arXiv:1306.3966v2 [hep-th] 20 Jun 2013

Self-interaction in the Bopp-Podolsky electrodynamics:

Can the observable mass of a charged particle depend on its acceleration?

Alexei E. Zayats^∗ Department of General Relativity and Gravitation, Kazan Federal University, Kremlevskaya Street 18, Kazan 420008, Russia

In this paper we obtain the expression for the self-force in the model, the Lagrangian of which contains additional terms, quadratic in Maxwell tensor derivatives (so-called Bopp-Podolsky electrodynamics). Features of this force are analyzed for various limiting cases. When a charged particle moves in straight line and with a uniform acceleration, an explicit, accessible for experiments, formula is found. In the framework of the considered model, an observable renormalized particle mass is shown to depend on its acceleration. This dependence allows in principle to extract experimentally a value of the particle bare mass.

PACS numbers: 03.50.-z, 41.60.-m

I. INTRODUCTION

The influence of the quantum field theory in the lowenergy limit can be described by the action functional with an effective Lagrangian, which contains additional nonlinear terms and terms with higher derivatives. Furthermore, in recent years the dark energy problem and the accelerated expansion of the Universe have inspired an interest in the various phenomenological models in cosmology, which use Lagrangians of such a type (see, e.g., [1]). Therefore, a reasonable selection of the effective Lagrangian and a search of constraints on its constituent parameters become needed.

As a starting point, we take the effective Lagrangian describing the interaction of gravitational and electromagnetic fields, which is composed of invariants containing derivatives up to the fourth order

L_{eff} = R 2κ + 1 16π F_{ik}F^{ik} + c^{(1)}_{MG}R^2 + c^{(2)}_{MG}R_{ik}R^{ik}

+ c^{(1)}_{NM}RF_{ik} F^{ik} + c^{(2)}_{NM}R^k_i F_{km}F^{im}

+ c^{(3)}_{NM}R_{ikmn}F^{ik}F^{mn} + c^{(1)}_{NL}(F_{ik} F^{ik})^2

+ c^{(2)}_{NL}(F_{ik}^∗F^{ik})^2 + c_{BP}∇_iF^{im} ∇^kF_{km} . (1)

The first two terms in this expression form the Lagrangian of the standard (or minimal) Einstein-Maxwell model. The next two invariants (with phenomenological constants c^{(1)}_{MG} and c^{(2)}_{MG}) relate to the various modified theories of gravity [2]. They are followed by three crossterms indicated by c^{(1)}_{NM}, c^{(2)}_{NM} and c^{(3)}_{NM} that describe the nonminimal interaction of gravity and the electromagnetic field (see [3] for history, references, and the latest results). The last terms with constants c^{(1)}_{NL}, c^{(2)}_{NL} and c_{BP} are associated with the nonlinear [4, 5] and nonlocal self-interaction of the electromagnetic field, respectively. Note that in (1) we omit terms, which can be reduced to

∗Electronic address: Alexei.Zayats@ksu.ru

already indicated invariants by identical transformations and/or dropping a total 4-divergence.

If we wish to examine the effects of additional terms in (1) on motion of charged particles, the trajectory of which is held away from black holes or other objects with the strong gravitational field, the contribution from the terms containing the curvature tensor to the electromagnetic field equations can be ignored.

In this paper, among the remaining terms we focus on the last one only, while the invariants of the fourth order with respect to the Maxwell tensor components leading to the nonlinearity of the equations will not be considered here.

The invariant ∇_iF^{im} ∇^kF_{km} gives rise to significant physical effects, such as a recoil force caused by the own electromagnetic field of charged particles (i.e., self-force). The electrodynamic model extended with such terms was first considered independently by Bopp and Podolsky [6, 7]. Unlike the Maxwell electrodynamics, this modification has two essential features: firstly, a point particle electric field possesses a finite energy, secondly, besides the “usual” massless photon, the Bopp-Podolsky (BP for short) electrodynamics predicts its “heavy” analog, and, in this sense, the BP-model has a close relationship with the Pauli-Villars regularization procedure (see, e.g., [8]) and Lee-Wick model [9]. A “heavy photon” mass is the only uncertain parameter of this theory.

