arXiv:1306.6204v1 [gr-qc] 26 Jun 2013

Conformally covariant systems of wave equations and their equivalence to Einstein’s field equations^∗

Tim-Torben Paetz^†

Gravitational Physics, University of Vienna Boltzmanngasse 5, 1090 Vienna, Austria

June 27, 2013

Abstract

We transform Friedrich’s conformal field equations in 3 + 1-spacetime dimensions into two alternative systems of quasi-linear wave equations, supplemented by certain constraint equations, and study their equivalence to the conformal field equations (and thereby to Einstein’s vacuum field equations). As an application the characteristic initial value problem for the Einstein equations with data on past null infinity is reduced to a characteristic initial value problem for wave equations with data on a light-cone.

PACs numbers: 04.20.Ex

Contents

1 Introduction 2 1.1 Asymptotic flatness . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Conformal field equations . . . . . . . . . . . . . . . . . . . . . . 4 1.3 Characteristic initial value problems . . . . . . . . . . . . . . . . 4 1.4 Structure of the paper . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Friedrich’s conformal field equations and gauge freedom 6 2.1 Metric conformal field equations (MCFE) . . . . . . . . . . . . . 6 2.2 Gauge freedom and conformal covariance inherent to the MCFE 7

3 Conformal wave equations (CWE) 10 3.1 Derivation of the conformal wave equations . . . . . . . . . . . . 10 3.2 Consistency with the gauge condition . . . . . . . . . . . . . . . 14 3.3 Equivalence issue between the CWE and the MCFE . . . . . . . 23

∗Preprint UWThPh-2013-15.

†E-mail: Tim-Torben.Paetz@univie.ac.at

4 Constraint equations induced by the MCFE on the cone C_i− 25 4.1 Adapted null coordinates and another gauge freedom . . . . . . . 25 4.2 Constraint equations in a generalized wave-map gauge . . . . . . 26 4.3 Constraint equations in the (R = 0, s = −2, κ = 0, ĝ = η)-wavemap gauge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

5 Applicability of Theorem 3.7 on the cone C_i− 33 5.1 (R = 0, s = −2, κ = 0, ĝ = η)-wave-map gauge . . . . . . . . . . . 33 5.2 Vanishing of H^σ . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.3 Vanishing of ∇_μH^σ and ζ_μ . . . . . . . . . . . . . . . . . . . . . 36 5.4 Vanishing of W_{μνσρ} . . . . . . . . . . . . . . . . . . . . . . . . . 39 5.5 Validity of equation (3.54) on C_i− . . . . . . . . . . . . . . . . . 41 5.6 Vanishing of Υ_μ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 5.7 Vanishing of Ξ_{μν} . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 5.8 Vanishing of κ_{μνσ} . . . . . . . . . . . . . . . . . . . . . . . . . . 42 5.9 Vanishing of ∇_ρd_{μνσ}^ρ . . . . . . . . . . . . . . . . . . . . . . . . 44 5.10 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6 Alternative system of conformal wave equations (CWE2) 50 6.1 Derivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 6.2 Some properties of the CWE2 and gauge consistency . . . . . . . 52 6.3 Equivalence issue between the CWE2 and the MCFE . . . . . . . 56 6.4 Constraint equations on C_i− in terms of Weyl and Cotton tensor 60 6.5 Applicability of Theorem 6.4 on the cone C_i− . . . . . . . . . . . 61 6.6 Main result concerning the CWE2 . . . . . . . . . . . . . . . . . 63 6.7 Comparison of both systems CWE & CWE2 . . . . . . . . . . . 64

A Cone-smoothness and proof of Lemma 2.1 65

1 Introduction

1.1 Asymptotic flatness

In general relativity there is the endeavour to characterize those spacetimes which one would regard as being “asymptotically flat”, possibly merely in certain (null) directions. Spacetimes which possess this property would be wellsuited to describe e.g. purely radiative spacetimes or isolated gravitational systems. However, due to the absence of a non-dynamical background field this is an intricate issue in general relativity. In [26, 27] (see e.g. [22] for an overview) R. Penrose proposed a geometric approach to resolve this problem: The starting point is a (3 + 1-dimensional) spacetime (M̃ , g̃), the physical spacetime. It then proves fruitful to introduce a so-called unphysical spacetime (M , g) into which (a part of) (M̃ , g̃) is conformally embedded,

g̃^ϕ→ g := Θ^2g̃ , M̃^ϕ→ M , Θ|_{ϕ(M̃ )} > 0 .

The part of ∂ϕ(M̃ ) where the conformal factor Θ vanishes can be interpreted as representing infinity of the original, physical spacetime, for the physical affine parameter diverges along null geodesics when approaching this part of the boundary. The subset {Θ = 0 , dΘ ≠ 0} ⊂ ∂ϕ(M̃ ) is called Scri, denoted by I . Large classes of solutions of e.g. the vacuum Einstein equations (with vanishing cosmological constant) possess a I which forms a smooth null hypersurface in (M , g), on which null geodesics in (M , g) acquire end-points. The hypersurface I is therefore regarded as providing a representation of null infinity.

Penrose’s proposal to distinguish those spacetimes which have an “asymptotically flat” structure [in certain null directions] is to require that the unphysical metric tensor g extends smoothly across [a part of] I .^1 The idea is that such a smooth conformal extension is possible whenever the gravitational field has an appropriate “asymptotically flat” fall-off behaviour in these directions.

Null infinity can be split into two components, past and future null infinity I^− and I^+, which are generated by the past and future endpoints of null geodesics in M , respectively. If the spacetime is further supposed to be asymptotically flat in all spacelike directions one may require the existence of a regular point i^0, representing spacelike infinity, where all the spacelike geodesics meet.

In this work we are particularly interested in spacetimes (and the construction thereof) which, at sufficiently early times, possess a conformal infinity which is similar to that of Minkowski spacetime. By that we mean that (a part of) (M̃ , g̃) can be conformally mapped into an unphysical spacetime where all timelike geodesics originate from one regular point which represents past timelike infinity, denoted by i^−; moreover, we assume that, at least sufficiently close to i^−, a regular I^− exists and is generated by the null geodesics emanating from i^−, i.e. forms the future null cone of i^−, denoted by C_i− := I^− ∪ {i^−}. By the term “regular” we mean that the conformally rescaled metric g, and also the rescaled Weyl tensor, admit smooth extensions. In fact, in 4 dimensions the extendability assumption across I on the rescaled Weyl tensor is automatically satisfied in the current setting. At i^− this assumption will be dropped in Section 6.

It is an important issue to understand the interplay between the geometric concept of asymptotic flatness and the Einstein equations, and whether all relevant physical systems, like e.g. purely radiative spacetimes, are compatible with the notion of a regular conformal infinity. In [1] the conformally invariant Bach tensor was used to construct asymptotically flat solutions of the vacuum Einstein equations (in fact the construction was done in all even dimensions via the Fefferman-Graham tensor). An open issue is to characterize the set of initial data which lead to solutions of Einstein’s field equations which are “null asymptotically flat”.

Since we have a characteristic initial value problem at C_i− in mind we want to avoid too many technical assumptions which might lead to a more reasonable (and rigid) notion of asymptotic flatness, asymptotic simplicity, etc. (cf. e.g. [23]). In a nutshell, we are concerned with solutions of the vacuum Einstein equations (with vanishing cosmological constant) which admit a complete regular cone at past timelike infinity, at least near i^−.

1One may also think of weaker requirements here.

