arXiv:1306.5512v1 [hep-th] 24 Jun 2013

KUNS-2453

Holographic Schwinger effect in confining phase

Yoshiki Sato^∗ and Kentaroh Yoshida^†

Department of Physics, Kyoto University Kyoto 606-8502, Japan

Abstract

We consider the Schwinger effect in confining phase by using a holographic setup. The potential analysis is performed for the confining D3-brane and D4-brane backgrounds. We find the critical electric field above which there is no potential barrier and the system becomes unstable catastrophically. An intriguing point is that no Schwinger effect occurs when the electric field is smaller than the confining string tension.

∗E-mail: yoshiki@gauge.scphys.kyoto-u.ac.jp †E-mail: kyoshida@gauge.scphys.kyoto-u.ac.jp

1 Introduction

In the vacuum of quantum electromagnetic dynamics (QED), virtual electron and positron pairs are created and annihilated, momentarily and continuously. The pairs can be materialized in a strong electric field. This is a non-perturbative phenomenon and is known as the Schwinger effect [1] (For related progress see [2,3]). This is not intrinsic to the original QED but ubiquitous in quantum field theories coupled to a U(1) gauge field. In all cases, we refer it as to the Schwinger effect for convenience sake.

It is interesting to consider the Schwinger effect in the context of the AdS/CFT correspondence [4–6]. First, we have to realize a system coupled with a U(1) gauge field. It can be realized basically via the Higgs mechanism with the breaking of the gauge group from SU(N + 1) to SU(N) × U(1) . Then the fundamental scalar fields, which belong to the W-boson supermultiplet and are often called “W-bosons” or “quarks”, are coupled to a U(1) gauge field as well as an SU(N) one (We will call them W-bosons hereafter). The Coulomb potential between them is also computed in the holographic setup [7, 8]. Hence we can consider the pair production rate of the W-bosons via the Schwinger effect [9, 10].

In the setup proposed by Semenoff and Zarembo [10], the probe D3-brane is located far from the boundary so as to make the mass of W-bosons lighter, rather than infinitely heavy. The exponential factor in the production rate of W-bosons is evaluated from the string world-sheet attaching to the probe D3-brane. The string solution is obtained by terminating the one for a circular Wilson loop [11, 12] at the location of the probe D3- brane. Then the value of a critical electric field, for which the potential barrier vanishes, agrees with the one obtained from the Dirac-Born-Infeld (DBI) action. This is compatible with the stringy Schwinger effect [13, 14]. The setup in [10] has been generalized to the pair production of monopole-antimonopole pairs and dyon-antidyon pairs [15] and the case with magnetic fields [16].

The same result on the critical electric field has also been reproduced from the potential analysis [17]. The advantage of this procedure is that we do not have to take account of fluctuations around a circular Wilson loop (For attempts to evaluate the fluctuations around a circular Wilson loop, see [18–20]). Thus the results in [17] give a strong support for the proposal of Semenoff and Zarembo from another perspective.

In this letter we will apply the potential analysis to confining theories with a holographic setup. Although there are various confining backgrounds, we will focus upon here 1) D3- brane and 2) D4-brane backgrounds, where one of spatial directions is compactified on an S^1 circle with the (anti-)periodic boundary conditions for bosons (fermions) [21]. For both cases, the total potential has two critical values of the electric field. The first is the same as the one in the Coulomb phase. The potential barrier vanishes at the critical value and the vacuum becomes unstable catastrophically. The second one is intrinsic to the confining phase. The critical value of the electric field agrees with the confining string tension. Below this value, the potential tends to diverge at infinitely long distances and thus no Schwinger effect occurs. When the electric field dominates the confining string tension, the potential vanishes at infinity and hence the Schwinger effect can occur as a tunneling process.

2 Confining D3-brane background

Let us perform the potential analysis for the confining D3-brane background.