The work is organized as follows. In Section II we recall some facts relating to the BP-electrodynamics. In Section III the expression for the self-force in BP-model is considered in detail: Subsection III A covers its general properties, while in Subsection III B we focus on the toymodel describing a uniformly accelerated particle. We summarize the results of the paper in Section IV.

Throughout this paper we use the units c = ℏ = 1 and assume that the spacetime is flat and possesses the metric g_{ik} = diag(1, −1, −1, −1). According to this assumption, all covariant derivatives are replaced below with ordinary partial ones.

II. BOPP-PODOLSKY ELECTRODYNAMICS

A. General formalism

The electromagnetic field in the generalized electrodynamics of Bopp and Podolsky is described by the Lagrangian [6, 7] L_{BP} = 1 16π F_{ik} F^{ik} − 1 8πμ^2 ∂_iF^{im} ∂^kF_{km} + A_ij^i . (2)

Here A_i is the electromagnetic field potential, F_{ik} = ∂_iA_k − ∂_kA_i is the Maxwell tensor, and j^i denotes the 4-vector of the current density. Mention, when μ tends to infinity, this model returns to the ordinary Maxwell electrodynamics.

The variation of the action functional with the Lagrangian (2) with respect to the potentials A_i gives the electromagnetic field equation ∂_m ( F^{mi} + μ^{−2} G^{mi} ) = 4πj^i , G_{mn} ≡ ∂_m∂^kF_{kn} − ∂_n∂^kF_{km}, (3) If we take into account the Lorenz gauge condition ∂_mA^m = 0, it reduces to ( 1 + μ^{−2}□ ) □A_n = 4πj_n, □ ≡ ∂_m∂^m. (4) Referring to [6], any solution to (4) can be represented as a difference of two auxiliary field potentials A^′_i and A^{′′}_i :

A_n = A^′_n − A^{′′}_n, (5)

where the first term is a solution to the Maxwell equation, while the second one obeys the Proca equation

□A^′_n = 4πj_n, □A^{′′}_n + μ^2A^{′′}_n = 4πj_n. (6)

Thus, the initial equation (4) of the fourth order splits into two second-order equations describing massless and massive vector fields with a common source. In this context, the positive parameter of the BP-model μ plays the role of a second auxiliary field mass.

The energy-momentum tensor of the electromagnetic field in this model takes the form [7] T^{BP}_{ik} = 1 4π ( 1 4 F_{mn}F^{mn}g_{ik} − F_{im}F_k^m ) + μ^{−2} T^{(+)}_{ik} . (7)

Here the first component is the standard energymomentum tensor in the Maxwell theory and the additional term T^{(+)}_{ik} is defined as follows

T^{(+)}_{ik} = 1 4π ( 1 2 g_{ik} ∂_pF^{pm} ∂^qF_{qm} − ∂^mF_{mi}∂^nF_{nk} + 1 2 G_{mn}F^{mn}g_{ik} − G_{im}F_k^m − G_{km}F_i^m ) . (8)

The substitution of (5) in (7) yields that the BP-energy-momentum tensor also splits into two partitions [6]: T_{ik} = T^′_{ik} − T^{′′}_{ik}, (9) the first of them,

T^′_{ik} = 1 4π ( 1 4 F^′_{mn}F^{′ mn}g_{ik} − F^′_{im}F^′_k^m ) , (10) F^′_{mn} ≡ ∂_mA^′_n − ∂_nA^′_m corresponds to the massless vector field A^′_i, the second one, T^{′′}_{ik} = 1 4π ( 1 4 F^{′′}_{mn}F^{′′ mn}g_{ik} − F^{′′}_{im}F^{′′}_k^m + μ^2 [ A^{′′}_i A^{′′}_k − 1 2 g_{ik}A^{′′}_mA^{′′m} ]) , (11) F^{′′}_{mn} ≡ ∂_mA^{′′}_n − ∂_nA^{′′}_m, is the energy-momentum tensor of the Proca-type massive field A^{′′}_i . It is necessary to emphasize that this auxiliary field has a negative energy and therefore the massive partition A^{′′}_i can be indicated as a ghost (or phantom) one.

