arXiv:1306.4750v1 [gr-qc] 20 Jun 2013

Looking for empty topological whormhole spacetimes in F (R)-modified gravity

R. Di Criscienzo^∗, R. Myrzakulov^{1,†}and L. Sebastiani^{1,‡}

1 Eurasian International Center for Theoretical Physics and Department of General Theoretical Physics, Eurasian National University, Astana 010008, Kazakhstan

Abstract

Much attention has been recently devoted to modified theories of gravity in the attempt to efficiently describe both early inflation and late-time acceleration of our universe without referring to the cosmological constant or other ad hoc kinds of fluids. The simplest models overcome General Relativity simply by replacing R with F (R) in the Einstein–Hilbert action. Unfortunately, such models typically lack most of the beautiful solutions discovered in Einstein’s gravity. Nonetheless, in F (R) gravity, it has been possible to get at least few black holes, but still we do not know any empty wormhole-like spacetime solution. The present paper aims to explain why it is so hard to get such solutions (given that they exist!). Few solutions are derived in the simplest cases while only an implicit form has been obtained in the non-trivial case.

1 Introduction

In the last years, much attention has been paid to the so-called modified gravity theories in the attempt to unify the early-time inflation with the late-time acceleration of the universe (for recent review, see [1]). The simplest class of such theories is given by F (R)-gravity, where the action is given by a general function F (R) of the the Ricci scalar R. If some modified theory lies behind our universe, it may be interesting to explore its mathematical structure and the possibility to recover features and solutions of General Relativity in its framework. It is in this sense that, for example, we have to interpret current investigations of black holes in modified theories of gravity [2]. Among the amenities of General Relativity there are topologically non-trivial spacetimes like wormholes (cf. Ref. [3] for an exhaustive introduction and Ref. [4] for recent works). One can imagine a wormhole as a three-dimensional space with two spherical holes in it, connected one to another, by means of a “handle” [5]. What likes of such objects is the possibility of entering the wormhole and exiting into external space again: a property which sensibly distinguishes (traversable) wormholes from black holes. Interest in this field arose twenty-five years ago or so, as it was found that stable wormholes could be transformed into time machines [6]. It is worth to note that even the Schwarzschild metric with an appropriate choice of topology, describes a wormhole, but not a traversable one. In fact, in order to prevent the wormhole’s throat to pinch off so quicly that it cannot be traversed in even one direction, it is necessary to fill the wormhole with non-zero stress and energy of unsual nature. By “unusual”, we mean here that a stable, traversable wormhole is supported against (attractive) gravity by matter which violates some energy condition (tipically, the weak energy condition)... or better, this is what occurs in General Relativity! But in F (R)- theories of gravity it makes sense to ask about the existence of empty traversable wormhole spacetimes. Several non-vacuum wormhole solutions in F (R)-gravity have been presented in recent

∗E-mail address: roberto.dicriscienzo@gmail.com †E-mail address: myrzakulov@gmail.com ‡E-mail address: l.sebastiani@science.unitn.it

papers [7, 8, 9] and general proprieties have been investigated [10, 11, 12] but what still lacks is an empty wormhole solution where the role of repulsive gravity is played by geometry. As we shall see, giving an explicit empty wormhole solution is all but easy. Few new solutions will be found in the case R = 0; the non-trivial case being still unaccessible with respect to analytic techniques. Still we are confident that, also thanks to this work, numeric solutions are at disposal in the near future.

The organization of the paper is as follows. In Section 2 we will derive the field equations of topological static spherical symmetric solutions in F (R)-gravity by using a method based on Lagrangian multipliers which permits to deal with a system of ordinary equations and we will see how is possible to reconstruct the models by starting from the solutions. Important classes of F (R)-black hole solutions can be found in this way. In Section 3 the structure of the metric able to realize traversable wormholes is introduced in two equivalent forms. In Section 4, effective energy conditions are investigated and it is shown that the equivalent description of modified gravity as an effective fluid violates the weak energy condition on the throat. In Section 5 some wormhole solutions in empty space are found in the framework of F (R)-modified gravity. These solutions are characterized by null Ricci scalar and can be realized by a large class of models. In Section 6, solutions with non zero curvature are discussed and the implicit form of F (R)-models which realizes these solutions is derived. Final remarks are given in Section 7.

We use units where k_B = c = ℏ = 1 and denote the gravitational constant κ^2 = 8πG_N ≡ 8π/M^2_{P l} with the Planck mass of M_{P L} = G^{−1/2}_N = 1.2 × 10^{19}GeV.

