arXiv:1306.3886v2 [gr-qc] 22 Jun 2013

Orbital effects induced by a certain class of modified theories of gravity with nonminimal coupling between the matter and the metric

L. Iorio Ministero dell’Istruzione, dell’Università e della Ricerca (M.I.U.R.)-Istruzione Fellow of the Royal Astronomical Society (F.R.A.S.)

Viale Unità di Italia 68, 70125, Bari (BA), Italy

June 25, 2013

Abstract

We consider a “single-pole”, non-rotating test particle acted upon by a “pressure”-type, non-geodesic acceleration arising from a certain general class of gravitational theories with nonminimal coupling. The resulting orbital perturbations for a two-body system are investigated both analytically and numerically. We made the assumption, to be justified by future detailed investigations on the theory considered, that the key parameters of the model can be considered as constant over one orbital period of the test particle.

PACS: 04.50.Kd; 95.10.Ce; 04.80.-y; 95.10.Km

1 Introduction

In this paper, we investigate the orbital effects of the covariant equations of motion for test bodies in gravitational theories with general nonminimal coupling between the matter and the spacetime metric [1] by considering a local, gravitationally bound two-body system. In particular, we will consider the case in which the nonminimal coupling is allowed to be a general function of the set of 9 parity-even curvature invariants [1].

The non-geodesic four-acceleration of a “single-pole”, non-rotating test particle is^1 [1]

A^μ = cξ m ( δ^μ_ν − v^μv_ν c^2 ) K^ν , μ = 0, 1, 2, 3. (1)

In eq. (1), c is the speed of light in vacuum, m is the mass of the test particle as defined in multipolar schemes within the general relativistic framework, δ^μ_ν is the four-dimensional Kronecker delta, v^μ is the four-velocity of the test particle, ξ is an integrated quantity depending on the matter distribution of the system, K^μ .= ∇^μ ln F, where ∇^μ denotes the covariant derivative, and the nonminimal function F depends arbitrarily on the spacetime metric g_{μν} and on the Riemann curvature tensor R^β_{μνα} . It must be noticed that eq. (1) is given in covariant form [1]; no assumptions have been made regarding the coordinates. Taking eq. (1) as a starting point, one can make use of any coordinate system one likes. Concerning ξ, in general, it would contain contributions from both a background source and from the test particle. To this aim, see in particular the general form of the conservation law of eq. (34) in [1]. However, in a multipolar context, in particular in eq. (1), one would consider only test particles in source-free regions; thus, ξ would correspond to the test particle only.

2 The orbital effects on the motion of a non-rotating test particle

From eq. (1), the test particle acceleration A = − ξ [ c^2K − cK_0v + (K · v) v ] cm , (2)

written in the usual three-vector notation, can be obtained. It can be regarded as a small correction with respect to the standard geodesic one including the Newtonian monopole and the general relativistic terms. As such, the impact of eq. (2) on the orbit of a test particle can be analytically worked out with the standard Gauss equations [2] which allow to treat any kind of perturbative acceleration, independently of its physical origin. Since we are interested in the long-term effects, we need to integrate the r.h.s. of the Gauss equations, evaluated onto the Keplerian ellipse chosen as unperturbed reference orbit, over one orbital revolution. In doing that, we only

1In [1], the Latin letters are used for the spacetime indices.

consider, to first order, the largest contributions coming just from the interplay between the Newtonian acceleration and the non-geodesic one. In the calculation, as a working hypothesis, we make the assumption that m, ξ, K^μ can be considered as uniform over the spatial extension L of the two-body system considered and constant during its characteristic timescale set by the orbital period P_b. To this aim, it is important to stress that, in general, m, ξ, K^μ are not constant for the very general class of theories covered in [1]; thus, in principle, assuming their constancy, even over one orbital period of the test particle, would need further justification.

2.1 Analytical calculation

We will not make any further a-priori assumptions on either the orbital configuration of the test particle or the spatial orientation of K, determined by the components K̂_x, K̂_y, K̂_z of the unit vector K/K.