B. Point electric charge field

1. Charged particle at rest

Let us consider the field of a point charged particle. When the particle is at rest, the current density 4-vector takes the form (hereafter we apply bold letters to denote spatial vectors)

j^0 = q δ(r), j = 0, (12)

where q is a charge of the particle, δ(x) is the Dirac delta function. Solving Eqs.(6), we obtain the field potential for the static case in the BP-electrodynamics [6, 7, 10]

A_0 = q r (1 − e^{−μr}) . (13)

For r ≫ 1/μ the formula (13) turns into the wellknown expression for the Coulomb electrostatic potential, A_0 =^q_r ; while at the origin it remains nonsingular, lim_{r→0} A_0 = μq. Mention that the same formula for the potential can be derived in the framework of the Maxwell electrodynamics, if we suppose the electric charge has a spatial distribution with density j^0 =^{μ2 q}_{4πr} e^{−μr}. The quantity 1/μ, in that case, plays the role of a particle effective “radius”.

The energy m^{(0)}_{em} of the electrostatic field (13) in the BP-model is finite, too, and expressed by the formula

m^{(0)}_{em} = ∫ dV T_{00} = 1 2 μ q^2. (14)

The obtained value can be identified as an electromagnetic component of the mass of the rest charged particle, or, for simplicity, its “electromagnetic” mass.

2. Moving charged particle

Let us proceed to a field configuration produced by a point charge moving along a given trajectory r = r_0(t) with a speed v_0(t). In this case, the components of the current density 4-vector take the form

j^0(r, t) = q δ(r − r_0(t)), j(r, t) = q v_0(t)δ(r − r_0(t)). (15) As it is shown by Landé and Thomas in [10], the solution to Eqs.(6) is expressed by the formula

A_i = μq +∞∫ 0 dξ J_1(μξ) 1 ξ ∂R_i ∂ξ , (16)

where R^p denotes a position vector of the particle, R^p = x^p − x^p_0 = (t − τ, r − r_0(τ)), the nonnegative parameter ξ is defined by the relation ξ^2 = R_pR^p, τ is a retarded time, which is determined implicitly by the equation τ = t − √ ξ^2 + |r − r_0(τ)|^2, and J_1(x) is the Bessel function of the first order. Note that this expression represents an BP-model analog of the Liénard-Wiechert potentials in the Maxwell electrodynamics.

Using standard methods and the identity ∂_iR_k = g_{ik} − R_i^1_ξ^{∂Rk}_{∂ξ} , we arrive at the expression for the strength tensor of the electromagnetic field (16)

F_{ik} = μq +∞∫ 0 dξ J_1(μξ) 1 ξ ∂ ∂ξ [ R_k 1 ξ ∂R_i ∂ξ − R_i 1 ξ ∂R_k ∂ξ ] . (17) Thus, if the law of motion for the charged particle is known, its electromagnetic field can be always derived by (16) and (17). In the next section, based on (17), we obtain the formula for the self-force in BP-electrodynamics.

C. On the value of the parameter μ

There exist several values for the constant μ, which have already been proposed in the literature. On the one hand, the additional terms in the Lagrangian containing the Maxwell tensor derivatives and distinguishing the BP-model are an integral part of the effective Lagrangian, which takes account of quantum field corrections. In this context, the calculation of the electronpositron vacuum polarization effect in the framework of the one-loop approximation in the quantum electrodynamics yields [8, 11] μ = √ 15π α m_e ≈ 80 m_e. (18)

Here α is the fine structure constant, m_e is the electron mass.