2 Topological SSS vacuum solutions in F (R)-gravity

In this Section we derive the equations of motion (EOMs) for topological static spherical symmetric (SSS) solutions in F (R)-gravity. We will write the metric in a general form in order to use it to investigate vacuum wormholes. To derive our equations we use a method based on Lagrangian multipliers, which permits to deal with a system of ordinary differential equations (see Ref. [13] and Ref. [14] for its application in FRW case).

The action of modified F (R)-gravity in vacuum reads I = 1 2κ^2 ∫ M d^4x √ −gF (R) , (1) where g is the determinant of the metric tensor, g_{μν} , M is the space-time manifold and F (R) is a generic function of the Ricci scalar R.

Let the metric assume the most general static spherically symmetric topological form,

ds^2 = −V (r)dt^2 + dr^2 B(r) + r^2dσ^2_k , (2)

where V (r) and B(r) are functions of r > 0 only and

dσ^2_k := dϱ^2 1 − kϱ^2 + ϱ^2dφ^2 , φ ∈ [0, 2π) and k = 0, ±1 (3)

represents the metric of a topological two-dimensional surface parametrized by k, such that the manifold will be either a sphere S_2 (k = 1), a torus T_2 (k = 0) or a compact hyperbolic manifold Y_2 (k = −1). With this ansatz, the scalar curvature reads − R = V^{′′}(r) V (r) B(r) − B(r) 2 ( V^′(r) V (r) )_2 + B^′(r) 2 V^′(r) V (r) + 2B(r) r V^′(r) V (r) + 2B^′(r) r − 2k r^2 + 2B(r) r^2

. (4)

After integration over the transverse metric dσ^2_k , introducing the Lagrangian multiplier λ and thanks to Eq. (4), the action may be re-written as

Ĩ = 1 2κ^2 ∫ dt ∫ dr √ V (r) B(r) r^2 { F (R) − λ [ R + V^{′′}(r) V (r) B(r) − 2k r^2 + 2B(r) r^2 − 1 2 B(r) ( V^′(r) V (r) )_2

+ B^′(r)

V^′(r) 2V (r) + 2B(r) r V^′(r) V (r) + 2B^′(r) r ]} . (5)

Making the variation with respect to R, one gets λ = d dR F (R) ≡ F_R(R) . (6)

Substituting Eq. (6) in (5) and making a partial integration, the effective Lagrangian L of the system assumes the form

L (r, V, V^′, B, B^′, R, R^′) = √ V (r) B(r) [ (F − F_RR)r^2 + 2F_R (k − B(r) − B^′(r)r) + +F^′_R ( V^′(r) V (r) ) B(r)r^2 ] , (7)

where the prime index^′ denotes derivative with respect to r. Therefore, the equations of motion are 0 = r^2(F − F_RR) + 2F_R(k − rB^′(r) − B(r)) − F^′_R(r^2B^′(r) + 4rB(r)) − 2r^2B(r)F^{′′}_R

0 = r^2(F − F_RR) + 2F_R ( k − B(r) − B(r)r^{V ′ (r)}_{V (r)} ) − rB(r)F^′_R ( 4 + r^{V ′(r)}_{V (r)} ) . (8) The EOMs with Eq. (4) form a system of three ordinary differential equations in the three unknown quantities V (r), B(r) and R(r).

Starting from these equations, we may try to reconstruct SSS solutions realized in F (R)– gravity. In particular, combining equations (8) and taking the derivative of the first equation in (8) with respect to r, we end with

F^′_R = −^{2FR}_r + 2F^{′′}_R (_{V ′ (r)} V (r) − B^′ (r) B(r) )_{−1}

0 = F^′_R [_{4B(r)} r^2 − B

′′(r) −^{4B′(r)}_r +^{V ′′(r)}_{V (r)} B(r) +^{V ′ (r)}_{V (r)} (_{V ′ (r)} 2V (r) B(r) + 1 2 B^′(r) +^{2B(r)}_r )] + +F^′ (_{4B(r)} r^3 − 2B^{′′}(r) r −^{4k}_{r3} ) − (_{4B(r)} r + 3B^′(r) ) F^{′′}_R − 2B(r)F^{′′′}_R . (9) In this way, we deal with equations that depend on the model only throught F_R. Of course, one might replace F_R by F^′/R^′, but to the price of dealing with much more involved equations. In principle, given the model, that is F_R as a function of r, equations (9) let us to derive both V (r) and B(r), i.e. the explicit form of the metric.

A remark is still in order about Eq. (9): also if we have assumed from the beginning that V (r) ≠ B(r), in case V (r) = B(r) the equation becomes F^{′′}_R = 0 recovering the important class of black hole solutions already discussed in Ref. [13] and in Ref. [15].