A lengthy calculation allows to obtain the averaged rates of change of^2 the semimajor axis a, the eccentricity e, the inclination I, the longitude of the ascending node Ω and the argument of pericenter ω. In the following, n_b .= √ GMa^{−3} = 2π/P_b is the unperturbed Keplerian mean motion, where G is the Newtonian constant of gravitation and M is the mass of the source body considered as the primary in the two-body system considered.

The velocity-independent term in eq. (2) yields da dt = 0, (3)

de dt = − cξK 32man_b E (e) [ K̂_z sin I cos ω + cos I cos ω ( K̂_y cos Ω − K̂_x sin Ω ) −

− sin ω ( K̂_x cos Ω + K̂_y sin Ω )] , (4)

dI dt = 3cξKe cos ω 2man_b √ 1 − e^2 [ K̂_z cos I + sin I ( K̂_x sin Ω − K̂_y cos Ω )] , (5)

dΩ dt = 3cξKe csc I sin ω 2man_b √ 1 − e^2 [ K̂_z cos I + sin I ( K̂_x sin Ω − K̂_y cos Ω )] , (6)

2While a and e characterize the size and the shape (0 ≤ e < 1) of the unchanging Keplerian ellipse, respectively, I, Ω, ω can be thought as three Euler angles determining its orientation in the inertial space.

dω dt = − cξK 8man_b P (e) { cos ω ( K̂_x cos Ω + K̂_y sin Ω ) +

+ sin ω [ K̂_z sin I + cos I ( K̂_y cos Ω − K̂_x sin Ω )]} −

− cos I dΩ dt , (7)

with E (e) = − √ 1 − e^2 e^2 { 116e^6 + 48e^7 + 12e^8 − 16e (1 − e) √ 1 − e^2+

+e^5 [ 104 + 3 (1 − e) √ 1 − e^2 ] +

+e^3 [ 32 + 5 (1 − e) √ 1 − e^2 ] +

+e^2 [ −32 + 5 (1 − e) √ 1 − e^2 − 5 ( 1 − e^2 )_{3/2}] +

+e^4 [ 40 + 3 (1 − e) √ 1 − e^2 − 3 ( 1 − e^2 )_{3/2}] +

+16 [ − (1 − e) √ 1 − e^2 + ( 1 − e^2 )_{3/2}]} ≈

≈ 32 (1 − e) − 56e^2 + O ( e^3 ) , (8)

P (e) = 1 e (−1 + e) { −4e^4 √ 1 − e^2 − 4e^5 √ 1 − e^2+

+e [ 4 √ − (−1 + e)^3 (1 + e) − √ 1 − e^2 ] +

+5 [ 2 √ − (−1 + e)^3 (1 + e) + √ 1 − e^2 ] +

+e^2 [ 8 √ − (−1 + e)^3 (1 + e) + √ 1 − e^2 ] +

+e^3 [ 8 √ − (−1 + e)^3 (1 + e) + 3 √ 1 − e^2 ]} ≈

≈ − 15 e − 8 − 11e 2 − 12e^2 + O ( e^3 ) . (9)

The term of order O (v) in eq. (2) affects only the semimajor axis a according to da dt = 2ξK_0 m a, (10)

de dt = 0, (11)

dI dt = 0, (12)

dΩ dt = 0, (13)

dω dt = 0. (14)

The long-term effects due to the term of order O ( v^2 ) in eq. (2) are da dt = 4ξKn_ba^2 cm A (e) [ K̂_z sin I cos ω + cos I cos ω ( K̂_y cos Ω − K̂_x sin Ω ) −

− sin ω ( K̂_x cos Ω + K̂_y sin Ω )] , (15)

de dt = 2ξKn_ba cm E^′ (e) [ K̂_z sin I cos ω + cos I cos ω ( K̂_y cos Ω − K̂_x sin Ω ) −

− sin ω ( K̂_x cos Ω + K̂_y sin Ω )] , (16)

dI dt = 0, (17)

dΩ dt = 0, (18)

dϖ dt = 2ξKn_ba cm P^′ (e) { cos ω ( K̂_x cos Ω + K̂_y sin Ω ) +

+ sin ω [ K̂_z sin I + cos I ( K̂_y cos Ω − K̂_x sin Ω )]} , (19)

with

A (e) =

1 − e^2 − √ 1 − e^2 e √ 1 − e^2 ≈ − e 2 + O ( e^3 ) , (20)

