Φ, Φ, T ) T^4 = − b_2(T ) 2 ΦΦ − b_3 6 ( Φ^3 + Φ^3 ) + b_4 4 ( ΦΦ )_2 ; b_2(T ) = a_0 + a_1

T_0 T + a_2 ( T_0 T )_2

+ a_3 ( T_0 T )_3 .

The parameters in the effective potential are chosen in the following Table[23]. a_0 a_1 a_2 a_3 b_3 b_4 6.75 -1.95 2.625 -7.44 0.75 7.5

With the definition of the chiral condensate σ = ⟨qq⟩ and the constituent quark mass M = m − 2gσ the grand potential density is given by Ω(Φ, Φ, M, T, μ) = U(Φ, Φ, T ) + g⟨qq⟩^2 − 2N_C N_f ∫ d^3p (2π)^3 E_p + 2N_f T ∫ d^3p (2π)^3

[ln N^+_Φ (E_p)

+ ln N^−_Φ (E_p)]. (15) Where 1 N^+_Φ (E_p)

= 1 + 3(Φ + Φ exp (−βE^+_p )) exp (−βE^+_p )

+ exp (−3βE^+_p ) 1 N^−_Φ (E_p)

= 1 + 3(Φ + Φ exp (−βE^−_p )) exp (−βE^−_p )

+ exp (−3βE^−_p ) E_p = √ p^2 + M^2 is the quasi-particle energy for the quarks.E^±_p = E_p ∓ μ,μ is the quark chemical potential.Here we consider the isospin symmetry. Now we introduce the mean-field approach by minimizing Ω with respect to σ, Φ and Φ, the mean-field equations is given by σ = −6N_f ∫ d^3p (2π)^3 E_p M E_p [θ(Λ^2 − p^2)

− M^+_Φ (E_p)N^+_Φ (E_p) − M^−_Φ (E_p)N^−_Φ (E_p)]; (16) 0 = T^4 2 [−b_2(T )Φ − b_3Φ^2 + b_4ΦΦ^2] − 12T ∫ d^3p (2π)^3

[exp (−2βE^+_p )N^+_Φ (E_p)

+ exp (−βE^−_p )N^−_Φ (E_p)]; (17) 0 = T^4 2 [−b_2(T )Φ − b_3Φ^2 + b_4ΦΦ^2] − 12T ∫ d^3p (2π)^3

[exp (−βE^+_p )N^+_Φ (E_p)

+ exp (−2βE^−_p )N^−_Φ (E_p)]; (18) The limits of integration is 0 ∼ Λ which is a global cutoff[23].Where M^+_Φ (E_p) = (Φ + 2Φ exp (−βE^+_p )) exp (−βE^+_p ) + exp (−3βE^+_p ), M^−_Φ (E_p) = (Φ + 2Φ exp (−βE^−_p )) exp (−βE^−_p ) + exp (−3βE^−_p ).

FIG. 1: Scaled chiral condensate and Polyakov loops as functions of temperature at μ = 0.2GeV.

Solving the three coupled equations above numerically we can obtain a series of σ, Φ, Φ at different temperature and chemical potential. The thermodynamical quantities such as the pressure,the quark number density,the entropy and the energy density can be computed with the thermodynamic relations: P = − Ω V ; ρ_q = −( ∂Ω ∂μ )_T ; S = −( ∂P ∂T )_μ; ε = T S + μρ_q − P. To this end, we can calculate the bulk viscosity from Eq.(13).

In this work we consider two-flavor quark matter. For numerical calculations, we choose the parameters as followings[23]: the global cutoff Λ = 0.651 GeV, the quark current mass m=0.0055 GeV, the coupling constant g = 5.04GeV. We also choose T_0 = 0.27GeV, the zero temperature quark condensation |σ_0| = 0.251^3GeV and ω_0 = 1Gev. The vacuum energy density |ϵ_v|^{1/4} = 0.25GeV

The temperature dependences of the order parameters for chiral phase transition and deconfinement phase transition σ/σ_0, Φ, Φ are plotted in Fig.(1 ). It shows that the chiral phase transition temperature is about 0.24GeV with a quark chemical potential μ = 0.2GeV. This phase transition is a cross over. While the deconfinement phase transition might happen at higher temperature, although the Polyakov loops are not exact order paremeters for deconfinement phase transition of QCD with quarks included.

