arXiv:1306.4496v1 [hep-ph] 19 Jun 2013

An accurate bound on tensor-to-scalar ratio and the scale of inflation

Sayantan Choudhury^1 and Anupam Mazumdar^2 1Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B.T. Road, Kolkata 700 108, INDIA and 2Consortium for Fundamental Physics, Physics Department, Lancaster University, LA1 4YB, UK

In this paper we provide an accurate bound on tensor-to-scalar ratio (r) for class of models where inflation always occurs below the Planck scale, and the field displacement during inflation remains sub-Planckian.

If the primordial inflation [1] has to make connection to the observed world and be a predictive science then it has to be embedded within a particle theory [2], where the last 50 − 60 e-foldings of inflation must occur within a visible sector with a laboratory measured inflaton couplings to the Standard Model physics in order to create the right form of matter with the right abundance [4]^1. This inevitably puts constraint on the vev of inflation, i.e. ϕ_0, and the range of flatness of the potential during the observed 17 e-foldings of inflation, i.e. Δϕ. For the simplest single field dominated model of inflation, there are two important constraints which all the models must satisfy.

• ϕ_0 ≪ M_p - vev of the inflaton must be bounded by the cut-off of the particle theory, where M_p = 2.4× 10^{18} GeV. We are assuming that 4 dimensions M_p puts a natural cut-off here for any physics beyond the Standard Model.

• |Δϕ| ≪ M_p - the inflaton potential has to be flat enough during which a successful inflation can occur. Note that the flatness of the potential has to be fine tuned - there is no particle physics symmetry which can maintain the flatness [2]. We will assume V^{′′}(ϕ_0) ≈ 0, where V (ϕ) denotes the inflaton potential, and prime denotes derivative w.r.t. the ϕ field.

The aim of this paper is to impose these two conditions to obtain an improved bound on the tensor-to-scalar ratio, r. In Ref. [7], it was first realized that it is possible to obtain large r ∼ O(10^{−1} − 10^{−2}) for ϕ_0 ≤ M_p and Δϕ ≤ M_p. The bound on^′r^′ was further improved in the recent work, see Ref. [6], where it was demonstrated that it is possible to saturate the Planck limit on tensor-

1 Note that after Planck there is no trace of isocurvature perturbations and there is a severe constraint on dark radiation [3]. Therefore the inflaton vacuum cannot be arbitrary as first pointed out in this review [2]. Models of inflation based on gauge invariant flat directions of Standard Model quarks and leptons naturally provides an ideal inflaton candidate embedded within a visible sector with well-known interactions, discussed in Ref. [4], and their recent update after Planck [5, 6].

to-scalar ratio, i.e. r ≤ 0.12 [1]^2. Such a large tensor-to-scalar ratio can be obtained provided one deviates from a monotonic behavior of slow roll parameter ϵ_V , which we will discuss below. In this respect we are improving on previously obtained bound on large r, i.e. r ∼ O(0.1), where ϕ_0 and |Δϕ| were taken beyond M_p, see [9].

The tensor to scalar ratio can be defined by taking into account of the higher order corrections, see Refs. [10, 11], and [6]:

r = 16ϵ_V

[1 − (C_E + 1)ϵ_V ]^2 [1 − (2C_E + 1)ϵ_V + C_E η_V ]^2

, (1)

where C_E = 4(ln 2 + γ_E ) − 5 with γ_E = 0.5772 is the Euler-Mascheroni constant. Here the slow-roll parameters are given by in terms of the inflationary potential V (ϕ), which can be expressed as:

ϵ_V =

M^2_p 2 ( V^′ V )_2

, η_V = M^2_P ( V^{′′} V ) , ξ^2_V = M^4_p ( V^′V^{′′′} V^2 ) , σ^3_V = M^6_p ( V^{′2}V^{′′′′} V^3 ) . (2)

