arXiv:1306.4593v1 [hep-th] 19 Jun 2013

Field redefinition and renormalisability in scalar field theories

N. Mohammedi^∗

Laboratoire de Mathématiques et Physique Théorique (CNRS - UMR 6083), Fédération Denis Poisson (FR CNRS 2964), Université François Rabelais de Tours, Faculté des Sciences et Techniques, Parc de Grandmont, F-37200 Tours, France.

Abstract

We have addressed the issue of field redefinition in connection with renormalisability. Our study is restricted to theories of interacting scalar fields. We have, in particular, shown that if a theory is renormalisable in the usual power-counting sense then it remains renormalisable in the same sense after a change of variables. This is due to the use of the powerful method of the background field expansion. In the case of a single complex sclar field, it turns out that the determination of the counter-terms is much simpler when polar coordinates are used. We illustate this by carrying out a one-loop calculation in the latter case.

∗e-mail: nouri@lmpt.univ-tours.fr

1 Introduction

The issue of coordinate transformations (also referred to as field redefinition or reparametrisation invariance) in quantum field theory has been in the past [1–8], and still is [9–17] a subject of renewed interest. The so-called ”equivalence theorem” ensures, in principle [18,19], that the elements of the S-matrix remain the same after a field redefinition. However, it is certainly not clear what becomes of the renormalisability of a theory when a coordinate transformation is carried out. We should mention that the reparametrisation invariance of the effective action has benn discussed in [20].

For instance, it is well-known that the Lagrangian density for a complex scalar field as given by

L = ∂_μΦ^⋆∂^μΦ − m^2 (Φ^⋆Φ) − λ (Φ^⋆Φ)^2 . (1.1)

is a renormalisable theory. In Cartesian coordinates where Φ = 1 √ 2 (χ_1 + iχ_2) (1.2)

this model describes two massive real fields χ_1 and χ_2 with a quartic interaction as seen from the Lagrangian L = 1 2 ∂_μχ_1∂^μχ_1 + 1 2 ∂_μχ_2∂^μχ_2 − m^2 2 ( χ^2_1 + χ^2 ) − λ 4 ( χ^2_1 + χ^2

)_2

. (1.3)

Let us now perform a field redefinition and parametrise the complex scalar field Φ as Φ = 1 √ 2 ρ e^{iθ/v} , (1.4) where ρ and θ are the polar coordinates (real fields) and v is a dimensionful constant. The Lagrangian density becomes L = 1 2 ∂_μρ∂^μρ + 1 2 ρ^2 v^2 ∂_μθ∂^μθ − m^2 2 ρ^2 − λ 4 ρ^4 . (1.5)

The first thing to notice in this parametrisation is that the kinetic term for the real field θ is not of the standard form. Furthermore, it is not clear how one can see that the spectrum of the theory contains two massive fields (as in Cartesian coordinates).

If one insists on treating the Lagrangian (1.5) as a conventional field theory, then a change of variables is necessary. For instance, we could change ρ to

ρ = v e^{ψ/v} , (1.6)

where ψ is the new field. The Lagrangian (1.5) becomes then L = e^{2ψ/v} [ 1 2 ∂_μψ∂^μψ + 1 2 ∂_μθ∂^μθ ] − m^2v^2 2 e^{2ψ/v} − λv^4 4 e^{4ψ/v} . (1.7)

Expanding the exponential, e^{2ψ/v} = 1 + 2ψ/v + 2ψ^2/v^2 + . . ., leads to a standard kinetic terms for the two real fields ψ and θ. In this parametrisation, the field θ is massless while all the mass is appropriated by the field ψ.

The important feature of the Lagrangians (1.5) and (1.7) is that their interaction parts are non-polynomial in nature. That is, they involve derivatives of the fields. Therefore, the usual power-counting argument of renormalisability does not apply here.

The aim of this note is to address the issue of the renormalisability of theories like the one in (1.5) when a change of variables is carried out. Our strategy is to treat the type of Lagrangians in (1.5) and (1.7) as a four-dimensional non-linear sigma model supplemented with a potential term and study their renormalisability. We use, for this purpose, the background field method which we will review in the next section.