On the other hand, BP-model can be considered in context of a phenomenology. On this approach, if we proceed from the naive assumption that a whole observable mass of the lightest charged particle (an electron) consists of the field component m^{(0)}_{em} only, then μ = 2 α m_e ≈ 274 m_e . (19)

In the general case, the cited value can be considered just an upper bound for the parameter μ.

Furthermore, in the literature there exist few attempts to define the value of μ, based on experimental data [12– 15], but all of these estimates are lower ones and vary from μ ≳ 10^{−9}m_e till μ > 70 m_e (see [15]). Thus, for lack of a reliable value of the parameter μ, we do not specify it through this paper.

III. SELF-FORCE

A. General case

The self-force phenomenon for charged particles moving in the flat spacetime is elaborated and described in detail (see, e.g., [16, 17] and references therein). The origin of the particle self-force is related to the inertial properties of the electromagnetic field. In other words, the self-force is the reaction of radiation. The equation of motion for a charged particle, which is under the influence of an external force F^i_{ext}, with regard to this effect takes the form

m ω^i = F^i_{ext} + f^i_{sf} , (20)

where m is the particle mass, ω^i denotes 4-vector of its acceleration, and f^i_{sf} is the self-force.

As distinct from the Maxwell electrodynamics, in the BP-model the expression of the point charge field potential (13) is free from a singularity at the origin. Therefore, to derive a formula for f^i_{sf} we can omit a renormalization procedure and write down immediately

f^i_{sf} = qF^{ik}u_k, (21)

where F^{ik} is the Maxwell tensor of the electromagnetic field produced by the moving particle, and u_k is the 4- vector of its velocity, both quantities have to be calculated at the present location of the charged particle. The substitution of the formula for the strength tensor (17) into (21), yields

f^i_{sf} = μq^2 +∞∫ 0 dξ J_1(μξ)

× 1 ξ ∂ ∂ξ [ (R_ku^k) 1 ξ ∂R^i ∂ξ − R^i 1 ξ ∂(R_ku^k) ∂ξ ] . (22)

The structure of this expression points out essentially nonlocality of the self-force, since the whole path traversed by the particle up to the present time contributes to f^i_{sf} (ξ^2 = R_pR^p runs from 0 to +∞).

In order to analyze the general formula (22) for an arbitrary type of motion, let us consider the power expansion of f^i_{sf} in terms of the parameter μ, using the asymptotic formula from [18] +∞∫ 0 J_1(μx) x y(x) dx = y(0) + 1 μ y^′(0) + 1 2μ^2 y^{′′}(0)

− 1 8μ^4 y^{(4)}(0) + . . . . (23)

If ξ = 0 we have either τ = t, or^{|r0(t)−r0 (τ )|}_{t−τ} = 1. But the last relation is impossible, because massive particles cannot move with the speed being more or equal to the speed of light. Hence, lim_{ξ→0} R^i = 0.

Based on this fact, let us obtain the expansion of the position vector R^i with respect to ξ. The particle trajectory will be considered to be parameterized by a natural parameter s, and at the present point s = s_0, while the retarded moment τ corresponds to s = s_0 − Δs, where Δs > 0. It is easy to see that the expansion of R^i in terms of Δs takes the form

R^i = x^i(s_0) − x^i(s_0 − Δs) = u^iΔs− 1 2 ω^i Δs^2+ 1 6 ω̇^iΔs^3− 1 24 ω̈^iΔs^4+ . . . , (24)

where ω^i = du^i/ds is the particle acceleration, the dot denotes the derivative with respect to s, and the quantities u^i, ω^i, etc. are calculated at the present point of the particle, i.e., at s = s_0. From the condition R_iR^i = ξ^2 we find the relation, binding the parameter Δs with ξ

ξ^2 = Δs^2 − 1 12 ω_iω^i Δs^4 + 1 12 ω_iω̇^iΔs^5 + . . . . (25)

Solving this equation with respect to Δs and taking into account that Δs > 0, we arrive at

Δs = ξ + 1 24 ω_iω^iξ^3 − 1 24 ω_iω̇^iξ^4 + . . . . (26)

