arXiv:1306.4927v1 [gr-qc] 20 Jun 2013

ICTS-USTC-13-13

Generalized Formalism in Gauge-Invariant Gravitational Perturbations

Rong-Gen Cai^{b∗} and Li-Ming Cao^{a,b†} a Interdisciplinary Center for Theoretical Study University of Science and Technology of China, Hefei, Anhui 230026, China and b State Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100190, China (Dated: June 21, 2013)

By use of the gauge-invariant variables proposed by Kodama and Ishibashi, we obtain the most general perturbation equations in the (m + n)-dimensional spacetime with a warped product metric. These equations do not depend on the spectral expansions of the Laplace-type operators on the n-dimensional Einstein manifold. These equations enable us to have a complete gauge-invariant perturbation theory and a well-defined spectral expansion for all modes and the gauge invariance is kept for each mode. By studying perturbations of some projections of Weyl tensor in the case of m = 2, we define three Teukolsky-like gauge-invariant variables and obtain the perturbation equations of these variables by considering perturbations of the Penrose wave equations in the (2 + n)-dimensional Einstein spectime. In particular, we find the relations between the Teukolsky-like gauge-invariant variables and the Kodama-Ishibashi gauge-invariant variables. These relations imply that the Kodama-Ishibashi gauge-invariant variables all come from the perturbations of Weyl tensor of the spacetime.

I. INTRODUCTION

Any gravitational perturbation theory is gauge dependent. To define the perturbation variables, we have to chose an identification mapping between the manifold of background spacetime and the manifold of perturbed spacetime [1], therefore choosing a mapping just defines a gauge. A perturbation variable under two different gauges is related by gauge transformation. On the level of linear perturbation, this gauge transformation is simply the Lie derivative to the corresponding unperturbed tensor field along the generator of some differmorphism of the background spacetime. We have to face the problem of gauge when one studies the perturbation of a spacetime. One way is to choose some physically preferred gauges, and another one is to establish a so called gauge-invariant perturbation theory. In the gauge-invariant theory, the perturbation variables remain unchanged under gauge transformation. The complete set of all the gauge-invariant variables in the gauge-invariant perturbation theory determines a gauge in some sense.

The linear perturbation of a four dimensional Schwarzschild black hole was first studied by Regge and Wheeler in 1957 [2]. By selcting a gauge for the waves with odd and even parities (Regge-Wheeler gauge), they showed the final radial wave equations are second order ordinary differential equations. Further, in the odd parity case, the radial equations can be put into a form of a single second order Schrodinger-type equation (Regge-Wheeler equation), and the four dimensional Schwarzschild black hole is showed stable under the linear perturbation. In 1970, Zerilli showed that with the Regge-Wheeler gauge, in the even parity case, the perturbation equations can also be transformed into a Schordinger-type wave equation (Zerrili equation) [3]. In the middle of 1970’s, based on the Hamiltonian formalism for spherically symmetric gravitational fields, Moncrief proved that the perturbed constraints commute to each other (under Possion brackets) and are the generators of the gauge transformation. Based on this result, some gauge-invariant canonical perturbation variables were defined for a Reissner-Nordstrom black hole, and the Regge-Wheeler like equations were obtained by reduced Hamilton equations [4]. This work showed that although in the discussions by Regge, Wheeler, and Zerilli, the so-called Regge-Wheeler gauge is used, the final perturbation equations turn out to be gauge-invariant [5].

In those works, all the perturbation variables are expanded by the harmonic tensors (scalars, vectors and symmetric rank-2 tensors) on the two dimensional transverse sphere of the four dimensional spacetime. Further, the radial equations of perturbations are second order differential equations on the two dimensional spacetime spanning by time and radial coordinates. This structure suggests an idea on the split of the four dimensional spacetime into a product of a two dimensional sphere and a corresponding two dimensional orbit space. In 1979, Gerlach and Senguputa proposed a gauge-invariant perturbation theory for a general four dimensional spherically symmetric spacetime [6]. The metric of the spacetime is put into a form with “2 + 2” warped product, and gauge-invariant perturbation variables are defined by the combination of the usual perturbation variables of the metric and energy-momentum tensor. The linear perturbation gravitational equations can be nicely transformed into the equations of these gauge-invariant variables. Odd-parity and even-parity master equations are both obtained as wave equations on the two dimensional orbit space.

∗Electronic address: cairg@itp.ac.cn †Electronic address: caolm@ustc.edu.cn

In recent years, with the development of supergravity, string theory, brane world theory and AdS/CFT correspondence etc., gravity in higher dimensional spacetimes has attracted a lot of attention. At the beginning of 2000, Kodama, Ishibashi, and Seto have generalized the method by Gerlach and Senguputa to a general (m + n)-dimensional spacetime with a warped product of an m-dimensional Lorentian manifold and an n-dimensional maximal symmetric Riamannian space [7] (see also [8] for a similar discussion in (2 + n)-dimensional maximally symmetric spacetimes). They have not used the classifications of tensor according to the tensor’s parity following Regge and Wheeler, instead the decomposition theorems of tensor on the n dimensional submanifold have been used [9, 10]. In this way, the idea to define gauge-invariant variables proposed by Gerlach and Senguputa can be generalized to the higher dimensional case. The Kodama-Ishibashi formalism of perturbation theory has been used to study the gravitational perturbation in brane world cosmology, and the stability of higher dimensional static black holes and higher dimensional rotating black holes with some special rotating parameters [11–13].

Note that some discussions in most of the perturbation theories mentioned above are heavily dependent upon the spectral expansion on some Einstein manifolds which are submanifolds of the spacetimes under consideration, and the perturbation equations can be studied mode by mode only. In other words, these gauge-invariant theories have strong dependency on the spectral expansion of some Einstein manifold. However, the spectral expansion method will cause some inconvenience if one wants to compare two different gauge-invariant perturbation theories. Further, it also will lead some trouble in discussing the gauge-invariance of some special modes: Some perturbation quantities have to be chosen to be vanishing in the spectral expansion. The absence of these perturbation quantities blocks our way to define the gauge-invariant variables for these modes. In this sense, the gauge-invariant theories by Gerlach and Sengupta [6] or Kodama-Ishibashi [7] are incomplete. It is therefore deserved to define gauge-invariant variables and find the most general perturbation equations without using the spectral expansion. These kinds of gauge-invariant variables have been proposed in [14] by Ishibashi and Kodama in 2011. However, to get the perturbation equations, the spectral expansion is still used there, and the gauge dependence of the special modes exists yet [14]. So it is quite necessary to obtain the general perturbation equations for these gauge-invariant variables without using the spectral expansion.

On the other hand, based on the Newmann-Penrose formalism [15], in 1970’s, Teukolsky [16, 17] found that perturbations of gravitational fields and some matter fields in type D spacetime (for example, Kerr black hole spactime) can be cast into a unified equation, namely, Teukolsky equation (see [18] for new developments). This equation can describe not only gravitational radiation but also the dynamics of matter fields with some spins. Furthermore, the corresponding equations for different spins are decoupled. Because the perturbations of some components of Weyl tensor in the Newmann-Penrose frame are gauge-invariant, the Teukolsky equation for the gravitational perturbation is gauge-invariant. Note that in deriving the Teukolsky equation, one does not use the harmonic expansion of the waves. This is very different from the theories mentioned in the previous paragraphs. Unfortunately, the procedure of Teukolsky cannot be generalized to the case in higher dimensional spacetime, partially due to the absence of the Newmann-Penrose formalism beyond four dimensions, and maybe more important due to the difference of optical properties between in higher dimensional spacetime and four dimensional spacetime [19].

In this paper, using the Kodama-Ishibashi gauge-invariant variables [14], we obtain the most general perturbation equations for the linear perturbations in (m + n)-dimensional spacetimes with warped product metrics. These perturbation equations are related through the perturbations of Bianchi identity. These equations are independent of the spectral expansion (or the harmonic expansions according to the Laplace-Beltrami and Lichnerowcz operators) on the n-dimensional Einstein manifolds. Thus the incompleteness problem is remedied, and a complete gauge-invariant perturbation theory is accomplished. This improved formalism provides a useful toolkit to study other gauge-invariant perturbation theories. If we further make spectral expansions for these perturbation equations, it is found that those vector-type and scalar-type harmonic tensors introduced in [7, 14] are no longer necessary in order to derive the mode equations for gravitational perturbations. In our method, those problems for some special modes appearing in the Kodama-Ishibashi formalism can be avoided.

To see the physical meanings of the Kodama-Ishibashi gauge-invariant variables, we study the perturbations of some projection of Weyl tensor in the (2 + n)-dimensional Einstein spacetime with warped product metric. By defining three Teukolsky-like gauge-invariant variables, we study the perturbation of Penrose wave equations and obtain the perturbation equations of the three Teukolsky-like variables. These perturbation equations form a closed system and they couple into each other, and decouple only in some special cases. In particular, we find that the three Teukolsky-like gauge-invariant variables can be explicitly expressed in terms of the Kodama-Ishibashi variables. This sets up the relations between the Teukolsky-like variables and Kodama-Ishibashi variables and gives the geometric origin of the Kodama-Ishibashi gauge-invariant variables.

This paper is organized as follows. In Sec.II, according to the warped spacetime, the decompositions of the Einstein equations and linearly perturbed Einstein equations are given. In Sec.III we first give a brief review on the gauge-invariant variables proposed by Kodama and Ishibashi, and then present the general perturbation equations of the Kodama-Ishibashi gauge-invariant variables without using spectral expansion. The spectral analysis of these perturbation equations is discussed in Sec.IV, by paying some attention on some special modes. In Sec.V, we show that a single master equation can be obtained for the vector perturbation when m = 2, and that for an Einstein spacetime, we can obtain a single master equation for the scalar perturbation. We discuss the perturbation of the Penrose wave equation in Sec.VI, and by defining three Teukolsky-like gauge-invariant variables, we obtain corresponding perturbation equations and find the relations between the Teukolsky-like gauge-invariant variables and the Kodama-Ishibashi gauge-invariant variables. Sec.VII is devoted to the summary and discussions.

While in the finale stage of writing the manuscript, we noticed that the authors of a recent work [20] obtained the perturbation equations of gauge-invariant variables proposed by Gerlach and Senguputa without using spectral expansion in four dimensional spherically symmetric spacetimes.

II. THE DECOMPOSITION OF EINSTEIN EQUATIONS AND PERTURBATION EQUATIONS

A. Background Spacetime and the Decomposition of Einstein Equations

Let us consider a D = m+n dimensional spacetime (D^D, g_{MN} ) which has a local direct product manifold D^D = M^m ×N^n and a metric with warped product g_{MN} dx^M dx^N = g_{ab}(y)dy^ady^b + r^2(y)γ_{ij} (z)dz^idz^j , (2.1) where coordinates x^M = {y^1 , · · · , y^m ; z^1 , · · · , z^n}. The two-element set denoted by (M^m, g_{ab}) has a Lorentian signature, while (N^n, γ_{ij} ) is Riemannian. The metric compatible covariant derivatives associated with g_{MN} , g_{ab}, and γ_{ij} are denoted by ∇_M , D_a, and D̂_i, respectively. Further, the Reimannian manifold (N^n, γ_{ij} ) is assumed to be Einstein, i.e.,

R̂_{ij} = (n − 1)Kγ_{ij} , (2.2)

where R̂_{ij} is the Ricci tensor of (N^n, γ_{ij} ), and K is a constant. Based on these definitions and assumption, the nontrivial components of Riemann tensor R_{MNL}^K is given by R_{abc}^d =^mR_{abc}^d , R_{aib}^j = − D_aD_br r δ_i^j , R_{ijk}^l = R̂_{ijk}^l − (Dr)^2 ( δ_j^lγ_{ki} − δ_i^lγ_{kj} ) . (2.3)

Here^mR_{abc}^d and R̂_{ijk}^l are the Riemann tensors of (M^m, g_{ab}) and (N^n, γ_{ij} ), respectively, and (Dr)^2 = D_arD^ar = g^{ab}D_arD_br. By these, it is easy to find the expressions for the components of the Ricci tensor of the spacetime, R_{ab} =^mR_{ab} − n D_aD_br r , R_{ai} = 0 , R_{ij} = [ − m□r r + (n − 1) K − (Dr)^2 r^2 ] r^2γ_{ij} , (2.4)

and then the scalar curvature of the spacetime R =^mR − 2n m□r r + n(n − 1) K − (Dr)^2 r^2

. (2.5)

Thus the Einstein equations can be decomposed into two parts: mG_{ab} − n D_aD_br r − [ 1 2 n(n − 1) K − (Dr)^2 r^2 − n m□r r ] g_{ab} + Λg_{ab} = κ^2T_{ab} , (2.6)

− 1 2 mR − 1 2 (n − 1)(n − 2) K − (Dr)^2 r^2

+ (n − 1) m□r r + Λ = κ^2P . (2.7)

In the above equations,^mR and^mG_{ab} are scalar curvature and Einstein tensor of (M^m, g_{ab}), and^m□ = g^{ab}D_aD_b is the usual D’Alembertian in (M^m, g_{ab}). According to the metric (2.1), any energy-momentum tensor T_{MN} has a decomposition T_{MN} = diag{T_{ab}(y), r^2P (y)γ_{ij} }, where T_{ab} and P both depend only on the coordinates {y^a}. And κ^2 = 8πG.

By using the decomposition of the Einstein equations, we find that in the case m = 2, the nontrivial components of the Wyel tensor (denoted by W_{M1 M2 M3M4} ) of the spacetime are given by W_{abcd} = 2c_1wg_{a[c}g_{d]b} − 2 n κ^2(g_{a[c}ψ_{b]d} − g_{b[c}ψ_{d]a}) , W_{iajb} = −c_2wr^2g_{ab}γ_{ij} , W_{ijkl} = 2c_3wr^4γ_{i[k} γ_{l]j} + r^2Ŵ_{ijkl} , (2.8)

where

c_1 = n − 1 2(n + 1)

, c_2 = n − 1 2n(n + 1)

, c_3 = 1 n(n + 1)

, (2.9)

and ψ_{ab} is the traceless part of T_{ab} according to the metric of (M^2, g_{ab}) , i.e., ψ_{ab} = T_{ab} − (1/2)g_{ab}T^c_c. Since the indices of 2 n κ^2(g_{a[c}ψ_{b]d} − g_{b[c}ψ_{d]a}) have the symmetry of the Riemann tensor in the two dimensional space (M^2, g_{ab}), one can easily find that term is identically vanishing [21]. The scalar w is defined by

w =^2R + 2 2□r r + 2 K − (Dr)^2 r^2

. (2.10)

The tensor Ŵ_{ijkl} has a form Ŵ_{ijkl} = R̂_{ijkl} − 2Kγ_{i[k}γ_{l]j} , (2.11) which is just the Weyl tensor of the Einstein manifold (N^n, γ_{ij} ) when n > 3. Note that two or three dimensional Einstein manifolds are maximally symmetric, therefore Ŵ_{ijkl} always vanishes when n = 2 or n = 3.

B. Decomposition of Linear Perturbation Equations

To extract the tensor, vector, and scalar parts of a given perturbation variable according to the tensor decomposition theorem of the Einstein manifold (N^n, γ_{ij} ), we have to decompose the perturbation variable in the same way like the background geometric quantities.

Considering a metric perturbation g_{MN} → g_{MN} + h_{MN} , the linear perturbation equations of Einstein gravity are given by

δG_{MN} + Λh_{MN} = κ^2δT_{MN} (2.12) or −□h_{MN} + R_{ML}h_N^L + R_{NL}h_M^L − 2R_{MLNK} h^{LK} + (□h)g_{MN} +∇_M ∇_Lh_N^L + ∇_N ∇_Lh_M^L − ∇_M ∇_N h − ∇^L∇^K h_{LK} g_{MN} +R^{LK} h_{LK} g_{MN} − Rh_{MN} + 2Λh_{MN} = 2κ^2δT_{MN} , (2.13)

where h = g^{MN} h_{MN} . The decomposition of the equations are complicated. Considering 2δG_{MN} = 2δR_{MN} − Rh_{MN} − δRg_{MN} , and δR = g^{MN} δR_{MN} − R^{MN} h_{MN} , one can see that the decomposition is completed once the decomposition of δR_{MN} is done (The expression of δR_{MN} can be found in AppendixA). After some calculations, we have 2δR_{ab} = −^m□h_{ab} +^mR_a^ch_{cb} +^mR_b^ch_{ac} − 2(^mR_{acbd}h^{cd}) + D_aD^ch_{cb} + D_bD^ch_{ac} +n D^cr r ( − D_ch_{ab} + D_ah_{cb} + D_bh_{ac} ) − 1 r^2

Δ̂h_{ab} + 1

r^2 ( D_aD̂^ih_{bi} + D_bD̂^ih_{ai} )

− 1 r^3 [ D_arD_b(h_{ij} γ^{ij} ) + D_brD_a(h_{ij} γ^{ij} ) ] + 4 D_arD_br r^4

(h_{ij} γ^{ij} ) − D_aD_bh , (2.14) and 2δR_{ai} = D̂_iD^bh_{ab} + (n − 2) D^br r D̂_ih_{ab} − r^m□ (h_{ai} r ) − n D^br r D_bh_{ai} −D_arD^b (h_{bi} r ) + (n + 1) D^br r D_ah_{bi} + rD_aD^b ( h_{bi} r ) + D_arD^br r^2 h_{bi} +(n + 1)rD_a (Dbr r^2 ) h_{bi} − rD_a (D̂_ih r ) − (n + 2) D_aD^br r h_{bi} +^mR^b_a h_{bi} + [ (n + 1)

(Dr)^2 r^2

+ (n − 1) K − (Dr)^2 r^2 − m□r r ] h_{ai} − 1 r^2 Δ̂h_{ai} + 1 r^2 D̂_iD̂^j h_{aj} + rD_a (D̂j h_{ij} r^3 ) + D_ar r^3 D̂^j h_{ij} − D^ar r^3

D̂_i(h_{jk} γ^{jk}) , (2.15) where Δ̂ = γ^{ij}D̂_iD̂_j corresponds to the Laplace-Beltrami operator of (N^n, γ_{ij} ). These two equations actually are the same as the results in the Appendix of [7]. The difference appears in the perturbation of R_{ij} , which is given by

2δR_{ij} = 2 [ rD^arD^bh_{ab} + (n − 1)D^arD^brh_{ab} + rD^aD^brh_{ab} ] γ_{ij} +rD̂_iD^a ( h_{aj} r ) + rD̂_j D^a ( h_{ai} r ) + (n − 1) D^ar r ( D̂_ih_{aj} + D̂_j h_{ai} )

+2 D^ar r D̂^kh_{ak}γ_{ij} − r^{2 m}□ (h_{ij} r^2 ) − n D^ar r D_ah_{ij} + 1 r^2 ( D̂_iD̂^kh_{jk} + D̂_jD̂^kh_{ik} )

− 1 r^2

Δ̂h_{ij} + 2 [ (n − 1) K r^2 + (Dr)^2

r^2 − m□r r ] h_{ij} − 2 r^2 R̂_i^k_j^lh_{kl} −D̂_iD̂_j h − rD^arD_ahγ_{ij} . (2.16) The Riemann tensor R̂_{ijkl} appears in the fourth line of this equation because (N^n, γ_{ij} ) is assumed to be a general Einstein manifold but without the assumption of maximal symmetry. When (N^n, γ_{ij} ) is maximally symmetric, this equation reduces to the one in [7]. Substituting above results into Eq.(2.12), we can obtain the decompositions of the linearly perturbed Einstein equations.

