arXiv:1306.3873v1 [hep-th] 17 Jun 2013

IFT UAM/CSIC-13-066

Fast Scramblers And Ultrametric Black Hole Horizons

José L.F. Barbón^† and Javier M. Magán^⋆

† Instituto de Física Teórica IFT UAM/CSIC C-XVI, UAM, Cantoblanco 28049. Madrid, Spain

jose.barbon@uam.es

⋆ International Institute of Physics Universidade Federal do Rio Grande do Norte 59012-970 Natal, Brazil

javier.martinez@uam.es

ABSTRACT

We show that fast scrambling on stretched horizons can be modeled by a diffusion process in an effective ultrametric geometry. Saturation of the causality bound on the stretched horizon corresponds to the fastest possible ultrametric diffusion which is compatible with stability, realizing a limiting case of the so-called Kohlrausch law.

June 2013

The notion of stretched horizon (SH) has been a recurring meme in the study of black hole dynamics [1,2,3]. Physical processes in the near-horizon region effectively freeze out if measured in terms of the asymptotic static time variable. In describing the interactions of a black hole with its surroundings, it becomes then useful to replace the intricate nearhorizon details by an effective system defined on a time-like surrogate of the horizon. At the classical level this picture is known as the ‘membrane paradigm’, which is very efficient in modeling the astrophysics of realistic black holes, and specifies the SH as a hydrodynamical system with a set of characteristic transport coefficients. At the quantum level, a finite region of the SH with area A is specified to have a finite density of states proportional to exp(S_A) = exp(A/4G) where G is Newton’s constant. Matching to the near-horizon description by local quantum field theory (technically defined as an expansion in powers of 1/S_A) fixes the thickness of the SH to be Planckian (cf. [4]).

A systematic derivation of the SH effective theory from ab initio holographic formulations, such as the AdS/CFT correspondence, remains elusive except in the limit of infinite specific entropy S_A = ∞, in which the remaining relevant time scale is given by the inverse Hawking temperature β = T^{−1}. Other time scales, such as the evaporation scale t_{ev} ∼ β S and the recurrence scale t_{rec} ∼ β e^S exist at finite S. A new one was proposed in [5,6] associated to the fast scrambling conjecture, stating that near-horizon thermalization processes should saturate causality constraints. On general grounds, the arguments put forward in [5,6] identify the relevant time scale as the free-fall time across the near-horizon (Rindler) region, down to the Planckian stretched horizon. With this definition, it was shown in [7] that one always obtains a universal result for the scrambling time, valid for any type of horizon:

t_S ∼ β log S_∗ , (1)

where β = T^{−1} is the inverse Hawking temperature and S_∗ is the effective number of degrees of freedom in one thermal cell, i.e. the amount of horizon entropy contained in one SH volume of size β (measured at the outer edge of the Rindler region).

To be more precise, let us model a stretched horizon as the membrane (more generally d-brane) sitting at fixed y = y_∗ coordinate in (d + 2)-dimensional Rindler,

ds^2 = −y^2 dt^2 + dy^2 + d⃗x^2 , (2)

which approximates near y = 0 any non-degenerate event horizon over distances small enough to neglect the local curvature. We use dimensionless coordinates in units where β/2π = 1, with T = 1/β the Hawking temperature. The local temperature at coordinate y is then 1/2πy, so that the metric must be cut-off at the end of the near-horizon region, y ≈

1, and subsequently matched to the far-metric of the black object. In realistic situations, the metric (2) is taken as an approximation of the near-horizon region on sufficiently small longitudinal scales of order |Δ⃗x | ≪ β, well within a thermal cell of the horizon.

Despite the fact that the induced metric at the SH surface y = y_∗ is flat, the causality constraint on the SH is nontrivial. One way to exhibit this fact uses a conformally related metric, the so-called ‘optical frame’, obtained by rescaling the physical metric in such a way that the static redshift disappears, i.e. for (2) we have