The numerical results for bulk viscosity are depicted in Fig.(2) at different quark chemical potentials. One can see that the bulk viscosity has a sharp peak around the chiral phase transition temperature,just as the results of Masashi Mizutani[15] . It indicates that the finite quark chemical potential increases the bulk viscosity with the same temperature.

We also computed the specific bulk viscosity, the ratio of the bulk viscosity and entropy density , at finite temperature and density shown in Fig.(3). We show that this ratio starts to increase rapidly and blows up around the critical temperature. The result is in agreement with the lattice results[13]

The finite quark chemical potential decreases the specific bulk viscosity though increases the bulk viscosity. This is because the finite chemical potential enhances the entropy density

FIG. 2: Bulk viscosity at different chemical potential and the increasing chemical potential raise the bulk viscosity.

FIG. 3: The ratio of bulk viscosity to entropy at different chemical potential.

more rapidly than the bulk viscosity.

In summary, We studied the bulk viscosity of hot quark matter at finite temperature and density within PNJL model by making use of the the Kubo formula and the QCD low energy theorem. We show that the bulk viscosity has a sharp peak near the chiral phase transition, and the ratio of bulk viscosity and the entropy density rises dramatically in the vicinity of the chiral phase transition. These results agrees with that from lattice and other model calculations. In addition, we show that the increase of chemical potential raises the bulk viscosity but decreases the ratio of the bulk viscosity and entropy density.

Acknowledgments

We would like to extend our gratitude to Hai-chang Ren for helpful discussions. This work is supported partly by NSFC under grant Nos. 11135011, 11221504 and 10947002.

[1] Raymond F.Sawyer,Phy. Rev.D39,12(1989). [2] P.B.Jones, Phy. Rev.D64,084003(2001).

[3] A.Drgo,A.Lavagno and G.Pagliara, Phy. Rev.D71,103004(2005). [4] Basil A.Sa’d,Igor A.Shovkovy and Dirk H.Rischkee, Astro-ph,0703016v2(2007). [5] Huichao Song, Steffen A. Bass, Ulrich Heinz, Tetsufumi Hirano, Chun Shen, Phys. Rev. Lett.

106, 192301 (2011) [6] G. Policastro, D. T. Son, A. O. Starinets, Phys. Rev. Lett. 87, 081601 (2001). [7] G.S.Denicol,T.Kodama,T.Koide and Ph.Mota, Hep-ph,0903.3595v2.(2009). [8] Akihiko Monnai and Tetsufumi Hirano, Phy. Rev.C80,054906(2009). [9] I.A.Shushpanov,J.I.Kapusta and P.J.Ellis, Phy. Rev.C59,2931(1999). [10] H.Fujii abd D.Kharzeev, Phy. Rev.D60,114039(1999). [11] G.Boyd,J.Engels and F.Karsch etc,Hep-lat,9602007v1(1996). [12] M.Cheng,N.H.Christ and S.Datta etc, Hep-lat,0710.0354v2(2008). [13] F. Karsch, D. Kharzeev, and K. Tuchin, Phys. Lett. B 663, 217 (2008). [14] H. B. Meyer, Phys. Rev. Lett. 100, 162001 (2008).

[15] Masashi Mizutani,Shin Muroya and Mikio Namiki, Phy. Rev.D37,10(1988). [16] K. Paech, and S. Pratt, Phys. Rev. C 74, 014901 (2006).

[17] B. C. Li, and M. Huang, Phys. Rev. D 78; Phys. Rev. D 80, 034023 (2009). 117503 (2008). [18] J. W. Chen, and J. Wang, Phys. Rev. C 79, 044913 (2009). [19] C. Sasaki, and K. Redlich, Phys. Rev. C 79, 055207 (2009).

[20] Y. Jiang, B. Wang, W. M. Sun, and H. S. Zong, Mod. Phys. Lett. A25, 1689 2010. [21] C. Sasaki, and K. Redlich, Nucl. Phys. A 832, 62 (2010). Phys. Rev. C 72, 025809 (2005). [22] Joseph I.Kapusta, Finite-Temperature Field Theory,Cambridge University Press.(2006). [23] H.Hansen,W.M.Alberico,A.Beraudo,A.Molinari,M.Nardi and C.Ratti, Phy.

Rev.D75,065004(2007).

[24] I. A. Shushpanov, J. I. Kapusta, and P. J. Ellis, Phys. Rev. C 59, 2931 (1999). [25] S.Robner, C.Ratti and W.Weise, Phys.Rev.D 75,034007(2007).