III. GAUGE-INVARIANT PERTURBATION VARIABLES AND PERTURBATION EQUATIONS

A. Gauge invariant variables of perturbations

In this section, we give a brief review on the gauge-invariant variables introduced by Ishibashi and Kodama in 2011 [14]. The existence of the Einstein manifold (N^n, γ_{ij} ) allows us to classify the metric perturbation h_{MN} into tensor, vector and scalar parts. The variable h_{ab} clearly belongs to the scalar part according to the differmorphism of (N^n, γ_{ij} ), while h_{ai} and h_{ij} are vector and rank-2 symmetric tensor, respectively. They are decomposed as

h_{ai} = D̂_ih_a + h^{(1)}_{ai} , (3.1)

h_{ij} = h^{(2)}_{T ij} + D̂_ih^{(1)}_{T j} + D̂_j h^{(1)}_{T i} + h_Lγ_{ij} + L̂_{ij} h_T , (3.2)

where

L̂_{ij} = D̂_iD̂_j − 1 n γ_{ij}Δ̂ . The tensor h^{(2)}_{T ij} is transverse trace free, and vectors h^{(1)}_{ai} and h^{(1)}_{T i} are both divergence free. h_a, h_T , and h_L are scalars on (N^n, γ_{ij} ). So the scalar part of h_{MN} is given by (h_{ab}, h_a, h_L, h_T ), and the vector part includes (h^{(1)}_{ai} , h^{(1)}_{T i} ), while tensor components are simply h^{(2)}_{T ij} . Similarly, for the perturbation of the energy-momentum tensor, i.e., δT_{MN} , we have

δT_{ai} = D̂_iδT_a + δT^{(1)}_{ai} , (3.3) and δT_{ij} = δT^{(2)}_{T ij} + D̂_iδT^{(1)}_{T j} + D̂_j δT^{(1)}_{T i} + δT_Lγ_{ij} + L̂_{ij} δT_T . (3.4)

So the perturbations of the energy-momentum tensor can also be classified into scalar, vector, and tensor parts, i.e., (δT_{ab}, δT_a, δT_L, δT_T ), (δT^{(1)}_{ai} , δT^{(1)}_{T i} ), and δT^{(2)}_{T ij} . These components are not gauge-invariant except for the tensor components. However, by studying their gauge transformations, one can consider some combination of them and construct some gauge-invariant variables. For the metric perturbation h_{MN} , one finds the gauge-invariant quantities { h^{(2)}_{T ij} ; F^{(1)}_{ai} ; F^{(0)}_{ab} , F^{(0)} } , (3.5)

while for the perturbation of energy-momentum tensor δT_{MN} , the gauge-invariant variables are { δT^{(2)}_{T ij} ; τ^{(1)}_{ai} , τ^{(1)}_{ij} ; Σ^{(0)}_{ab} , Σ^{(0)}_{ai} , Σ^{(0)} , Π^{(0)}_{ij} } . (3.6)

These gauge-invariant variables are defined as follows [14]:

F^{(1)}_{ai} = h^{(1)}_{ai} − r^2D_a ( h(1)_{T i} r^2 ) , τ^{(1)}_{ai} = δT^{(1)}_{ai} − P h^{(1)}_{ai} , τ^{(1)}_{ij} = 2D̂_{(i}δT^{(1)}_{T j)} − 2P D̂_{(i}δh^{(1)}_{T j)} ,

F^{(0)}_{ab} = h_{ab} + 2D_{(a}X_{b)} ,

F^{(0)} = h_L + 2rD^arX_a + 2 n Δ̂X_L ,

Σ^{(0)}_{ab} = δT_{ab} + X^cD_cT_{ab} + T^c_a D_bX_c + T^c_b D_aX_c ,

Σ^{(0)}_{ai} = D̂_i [ δT_a + T_{ab}X^b + r^2P D_a ( X_L r^2 )] , Σ^{(0)} = δT_L − P h_L + r^2X^aD_aP , Π^{(0)}_{ij} = L̂_{ij} (δT_T + 2P X_L) , (3.7)

where X_a and X_L are respectively given by

X_a = −h_a + 1 2 r^2D_a ( h_T r^2 ) , and X_L = − 1 2 h_T . (3.8)

These gauge-invariant variables are independent of the spectral expansions on the Einstein manifold (N^n, γ_{ij} ). These are different from those in [7] where the gauge-invariant variables are defined mode by mode.

The perturbation equations of these gauge-invariant variables will be given in the next subsection. Here we give some remarks on these gauge-invariant variables. First we notice that the geometric meanings of some variables are absent. For example, it is not so easy to understand the geometric meaning of the variable F^{(0)}_{ab} . We will give an appropriate explanation of these variables in the case of m = 2 in subsection VI D. Second, in the tensor decomposition theorems on (N^n, γ_{ij} ), there are some ambiguities [10]. These ambiguities will cause that these gauge-invariant variables are defined up to some uncertainty. These uncertainties of gauge-invariant variables are just the tensors belonging to the kernel of some elliptic operators (such as Δ̂ and Δ̂(Δ̂ + nK)). For example, h_a(y, z) in Eq.(3.1) can be changed to h_a(y, z) + f_a(y), where f_a depends on the coordinates {y^a} only. However, it is clear that these ambiguities can be removed by redefining the variables in (3.7) [10].

B. Equations of the Gauge-invariant Variables

1. Tensor perturbation

Let us first discuss the tensor perturbation by setting

h_{ab} = 0 , h_{ai} = 0 , h_{ij} = h^{(2)}_{T ij} , δT_{ab} = 0 , δT_{ai} = 0 , δT_{ij} = δT^{(2)}_{T ij} . (3.9)

From the linear perturbation δG_{MN} + Λh_{MN} = κ^2δT_{MN} , we find that the nontrivial component of this equation is δG_{ij} + Λh_{ij} = κ^2δT_{ij} , and it can be expressed as

−^m□ (h^{(2)}_{T ij} r^2 ) − n D^ar r D_a ( h^{(2)}_{T ij} r^2 ) + Δ̂_L − 2(n − 1)K r^2 (h^{(2)}_{T ij} r^2 ) = 2κ^2 [(δT^{(2)}_{T ij} r^2 ) − P (h^{(2)}_{T ij} r^2 )] , (3.10)

where Δ̂_L is Lichnerowicz operator acting on the symmetric rank-2 tensor on (N^n, γ_{ij} ). The relation between this operator and usual Laplace-Beltrami operator is given by Weitzenböck formula:

Δ̂_Ls_{ij} = −Δ̂s_{ij} + R̂_i^ks_{kj} + R̂_j^ks_{ik} − 2R̂_{ikjl}s^{kl} , (3.11)

where s_{ij} is an arbitrary symmetric tensor field on (N^n, γ_{ij} ). Since we are considering (N^n, γ_{ij} ) as an Einstein manifold, we can replace the Ricci tensor R̂_{ij} by (n − 1)Kγ_{ij} , and obtain

Δ̂_Ls_{ij} = −(Δ̂ − 2nK)s_{ij} − 2Ŵ_{ikjl}s^{kl} , (3.12) where Ŵ_{ikjl} is the Weyl tensor of the Einstein manifold (N^n, γ_{ij} ). Furthermore, in the maximally symmetric space case, one has Δ̂_Ls_{ij} = (−Δ̂ + 2nK)s_{ij} . It should be stressed here that h^{(2)}_{T ij} does not exist when n = 2, because it is transverse trace free, h^{(2)}_{T ij} must have vanishing degrees of freedom. This in fact reflects the fact that in four dimensions, there does not exist radial gravitational radiation.

2. Vector perturbation

To get the vector part of the perturbation equations, we consider the perturbations with

h_{ab} = 0 , h_{ai} = h^{(1)}_{ai} , h_{ij} = D̂_ih^{(1)}_{T j} + D̂_j h^{(1)}_{T i} ,

δT_{ab} = 0 , δT_{ai} = δT^{(1)}_{ai} , δT_{ij} = D̂_iδT^{(1)}_{T j} + D̂_j δT^{(1)}_{T i} . (3.13)

In this case, the nontrivial component of the linear perturbation equations is δG_{ai} + Λh_{ai} = κ^2δT_{ai}. After some calculations, this equation can be expressed as − 1 r^n D^b { r^{n+2} [ D_b (F (1)_{ai} r^2 ) − D_a ( F (1)_{bi} r^2 )] } − [^ Δ + (n − 1)K ]( F^{(1)}_{ai} r^2 ) = 2κ^2τ^{(1)}_{ai} . (3.14)

Another nontrivial component is δG_{ij} + Λh_{ij} = κ^2δT_{ij} . This equation can be written as 1 r^{n−2} D^a { r^{n−2} [ D̂_iF^{(1)}_{aj} + D̂_j F^{(1)}_{ai} ]} = 2κ^2τ^{(1)}_{ij} . (3.15)

Eqs. (3.14) and (3.15) are just the perturbation equations for the vector-type gauge-invariant variables.

3. Scalar perturbation

Let us consider the scalar perturbation as h_{ab} = h_{ab} , h_{ai} = D̂_ih_a , h_{ij} = h_Lγ_{ij} + L̂_{ij} h_T , δT_{ab} = δT_{ab} , δT_{ai} = D̂_iδT_a , δT_{ij} = δT_Lγ_{ij} + L̂_{ij} δT_T . (3.16) After long and tedious calculations, we find that the perturbation equation δG_{ab} + Λh_{ab} = κ^2δT_{ab} can be expressed as

−^m□F^{(0)}_{ab} +^mR_a^cF^{(0)}_{cb} +^mR_b^cF^{(0)}_{ac} − 2^mR_{acbd}F^{(0)cd} + D_aD^cF^{(0)}_{cb} + D_bD^cF^{(0)}_{ac} +n D^cr r [ − D_cF^{(0)}_{ab} + D_aF^{(0)}_{cb} + D_bF^{(0)}_{ac} ] − 1 r^2

Δ̂F^{(0)}_{ab} + 2ΛF^{(0)}_{ab}

−D_aD_bF^{(0)c}_c − [_m R − 2n m□r r + n(n − 1) K − (Dr)^2 r^2 ] F^{(0)}_{ab} −n [ D_aD_b ( F (0)

r^2 ) + D_ar r D_b (F (0) r^2 ) + D_br r D_a (F (0) r^2 )]

− { D_cD_dF^{(0)cd} + 2n D^cr r D^dF^{(0)}_{cd} − [_m R^{cd} − 2n D^cD^dr r − n(n − 1) D^crD^dr r^2 ] F^{(0)}_{cd} −^m□F^{(0)c}_c − n D^cr r D_cF^{(0)d}_d − n^m□ (F (0) r^2 ) − n(n + 1) D^cr r D_c (F (0) r^2 )

−(n − 1) Δ̂ + nK

r^2

( F (0) r^2 ) − 1 r^2

Δ̂F^{(0)c}_c } g_{ab} = 2κ^2Σ^{(0)}_{ab} . (3.17)

The perturbation equation δG_{ai} + Λh_{ai} = κ^2δT_{ai} gives D̂_i { 1 r^{n−2} D^b ( r^{n−2}F^{(0)}_{ab} ) − rD_a (F (0)c_c r ) − (n − 1)D_a ( F (0) r^2 ) } = 2κ^2Σ^{(0)}_{ai} . (3.18)

The trace part of the equation δG_{ij} + Λh_{ij} = κ^2δT_{ij} can be written as

−D_aD_bF^{(0)ab} − 2(n − 1) D^ar r D^bF^{(0)}_{ab} +^m□F^{(0)c}_c + (n − 1) D^ar r D_aF^{(0)c}_c + [_m R^{ab} − 2(n − 1) D^aD^br r − (n − 1)(n − 2) D^arD^br r^2 ] F^{(0)}_{ab}

+(n − 1)^m□ (F (0) r^2 ) + n(n − 1) D^ar r D_a ( F (0)

r^2 ) + n − 1 n 1 r^2

Δ̂F^{(0)c}_c + (n − 1)(n − 2) n Δ̂ + nK r^2

( F (0)

r^2 )

= 2κ^2

Σ^{(0)} r^2

, (3.19)

while the trace free part of the equation δG_{ij} + Λh_{ij} = κ^2δT_{ij} gives −L̂_{ij} [ F^{(0)c}_c + (n − 2) (F (0) r^2 )] = 2κ^2Π^{(0)}_{ij} . (3.20)

Eqs. (3.17), (3.18), (3.19) and (3.20) are the equations of the scalar perturbations. By now, we have obtained all the equations for the gauge-invariant variables. These equations are related to each other by the perturbation of Bianchi identity. This will be shown in next subsection.

C. The perturbation of Bianchi identity

Consider the conservation equation of energy-momentum tensor, i.e., ∇_M T^M_N = 0, which is equivalent to the Bianchi identity in Einstein gravity theory, we have

δ(∇_M T^M_N ) = −h^{LM} ∇_M T_{LN} + ∇^M δT_{MN} −g^{ML}δC_{ML}^K T_{KN} − δC_{MN}^K T^M_K = 0 , (3.21)

where δC_{MN}^L = 1 2 g^{LK} (∇_M h_{KN} + ∇_N h_{MK} − ∇_K h_{MN} ) . (3.22)

Substituting (3.22) into (3.21) yields

δ(∇_M T^M_N ) = ∇^M δT_{MN} − ∇^M (T^L_N h_{LM} ) − 1 2 T^{ML}∇_N h_{ML} + 1 2 T^M_N (∇_M h) . (3.23)

This equation can also be decomposed according to the warped product of the spacetime. After some calculations, we find

δ(∇_M T^M_i) = 1 r^2

D̂^kΠ^{(0)}_{ki} + 1 r^2

D̂_iΣ^{(0)} + 1 r^n D^a ( r^nΣ^{(0)}_{ai} )

− 1 2 T^{ab}D̂_iF^{(0)}_{ab} + 1 2 P D̂_iF^{(0)c}_c + 1 r^2

D̂^kτ^{(1)}_{ki} + 1 r^n D^a ( r^nτ^{(1)}_{ai} ) . (3.24)

Note that from Eqs. (3.14), (3.15), (3.18), (3.19) and (3.20), we have the following two relations 1 r^2

D̂^kτ^{(1)}_{ki} + 1 r^n D^a ( r^nτ^{(1)}_{ai} ) = 0 , (3.25) and 1 r^2

D̂^kΠ^{(0)}_{ki} + 1

r^2

D̂_iΣ^{(0)} + 1 r^n D^a ( r^nΣ^{(0)}_{ai} ) − 1 2 T^{ab}D̂_iF^{(0)}_{ab} + 1 2 P D̂_iF^{(0)c}_c = 0 . (3.26)

This suggests that the equation (3.24) can be split into two parts: one is the scalar part with superscripts (0) and the other vector part with superscripts (1), and δ(∇_M T^M_i) = 0 is automatically satisfied once those perturbation equations (3.14), (3.15), (3.18), (3.19) and (3.20) are satisfied. In addition, we have from (3.23) that

0 = δ(∇_M T^M_a) = 1 r^n D^b [ r^n ( Σ^{(0)}_{ab} − T_a^cF^{(0)}_{bc} )] − n D_ar r ( Σ(0) r^2 ) + 1 r^2

D̂^iΣ^{(0)}_{ai} + 1 2 [ T_a^bD_bF^{(0)c}_c − T^{bc}D_aF^{(0)}_{bc} ] + n 2 [ T_a^bD_b ( F (0)

r^2 ) − P D_a (F (0) r^2 )] . (3.27)

This scalar equation is also automatically satisfied if equations (3.17), (3.18), and (3.19) hold.

Thus, according to the decomposition theorem of tensor on the Einstein manifold, we have obtained perturbation equations of gauge-invariant variables for Einstein gravity in the (m + n)-dimensional spacetime with a warped product metric. It was shown that these equations are related to each other through the perturbation equation of Bianchi identity. With the gauge-invariant variables in(3.7) and our perturbation equations presented above, now a complete gauge-invariant perturbation theory can be accomplished.

IV. SPECTRAL EXPANSION

One can use the eigen-tensors defined in [14] to expand all the perturbation equations above, and get the same results as in [14] (and references therein). However, we will here adopt a little bit different expansion. In this spectral expansion, the physical meanings of some special modes are clear, and the gauge-invariant properties of these modes are naturally preserved.

A. Tensor perturbation

In this case, our analysis is the same as the one in [14]. Here we present the corresponding result for completeness. Consider the eigenvalue problem of the Licherowicz Δ̂_L on the Einstein manifold (N^n, γ_{ij} ): (Δ̂_L − λ_L)T_{ij} = 0 , (4.1) where the symmetric tensor T_{ij} satisfies γ^{ij} T_{ij} = D̂^iT_{ij} = 0. By assuming (h^{(2)}_{T ij} r^2 ) = 2H_T T_{ij} , ( δT^{(2)}_{T ij} r^2 ) − P (h^{(2)}_{T ij} r^2 ) = τ_T T_{ij} (4.2)

with H_T = H_T (y) and τ_T = τ_T (y), one can get the master equation on the expansion coefficients H_T and τ_T : m□H_T + n D^ar r D_aH_T − 1 r^2

[λ_L − 2(n − 1)K] H_T = −κ^2τ_T . (4.3)

Note that in general the eigenvalue of Δ̂_L is not easy to find out. From Eq.(3.12), we have Δ̂_LT_{ij} = −(Δ̂ − 2nK)T_{ij} − 2Ŵ_i^k_j^lT_{kl} , (4.4)

so it might be possible to choose the coordinates z^i such that T_{ij} is an algebraic eigenvector of the matrix Ŵ_i^k_j^l (which is viewed as a mapping acting on symmetric transverse traceless tensors) to estimate the eigenvalue λ_L [22, 23].