~ds^2 = −dt^2 + dy^2 + d⃗x^2 y^2

, (3)

which describes the direct product of the time line with a (d + 1)-dimensional hyperbolic space. Being conformally related, the metrics (2) and (3) share the same local causal structure. In particular, null paths connecting two points at the y = y_∗ surface correspond to geodesic hyperbolic arcs in the H^{d+1} space, cut-off at y = y_∗. The resulting time of flight across a ⃗x-coordinate domain of magnitude 2L is

t_L = 2 log(L/y_∗) = 2z_L , (4)

where we have defined the tortoise coordinate z = log(y/y_∗) normalized so that z_∗ = 0 at the stretched horizon. Equation (4) shows that the fastest causal connection between two points separated by an amount of order L in the SH scales only logarithmically with L. This contrasts with the causal time for any transport within the SH which, if taken in isolation, would be proportional to L, or even O(L^2) if the usual diffusion processes are assumed. Fast scramblers can be defined as those for which the spread of information saturates (parametrically) the causality bound. For the SH to thermalize that fast, the relation (4) implies that a patch of S_∗ degrees of freedom, with size L_∗ ∼ ℓ_P S^{1/d}_∗ must be scrambled in a time t_S ∼ log(S_∗), in units of the inverse Hawking temperature β.

It was shown in [8] that the required ‘ballistic’ scrambling can be modeled by standard diffusion equations if the degrees of freedom are defined extensively on a hyperbolic geometry of the type (3), or a discretization thereof, such as an expander graph. Alternatively, if the information is carried by hard probes capable of scattering off the SH, a ‘brick wall’ model with random scatterers at the SH is isomorphic to a chaotic billiard game with the right scrambling time scales to be regarded as a phenomenological model of such fast scramblers [9]. Such phenomenological models require rather strong assumptions on the dynamics of the whole near-horizon region (comprising the SH plus its ‘thermal atmosphere’.) We either need a strongly interacting near-horizon region to set up a random walk on an expander graph, or a sufficiently stable probe must be assumed to justify the model of chaotic elastic scattering off the SH.

In this note we take a more phenomenological attitude and try to combine the virtues of both previous models. We shall continue to model scrambling in terms of discrete classical diffusion, but remove the assumption of locality. At the same time, we require the non-local diffusion kernel to just saturate the causality requirements. One way of representing these conditions is to regard the SH as the boundary of a cut-off expander graph, and then ‘integrate out’ the bulk of the expander graph, retaining only the transition amplitudes between points on the boundary. Since expander graphs are well-approximated by regular trees, we can simplify matters by considering a Cayley tree of fixed branching rate b = d + 1, which provides a discretization of a cut-off hyperbolic geometry in d + 1 dimensions.

A single thermal cell of the SH will be modeled by S_∗ points over which we define a positive probability density, undergoing discrete diffusion as specified by the equation

∂_t ρ = W ρ , (5)

where ρ is a S_∗-vector and W is a S_∗ ×S_∗ matrix of transition rates. Off-diagonal elements must then be positive, W_{i≠j} ≥ 0, and normalization ∑ i ρ_i = 1 determines the (negative) diagonal elements to be W_{ii} = − ∑ j≠i Wij . The crucial hypothesis on the matrix W_{ij} is the requirement that the individual rates W_{ij} between two points i and j of the SH be determined by the inverse of their causal time separation t_{ij} , where the causal times are computed as the times-of-flight of photons across the thermal atmosphere, via equation (4). Since we model the hyperbolic geometry by a tree, the z coordinate appearing in (4) is to be replaced by the branching level n of the tree, measured from the SH, in units of the inverse Hawking temperature.

We stress that the nodes of the tree are not part of the SH, nor is the diffusion process (5) ‘playing out’ on the tree. Rather, the tree is just used as a geometrical encoding of the hierarchy of transition rates. We regard the points on the SH as the top leaves of an auxiliary b-branching tree with b = d + 1. Any point on the SH has a single ancestor at level n, which is shared among a total of b^n = (d + 1)^n points in the SH. The elementary transition time between any such points sharing a common ancestor is taken to be proportional to the level n (by equation (4)), and be equal for all points sharing the same ancestor. The characteristic time scale for the variation of the local density also depends on the phase space of final states. In particular, the total probability to jump from site i to any other point connected through a level-n ancestor is ∑ j_n W_{ijn} = (d + 1)^{n−1} W_n ≡ e^{−In} , (6)

where we have defined an ‘effective action’ for the transition through level n, characterizing the effective ‘barrier height’. It becomes natural to include the entropic factor (d + 1)^{n−1} in the relation between the characteristic time scales and the matrix of transition rates: e^{−In} ∼ 1 t_n ∼ 1 n . (7)

This expression is the main assumption of our model, stating that the effective action for elementary transitions has a particular dependence with the ultrametric distance between initial and final states:

I_n = log n + constant , (8)

with exactly unit coefficient in front of the logarithm.