The substitution of this relation into (24) yields

R^i = u^iξ − 1 2 ω^i ξ^2 + 1 6 ( ω̇^i + 1 4 u^iω^kω_k ) ξ^3 − 1 24 ( ω̈^i + u^iω̇^kω_k + ω^iω^kω_k ) ξ^4 + . . . . (27)

Hence, using (27) and (23), we obtain at last that

f^i_{sf} = − μq^2 2 ω^i +

2q^2 3 ( ω̇^i + u^iω^kω_k )

− 3q^2 8μ ( ω̈^i + 3u^iω̇^kω_k + 3 2 ω^iω^kω_k ) + . . . . (28)

Mention that this formula was found earlier by McManus [19], who was guided by quite other means. The expansion (28) is just a formal one, because it is unknown whether this series converges. Nevertheless, based on (28), one can discover a number of characteristic properties for the self-force f^i_{sf} .

When μ → ∞, dropping the first infinite term, which corresponds to the classical renormalization of the mass, the expression (28) transforms into the well-known formula for the Lorentz-Dirac force

f^i_{LD} =

2q^2 3 ( ω̇^i + u^iω^kω_k ) . (29)

But, contrary to the Maxwell electrodynamics, the first term^{μq2}_2 ω^i in (28) being proportional to the acceleration of the moving particle is finite and the factor equals to the electromagnetic field energy of the particle at rest (cf. (14)).

On the other hand, besides terms, which are known from the usual Lorentz-Dirac theory, in the formula (28) there exist additional terms depending on the higher derivatives of the acceleration ω^i. They vanish in the limit μ → ∞, but these terms can exert essential influence on the behavior of the self-force at the finite values of μ. For example, one can believe that due to these corrections there are not self-accelerated, or runaway, solutions in the BP-model [20]. Another case in point will be considered in the next subsection.

B. Self-interaction in the case of uniformly accelerated motion

For the sake of simplicity, let a charged particle moves in a straight line under influence of a constant external force, being aligned with its motion. Then the motion equation of this particle takes the form [16] t(s) = 1 w sinh ws, x(s) = 1 w cosh ws, y(s) = z(s) = 0. (30)

Here we assume that the trajectory lies along the axis Ox and the natural parameter s runs from −∞ to +∞. The constant w is magnitude of the particle acceleration, w^2 = −ω_iω^i.

In this case, the velocity u^i, the acceleration ω^i, and the position vector R^i = x^i(s) − x^i(s − Δs) are of the form

u^i = cosh ws δ^i_0 + sinh ws δ^i_1, (31) ω^i = w ( sinh ws δ^i_0 + cosh ws δ^i_1 ) , (32)

R^i = 1 w [ (sinh ws − sinh w(s − Δs)) δ^i_0

+ (cosh ws − cosh w(s − Δs)) δ^i_1 ] . (33)

From the condition R_pR^p = ξ^2 we obtain that the parameters ξ and Δs are bound by the following relations

cosh wΔs = 1 + w^2ξ^2 2 , (34)

sinh wΔs = wξ √ 1 + w^2ξ^2 4 , (35)

whence we arrive at the expression for the vector R^i expressed in terms of ξ

R^i = ξ √ 1 + w^2ξ^2 4 u^i − ω^iξ^2 2 . (36)

Substituting now (36) into the general formula for the self-force (22), we find that in the case of uniformly accelerated motion the vector f^i_{sf} is aligned along the particle acceleration ω^i

f^i_{sf} = −m_{em}(w) ω^i, (37)

where the factor m_{em}(w) is given by the relation

m_{em}(w) = μq^2 2 +∞∫ 0 dξ ξ J_1(μξ) ( 1 +^{w2ξ2}_4 )_{3/2}

= μ^2q^2 w I_1 ( μ w ) K_1 ( μ w ) . (38)