2 The covariant background field expansion

The non-linear sigma model is defined as follows: Let Σ denote the four-dimensional spacetime with coordinates x^μ and derivative ∂_μ and let M be a Riemannian manifold (the target space) with metric g_{ij}. The field of the sigma model ϕ^i(x) is a map from Σ to M. The Lagrangian for the non-linear sigma model is

L (ϕ) = 1 2 g_{ij} (ϕ) ∂_μϕ^i∂^μϕ^j . (2.1)

The field ϕ^i(x) labels the coordinates of the target space M.

The background field expansion method [21–26] consists in splitting the field ϕ^i(x) of the non-linear sigma model as ϕ^i(x) = φ^i(x)+π^i(x), where φ^i is the background field (a classical field) and π^i is the quantum fluctuation around this background field. The quantum field π^i = ϕ^i − φ^i, being a difference between two coordinates of the target space, does not lead to a covariant expansion of the non-linear sigma model. In order to respect the geometric nature of the non-linear sigma model we expand the action in terms of the quantun field ξ^i instead. This field transforms as a vector on the target space and is defined as follows:

Let σ^i(x, s) be the unique geodesic joining the two target space points φ^i(x) and φ^i(x) + π^i(x). The affine parameter s ∈ [0 , 1] parametrises this geodesic and we have the interpolating conditions

σ^i(x, s = 0) = φ^i(x) and σ^i(x, s = 1) = ϕ^i(x) = φ^i(x) + π^i(x) . (2.2)

The geodesic equation is given by

d^2σ^i d^2s

+ Γ^i_{jk} (σ) dσ^j ds dσ^k ds = 0 , (2.3)

where Γ^i_{jk} (σ) are the Christoffel symbols corresponding to the target space metric g_{ij} (σ). Let ξ^i_s(x, s) denote the tangent vector to the geodesic σ^i(x, s). In other words, ξ^i_s(x, s) = dσ^i ds . (2.4)

The quantum field ξ^i that will enter in the covariant expansion is defined as the tangent vector to the geodesic at the point φ^i(x). That is,

ξ^i (x) = ξ^i_s (x, s) | | |_{s=0} . (2.5)

Since ξ^i(x) transforms as a vector on the target space, the expansion of the action in terms of this field will be automatically covariant.

In order to obtain the covariant expansion, we start by extending the Lagrangian as

L (s) = 1 2 g_{ij} (σ (s)) ∂_μσ^i (s) ∂^μσ^j (s) (2.6)

so that L (ϕ) = L (s = 1). We then expand L(s) in powers of s around s = 0. We obtain

L (φ + π) = L (s = 1) = ∞∑ n=0 1 n! d^nL (s) ds^n | | | | |_{s=0} = ∞∑ n=0 1 n! (∇_s)^n L (s) | | | | |_{s=0} , (2.7)

where we have used the fact that L (σ(x, s)) is a scalar to get the last equality. Here ∇_s is the covariant derivative along the curve σ^i(x, s). Its acts on an arbitrary tensor T^i_j as

∇_sT^i_j = d ds T^i_j + Γ^i_{kl} (σ) ξ^k_s T^l_j − Γ^l_{kj} (σ) ξ^k_s T^i_l . (2.8)

Of course, the tensor T^i_j could have more indices. If T^i_j is a tensor function of σ^i(x, s) only then ∇_sT^i_j (σ) = ξ^k_s ∇_kT^i_j (σ) = ξ^k_s [ ∂ ∂σ^k T^i_j + Γ^i_{kl} (σ) T^l_j − Γ^l_{kj} (σ) T^i_l ] . (2.9)

Here ∇_i is the usual covariant derivative with respect to Γ^i_{jk}.

The expansion (2.7) is evaluated using (2.9) together with the formulae

∇_s∂_μσ^i = ∇_μ dσ^i ds = ∇_μξ^i_s ≡ ∂_μξ^i_s + Γ^i_{jk} (σ) ∂_μσ^j ξ^k_s , ∇_sg_{ij} (σ) = 0 , ∇_s dσ^i ds = ∇_sξ^i_s = 0 ,

∇_s∇_μξ^i_s = R^i_{jkl}ξ^j_s ξ^k_s ∂_μσ^l . (2.10)

Here R^i_{jkl} is the Riemann tensor^1.