Figure 1: Ultrametric tree structure associated to the transition matrix on the stretched horizon (red dots). The random walk is defined just on the endpoints of the tree.

Such a hierarchical structure is characteristic of so-called ultrametric spaces [10], in which distances are defined by ancestry rules such as those implied by the regular tree specified here. More generally, an ultrametric structure is defined by the rule that, given three points defining three distances, the two smaller ones are always equal. This is in violation of the standard triangle inequality of metric spaces, and can always be modeled by defining distance in terms of an ancestry level on a tree (not necessarily a regular one).

The general solution to the diffusion problem (5) on ultrametric spaces is well known (see for example [11]) and has been intensely studied in the context of disordered media and spin glasses. The relevant information is encoded in the spectral properties of the transition kernel W_{ij} .

The completely scrambled state ρ_i = 1/S_∗ is an eigenvector of W with vanishing eigenvalue, all the rest being negative-definite. We choose to parametrize them in terms of the quasi-normal frequencies Γ_r which are the eigenvalues of the negative kernel −W_{ij} and read, Γ_r = d n_∗∑

k=n_∗−r+2 e^{−Ik} + (d + 1) e^{−In∗−r+1} . (9) In this expression, the index r runs over all integers in the interval 0 ≤ r ≤ n_∗, where n_∗ stands for the effective maximal ultrametric distance between the S_∗ points of the SH under consideration, and is determined by the relation (d + 1)^{n∗} = S_∗. The expression (9) degenerates for r = 0, 1, for which we have Γ_0 = 0 and Γ_1 = (d + 1) e^{−In∗} . Notice that Γ_1 gives the leading quasi-normal frequency which, for the particular case of interest (8) is given by Γ_1 ∼ 1/ log S_∗, up to coefficients of O(1). Being the smallest positive quasinormal frequency, it determines the time scale for exponential relaxation to the uniform distribution, t_S ∼ 1 Γ_1

∼ log S_∗ (10) confirming that ultrametric diffusion with the particular barrier landscape (8) defines a fast scrambler.

A distribution of the form (8) is well-known to have a a special significance in the context of general ultrametric diffusion laws [10]. In standard applications in the theory of disordered media one usually considers linearly growing landscapes, with a law of the form I_n ∝ n + constant. These type of systems exhibit quite slow diffusion, interpolating between localization-type behavior and standard gaussian random walks (cf. [10]). On the other hand, logarithmic landscapes with a barrier growth of the form I_n = α log(n) + constant (11) lead to the so-called Kohlrausch-law behavior, with a diffusion law that can be tuned to be faster than a gaussian random walk. An interesting quantity which is sensitive to the dynamical coefficient α in (11) is the return walk probability. Starting with an initial distribution completely localized at single origin point i = o, i.e. ρ_i(0) = δ_{io}, we consider the return probability to the origin after time t, which can be written quite explicitly,

ρ_o(t) = 1 S_∗ + n_∗∑

r=1 d (d + 1)^{n∗−r+1} e^{−Γr t} , (12)

for the present case of a regular tree with branching b = d + 1. For a landscape of the form (11) the spectrum of quasi-normal modes is

Γ_r/c = d + 1 (n_∗ − r + 1)^α + d n_∗∑

k=n_∗−r+2 1 k^α = 1 (n_∗ − r + 1)^α + d n_∗∑

k=n_∗−r+1 1 k^α , (13) where c is an overall proportionality constant of order O(1). Inserting this expression back into (12), after relabeling the index sum we obtain

ρ_o(t) = 1 S_∗ + n_∗∑

l=1 d (d + 1)^l exp ( −ct ( 1 l^α + d n_∗∑

k=l 1 k^α )) . (14)

The argument of the exponential in (14) scales as 1/l^{α−1} in the n_∗ → ∞ limit, provided α > 1. Otherwise, the random walk is not stable in the thermodynamical limit. Assuming then α > 1 we may estimate the n_∗ → ∞ limit by saddle point approximation after converting the l sum into an integral, obtaining ρ_o(t)_{S∗→∞} ∼ exp ( −c^′ t^{1/α} ) , (15)

the so-called stretched exponential or Kohlrausch law.

Hence, we find a very satisfying result. Our ansatz (8), which was motivated by causality constraints in the near-horizon geometry, is exactly the critical ultrametric landscape in which the thermodynamic limit becomes impossible. Indeed, for α = 1 the exponents in (14) all diverge logarithmically as S_∗ → ∞ and the random walk is completely spread up to infinity at any time t > 0.