The background metric in the Lorentzian signature is given by [22]

ds^2 = g_{μν} dx^μdx^ν = r^2 L^2 ( −(dx^0)^2 + 2∑ i=1 (dx^i)^2 + f(r)(dx^3)^2 ) + L^2 r^2 f(r)^{−1} dr^2 + L^2dΩ^2_5 , (2.1)

where the ten-dimensional spacetime coordinates are described by x^μ (μ = 0, . . . , 9) and dΩ_5 is the line element of S^5 with the unit radius. The AdS radius L is related to the gauge-theory parameter as L^2 = √ λ α^′ (λ ≡ 4πg_sN: ’t Hooft coupling). Note that the metric (2.1) contains the scalar function f(r) ≡ 1 − r^4_t r^4

. (2.2)

Here r_t (≥ 0) is interpreted as the compactification radius in the x^3-direction. As r_t grows, the radius tends to shrink. Also, r_t plays the role like “temperature”. When r_t = 0 (zero temperature) , the usual AdS_5 × S^5 background is reproduced.

We are concerned with the classical solution of the fundamental string on the background (2.1). We will work in the Euclidean signature after performing a Wick rotation to the metric (2.1). The Nambu-Goto (NG) string action is given by

S = T_F ∫ dτ ∫ dσ L

= T_F ∫ dτ ∫ dσ √ det G_{ab} , G_{ab} ≡ ∂x^μ ∂σ^a ∂x^ν ∂σ^b g_{μν} . (2.3)

Here T_F = 1/2πα^′ is the string tension and the string world-sheet coordinates are described by τ and σ .

We work with the static gauge

x^0 = τ , x^1 = σ

and suppose the ansatz for the radial direction,

r = r(σ) , the others are constant.

Then the ansatz leads to the following expression,

L = √ 1 1 − r^4_t /r^4 ( dr dσ )_2 + r^4 L^4

. (2.4)

The analysis below is almost parallel to the one in [17]. Now that L does not depend on σ explicitly, one can obtain the conserved quantity, ∂L ∂(∂_σ r) ∂_σ r − L . (2.5)

By imposing the boundary condition at σ = 0 , dr dσ = 0 , r = r_c (r_t < r_c < r_0) , (2.6)

the conserved quantity is written as

r^4 √ 1 1 − r^4_t /r^4 ( dr dσ )_2 + r^4 L^4

= constant ≡ r^2_c L^2 , (2.7)

Equation (2.7) can be rewritten as dr dσ = 1 L^2 √ (r^4 − r^4_t ) ( r^4 r^4_c − 1 ) . (2.8)

The configuration we consider is depicted in Fig. 1. It would be worth noting the relation between the present configuration and the previous one discussed in [17]. In the previous analysis [17], a temporal Wilson loop is considered with the (Euclidean) black

Figure 1: The configuration of the string world-sheet.

three-brane background [23], while now a temporal Wilson loop is discussed in the confining background (2.1). When we consider a spatial Wilson loop in the (Euclidean) black three-brane background, the analysis completely agrees with the present one.

By solving the differential equation (2.8) under the boundary condition (2.6), the distance x between W-boson and anti W-boson is obtained as x = 2L^2 r_0a ∫_{1/a} 1 dy √ (y^4 − 1)(y^4 − (b/a)^4)

, (2.9)

where the following dimensionless quantities have been introduced, y ≡ r r_c , a ≡ r_c r_0 , b ≡ r_t r_0 . By putting (2.8) into (2.4) and removing the derivative of r(σ) , the classical action is evaluated. Then the potential energy (PE) between the W-bosons including the static energy (SE) is obtained as

V_{PE+SE} = 2T_F ∫_{x/2} 0 dr L = 2T_Fr_0a ∫_{1/a} 1 dy y^4 √ (y^4 − 1)(y^4 − (b/a)^4)

. (2.10)

Let us here comment on the a → b limit (which corresponds to x → ∞). Then the potential is given by

V_{PE+SE} = T_F (r_0 L )_2

b^2x + 2T_Fr_0b ( 1 b − 1 ) . (2.11)

The first term represents a linear potential and the string tension σ_{st} (not confusing with the string tension T_F) is given by

σ_{st} = T_F (r_t L )_2 , and the well known result is reproduced. The second term is rewritten as

2T_F(r_0 − r_t) = 2m_W ,

where m_W is the W-boson mass. Hence it can be understood as the static energy of a pair of W-bosons.