Let us see how the reconstruction method works with a simple class of solutions. We can consider for example F_R(r) ∝ (r/r̃)^q , q being fixed parameters and r̃ a dimensional constant. From Eq. (9) one has V^′(r) V (r) = 2q(q − 1) 2 + q 1 r + B^′(r) B(r) . (10)

By taking into account that V^{′′}(r) V (r) = d dr ( V^′(r) V (r) ) + ( V^′(r) V (r) )_2 , we can solve Eq. (9) and obtain (C_0, C_1 being constants of integration)

B(r) = r^{a1} (C_0 + C_1r^{a2} ) − k(2 + q)^2 2(q^4 − q^3 − 3q^2 − 4q − 2)

, (11)

where

a_1 = 1 2 + q [ 1 + q − 2q^2 −

(1 + q)^{23} (q^4 − q^3 − 3q^2 − 4q − 2)^16 ] , q < 1 − √ 3 or q > 1 + √ 3 (12) and a_2 = 1 2 − q ( 1 + q q^4 − q^3 − 3q^2 − 4q − 2

) 1_3 , (13)

and from Eq. (10), V (r) = −2(q^4 − q^3 − 3q^2 − 4q − 2)r^{22+q −2a1} B(r) . (14) This is in fact the class of Liefshitz solutions discussed in Ref. [16]. To explicitly reconstruct the model F = F (R) which generates these solutions, we use Eq. (4) to find r as a function of R and one of the EOMs (8). For example, for q = 4, one has that F (R) ∝ √ k/R generates the SSS solution B(r) = −k/7 + C_0/r^2 + C_1/r^7 and V (r) = V_0(r/r̃)^7B(r), V_0 being a constant.

Despite the fact that following this procedure we can generate a large number of vacuum F (R)–SSS solutions, the possible choices of F_R are limited by those simple cases where Eqs. (9) are not trascendental. In particular, this procedure is usefull to describe black hole solutions with V (r) = e^{α(r)}B(r), α(r) being a general function of r.

In the next Section, we will introduce the metric form for traversable wormholes.

3 Wormhole vacuum solutions in F (R)–gravity

To describe a traversable wormhole, we replace V (r) and B(r) by introducing four new functions ϕ_±(r) and b_±(r), according to

V (r) = exp(2ϕ_±(r)), r ≥ r_0

B(r) = 1 −^{b±(r)}_r , r ≥ r_0 .

(15)

This corresponds to the fact that the two pairs (ϕ_±(r), b_±(r)) actually describe two different universes joined togheter at the throat of the wormhole, r_0. The Ricci scalar written in terms of them read R = 1 r^2 [ 2(k − 1) + (3b_±(r) − 4r)ϕ^′_±(r) + b^′_±(r)(2 + rϕ^′_±(r)) − 2r(r − b_±(r))(ϕ^′_±(r)^2 + ϕ^{′′}_±(r)) ] , (16) and the EOMs become 0 = r^2(F − F_RR) + 2[k − 1 + b^′_±(r)]F_R − [4r − 3b_±(r) − rb^′_±(r)]^{dFR}_{dr} + −2r(r − b_±(r))^{d2 FR}_{dr2} , 0 = r^2(F − F_RR) + 2 [ k − 1 +^{b± (r)}_r − 2ϕ^′_±(r)(r − b_±(r)) ] F_R+ −2[r − b_±(r)][2 + rϕ^′_±(r)]^{dFR}_{dr} ,

(17)

with the requirements that

1. ϕ_±(r), b_±(r) are well defined for all r ≥ r_0 2. ϕ_+(r_0) = ϕ_−(r_0) ≡ ϕ(r_0), that is the t coordinate is continuous across the wormhole throat 3. ϕ^′_+(r_0) = ϕ^′_−(r_0) ≡ ϕ^′(r_0) 4. b_±(r_0) = r_0 and b_±(r) < r for all r > r_0 5. b^′_+(r_0) = b^′_−(r_0) < 1 An alternative approach is to use the metric ds^2 = −e^{ϕ(l)}dt^2 + dl^2 + r^2(l)dσ^2_k (18) where the coordinate l covers instead the entire range l ∈ (−∞, +∞) and r(l) is supposed to have a minimum r_0. In this second case, the Ricci scalar reads R = − 1 2r(l)^2 ( 2ϕ^{′′}(l)r(l)^2 + ϕ^′(l)^2r(l)^2 + 4ϕ^′(l)r^′(l)r(l) + 8r(l)r^{′′}(l) +4r^′(l)^2 − 4k ) , (19) where, this time, the prime^′ means derivative with respect to l. The EOMs become 0 = r^2(F − F_RR) + 2F_R ( k − r^{′2} − 2rr^{′′} ) − 4rr^{′ dFR}_{dl} − 2r^{2 d2FR}_{dl2} 0 = r^2(F − F_RR) − rF_R ( 2r^{′′} + rϕ^{′′} + r^′ϕ^′ +^1_2 rϕ^{′2} ) + −r^{dFR}_{dl} (2r^′ + rϕ^′) − 2r^{2 d2FR}_{dl2} . (20)