The behavior of the autocorrelation function ρ_o(t) is usually characterized in terms of the spectral dimension, ~d defined in general in terms of the long-time behavior as

ρ_o(t) ∼ t^−~^{d/2} . (16)

With this definition, the Kohlrausch law (15) has an effectively infinite spectral dimension at late times, a behavior that is characteristic of fast scramblers and diffusion in expander graphs in general.

Finally, the ballistic properties of the fast scrambler can be codified in terms of (15) as well, since the number of points covered by the distribution in time t is proportional to 1/ρ_o(t). The ultrametric radius of this ‘ball’ is thus

r_{eff} (t) ∼ log (1/ρ_o(t)) ∼ t^{1/α} . (17)

Therefore, we recover the expected ballistic behavior r_{eff} (t) ∼ t precisely in the limit α → 1.

We conclude that non-local diffusion models which inherit the causal-saturation properties of the near-horizon region are naturally fast scramblers with the characteristic log S_∗ time scale. We found this property to be equivalent to a particular type of ultrametric structure, lying at the critical line separating stable and unstable behavior in the large

S_∗ limit. Further work is needed to determine whether ab initio motivated models for stretched horizons (based for example on matrix models) can be shown to exhibit the ultrametric structures uncovered in this work. It is plausible that these ideas could be of relevance for attempts at a direct proof along the lines of [12].

Acknowledgements: We whish to thank Auditya Sharma for discussions. This work was partially supported by MEC and FEDER under a grants FPA2009-07908 and FPA2012-32828, the Spanish Consolider-Ingenio 2010 Programme CPAN (CSD2007- 00042), Comunidad Autónoma de Madrid under grant HEPHACOS S2009/ESP-1473 and the spanish MINECO Centro de excelencia Severo Ochoa Program under grant SEV-2012- 0249. The work of J.M.M was partially supported by the Brazilian CNPq institution.

References

[1] T. Damour, “Black Hole Eddy Currents,” Phys. Rev. D 18, 3598 (1978). [2] K. S. . Thorne, R. H. . Price and D. A. . Macdonald, “Black Holes: The Membrane Paradigm,” New Haven, USA: Yale Univ. Pr. (1986) 367p [3] L. Susskind and J. Lindesay, “An introduction to black holes, information and the string theory revolution: The holographic universe,” Hackensack, USA: World Scientific (2005) 183 p [4] G. ’t Hooft, “On the Quantum Structure of a Black Hole,” Nucl. Phys. B 256, 727 (1985). [5] P. Hayden and J. Preskill, “Black holes as mirrors: quantum information in random subsystems,” JHEP 0709, 120 (2007) [arXiv:0708.4025 [hep-th]].

[6] Y. Sekino and L. Susskind, “Fast Scramblers,” JHEP 0810, 065 (2008) [arXiv:0808.2096 [hep-th]]. L. Susskind, “Addendum to Fast Scramblers,” arXiv:1101.6048 [hep-th].

[7] J. L. F. Barbon and J. M. Magan, “Fast Scramblers Of Small Size,” JHEP 1110, 035 (2011).

[arXiv:1106.4786 [hep-th]].

[8] J. L. F. Barbon and J. M. Magan, “Fast Scramblers, Horizons and Expander Graphs,” JHEP 1208, 016 (2012). [arXiv:1204.6435 [hep-th]].

[9] J. L. F. Barbon and J. M. Magan, Phys. Rev. D 84, 106012 (2011). [arXiv:1105.2581 [hep-th]]. [10] R. Rammal, G. Toulouse and M. A. Virasoro, “Ultrametricity for physicists,” Rev. Mod.

Phys. 58, 765 (1986).

[11] A. T. Ogielski and D. L. Stein, “Dynamics on Ultrametric Spaces”, Phys. Rev. Lett. 55, 1634 (1985). G. Paladin, M. Mézard and C. de Dominicis, “Diffusion in an ultrametric space: a simple case”. J. Physique Lett 46, 985 (1985). C. Bachas and B. A. Huberman, “Complexity And Ultradiffusion,” J. Phys. A 20, 4995 (1987).

[12] N. Lashkari, D. Stanford, M. Hastings, T. Osborne and P. Hayden, “Towards the Fast Scrambling Conjecture,” JHEP 1304, 022 (2013). [arXiv:1111.6580 [hep-th]].