Here I_1(x) and K_1(x) are the modified Bessel function of the first and second kind, respectively. As it is easy to see, the quantity m_{em}, which can be identified as a “electromagnetic” mass of a moving particle, depends on magnitude of its acceleration w. If w → 0, then obviously m_{em} → m^{(0)}_{em} =^{μq2}_2 . Otherwise, when w → ∞, the function m_{em}(w) approaches to zero. To illustrate the behavior of this function in the mentioned cases, we present the plot (see Fig. 1) and two asymptotic expansions (γ denotes Euler’s constant)

m_{em}

m^{(0)}_{em}

= 1 − 3 8 ( w μ )_2 + . . . , if w μ ≪ 1, (39)

m_{em}

m^{(0)}_{em} = 2μ w + [ 1 2 ln μ 2w + γ 2 − 1 8 ] ( μ w )_2 + . . . , if w μ ≫ 1. (40)

As a result, the equation of charged particle motion under influence of the constant external force F^i_{ext} and the self-force (37) is written as

[m + m_{em}(w)] ω^i = F^i_{ext} . (41)

It is easy to see that the quantity m_{obs} = m + m_{em}(w) plays the role of an observable mass of the particle. If the particle acceleration vanishes, then m_{obs} = m +^{μq2}_2 , i.e., the observable mass, just as expected, consists of the proper, or “bare”, mass of the particle m and the term associated with the electrostatic field energy (14). However, when the particle is in uniformly accelerated motion, its observable mass decreases and tends to m, if w → ∞. This phenomenon opens up a possibility in principle to reveal the bare mass of charged particles.

FIG. 1: Plot of the factor mem normalized to the electromagnetic mass of the rest particle against the dimensionless parameter w/μ. At the origin, i.e., when the acceleration w vanishes, mem/m^{(0)}_{em} = 1. Then the function decreases steadily and tends to zero at infinity.

IV. CONCLUSION

The Bopp-Podolsky electrodynamics, which is the simplest high-order modification of the Maxwell theory, was proposed in 1940s, but it has been remaining topical (see, e.g., recent papers [13–15, 21]). We can find three reasons to explain this fact:

1. This model is free of divergences, since the potential and the electrostatic field energy are finite.

2. In addition to the phenomenological way, the emergence of high-order terms in the Lagrangian can be predicted in the framework of the quantum field theory.

3. This version of the theory of electromagnetism is elaborated not enough and offers the possibilities of new physics.

In the present paper we attend to one of such new phenomena. From the toy-model discussed above it follows that within the context of the Bopp-Podolsky electrodynamics the interaction between a charged particle and its electromagnetic field involves the self-force directed against the acceleration of the particle. Related phenomenon known as a virtual mass effect occurs in hydrodynamics, when a solid moves with an acceleration through the liquid column (see, e.g., [22]). However, in our case, the factor m_{em} depends on the particle acceleration. Therefore it offers us a possibility to obtain experimentally the model parameter μ as well as the bare mass of the charged particle, which is customary believed to be unobservable.

Analyzing the expansion (28) of the self-force f^i_{sf} , we can conclude that the effect described above keeps even for nonuniformly accelerated motion. But then we are entitled to speak about an observable mass dependence not only on magnitude of the acceleration like in the formula (37), but also on its direction and derivatives ω̇^i, ω̈^i, etc.

Experimental testing of the obtained laws allows to define or put restrictions on parameter values in the effective Lagrangian and, as a consequence, validity of one or another of approaches to produce it.

It is worth recalling that in our investigation we ignored the terms quartic in the Maxwell tensor. This is legitimate provided magnitude of the neglected terms is much less than the rests. For a field produced by a rest charge at r = 0 we have

F_{ik}F^{ik} ∼ μ^4q^2, 1 μ^2

∂^iF_{ik} ∂_mF^{mk} ∼ μ^4q^2,

(F_{ik} F^{ik})^2 ∼ μ^8q^4, (42)

whence we obtain that the disregard for the terms indicated by constants c^{(1)}_{NL} and c^{(2)}_{NL} in (1) is justified for small values of μ, namely,

μ^4 ≪ 1 q^2 c^{(1,2)}_{NL}

. (43)

Otherwise, for big values of the parameter μ it is necessary to take into account the quartic terms. This work will be done by us in next papers.