With the help of d d ln k := −M_p √ 2ϵ_V 1 − ϵ_V d dϕ , (3)

and Eq. (1), we can derive a simple expression for the tensor-to-scalar ratio, r, as:

r = 8 M^2_p

(1 − ϵ_V )^2 [1 − (C_E + 1)ϵ_V ]^2 [1 − (2C_E + 1)ϵ_V + C_E η_V ]^2 ( dϕ dln k )_2 . (4)

Consequently, we can obtain a new bound on^′r^′ in terms

2 We are also assuming that the initial conditions for the gravitational waves are set by quantum initial condition. For a classical gravitational wave the amplitude of the tensor modes will be absolutely unobservable [8].

of the momentum scale (k): ∫_{kcmb} k_e dk k √ r(k) 8 = 1 M_p ∫_{ϕcmb} ϕ_e dϕ (1 − ϵ_V ) [1 − (C_E + 1)ϵ_V ] [1 − (2C_E + 1)ϵ_V + C_E η_V ] , ≈ Δϕ M_p { 1 + 1 Δϕ [ (2C_E − 1) ∫_{ϕcmb} ϕ_e dϕ ϵ_V − 2C_E ∫_{ϕcmb} ϕ_e dϕ η_V ] + .... } , (5) where note that Δϕ ≈ ϕ_{cmb} − ϕ_e is positive in Eq. (5), and this implies the left hand side of the integration over momentum within an interval, k_e < k < k_{cmb}, is also positive.

In order to perform the momentum integration we use the tensor-to-scalar ratio r(k) at any arbitrary momentum scale, which can be expressed as:

r(k) = r(k_⋆) ( k k_⋆ )_{a+} b_{2 ln}( k_{k⋆} )_+ c_{6 ln}2( k_{k⋆} )_{+....} , (6)

where

a = n_T − n_S + 1, b = (α_T − α_S ) , c = (κ_T − κ_S)

are explicitly defined in [6]. These characterizes the spectral indices, n_S , n_T , running of the spectral indices, α_S , α_T , and running of the running of spectral indices, κ_S , κ_T . Here the subscript (S, T ) represent the scalar and tensor modes.

In order to perform the momentum integration, we use the non-monotonous behaviour of the slow roll parameters within the momentum interval k_e < k < k_{cmb}. In the most general situation in Eq. (6), the parameters a, b and c are all functions of arbitrary momentum scale. After imposing the non-monotonicity constraint on the slowroll parameters within this interval, we can easily express the parameters a, b and c at the pivot scale k_⋆, which is approximately close to the CMB momentum scale, i.e. k_{cmb} ≈ k_∗. Let us now expand a generic inflationary potential around the vicinity of ϕ_0 where inflation occurs, and impose the flatness condition such that, V^{′′}(ϕ_0) ≈ 0. This yields a potential, see [12], and [6]:

V (ϕ) = α+β(ϕ−ϕ_0)+γ(ϕ−ϕ_0)^3 +κ(ϕ−ϕ_0)^4 +· · · , (7)

where α denotes the height of the potential, and the coefficients β, γ, κ determine the shape of the potential in terms of the model parameters. Typically, α can be set to zero by fine tuning, but here we wish to keep this term for generality. Note that not all of the coefficients are independent once we prescribe the model of inflation. This is true only if the model is fully embedded within a particle theory such as that of MSSM [4]. We will always observe the crucial constraints: ϕ_0 < M_p and Δϕ < M_p. Then Δϕ can be redefined as, Δϕ = (ϕ_{cmb} − ϕ_0) − (ϕ_e − ϕ_0).