The first few terms in the expansion of the Lagrangian L (ϕ) around the background φ^i are L (ϕ) = 1 2 g_{ij} (φ) ∂_μφ^i∂^μφ^j + g_{ij} (φ) ∂_μφ^i∇^μξ^j + 1 2 g_{ij} (φ) ∇_μξ^i∇^μξ^j + R_{iklj} (φ) ∂_μφ^i∂^μφ^jξ^kξ^l + . . . , (2.11)

where ∇_μξ^i = ∂_μξ^i + Γ^i_{jk} (φ) ∂_μφ^jξ^k . (2.12)

1Our convention is R^i_{jkl} = ∂_kΓ^i_{jl} + Γ^i_{km}Γ^m_{jl} − (k ↔ l).

and R_{iklj} = g_{im}R^m_{klj} . If our Lagrangian contains a potential term like L (ϕ) = 1 2 g_{ij} (ϕ) ∂_μϕ^i∂^μϕ^j − V (ϕ) (2.13) then the expansion of the potential is simply V (ϕ) = V (φ) + ∞∑ n=1 1 n! ∇_{j1} . . . ∇_{jn} V (φ) ξ^{j1} . . . ξ^{jn} . (2.14)

Notice that the term g_{ij} (φ)∂_μξ^i∂^μξ^j needed for the determination of the propagator for the quantum field ξ^i is not of the standard form due the the presence of the non-constant metric g_{ij} (φ). The remedy to this is to define a new quantum field ξ^a as ξ^a = e^a_i ξ^i or ξ^i = E^i_aξ^a , (2.15) where we have introduced the vielbiens e^a_i such that g_{ij} = η_{ab} e^a_i e^b_j . (2.16) The constat matrix η_{ab} is invertible and E^a_i is the inverse of e^i_a. That is, e^a_i E^i_b = δ^a_b , E^i_ae^a_j = δ^i_j . (2.17) With this field redefinition the expansions (2.11) becomes L (ϕ) = 1 2 g_{ij} (φ) ∂_μφ^i∂^μφ^j + η_{ab} e^a_i ∂_μφ^iD^μξ^b + 1 2 η_{ab} D_μξ^aD^μξ^b + R_{iabj} (φ) ∂_μφ^i∂^μφ^jξ^aξ^b + . . . , (2.18) where D_μξ^a = ∂_μξ^a + ω^a_{ib} ∂_μφ^iξ^b , ω^a_{ib} = e^a_j ( ∂_iE^j_b + Γ^j_{ik}E^k_b ) = e^a_j ∇_iE^j_b (2.19) and R_{iabj} = R_{iklj}E^k_a E^l_b. The propagator is now computed from the term η_{ab} ∂_μξ^a∂^μξ^b which has the standard form.

Similarly, the expansion (2.14) of the potential is V (ϕ) = V (φ) + ∞∑ n=1 1 n! V_{a1...an} (φ) ξ^{a1} . . . ξ^{an} V_{a1...an} (φ) ≡ E^{j1}_{a1} . . . E^{jn}_{an} ∇_{j1} . . . ∇_{jn} V (φ) . (2.20) It is clear that V_{a1...an} is symmetric under the exchange of any two indices. It is convenient to write this as V_{a1...an} = D_{a1} D_{a2} . . . D_{an} V , (2.21) where the derivative D_a acts as D_aX_{bc} = E^i_a ( ∂_iX_{bc} − ω^d_{ib}X_{dc} − ω^d_{ic}X_{bd} ) (2.22) on an arbitrary tensor X_{bc}.

3 Field redefinition and sigma model

We start with a field theory as described by the Lagrangian L = 1 2 η_{ab}∂_μf^a∂^μf^b − V (f) , (3.1)

where η_{ab} is a constant metric and f^a(x) is a set of fields. In the special case of the complex scalar theory in (1.3), we have f^a = (χ_1 , χ_2) and η_{ab} = diag (1 , 1). In four dimensions, this theory is renormalisable in the usual power-counting sense (Dyson criterion) if the potential V (f) is at most quartic in the fields f^a.