Metrics coordinates in (2) and (18) are related by

V (r) = e^{ϕ(l)} , B(r) = dr(l) dl . (21)

4 Effective energy conditions

It is well known that in Einstein’s gravity (namely, F (R) = R) vacuum wormhole solutions do not exist and the weak energy condition (WEC) must be violated by static wormholes near to the throat [6, 17]. It means that, by introducing the stress energy tensor of matter T_{μν} such that T^ν_μ = diag(−ρ, p^r, p^θ, p^φ), ρ and p^{r,θ,φ} being the energy density and the pressure components of matter, respectively, the following relation is violated near to the throat T_{μν} u^μu^ν ≥ 0 , u^μ time-like vector (u^μu_μ = −1) , namely ρ ≥ 0 , ρ + p^i ≥ 0 ∀i = r, θ, φ . (22) In a different theory of gravity , the region around the throat may respect this condition [8]. However, we observe that any modification to Einstein’s gravity may be considered as an effective fluid, and in the case of vacuum solutions we expect that such fluid violates the WEC near to the throat.

The field equations of F (R)-modified gravity theories may be rewritten in the form G_{μν} = T^{(MG)}_{μν} , (23) where G_{μν} is the Einstein tensor and T^{(MG)}_{μν} is a suitable ‘modified gravity’ tensor which encodes the gravity modification. Since for the metric (2) with relations (15) the null zero-components of the Einstein tensor are

G_{00} = e^{2ϕ±(r)} r^2

(k − 1 + b^′_±(r)) ,

G_{11} = − 1 (r − b_±(r))r [ (k − 1) + b_±(r) r − 2ϕ^′_±(r)(r − b_±(r)) ] , G_{22} = 1 4 1 (1 − kϱ^2) [ 4 r (r − b_±(r))rϕ^′_± (r) + 2 ( b(r) r − b^′(r) )

+r(r − b_±)(4ϕ^′_±(r)^2 + 4ϕ^{′′}_±(r)) + 2ϕ^′_±(r)(b_±(r) − b^′_±(r)r) ] , G_{33} = (1 − kϱ^2)ϱ^2G_{22} , (24)

one has that the EOMs (17) correspond to

T^{(MG)}

00 = − e^{2ϕ±(r)} 2r^2 ( r^2(F − F_RR) + 2(F_R − 1)[(k − 1) + b^′_±(r)] −F^′_R[4r − 3b_±(r) − rb^′_±(r)] − 2r(r − b_±(r))F^{′′}_R ) ,

T^{(MG)}

11 = 1 2(r − b_±(r))r ( r^2(F − F_RR) + 2(F_R − 1) [(k − 1) + b_±(r) r − 2ϕ^′_±(r)(r − b_±(r)) ] − 2(r − b_±(r))(2 + rϕ^′_±(r))F^′_R ) , (25) and T^{(MG)}

22 = 1 4(1 − kϱ^2) [ 2r^2(F − (F_R − 1)R) − 4(1 − F_R)× × ( k − 1 + b_± 2r + b^′_±(r) 2 − ϕ^′_±(r)(r − b_±(r)) ) + −F^′_R ( b_±(r) − rb^′_±(r) − 2ϕ^′_±(r)r^2 + 2ϕ^′_±(r)rb_±(r) ) − 2rF^{′′}_R(r − b_±(r)) ] , T^{(MG)}

33 = (1 − kϱ^2)ϱ^2T^{(MG)}_{22} , (26)

as a consequence of the summation of the two EOMs. We can now define an effective energy density ρ_{eff} and effective pressures p^{r,ϱ,φ}_{eff} given by modified gravity in the form T^{(MG)ν}_μ = diag(−ρ_{eff} , p^r_{eff} , p^ϱ_{eff} , p^φ_{eff} ).