Thus the total potential energy V_{tot} , including the energy of the external electric field, is given by^‡

V_{tot} = V_{PE+SE} − Ex

= 2T_Fr_0a ∫_{1/a} 1 dy y^4 √ (y^4 − 1)(y^4 − (b/a)^4) − 2T_Fαr_0 a ∫_{1/a} 1 dy √ (y^4 − 1)(y^4 − (b/a)^4) (2.12) where we have introduced the following quantities, α ≡ E E_c

, E_c ≡ T_F r^2_0 L^2 . Here E_c corresponds to the critical electric field obtained from the DBI action. Note that E_c is not modified even after the compactification, because the electric field is turned on the x^1-direction while the x^3-direction is compactified.

One can see the shape of the total potential numerically. The total potential with b = 0.5 is plotted for α = 0.1, 0.25, 0.6, 1.0 and 1.3 in Fig. 2. The potential behavior for the values of α > 0.25 is the same as in the Coulomb phase [17]. The finiteness at the origin is quite similar to the one in non-linear electrodynamics [24]. A remarkable point intrinsic to the confining phase is that the potential becomes flat as x → ∞ when α = 0.25 . This value corresponds to b^2 = 0.25 . The string tension of confining strings is balanced with the electric field and thus the potential becomes flat. Below α = 0.25 , there is no zero in the potential other than the origin. This means that the confining string tension dominates the electric field and no Schwinger effect occurs.

‡For the b = 0 case, the same potential with a specific value of the electric field is discussed in [25].

Figure 2: The numerical plots of the total potential with b = 0.5 and 2L^2/r_0 = 2T_Fr_0 = 1 . The blue line

is for α = 0.1 . There is no zero other than the origin and hence the Schwinger effect does not occur. The red line is for α = 0.25 . This values corresponds to b^2 = 0.25 and the potential becomes flat as x → ∞ . For the values of α between 0.25 and 1.0 , there is the potential barrier and the Schwinger effect can occur as tunneling process. Just for α = 1.0 (the orange line), the barrier vanishes and the system becomes unstable catastrophically.

The analytic evaluation of the potential behavior

So far, we have argued the potential shape numerically, but it is still important to evaluate the values of the critical electric fields analytically.

First of all, let us consider the critical electric field above which the Schwinger effect can occur. It is helpful to rewrite the total potential as follows:

V_{tot} = T_F (r_0 L )_2 (b^2 − α)x +

2T_Fr_0 a ∫_{1/a} 1 dy a^2y^4 − b^2 √ (y^4 − 1)(y^4 − (b/a)^4)

. (2.13)

We would like to show that the potential becomes flat around x → ∞ when α = b^2 . Due to the condition α = b^2 , the first term vanishes. In order to see the potential behavior around x → ∞ , we take the limit a → b . Then the second term becomes constant. After all, the derivative of the total potential vanishes. Thus it has been shown analytically that the total potential vanishes around x → ∞ when α = b^2 . That is, when the electric field exceed E_s ≡ T_F (r_0 L )_2 b^2 = b^2E_c , (2.14) the total potential become flat as x → ∞ . Thus E_s is regarded as the critical value above which the Schwinger effect is allowed to occur as a tunneling process.

Next let us consider the critical electric flux above which the potential barrier vanishes. Then it is convenient to rewrite the total potential as follows:

V_{tot} = T_F (r_0 L )_2

(1 − α)x + G(a) , (2.15)

G(a) ≡ 2T_Fr_0 ∫_{1/a} 1 dy ay^4 − 1/a √ (y^4 − 1)(y^4 − (b/a)^4)

. (2.16)

Here G(a) is a negative-definite and monotonically decreasing function. By differentiating V_{tot} with respect to x , we obtain dV_{tot} dx = T_F (r_0 L )_2 (1 − α) + dG da · da dx . (2.17)

The first term in (2.17) vanishes when α = 1 . Then the derivatives are given by dG da = 2T_Fr_0 [∫_{1/a} 1 dy ( y^4 + 1/a^2 a^2 √ (y^4 − 1)(y^4 − (b/a)^4) − 2b^4(ay^4 − 1/a) a^5 √ (y^4 − 1)(y^4 − (b/a)^4)^3 )

− 1/a^2 − 1 a^3 √ ((1/a)^4 − 1)((1/a)^4 − (b/a)^4)^3 ] , (2.18) dx da = − 2L^2 r_0 [∫_{1/a} 1 dy ( 1 √ (y^4 − 1)(y^4 − (b/a)^4) − 2b^4 a^5 √ (y^4 − 1)(y^4 − (b/a)^4)^3 )

+ 1 a^3 √ ((1/a)^4 − 1)((1/a)^4 − (b/a)^4)^3 ] . (2.19)

Now it is an easy task to check that the second term in (2.17) vanishes around x = 0 (i.e. a = 1) . When a = 1 , the integrals in (2.18) and (2.19) vanish. Non-integral parts in both (2.18) and (2.19) diverge as a → 1 . But the divergence is canceled out in the expression (2.17) . Thus the derivative of the potential (2.17) vanishes around x = 0 when α = 1 , as we haven seen in the numerical plots.