B. Vector perturbation

Since only the Laplace-Beltrami operator Δ̂ appears in the equations (3.14) and (3.15), this suggests that the harmonic expansions are enough. Considering the harmonic vector field (one-form) on (N^n, γ_{ij} ) (Δ̂ + k^2)V_i = 0 , D̂^iV_i = 0 , (4.5) and the expressions in (3.13), we can expand the gauge-invariant variables as F^{(1)}_{ai} = rF_aV_i , τ^{(1)}_{ai} = rτ_aV_i , τ^{(1)}_{ij} = −2r^2τ_T D̂_{(i}V_{j)} . (4.6)

Note that here we have not used the vector-type tensor V_{ij} = −(D̂_iV_j + D̂_j V_i )/(2k) defined in [7, 11–14]. The expansion of τ^{(1)}_{ij} can be easily understood from the expression of the τ^{(1)}_{ij} in (3.13) in terms of the perturbation variables h^{(1)}_{T i} and δT^{(1)}_{T i} :

h^{(1)}_{T i} = H_T V_i , δT^{(1)}_{T i} = δT_T V_i . (4.7) Note that from (3.7), we can have r^2τ_T = δT_T − P H_T . (4.8)

Substituting the expansions (4.6) into the vector perturbation equation (3.14), we have 1 r^{n+1} D^b { r^{n+2} [ D_b ( F_a r ) − D_a ( F_b r )]} − 1 r^2 [ k^2 − (n − 1)K ] F_a = −2κ^2τ_a . (4.9)

Similarly, Eq. (3.15) and Eq.(3.25) can be changed into 1 r^n D^a ( r^{n−1}F_a )^ D_{(i}V_{j)} = −κ^2τ_T D̂_{(i}V_{j)} , (4.10) and [k^2 − (n − 1)K]τ_T + 1 r^n D^a(r^{n+1}τ_a) = 0 . (4.11)

It can be seen clearly that the above three equations are valid for any modes, even for the k = 0 mode. However, for the modes with D̂_{(i}V_{j)} = 0 , Eq.(4.10) is trivially satisfied. These modes are called exceptional modes, and the remains are generic modes [14]. They will be discussed separately.

1. generic modes

let us first consider the generic modes, i.e. D̂_{(i}V_{j)} ≠ 0, such that D̂_{(i}V_{j)} can be eliminated from Eq.(4.10). This means

D̂^i(D̂_iV_j + D̂_j V_i ) = [−k^2 + (n − 1)K]V_j ≠ 0 .

Therefore when k^2 − (n − 1)K ≠ 0, we have three equations: Eq. (4.9), Eq.(4.11), and 1 r^n D^a ( r^{n−1}F_a ) = −κ^2τ_T . (4.12)

These three equations are not independent. Actually, by considering the differential of Eq.(4.9) and Eq.(4.11), we can obtain Eq.(4.12). Eq.(4.11) just means that τ_T is totally determined by τ_a. Thus, for each such kind of modes, we have m equations for m independent variables coming from F_a if τ_a is regarded as a known source term.

2. exceptional modes

For the special modes with D̂_{(i}V_{j)} = 0, Eq.(4.10) is trivially satisfied and does not give any constraint between F_a and τ_T . From the perturbation equation of the Bianchi identity, i.e., Eq.(4.11), we have

D^a(r^{n+1}τ_a) = 0 , (4.13)

and Eq.(4.9) becomes D^b { r^{n+2} [ D_b ( F_a r ) − D_a ( F_b r )]} = −2κ^2r^{n+1}τ_a . (4.14)

These two equations are also not independent. By considering the divergence of Eq.(4.14), one can obtain Eq.(4.13). Then, we still have m equations for m variables (from F_a). In this case, the source term has to satisfy Eq.(4.13) and τ_a has nothing to do with τ_T .

Note that in the Kodama-Ishibashi formalism, for these exceptional modes, h^{(1)}_{T i} , δT^{(1)}_{T i} and τ_T are not well defined [14]. Instead, in our expansion, these perturbation variables are well defined and are of obviously physically meaningful: h^{(1)}_{T i} and δT^{(1)}_{T i} correspond to Killing vectors of (N^n, γ_{ij} ) for the exceptional modes. Further, τ_T is no longer arbitrary and instead it is determined by the combination of the coefficients of h^{(1)}_{T i} and δT^{(1)}_{T i} in Eq.(4.8). In addition, let us mention that τ_T does not enter into the vector perturbation equations, and this is quite different from the case with generic modes.

C. Scalar perturbation

In this case, as the case of vector perturbation, only the Laplace-Beltrami operator appears in the scalar perturbation equations (3.17), (3.18), (3.19) and (3.20), we therefore need only to consider the harmonic function on (N^n, γ_{ij} ):

(Δ̂ + k^2)S = 0 . (4.15)

From the forms in (3.16), it is natural to expand the scalar-type gauge-invariant variables in (3.7) as

F^{(0)}_{ab} = F_{ab}S , F^{(0)} = 2r^2F S , Σ^{(0)}_{ab} = Σ_{ab}S , Σ^{(0)} = r^2ΣS , Σ^{(0)}_{ai} = rΣ_aD̂_iS , Π^{(0)}_{ij} = r^2τ_T L̂_{ij} S . (4.16)

Note that these expansions have some differences from those in [7, 11–14], here we have not used the scalar-type tensors as in [7, 11–14]. Substituting these expansions into the scalar equation (3.17), we have −^m□F_{ab} +^mR_a^cF_{cb} +^mR_b^cF_{ac} − 2^mR_{acbd}F^{cd} + D_aD^cF_{cb} + D_bD^cF_{ac} +n D^cr r [ − D_cF_{ab} + D_aF_{cb} + D_bF_{ac} ] + k^2 r^2 F_{ab} + 2ΛF_{ab} − [_m R − 2n m□r r + n(n − 1) K − (Dr)^2 r^2 ] F_{ab} − D_aD_bF^c_c −2n [ D_aD_bF + D_ar r D_bF + D_br r D_aF ]

− { D_cD_dF^{cd} + 2n D^cr r D^dF_{cd} − [_m R^{cd} − 2n D^cD^dr r − n(n − 1) D^crD^dr r^2 ] F_{cd} −^m□F^c_c − n D^cr r D_cF^d_d − 2n^m□F − 2n(n + 1) D^cr r D_cF +2(n − 1) k^2 − nK r^2 F + k^2 r^2 F^c_c } g_{ab} = 2κ^2Σ_{ab} . (4.17)

This is exactly the same as in [7]. The second equation (3.18) of scalar perturbation is transformed to { 1 r^{n−2} D^b ( r^{n−2}F_{ab} ) − rD_a (F c_c r ) − 2(n − 1)D_aF } (D̂_iS) = 2κ^2rΣ_a(D̂_iS) . (4.18)

For the zero mode, i.e., k = 0, the harmonic function S must be a constant because the Laplace-Beltrami is nonnegative. In this case, the above equation is trivially satisfied. The third equation (3.19) becomes −D_aD_bF^{ab} − 2(n − 1) D^ar r D^bF_{ab} +^m□F^c_c + (n − 1) D^ar r D_aF^c_c + [_m R^{ab} − 2(n − 1) D^aD^br r − (n − 1)(n − 2) D^arD^br r^2 ] F_{ab} +2(n − 1)^m□F + 2n(n − 1) D^ar r D_aF − n − 1 n k^2 r^2 F^c_c −2 (n − 1)(n − 2) n (k^2 − nK) r^2 F = 2κ^2Σ . (4.19)

This expression is the same as the one in [7]. Finally, the last equation (3.20) for the scalar perturbation can be reduced to − [ F^c_c + 2(n − 2)F ] (L̂_{ij} S) = 2κ^2τ_T (L̂_{ij} S) . (4.20)

Once again, for the zero mode, this equation is trivially satisfied. Further, a simple investigation

D̂^jD̂^iL̂_{ij} S = n − 1 n k^2(k^2 − nK)S (4.21) suggests that this equation is also trivially satisfied when k^2 = nK. To see this, we notice the following identity

(L̂^{ij} S)(L̂_{ij}S) = D̂_i(D̂_j SD̂^jD̂^iS) − D̂_i(SΔ̂D̂^iS) − 1 n D̂_i(D̂^iSΔ̂S) + SD̂^jD̂^iL̂_{ij} S . (4.22)

This implies that L̂_{ij} S will be vanishing once D̂^jD̂^iL̂_{ij} S = 0. This can be obtained by integrating the both sides of above identity on N^n, with the assumption that N^n is closed or the function S is of required asymptotic behaviors.

On the other hand, for the perturbation equations of the energy-momentum conservation equations (3.26) and (3.27), we have [ 1 r^n D^a ( r^{n+1}Σ_a ) − n − 1 n (k^2 − nK)τ_T + Σ − 1 2 T^{ab}F_{ab} + 1 2 P F^c_c ] (D̂_iS) = 0 , (4.23) and 1 r^n D^b [r^n (Σ_{ab} − T^c_a F_{bc})] − n D_ar r Σ − k^2 r Σ_a + 1 2 ( T^b_a D_bF^c_c − T^{bc}D_aF_{bc} ) +n ( T^b_a D_bF − P D_aF ) = 0 . (4.24)

These two equations give the relations among the coefficients of the source terms, i.e., Σ_{ab}, Σ_a, Σ and τ_T , and at the same time reveal the relations among the mode equations for the scalar perturbations. Here, we have corrected a typo in [7], the factor “n” in the last two terms of the equation (4.24) has been missed in [7].

1. generic modes

In the case k^2(k^2 − nK) ≠ 0, D̂_iS and L̂_{ij} S are both non-vanishing, and they can be removed from both sides of Eqs.(4.18) and (4.20). Thus for generic modes, we have four equations, i.e., Eqs.(4.17), (4.19) and following two: 1 r^{n−2} D^b ( r^{n−2}F_{ab} ) − rD_a (F c_c r ) − 2(n − 1)D_aF = 2κ^2rΣ_a , (4.25)

F^c_c + 2(n − 2)F = −2κ^2r^2τ_T . (4.26)

In addition, we have from (4.23) − n − 1 n (k^2 − nK)τ_T + Σ + 1 r^n D^a ( r^{n+1}Σ_a ) − 1 2 T^{ab}F_{ab} + 1 2 P F^c_c = 0. (4.27)

Eq.(4.24) together with this equation provides m + 1 constraints on the coefficients of sources Σ_{ab}, Σ_a, Σ and τ_T . Thus one has m(m + 1)/2 + 1 gauge-invariant variables of scalar perturbations and the independent equations of perturbations with the same numbers of gauge-invariant variables . Therefore, in principle, this system can be solved once the source terms are given.

2. zero modes

In the case of k = 0, D̂_iS and L̂_{ij} S are both vanishing. In this case, Eqs.(4.18) and (4.20) are trivially satisfied. Thus we have only two equations of scalar perturbations, i.e., Eqs.(4.17) and (4.19). For the perturbations of the Bianchi identity, Eq. (4.23) becomes trivial, while Eq. (4.24) remains nontrivial.

Note that in this case τ_T and Σ_a do not appear in Eqs.(4.24), (4.17) and (4.19). Hence they are totally free and have no contribution to the dynamics of zero modes.

3. exceptional modes

When k^2 = nK, L̂_{ij} Sis vanishing, Eq.(4.20) therefore is trivially satisfied. We have three equations of perturbations, namely, Eqs.(4.17), (4.18) and (4.19). The perturbation equations of the Bianchi identity (4.23) and (4.24) are both nontrivial. In this case, it is easy to see that τ_T is totally free and has no contribution to the dynamics of these modes.

Note that as in the vector perturbation case, for some exceptional modes and zero mode of scalar perturbations, some variables are not well defined in the Kodama-Ishibashi formalism, instead these cases do not appear here in our expansion.

V. THE CASE OF m = 2

When m = 2, we find that the perturbation equations of gauge-invariant variables can be simplified. For the vector perturbations, we can write down the master equation of the perturbations, while for the scalar perturbations, we can also obtain the master equation of perturbation in the case without source. In this section we show these results.

A. Vector Perturbation

From the vector perturbation equation (3.14), we can obtain D^a { r^{n+2} [ D_b ( ϵbcF (1)_{ci} r^2 )]} + [^ Δ + (n − 1)K ] r^n (ϵabF (1)_{bi} r^2 ) = −2κ^2r^nϵ^{ab}τ^{(1)}_{bi} , (5.1)

where ϵ_{ab} is the Levi-Civita tensor on (M^2, g_{ab}). The first term in the left side of above equation is an exact 1-form in (M^2, g_{ab}). Thus we can introduce a function Ω_i so that [^ Δ + (n − 1)K ] r^n (ϵabF (1)_{bi} r^2 ) + 2κ^2r^nϵ^{ab}τ^{(1)}_{bi} = D^aΩ_i , (5.2)

where Ω_i is a scalar on the two dimensional space (M^2, g_{ab}), but it is a vector field on the Einstein manifold (N^n, γ_{ij} ), and satisfies D̂^iΩ_i = 0. Then, we have D^a { r^{n+2} [ D_b (ϵbcF (1)_{ci} r^2 )]} + D^aΩ_i = 0 . (5.3)

By acting operator [^ Δ + (n − 1)K ] on both sides of the above equation, we get D^a { r^{n+2} [ D_b (DbΩ_i r^n − 2κ^2ϵ^{bc}τ^{(1)}_{ci} )] + [^ Δ + (n − 1)K ] Ω_i } = 0 , (5.4) or r^{n+2} [ D_b ( DbΩ_i r^n − 2κ^2ϵ^{bc}τ^{(1)}_{ci} )] + [^ Δ + (n − 1)K ] Ω_i = C . (5.5)

By redefining Ω_i, we can always set C = 0. In this way, we can obtain the master equation of vector perturbation 2□Ω_i − n D^ar r D_aΩ_i + 1 r^2 [^ Δ + (n − 1)K ] Ω_i = κ^2r^nϵ^{bc} ( D_bτ^{(1)}_{ci} − D_cτ^{(1)}_{bi} ) . (5.6)

We can expand Ω_i and τ^{(1)}_{ai} as Ω_i = ΩV_i and τ^{(1)}_{ai} = rτ_aV_i by using the harmonic vectors in Eq.(4.5), and can obtain the equations of Ω for each mode. This equation (5.6) is our main result of this subsection.

B. Scalar Perturbation

In this case, for simplicity, we consider the case without matter fields. To simplify the expressions of equations, we first define X = F^{(0)} r^2

, F^{(0)c}_c = W , J = W + (n − 2)X , Z_{ab} = F^{(0)}_{ab} − 1 2 F^{(0)c}_c g_{ab} . (5.7)

The traceless part of the perturbation equation (3.17) then becomes −^2□Z_{ab} + D_aD^cZ_{cb} + D_bD^cZ_{ac} − D_cD_dZ^{cd}g_{ab} − 1 r^2

Δ̂Z_{ab} + 2^2RZ_{ab} +n D^cr r ( − D_cZ_{ab} + D_aZ_{cb} + D_bZ_{ac} − D^dZ_{cd}g_{ab} ) + (2Λ − R)Z_{ab} + n 2 ( D_br r D_aJ + D_ar r D_bJ − D^cr r D_cJg_{ab} ) − n ( D_aD_bX − 1 2 2□Xg_{ab} )

− 1 2 n^2 ( D_ar r D_bX + D_br r D_aX − D^cr r D_cXg_{ab} )

= 2κ^2 [ Σ^{(0)}_{ab} − 1 2 Σ^{(0)c}_c g_{ab} ] , (5.8) while the trace part of (3.17) is given by

+n(^2□X) + 2n^2 D^cr r D_cX + n r^2 [^ Δ + n(n − 1)K ] X − 2(n − 2)ΛX −2n D^cr r D^dZ_{cd} − 4n D^cD^dr r Z_{cd} − 2n(n − 1) D^crD^dr r^2 Z_{cd} + 1 r^2 [^ Δ − n(n − 1)K ] J + 2ΛJ

= 2κ^2Σ^{(0)c}_c . (5.9)

It is found that the difference between Eq. (5.9) and Eq.(3.19) is given by n(n − 1) D^cr r D_cX + (n − 1)

r^2 [^ Δ + 1 2 n^2K ] X + 1 2 (n − 2)(^2□X)

+D^cD^dZ_{cd} − 2(n − 1) D^cD^dr r Z_{cd} − n(n − 1) D^crD^dr r^2 Z_{cd} −(n − 2) (n − 2 n Λ + κ^2P ) X − 1 2 (^2□J) + [n − 2 n Λ + κ^2P − 1 2 n(n − 1) K r^2 ] J = 2κ^2 [ n − 1 n Σ^{(0)c}_c −

Σ^{(0)} r^2 ] . (5.10)

In this case, Eq.(3.18) becomes D̂_i { 1 r^{n−2} D^b [ r^{n−2} ( Z_{ab} − 1 2 Xg_{ab} )] − 1 2 D_aJ + n 2 D_ar r J } = 2κ^2Σ^{(0)}_{ai} . (5.11)

And Eq.(3.20) is changed to

L̂_{ij} J = −2κ^2Π^{(0)}_{ij} .