Acknowledgments

This work was partially supported by the Russian Foundation for Basic Research (Grant No. 11-02-01162) and the Ministry of education and science of Russian Federation (project No. 14.B37.21.2035).

[1] A.B. Balakin and W. Zimdahl, Phys. Rev. D 71, 124014 (2005); K. Bamba and S.D. Odintsov, JCAP 0804, 024 (2008); H.J. Mosquera Cuesta and G. Lambiase, Phys. Rev. D 80 023013 (2009).

[2] S. Nojiri and S.D. Odintsov, Int. J. Geom. Meth. Mod.

Phys. 4, 115 (2007); H.-J. Schmidt, Int. J. Geom. Meth. Mod. Phys. 4, 209 (2007); S. Nojiri and S.D. Odintsov, Phys. Rept. 505, 59 (2011); T. Clifton, P.G. Ferreira, A. Padilla, and C. Skordis, Phys. Rept. 513, 1 (2012).

[3] A.B. Balakin and J.P.S. Lemos, Class. Quantum Grav.

22, 1867 (2005); A.B. Balakin, V.V. Bochkarev, and J.P.S. Lemos, Phys. Rev. D 77, 084013 (2008); A.B. Balakin, H. Dehnen, and A.E. Zayats, Phys. Rev. D 79, 024007 (2009); A.B. Balakin, J.P.S. Lemos, and A.E. Zayats, Phys. Rev. D 81, 084015 (2010).

[4] M. Born and L. Infeld, Proc. Roy. Soc. London A 144, 425 (1934).

[5] W. Heisenberg and H. Euler, Z. Phys. 98, 714 (1936). [6] F. Bopp, Ann. Phys. (Leipzig) 38, 345 (1940). [7] B. Podolsky, Phys. Rev. 62, 68 (1942). [8] J. Kvasnica, Czech. J. Phys. B 10, 81 (1960). [9] T.D. Lee and G.C. Wick, Nucl. Phys. B 9, 209 (1969);

T.D. Lee and G.C. Wick, Phys. Rev. D 2, 1033 (1970). [10] A. Landé and L.H. Thomas, Phys. Rev. 60, 514 (1941).

[11] I.T. Drummond and S.J. Hathrell, Phys. Rev. D 22, 343 (1980).

[12] J. Kvasnica, Czech. J. Phys. B 10, 625 (1960). [13] C.A. Bonin, R. Bufalo, B.M. Pimentel, and G.E.R. Zambrano, Phys. Rev. D 81, 025003 (2010).

[14] A. Accioly and E. Scatena, Mod. Phys. Lett. A 25, 269 (2010).

[15] R.R. Cuzinatto, C.A.M. de Melo, L.G. Medeiros, and P.J. Pompeia, Int. J. Mod. Phys. A 26, 3641 (2011).

[16] F. Rohrlich, Classical charged particle, World Scientific, 2007.

[17] E. Poisson, Liv. Rev. Rel. 7, 6 (2004); N.R. Khusnutdinov, Phys. Usp. 48 577 (2005).

[18] R.F. MacKinnon, Math. Comp. 26, 515 (1972). [19] H. McManus, Proc. R. Soc. Lond. A 195, 323 (1948). [20] A. Landé and L.H. Thomas, Phys. Rev. 65, 175 (1944). [21] M. Maceda and A. Macías, Phys. Rev. D 79, 087703 (2009); S.I. Kruglov, J. Phys. A 43, 245403 (2010); M.C. Bertin, B.M. Pimentel, and G.E.R. Zambrano, J. Math. Phys. 52, 102902 (2011); R.B. Santos, Mod. Phys. Lett. A 26, 1909 (2011).

[22] G. Falkovich, Fluid Mechanics, Cambridge Univ. Press, 2011.