1.2 Conformal field equations

Due to the geometric construction outlined above, the asymptotic behaviour of the gravitational field can be analysed in terms of a local problem in a neighbourhood of I (as well as i^± and i^0). However, the vacuum Einstein equations, regarded as equations for the unphysical metric g, are (formally) singular at conformal infinity (set □_g := ∇^μ∇_μ), R̃_{μν} [g̃] = λg̃_{μν} ⇐⇒ R_{μν} [g] + d − 2 Θ ∇_μ∇_ν Θ + g_{μν} ( 1 Θ □_g Θ − d − 1 Θ^2

∇^σ Θ∇_σΘ ) = λΘ^{−2}g_{μν} , (1.1)

with d being the spacetime dimension, and where the conformal factor Θ is assumed to be some given (smooth) function. The system (1.1) does therefore not seem to be convenient to study unphysical spacetimes (M , g) with Θ^{−2}g being a solution of the Einstein equations away from conformal infinity. Serendipitously, H. Friedrich [12, 13, 19] was able to extract a system, called the conformal field equations, which does remain regular even if Θ vanishes, and which is equivalent to the vacuum Einstein equations wherever Θ is non-vanishing.

In a suitable gauge the propagational part of the conformal field equations implies, in 3+1 dimensions, a symmetric hyperbolic system. Thus equipped with some nice mathematical properties Friedrich’s equations provide a powerful tool to analyse the asymptotic behaviour of those solutions of the Einstein equations which admit an appropriate conformal structure at infinity. In fact, it is a feature of the conformal field equations that the null generators of I^− emanate from one regular point i^− if sufficiently regular solutions exist for long enough into the past and hyperboloidal initial data are prescribed suitably [17].

1.3 Characteristic initial value problems

The characteristic initial value problem in general relativity provides a tool to construct systematically general solutions of Einstein’s field equations. An advantage in comparison with the spacelike Cauchy problem is that the constraint equations form a hierarchical system of ODEs which is much more convenient to deal with. In fact, one may think of several different types of characteristic initial value problems, which we want to recall briefly.

One possibility is to take two transversally intersecting null hypersurfaces as initial surface. This problem was studied by Rendall [29] who established well-posedness results for quasi-linear wave equations as well as for symmetric hyperbolic systems in a neighbourhood of the cross-section of these hypersurfaces. Using a harmonic reduction of the Einstein equations he then applied his results to proof well-posedness for the Einstein equations.

Another approach is to prescribe data on a light-cone. There is a wellposedness result for quasi-linear wave equations near the tip of a cone which is due to Cagnac [2] and Dossa [10]. A crucial assumption in the proof is that the initial data are restrictions to the light-cone of smooth^2 spacetime fields. Wellposedness of the Einstein equations was investigated in a series of papers [3–5] by Choquet-Bruhat, Chruściel and Martín-García, and by Chruściel [7]. The authors impose a wave-map gauge to obtain a system of wave equations to which

2There is a version for finite differentiability, but we are just interested in the smooth case.

the Cagnac-Dossa theorem is applied. A main difficulty, in the most comprehensive case treated in [7], is to make sure that the Cagnac-Dossa theorem is indeed applicable. For that one needs to make sure that the initial data for the reduced Einstein equations, which are constructed from suitable free data as solution of the constraint equations, can be extended to smooth spacetime fields. One ends up with the result that these free data determine a unique solution (up to diffeomorphisms) in some neighbourhood of the tip of the cone C_O , intersected with J^+(C_O ).

A third important case arises when the initial surface is, again, given by two transversally intersecting null hypersurfaces, but now in the unphysical spacetime and with one of the hypersurfaces belonging to I . This issue was treated by Friedrich [14], who proved well-posedness for analytic data, and by Kánnár [24], who extended Friedrich’s result to the smooth case. The basic idea for the proof is to exploit the fact that the conformal field equations can be represented as a symmetric hyperbolic system and then to apply Rendall’s local existence result.

The case we have in mind is when the initial surface is given in the unphysical spacetime by the light-cone C_i− emanating from past timelike infinity i^−. In order to construct systematically solutions of Einstein’s field equations which are compatible with Penrose’s notion of asymptotic flatness one would like to prescribe data on C_i− and predict existence of a solution of Einstein’s equations off the cone C_i− by solving an appropriate initial value problem. One way to establish well-posedness near the tip of the cone is to mimic the analysis in [3–5, 7]. In order to do that one needs a system of wave equations which is equivalent to the vacuum Einstein equations wherever Θ is non-vanishing and which remains regular when Θ vanishes. Based on a conformal system of equations due to Choquet-Bruhat and Novello [6], such a regular system of wave equations was employed by Dossa [11] who states a well-posedness result for suitable initial data for which, however, it is not clear how they can be constructed, nor to what extent that system of wave equations is equivalent to the Einstein equations.

The purpose of this paper is to derive two such systems of wave equations in 3 + 1-spacetime dimensions, which we will call conformal wave equations, and prove equivalence to Friedrich’s conformal system for solutions of the characteristic initial value problem with initial surface C_i− which satisfy certain constraint equations on C_i− . Our first system will use the same set of unknowns as Friedrich’s metric conformal field equations [19], while the second system will employ the Weyl and the Cotton tensor rather than the rescaled Weyl tensor (and might be advantageous in view of the construction of solutions with a rescaled Weyl tensor which diverges at i^−). The construction of initial data to which the Cagnac-Dossa theorem is applicable will be given elsewhere [7, 9, 21].

Apart from the application to tackle the characteristic initial value problem with data on C_i− , a regular system of wave equations might be interesting for numerics, as well [25].

1.4 Structure of the paper

In Section 2 we recall the metric conformal field equations and address the gauge freedom inherent to them. In Section 3 we derive the first system of conformal wave equations, (3.11)-(3.15), and prove equivalence to the conformal field equations and consistency with the gauge condition under the assumption that certain relations hold initially. In Section 4 we derive the constraint equations induced by the conformal field equations on C_i− in adapted coordinates and imposing a generalized wave-map gauge condition. We then focus on the case of a light-cone with vertex at past timelike infinity to verify in Section 5 that the hypotheses needed for the equivalence theorem of Section 3 are indeed satisfied, supposing that the initial data fulfill the constraint equations (5.72)- (5.79). Our main result, Theorem 5.1, states that a solution of the characteristic initial value problem for the conformal wave equations, with initial data on C_i− which have been constructed as solutions of the constraint equations, is also a solution of the conformal field equations and vice versa. In Section 6 we then derive an alternative system of conformal wave equations, (6.9)-(6.14), and study equivalence to the conformal field equations, supposing that certain constraint equations, namely (6.82)-(6.91), are satisfied, cf. Theorem 6.5. We then briefly compare both systems of wave equations. We conclude the article by reviewing some basic properties of cone-smooth functions, which are utilized to prove a lemma stated in Section 2.

2 Friedrich’s conformal field equations and gauge freedom

2.1 Metric conformal field equations (MCFE)

As indicated above, the Einstein equations themselves do not provide a nice evolution system near infinity and are therefore not suitable to tackle the issue at hand, namely to analyse existence of a solution to the future of C_i− . H. Friedrich found a representation of the vacuum Einstein equations which does not contain factors of Θ^{−1} and which is regular everywhere (see [12, 13, 15, 19]). Due to this property the Einstein equations are called conformally regular.

The curvature of a spacetime is measured by the Riemann curvature tensor R_{μνσ}^ρ, which can be decomposed into the trace-free Weyl tensor W_{μνσ}^ρ, invariant under conformal transformations, and a term which involves the Schouten tensor L_{μν} , R_{μνσ}^ρ = W_{μνσ}^ρ + 2(g_{σ[μ}L_{ν]}^ρ − δ_{[μ}^ρL_{ν]σ} ) .

The Schouten tensor is defined in terms of the Ricci tensor R_{μν} ,

L_{μν} := 1 d − 2 R_{μν} − 1 2(d − 1)(d − 2) Rg_{μν} , where d denotes the spacetime-dimension. The Weyl tensor is usually considered to represent the radiation part of the gravitational field. Let us further define the rescaled Weyl tensor

d_{μνσ}^ρ := Θ^{3−d}W_{μνσ}^ρ , (2.1)

as well as the scalar function (□_g ≡ ∇^μ∇_μ)

s := 1 d □_gΘ + 1 2d(d − 1) RΘ .