Now substituting the explicit form of the potential stated in Eq. (7), we evaluate the crucial integrals of the first and second slow-roll parameters (ϵ_V , η_V ) appearing in the right hand side of Eq. (5), which can be written up to the leading order as:

∫_{ϕcmb} ϕ_e dϕ ϵ_V = M^2_p 2 ∫_{ϕcmb} ϕ_e dϕ [ β + 3γ(ϕ − ϕ_0)^2 + 4κ(ϕ − ϕ_0)^3 + · · ·

]_2

[α + β(ϕ − ϕ_0) + γ(ϕ − ϕ_0)^3 + κ(ϕ − ϕ_0)^4 + · · · ]^2 , ≈ 1 2 10∑ p=0 M^{p+2}_p C_p (p + 1) ( ϕ_e − ϕ_0 M_p )_{p+1} ( 1 + Δϕ M_p ( ϕ_e − ϕ_0 M_p )_{−1})p+1 − 1 + · · · (8)

∫_{ϕcmb} ϕ_e dϕ η_V = 6M^2_p ∫_{ϕcmb} ϕ_e dϕ [ γ(ϕ − ϕ_0) + 2κ(ϕ − ϕ_0)^2 + · · · ] [α + β(ϕ − ϕ_0) + γ(ϕ − ϕ_0)^3 + κ(ϕ − ϕ_0)^4 + · · · ] , ≈ 6 6∑ q=1 M^{q+2}_p D_q (q + 1) ( ϕ_e − ϕ_0 M_p )_{q+1} ( 1 + Δϕ M_p ( ϕ_e − ϕ_0 M_p )_{−1})q+1 − 1 + · · · (9)

where we have used the (ϕ − ϕ_0) < M_p (including at ϕ = ϕ_{cmb} and ϕ = ϕ_e) around ϕ_0. All the leading order dimensionful Planck scale suppressed expansion coefficients (C_p) and (D_q ) are given in terms of the model parameters (α, β, γ, κ), which are mentioned in the appendix.

At any arbitrary momentum scale the number of efoldings, N (k), between the Hubble exit of the relevant modes and the end of inflation can be expressed as:

N (k) ≈ 71.21 − ln ( k k_0 ) + 1 4 ln ( V_⋆ M^4_P ) + 1 4 ln ( V_⋆ ρ_{end} ) + 1 − 3w_{int} 12(1 + w_{int}) ln ( ρ_{rh} ρ_{end} ) , (10)

where ρ_{end} is the energy density at the end of inflation, ρ_{rh} is an energy scale during reheating, k_0 = a_0H_0 is the present Hubble scale, V_⋆ corresponds to the potential energy when the relevant modes left the Hubble patch during inflation and w_{int} characterizes the effective equation of state parameter between the end of inflation and the energy scale during reheating.

Within the momentum interval, k_e < k < k_{cmb}, the corresponding number of e-foldings is given by:

ΔN = N_e − N_{cmb} = ln ( k_{cmb} k_e ) ≈ ln ( k_⋆ k_e ) . (11)

For both Eqs. (8, 9), the slow-roll parameters show non-monotonic behaviour within this interval ΔN ≈ ln(k_∗/k_e) ≈ 17 e-foldings, where the corresponding scalar and tensor amplitude of power spectrum remains almost unchanged.

Substituting the results obtained from Eq. (8) and Eq. (9), and with the help of Eq. (11), up to the leading order, we obtain:

√ r(k_⋆) 8 {( a 4 − b 16 + c 48 − 1 2 ) [ k^2_{cmb} k^2_⋆ − k^2_e k^2_⋆ ] + ( b 8 − c 24 ) [ k^2_{cmb} k^2_⋆ ln ( k_{cmb} k_⋆ )

− k^2_e k^2_⋆ ln ( k_e k_⋆ )] + c 24 [ k^2_{cmb} k^2_⋆ ln^2 ( k_{cmb} k_⋆ ) − k^2_e k^2_⋆ ln^2 ( k_e k_⋆ )] + · · · }