Note that when the matter fields are absent, we have

R = 2 ( 1 + 2 n ) Λ , R_{ab} = 2 n Λg_{ab} , 2R = 4 n Λ + n 2□r r , D_aD_br = 1 2 2□rg_{ab} . (5.12)

The last one in the above equations implies that D^aD^brZ_{ab} = 0 and we can have a Killing vector field ξ^a = ϵ^{ab}D_br in (M^2, g_{ab}). This can be easily checked by the following equation:

D_aξ_b + D_bξ_a = ϵ_{bc}D_aD^cr + ϵ_{ac}D_bD^cr = 0 . (5.13)

In fact, ξ^a is just the so-called Kodama vector proposed in [24]. When the source terms are absent, we have L̂_{ij} J = 0, and then the equation (5.11) can be written as

D^bZ_{ab} + (n − 2) D^br r Z_{ab} = 1 2 nD_aX + 1 2 n(n − 2) D_ar r X . (5.14)

Note that, here and after, the action of L̂_{ij} on both sides of some equations is assumed so that the terms including “J” can be dropped out. Using (5.14) and considering L̂_{ij}Δ̂J = −Δ̂_LL̂_{ij} J ,

we see that Eq.(5.9) can be changed to 2 D^crD^dr r^2

Z_{cd} =^2□X + n D^cr r D_cX + 1 r^2 (^ Δ + nK ) X − [ 2 ( 1 − 2 n ) Λ − n(n − 2) K − (Dr)^2 r^2 ] X . (5.15)

By defining σ = r^nX, this equation becomes E[σ] + U_σ · σ = −2r^nW_{ab} (DaDbr r − D^arD^br r^2 ) . (5.16) where W_{ab} = Z_{ab} − (1/2)nXg_{ab} and the operator E[ϕ] is defined by E[ϕ] =^2□ϕ − n D^cr r D_cϕ + Δ̂ + nK

r^2 ϕ , (5.17) and the potential U_σ is given by

U_σ = − [ 2 ( 1 − 2 n ) Λ − n(n − 2) K − (Dr)^2 r^2 ] . (5.18) By use of W_{ab}, Eq.(5.8) can be simplified to D^c [ r^n ( − D_cW_{ab} + D_aW_{cb} + D_bW_{ac} − D^dW_{cd}g_{ab} )] − 1 r^2

Δ̂(r^nW_{ab})

+(2Λ − R)(r^nW_{ab}) − n(r^nW_{cd}) ( DcDdr r + D^crD^dr r^2 ) g_{ab} = 0 . (5.19)

Since ξ^a is a Killing vector field on (M^2, g_{ab}), we have D^a(r^{n−2}W_{ab}ξ^b) = r^{n−2}W_{ab}D^aξ^b = 0 . (5.20) This implies that one can define a scalar τ on (M^2, g_{ab}) as r^{n−2}ϵ^c_a W_{cb}ξ^b = −D_aτ . (5.21) Considering ϵ_{ab}ϵ_{cd} = g_{ad}g_{bc} − g_{ac}g_{bd}, we have r^{n−2}(W_{ab}D^br − W^c_c D_ar) = D_aτ . (5.22) By these relations, it is easy to find r^{n−2}W_{ab}ξ^aξ^b = D^arD_aτ , (5.23)

r^{n−2}W_{ab}D^arξ^b = ξ^aD_aτ , (5.24)

r^{n−2}W_{ab}D^arD^br = D^arD_aτ + r^{n−2}W^c_c (Dr)^2 . (5.25) Now, we can express W_{ab} in terms of τ. For instance, the right hand of Eq.(5.16) can be rewritten as V [σ, τ] = n [ 2□r r − 2 (Dr)^2

r^2 ] σ + 2D^crD_cτ . (5.26) And Eq.(5.19) can be expressed as

E[Ψ] + U_τ · Ψ = V [ Φ, Ψ r ] , (5.27)

where Ψ = rξ^cD_cτ, Φ = ξ^cD_cσ and

U_τ = − [ 2Λ + (n + 1) 2□r r − n(n − 2) K − (Dr)^2 r^2 ] . (5.28) Furthermore, taking use of the Killing vector ξ, Eq. (5.16) can be changed to

E[Φ] + U_σ · Φ = V [ Φ, Ψ r ] . (5.29)

Thus, we have obtained two equations of scalar perturbation (5.27) and (5.29). The difference between Eq.(5.27) and Eq.(5.29) is given by E[Φ − Ψ] + U_σ · Φ − U_τ · Ψ = 0 . (5.30)

Note that in general, U_σ ≠ U_τ . Thus we can not naively rewrite the above equation as an equation of a single variable (Φ − Ψ). However, after some manipulations, we can arrive at our goal. To see this, let us notice that from (5.14) and (5.24), we can have

2□Ψ − 2 D^ar r D_aΨ − 2□r r Ψ + 2

(Dr)^2

r^2

Ψ = n [ 1 2 2□r r − 2 (Dr)^2

r^2 ] Φ + n D^ar r D_aΦ . (5.31)

The difference between this equation and Eq.(5.27) gives ( − Δ̂ + nK

r^2 + w ) Φ = ( − Δ̂ + nK

r^2 + ω − n 2 2□r r ) (Φ − Ψ) + n D^ar r D_a(Φ − Ψ) , (5.32)

where ω = n 2(n − 1)

[ 4Λ n + (n + 1) 2□r r ] = n 2(n − 1)

(U_σ − U_τ ) . (5.33)

Substituting (5.32) into (5.30), we arrive at ( − Δ̂ + nK r^2 + ω ) E[Ξ] + 2(n − 1)(−(Δ̂ + nK) + r^2ω) D^ar r D_aΞ + ( − Δ̂ + nK r^2 + ω ) U_τ · Ξ + 2(n − 1) n ω ( − Δ̂ + nK

r^2 + ω − n 2 2□r r ) Ξ = 0 , (5.34)

where Ξ = Φ − Ψ. This is a second order PDE of Ξ in the orbit space (M^2, g_{ab}). To further simplify this equation, let us define a scalar Ω as Ξ = [ − (Δ̂ + nK) + r^2ω ] Ω ≡ HΩ . (5.35)

Thus Eq. (5.34) can be rewritten as

HE[HΩ] + 2(n − 1)rHD^crD_c(HΩ) + U_τ H^2Ω + 2(n − 1) n ω [ H − n 2 r(^2□r) ] HΩ = 0 . (5.36)

This equation can be further changed to

H^2E[Ω] + U_σH^2Ω + 2(n − 1) [ nω(Dr)^2H − ωr(^2□r)H − (n − 1)ω^2r^2(Dr)^2 ] Ω = 0 . (5.37)

Finally we obtain the master equation of scalar perturbation

E[Ω] + U_S Ω = 0 , (5.38)

where we have assumed that the operator H is invertible, and the effective potential is given by

U_S = U_σ + 2(n − 1) { ωr^2 [ n (Dr)^2

r^2 − 2□r r ] H − (n − 1)ω^2r^4

(Dr)^2 r^2 } H^{−2} . (5.39)

Some remarks on the master equation are in order.

(1). Equation (5.38) is a wave equation on (M^2, g_{ab}) for the master variable Ω. We can expand Ω by using the harmonic functions on (N^n, γ_{ij} ), and get the mode equations. Similar mode equations have been obtained in [11, 12], where the Fourier transformation with respect to the Killing time coordinate has been used. Here we have obtained the master equation for the scalar Ω by using the properties of the Kodama (Killing) vector.

(2). We notice that the inverse operator H^{−2} appears in the effective potential of scalar perturbation and similar situation also appears in Refs. [11, 12]. But such inverse operators do not occur in the case of tensor and vector perturbations.

(3). When matter fields are present, the situation becomes complicated. We believe similar master equation can also be obtained if the Killing vector ξ exists in the warped spcetime.

(4). It should be stressed here that the equation (5.38) is valid in the sense L̂_{ij} { E[Ω] + U_S Ω } = 0 .

With the same assumptions below Eq.(4.22), this is equivalent to n − 1 n Δ̂(Δ̂ + nK) { E[Ω] + U_SΩ } = 0 . (5.40)

This means that if the eigenvalue of the operator Δ̂(Δ̂ + nK) vanishes, the above equation is trivially satisfied. In this case, one is not able to study these special modes of perturbations, and other methods are required. This is because we have applied the operator L̂_{ij} on the general equation for the scalar perturbation in order to get the master equation (5.38). Similar situation also appears in [11, 12].

(5). The limitation on Eq.(5.38) discussed in item (4) can be removed as follows: We can always redefine the gauge-invariant variables by the ambiguities mentioned at the end of subsec.III A such that J is vanishing (but not merely L̂_{ij} J = 0). Similar consideration can be applied to get Eq.(5.14). By these redefinitions and the same procedure starting from Eq.(5.15), one can find that Eq.(5.38) exactly holds without the limitation.

VI. WAVE EQUATION OF WEYL TENSOR FOR EINSTEIN SPACETIME

Based on the Newmann-Penrose formalism [15], Teukolsky found the celebrated perturbation equation–Teukolsky equation for general Type D spacetimes in four dimensions [16, 17]. Actually, one can also get the gravitational perturbation equation from the perturbed Penrose wave equation, for example, see references [25] and [26] , where the Newmann-Penrose frame also plays a crucial role. Unfortunately, in general, one cannot define the Newmann-Penrose frame in higher dimensions. To classify the Weyl tensor in higher dimensions, one has to introduce some generalized frame [27, 28]. For example, the so called Geroch-Held-Penrose (GHP) frame in four dimensions [29] has been generalized to the case in higher dimensions [30].

In this section, we will introduce some Teukolsky-like gauge-invariant variables without using GHP frame or its higher dimensional generalization and obtain perturbation equations of these variables from the perturbed Penrose wave equations.

A. Penrose wave equation

From now on, we focus on an Einstein spacetime. In this case, the Ricci tensor of the spacetime satisfies R_{MN} = 2Λ n g_{MN} . (6.1)

By considering the covariant derivative of the Bianchi identity for Riemann tensor, the Weyl tensor of the spacetime satisfies (see Appendix B for details)

□W_{M1 M2M3 M4} + W^{MN}_{M1M2} W_{MNM3 M4} + 4W_{M1}^{MN}_{[M3} W_{M4 ]NMM2} − 4Λ n W_{M1 M2 M3M4} = 0 , (6.2)

This is the Penrose wave equation with a cosmological constant in (n + 2) dimensions. For the warped spacetime (2.1), this equation can be decomposed into three parts: [_2 □w − 4Λ n w + n − 1 n w^2 + n D^cr r D_cw ] (g_{ac}g_{bd} − g_{ad}g_{bc}) + 2(n + 1) (D_arD_dr r^2 g_{cb} − D_arD_cr r^2 g_{db} + D_brD_cr r^2 g_{ad} − D_brD_dr r^2 g_{ac} ) w = 0 , (6.3)

[_2 □w − 4Λ n w + n − 1 n w^2 + n D^cr r D_cw − 2(n + 1)

(Dr)^2 r^2 w ] r^2g_{ab}γ_{ij} = 0 , (6.4) and 1 n(n + 1)

[_2 □w − 4Λ n w + n − 1 n w^2 + n D^cr r D_cw − 2(n + 1)

(Dr)^2 r^2 w ] r^4(γ_{ik}γ_{jl} − γ_{il}γ_{jk} ) +Δ̂Ŵ_{ijkl} + Ŵ^{mn}_{ij}Ŵ_{mnkl} + 4Ŵ_i^{mn}_{[k}Ŵ_{l]nmj} − 2 ( 2Λ n + 2□r r + (n − 1)

(Dr)^2 r^2 ) r^2Ŵ_{ijkl} = 0 , (6.5)

where w is defined in Eq.(2.10). Note that in the n-dimensional Einstein manifold (N^n, γ_{ij} ), we have Δ̂Ŵ_{ijkl} + Ŵ^{mn}_{ij}Ŵ_{mnkl} + 4Ŵ_i^{mn}_{[k}Ŵ_{l]nmj} = 2(n − 1)KŴ_{ijkl} , one can show that (6.4) and (6.5) lead to a single equation 2□w − 4Λ n w + n − 1 n w^2 + n D^cr r D_cw − 2(n + 1)

(Dr)^2

r^2 w = 0 , (6.6) by using Eqs.(2.4) and (6.1). Substituting the above equation into (6.3), it becomes D_arD_dr r^2 g_{cb} − D_arD_cr r^2 g_{db} + D_brD_cr r^2 g_{ad} − D_brD_dr r^2 g_{ac} = − (Dr)^2 r^2 (g_{ac}g_{bd} − g_{ad}g_{bc}) . (6.7) This equation is trivially satisfied by considering the symmetry property of a tensor in the two dimensional space (M^2, g_{ab}). As a result, we have the nontrivial equation (6.6) only. In addition, we have from the Bianchi identity for the Einstein spacetime that ∇^M W_{MNLP} = 0 . (6.8) We can obtain from the above equation that

D_aw + (n + 1) D^cr r D_cw = 0 . (6.9) This equation will be used to simplify the perturbation of the Penrose wave equation in following subsections.

B. Perturbation of Penrose Wave Equation and Gauge-invariant Variables Consider the linear perturbation of the Penrose wave equation (6.2), we can have ( □ − 4Λ n ) Ω_{M1 M2 M3M4} + W^{MN}_{M1 M2} Ω_{MNM3 M4} + Ω^{MN}_{M1M2} W_{MNM3 M4} + 4Ω_{M1}^{MN}_{[M3} W_{M4 ]NMM2} +4W_{M1}^{MN}_{[M3} Ω_{M4]NMM2} − h^{MN} ∇_M ∇_N W_{M1 M2 M3 M4} − δC_M^{MN} ∇_N W_{M1 M2 M3M4} −2 4∑ i=1 δC_{MMi}^{Ni} ∇^M W_{M1 ···Ni···M4} − 4∑ i=1 ∇^M δC_{MMi}^{Ni} W_{M1 ···Ni···M4} − 2h^M_LW^{LN}_{M1 M2} W_{MNM3 M4} −4h^M_LW_{M1}^{LN}_{[M3} W_{M4 ]NMM2} − 4h^N_LW_{M1}^{ML}_{[M3} W_{M4 ]NMM2} = 0 , (6.10) where Ω_{M1M2 M3 M4} = δW_{M1 M2 M3 M4} , and δC_{MN}^L can be found in Eq.(3.22). Obviously, Ω_{M1M2 M3 M4} has the symmetry of Riemann tensor inheriting from the symmetry of the Weyl tensor. In this subsection, the indices (M, N, · · · ) should be understood as abstract indices [33].

In a general case, Ω_{M1 M2 M3 M4} is not gauge-invariant. To construct gauge-invariant variables of perturbations, let us introduce two null vectors ℓ^M and n^M so that the metric of the spacetime can be written as g_{MN} = −ℓ_M n_N − n_M ℓ_N + q_{MN} , (6.11) where ℓ_M ℓ^M = n_M n^M = ℓ^M q_{MN} = n^M q_{MN} = 0 , ℓ_M n^M = −1 , and q_{MN} is the metric of n-dimensional submanifold of the spacetime. For the warped product spacetime we are considering, concretely we have −ℓ_M n_N − n_M ℓ_N = g_{ab}(dy^a)_M (dy^b)_N , (6.12)

q_{MN} = g_{ij} (dz^i)_M (dz^j )_N = r(y)^2γ_{ij} (z)(dz^i)_M (dz^j )_N (6.13) in the coordinate system {y^a, z^i}. Note that there is a freedom to re-scale the null vectors {ℓ^M , n^M } as ℓ^M → αℓ^M , n^M → α^{−1}n^M , (6.14) where α is a scalar function of the spacetime. However, it is easy to see that such rescaling will not change our results.

In this frame, it is easy to find that the nontrivial projections of the Weyl tensor are Ψ_0 = W_{MNLP} ℓ^M n^N ℓ^Ln^P , Φ_{MN} = q_M^S q_N^T W_{SLT P} ℓ^Ln^P , W_{MNLP} = q_M^S q_N^T q_L^U q_P^V W_{ST UV} , (6.15) where q_M^N = q_M^Lq_L^N is the projection operator onto the n-dimensional Riemannian submanifold (The Einstein manifold (N^n, γ_{ij} ) with “radius” r). For the warped product spacetime (2.1), we have Ψ_0 = −c_1w , Φ_{MN} = c_2wq_{MN} . (6.16) Ψ_0 is a scalar and Φ_{MN} is a symmetric tensor. Further, we can expand W_{MNLP} as W_{MNLP} = −c_1wϵ_{MN} ϵ_{LP} − 2c_2wq_{M[L}f_{P ]N} − 2c_2wq_{N[P} f_{L]M} +2c_3wq_{M[L}q_{P ]N} + r^2Ŵ_{MNLP} , (6.17) where the coefficients c_1, c_2 and c_3 are given in (2.9), and f_{MN} = −ℓ_M n_N − n_M ℓ_N , ϵ_{MN} = ℓ_M n_N − n_M ℓ_N . (6.18) Thus the tensor W_{MNLP} can be decomposed into traceless part and trace part, i.e., W_{MNLP} = 2c_3wq_{M[L}q_{P ]N} + r^2Ŵ_{MNLP} . (6.19) To define gauge-invariant perturbation variables, let us focus on the projections Θ_{MN} = q_M^S q_N^T W_{SLT P} ℓ^Lℓ^P , Θ̄_{MN} = q_M^S q_N^T W_{SLT P} n^Ln^P . (6.20) These two quantities both vanish for the background warped product spacetime. This implies that the linear perturbations of Θ_{MN} and Θ̄_{MN} are gauge invariant [1]. By the definition of Ω_{MNLP} , we have Ω_{MN} = q_M^S q_N^T Ω_{SLT P} ℓ^Lℓ^P + q_M^S q_N^T W_{SLT P} δℓ^Lℓ^P + q_M^S q_N^T W_{SLT P} ℓ^Lδℓ^P +δq_M^S q_N^T W_{SLT P} ℓ^Lℓ^P + q_M^S δq_N^T W_{SLT P} ℓ^Lℓ^P , (6.21) where we have defined Ω_{MN} = δΘ_{MN} . Substituting W_{SLT P} in (6.17) into the above equation yields Ω_{MN} = q_M^S q_N^T Ω_{SLT P} ℓ^Lℓ^P − 2c_2q_{MN} ℓ_P δℓ^P . (6.22) This indicates that Ω_{MN} is totally tangent to the n-dimensional submanifold, i.e., q_M^Lq_N^P Ω_{LP} = Ω_{MN} . (6.23) Considering −h^{MN} = −δℓ^M n^N − ℓ^M δn^N − δn^M ℓ^N − n^M δℓ^N + δq^{MN} . (6.24) we have −h^{MN} ℓ_N ℓ_M = 2ℓ_M δℓ^M . (6.25) Substituting this into Ω_{MN} , we obtain Ω_{MN} = q_M^S q_N^T Ω_{SLT P} ℓ^Lℓ^P + c_2q_{MN} (h_{LP} ℓ^Lℓ^P ) . (6.26) Similarly, we can define a gauge-invariant quantity Ω̄_{MN} by using Θ̄_{MN} .