There exist different versions of the conformal field equations, depending on which fields are regarded as unknowns. Here we present the metric conformal field equations (MCFE) [19] which read in d spacetime dimensions

∇_ρd_{μνσ}^ρ = 0 , (2.2) ∇_μL_{νσ} − ∇_ν L_{μσ} = Θ^{d−4}∇_ρΘ d_{νμσ}^ρ , (2.3) ∇_μ∇_ν Θ = −ΘL_{μν} + sg_{μν} , (2.4) ∇_μs = −L_{μν} ∇^ν Θ , (2.5) (d − 1)(2Θs − ∇_μΘ∇^μΘ) = λ , (2.6) R_{μνσ}^κ[g] = Θ^{d−3}d_{μνσ}^κ + 2 ( g_{σ[μ}L_{ν]}^κ − δ_{[μ}^κL_{ν]σ} ) . (2.7)

The unknowns are g_{μν} , Θ, s, L_{μν} and d_{μνσ}^ρ.

Friedrich has shown that the MCFE are equivalent to the vacuum Einstein equations, R̃_{μν} [g̃] = λg̃_{μν} , g̃_{μν} = Θ^{−2}g_{μν} ,

in the region where Θ is non-vanishing. They give rise to a complicated and highly overdetermined PDE-system. It turns out that (2.6) is a consequence of (2.4) and (2.5) if it is known to hold at just one point (e.g. by an appropriate choice of the initial data). Moreover, Friedrich has separated constraint equations from the conformal field equations by working in a spin frame. In Section 4 we shall do the same (if the initial surface is C_i− ) in a coordinate frame and by imposing a generalized wave-map gauge condition.

A specific property in the 3 + 1-dimensional case is that the contracted Bianchi identity is equivalent to the Bianchi identity. That is the reason why (2.2) implies hyperbolic equations; in higher dimensions this is no longer true [19]. The conformal field equations provide a good evolution system only in 3 + 1 dimensions. In a suitable gauge they then can be represented as a symmetric hyperbolic system.

Penrose proposed to distinguish asymptotically flat spacetimes by requiring the unphysical metric g to be smoothly extendable across I . The Weyl tensor of g is known to vanish on I [27] in four-dimensional spacetimes. Since by definition dΘ|_I ≠ 0 the rescaled Weyl tensor can be smoothly continued across I . However, there seems to be no reason why the same should be possible at i^− where dΘ = 0. When dealing with the MCFE, where the rescaled Weyl tensor is one of the unknowns, it is convenient to restrict attention to the class of solutions with a regular i^− in the sense that both g_{μν} and d_{μνσ}^ρ are smoothly extendable across i^− (cf. Section 6 where this additional assumption is dropped).

2.2 Gauge freedom and conformal covariance inherent to the MCFE

The gauge freedom contained in the MCFE comes from the freedom to choose the coordinates supplemented by the freedom to choose the conformal factor Θ relating the physical and the unphysical spacetime. Since Θ is regarded as an unknown rather than a gauge function it remains to identify another function which reflects this gauge degree of freedom. The most convenient choice turns out to be the Ricci scalar R:

Let us assume we have been given a smooth solution (g_{μν} , Θ, s, L_{μν} , d_{μνσ}^ρ) of the MCFE. Then we can compute R. For a conformal rescaling g → ϕ^{4d−2} g for some ϕ > 0, the Ricci scalars R and R^∗ of g and ϕ^{4d−2} g, respectively, are related via ϕR − ϕ^{d+2d−2} R^∗ = 4 d − 1 d − 2 □_g ϕ . (2.8)

Now, let us prescribe R^∗ and read (2.8) as an equation for ϕ. If we think of a characteristic initial value problem with data on a light-cone C_O (including the C_i− -case) we are free to prescribe some ϕ̊ > 0 on C_O .^{34} Supposing that ϕ̊ is the restriction to C_O of a smooth spacetime function, the Cagnac-Dossa theorem [2, 10] tells us that there is a solution ϕ > 0 with ϕ|_{CO} = ϕ̊ in some neighbourhood of the tip of the cone. Due to the conformal covariance of the conformal field equations, the conformally rescaled fields

g^∗ = ϕ^{4d−2} g , (2.9)

Θ^∗ = ϕ^{2d−2} Θ , (2.10)

s^∗ = 1 d □_g∗ Θ^∗ + 1 2d(d − 1) R^∗Θ^∗ , (2.11) L^∗_{μν} = 1 d − 2 R^∗_{μν} [g^∗] − 1 2(d − 1)(d − 2)

R^∗g^∗_{μν} , (2.12) d^∗_{μνσ}^ρ = ϕ^{−2 d−3d−2} d_{μνσ}^ρ , (2.13) provide another solution of the MCFE with Ricci scalar R^∗ which corresponds to the same physical solution g̃_{μν} . These considerations show that if we treat the conformal factor Θ as unknown, determined by the MCFE, the curvature scalar R of the unphysical spacetime can be arranged to take any preassigned form. The function R can therefore be regarded as a conformal gauge source function which can be chosen arbitrarily.

There remains the freedom to prescribe ϕ̊ on C_O. On an ordinary cone with nowhere vanishing Θ this freedom can be employed to prescribe the initial data for the conformal factor, Θ|_{CO} (it clearly needs to be the restriction to C_O of a smooth spacetime function). In this work we are particularly interested in the case where the vertex of the cone is located at past timelike infinity i^−, where, by definition, Θ = 0. Then the gauge freedom to choose ϕ̊ can be employed to prescribe the function s on C_i− . To see that, let us assume, again, we have been given a smooth solution (g_{μν} , Θ, s, L_{μν} , d_{μνσ}^ρ) of the MCFE to the future of C_i− , at least in some neighbourhood of i^−. (When Θ vanishes e.g. on one of two transversally intersecting null hypersurfaces one might put forward a similar argument.) In particular the function s is smooth. According to (2.6), it can be written away from C_i− as s = 1 2 Θ^{−1}∇_μΘ∇^μΘ ,

with the right-hand side smoothly extendable across C_i− . Under the conformal rescaling

Θ → Θ^∗ := ϕ^{2d−2} Θ , g_{μν} → g^∗_{μν} := ϕ^{4d−2} g_{μν} , ϕ > 0 , (2.14)

3The positivity of ϕ at the vertex guarantees any solution of (2.8) to be positive sufficiently close to the vertex and thereby the positivity of Θ^∗ (in the C_i− -case just off the cone).

4Since we are mainly interested in this case we focus on an initial surface which is a cone. However, a similar result can be obtained for two transversally intersecting null hypersurfaces.

the function s becomes s^∗ = ϕ^{− 2d−2} ( 2 (d − 2)^2 Θϕ^{−2}∇^μϕ∇_μϕ + 2 d − 2 ϕ^{−1}∇^μΘ∇_μϕ + s ) . (2.15)

Evaluation of this expression on C_i− yields 2 d − 2 ∇^μΘ∇_μϕ + ϕ s − ϕ^{dd−2} s^∗ = 0 . (2.16)

Here and henceforth we use an overbar to denote restriction to the initial surface. Note that ∇^μΘ is tangent to I , so (2.16) does not involve transverse derivatives of ϕ on I . Let us prescribe s^∗ (as a matter of course it needs to be the restriction of a smooth spacetime function) and assume that some positive solution of (2.16) exists, which we denote by ϕ̊. We take ϕ̊ as initial datum for (2.8). We would like to have a ϕ̊ which is the restriction to C_i− of a smooth spacetime function, so that we can apply the Cagnac-Dossa theorem which would supply us with a spacetime function ϕ. Via the conformal rescaling (2.9)-(2.13) we then would be led to a new solution of the MCFE with preassigned functions R^∗ and s^∗ which represents the same physical solution we started with.

The crucial point, which remains to be checked, is whether a solution of (2.16) exists with the desired properties. The following lemma, which is proven in Appendix A, shows that, in 4 spacetime dimensions, this is indeed the case (cf. [9, Appendix A] where an alternative proof is given). A similar result can be obtained in all even dimensions, at least if the functions s|_i− and s^∗|_i− are of the same sign (otherwise the conformal factor Θ would have to change its sign which is not possible for conformal rescalings of the form (2.14) with a real function ϕ. We will not elaborate on this for it is not needed for our purposes.