≈ {( 1 + 10∑ m=0 M^{m+2}_p G_m ( ϕ_e − ϕ_0 M_p )_m) Δϕ M_p + ( 1 2 10∑ m=0 m G_m M^{m+2}_p ( ϕ_e − ϕ_0 M_p )_{m−1}) ( Δϕ M_p )_2 + · · · } , (12)

where we have defined a new dimensionful Planck scale suppressed expansion co-efficient (G_m), with mass dimension [ M^{−(m+2)} p ] , as:

G_m = ( C_E − 1 2 ) C_m − 12C_ED_m ∀m (13)

with D_m = 0 for m = 0 and m > 6. In Eq. (12),

G_m M^{m+2}_p is a dimensionless quantity for which we can expand the left side in the powers of Δϕ/M_p, using the additional constraint Δϕ < (ϕ_e − ϕ_0) < M_p. Further considering the recent observational data obtained from Planck [3], to the first order approximation we can take k_⋆ ≈ k_{cmb}, within 17 e-foldings of inflation, and consequently Eq. (12) reduces to the following simplified expression for r(k):

3 25 √ r(k_⋆) 0.12 | | | { 3 400 ( r(k_⋆) 0.12 ) − η_V (k_⋆) 2 − 1 2 − ( 8C_E + 14 3 ) ϵ^2_V (k_⋆) − η^2_V (k_⋆) 6 − ξ^2_V (k_⋆) 8 + 5η_V (k_⋆)ϵ_V (k_⋆) 12 − σ^3_V (k_⋆) 24 + · · · }| | | ≈ |Δϕ| M_p , (14)

provided the pivot scale k = k_⋆ ≈ k_{cmb} >> k_e.

The additional constraint a >> b >> c is always satisfied by the general class of infaltionary potentials, i.e. for instance the saddle or the inflection point [4]. Here we also use the relation, Eq. (1), to write the parameter, a, in terms of r(k), and the slow roll parameters,

(ϵ_V , η_V , ξ^2_V , σ^3_V ) at the pivot scale k_⋆ ≈ k_{cmb}.

The recent observations from Planck puts an upper bound on gravity waves via tensor-to-scalar ratio as r(k_⋆) ≤ 0.12 at the pivot scale, k_⋆ = 0.002 Mpc^{−1} [1]:

V_⋆ ≤ (1.96 × 10^{16}GeV)^4 r(k_⋆) 0.12

. (15)

Combining Eqs. (14) and (15), we have obtained a closed relationship between V_∗ and Δϕ, as:

|Δϕ| M_p ≤ √ V_⋆ (2.20 × 10^{−2} M_p)^2 | | | { V_⋆ (2.78 × 10^{−2}M_p)^4 − η_V (k_⋆) 2 − 1 2 − ( 8C_E + 14 3 ) ϵ^2_V (k_⋆) − η^2_V (k_⋆) 6 − ξ^2_V (k_⋆) 8 + 5η_V (k_⋆)ϵ_V (k_⋆) 12 − σ^3_V (k_⋆) 24 + · · · }| | | , (16)

where · · · contain higher order terms in the slow roll parameters. In Eq. (16), η_V >> { ϵ^2_V , η^2_V , ξ^2_V , σ^3_V , · · · } , and this leads to a following simplified expression for the bound at the leading order as: |Δϕ| M_p ≤ √ V_⋆ (2.20 × 10^{−2} M_p)^2 | | | V^⋆ (2.78 × 10^{−2}M_p)^4 − η_V (k_⋆) 2 − 1 2 | | | . (17) The above Eq. (17) is the new improved bound on Δϕ during a slowly rolling single field ϕ within an effective field theory treatment, where the vev of an inflaton remains sub-Planckian, i.e. ϕ_0 < M_p. From Eq. (14), we can see that large r ∼ 0.1 can be obtained for models of inflation where inflation occurs below the Planck cut-off. Our conditions, Eqs. (14, 16), provide new constraints on model building for inflation within particle theory, where the inflaton potential is always constructed within an effective field theory with a cut-off. Note that η_V (k_∗) ≥ 0 can provide the largest contribution, in order to satisfy the current bound on r ≤ 0.12, the shape of the potential has to be concave.