Now let us write down the components of Ω_{MN} in the coordinate system {y^a, z^i}. For the warped product spacetime, the null vectors ℓ_M and n_M can be expressed as ℓ_M = ℓ_a(dy^a)_M , n_M = n_a(dy^a)_M . (6.27) where ℓ_a and n_a are the nonvanishing coordinate components of ℓ_M and n_M . Clearly, ℓ_a = ℓ_a(y) and n_a = n_a(y), they are independent of the coordinates z^i. The projection operator q_M^N can be expressed as q_M^N = (dz^i)_M ( ∂ ∂z^i )_N . (6.28) By these expressions, we can obtain all the components of the tensors we are studying. For example, Φ_{MN} can be expressed as Φ_{MN} = ℓ^an^bW_{aibj} (dz^i)_M (dz^j )_N = c_2wg_{ij} (dz^i)_M (dz^j )_N , and Ω_{MN} has a form Ω_{MN} = q_M^S q_N^T Ω_{MLNP} ℓ^Lℓ^P + c_1q_{MN} (h_{LP} ℓ^Lℓ^P ) = [ ℓ^aℓ^bΩ_{aibj} + c_2wg_{ij} (ℓ^aℓ^bh_{ab}) ] (dz^i)_M (dz^j )_N = Ω_{ij} (dz^i)_M (dz^j )_N . (6.29) This indicates that components of Ω_{MN} in this set of coordinates are given by Ω_{ij} = ℓ^aℓ^bΩ_{aibj} + c_2wg_{ij} (ℓ^aℓ^bh_{ab}) . (6.30) Similarly, we can have the gauge-invariant tensor Ω̄_{MN} = Ω̄_{ij} (dz^i)_M (dz^j )_N , (6.31) where Ω̄_{ij} = n^an^bΩ_{aibj} + c_2wg_{ij} (n^an^bh_{ab}) . (6.32) Note that Ω_{MN} and Ω̄_{MN} are both traceless tensors. To see this, let us notice that Weyl tensor obeys, W_{LMP N} g^{MN} = 0. Its perturbation equation is given by Ω_{LMP N} g^{MN} = W_{LMP N} h^{MN} . (6.33) Multiplying ℓ^L and ℓ^P on both sides of the above equation , we have ℓ^Lℓ^P Ω_{LMP N} g^{MN} − ℓ^Lℓ^P W_{LMP N} h^{MN} = ℓ^Lℓ^P Ω_{LMP N} q^{MN} − ℓ^Lℓ^P W_{LMP N} h^{MN} = ℓ^Lℓ^P Ω_{LMP N} q^{MN} + q^{MN} Φ_{MN} (ℓ_S ℓ_T h^{ST} ) = q^{MN} Ω_{MN} = 0. (6.34) This completes our proof. Here we have used (6.17) and the symmetry of Ω_{MNLP} . Using Eq.(6.30), we have from (6.34) that g^{ij} Ω_{ij} = g^{ij} ℓ^aℓ^bΩ_{aibj} + nc_2wℓ^aℓ^bh_{ab} = 0 . (6.35) Now, let us consider another gauge-invariant variable. Taking use of Φ_{MN} , we can construct a tensor as

B_{MN} := Φ_{MN} + Φ_{NM} − 2 n q^{LP} Φ_{LP} q_{MN} , (6.36) which is identically vanishing. This suggests that C_{MN} := δB_{MN} (6.37) is an gauge-invariant variable. From the definition of Φ_{MN} in Eqs.(6.15), one can have δΦ_{MN} = δ ( q_M^S q_N^T W_{SLT P} ℓ^Ln^P ) = δq_M^S q_N^T W_{SLT P} ℓ^Ln^P + q_M^S δq_N^T W_{SLT P} ℓ^Ln^P +q_M^S q_N^T Ω_{SLT P} ℓ^Ln^P + q^S_M q_N^T W_{SLT P} δℓ^Ln^P + q_M^S q_N^T W_{SLT P} ℓ^Lδn^P = q_M^S q_N^T Ω_{SLT P} ℓ^Ln^P + c_2w [ δq_M^S q_{NS} + q_{MS} δq_N^S − q_{MN} ( n_Lδℓ^L + ℓ_Lδn^L )] . (6.38) Thus we obtain C_{MN} = δΦ_{MN} + δΦ_{NM} − 2 n δ(q^{LP} Φ_{LP} q_{MN} ) = δΦ_{MN} + δΦ_{NM} − 2 n q^{LP} δΦ_{LP} q_{MN} − 2 n δq^{LP} Φ_{LP} q_{MN} − 2 n q^{LP} Φ_{LP} δq_{MN} = δΦ_{MN} + δΦ_{NM} − 2 n q^{LP} δΦ_{LP} q_{MN} − 2 n c_2wq_{LP} δq^{LP} q_{MN} − 2c_2wδq_{MN} = ( q_M^S q_N^T + q_N^S q_M^T − 2 n q_{MN} q^{ST} ) Ω_{SLT P} ℓ^Ln^P +2c_2w [ q_{NS} δq_M^S + q_{MS} δq_N^S − 1 n q_{LP} δq^{LP} q_{MN} − δq_{MN} ] . (6.39)

From q_M^Lq_N^P q_{LP} = q_{MN} , we have q_{NS} δq_M^S + q_{MS} δq_N^S = δq_{MN} − q_M^Lq_N^P δq_{LP} . (6.40)

From Eq.(6.24), we get q_M^Lq_N^P δq_{LP} = q_M^Lq_N^P h_{LP} , q^{LP} δq_{LP} = q^{LP} h_{LP} , q_{LP} δq^{LP} = −q^{LP} h_{LP} . (6.41) Substituting these into Eq.(6.39), we find that C_{MN} can be written as C_{MN} = ( q_M^S q_N^T + q_N^S q_M^T − 2 n q_{MN} q^{ST} ) Ω_{SLT P} ℓ^Ln^P −2c_2w ( q_M^Lq_N^P h_{LP} − 1 n q^{LP} h_{LP} q_{MN} ) . (6.42)

In the coordinate system {y^a, z^i}, this gauge-invariant variable can be expressed as

C_{MN} = C_{ij} (dz^i)_M (dz^j )_N , (6.43)

where C_{ij} = ℓ^an^b ( Ω_{aibj} + Ω_{ajbi} − 2 n g^{kl}Ω_{akbl}g_{ij} ) − 2c_2w ( h_{ij} − 1 n g^{kl}h_{kl}g_{ij} ) . (6.44)

In principle we can construct more gauge-invariant variables by considering other vanishing projections of Weyl tensor. But we limit us to the above three variables, Ω_{MN} , Ω̄_{MN} and C_{MN} in this paper. In addition, let us mention here that in fact, these three variable can be expressed in terms of the gauge-invariant variables proposed by Kodama and Ishibashi. This has been shown in Eqs.(A14), (A15) and (A20) in Appendix A.

C. Perturbation Equations of Gauge-invariant Variables

Substituting Eqs.(2.8) into Eq.(6.10), after a long and tedious calculation, we get the equation of component “aibj”. The projection of this equation along ℓ^aℓ^b is given by ℓ^aℓ^b□Ω_{aibj} + ℓ^aℓ^b□(c_2wg_{ij} h_{ab}) − wℓ^aℓ^b(Ω_{aibj} + c_2wg_{ij} h_{ab}) − 4Λ n ℓ^aℓ^b(Ω_{aibj} + c_2wg_{ij} h_{ab}) + 2 r^2 γ^{km}γ^{ln}ℓ^aℓ^b(Ω_{ambn} + c_2wg_{mn}h_{ab})Ŵ_{ikjl} − (c_2g_{ij} ℓ^aℓ^bh_{ab}) ( D^cD_cw + n − 1 n w^2 − 4Λ n w +n D^cr r D_cw ) + 2 ℓ^aD_ar r^3 γ^{km}γ^{lm}Ŵ_{imjn}ℓ^bD_bh_{kl} − 6 ℓ^aℓ^bD_arD_br r^4 γ^{km}γ^{lm}Ŵ_{imjn}h_{kl} − ℓ^aD_ar r wℓ^bD_bh_{ij} + n + 2 n ℓ^aℓ^bD_arD_br r^2 wh_{ij} + n − 1 n ℓ^aD_ar r wℓ^b (^ D_ih_{bj} + D̂_j h_{bi} )

+2 n − 1 n wℓ^aℓ^bD_arD^crh_{bc}γ_{ij} + 1 n ℓ^aD_ar r wγ_{ij} γ^{kl}ℓ^bD_bh_{kl} − 3 n ℓ^aℓ^bD_arD_br r^2 wγ_{ij} γ^{kl}h_{kl} = 0 . (6.45)

By using Eq. (6.6) and Eq.(6.30) the above equation can be further simplified to ℓ^aℓ^b□Ω_{aibj} + ℓ^aℓ^b□(c_2wg_{ij} h_{ab}) − wΩ_{ij} − 4Λ n Ω_{ij} + 2 r^2 γ^{km}γ^{ln}Ω_{ij}Ŵ_{ikjl} −2(n + 1)

(Dr)^2

r^2 ℓ^aℓ^b(c_2wg_{ij} h_{ab}) + 2 ℓ^aD_ar r^3 γ^{km}γ^{lm}Ŵ_{imjn}ℓ^bD_bh_{kl} −6 ℓ^aℓ^bD_arD_br r^4 γ^{km}γ^{lm}Ŵ_{imjn}h_{kl} − ℓ^aD_ar r wℓ^bD_bh_{ij} + n + 2 n ℓ^aℓ^bD_arD_br r^2 wh_{ij} + n − 1 n ℓ^aD_ar r wℓ^b (^ D_ih_{bj} + D̂_j h_{bi} ) + 2 n − 1 n wℓ^aℓ^bD_arD^crh_{bc}γ_{ij} + 1 n ℓ^aD_ar r wγ_{ij} γ^{kl}ℓ^bD_bh_{kl} − 3 n ℓ^aℓ^bD_arD_br r^2 wγ_{ij} γ^{kl}h_{kl} = 0 . (6.46)

In the spacetime with warp product, one has

□Ω_{aibj} + □(c_2wg_{ij} h_{ab}) = ∇^c∇_cΩ_{aibj} + ∇^c∇_c(c_2wg_{ij} h_{ab}) + g^{kl}∇_k∇_lΩ_{aibj} + g^{kl}∇_k∇_l(c_2wg_{ij} h_{ab}) . (6.47)

For the former two terms in the right hand side of the above equation, we have

ℓ^aℓ^b∇^c∇_cΩ_{aibj} + ℓ^aℓ^b∇^c∇_c(c_2wg_{ij} h_{ab}) = ℓ^aℓ^b(^2□Ω_{aibj} ) − 4ℓ^aℓ^b D^cr r D_cΩ_{aibj} − [ 2 2□r r − 6 (Dr)^2

r^2 ] (ℓ^aℓ^bΩ_{aibj} ) + ℓ^aℓ^b

[_2 □(c_2wg_{ij} h_{ab}) ] − 4ℓ^aℓ^b D^cr r D_c(c_2wg_{ij} h_{ab}) − [ 2 2□r r − 6 (Dr)^2

r^2 ] ℓ^aℓ^b(c_2wg_{ij} h_{ab}) . (6.48)

On the other hand, for the latter two terms in the right hand side of the equation (6.47), we have ℓ^aℓ^bg^{kl}∇_k∇_lΩ_{aibj} + ℓ^aℓ^bg^{kl}∇_k ∇_l(c_2wg_{ij} h_{ab}) = ℓ^aℓ^b 1 r^2 Δ̂Ω_{aibj} + 2 ℓ^aℓ^bD^arD^br r^4 γ^{kl}Ω_{ikjl} +nℓ^aℓ^b D^cr r D_cΩ_{aibj} − 2 ℓ^aD_ar r^3 ℓ^bD̂^k(Ω_{kibj} + Ω_{bikj} ) − (n − 2) ℓ^aD_arD^cr r^2 ℓ^b(Ω_{cibj} + Ω_{bicj} ) +2 D^cr r ℓ^aℓ^b(D̂_iΩ_{acbj} + D̂_j Ω_{aibc}) + (D^crD^dr)ℓ^aℓ^b(Ω_{adbc} + Ω_{acbd})γ_{ij} + ℓ^aℓ^b 1 r^2

Δ̂(c_2wh_{ab}g_{ij} )

−2(n + 1)

(Dr)^2

r^2 (ℓ^aℓ^bΩ_{aibj} ) + nc_2(rD^crD_cw)γ_{ij} (ℓ^aℓ^bh_{ab}) + c_2wγ_{ij} [ − 4 ℓ^aD_ar r ℓ^bD̂^kh_{bk} +nrD^crℓ^aℓ^b(D_ch_{ab}) − 2n(ℓ^aD_arD^cr)ℓ^bh_{bc} + 2 ℓ^aℓ^bD_arD_br r^2 γ^{kl}h_{kl} ] . (6.49)

To simplify this expression, let us consider the perturbations of the Bianchi identity (6.8) and

∇_S W_{MNLP} + ∇_LW_{MNP S} + ∇_P W_{MNSL} = 0 . (6.50)

Eq. (6.8) leads to −h^{UV} ∇_U W_{V NLP} + ∇^M Ω_{MNLP} − δC^{MU}_M W_{UNLP} −δC^M_N^U W_{MULP} − δC^M_L^U W_{MNUP} − δC^M_P^U W_{MULU} = 0 , (6.51)

while Eq. (6.50) gives ∇_S Ω_{MNLP} − δC^U_{SM} W_{UNLP} − δC^U_{SN} W_{MULP} − δC^U_{SL} W_{MNUP} − δC^U_{SP} W_{MNLU} +∇_LΩ_{MNP S} − δC^U_{LM} W_{UNP S} − δC^U_{LN} W_{MUP S} − δC^U_{LP} W_{MNUS} − δC^U_{LS} W_{MNP U} +∇_P Ω_{MNSL} − δC^U_{P M} W_{UNSL} − δC^U_{P N} W_{MUSL} − δC^U_{P S} W_{MNUL} − δC^U_{P L} W_{MNSU} = 0 . (6.52)

From Eq.(6.51), we have − 1 r^2 ℓ^b(D̂^kΩ_{kibj} + D̂^kΩ_{kjbi} ) − ℓ^bD^cΩ_{cibj} − ℓ^bD^cΩ_{cjbi} = 2c_2r^2γ_{ij} ℓ^bh_b^aD_aw + c_3wℓ^bD_bh_{ij}

+c_2wℓ^b(3D_bh_{ij} − D̂_ih_{bj} − D̂_j h_{bi}) + 2(n − 1)c_2wrD^arℓ^bh_{ab}γ_{ij} − (4c_2 + 2c_3)w ℓ^bD_br r h_{ij} −(c_3 + c_2)wγ_{ij} γ^{kl}ℓ^bD_bh_{kl} + 2c_2wr^2γ_{ij} ℓ^bD^ch_{bc} + 2c_3wγ_{ij} γ^{kl} ℓ^bD_br r h_{kl} + 2c_2wγ_{ij} ℓ^bD̂^kh_{bk} +4 ℓ^bD_br r^3 γ^{km}γ^{ln}h_{mn}Ŵ_{kilj} − 1 r^2 γ^{km}γ^{ln}ℓ^bD_bh_{mn}Ŵ_{kilj} + (n − 3) D^cr r ℓ^b(Ω_{cibj} + Ω_{cjbi}) −2 ℓ^bD_br r^3 γ^{kl}Ω_{ikjl} − 1 n ℓ^bD_br r w ( h_{ij} − γ^{kl}h_{kl}γ_{ij} ) . (6.53)

From (6.52), we arrive at

ℓ^aℓ^bn^c(D̂_iΩ_{ajbc} + D̂_j Ω_{aibc} + D_bΩ_{ajci} + D_bΩ_{aicj} − 2D_cΩ_{ajbi}) = c_2wℓ^bD_bh_{ij} − 2c_2w ℓ^bD_br r h_{ij} −c_1wℓ^b(D_bh_{ij} − D̂_ih_{bj} − D̂_j h_{bi} − 2rγ_{ij} D^arh_{ab}) + 2c_2wg_{ij} ℓ^aℓ^bn^c(D_ch_{ab} − D_bh_{ac}) −2 n^cD_cr r ℓ^aℓ^bΩ_{aibj} + 2rℓ^aD_arγ_{ij} ℓ^bℓ^cn^dn^eΩ_{bdce} + ℓ^aD_ar r ℓ^bn^c(Ω_{aicj} + Ω_{ajci}) . (6.54)

Combining above two equations, we obtain − 1 r^2 ℓ^a(D̂^kΩ_{kiaj} + D̂^kΩ_{kjai}) − ℓ^aℓ^bn^c(D̂_iΩ_{ajbc} + D̂_j Ω_{aibc}) + 4n^cℓ^aℓ^bD_cΩ_{ajbi} = 2c_2r^2γ_{ij} ℓ^bh_b^aD_aw + 1 2 wℓ^bD_b(h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl}) − n − 1 2n wℓ^b(D̂_ih_{bj} + D̂_j h_{bi}) +2c_2wγ_{ij} ℓ^bD̂^kh_{bk} − 4c_2wr^2γ_{ij} ℓ^aℓ^bn^cD_ch_{ab} − 2c_2wrD^arℓ^bh_{ab}γ_{ij} − 1 n w ℓ^bD_br r h_{ij} +2c_3wγ_{ij} γ^{kl} ℓ^bD_br r h_{kl} + 4 ℓ^bD_br r^3 γ^{km}γ^{ln}h_{mn}Ŵ_{kilj} − 1 r^2 γ^{km}γ^{ln}ℓ^bD_bh_{mn}Ŵ_{kilj} −2 ℓ^bD_br r^3 γ^{kl}Ω_{ikjl} − 1 n ℓ^bD_br r w ( h_{ij} − γ^{kl}h_{kl}γ_{ij} ) − 2rℓ^aD_arγ_{ij} ℓ^bℓ^cn^dn^eΩ_{bdce} −2(n − 4) n^cD^cr r ℓ^aℓ^bΩ_{aibj} − (n − 2) ℓ^cD_cr r ℓ^an^b(Ω_{aibj} + Ω_{ajbi}) . (6.55)

To simplify the equation (6.49), we further need to consider the perturbation of g^{MN} W_{MLNP} = 0. The latter gives

ℓ^aℓ^bn^cn^dΩ_{acbd} + g^{ij} ℓ^an^bΩ_{aibj} = c_1wℓ^an^bh_{ab} + c_2wg^{ij} h_{ij} , (6.56) and c_3w(h_{ij} − g_{ij} g^{kl}h_{kl}) − 2c_2w(ℓ^an^bh_{ab})g_{ij} − r^2g^{km}g^{ln}Ŵ_{ikjl} h_{mn} − ℓ^an^b(Ω_{iajb} + Ω_{ibja}) + g^{kl}Ω_{ikjl} = 0 . (6.57) Now we substitute these results (6.55),(6.9), (6.56), and (6.57) into Eq.(6.49), we find a lot of terms are beautifully canceled out, and finally the equation becomes ℓ^aℓ^bg^{kl}∇_k∇_lΩ_{aibj} + g_{ij} ℓ^aℓ^bg^{kl}∇_k∇_l(c_2wh_{ab}) = 1 r^2 ℓ^aℓ^bΔ̂Ω_{aibj} + 1 r^2 ℓ^aℓ^bΔ̂(c_2wh_{ab}g_{ij} ) +n D^cr r ℓ^aℓ^bD_cΩ_{aibj} + n D^cr r ℓ^aℓ^bD_c(c_2wh_{ab}g_{ij} ) − 8 ℓ^eD_er r n^cℓ^aℓ^bD_cΩ_{aibj} −8 ℓ^eD_er r n^cℓ^aℓ^bD_c(c_2wh_{ab}g_{ij} ) − (n + 8)