Lemma 2.1 Consider any smooth solution of the MCFE in d = 4 spacetime dimensions in some neighbourhood U of i^− which satisfies

s|_i− ≠ 0 . (2.17)

Let s^∗ be the restriction of a smooth spacetime function on U ∩ ∂J^+(i^−) with s^∗|_i− ≠ 0 and lim_{r→0} ∂_rs^∗ = 0.^5 Then (2.15) is a Fuchsian ODE and for every solution ϕ̊ (note that the solution set is non-empty) it holds that

sign(ϕ̊|_i− ) = sign(s|_i− )sign(s^∗|_i− ) , (2.18)

and ϕ̊ is the restriction to C_i− of a smooth spacetime function. In particular, if sign(s|_i− ) = sign(s^∗|_i− ) the function ϕ̊ will be positive sufficiently close to i^−,

Remark 2.2 Note that solutions with s|_i− = 0 would satisfy dΘ = 0 on I^−, which is why the corresponding class of solutions is not of physical interest.

To sum it up, due the conformal covariance of the MCFE the functions R and s|_{Ci−} can and will be regarded as gauge source functions.

5r is a suitable (e.g. an affine) parameter along the null geodesics emanating from i^−, see Section 4 and Appendix A for more details.

3 Conformal wave equations (CWE)

3.1 Derivation of the conformal wave equations

In this section we will rewrite the MCFE (2.2)-(2.7) as a system of wave equations. Recall that the unknowns are g_{μν} , Θ, s, L_{μν} and d_{μνσ}^ρ, while the Ricci scalar R (and the function s or Θ, respectively, depending on the chraracteristic initial surface) are considered as gauge degrees of freedom. We treat the 3 + 1-dimensional case (cf. footnote 6); the cosmological constant is allowed to be non-vanishing here.

Derivation of an appropriate second-order system

From (2.2) and (2.3) we obtain (with □_g ≡ ∇^μ∇_μ) □_g L_{μν} − R_{μκ}L_ν^κ − R_{αμν}^κL_κ^α − ∇_μ∇_αL_ν^α = d_μ^α_ν^ρ∇_α∇_ρΘ . Using the definition of the Schouten tensor, L_{μν} ≡^1_2 R_{μν} −^1_{12} Rg_{μν} , together with the contracted Bianchi identity, we find

∇_μL_ν^μ = 1 6 ∇_ν R , (3.1)

and thus □_g L_{μν} − R_{μκ}L_ν^κ − R_{αμν}^κL_κ^α − 1 6 ∇_μ∇_ν R = d_μ^α_ν^ρ∇_α∇_ρΘ .

We combine the right-hand side with (2.4) and employ (2.1) as well as (2.7) to transform the third term on the left-hand side to end up with a wave equation for the Schouten tensor (if g_{μν} is given, cf. below),

□_g L_{μν} − 4L_{μκ}L_ν^κ + g_{μν} |L|^2 + 2Θd_{μαν}^ρL_ρ^α = 1 6 ∇_μ∇_ν R , (3.2)

where we have set |L|^2 := L_μ^ν L_ν^μ .

Next, let us consider the function s. From (2.5), (3.1) and (2.4) we deduce that it satisfies the wave equation

□_g s = −∇_μL_ν^μ∇^ν Θ − L^{μν} ∇_μ∇_ν Θ

= Θ|L|^2 − 1 6 ∇_ν R ∇^ν Θ − 1 6 sR . (3.3)

The definition of s provides a wave equation for the conformal factor,

□_g Θ = 4s − 1 6 ΘR . (3.4)

To obtain a wave equation for the rescaled Weyl tensor d_{μνσ}^ρ in 3+1 dimensions one proceeds as follows: Due to its algebraic properties the rescaled Weyl tensor satisfies the relation ϵ_{μν}^{αβ} d_{αβλρ} = ϵ_{λρ}^{αβ} d_{μναβ} , where ϵ_{μνσρ} denotes the totally antisymmetric tensor. We conclude (cf. e.g. [28]) ∇_{[λ}d_{μν]σρ} = − 1 6 ϵ_{λμνκ}ϵ^{αβγκ}∇_αd_{βγσρ} = 1 6 ϵ_{λμν}^κϵ_{σρ}^{βγ} ∇_αd_{βγκ}^α . (3.5) This equation implies the equivalence^6 ∇_ρd_{μνσ}^ρ = 0 ⇐⇒ ∇_{[λ}d_{μν]σρ} = 0 . Equation (2.2) can therefore be replaced by ∇_{[λ}d_{μν]σρ} = 0 . (3.6) Applying ∇^λ and commuting the covariant derivatives yields with (2.2) □_g d_{μνσρ} + 2R_{κμν}^αd_{σρα}^κ + 2R_{α[μ}d_{ν]}^α_{σρ} + 2R_{κ[μ|σ|}^αd_{ν]}^κ_{αρ} − 2R_{αρκ[μ}d_{ν]}^κ_σ^α = 0 . With (2.7) we end up with a wave equation for the rescaled Weyl tensor, □_g d_{μνσρ} − Θd_{μνκ}^αd_{σρα}^κ + 4Θd_{σκ[μ}^αd_{ν]αρ}^κ + 2g_{σ[μ}d_{ν]αρκ}L^{ακ} −2g_{ρ[μ}d_{ν]ασκ}L^{ακ} + 2d_{μνκ[σ} L_{ρ]}^κ + 2d_{σρκ[μ}L_{ν]}^κ − 1 3 Rd_{μνσρ} = 0 .(3.7) It turns out that this equation does not take its simplest form yet. To see this let us exploit (3.6) again. Invoking the Bianchi identity and (2.3) we find 0 = Θ∇_{[λ}d_{μν]σρ} = ∇_{[λ}W_{μν]σρ} − (∇_{[λ}Θ)d_{μν]σρ} = 2 3 ( g_{σν} ∇_{[λ}L_{μ]ρ} + g_{μρ}∇_{[λ}L_{ν]σ} + g_{σμ}∇_{[ν} L_{λ]ρ} + g_{λρ}∇_{[ν} L_{μ]σ} +g_{σλ}∇_{[μ}L_{ν]ρ} + g_{νρ}∇_{[μ}L_{λ]σ} ) − (∇_{[λ}Θ)d_{μν]σρ} = g_{ρ[λ}d_{μν]σ}^α∇_αΘ − g_{σ[λ}d_{μν]ρ}^α∇_αΘ − (∇_{[λ}Θ)d_{μν]σρ} . Applying ∇^λ and using (3.6), (2.4) and (3.4) we are led to 0 = 3∇^λ(g_{ρ[λ}d_{μν]σ}^α∇_αΘ − g_{σ[λ}d_{μν]ρ}^α∇_αΘ − ∇_{[λ}Θ d_{μν]σρ}) = 2d_{μν[σ}^α∇_{ρ]}∇_αΘ + 2g_{ρ[μ}d_{ν]λσ}^α∇^λ∇_αΘ − 2g_{σ[μ}d_{ν]λρ}^α∇^λ∇_αΘ −□Θ d_{μνσρ} − ∇^λ∇_ν Θ d_{λμσρ} − ∇^λ∇_μΘ d_{νλσρ} = 2Θg_{σ[μ}d_{ν]λρ}^αL_α^λ − 2Θg_{ρ[μ}d_{ν]λσ}^αL_α^λ + 2Θd_{μνα[σ}L_{ρ]}^α +2Θd_{σρα[μ}L_{ν]}^α + 1 6 ΘRd_{μνσρ} . This relation simplifies (3.7) significantly, it now reads □_g d_{μνσρ} − Θd_{μνκ}^αd_{σρα}^κ + 4Θd_{σκ[μ}^αd_{ν]αρ}^κ − 1 2 Rd_{μνσρ} = 0 . (3.8)

6 We remark that this equivalence holds only in 4 dimensions. Any attempt to derive a wave equation for d_{μνσ}^ρ in a dimension d ≥ 5 seems to lead to singular terms. Also, if one uses a different set of variables, like e.g. Cotton and Weyl tensor instead of d_{μνσ}^ρ, cf. Section 6, the derivation of a regular set of wave equations seems to be possible merely in the 4-dimensional case. This is in line with the observation that the MCFE provide a good evolution system only in 4 dimensions.