To summarize, we have shown that it is indeed possible to realize large tensor-to-scalar ratio for sub-Planckian vevs of inflation. Our constraints would help inflationary model builders and perhaps would enable us to reconstruct the inflationary potential for a single field model of inflation.

Acknowledgments

SC thanks Council of Scientific and Industrial Research, India for financial support through Senior Research Fellowship (Grant No. 09/093(0132)/2010). AM is supported by the Lancaster-Manchester-Sheffield Consortium for Fundamental Physics under STFC grant ST/J000418/1.

Appendix

C_0 = β^2 α^2

, C_1 = −

2β^3 α^3

, C_2 = 6βγ α^2

, C_3 = 8βκ α^2 − 14β^2γ

α^3

, C_4 =

9γ^2 α^2 − 18β^2κ

α^3

, C_5 = 24γκ α^2 − 30γ^2β α^3 − 48γ^2βκ α^3 , C_6 =

16κ^2 α^2 − 32κ^2β α^3 − 28βγκ α^3

, C_7 = −

18γ^3 α^3 − 16βκ^2

α^3

, C_8 = −

66γ^2κ

α^3

, C_9 = −

80γκ^2 α^3

, C_{10} = −

32κ^3 α^3 , D_1 = γ α , D_2 = 2κ α − βγ α^2

, D_3 = − 2κβ α^2

, D_4 = − γ^2 α^2

, D_5 = − 3κγ α^2

, D_6 = −

2κ^2 α^2 . (18)

[1] P. A. R. Ade et al. [Planck Collaboration], arXiv:1303.5082 [astro-ph.CO].

[2] A. Mazumdar and J. Rocher, Phys. Rept. 497, 85 (2011) [arXiv:1001.0993 [hep-ph]].

[3] P. A. R. Ade et al. [Planck Collaboration], arXiv:1303.5076 [astro-ph.CO].

[4] R. Allahverdi, K. Enqvist, J. Garcia-Bellido and A. Mazumdar, Phys. Rev. Lett. 97, 191304 (2006) [hep-ph/0605035]. R. Allahverdi, K. Enqvist, J. Garcia-

Bellido, A. Jokinen and A. Mazumdar, JCAP 0706, 019 (2007) [hep-ph/0610134]. R. Allahverdi, A. Kusenko and A. Mazumdar, JCAP 0707, 018 (2007) [hepph/0608138]. A. Chatterjee and A. Mazumdar, JCAP 1109, 009 (2011) [arXiv:1103.5758 [hep-ph]].

[5] L. Wang, E. Pukartas and A. Mazumdar, arXiv:1303.5351 [hep-ph].

[6] S. Choudhury, A. Mazumdar and S. Pal, arXiv:1305.6398 [hep-ph].

[7] S. Hotchkiss, A. Mazumdar and S. Nadathur, JCAP 1202, 008 (2012) [arXiv:1110.5389 [astro-ph.CO]].

[8] A. Ashoorioon, P. S. B. Dev and A. Mazumdar, arXiv:1211.4678 [hep-th].

[9] D. H. Lyth, Phys. Rev. Lett. 78, 1861 (1997) [hepph/9606387].

[10] E. D. Stewart and D. H. Lyth, Phys. Lett. B 302, 171 (1993) [gr-qc/9302019].

[11] A. R. Liddle, P. Parsons and J. D. Barrow, Phys. Rev. D

50, 7222 (1994) [astro-ph/9408015].

[12] K. Enqvist, A. Mazumdar and P. Stephens, JCAP 1006, 020 (2010) [arXiv:1004.3724 [hep-ph]]. A. Mazumdar, S. Nadathur and P. Stephens, Phys. Rev. D 85, 045001 (2012) [arXiv:1105.0430 [hep-th]].