(Dr)^2 r^2

Ω_{ij} + 2(n + 1)

(Dr)^2

r^2 ℓ^aℓ^b(c_2wg_{ij} h_{ab}) −n ℓ^cℓ^dD_crD_dr r^2 n^bℓ^a(Ω_{biaj} + Ω_{aibj} − 2 n g^{kl}Ω_{akbl}g_{ij} ) + 2nc_2w ℓ^cℓ^dD_crD_dr r^2 ( h_{ij} − 1 n g^{kl}h_{kl}g_{ij} ) . (6.58)

Substituting (6.48) and (6.58) into the perturbation equation (6.46), we arrive at ℓ^aℓ^b [_2

□Ω_{aibj} +^2□(c_2wg_{ij} h_{ab}) + 1 r^2

Δ̂Ω_{aibj} + 1 r^2

Δ̂(c_2wh_{ab}g_{ij} ) ] + (n − 4)ℓ^aℓ^b D^cr r D_cΩ_{aibj} +(n − 4)ℓ^aℓ^b D^cr r D_c(c_2wg_{ij} h_{ab}) − 8 ℓ^eD_er r n^cℓ^aℓ^bD_cΩ_{aibj} − 8 ℓ^eD_er r n^cℓ^aℓ^bD_c(c_2wh_{ab}g_{ij} ) −2 2□r r Ω_{ij} − (n + 2)

(Dr)^2

r^2

Ω_{ij} − wΩ_{ij} + 2 r^2 γ^{km}γ^{ln}Ω_{mn}Ŵ_{ikjl} − 4Λ n Ω_{ij} −n ℓ^cℓ^dD_crD_dr r^2 n^bℓ^a ( Ω_{biaj} + Ω_{aibj} − 2 n g^{kl}Ω_{akbl}g_{ij} ) + 2nc_2w ℓ^cℓ^dD_crD_dr r^2 ( h_{ij} − 1 n g^{kl}h_{kl}g_{ij} ) = 0 . (6.59)

We are now further to deal with the above equation by considering the projection ℓ^aℓ^b. Note that ℓ_a does not depend on the coordinates z^i, thus one has D̂_iℓ^a = Δ̂ℓ^a = 0. In addition, in general, D_aℓ^b ≠ 0. To get the equation for the gauge-invariant variable Ω_{ij} , let us further define two quantities κ_ℓ and κ_n as

D_aℓ_b = (ℓ_an^c + n_aℓ^c)(ℓ_bn^d + n_bℓ^d)D_cℓ_d = −κ_nℓ_aℓ_b − κ_ℓn_aℓ_b , (6.60)

D_an_b = (ℓ_an^c + n_aℓ^c)(ℓ_bn^d + n_bℓ^d)D_cn_d = κ_nℓ_an_b + κ_ℓn_an_b , (6.61)

where

κ_ℓ ≡ −n^dℓ^cD_cℓ_d , κ_n ≡ −n^dn^cD_cℓ_d . (6.62)

From (6.60) we can obtain

2□ℓ_c = −(L_ℓκ_n + L_nκ_ℓ + 2κ_nκ_ℓ)ℓ_c , (6.63) where L_ℓ and L_n are the Lie derivatives along the vectors ℓ^a and n^a. By using these relations we can obtain

D_c(Ω_{aibj} ℓ^aℓ^b) = ℓ^aℓ^b(D_cΩ_{aibj} ) − 2κ_nℓ_c(Ω_{aibj} ℓ^aℓ^b) − 2κ_ℓn_c(Ω_{aibj} ℓ^aℓ^b) , (6.64) and 2□(Ω_{aibj} ℓ^aℓ^b) =^2□Ω_{aibj} ℓ^aℓ^b − 4κ_nℓ^cD_c(Ω_{aibj} ℓ^aℓ^b) − 4κ_ℓn^cD_c(Ω_{aibj} ℓ^aℓ^b) +8κ_ℓκ_n(Ω_{aibj} ℓ^aℓ^b) − 2(L_ℓκ_n + L_nκ_ℓ)(Ω_{aibj} ℓ^aℓ^b) . (6.65)

Next let us consider the extrinsic curvature of the n-dimensional submanifold N^n (with the “radius” r). The meaning curvature vectors of this submanifold (in abstract indices formalism) [31, 32]: K^M = −n ∇^M r r . This meaning curvature vector is normal to the submanifold N^n. In the coordinates {y^a, z^i}, it can be expressed as

K_M = K_a(dy^a)_M = −n D_ar r (dy^a)_M . (6.66)

Thus the expansions of N^n along the normal vectors ℓ^M and n^M are given by

θ^{(ℓ)} = −K_M ℓ^M = n ℓ^aD_ar r , θ^{(n)} = −K_M n^M = n n^aD_ar r . (6.67)

With these relations we finally obtain the perturbation equation for the gauge-invariant variable Ω_{ij}

2□Ω_{ij} +

Δ̂_L − 2nK r^2

Ω_{ij} + [ 4κ_nℓ^c + 4κ_ℓn^c − n + 4 n θ^{(ℓ)}n^c − n − 4 n θ^{(n)}ℓ^c ] D_cΩ_{ij} +2 [ L_ℓκ_n + L_nκ_ℓ − 4κ_ℓκ_n + n + 4 n κ_nθ^{(ℓ)} + n − 4 n κ_ℓθ^{(n)} ] Ω_{ij} − [ 2 2□r r + (n + 2)

(Dr)^2

r^2

+ w + 4Λ n ] Ω_{ij} − 1 n θ^{(ℓ)}θ^{(ℓ)}C_{ij} = 0 . (6.68)

where C_{ij} is defined in Eq.(6.44), and Δ̂_L is the Lichnerowicz operator on the Einstein manifold (N^n, γ_{ij} ) defined in Eq.(3.11). In the same way we can obtain the equations for the gauge-invariant variable Ω̄_{ij}

2□Ω̄_{ij} +

Δ̂_L − 2nK r^2

Ω̄_{ij} − [ 4κ_ℓn^c + 4κ_nℓ^c + n + 4 n θ^{(n)}ℓ^c + n − 4 n θ^{(ℓ)}n^c ] D_cΩ̄_{ij} −2 [ L_nκ_ℓ + L_ℓκ_n + 4κ_nκ_ℓ + n + 4 n κ_ℓθ^{(n)} − n − 4 n κ_nθ^{(ℓ)} ] Ω̄_{ij} − [ 2 2□r r + (n + 2)

(Dr)^2

r^2

+ w + 4Λ n ] Ω̄_{ij} − 1 n θ^{(n)}θ^{(n)}C_{ij} = 0 . (6.69)

Now, we turn to the variable C_{MN} . To get the perturbation of the gauge-invariant variable, let us first introduce an auxiliary tensor C_{MLNP} = Ω_{MLNP} + Ω_{NLMP} − 2 n (q^{ST} Ω_{MSNT} )q_{LP} , (6.70)

its “aibj” components can be written as C_{aibj} = Ω_{aibj} + Ω_{biaj} − 2 n γ^{kl}Ω_{akbl}γ_{ij} . (6.71) Another auxiliary tensor H_{MN} is defined as

H_{MN} = q_M^Lq_N^P h_{LP} − 1 n (q^{LP} h_{LP} )q_{MN} , (6.72)

and its nontrivial components are H_{ij} = h_{ij} − 1 n γ^{kl}h_{kl}γ_{ij} . (6.73)

Considering the components “aibj” of the equations (6.10) and multiplying ℓ^an^b on the equation, we have ℓ^an^b□C_{aibj} − 4Λ n (ℓ^an^bC_{aibj} ) + [ 2 r^2 c_2wγ^{kl}C_{ikjl} − 8 r^2 c_2wγ^{km}γ^{ln}Ŵ_{ikjl} H_{mn} − 2c_2w□H_{ij} +4(c_2)^2w^2H_{ij} + 8c_2c_3w^2H_{ij} + 2c_1wn^aℓ^bC_{aibj} − 2c_3wℓ^an^bC_{aibj} − 4c_2wℓ^an^bC_{aibj} + 2 r^2 ℓ^an^bC_{akbl}γ^{km}γ^{ln}Ŵ_{imjn} ] − 2 D^br r^3 γ^{km}γ^{lm}Ŵ_{imjn}n^bD_bH_{kl} + 6 (Dr)^2 r^4 γ^{km}γ^{lm}Ŵ_{imjn}H_{kl} −3 (Dr)^2

r^2 wH_{ij} − n − 2 n w D^cr r D_cH_{ij} + n − 1 n w D^cr r (^ D_ih_{cj} + D̂_j h_{ci} − 2 n D̂^kh_{kc}γ_{ij} ) −4c_2D_cwD^cH_{ij} = 0 . (6.74)

Using (6.57) and the definition of C_{ij} , this equation becomes ℓ^an^bg^{cd}∇_c∇_dC_{aibj} + ℓ^an^bg^{kl}∇_k∇_lC_{aibj} − g^{cd}∇_c∇_d(2c_2wH_{ij} ) − g^{kl}∇_k ∇_l(2c_2wH_{ij} ) − 4Λ n C_{ij} + n − 2 n wC_{ij} + 2 r^2 C_{kl}γ^{km}γ^{ln}Ŵ_{imjn} + 2c_2H_{ij} ( D^cD_cw + n − 1 n w^2 − 4Λ n w + n D^cr r D_cw )

−2 D^br r^3 γ^{km}γ^{lm}Ŵ_{imjn}D_bH_{kl} + 6 (Dr)^2

r^4 γ^{km}γ^{lm}Ŵ_{imjn}H_{kl} − n − 2 n w D^cr r D_cH_{ij} + n − 4 n w (Dr)^2

r^2 H_{ij} + n − 1 n w D^cr r (^ D_ih_{cj} + D̂_j h_{ci} − 2 n D̂^kh_{kc}γ_{ij} ) = 0 . (6.75)

To simplify this equation, let us first deal with the D’Alembertian □ = g^{ab}∇_a∇_b + g^{ij} ∇_i∇_j . The term concerning with the second part of the D’Alembertian is ℓ^an^bg^{kl}∇_k∇_lC_{aibj} = ℓ^an^b 1 r^2 Δ̂C_{aibj} − (Dr)^2 r^4 γ^{kl}C_{ikjl} + 2 D^br r^3 D̂^kC_{kibj} −2 D^cr r g^{ab}(D̂_iΩ_{acbj} + D̂_j Ω_{acbi} − 2 n D̂^kΩ_{acbk}γ_{ij} ) + (n − 2) D^brD^cr r^2 C_{bicj} +nℓ^an^b D^cr r D_cC_{aibj} − 2(n + 1) (Dr)^2 r^2

(ℓ^an^bC_{aibj} ) . (6.76)

Note that we have from (6.51) − 1 r^2 D̂^kC_{kiaj} − D^bC_{biaj} = − 1 r^2 γ^{km}γ^{ln}Ŵ_{kilj} D_aH_{mn} + 4 D_ar r γ^{km}γ^{ln}Ŵ_{kilj} H_{mn} +(3c_2 + c_3)wD_aH_{ij} − D_ar r 2(3c_2 + 2c_3)wH_{ij} − c_2w(D̂_ih_{aj} + D̂_j h_{ai} − 2 n D̂^kh_{ak}γ_{ij} ) − D_ar r^3 γ^{kl}C_{ikjl} + (n − 3) D^br r C_{biaj} , (6.77) and from (6.52) − (^ D_iΩ_{ajbc} + D̂_j Ω_{aibc} − 2 n γ_{ij}D̂^kΩ_{akbc} ) − D_bC_{aicj} + D_cC_{aibj} = D_cr r C_{ajbi} − D_br r C_{ajci} + c_1w(D_cH_{ij} g_{ab} − D_bH_{ij} g_{ac}) + c_2w(D_bH_{ij} g_{ac} − D_cH_{ij} g_{ab}) −2c_2wH_{ij} ( D_br r g_{ac} − D_cr r g_{ab}) + c_1wg_{ac} (^ D_ih_{bj} + D̂_j h_{bi} − 2 n D̂^kh_{bk}γ_{ij} ) −c_1wg_{ab} (^ D_ih_{cj} + D̂_j h_{ci} − 2 n D̂^kh_{ck}γ_{ij} ) . (6.78)

Further using g^{kl}∇_k∇_lH_{ij} = 1 r^2 Δ̂H_{ij} + n D^ar r D_aH_{ij} − 2(n + 1)

(Dr)^2 r^2

H_{ij} + 2 D^cr r (^ D_ih_{cj} + D̂_j h_{ci} − 2 n D̂^kh_{ck}γ_{ij} ) , (6.79) and (6.6), we find the equation (6.77) can be rewritten as ℓ^an^bg^{kl}∇_k∇_lC_{aibj} = ℓ^an^b 1 r^2 Δ̂C_{aibj} − 2 D^cr r [ − 1 r^2 γ^{km}γ^{ln}Ŵ_{kilj} D_cH_{mn} +3 D_cr r^3 γ^{km}γ^{ln}Ŵ_{kilj} H_{mn} + (4c_2 + c_3 − c_1)wD_cH_{ij} + D_cr r (4c_2 + c_3)wH_{ij}

+(c_1 − c_2)w (^ D_ih_{cj} + D̂_j h_{ci} − 2 n D̂^kh_{ck}γ_{ij} ) ] − (n − 2) D^arD^br r^2 C_{aibj} +4 D^cr r ℓ^an^bD_cC_{aibj} + nℓ^an^b D^cr r D_cC_{aibj} − 2(n + 2) (Dr)^2

r^2

(ℓ^an^bC_{aibj} ) . (6.80)

Thus substituting the above equation into (6.75), we have ℓ^an^bg^{cd}∇_c∇_dC_{aibj} − g^{cd}∇_c∇_d(2c_2wH_{ij} ) − 4Λ n C_{ij} + n − 2 n wC_{ij} +(n + 4) D^cr r D_cC_{ij} − (n + 6)

(Dr)^2

r^2 C_{ij} + 1 r^2

Δ̂C_{ij} + 2 r^2 C_{kl}γ^{km}γ^{ln}Ŵ_{imjn} −(n − 2) ℓ^cℓ^dD_crD_dr r^2 (C_{aibj} n^an^b) − (n − 2) n^cn^dD_crD_dr r^2 (C_{aibj} ℓ^aℓ^b) = 0 . (6.81)

Further consider the following relation ℓ^an^b∇^c∇_cC_{aibj} − ℓ^an^b∇^c∇_c(2c_2wH_{ij} ) = ℓ^an^b(^2□C_{aibj} ) − 4ℓ^an^b D^cr r D_cC_{aibj} − [ 2 2□r r − 6 (Dr)^2

r^2 ] (ℓ^an^bC_{aibj} ) −^2□(2c_2wH_{ij} ) + 4 D^cr r D_c(2c_2wH_{ij} ) + [ 2 2□r r − 6 (Dr)^2

r^2 ] (2c_2wH_{ij} ) , (6.82)

we obtain the perturbation equation of the gauge-invariant variable C_{ij} 2□C_{ij} + n D^cr r D_cC_{ij} − Δ̂_L − 2nK r^2 C_{ij} − [ 2 2□r r + n (Dr)^2 r^2 + 4Λ n − n − 2 n w ] C_{ij} −2 (n − 2 n^2 )[ θ^{(ℓ)}θ^{(ℓ)}Ω̄_{ij} + θ^{(n)}θ^{(n)}Ω_{ij} ] = 0 , (6.83)

Equations (6.68), (6.69) and (6.83) are main results of this section. From these equations, we find the gauge-invariant perturbation variables Ω_{ij} , Ω̄_{ij} and C_{ij} are coupled to each other. But they will be decoupled in some special cases, for instance, the cases where n = 2 or r is a constant. This will be shown shortly.

D. The decomposition of Ωij , Ω̄ij and Cij

These three gauge-invariant variables are symmetric and traceless tensors. But in general, they are not transverse free. To see this, for example, we can have from Eq.(A14) that

2D̂^iΩ_{ij} = ℓ^aℓ^bD_a ( Δ̂F^{(1)}_{bj} + D̂^iD̂_j F^{(1)}_{bi} ) − D̂^iL̂_{ij} ( ℓ^aℓ^bF^{(0)}_{ab} ) = ℓ^aℓ^bD_a [( Δ̂ + (n − 1)K)F^{(1)}_{bj} ] − n − 1 n (^ Δ + K )( ℓ^aℓ^bD̂_j F^{(0)}_{ab} ) . (6.84)

Clearly it does not vanish in general. The similar holds for Ω̄_{ij} and C_{ij} .

These gauge-invariant quantities Ω_{ij} , Ω̄_{ij} and C_{ij} can be viewed as symmetric rank two tensors on the Einstein manifold (N^n, γ_{ij} ). Thus according to the decomposition theorem for symmetric tensor in [10], we can decompose the tensor Ω_{ij} as

Ω_{ij} = Ω^{(2)}_{ij} + D̂_iΩ^{(1)}_j + D̂_j Ω^{(1)}_i + Ω_Lγ_{ij} + L̂_{ij} Ω_T , (6.85)

where Ω^{(2)}_{ij} is a transverse traceless symmetric tensor, and the scalar Ω_L is the trace part of Ω_{ij} , i.e.,

Ω_L = γ^{ij} Ω_{ij} , (6.86) which is identically vanishing here. The scalar Ω_T satisfies Δ̂Ω_T = f , (6.87) where f is a solution of (Δ̂ + nK)f = n n − 1 L̂^{ij} Ω_{ij} , (6.88)

and has a vanishing integral on N^n, i.e., ∫ N^n f = 0. Note that the function f always exists as shown in [10]. Finally the vector

Ω^{(1)}_i is divergence free, and satisfies the following equation

[Δ̂ + (n − 1)K]Ω^{(1)}_i = D̂^j ( Ω_{ij} − 1 n Ω_Lγ_{ij} ) − n − 1 n (D̂_if + nKD̂_iΩ_T ) . (6.89)

We can do similar decomposition for tenors Ω̄_{ij} and C_{ij} .