We have found a system of second-order equations (3.2), (3.3), (3.4) and (3.8) for the fields L_{μν} , s, Θ and d_{μνσ}^ρ, which needs to be complemented by an equation for the metric tensor: Taking the trace of (2.7) yields

R_{μν} [g] = 2L_{μν} + 1 6 Rg_{μν} . (3.9)

However, this is not a system of wave-equations yet: Equation (3.9) is not a wave equation due to the fact that the principal part of the Ricci tensor is not a D’Alembert operator. Moreover, the principal part of the wave-operator □_g is not a D’Alembert operator when acting on tensors of valence ≥ 1 and when the metric tensor is part of the unknowns, for the corresponding expression contains second-order derivatives of the metric due to which the principal part is not g^{μν} ∂_μ∂_ν anymore. Consequently (3.2) and (3.8) are no wave equations, as well, since we do treat the metric tensor as an unknown.

We need to impose an appropriate gauge condition to transform these equations into wave equations, which is accomplished subsequently.

Generalized wave-map gauge

Let us introduce the so-called ĝ-generalized wave-map gauge (cf. [5, 15, 18]), where ĝ_{μν} denotes some target metric. For that we define the wave-gauge vector

H^σ := g^{αβ} (Γ^σ_{αβ} − Γ̂^σ_{αβ} ) − W^σ .

Herein Γ̂^σ_{αβ} are the Christoffel symbols of ĝ_{μν} . Moreover, W^σ = W^σ (x^μ, g_{μν} , s, Θ, L_{μν} , d_{μνσ}^ρ) is an arbitrary vector field, which is allowed to depend upon the coordinates, and possibly upon g_{μν} as well as all the other fields which appear in the MCFE,^7 but not upon derivatives thereof. The freedom to prescribe W^σ reflects the freedom to choose coordinates off the initial surface. We then impose the ĝ-generalized wave-map gauge condition H^σ = 0 .

The reduced Ricci tensor R^{(H)}_{μν} is defined as

R^{(H)}_{μν} := R_{μν} − g_{σ(μ} ^∇_{ν)}H^σ , (3.10)

where ^∇ denotes the covariant derivative associated to the target metric. The principal part of the reduced Ricci tensor is a D’Alembert operator.

Furthermore, we define a reduced wave-operator as follows: We observe that for any covector field v_λ we have □_g v_λ = g^{μν} ∂_μ∂_ν v_λ − g^{μν} (∂_μΓ^σ_{νλ})v_σ + f_λ(g, ∂g, v, ∂v) = g^{μν} ∂_μ∂_ν v_λ + (R_λ^σ − ∂_λ(g^{μν} Γ^σ_{μν} ))v_σ + f_λ(g, ∂g, v, ∂v) = g^{μν} ∂_μ∂_ν v_λ + (R_λ^σ − ∂_λH^σ )v_σ + f_λ(g, ∂g, v, ∂v, ĝ, ∂ĝ, ∂^2ĝ, ∂W ) = g^{μν} ∂_μ∂_ν v_λ + (R^{(H)}_{μλ} + g_{σ[λ} ^∇_{μ]}H^σ)v^μ + f_λ(g, ∂g, v, ∂v, ĝ, ∂ĝ, ∂^2ĝ, ∂W ) . 7I am grateful to L. Andersson for pointing that out. However, in view of the constraint equations we shall consider later on for convenience merely those W^σ’s which depend just on the coordinates.

Similarly, the action on a vector field v^λ yields □_g v^λ = g^{μν} ∂_μ∂_ν v^λ − (R^{μλ}_{(H)} + g^{σ[λ} ^∇_σ H^{μ]})v_μ + f^λ(g, ∂g, v, ∂v, ĝ, ∂ĝ, ∂^2ĝ, ∂W ) . This motivates to define a reduced wave-operator □^{(H)}_g via its action on (co)vector fields in the following way:

□^{(H)}_g v_λ := □_g v_λ − g_{σ[λ}( ^∇_{μ]}H^σ )v^μ + (2L_{μλ} − R^{(H)}_{μλ} + 1 6 Rg_{μλ})v^μ , □^{(H)}_g v^λ := □_g v^λ + g^{σ[λ}( ^∇_σ H^{μ]})v_μ − (2L^{μλ} − R^{μλ}_{(H)} + 1 6 Rg^{μλ})v_μ . For arbitrary tensor fields we set □^{(H)}_g v_{α1 ...αn}^{β1...βm} := □_g v_{α1...αn}^{β1...βm} − ∑ i g_{σ[αi} ( ^∇_{μ]}H^σ )v_{α1 ...}^μ_{...αn}^{β1...βm} + ∑ i (2L_{μαi} − R^{(H)}_{μαi} + 1 6 Rg_{μαi} )v_{α1 ...}^μ_{...αn}^{β1...βm} + ∑ i g^{σ[βi} ( ^∇_σ H^{μ]})v_{α1 ...αn}^{β1...}_μ^{...βm} − ∑ i (2L^{μβi} − R^{μβi}_{(H)} + 1 6 Rg^{μβi} )v_{α1 ...αn}^{β1...}_μ^{...βm} , which is a proper wave-operator even if g_{μν} is part of the unknowns since L_{μν} and the gauge source function R are regarded as independent of g_{μν} . Note that the action of □_g and □^{(H)}g coincides on scalars. Moreover, if H^σ = 0, and L_{μν} and R are known to be the Schouten tensor and the Ricci scalar of g_{μν} , respectively, then the action of □_g and □^{(H)}_g coincides on all tensor fields.

Conformal wave equations Let us reconsider the system (3.2), (3.3), (3.4), (3.8) and (3.9). We replace the Ricci tensor by the reduced Ricci tensor and the wave-operator by the reduced wave-operator to end up with a closed regular system of wave equations for g_{μν} , Θ, s, L_{μν} and d_{μνσ}^ρ,

□^{(H)}_g L_{μν} = 4L_{μκ}L_ν^κ − g_{μν} |L|^2 − 2Θd_{μσν}^ρL_ρ^σ + 1 6 ∇_μ∇_ν R , (3.11)

□_g s = Θ|L|^2 − 1 6 ∇_κR ∇^κΘ − 1 6 sR , (3.12)

□_g Θ = 4s − 1 6 ΘR , (3.13) □^{(H)}_g d_{μνσρ} = Θd_{μνκ}^αd_{σρα}^κ − 4Θd_{σκ[μ}^αd_{ν]αρ}^κ + 1 2 Rd_{μνσρ} , (3.14) R^{(H)}_{μν} [g] = 2L_{μν} + 1 6 Rg_{μν} . (3.15)

Henceforth the system (3.11)-(3.15) will be called conformal wave equations (CWE).

Remark 3.1 Since R is regarded as a gauge degree of freedom and not as unknown, there is no need to worry about its second-order derivatives appearing in (3.11). Note, however, that, unlike W^σ, the gauge source function R cannot be allowed to depend upon the fields L_{μν} , d_{μνσρ}, Θ and s, due to the fact that (3.11) contains second-order derivatives of R. Since ∇g = 0, R can in principle be allowed to depend upon g_{μν} .

3.2 Consistency with the gauge condition

Let us analyse now consistency of the CWE with the gauge conditions we imposed. More concretely, we consider a characteristic initial value problem, where, for definiteness, we think of two transversally intersecting null hypersurfaces or a light-cone, and assume that we have been given suitable initial data (g̊_{μν} , s̊, Θ̊, L̊_{μν} , d̊_{μνσ}^ρ). We further assume that there exists a smooth solution (g_{μν} , s, Θ, L_{μν} , d_{μνσ}^ρ) of the CWE with gauge source function R which induces these data. We aim to work out conditions, which need to be satisfied initially, which guarantee consistency with the gauge conditions in the sense that the solution implies H^σ = 0 and R_g = R, where R_g := R[g] denotes the curvature scalar of g_{μν} .(Recall that there is, depending on the type of the characteristic initial surface, the additional gauge freedom to prescribe Θ or s, but here consistency is trivial.)