Let now ϕ^i denote another set of fields which parametrise the same theory as the fields f^a. In other words, we have made a change of variables from the field f^a to the fields ϕ^i. We may therefore write f^a = f^a ( ϕ^i ) , ϕ^i = ϕ^i (f^a) , (3.2) where we have assumed that the change of variables is invertible. Under this field redefinition, the Lagrangian (3.1) becomes L = 1 2 g_{ij} (ϕ) ∂_μϕ^i∂^μϕ^j − V (ϕ) , (3.3)

where the metric g_{ij} is given by

g_{ij} = η_{ab}∂_if^a∂_j f^b . (3.4)

Here ∂_a =^∂_{∂f a} and ∂_i =^∂_{∂ϕi} and the range of the indices a, b, .. is the same as the range of the indices i, j, . . . .

From the relations ∂_iϕ^j = δ^j_i and ∂_af^b = δ^b_a together with the chain rule, we deduce that

∂_if^a∂_aϕ^j = δ^j_i , ∂_aϕ^i∂_if^b = δ^b_a . (3.5)

Hence we could identify the vielbeins e^a_i and their inverse E^i_a with

e^a_i = ∂_if^a , E^i_a = ∂_aϕ^i . (3.6)

The inverse of the metric is g^{ij} = η^{ab}∂_aϕ^i∂_aϕ^j , where η^{ab} is the inverse of η_{ab}. The Christoffel connection is then given by

Γ^i_{jk} = 1 2 g^{il} (∂_j g_{lk} + ∂_kg_{lj} − ∂_lg_{jk}) = ∂_j ∂_kf^a∂_aϕ^i (3.7)

and all the components of the Riemann tensor R^i_{jkl} vanish.

Using the chain rule and the relations in (3.5), we find that the spin connection, ω^a_{ib} = e^a_j ( ∂_iE^j_b + Γ^j_{ik}E^k_b ) , vanishes. Indeed,

ω^a_{ib} = ∂_i∂_j f^a∂_bϕ^j + ∂_j f^a∂_if^c∂_c∂_bϕ^j = ∂_i ( ∂_j f^a∂_bϕ^j ) − ∂_j f^a∂_c∂_bϕ^j∂_if^c + ∂_j f^a∂_if^c∂_c∂_bϕ^j = 0 . (3.8)

We also need the expression of the tensor V_{a1...an} as defined in (2.21). This is found to be V_{ab...c} = ∂_a∂_b . . . ∂_c V . (3.9) If we assume that V is at most quartic in the fieds, then the background field expansion, to all order in the quantum field ξ^a, of the Lagrangian yields L = 1 2 g_{ij} (φ) ∂_μφ^i∂^μφ^j − V (φ) + η_{ab} e^a_i ∂_μφ^i∂^μξ^b + 1 2 η_{ab} ∂_μξ^a∂^μξ^b − ∂_aV ξ^a − 1 2 ∂_a∂_bV ξ^aξ^b − 1 6 ∂_a∂_b∂_cV ξ^aξ^bξ^c − 1 24 ∂_a∂_b∂_c∂_dV ξ^aξ^bξ^cξ^d . (3.10)

We notice that the resulting expansion is at most quartic in the quantum field ξ^a. It is then clear that the theory is renormalisable in the usual power-counting sense. We will illustrate this by an example in the following section.

4 An example: the interacting complex scalar field in polar coordinates

In the notation of the previous sections, we have f^a = (χ_1 , χ_2) and the constant metric η_{ab} = diag (1 , 1). The new set of fields are ϕ^i = (ρ , θ) and we have made the change of variables

χ_1 = ρ cos (θ/v) , χ_2 = ρ sin (θ/v) . (4.1)

The Lagrangian (1.5) is a non-linear sigma model with a metric g_{ij} given by g_{ij} = ( 1 0 0 ρ^2/v^2 ) . (4.2)

The non-vanishing components of its Christoffel symbols are

Γ^1_{22} = − ρ v^2

, Γ^2_{12} = 1 ρ . (4.3)

Using (3.6) and (4.1), the vielbeins e^a_i and their inverses E^i_a are^2

e^a_i = ( cos(θ/v) sin(θ/v) −^ρ_v sin(θ/v)^ρ_v cos(θ/v) ) , E^i_a = ( cos(θ/v) −^v_ρ sin(θ/v) sin(θ/v)^v_ρ cos(θ/v) ) . (4.4)

Acoording to (3.8), all the components of the spin connection ω^a_{ib} vanish.