It is worth noting the relation to the previous result obtained in [17]. The case with b = 0 corresponds to the zero temperature case, and hence the above argument supports the value of the critical electric field numerically evaluated in [17]. For the finite temperature case, the value of the electric field numerically shown in [17] is supported in the same way.

3 Confining D4-brane background

The next is to consider the D4-brane background case. The analysis is almost parallel to the D3-brane case in the previous section.

The metric of the confining D4-brane background is given by

ds^2 = ( r L )_{3/2} ( −(dx^0)^2 + 3∑ i=1 (dx^i)^2 + f(r)(dx^4)^2 ) + ( L r )_{3/2} f(r)^{−1} dr^2 + L^{3/2} √ r dΩ^2_4 ,

f(r) = 1 − r^3_t r^3

, L^3 = πg_sNα^{′3/2} . (3.1)

When r_t = 0 , the geometry is reduced to the near-horizon geometry of a stack of N D4-branes. The parameter r_t plays a role of temperature again.

We are concerned with the Nambu-Goto string action on the background (3.1). The Lagrangian is given by L = √ 1 1 − r^3_t /r^3 ( dr dσ )_2 + r^3 L^3

. (3.2)

Since L does not depend on σ explicitly, a conserved quantity can be constructed as the Hamiltonian with respect to σ , as in the D3-brane case. As a result, the following relation is obtained,

r^3 √ 1 1 − r^3_t /r^3 ( dr dσ )_2 + r^3 L^3

= r^{3/2}_c L^{3/2} , (3.3)

where we have assumed that the boundary condition at σ = 0 , dr dσ = 0 , r = r_c (r_t < r_c < r_0) . (3.4)

The condition (3.3) can be rewritten like the following differential equation, dr dσ = 1 L^{3/2} √ (r^3 − r^3_t ) ( r^3 r^3_c − 1 ) . (3.5)

By solving (3.5) under the condition (3.4) , the distance x between W-bosons is given by x = 2L^{3/2} r^{1/2}_0 a^{1/2} ∫_{1/a} 1 dy √ (y^3 − 1)(y^3 − (b/a)^3)

. (3.6)

By using (3.5) and rewriting the Nambu-Goto action, the potential energy including the static energy is evaluated as

V_{PE+SE} = 2T_Fr_0a ∫_{1/a} 1 dy y^3 √ (y^3 − 1)(y^3 − (b/a)^3)

. (3.7)

Figure 3: The numerical plots of the total potential with b = 0.5 and 2L^{3/2}/r^{1/2}_0 = 2T_Fr_0 = 1 . The blue

line is for α = 0.1 . There is no zero other than the origin and hence the Schwinger effect does not occur. The red line is for α = (0.5)^{3/2} . This values corresponds to b^{3/2} = (0.5)^{3/2} and the potential becomes flat as x → ∞ . For the values of α between (0.5)^{3/2} and 1.0 , there is the potential barrier and the Schwinger effect can occur as tunneling process. Just for α = 1.0 (the orange line), the barrier vanishes and the system becomes unstable catastrophically.

Then the total potential is given by^§

V_{tot} = V_{PE+SE} − Ex (3.8)

= 2T_Fr_0a ∫_{1/a} 1 dy y^3 √ (y^3 − 1)(y^3 − (b/a)^3) − 2T_Fr_0α a^{1/2} ∫_{1/a} 1 dy √ (y^3 − 1)(y^3 − (b/a)^3) , where we have introduced the following quantities α ≡ E E_c

, E_c ≡ T_F (r_0 L )_{3/2} . The shapes of the potential for α = 0.1, (0.5)^{3/2}, 0.6, 1.0 and 1.3 are plotted in Fig. 3. In total, the qualitative behavior of the potential is the same as in the case of D3-brane. The potential becomes flat as x → ∞ when α = (0.5)^{3/2} . This value corresponds to b^{3/2} = (0.5)^{3/2} . The string tension of confining strings is balanced with the electric field and thus the potential becomes flat. The confining string tension dominates the electric field below α = b^{3/2} and again no Schwinger effect occurs.