Let us outline the strategy. To make sure that H^σ and R − R_g vanish we shall derive a homogeneous system of wave equations for H^σ as well as some subsidiary fields, which is fulfilled by any solution of the CWE (we shall see that it is not necessary to regard R − R_g as an unknown). We shall assume that all the fields which are regarded as unknowns in this set of equations vanish on the initial surface (in Section 5 these assumptions will be justified). Due to the uniqueness of solutions of wave equations, which is established by standard energy estimates, we then conclude that the trivial solution is the only one and that the fields involved need to vanish everywhere.

Some properties of solutions of the CWE

Let establish some properties of solutions of the CWE. First of all we show that the tensors g_{μν} and L_{μν} are symmetric supposing that their initial data are (and that d_{μνσρ} satisfies a certain symmetry property on the initial surface).

Lemma 3.2 Assume that the initial data on a characteristic initial surface S of some smooth solution of the CWE are such that g_{μν} |_S is the restriction to S of a Lorentzian metric, that L_{[μν]}|_S = 0 and d_{μνσρ}|_S = d_{σρμν} . Then the solution has the following properties:

1. g_{μν} and L_{μν} are symmetric tensors. 2. d_{μνσρ} = d_{σρμν} . Remark 3.3 A priori it might happen that g_{μν} becomes non-symmetric away from the initial surface. However, the lemma shows that the tensor g_{μν} does indeed define a metric as long as it does not degenerate (i.e. at least sufficiently close to the vertex or the intersection manifold, respectively). Later on, the initial data will be constructed from certain free data such that all the hypotheses of Lemma 3.2 are satisfied, we thus will assume throughout that g_{μν} and L_{μν} have their usual symmetry properties. Proof: Equation (3.14) yields^8 □^{(H)}_g (d_{μνσρ} − d_{σρμν} ) = 4Θ[g^{[αβ]}d_{σβμκ}d_{ραν}^κ − g^{[γκ]}d_{σβμκ}d_ρ^β_{νγ} ] +2Θg^{αβ}g^{κγ} [d_{ρανγ} (d_{μκσβ} − d_{σβμκ}) − d_{σκμβ} (d_{ναργ} − d_{ργνα})] + 1 2 R(d_{μνσρ} − d_{σρμν} ) . (3.16) From (3.11) and (3.15) we find

□^{(H)}_g L_{[μν]} = 4g_{[αβ]}L_μ^αL_ν^β − g_{[μν]}|L|^2 + Θg^{ργ} L_ρ^σ(d_{νσμγ} − d_{μγνσ} ) +2Θg^{σκ}d_μ^ρ_{νσ} L_{[ρκ]} − 2Θg^{[σκ]}d_{μσν}^ρL_{ρκ} , (3.17) R^{(H)}_{[μν]}[g_{(σρ)}, g_{[σρ]}] = 2L_{[μν]} + 1 6 Rg_{[μν]} . (3.18)

The equations (3.16), (3.17) and (3.18) are to be read as a homogeneous system of wave equations satisfied by g_{[μν]}, L_{[μν]} and d_{μνσρ} − d_{σρμν} , and with all the other fields regarded as being given. Since, by assumption, these fields vanish initially they have to vanish everywhere and the assertion follows. □ It is useful to derive some more properties of the tensor d_{μνσρ}. We emphasize that d_{μνσρ} is assumed to be part of some given solution of the CWE and that, a priori, it is by no means clear whether this tensor has all the algebraic properties of the Weyl tensor.

Lemma 3.4 Assume that d_{μνσρ} belongs to a solution of the CWE (3.11)-(3.15) for which the hypotheses of Lemma 3.2 are fulfilled. Then the tensor d_{μνσρ} has the following properties: (i) d_{μνσρ} = d_{σρμν} , (ii) d_{μνσρ} is anti-symmetric in its first two and last two indices, (iii) d_{μνσρ} satisfies the first Bianchi identity, i.e. d_{[μνσ]ρ} = 0, (iv) d_{μνσρ} is trace-free, supposing that (i)-(iv) hold initially.

Remark 3.5 The constraint equations we shall impose later on on the initial data guarantee that (i)-(iv) are initially satisfied. As for g_{μν} and L_{μν} we shall therefore use the implications of this lemma without mentioning it each time. Proof: (i) This is part of the proof of Lemma 3.2.

(ii) Equation (3.14) implies a homogeneous wave equation for d_{(μν)σρ}, □^{(H)}_g d_{(μν)σρ} = Θd_{σρα}^κd_{(μν)κ}^α + 1 2 Rd_{(μν)σρ} , 8 The indices are raised and lowered as follows: v^μ := g^{μν} v_ν and w_μ := g_{μν} w^ν . Note for this that g_{μν} is non-degenerated sufficiently close to S. The definition of the Ricci tensor, which appears in (3.15), in terms of Christoffel symbols which in turn are expressed in terms of g make sense even if g is not symmetric.

i.e. the tensor d_{μνσρ} is antisymmetric in its first two (and therefore by (i) in its last two indices) since this is assumed to be initially the case.

(iii) Due to the (anti-)symmetry properties (i)-(ii) we find the following homogeneous wave equation from (3.14), □^{(H)}_g d_{[μνσ]ρ} = Θd_{[μν|κ|}^αd_{σ]ρα}^κ + 4Θd_{κ[σμ}^αd_{ν]αρ}^κ + 1 2 Rd_{[μνσ]ρ} = 2Θd_{σαρ}^κd_{[κμν]}^α + 2Θd_{μαρ}^κd_{[κνσ]}^α + 2Θd_{ναρ}^κd_{[κσμ]}^α +Θd_{μνκ}^αd_{[ασρ]}^κ + Θd_{νσκ}^αd_{[αμρ]}^κ + Θd_{σμκ}^αd_{[ανρ]}^κ + 1 2 Rd_{[μνσ]ρ} . (iv) It remains to be shown that d_{μρσ}^ρ = 0. Employing the properties (i)-(iii) we conclude from (3.14) that

□^{(H)}_g d_{μρσ}^ρ = −2Θd_σ^κ_μ^αd_{κρα}^ρ + 1 2 Rd_{μρσ}^ρ , which is again a homogeneous wave equation. □ Next, let us establish another important property:

Lemma 3.6 Assume that the hypotheses of Lemma 3.2 and 3.4 are satisfied and that, in addition, the trace

L := L_σ^σ

of L_{μν} coincides on the initial surface with one sixth of the gauge source function R, L =^1_6 R. Then L = 1 6 R . (3.19)

(This is what one would expect if L_{μν} was the Schouten tensor and R the Ricci scalar.)

Proof: We observe that in virtue of (3.11) the tracelessness of d_{μνσρ} implies □_g (L − 1 6 R) = 0 .

and the assertion follows again from standard uniqueness results for wave equations. □

Gauge consistency

Let us return to the question of whether we have consistency with the gauge condition in the sense that a solution of the CWE satisfies H^σ = 0 and R_g = R. For that we assume that all the hypotheses of Lemma 3.2, 3.4 and 3.6 are fulfilled. We have R_{μν} − 1 2 R_gg_{μν} ≡ R^{(H)}_{μν} − 1 2 R^{(H)}g_{μν} + g_{σ(μ} ^∇_{ν)}H^σ − 1 2 g_{μν} ^∇_σ H^σ . (3.20)

Invoking (3.15) and Lemma 3.6 we deduce from identity R_{μν} − 1 2 R_g g_{μν} = 2L_{μν} − 1 3 Rg_{μν} + g_{σ(μ} ^∇_{ν)}H^σ − 1 2 g_{μν} ^∇_σ H^σ Bianchi

=⇒ ∇^ν ^∇_ν H^α + 2g^{μα}∇_{[σ} ^∇_{μ]}H^σ + 4(∇^ν L_ν^α − 1 6 ∇^αR) = 0 . (3.21)

Be aware that at this stage it is not known whether L_{μν} coincides with the Schouten tensor and thus satisfies the contracted Bianchi identity (3.1) such that the term in brackets in (3.21) drops out. That is the reason why we cannot immediately deduce H^σ = 0 as in [5] supposing that this is initially the case.