2 As matrices, e^a_i and E^i_a should be read as e_{ia} and E_{ai}, respectively.

The background field expansion, to all order in the quantum field ξ^a, of the Lagrangian (1.5) yields L (φ , ξ) = 1 2 ∂_μρ∂^μρ + 1 2 ρ^2 v^2 ∂_μθ∂^μθ − ( m^2 2 ρ^2 + λ 4 ρ^4 )

+ η_{ab} e^a_i ∂_μφ^i∂^μξ^b + 1 2 η_{ab} ∂_μξ^a∂^μξ^b − V_aξ^a − 1 2 V_{ab}ξ^aξ^b − 1 6 V_{abc}ξ^aξ^bξ^c − 1 24 V_{abcd}ξ^aξ^bξ^cξ^d . (4.5) Here we have used φ^i = (ρ , θ) to denote also the background fields.

The non-vanishing components of the symmetric tensor V_{a1...an} are

V_1 = ρ ( m^2 + λρ^2 ) cos(θ/v) , V_2 = ρ ( m^2 + λρ^2 ) sin(θ/v) , V_{11} = m^2 + λρ^2 ( 1 + 2 cos(θ/v)^2 ) , V_{12} = 2λρ^2 cos(θ/v) sin(θ/v) , V_{22} = m^2 + λρ^2 ( 1 + 2 sin(θ/v)^2 ) , V_{111} = 6λρ cos(θ/v) , V_{112} = 2λρ sin(θ/v) , V_{122} = 2λρ cos(θ/v) , V_{222} = 6λρ sin(θ/v) , V_{1111} = 6λ , V_{1122} = 2λ , V_{2222} = 6λ . (4.6)

Let us now see what happens at the one-loop level in perturbation theory.

One-loop renormalisation:

The generating functional for connected Green’s functions, W [J], is defined in the usual way by

Z [J] = e^{iW [J]} = N ∫ [dξ] e^{i[S(φ ,ξ)+Jaξa]} , (4.7) where N is normalising factor and

[dξ] = ∏ x D∏ a=1 √ g (x) dξ^a (4.8)

is the coordinate independent measure.

The Feynman propagator is computed from the free part of the action

L_{free} (ξ) = 1 2 η_{ab}∂_μξ^a∂^μξ^b − 1 2 m^2η_{ab}ξ^aξ^b . (4.9)

The mass term comes from V_{11} and V_{22}. This propagator is given by

Δ^{ab}_F (x − y) = η^{ab} 1 (2π)^4 ∫ e^{−ik.(x−y)} k^2 − m^2 d^4k (4.10)

and satisfies η_{ac} ( ∂_μ∂^u + m^2 ) Δ^{cb}_F (x) = −δ^a_b δ^4 (x) . (4.11) The loop expansion in terms of Feynman graphs is generated using the Dyson-Wick perturbation theory. This is obtained from

e^{iW (φ)} =< 0| exp [ i ∫ d^4x L_{int} (φ , ξ) ] |0 > , (4.12)

where L_{int} (φ , ξ) = L (φ , ξ) − L_{free} (ξ) . (4.13) We then expand exp [i ∫ d^4x L_{int} (φ , ξ)] and calculate the vacuum graphs by considering all the possible Wick contractions involving the quantum field ξ^a(x). The background field φ is treated as an external field.

We use dimensional regularisation to isolate the divergences in Feynman integrals. The dimension of spacetime is assumed to be d = 4−ϵ. The original Lagrangian (1.5) is extended to d dimensions as L = 1 2 ∂_μρ∂^μρ + 1 2 ρ^2 v^2 ∂_μθ∂^μθ − ( m^2 2 ρ^2 + μ^{4−d}λ 4 ρ^4 ) , (4.14)

where μ is an arbitrary mass parameter. In d dimensions ρ has a mass dimension equal to 1 2 d−1 while θ has a mass dimension equal to 1. The coupling constant λ is kept dimensionless in d dimensions.