Taking this decomposition and using Eqs.(A14), (A15), and (A20), we can find the relations between these three gaugeinvariant variables and the Kodama-Ishibashi variables as follows. 2Ω_T = −ℓ^aℓ^bF^{(0)}_{ab} , 2Ω^{(1)}_i = ℓ^aℓ^bD_aF^{(1)}_{bi} ,

2Ω^{(2)}_{ij} = −ℓ^aℓ^bD_a [ r^2D_b (h^{(2)}_{T ij} r^2 )] , 2Ω̄_T = −n^an^bF^{(0)}_{ab} , 2Ω̄^{(1)}_i = n^an^bD_aF^{(1)}_{bi} ,

2Ω̄^{(2)}_{ij} = −n^an^bD_a [ r^2D_b ( h^{(2)}_{T ij} r^2 )] , 2C_T = F^{(0)c}_c = −2ℓ^an^bF^{(0)}_{ab} , 2C^{(1)}_i = −D^cF^{(1)}_{ci} ,

2C^{(2)}_{ij} = D^c [ r^2D_c ( h^{(2)}_{T ij} r^2 )] . (6.90)

Some remarks are in order here. (1). All the Kodama-Ishibashi variables appear in (6.90) except for F^{(0)}. Note that in the case without matter sources, F^{(0)} is completely determined by F^{(0)c}_c through Eq.(3.20). Therefore in principle, one can determine these Kodama-Ishibashi variables once those Teukolsky-like variables are known, and vice versa. (2). Those relations in (6.90) tell us that all the Kodama-Ishibashi variables come from some perturbations of projections of Weyl tensor of the spacetime through the two null vectors ℓ^M and n^M and the projection tensor q_M^N . This implies that all the Kodama-Ishibashi variables have a same origin. (3). Those relations (6.90) also implies that the perturbation equations of the Kodama-Ishibashi variables are identical to the perturbation equations of the Teukolsky-like variables found in this paper in the case without matter fields. (4). When matter fields are present, at the moment we are not sure whether those relations in (6.90) are still valid or not, although we expect those relations or their generalizations holds as well.

In the next subsubsections, we will explicitly give the perturbation equations for these scalar, vector, and tensor parts of these Teukolsky-like variables.

1. Scalar type equation

For the simplicity of those perturbation equations, we rewrite Eqs. (6.68), (6.69), and (6.83) as

2□Ω_{ij} + X^cD_cΩ_{ij} −

Δ̂_L − 2nK r^2

Ω_{ij} + V_ΩΩ_{ij} − 1 n θ^{(ℓ)}θ^{(ℓ)}C_{ij} = 0 , (6.91)

2□Ω̄_{ij} + X̄^cD_cΩ_{ij} −

Δ̂_L − 2nK r^2

Ω̄_{ij} + V̄_{Ω̄}Ω_{ij} − 1 n θ^{(n)}θ^{(n)}C_{ij} = 0 , (6.92) and 2□C_{ij} + Z^cD_cC_{ij} − Δ̂_L − 2nK r^2 C_{ij} + V_C C_{ij} −2 (n − 2 n^2 )[ θ^{(ℓ)}θ^{(ℓ)}Ω̄_{ij} − θ^{(n)}θ^{(n)}Ω_{ij} ] = 0 , (6.93) by introducing three vectors, Z^c = nD^cr/r, X^c and X̄^c,

X^c = 4κ_nℓ^c + 4κ_ℓn^c − n + 4 n θ^{(ℓ)}n^c − n − 4 n θ^{(n)}ℓ^c , (6.94)

X̄^c = −4κ_ℓn^c − 4κ_nℓ^c − n + 4 n θ^{(n)}ℓ^c − n − 4 n θ^{(ℓ)}n^c . (6.95)

and three scalars, V_Ω, V̄¯_Ω, and V_C , respectively,

V_Ω = 2 ( L_ℓκ_n + L_nκ_ℓ − 4κ_ℓκ_n + n + 4 n κ_nθ^{(ℓ)} + n − 4 n κ_ℓθ^{(n)} )

− [ 2 2□r r + (n + 2)

(Dr)^2 r^2

+ w + 4Λ n ] , (6.96)

V̄_{Ω̄} = −2 ( L_nκ_ℓ + L_ℓκ_n + 4κ_nκ_ℓ + n + 4 n κ_ℓθ^{(n)} − n − 4 n κ_nθ^{(ℓ)} )

− [ 2 2□r r + (n + 2)

(Dr)^2 r^2

+ w + 4Λ n ] , (6.97)

V_C = −2 2□r r − n (Dr)^2

r^2 − 4Λ n + n − 2 n w . (6.98)

To get the equation for Ω_T , let us consider the action of L̂^{ij} on Eq.(6.91). By using following relation

−L̂^{ij}Δ̂_LΩ_{ij} = L̂^{ij} [(Δ̂ − 2nK)Ω_{ij} + 2Ŵ_{ikjl}Ω^{kl}] = L̂^{ij} (Δ̂ − 2nK)Ω_{ij} + 2D̂^iD̂^j (Ŵ_{ikjl} Ω^{kl}) = Δ̂L̂^{ij} Ω_{ij} −2KD̂^iD̂^j Ω_{ij} − 2R̂_{ikjl}D̂^iD̂^j Ω^{kl} + 2Ŵ_{ikjl}D̂^iD̂^j Ω^{kl} = Δ̂L̂^{ij} Ω_{ij} , (6.99) we have

2□(L̂^{ij} Ω_{ij} ) + X^cD_c(L̂^{ij} Ω_{ij} ) +

Δ̂ + 2nK

r^2

(L̂^{ij} Ω_{ij} ) + V_Ω(L̂^{ij} Ω_{ij} ) − 1 n θ^{(ℓ)}θ^{(ℓ)}(L̂^{ij} C_{ij} ) = 0 . (6.100)

Together with Eq.(6.87) and Eq.(6.88), we find the equation for Ω_T :

(Δ̂ + nK)Δ̂ { E [Ω_T ] } = 0 , (6.101)

where E [Ω_T ] is defined as

E [Ω_T ] =^2□Ω_T + X^cD_cΩ_T +

Δ̂ + 2nK

r^2

Ω_T + V_ΩΩ_T − 1 n θ^{(ℓ)}θ^{(ℓ)}C_T . (6.102)

This implies that E [Ω_T ] belongs to the kernel of the elliptic operator (Δ̂ + nK)Δ̂. When the eigenvalue of the operator (Δ̂ + nK)Δ̂ does not vanish, we have

2□Ω_T + X^cD_cΩ_T +

Δ̂ + 2nK r^2

Ω_T + V_ΩΩ_T − 1 n θ^{(ℓ)}θ^{(ℓ)}C_T = 0 . (6.103)

This is the perturbation equation of the variable Ω_T . On the other hand, when the eigenvalue of the operator (Δ̂ + nK)Δ̂ vanishes, the equation (6.101) is trivially satisfied.

Similarly, we can get the equations for Ω̄_T and C_T as

2□Ω̄_T + X̄^cD_cΩ̄_T +

Δ̂ + 2nK r^2

Ω̄_T + V̄_{Ω̄}Ω̄_T − 1 n θ^{(n)}θ^{(n)}C_T = 0 , (6.104) and 2□C_T + Z^cD_cC_T +

Δ̂ + 2nK r^2

C_T + V_C C_T −2 (n − 2 n^2 )[ θ^{(ℓ)}θ^{(ℓ)}Ω̄_T + θ^{(n)}θ^{(n)}Ω_T ] = 0 . (6.105)

These are the scalar type equations for the gauge-invariant perturbation variables Ω_{ij} , Ω̄_{ij} and C_{ij} . Let us remind here that these equations exactly hold for generic modes because we have applied operator L̂_{ij} on the equations (6.91), (6.92), and (6.93) as in subsec.V B.

2. Vector type equation

In the same way as in the previous subsection, we obtain the equations for Ω^{(1)}_i , Ω̄^{(1)}_i , and C^{(1)}_i as

2□Ω^{(1)}_i + X^cD_cΩ^{(1)}_i +

Δ̂ + (n + 1)K

r^2

Ω^{(1)}_i + V_ΩΩ^{(1)}_i − 1 n θ^{(ℓ)}θ^{(ℓ)}C^{(1)}_i = 0 . (6.106)

2□Ω̄^{(1)}_i + X̄^cD_cΩ̄^{(1)}_i +

Δ̂ + (n + 1)K

r^2

Ω̄^{(1)}_i + V̄_{Ω̄}Ω̄^{(1)}_i − 1 n θ^{(n)}θ^{(n)}C^{(1)}_i = 0 , (6.107) and 2□C^{(1)}_i + Z^cD_cC^{(1)}_i +

Δ̂ + (n + 1)K

r^2

C^{(1)}_i + V_C C^{(1)}_i −2 (n − 2 n^2 )[ θ^{(ℓ)}θ^{(ℓ)}Ω̄^{(1)}_i + θ^{(n)}θ^{(n)}Ω^{(1)}_i ] = 0 , (6.108)

respectively. These are the vector type equations for the gauge-invariant perturbation variables Ω_{ij} , Ω̄_{ij} and C_{ij} . Note that the Lichnerowicz operator Δ̂_L does not appear in the scalar and vector type equations, the same as in the situations of the scalar and vector equations for the corresponding Kodama-Ishibashi variables discussed in Sec.III. In addition, as the scalar type equations, these vector type equations holds for generic modes if spectral expansion is done.

3. Tensor type equation

By subtracting Eqs.(6.103) and (6.106) from Eq.(6.91), we obtain the tensor type equation of Ω^{(2)}_{ij} as

2□Ω^{(2)}_{ij} + X^cD_cΩ^{(2)}_{ij} −

Δ̂_L − 2nK

r^2

Ω^{(2)}_{ij} + V_ΩΩ^{(2)}_{ij} − 1 n θ^{(ℓ)}θ^{(ℓ)}C^{(2)}_{ij} = 0 , (6.109)

Similarly we can arrive at

2□Ω̄^{(2)}_{ij} + X̄^cD_cΩ̄^{(2)}_{ij} −

Δ̂_L − 2nK

r^2

Ω̄^{(2)}_{ij} + V̄_{Ω̄}Ω̄^{(2)}_{ij} − 1 n θ^{(n)}θ^{(n)}C^{(2)}_{ij} = 0 , (6.110) and 2□C^{(2)}_{ij} + Z^cD_cC^{(2)}_{ij} −

Δ̂_L − 2nK

r^2

C^{(2)}_{ij} + V_C C^{(2)}_{ij} −2 (n − 2 n^2 )[ θ^{(ℓ)}θ^{(ℓ)}Ω̄^{(2)}_{ij} + θ^{(n)}θ^{(n)}Ω^{(2)}_{ij} ] = 0 . (6.111)

Note that the Lichnerowicz operator Δ̂_L is present in the above equations, as in (3.10).

E. Some special cases

We have obtained the equations for the gauge-invariant variables Ω_{ij} , Ω̄_{ij} and C_{ij} . These equations form a closed system and in general they are coupled to each other. In this subsection, we will show they are decoupled in four dimensions. When r keeps as a constant, these equations are also decoupled.

1. Four dimensional case

From the relation (A20), we have 2C_{ij} = −(n − 2)rD^crD_c ( h^{(2)}_{T ij} r^2 ) + [Δ̂_L − 2(n − 1)K] (h^{(2)}_{T ij} r^2 )

+(n − 2) D^cr r ( D̂_iF^{(1)}_{cj} + D̂_j F^{(1)}_{ci} ) − (n − 2)L̂_{ij} ( F (0)

r^2 ) . (6.112)

Here we have used equations (3.10), (3.15) and (3.20). In the four dimensional case, the above equation reduces to

2C_{ij} = −[Δ̂ − 2K] (h^{(2)}_{T ij} r^2 ) . (6.113)

Note that in the four dimension case, h^{(2)}_{T ij} must vanish. This means C_{ij} = 0 when n = 2. Thus, Eqs. (6.83), (6.68) and (6.69) decouple from each other, and only two independent equations remain:

2□Ω_{ij} + X^cD_cΩ_{ij} −

Δ̂_L − 2nK

r^2

Ω_{ij} + V_ΩΩ_{ij} = 0 , (6.114) and 2□Ω̄_{ij} + X̄^cD_cΩ̄_{ij} −

Δ̂_L − 2nK

r^2

Ω̄_{ij} + V̄_{Ω̄}Ω̄_{ij} = 0 . (6.115)

In fact, Ω_{ij} and Ω̄_{ij} have only vector and scalar components in four dimensions. One can easily get the equations of these scalar and vector perturbations from the discussions in the previous subsection.

2. Constant radius case

When r is a constant, we have D_ar = θ^{(ℓ)} = θ^{(n)} = 0. In this case, Eqs. (6.83), (6.68) and (6.69) are decoupled, and these equations reduce to 2□Ω_{ij} − Δ̂_L + 2(n − 1)K r^2

Ω_{ij} + 4(κ_nℓ^c + κ_ℓn^c)D_cΩ_{ij} +2 ( L_ℓκ_n + L_nκ_ℓ − 4κ_ℓκ_n ) Ω_{ij} = 0 , (6.116)

2□Ω̄_{ij} − Δ̂_L + 2(n − 1)K r^2

Ω̄_{ij} − 4(κ_nℓ^c + κ_ℓn^c)D_cΩ̄_{ij} −2 ( L_ℓκ_n + L_nκ_ℓ + 4κ_ℓκ_n )¯ Ω_{ij} = 0 , (6.117) and 2□C_{ij} − Δ̂_L − 2(n + 1)K r^2

C_{ij} = 0 , (6.118)

respectively. Here we have used the relation (n − 1)K/r^2 = 2Λ/n from Eq.(6.1) and Eq.(2.4).

Note that the equation of C_{ij} is independent of the null vectors. As a result, it is quite useful to discuss the stability of this kind geometry in higher dimensions. In addition, let us note that from Eq.(6.112), one can see that C_{ij} does not include vector part. Thus the tensor and scalar parts of Eq.(6.118) have forms

2□C^{(2)}_{ij} −

Δ̂_L − 2(n + 1)K r^2

C^{(2)}_{ij} = 0 , (6.119) and 2□C_T +

Δ̂ + 2(n + 1)K r^2

C_T = 0 . (6.120)

Thus once the spectral expansion on the Einstein manifold (N^n, γ_{ij} ) is made, one can easily discuss the stability of such kind of spacetime (n > 2).

Our discussion can be extended to the Einstein-Maxwell theory, and similar equations should exist. Thus one can study the stability of the near horizon geometry of extremal black holes. The discussions in this section support the conclusion by Durkee and Reall in a recent paper [19].

VII. SUMMARY AND DISCUSSION

In this paper, we have studied the linear perturbations of an (m + n)-dimensional spacetime with warped product metric (2.1). By use of the gauge-invariant variables proposed by Kodama and Ishibashi, we have obtained the most general perturbation equations for these variables, i.e., Eqs. (3.10), (3.14), (3.15), (3.17), (3.18), (3.19), and (3.20). Here we have used the decomposition theorems of tensors on the submanifold (N^n, γ_{ij} ) and spectral expansion method has not been used. These equations are related by the perturbation equations of the Bianchi identity, i.e., Eqs.(3.25), (3.26), and (3.27).

When m = 2, by using these perturbation equations, we are able to obtain the master equations for the tenor and vector perturbations. The master equation (5.38) for the scalar perturbation can be obtained only in the case without matter sources. In obtaining the master equation (5.38) of the scalar Ω, we have not used the Fourier transformation with respect to the time coordinate in the usual way, instead taken use of the property of the Kodama vector.

By introducing three Teukolsky-like gauge-invariant variables Ω_{ij} , Ω̄_{ij} , and C_{ij} and considering perturbation equations of Penrose wave equations, we have obtained the perturbation equations of the three Teukolsky-like variables in the (2 + n)- dimensional Einstein spacetime. The three equations form a closed set of equations. In general the three equations are coupled to each other, and decouple only in some special cases, for instance, in four dimensional case or in the case with a constant warped factor. In particular, we have found that the three Teukolsky-like gauge-invariant variables can be expressed in terms of the Kodama-Ishibashi gauge-invariant variables. This implies that the perturbation equations of three Teukolsky-like gaugeinvariant perturbation variables are equivalent to the perturbation equations of the Kodama-Ishibashi variables [see (6.90)] . On the other hand, the relations (6.90) between the Teukolsky-like variable and Kodama-Ishibashi variables give the origin of those Kodama-Ishibashi gauge-invariant variables: they all come from the perturbation of some projections of Weyl tensor.

With our perturbation equations of the Kodama-Ishibashi gauge-invariant variables, we have obtained a complete gaugeinvariant theory. We can further make spectral analysis in a natural way. For example, the scalar-type and vector-type harmonic tensors introducing in [14]

S_i = − 1 k D̂_iS , S_{ij} = 1 k^2

D̂_iD̂_j S + 1 n γ_{ij} S , V_{ij} = − 1 k^2

(D̂_iV_j + D̂_j V_i ) , (7.1)

are not necessary in our spectral expansion. Thus some problems concerning with some special modes due to introducing these scalar-type and vector-type harmonic tensors can be avoided. In our mode expansion, for every mode, these gauge-invariant variables always exist and keep gauge-invariant, and those special modes can be easily dealt with. In this sense, our perturbation equations in terms of the Kodama-Ishibashi gauge-invariant variables make the perturbation theory be complete.

Let us stress here that we have established the relations (6.90) between the Teukolsky-like gauge-invariant variables and the Kodama-Ishibashi variables only in the case of (2 + n)-dimensional Einstein spacetime without matter sources. At the moment we are not sure whether these relations still valid or not in a general case with matter sources. In addition, It would be great interesting to investigate whether one can construct some gauge-invariant variables from the Teukolsky-like variables, Ω_{ij} , Ω̄_{ij} , and C_{ij} , so that corresponding equations for those gauge-invariant variables become decoupled each other.

Finally let us notice that in establishing the perturbations theory of spacetime, the decomposition theorems of tensor plays a crucial role. If (N^n, γ_{ij} ) is a closed Einstein manifold, Ishibashi and Wald have given a rigorous proof on these decomposition theorems [10]. However, when (N^n, γ_{ij} ) is noncompact, a rigorous proof is still absent for these decomposition theorems, although it is widely believed that these theorems are also valid.