Given two covariant derivative operators ∇ and ^∇ (associated to the metrics g and ĝ, respectively), there exists a tensor field C^σ_{μν} = C^σ_{νμ}, which depends on g, ∂g, ĝ and ∂ĝ, such that

∇_μv^σ − ^∇_μv^σ = C^σ_{μν} v^ν , (3.22)

for any vector v^σ, and similar formulae hold for tensor fields of other types. Setting ζ_μ := −4(∇_ν L_μ^ν − 1 6 ∇_μR) , (3.23)

the equation (3.21) can therefore be written as

□_gH^α = ζ^α + f^α(g, ĝ; H, ∇H) , (3.24)

which is a wave equation satisfied by H^σ .^9 In (3.24), as in what follows, the generic field f^α(g, ĝ; H, ∇H), or more general f_{α1...αp}^{β1...βq} (v_1, . . . , v_m; w_1, . . . , w_n), represents a sum of fields, each of which contains at least one multiplicative factor from the set {w_i} as well as further factors which may depend on the v_j ’s and also higher-order derivatives of the v_j ’s. The latter does not cause any problems since the v_j ’s will be regarded as given quantities rather than unknowns of the system we are about to derive.

Taking the trace of (3.20) and inserting (3.15) yields (note that L = R/6)

R_g ≡ R^{(H)} + ^∇_σ H^σ = R + ^∇_σ H^σ . (3.25)

The vanishing of H^σ would therefore immediately ensure that R_g = R.

The tensor d_{μνσ}^ρ is supposed to be part of a solution of the CWE. Note, again, that at this stage it is by no means clear whether it, indeed, represents the rescaled Weyl tensor. As before, we denote by W_{μνσ}^ρ the Weyl tensor associated to g_{μν} , defined via the decomposition R_{μνσρ} = W_{μνσρ} + g_{σ[μ}R_{ν]ρ} − g_{ρ[μ}R_{ν]σ} − 1 3 R_g g_{σ[μ}g_{ν]ρ} . (3.26)

As outlined above we want to derive a closed homogeneous system of wave equations for certain fields in order to establish the vanishing of H^σ. First of all we need a wave equation for ζ_μ. Making use of the Bianchi identity as well

9Note that in this part the metric is regarded as being given, so □_g is a wave-operator and there is no need to work with the reduced wave-operator □^{(H)}_g .

as (3.19) and (3.11) we obtain

□_gζ_μ ≡ −4∇_ν □_g L_μ^ν + 2 3 □_g ∇_μR − 8∇^ν (W_{μσν}^ρL_ρ^σ ) + 8R_ν^κ∇_κL_μ^ν

−4R_ν^κ∇_μL_κ^ν − R_μ^ν ζ_ν + 1 3 R_gζ_μ − 4R_μ^ν ∇_ν (L − 1 6 R) + 4 3 R_g∇_μ(L − 1 6 R) + 8 3 L_μ^ν ∇_ν R_g − 2 3 L∇_μR_g = (4L_μ^ν − R_μ^ν )ζ_ν + 4(2L_{νσ} − R_{νσ} + 1 6 Rg_{νσ} )(∇_μL^{νσ} − 2∇^σL_μ^ν ) −8∇^ν [(W_{μσν}^ρ − Θd_{μσν}^ρ)L_ρ^σ ] + 1 3 (ζ_μ + 8L_μ^ν ∇_ν − 2L∇_μ)(R_g − R)

−4L_ν^λ∇^ν ∇_{[λ}H_{μ]} − 4L_μ^λ∇^ν ∇_{[λ}H_{ν]} + f_μ(g, ĝ, L; H, ∇H) . (3.27) We employ (3.10), (3.15), (3.25) and (3.24) to end up with

□_gζ_μ = 4L_μ^ν ζ_ν − 1 6 Rζ_μ − 8∇^ν [(W_{μσν}^ρ − Θd_{μσν}^ρ)L_ρ^σ ] − 2 3 L∇_μ∇_ν H^ν + 2 3 L_μ^ν ∇_ν ∇_σH^σ − 4L_ν^λ∇^ν ∇_{[λ}H_{μ]} + f_μ(g, ĝ, L; H, ∇H) . (3.28)

In order to get rid of the undesired second-order derivatives in H^σ we introduce the tensor field K_μ^ν := ∇_μH^ν (3.29) as another unknown for which we need to derive a wave equation, as well. We employ the fact that the right-hand side of (3.24) does not contain derivatives of ζ^α: Differentiating (3.24) we are straightforwardly led to the desired equation, □_gK_{μν} ≡ ∇_μ□_gH_ν + R_μ^κ∇_κH_ν + H^κ∇_σR_{κνμ}^σ + 2R_{κνμ}^σ ∇_σ H^κ = ∇_μζ_ν + f_{μν} (g, ĝ; H, ∇H, ∇K) . (3.30) Moreover, (3.28) becomes a wave equation for ζ_μ,

□_g ζ_μ = 4L_μ^ν ζ_ν − 1 6 Rζ_μ − 8∇^ν [(W_{μσνρ} − Θd_{μσνρ})L^{σρ}] +f_μ(g, ĝ, L; H, ∇H, ∇K) . (3.31) We observe that we need a wave equation for W_{μσνρ} − Θd_{μσνρ} (actually just for its contraction with L^{σρ}, but for later purposes it is useful to show that Θd_{μσνρ} coincides with the Weyl tensor, which would follow, supposing, as usual, that it is initially true). For this purpose let us introduce the tensor field ζ_{μνσ} , ζ_{μνσ} := 4∇_{[σ}L_{ν]μ} . Note that ζ_{[μνσ]} = 0 for a symmetric L_{μν} .

Starting from the second Bianchi identity we find with (3.26), (3.10), (3.15) and (3.25) ∇_αW_{μνσρ} ≡ −2∇_{[μ}W_{ν]ασρ} + 2∇_{[α}R_{ν][σ}g_{ρ]μ} − 2∇_{[α}R_{μ][σ} g_{ρ]ν} − 2∇_{[μ}R_{ν][σ} g_{ρ]α} + 2 3 g_{μ[σ} g_{ρ][ν} ∇_{α]}R_g − 1 3 g_{α[σ}g_{ρ]ν} ∇_μR_g = g_{μ[σ} ζ_{ρ]αν} + g_{ν[σ}ζ_{ρ]μα} − g_{α[σ}ζ_{ρ]μν} − 2∇_{[μ}W_{ν]ασρ} + 2 3 g_{μ[σ} g_{ρ][ν} ∇_{α]}∇_κH^κ − 1 3 g_{α[σ}g_{ρ]ν} ∇_μ∇_κH^κ + g_{α[σ} ∇_{ρ]}∇_{[μ}H_{ν]} +g_{μ[σ}∇_{ρ]}∇_{[ν} H_{α]} + g_{ν[σ}∇_{ρ]}∇_{[α}H_{μ]} + f_{αμνσρ}(g, ĝ; H, ∇H) .(3.32)