The first divergent diagram is shown in figure 1 and contributes

I_1 = (i)^2 × ( − 1 2 ) ~V_{ab}η^{ab}μ^{4−d} ∫ d^dp (2π)^d 1 p^2 − m^2

, (4.15)

where ~V_{11} = V_{11} − m^2, ~V_{22} = V_{22} − m^2 and ~V_{12} = V_{12}. The divergent part of the integral is (see for example [27]) I_1 = −2λρ^2 ( im^2 8π^2ϵ

+ finite ) . (4.16)

The second divergent graph is drawn in figure 2 and gives

I_2 =

(i)^4 2 × ( − 1 2 )_2 ~V_{ab} ~V_{cd} ( η^{ac}η^{bd} + η^{ad}η^{bc} )

× ( μ^2 )_{4−d} ∫ ddp (2π)^d 1 (p^2 − m^2) 1 [ (p − q)^2 − m^2

] . (4.17)

Figure 1: One loop divergent diagram with one vertex ~V_{ab}.

Figure 2: One loop divergent diagram with two vertices ~V_{ab} and ~V_{cd}.

The infinite part of the integral is extracted (see for example [27]) and we find

I_2 = 5 2 λ^2ρ^4 ( iμ^ϵ 8π^2ϵ

+ finite ) . (4.18)

Green’s functions are then rendered finite by adding to the Lagrangian (4.14) the counterterm Lagrangian

L_{CT} = A 2 ∂_μρ∂^μρ + B 2 ρ^2 v^2 ∂_μθ∂^μθ − ( C 2 ρ^2 + Dμ^ϵλ 4 ρ^4 ) . (4.19)

This leads to the bare Lagrangian

L_B = L + L_{CT} = 1 2 ∂_μρ_B∂^μρ_B + 1 2 ρ^2_B v^2_B

∂_μθ_B∂^μθ_B − ( m^2_B 2 ρ^2_B + λ_B 4 ρ^4_B ) . (4.20)

The bare quantities are defined as

ρ_B = √ Z_ρ ρ , Z_ρ = 1 + A ,

m_B = Z_mm , Z^2_m = m^2 + C m^2(1 + A) , λ_B = μ^ϵZ_λλ , Z_λ =

1 + D (1 + A)^2 , θ_B = √ Z_θ θ , v_B = Z_vv , Z_ρZ_θ Z^2_v

= 1 + B . (4.21)

At the one loop level, we have C = − λm^2 2π^2ϵ , D = 5λ 4π^2ϵ

, A = B = 0 . (4.22)

This leads to Z_ρ = Z_θ = Z_v = 1. The one-loop result is precisely the one found in the literature (see for example [28]).

In conclusion, we have shown that a power-counting renormalisable scalar field theory maintains this property in another reparametrisation of the fields. The question of field redefinitions is much more important in theories involving gauge fields. This is due to the fact that in some cases (like the Higgs model) one could work with gauge invariant variables which would eliminate the Faddeev-Popov ghosts. It is then crucial to see what happens to the theory under such change of variables. Some progress has already been made in this direction [29–32].

Acknowledgments: I am very greatful to David J. Toms for answering some questions regarding this work. I would like also to thank Ian Jack and John Gracey for correspondence.

References

[1] F. J. Dyson, The S matrix in quantum electrodynamics, Phys. Rev. 75 (1949) 1736. [2] K. M. Case, Equivalence Theorems for Meson-Nucleon Couplings, Phys. Rev. 76 (1949) 14. [3] J. M. Berger, L. L. Foldy and R. K. Osborn, Equivalence Theorems for Pseudoscalar Coupling, Phys. Rev. 87 (1952) 1061.

[4] L. L. Foldy, New Aspects of the Pseudoscalar Meson Theory, Phys. Rev. 84 (1951) 168. [5] R. E. Kallosh and I. V. Tyutin, The Equivalence theorem and gauge invariance in renormalizable theories, Yad. Fiz. 17 (1973) 190 (Sov. J. Nucl. Phys. 17 (1973) 98).

[6] S. Kamefuchi, L. O’Raifeartaigh and Abdus Salam, Change of variables and equivalence theorems in quantum field theories, Nucl. Phys. 28 (1961) 529.