Acknowledgments

This work was supported in part by the National Natural Science Foundation of China with grants No.10821504 and No.11035008 (RGC), and No.11205148 and No.11235010 (LMC).

Appendix A: Perturbation of Weyl tensor

In this appendix, we give a detailed calculation to get the relations between the Teukolsky-like variables Ω_{ij} , Ω̄_{ij} , and C_{ij} and the Kodama-Ishibashi variables.

1. The perturbation of Weyl tensor With the perturbation of metric g_{MN} → g_{MN} + h_{MN} , one has δR_{MNL}^P = − 1 2 [ (∇_M ∇_N − ∇_N ∇_M )h^P_L + (∇_M ∇_Lh^P_N − ∇_N ∇_Lh^P_M ) − (∇_M ∇^P h_{NL} − ∇_N ∇^P h_{ML}) ] , (A1) and δR_{MNLP} = g_{SP} δR_{MNL}^S + R_{MNL}^S h_{SP} . Thus the perturbation of Ricci tensor has the form δR_{MN} = − 1 2 [ ∇_L∇_M h^L_N + ∇_L∇_N h^L_M − □h_{MN} − ∇_M ∇_N h^L_L ] , (A2) and the perturbation of scalar curvature δR = g^{MN} δR_{MN} − R_{MN} h^{MN} . The perturbation of Weyl tensor W_{MNLP} = R_{MNLP} − 1 n (g_{ML}R_{P N} − g_{MP} R_{LN} − g_{NL}R_{P M} + g_{NP} R_{LM} ) + 1 n(n + 1) R(g_{ML}g_{P N} − g_{MP} g_{LN} ) . (A3) can be expressed as δW_{MNLP} = δR_{MNLP} − 1 n (h_{ML}R_{P N} − h_{MP} R_{LN} − h_{NL}R_{P M} + h_{NP} R_{LM} ) − 1 n (g_{ML}δR_{P N} − g_{MP} δR_{LN} − g_{NL}δR_{P M} + g_{NP} δR_{LM} ) + 1 n(n + 1) R(h_{ML}g_{P N} + g_{ML}h_{P N} − h_{MP} g_{LN} − g_{MP} h_{LN} ) + 1 n(n + 1) δR(g_{ML}g_{P N} − g_{MP} g_{LN} ) . (A4) For the Einstein spacetime with R_{MN} = (2/n)Λg_{MN} , we have δR_{MN} = (2/n)Λh_{MN} , the above equation is reduced to δW_{MNLP} = g_{SP} δR_{MNL}^S − 2Λ n^2 (g_{ML}h_{P N} − g_{MP} h_{LN} − g_{NL}h_{P M} + g_{NP} h_{LM} ) +R_{MNL}^S h_{SP} + 2Λ n^2(n + 1) (h_{ML}g_{P N} − h_{MP} g_{LN} − h_{NL}g_{P M} + h_{NP} g_{LM} ) . (A5) Note that one has for Einstein spacetime, W_{MNLP} = R_{MNLP} − 2Λ n(n + 1)

(g_{ML}g_{P N} − g_{MP} g_{LN} ) . (A6) Thus we can obtain δW_{MNLP} = g_{SP} δR_{MNL}^S + W_{MNL}^S h_{SP} − 2Λ n(n + 1)

(h_{ML}g_{P N} − h_{NL}g_{P M} ) . (A7)

2. Expressed by Kodama-Ishibashi Variables Substituting (A1) into (A7), we have Ω_{MNLP} ≡ δW_{MNLP} = − 1 2 [ (∇_M ∇_N − ∇_N ∇_M )h_{LP} + (∇_M ∇_Lh_{NP} − ∇_N ∇_Lh_{MP} ) −(∇_M ∇_P h_{NL} − ∇_N ∇_P h_{ML}) ] + W_{MNL}^S h_{SP} − 2Λ n(n + 1)

(h_{ML}g_{P N} − h_{NL}g_{P M} ) . (A8) By use of Eq. (2.8), we get the “aibj” components of Ω_{MNLP} Ω_{aibj} = − 1 2 [ (∇_a∇_i − ∇_i∇_a)h_{bj} + (∇_a∇_bh_{ij} − ∇_i∇_bh_{aj} ) −(∇_a∇_j h_{bi} − ∇_i∇_j h_{ab}) ] − c_2wg_{ab}h_{ij} − 2Λ n(n + 1) h_{ab}g_{ij} . (A9)

Expressing the covariant derivative ∇_M by D_a and D̂_i, the above equation can be rewritten as Ω_{aibj} = − 1 2 [ D_ar r (D̂_j h_{bi} − D̂_ih_{bj} ) + D_br r (D̂_j h_{ai} − D̂_ih_{aj} ) − D_ar r D_bh_{ij} − D_br r D_ah_{ij} + γ_{ij} rD^cr(D_ch_{ab} − D_bh_{ac} − D_ah_{bc}) − 2 (D_aD_br r − D_arD_br r^2 ) h_{ij} −D_aD̂_j h_{bi} − D_bD̂_ih_{aj} + D_aD_bh_{ij} + D̂_iD̂_j h_{ab} ]

− 2Λ n(n + 1)

(h_{ab}r^2γ_{ij} ) − c_2wg_{ab}h_{ij} . (A10)

Multiplying ℓ^aℓ^b on both sides of the above equation leads to ℓ^aℓ^bΩ_{aibj} = − 1 2 ℓ^aℓ^b [ − 2 D_ar r D_bh_{ij} − 2 (D_aD_br r − D_arD_br r^2 ) h_{ij} + γ_{ij} rD^cr(D_ch_{ab} − 2D_ah_{bc}) −D_aD̂_j h_{bi} − D_bD̂_ih_{aj} + D_aD_bh_{ij} + D̂_iD̂_j h_{ab} ] − 2Λ n(n + 1)

(ℓ^aℓ^ah_{ab}r^2γ_{ij} ) , (A11)

From which we can read out the gauge-invariant variable Ω_{ij} defined in (6.30) as

Ω_{ij} = − 1 2 ℓ^aℓ^b [ − 2 D_ar r D_bh_{ij} − 2 (D_aD_br r − D_arD_br r^2 ) h_{ij} −D_aD̂_j h_{bi} − D_bD̂_ih_{aj} + D_aD_bh_{ij} + D̂_iD̂_j h_{ab} ] . (A12)

Substituting the decomposition of h_{ai} and h_{ij} in Eqs.(3.1) and (3.2), the above expression can be rewritten as

−2Ω_{ij} = ℓ^aℓ^b { − 2 D_ar r D_bh^{(2)}_{T ij} − 2 (D_aD_br r − D_arD_br r^2 ) h^{(2)}_{T ij} + D_aD_bh^{(2)}_{T ij} +D_aD_b ( D̂_ih^{(1)}_{T j} + D̂_j h^{(1)}_{T i} ) − 2 (D_aD_br r − D_arD_br r^2 )( D̂_ih^{(1)}_{T j} + D̂_j h^{(1)}_{T i} )

−2 D_ar r D_b ( D̂_ih^{(1)}_{T j} + D̂_j h^{(1)}_{T i} ) − D_a ( D̂_j h^{(1)}_{bi} + D̂_ih^{(1)}_{bj} ) + L̂_{ij} [ h_{ab} − 2D_ah_b +D_aD_bh_T − 2 (D_aD_br r − D_arD_br r^2 ) h_T − 2 D_ar r D_bh_T ] } . (A13)

We find that this gauge-invariant variable can be expressed in terms of the Kodama-Ishibashi variables defined in Eq.(3.7) as

2Ω_{ij} = −ℓ^aℓ^bD_a [ r^2D_b ( h^{(2)}_{T ij} r^2 )] + ℓ^aℓ^bD_a ( D̂_iF^{(1)}_{bj} + D̂_j F^{(1)}_{bi} ) − L̂_{ij} ( ℓ^aℓ^bF^{(0)}_{ab} ) . (A14)

Similarly, we can obtain

2Ω̄_{ij} = −n^an^bD_a [ r^2D_b ( h^{(2)}_{T ij} r^2 )] + n^an^bD_a ( D̂_iF^{(1)}_{bj} + D̂_j F^{(1)}_{bi} ) − L̂_{ij} ( n^an^bF^{(0)}_{ab} ) . (A15)

Next we consider C_{ij} . From equation (A10), we have −2ℓ^an^b [ Ω_{aibj} + Ω_{ajbi} − 2 n γ_{ij} γ^{kl}Ω_{akbl} − 2c_2w ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} )]

= −ℓ^an^bD_b ( D̂_ih_{aj} + D̂_j h_{ai} − 2 n D̂^kh_{ak}γ_{ij} ) − ℓ^bn^aD_b ( D̂_ih_{aj} + D̂_j h_{ai} − 2 n D̂^kh_{ak}γ_{ij} )

−2ℓ^an^b D_ar r D_b ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} ) − 2ℓ^bn^a D_ar r D_b ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} )

−4ℓ^an^b D_aD_br r ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} ) + 4ℓ^an^b D_arD_br r^2 ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} )

+2ℓ^an^bD_aD_b ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} ) + 2L̂_{ij} (ℓ^an^bh_{ab}) . (A16)

With g^{ab} = −ℓ^an^b − n^aℓ^b, this equation can be transformed into −2ℓ^an^b [ Ω_{aibj} + Ω_{ajbi} − 2 n γ_{ij} γ^{kl}Ω_{akbl} − 2c_2w ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} )]

= D^a ( D̂_ih_{aj} + D̂_j h_{ai} − 2 n D̂^kh_{ak}γ_{ij} ) + 2 D^br r D_b ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} )

+2 D^bD_br r ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} ) − 2 (Dr)^2

r^2 ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} )

−D^bD_b ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} ) − L̂_{ij} (h_c^c) . (A17)

Substituting the decomposition of h_{ai} and h_{ij} in Eqs.(3.1) and (3.2) into the above equation yields −2ℓ^an^b [ Ω_{aibj} + Ω_{ajbi} − 2 n γ_{ij} γ^{kl}Ω_{akbl} − 2c_2w ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} )]

= −D^cD_ch^{(2)}_{T ij} + 2 D^cr r D_ch^{(2)}_{T ij} + 2 D^cD_cr r h^{(2)}_{T ij} − 2 D^crD_cr r^2 h^{(2)}_{T ij} −D^cD_c (^ D_ih^{(1)}_{T j} + D̂_j h^{(1)}_{T i} ) + 2 D^cr r D_c (^ D_ih^{(1)}_{T j} + D̂_j h^{(1)}_{T i} )

+D^c (^ D_ih^{(1)}_{cj} + D̂_j h^{(1)}_{ci} ) + 2 D^cD_cr r (^ D_ih^{(1)}_{T j} + D̂_j h^{(1)}_{T i} )

−2 D^crD_cr r^2 (^ D_ih^{(1)}_{T j} + D̂_j h^{(1)}_{T i} ) − L̂_{ij} [ h^c_c + D^cD_ch_T −2 D^cr r D_ch_T − 2 D^cD_cr r^2 h_T + 2 D^crD_cr r^2 h_T − 2D^ch_c ] . (A18)

By using the gauge-invariant variables in Eq.(3.7), we have −2ℓ^an^b [ Ω_{aibj} + Ω_{ajbi} − 2 n γ_{ij} γ^{kl}Ω_{akbl} − 2c_2w ( h_{ij} − 1 n γ_{ij} γ^{kl}h_{kl} )]

= −D^c [ r^2D_c (h^{(2)}_{T ij} r^2 )] + D^c ( D̂_iF^{(1)}_{cj} + D̂_j F^{(1)}_{ci} ) − L̂_{ij} F^{(0)c}_c . (A19)

Thus we obtain the expression for C_{ij} in terms of the gauge-invariant variables by Kodama and Ishibashi as

2C_{ij} = D^c [ r^2D_c (h^{(2)}_{T ij} r^2 )] − D^c ( D̂_iF^{(1)}_{cj} + D̂_j F^{(1)}_{ci} ) + L̂_{ij} F^{(0)c}_c . (A20)

Eqs.(A14), (A15) and (A20) are main results of this section.

Appendix B: Penrose Wave Equation

The Penrose wave equation can be obtained by differential of the Bianchi identity. Consider the covariant derivative of the Bianchi identity ∇_T ∇_S R_{MNLP} + ∇_T ∇_LR_{MNP S} + ∇_T ∇_P R_{MNSL} = 0 , ∇_P ∇_S R_{MNLT} + ∇_P ∇_LR_{MNT S} + ∇_P ∇_T R_{MNSL} = 0 , ∇_L∇_S R_{MNT P} + ∇_L∇_T R_{MNP S} + ∇_L∇_P R_{MNST} = 0 . (B1)

The first equation in (B1) minus the second and the third leads to ∇_T ∇_S R_{MNLP} + (∇_T ∇_LR_{MNP S} − ∇_L∇_T R_{MNP S} ) + (∇_T ∇_P R_{MNSL} − ∇_P ∇_T R_{MNSL}) +(∇_P ∇_LR_{MNST} − ∇_L∇_P R_{MNST} ) − ∇_P ∇_S R_{MNLT} − ∇_L∇_S R_{MNT P} = ∇_T ∇_S R_{MNLP} + R_{T LM}^U R_{UNP S} + R_{T LN}^U R_{MUP S} + R_{T LP}^U R_{MNUS} + R_{T LS}^U R_{MNP U} +R_{T P M}^U R_{UNSL} + R_{T P N}^U R_{MUSL} + R_{T P S}^U R_{MNUL} + R_{T P L}^U R_{MNSU} +R_{P LM}^U R_{UNST} + R_{P LN}^U R_{MUST} + R_{P LS}^U R_{MNUT} + R_{P LT}^U R_{MNSU} −∇_P ∇_S R_{MNLT} − ∇_L∇_S R_{MNT P} = 0 . (B2)

One can obtain from the above equation that □R_{MNLP} + 2R_{SLM}^U R_{UNP}^S + 2R_{SLN}^U R_{MUP}^S + (R_{SLP U} + R_{SP UL})R_{MN}^{US} +R_L^U R_{MNP U} + R_P^U R_{MNUL} − ∇_P ∇^S R_{MNLS} − ∇_L∇^S R_{MNSP} = 0 . (B3) By considering the symmetry of Riemann tensor, we can rewrite the above equation as □R_{MNLP} + 2R_{SLM}^U R_{UNP}^S + 2R_{SLN}^U R_{MUP}^S + R_{SULP} R_{MN}^{SU} + R_L^U R_{MNP U} + R_P^U R_{MNUL} +∇_P ∇_M R_{LN} − ∇_P ∇_N R_{LM} − ∇_L∇_M R_{NP} + ∇_L∇_N R_{MP} = 0 . (B4)

Substituting Eqs.(6.1) and (A6), we can arrive at the so called Penrose wave equation (6.2) for the Einstein spacetime. In fact, one can also obtain the wave equation (6.2) from the so called de Rham wave equation [26].

[1] J. M. Stewart and M. Walker, Proc. Roy. Soc. Lond. A 341, 49 (1974). [2] T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957). [3] F. J. Zerilli, Phys. Rev. Lett. 24, 737 (1970). [4] V. Moncrief, Phys. Rev. D 12, 1526 (1975).

[5] V. Frolov, I. Novikov, Black Hole Physics: Basic Concepts and New Developments, Springer, 1998. [6] U. H. Gerlach and U. K. Sengupta, Phys. Rev. D 19, 2268 (1979).

[7] H. Kodama, A. Ishibashi and O. Seto, Phys. Rev. D 62, 064022 (2000) [hep-th/0004160]. [8] S. Mukohyama, Phys. Rev. D 62, 084015 (2000) [hep-th/0004067]. [9] H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78, 1 (1984). [10] A. Ishibashi and R. M. Wald, Class. Quant. Grav. 21, 2981 (2004) [hep-th/0402184]. [11] H. Kodama and A. Ishibashi, Prog. Theor. Phys. 110, 701 (2003) [hep-th/0305147]. [12] A. Ishibashi and H. Kodama, Prog. Theor. Phys. 110, 901 (2003) [hep-th/0305185]. [13] H. Kodama and A. Ishibashi, Prog. Theor. Phys. 111, 29 (2004) [hep-th/0308128]. [14] A. Ishibashi and H. Kodama, Prog. Theor. Phys. Suppl. 189, 165 (2011) [arXiv:1103.6148 [hep-th]]. [15] E. Newman and R. Penrose, J. Math. Phys. 3, 566 (1962). [16] S. A. Teukolsky, Phys. Rev. Lett. 29, 1114 (1972). [17] S. A. Teukolsky, Astrophys. J. 185, 635 (1973). [18] M. Sasaki and H. Tagoshi, Living Rev. Relativity 6, (2003), 6.

[19] M. Durkee and H. S. Reall, Class. Quant. Grav. 28, 035011 (2011) [arXiv:1009.0015 [gr-qc]]. [20] E. Chaverra, N. Ortiz and O. Sarbach, Physical Review D 87, 044015 (2013) [arXiv:1209.3731 [gr-qc]]. [21] H. Maeda and M. Nozawa, Phys. Rev. D 77, 064031 (2008) [arXiv:0709.1199 [hep-th]]. [22] G. Gibbons and S. A. Hartnoll, Phys. Rev. D 66, 064024 (2002) [hep-th/0206202]. [23] G. W. Gibbons, S. A. Hartnoll and C. N. Pope, Phys. Rev. D 67, 084024 (2003) [hep-th/0208031]. [24] H. Kodama, Prog. Theor. Phys. 63, 1217 (1980). [25] M. P. Ryan, Phys. Rev. D 10, 1736 (1974).

[26] D. Bini, C. Cherubini, R. TJantzen and R. J. Ruffini, Prog. Theor. Phys. 107, 967 (2002) [gr-qc/0203069]. [27] A. Coley, R. Milson, V. Pravda and A. Pravdova, Class. Quant. Grav. 21, L35 (2004) [gr-qc/0401008]. [28] A. Coley, Class. Quant. Grav. 25, 033001 (2008) [arXiv:0710.1598 [gr-qc]]. [29] R. P. Geroch, A. Held and R. Penrose, J. Math. Phys. 14, 874 (1973).

[30] M. Durkee, V. Pravda, A. Pravdova and H. S. Reall, Class. Quant. Grav. 27, 215010 (2010) [arXiv:1002.4826 [gr-qc]]. [31] B. Carter, “Brane dynamics for treatment of cosmic strings and vortons,” hep-th/9705172. [32] L. M. Cao, JHEP 1103, 112 (2011) [arXiv:1009.4540 [gr-qc]]. [33] R. M.Wald, General Relativity, University of Chicago Press, Chicago, 1984.