§For the b = 0 case, the same potential with a specific value of the electric field is discussed in [25].

The analytic behavior of the potential

Let us analyze the potential behavior analytically. The analysis is similar to the D3-brane case. The total potential can be rewritten as

V_{tot} = T_F (r_0 L )_{3/2} (b^{3/2} − 1)x + 2T_Fr_0 ∫_{1/a} 1 dy ay^3 − b^{3/2}/a^{1/2} √ (y^3 − 1)(y^3 − (b/a)^3) . One can immediately check that the total potential is flat around x → ∞ , when the electric field is above E_s = b^{3/2}E_c .

The region of validity

Before closing this section, let us discuss the validity region of our computation. Note that there is no restriction in the case of D3-brane under the standard condition N → ∞ , λ ≫ 1 . (3.9) For the D4-brane background, apart from the condition (3.9), the radial direction is restricted to some region so that the supergravity description is good. The region for the D4-brane case for b = 0 is shown as [26] 1 Ng_s √ α^′ ≪ r ≪ N^{1/3} g_s √ α^′ . (3.10)

That is, the intermediate region of r is allowed for the supergravity description.

In the present case we should be careful for the two locations in the radial direction, 1) the position of the probe D4-brane r_0 and 2) the tip of the string world-sheet r_c . First of all, the probe D4-brane is assumed to be put in the region (3.10) . Then the problem happen when the tip hit on the lower bound of the condition (3.10) . This implies that the upper bound exists for the range of the distance x between the W-bosons, though it seems difficult to evaluate the upper bound analytically. This is the scenario for the b = 0 case.

For b ≠ 0 , the lower bound of the condition (3.10) may be modified. When r_t < √ α^′/Ng_s , there is no modification and the previous argument holds. However, when r_t > √ α^′/Ng_s , the lower bound is replaced by r_t and thus the condition for the supergravity approximation does not leads to the upper bound of x .

4 Conclusion and discussion

We have performed the potential analysis for confining D3-brane and D4-brane backgrounds. For both cases, we have found the critical electric field above which the potential barrier vanishes and the system becomes unstable catastrophically. An intriguing point is that no Schwinger effect occurs when the electric field is smaller than the confining string tension. In other worlds, the tunneling process is allowed when the electric field dominates the confining string tension.

The next interesting problem is to consider the Schwinger effect in QCD-like theories with the holographic setup. For this purpose, it is necessary to proceed the analysis furthermore. An intriguing issue is to argue how to realize non-abelian Schwinger effect [27–29] in the holographic framework, for example, the Sakai-Sugimoto model [30]. We believe that the understanding obtained here would be a key ingredient in this direction.

Acknowledgments

We would like to thank H. Shimada, H. Suganuma and F. Sugino for useful discussions. This work was also supported in part by the Grant-in-Aid for the Global COE Program “The Next Generation of Physics, Spun from Universality and Emergence” from MEXT, Japan.

References

[1] J. S. Schwinger, “On gauge invariance and vacuum polarization,” Phys. Rev. 82 (1951) 664.

[2] I. K. Affleck, O. Alvarez and N. S. Manton, “Pair Production At Strong Coupling In Weak External Fields,” Nucl. Phys. B 197 (1982) 509.

[3] I. K. Affleck and N. S. Manton, “Monopole Pair Production In A Magnetic Field,” Nucl. Phys. B 194 (1982) 38.

[4] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113]. [arXiv:hep-th/9711200].

[5] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B 428 (1998) 105 [arXiv:hep-th/9802109].

[6] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253 [arXiv:hep-th/9802150].

[7] S. -J. Rey and J. -T. Yee, “Macroscopic strings as heavy quarks in large N gauge theory and anti-de Sitter supergravity,” Eur. Phys. J. C 22 (2001) 379 [hep-th/9803001].

[8] J. M. Maldacena, “Wilson loops in large N field theories,” Phys. Rev. Lett. 80 (1998) 4859 [hep-th/9803002].