[7] M. C. Bergere and Yuk-Ming P. Lam, Equivalence Theorem and Faddeev-Popov Ghosts, Phys. Rev. D13 (1976) 3247.

[8] Yuk-Ming P. Lam, Equivalence theorem on Bogolyubov-Parasiuk-Hepp-Zimmermann renormalized Lagrangian field theories, Phys. Rev. D7 (1973) 2943.

[9] J. Alfaro and P. H. Damgaard, Field Transformations, Collective Coordinates And Brst Invariance, Annals Phys. 202 (1990) 398.

[10] J. Alfaro and P. H. Damgaard, BRST symmetry of field redefinitions, Annals Phys. 220 (1992) 188.

[11] A. Blasi, N. Maggiore, S. P. Sorella and L. C. Q. Vilar, Renormalizability of nonrenormalizable field theories, Phys. Rev. D59 (1999) 121701.

[12] I. V. Tyutin, Once again on the equivalence theorem, Phys. Atom. Nucl. 65 (2002) 194 (Yad. Fiz. 65 (2002) 201).

[13] R. Ferrari, M. Picariello and A. Quadri, An Approach to the equivalence theorem by the Slavnov-Taylor identities, JHEP 0204 (2002) 033.

[14] O. Piguet and S. P. Sorella, Algebraic renormalization: Perturbative renormalization, symmetries and anomalies, Lect. Notes Phys. M28 (1995) 1.

[15] J. Gomis and S. Weinberg, Are nonrenormalizable gauge theories renormalizable?, Nucl.

Phys. B469 (1996) 473.

[16] R. Ferrari, On the Renormalization of the Complex Scalar Free Field Theory, J. Math.

Phys. 51 (2010) 032305.

[17] R. Percacci and M. Safari, Functional renormalization of N scalars with O(N) invariance, arXiv:1306.3918 [hep-th].

[18] S. Kondratyuk, A. D. Lahiff and H. W. Fearing, The Equivalence theorem and the Bethe-Salpeter equation, Phys. Lett. B521 (2001) 204.

[19] M. Grahl, E. Seel, F. Giacosa and D. H. Rischke, The O(2) model in polar coordinates at nonzero temperature, arXiv:1110.2698 [nucl-th].

[20] P. Ellicott and D. J. Toms, On The New Effective Action In Quantum Field Theory, Nucl. Phys. B312 (1989) 700.

[21] J. Honerkamp, Chiral multiloops, Nucl. Phys. B36 (1972) 130.

[22] G. Ecker and J. Honerkamp, Application of invariant renormalization to the nonlinear chiral invariant pion lagrangian in the one-loop approximation, Nucl. Phys. B35 (1971) 481.

[23] D. G. Boulware and L. S. Brown, Symmetric Space Scalar Field Theory, Annals Phys.

138 (1982) 392.

[24] L. Alvarez-Gaumé, D. Z. Freedman and S. Mukhi, The Background Field Method and the Ultraviolet Structure of the Supersymmetric Nonlinear Sigma Model, Annals Phys. 134 (1981) 85.

[25] S. Mukhi, The Geometric Background Field Method, Renormalization and the Wess- Zumino Term in Nonlinear Sigma Models, Nucl. Phys. B264 (1986) 640.

[26] P. S. Howe, G. Papadopoulos and K. S. Stelle, The Background Field Method And The Nonlinear Sigma Model, Nucl. Phys. B296 (1988) 26.

[27] L. H. Ryder, Quantum Field Theory, Cambrige University Press, 1996. [28] M. Srednicki, Quantum Field Theory, Cambrige University Press, 2007. [29] I. H. Russell and D. J. Toms, Field Parametrization Dependence Of The Effective Action In Scalar Electrodynamics, Phys. Rev. D39 (1989) 1735.

[30] H. Sonoda, Off-shell renormalization of the Abelian Higgs model in the unitary gauge, hep-th/0108217.

[31] H. Sonoda, Off-shell renormalization of the massive QED in the unitary gauge, Phys.

Lett. B516 (2001) 208.

[32] T. Masson and J. C. Wallet, A Remark on the Spontaneous Symmetry Breaking Mechanism in the Standard Model, arXiv:1001.1176 [hep-th].