Let us suppose to have found a wormhole solution characterized by b(r) and ϕ(r). At the throat r_0, such that b(r_0) = r_0, from the EOMs we get

F_0 = R_0F_{R0} −

2F_{R0} k

r^2_0

, (27)

F^′_{R0} = − 2F_{R0} r_0

. (28)

We use the suffix ‘0’ for all quantities evaluated on the throat. Then, by taking the derivatives of the EOMs, we also have

R_0 = 4k r^2_0 − 3 r^2_0 + 3b^′(r_0)

r^2_0

, (29)

R_0 = 4k r^2_0 + 6 r^2_0

(1 − b^′(r_0)) + 3 (1 − b^′(r_0)) F^{′′}_{R0} 2F_{R0} , (30) and, as a consequence, F^{′′}_{R0} = 2F_{R0} r^2_0

. (31)

By combining Eq. (4) and Eq. (29) we get

ϕ^′(r_0) = ( −b^′(r_0) + 1 − 2k r_0 − b^′(r_0)r_0 ) . (32)

From above relations (in particular, by using Eq. (29)) we get

ρ_{eff} := −

T_{00} g_{00} ≡ r^2_0 R_0 − k

3r^2_0 , p^r_{eff} :=

T_{11} g_{11} ≡ − k r^2_0 , p^{ϱ,φ}_{eff} :=

T_{22} g_{22} = T_{33} g_{33} ≡ k − r^2_0 R_0 3r^2_0

, (33)

according with Ref. [10] in the topological case k = 1. Now, by using (29), we have

ρ_{eff} + p^r_{eff} = 3 r^2_0

[b^′(r_0) − 1] , (34)

and, due to the fact that for traversable wormholes b^′(r_0) < 1, the WEC (22) is violated.

5 Solutions with R = 0

In this Section, we will consider the simple case of solutions with R = 0 with the possibility to reproduce vacuum wormhole solutions. If F (R) = R g(R) such that lim_{R→0} g(R) = 0, it is easy to see that the EOMs trivially are satisfied for R = 0. We remark that this ansatz includes a large class of F (R)-gravity models: in particular, Lagrangian of the type F (R) ∝ R^n , n ≥ 2.

Let us discuss some cases: • V (r) ≡ exp(2ϕ_±(r)) = (_r r̃ )_q , b_±(r) =^{kq(2+q)r}

4+2q+q^2 + C0 r

−^{q(1+q)} 4+q , (35)

where r̃ is a scale, q a dimensionless parameter and C_0 a positive integration constant. It is not difficult to show that requirements from 1. to 5. above are fullfilled by this solution for any k if and only if q > −4. If this is the case, the wormhole throat is located at

r_0 = [ q^2 + 2q + 4 (1 − k)q^2 + 2(1 − k)q + 4

C_0

]^{q+4}_{q2 +2q+4} . • V (r) ≡ exp(2ϕ_±(r)) = e^{2r̃r} , b_±(r) =^{2kr̃2}

(2−^{r̃} )^5

(_{71} 2r −^{103}_{4r̃} −^{39r̃}_{2r2} +^{5r̃2}_{r3} −^{r̃3}_{2r4} ) +^{C1} (2−^{r̃} )^5 e^{− 2r̃r} , (36)

where r̃ is a dimensional parameter and C_1 the integration constant of the solution. • only if k = 1, referring to the metric form (18), { r(l) = √ r^2_0 + l^2 e^{ϕ(l)} = Φ_0 (_{r0} r(l) )_2 (37)

where r_0 explicitly represents the wormhole throat, Φ_0 > 0 is an opportune dimensionless constant of integration which basically determine the flow of time at the throat l → 0 and at infinity l → ±∞.

6 Solutions with non constant curvature

In this Section, we will furnish the formalism and the implicit form of the F (R)-gravity models where vacuum wormhole solutions with non constant curvature can be realized. Despite to the fact that the explicit forms of the models are hard to be derived, they may be accessible via numerical analysis.

Let us consider a proto-type of a wormhole solution (18) with

r(l) := (l^{2n} + r^{2n}_0 )^{12n} , n > 1 (38)

which reproduces solution (37) as n = 1. It turns out that

r^′(l) = ( l r(l) )_{2n−1} , r^{′′}(l) = (2n − 1) r^{2n}_0 r^{4n−1}(l) l^{2(n−1)} . (39)

The scalar curvature (19) reads R(l) = −ϕ^{′′}(l) − 1 2 ϕ^′(l)^2 − 2 l^{2n−1} r^{2n}(l) ϕ^′(l) − 4(2n − 1) r^{2n}_0 r^{4n}(l) l^{2(n−1)} + −2 l^{2(2n−1)} r^{4n}(l) + 2k r^2(l)

. (40)

Thanks to (38), (39) and (40), the EOMs (20) become

0 = F + F_R ( ϕ^{′′}(l) +^1_2 ϕ^′(l)^2 + 2ϕ^′(l)^{l2n−1}_{r2n(l)} ) − 4^{l2n−1}_{r2n(l)} ·^{dFR}_{dl} − 2^{d2FR}_{dl2} 0 = F − F_R (_{2k} r^2(l) − 2 l^{2(2n−1)} r^{4n}(l) − 2(2n − 1)r 2n 0 l^{2(n−1)} r^{4n}(l) − l^{2n−1} r^{2n}(l) ϕ ′(l) ) + − ( ϕ^′(l) + 2^{l2n−1}_{r2n(l)} )_{dFR} dl − 2^{d2FR}_{dl2} (41)