E^′ (e) =

−1 + e^2 1 + √ 1 − e^2 ≈ − 1 2 + 3e^2 8 + O ( e^4 ) , (21)

P^′ (e) =

−1 + e^2 + √ 1 − e^2 e^3 ≈ 1 2e − e 8 + O ( e^3 ) . (22)

An important feature of eq. (2) is that it causes long-term changes of both the semimajor axis a and the eccentricity e, thus impacting the two-body mean distance r = a ( 1 + e^2/2 ) as well.

2.2 Numerical calculation

We confirmed it with a numerical integration of the equations of motion, in cartesian coordinates, of an Earth-like test particle orbiting a Sun-sized source body under the influence of the Newtonian monopole and of the nongeodesic acceleration of eq. (2). The time span of the integration was chosen much longer than the unperturbed orbital period of the test particle. For the sake of simplicity, we adopted e = I = 0 as initial values for the eccentricity and the inclination of the test particle, along with K̂_x = K̂_y = 0. According

Figure 1: Difference Δr between the numerically integrated time series of the distance with and without eq. (2). We adopted a Sun-like star as primary and an Earth-sized planet as test particle. As far as the parameters ξ and K^μ entering eq. (2) are concerned, we adopted K̂_x = K̂_y = 0, while their magnitudes were chosen in order to have an initial ratio A/A_{Newton} ∼ 10^{−7} for eq. (2) and the Newtonian acceleration; as far as their sign is concerned, the positive one was taken. As initial conditions of the test particle, common to both the numerical integrations, we adopted x_0 = a(1 − e), y_0 = z_0 = 0, ẋ_0 = 0, ẏ_0 = √ GMa^{−1}(1 + e)(1 − e)^{−1}, ż_0 = 0, with a = 1 AU, e = I = 0.

The time span is Δt = 100 yr.

to eq. (3)-eq. (19), the only non-vanishing secular change occurs for the semimajor axis, as per eq. (10). Thus, the distance r from the primary should experience a steady, cumulative increase. Figure 1, displaying the difference Δr between the numerically integrated distances with and without eq. (2) for the same initial conditions, confirms such a prediction. In order to make a meaningful confrontation with the perturbative calculation of Section 2.1, we choose the values of ξ, K^0, K in our numerical integration in such a way that the resulting non-geodesic acceleration was several orders of magnitude smaller than the Newtonian one.

3 Summary and overview

In this paper, we looked at the effects of a non-geodesic, “pressure”-type acceleration on the orbital motion of a “single-pole”, non rotating test particle in a localized, gravitationally bound two-body system. It arises from a general class of modified gravitational theories with a nonminimal coupling depending generally on the curvature of the spacetime. In particular, we considered a recently published large class of theories in which the coupling can be a quite general function of the set of 9 parity-even curvature invariants.

It turned out that all the usual Keplerian orbital elements experience long-term variations. In our calculation, we did not make any a-priori simplifying assumptions on both the orbital configuration of the test particle and on the spatial orientation of K. Nonetheless, we assumed that m, ξ, K^μ can be considered constant over one orbital period of the test particle. It should be fully justified in future, if and when the theory considered will be studied in more details for the specific case of a two-body system,. Among the other precessions, both the semimajor axis a and the eccentricity e, which characterize the mean distance in a two-body system, do not stay generally constant. Such a peculiar feature was also confirmed by a numerical integration of the equations of motion of a fictitious Sun-planet system.

Acknowledgments

I thank D. Puetzfeld for his helpful clarifications on the covariance of eq. (1) and on the nature of m, ξ, K^μ.

References

[1] D. Puetzfeld and Y. N. Obukhov, “Covariant equations of motion for test bodies in gravitational theories with general nonminimal coupling,” Physical Review D 87 no. 4, (Feb., 2013) 044045,

arXiv:1301.4341 [gr-qc].

[2] B. Bertotti, P. Farinella, and D. Vokrouhlický, Physics of the Solar System. Kluwer Academic Press, Dordrecht, 2003.