[9] A. S. Gorsky, K. A. Saraikin and K. G. Selivanov, “Schwinger type processes via branes and their gravity duals,” Nucl. Phys. B 628 (2002) 270 [hep-th/0110178].

[10] G. W. Semenoff and K. Zarembo, “Holographic Schwinger Effect,” Phys. Rev. Lett.

107 (2011) 171601 [arXiv:1109.2920 [hep-th]].

[11] D. E. Berenstein, R. Corrado, W. Fischler and J. M. Maldacena, “The Operator product expansion for Wilson loops and surfaces in the large N limit,” Phys. Rev. D 59 (1999) 105023 [hep-th/9809188].

[12] N. Drukker, D. J. Gross and H. Ooguri, “Wilson loops and minimal surfaces,” Phys.

Rev. D 60 (1999) 125006 [hep-th/9904191].

[13] E. S. Fradkin and A. A. Tseytlin, “Quantum String Theory Effective Action,” Nucl.

Phys. B 261 (1985) 1.

[14] C. Bachas and M. Porrati, “Pair creation of open strings in an electric field,” Phys.

Lett. B 296 (1992) 77 [hep-th/9209032].

[15] S. Bolognesi, F. Kiefer and E. Rabinovici, “Comments on Critical Electric and Magnetic Fields from Holography,” JHEP 1301 (2013) 174 [arXiv:1210.4170 [hep-th]].

[16] Y. Sato and K. Yoshida, “Holographic description of the Schwinger effect in electric and magnetic fields,” JHEP 1304 (2013) 111 [arXiv:1303.0112 [hep-th]].

[17] Y. Sato and K. Yoshida, “Potential Analysis in Holographic Schwinger Effect,” arXiv:1304.7917 [hep-th].

[18] N. Drukker, D. J. Gross and A. A. Tseytlin, “Green-Schwarz string in AdS_5×S^5:

Semiclassical partition function,” JHEP 0004 (2000) 021 [hep-th/0001204].

[19] J. Ambjorn and Y. Makeenko, “Remarks on Holographic Wilson Loops and the Schwinger Effect,” Phys. Rev. D 85 (2012) 061901 [arXiv:1112.5606 [hep-th]].

[20] C. Kristjansen and Y. Makeenko, “More about One-Loop Effective Action of Open Superstring in AdS_5×S^5,” JHEP 1209 (2012) 053 [arXiv:1206.5660 [hep-th]].

[21] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories,” Adv. Theor. Math. Phys. 2 (1998) 505 [hep-th/9803131].

[22] G. T. Horowitz and R. C. Myers, “The AdS / CFT correspondence and a new positive energy conjecture for general relativity,” Phys. Rev. D 59 (1998) 026005 [hepth/9808079].

[23] G. T. Horowitz and A. Strominger, “Black strings and P-branes,” Nucl. Phys. B 360 (1991) 197.

[24] D. H. Delphenich, “Nonlinear electrodynamics and QED,” hep-th/0309108.

[25] D. N. Kabat and G. Lifschytz, “A Note on the Coulomb branch of SUSY Yang-Mills,” Phys. Lett. B 633 (2006) 641 [hep-th/0511226].

[26] N. Itzhaki, J. M. Maldacena, J. Sonnenschein and S. Yankielowicz, “Supergravity and the large N limit of theories with sixteen supercharges,” Phys. Rev. D 58 (1998) 046004 [hep-th/9802042].

[27] A. Casher, H. Neuberger and S. Nussinov, “Chromoelectric Flux Tube Model of Particle Production,” Phys. Rev. D 20 (1979) 179.

[28] J. Ambjorn and R. J. Hughes, “Canonical Quantization In Nonabelian Background Fields. 1.,” Annals Phys. 145 (1983) 340.

[29] M. Gyulassy and A. Iwazaki, “Quark And Gluon Pair Production In SU(n) Covariant Constant Fields,” Phys. Lett. B 165 (1985) 157.2

[30] T. Sakai and S. Sugimoto, “Low energy hadron physics in holographic QCD,” Prog.

Theor. Phys. 113 (2005) 843 [hep-th/0412141]; “More on a holographic dual of QCD,” Prog. Theor. Phys. 114 (2005) 1083 [hep-th/0507073].