Combined together, these give F_R(l) F^0_R

= exp ∫ dl̃ −ϕ^{′′}(l̃) −^1_2 ϕ^′(l̃)^2 − ϕ^′(l̃)^{l̃2n−1}_{r2n(l̃)} −^{2k}_{r2(l̃)} + 2^{l̃2(2n−1)}_{r4n(l̃)} + 2(2n − 1)r^{2n}_0^{l̃2(n−1)}_{r(l̃)4n}

ϕ^′(l̃) − 2^{l̃2n−1}_{r2n(l̃)}

≡ exp ∫ π(l̃)dl̃ . (42) In this expression, F^0_R is an integration constant. On the other hand,

F_R = dF dR = ( 1 R^′(l) ) dF (l) dl , (43)

and thanks to (41) and (42), F = F_R [ 2π^′(l) + 2π^2(l) + 4 l^{2n−1} r^{2n}(l) π(l) − ϕ^{′′}(l) − 1 2 ϕ^′(l)^2 − 2ϕ^′(l) l^{2n−1} r^{2n}(l) ] (44)

= dF (l) dl · 2π^′(l) + 2π^2(l) + 4^{l2n−1}_{r2n(l)} π(l) − ϕ^{′′}(l) −^1_2 ϕ^′(l)^2 − 2ϕ^′(l)^{l2n−1}_{r2n(l)} R^′(l) , (45)

that is F (l) F^0

= exp ∫ R^′(l̃) 2π^′(l̃) + 2π^2(l̃) + 4^{l̃2n−1}_{r2n(l̃)} π(l̃) − ϕ^{′′}(l̃) −^1_2 ϕ^′(l̃)^2 − 2ϕ^′(l̃)^{l̃2n−1}_{r2n(l̃)} dl̃

≡ exp ∫ R^′(l̃) Δ(l̃) dl̃ , (46) where F^0 is an integration constant again and R^′(l) = −ϕ^{′′′}(l) − ϕ^′(l)ϕ^{′′}(l) − 2ϕ^{′′}(l) l^{2n−1} r^{2n}(l)

− 2(2n − 1)ϕ^′(l) l^{2(n−1)} r^{2n}(l) + −8(n − 1)(2n − 1)r^{2n}_0 l^{2n−3} r^{4n}(l)

− 4(2n − 1) l^{4n−3} r^{4n}(l) + +4n l^{2(2n−1)} r^{4n}(l) ( ϕ^′(l) + 4(2n − 1) r^{2n}_0 lr^{2n}(l) + 2 l^{2n−1} r^{2n}(l) ) − 4k l^{2n−1} r^{2(n+1)}(l)

. (47)

Bringing together (42) and (46) into (43), we get

R^′(l) = Δ^′(l) + π(l)Δ(l) . (48)

Note that [π(l)] = [1/l] and [Δ(l)] = [1/l^2]. Now, taking into account (48), we can re-write (46) as

F (l) = F^0Δ(l) exp ∫ π(l̃)dl̃ . (49) It is possible to verify that, by using (48), this expression is consistent with (42) provided that the integration constants F^0_R, F_0 be equal.

Let us summarize the result. The topological wormhole solutions (18) in empty space-time with r(l) in the (appropriate) form of (38) can be realized in F (R)-gravity consistently with Eq. (48), which is in fact a differential equation for ϕ(l). Thus, the implicit form of the model is given by (49). In principle, given the Ricci scalar as a function of l, one can try to reconstruct the models possessing these solutions. However, it is not possible to solve Eq. (48) in an analytical way, and some specific choice of n in (38) and of the topology must be done. Thus, by introducing some boundary conditions, numerical calculations might be implemented in this formalism.

7 Conclusions

In this paper, we have considered topological whormhole solutions in F (R)-gravity, motivated by the popularity of this kind of modifications to Einstein’s gravity and by the importance to recover such a kind of objects in their framework. Since in General Relativity traversable whormholes have to been supported by a matter source which violates the energy conditions in a region around the throat, it may be interesting to see if empty traversable whormholes exist in modified theories of gravity, where the geometry plays the role of repulsive gravity. At this regard, we explicitly show that effective energy conditions are violated on the throat in F (R)-gravity, generalizing the results already present in literature to the topological case. The formalism of traversable whormhole metric in F (R)-gravity has been derived by using a method based on the Lagrangian multipliers, which permits to deal with a system of ordinary differential equations. The metric is presented in two suitable equivalent forms. Despite to the fact that F (R)-black hole solutions can be easily reconstructed by starting from the metric, vacuum whormhole solutions are much more difficoult to be found, except for the case of null Ricci scalar. For this case, we have found several solutions. We would like to stress that this kind of solutions can be realized by a large class of F (R)-models: for example, this is the case of Lagrangians of the type F (R) ∝ R^n , n ≥ 2, which are used in inflactionary scenario in the attempt to reproduce the early-time acceleration, and as a consequence it may be interesting to investigate the possibility of having wormholes in primordial universe. In the last part of the paper, we had a look to whormhole solutions with non-zero curvature and implicit form of F (R)-models which realize these solutions is derived. Here, exact solutions cannot be found in analytical way. However, numerical calculations might be implemented in the formalism, an interesting task for future works.

We end with the following consideration. F (R)-gravity not only represents a possible alternative to cosmological constant to explain current acceleration of the universe, but it may be understood also as an effective action coming from a still unknown quantum theory of gravity. In this sense, F (R) would take into account quantum corrections to classical theory, corrections which probably should also account for wormhole production (e.g. [18]). In this respect, the question posed in this paper is all but useless, and it might be of interest to study what is the most important contribution in primordial wormholes creation: whether modified gravity or quantum effects of GUTs, as investigated in Ref. [19].

Acknowledgements

We thank K. A. Bronnikov for valuable comments and suggestions.

RDC wishes to acknowledge with gratitude the financial support and hospitality of the Interdisciplinary Laboratory for Computational Science (LISC), FBK–CMM, Trento – Italy where part of this work has been done.

References

[1] S. Capozziello and V. Faraoni, “Beyond Einstein Gravity: A Survey of Gravitational Theories for Cosmology and Astrophysics”, Springer, Berlin (2010); S. Capozziello and M. De Laurentis, Phys. Rept. 509, 167 (2011) [arXiv:1108.6266 [gr-qc]]; S. Nojiri and S. D. Odintsov, eConf C 0602061, 06 (2006) [Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007)] [hep-th/0601213]; S. Nojiri and S. D. Odintsov, Phys. Rept. 505, 59 (2011) [arXiv:1011.0544 [gr-qc]].

[2] A. de la Cruz-Dombriz, A. Dobado and A. L. Maroto, Phys. Rev. D 80, 124011 (2009) [Erratum-ibid. D 83, 029903 (2011)] [arXiv:0907.3872 [gr-qc]]; S. H. Mazharimousavi, M. Kerachian and M. Halilsoy, arXiv:1210.4696 [gr-qc]; J. A. R. Cembranos, A. de la Cruz-Dombriz and P. J. Romero, arXiv:1109.4519 [gr-qc]; G. J. Olmo and D. Rubiera-Garcia, Phys. Rev. D 84, 124059 (2011) [arXiv:1110.0850 [gr-qc]]; F. Briscese and E. Elizalde, Phys. Rev. D 77, 044009 (2008) [arXiv:0708.0432 [hep-th]]; E. Bellini, R. Di Criscienzo, L. Sebastiani and S. Zerbini, Entropy 12, 2186 (2010) [arXiv:1009.4816 [gr-qc]]; T. Clifton and J. D. Barrow, Phys. Rev. D 72, 103005 (2005) [gr-qc/0509059]; T. Clifton, Class. Quant. Grav. 23, 7445 (2006) [gr-qc/0607096]; R. -G. Cai, L. -M. Cao, Y. -P. Hu and N. Ohta, Phys. Rev. D 80, 104016 (2009) [arXiv:0910.2387 [hep-th]]; G. J. Olmo and D. Rubiera-Garcia, arXiv:1301.2091 [gr-qc]; A. Sheykhi, Phys. Rev. D 86, 024013 (2012) [arXiv:1209.2960 [hep-th]]; S. G. Ghosh and S. D. Maharaj, arXiv:1208.3028 [gr-qc]. M. De Laurentis and S. Capozziello, arXiv:1202.0394 [gr-qc]; S. H. Hendi and D. Momeni, Eur. Phys. J. C 71, 1823 (2011) [arXiv:1201.0061 [gr-qc]]; S. H. Mazharimousavi and M. Halilsoy, Phys. Rev. D 84, 064032 (2011) [arXiv:1105.3659 [gr-qc]]; T. Moon, Y. S. Myung and E. J. Son, Gen. Rel. Grav. 43, 3079 (2011) [arXiv:1101.1153 [gr-qc]]; V. Faraoni, arXiv:1005.5397 [gr-qc]; V. Faraoni, arXiv:1005.2327 [gr-qc]; A. Aghamohammadi, K. Saaidi, M. R. Abolhasani and A. Vajdi, Int. J. Theor. Phys. 49, 709 (2010) [arXiv:1001.4148 [gr-qc]]; C. S. J. Pun, Z. Kovacs and T. Harko, Phys. Rev. D 78, 024043 (2008) [arXiv:0806.0679 [gr-qc]]; T. Multamaki, A. Putaja, I. Vilja and E. C. Vagenas, Class. Quant. Grav. 25, 075017 (2008) [arXiv:0712.0276 [gr-qc]]; S. i. Nojiri and S. D. Odintsov, arXiv:1301.2775 [hep-th]; L. Sebastiani, D. Momeni, R. Myrzakulov and S. D. Odintsov, arXiv:1305.4231 [gr-qc].

[3] M. Visser, Lorentzian wormholes, Springer (1996)

[4] K. A. Bronnikov, V. G. Krechet and J. P. S. Lemos, arXiv:1303.2993 [gr-qc]; S. V. Bolokhov, K. A. Bronnikov and M. V. Skvortsova, Class. Quant. Grav. 29 (2012) 245006 [arXiv:1208.4619 [gr-qc]]; K. A. Bronnikov and S. V. Sushkov, Class. Quant. Grav. 27 (2010) 095022 [arXiv:1001.3511 [gr-qc]]; K. A. Bronnikov and J. P. S. Lemos, Phys. Rev. D 79 (2009) 104019 [arXiv:0902.2360 [gr-qc]]; A. V. B. Arellano and F. S. N. Lobo, Class. Quan- tum Grav. 23, 5811- 5824 (2006); F. S. N. Lobo and M. A. Oliveira, Phys. Rev. D 81 (2010) 067501 [arXiv:1001.0995 [gr-qc]].

[5] V. P. Frolov and I. D. Novikov, Phys. Rev. D, 42, 1057 (1990) [6] M. S. Morris and K. S. Thorne, Am. J. Phys. 56, 395 (1988); M. S. Morris, K. S. Thorne and U. Yurtsever, Phys. Rev. Lett. 61, 1446 (1988); J. Friedman, M. S. Morris, I. D. Novikov, F. Echeverria, G. Klinkhammer, K. S. Thorne and U. Yurtsever, Phys. Rev. D, 42, 1915 (1990); F. Echeverria, G. Klinkhammer and K. S. Thorne, Phys. Rev. D, 44, 1077 (1991) [7] A. DeBenedictis and D. Horvat, Gen. Rel. Grav. 44, 2711 (2012) [arXiv:1111.3704 [gr-qc]]. [8] N. Furey and A. DeBenedictis, Class. Quant. Grav. 22 (2005) 313 [gr-qc/0410088]. [9] M. Jamil, F. Rahaman, R. Myrzakulov, P. K. F. Kuhfittig, N. Ahmed and U. FMondal, arXiv:1304.2240 [gr-qc].

[10] F. S. N. Lobo and M. A. Oliveira, Phys. Rev. D 80, 104012 (2009) [arXiv:0909.5539 [gr-qc]]. [11] K. A. Bronnikov, M. V. Skvortsova and A. A. Starobinsky, Grav. Cosmol. 16, 216 (2010) [arXiv:1005.3262 [gr-qc]].

[12] S. H. Mazharimousavi and M. Halilsoy, arXiv:1209.2015 [gr-qc].

[13] L. Sebastiani and S. Zerbini, Eur. Phys. J. C 71, 1591 (2011) [arXiv:1012.5230 [gr-qc]]. [14] G. Cognola, M. Gastaldi and S. Zerbini, Int. J. Theor. Phys. 47, 898 (2008) [arXiv:gr-qc/0701138]; A. Vilenkin, Phys. Rev. D 32 2511 (1985); S. Capozziello, Int. J. Mod. Phys. D 11 4483 (2002).

[15] R. Saffari and S. Rahvar, Phys. Rev. D 77, 104028 (2008) [arXiv:0708.1482 [astro-ph]]; R. Saffari and S. Rahvar, Mod. Phys. Lett. A 24 305 (2009) [arXiv:0710.5635 [astro-ph]].

[16] G. Cognola, E. Elizalde, L. Sebastiani and S. Zerbini, Phys. Rev. D 86 (2012) 104046 [arXiv:1208.2540 [gr-qc]].

[17] D. Hochberg and M. Visser, Phys. Rev. D56 4745 (1997).

[18] S.W. Hawking, Phys. Rev. D, 37, 904 (1988); S.W.Hawking and D.N.Page, Phys. Rev. D, 42, 2655 (1990) [19] S. Nojiri, O. Obregon, S. D. Odintsov and K. E. Osetrin, Phys. Lett. B 458, 19 (1999) [gr-qc/9904035].