Applying ∇^α yields □_g W_{μνσρ} = 2∇_{[ν} ∇^αW_{μ]ασρ} + W_{μνα}^κW_{σρκ}^α − 4W_{σκ[μ}^αW_{ν]αρ}^κ + 1 3 RW_{μνσρ} +2(g_{ρ[μ}W_{ν]ασ}^κ − g_{σ[μ}W_{ν]αρ}^κ)L_κ^α − 2L_{[μ}^κW_{ν]κσρ} − 2L_{[σ}^κW_{ρ]κμν} +∇_{[σ} ζ_{ρ]νμ} + g_{σ[μ}∇^αζ_{|ρα|ν]} − g_{ρ[μ}∇^αζ_{|σα|ν]} + 1 3 g_{μ[σ}g_{ρ]ν} ∇_κ□_g H^κ + 1 6 g_{μ[σ} ∇_{ρ]}∇_ν ∇_αH^α − 1 6 g_{ν[σ} ∇_{ρ]}∇_μ∇_αH^α − 1 2 g_{μ[σ} ∇_{ρ]}□_g H_ν + 1 2 g_{ν[σ} ∇_{ρ]}□_g H_μ + f_{μνσρ}(g, ĝ; H, ∇H, ∇K) . (3.33) Before we manipulate this expression any further it is useful to compute ∇^αζ_{μνα} ≡ 2□_gL_{μν} − 2∇_ν ∇_αL_μ^α − 2R_{ανμ}^κL_κ^α − 2R_{νκ}L_μ^κ = 2□^{(H)}_g L_{μν} + 2L_α^κW_{μκν}^α − 3L_μ^κR^{(H)}_{νκ} − L_ν^αR^{(H)}_{μα} + g_{μν} L^{ακ}R^{(H)}_{ακ} − 1 2 ∇_μ∇_ν (R_g − 1 3 R) + LR^{(H)}_{μν} + 1 3 L_{μν} R_g − 1 3 LR_gg_{μν} + 1 2 ∇_ν ∇_κ ^∇_μH^κ + 1 2 g_{μκ}∇_ν ∇^α ^∇_αH^κ + f_{μν} (g, ĝ, L; H, ∇H) = 2(W_{μαν}^κ − 2Θd_{μαν}^κ)L_κ^α + 1 2 ∇_ν □_gH_μ +f_{μν} (g, ĝ, L; H, ∇H, ∇K) , (3.34) which follows from (3.10), (3.11), (3.15), (3.19), (3.21), (3.25) and (3.26). Due to the Bianchi identity as well as (3.10), (3.15) and (3.25) we also have ∇_αW_{μνσ}^α ≡ −∇_{[μ}R_{ν]σ} − 1 6 g_{σ[μ}∇_{ν]}R_g = 1 2 ζ_{σμν} − 1 2 ∇_σ ∇_{[μ}H_{ν]} − 1 6 g_{σ[μ}∇_{ν]}∇_κH^κ +f_{μνσ} (g, ĝ; H, ∇H) . (3.35) Using (3.34) and (3.35) we rewrite (3.33) to obtain □_g W_{μνσρ} = ∇_{[σ} ζ_{ρ]νμ} − ∇_{[μ}ζ_{ν]σρ} + W_{μνα}^κW_{σρκ}^α − 4W_{σκ[μ}^αW_{ν]αρ}^κ + 1 3 RW_{μνσρ} −2L_{[μ}^κW_{ν]κσρ} − 2L_{[σ}^κW_{ρ]κμν} + 4L_κ^α(W_{ρα[μ}^κ − Θd_{ρα[μ}^κ)g_{ν]σ} −4L_κ^α(W_{σα[μ}^κ − Θd_{σα[μ}^κ)g_{ν]ρ} + 1 2 g_{ρ[μ}∇_{ν]}□_g H_σ − 1 2 g_{σ[μ}∇_{ν]}□_g H_ρ + 1 2 g_{ν[σ} ∇_{ρ]}□_g H_μ − 1 2 g_{μ[σ} ∇_{ρ]}□_g H_ν + 1 3 g_{μ[σ} g_{ρ]ν} ∇_κ□_g H^κ +f_{μνσρ}(g, ĝ, L; H, ∇H, ∇K) . (3.36) We insert (3.24), □_g W_{μνσρ} = ∇_{[σ} ζ_{ρ]νμ} − ∇_{[μ}ζ_{ν]σρ} + W_{μνα}^κW_{σρκ}^α − 4W_{σκ[μ}^αW_{ν]αρ}^κ −2L_{[μ}^κW_{ν]κσρ} − 2L_{[σ}^κW_{ρ]κμν} + 4L_κ^α(W_{ρα[μ}^κ − Θd_{ρα[μ}^κ)g_{ν]σ} −4L_κ^α(W_{σα[μ}^κ − Θd_{σα[μ}^κ)g_{ν]ρ} + 1 3 RW_{μνσρ} + 1 3 g_{μ[σ} g_{ρ]ν} ∇_κζ^κ + 1 2 g_{ρ[μ}∇_{ν]}ζ_σ − 1 2 g_{σ[μ}∇_{ν]}ζ_ρ + 1 2 g_{ν[σ}∇_{ρ]}ζ_μ − 1 2 g_{μ[σ} ∇_{ρ]}ζ_ν +f_{μνσρ}(g, ĝ, L; H, ∇H, ∇K) . (3.37)

It proves useful to make the following definitions: κ_{μνσ} := 1 2 ζ_{μνσ} − ∇_κΘd_{νσμ}^κ , (3.38) Ξ_{μν} := ∇_μ∇_ν Θ + ΘL_{μν} − sg_{μν} . (3.39)

We observe the relation ∇_ρζ_{μνσ} = 2∇_ρκ_{μνσ} + 2∇^κΘ∇_ρd_{νσμκ} + 2Ξ_{ρκ}d_{νσμ}^κ − 2L_ρ^κΘd_{νσμκ} + 2sd_{νσμρ} . Then, due to the (anti-)symmetry properties of the tensor d_{μνσρ} derived above, (3.37) yields □_g W_{μνσρ} = 2∇^κΘ∇_{[σ}d_{ρ]κνμ} − 2∇^κΘ∇_{[μ}d_{ν]κσρ} + 2∇_{[σ}κ_{ρ]νμ} − 2∇_{[μ}κ_{ν]σρ} +2d_{νμ[ρ}^κΞ_{σ]κ} − 2d_{σρ[ν}^κΞ_{μ]κ} + W_{μνα}^κW_{σρκ}^α − 4W_{σκ[μ}^αW_{ν]αρ}^κ + 1 3 RW_{μνσρ} + 2L_{[μ}^κ(Θd_{ν]κσρ} − W_{ν]κσρ}) − 2L_{[σ}^κ(Θd_{ρ]κνμ} − W_{ρ]κνμ}) +4L_κ^α(W_{ρα[μ}^κ − Θd_{ρα[μ}^κ)g_{ν]σ} − 4L_κ^α(W_{σα[μ}^κ − Θd_{σα[μ}^κ)g_{ν]ρ} + 1 2 g_{ρ[μ}∇_{ν]}ζ_σ − 1 2 g_{σ[μ}∇_{ν]}ζ_ρ + 1 2 g_{ν[σ}∇_{ρ]}ζ_μ − 1 2 g_{μ[σ} ∇_{ρ]}ζ_ν + 1 3 g_{μ[σ} g_{ρ]ν} ∇_κζ^κ + 4sd_{μνσρ} + f_{μνσρ}(g, ĝ, L; H, ∇H, ∇K) . (3.40) On the other hand, in virtue of (3.13) and (3.14), we have □_g (Θd_{μνσρ}) ≡ d_{μνσρ}□_g Θ + Θ□_gd_{μνσρ} + 2∇^κΘ∇_κd_{μνσρ} = 4sd_{μνσρ} + 2∇^κΘ∇_κd_{μνσρ} + Θ^2d_{μνκ}^αd_{σρα}^κ − 4Θ^2d_{σκ[μ}^αd_{ν]αρ}^κ + 1 3 RΘd_{μνσρ} + f_{μνσρ}(g, ĝ, Θ; H, ∇H) . (3.41) Combining (3.40) and (3.41), and invoking (3.5), we are led to the wave equation □_g (W_{μνσρ} − Θd_{μνσρ}) = 2∇_{[σ}κ_{ρ]νμ} − 2∇_{[μ}κ_{ν]σρ} + 2d_{μν[σ}^κΞ_{ρ]κ} + 2d_{σρ[μ}^κΞ_{ν]κ} +W_{μνα}^κ(W_{σρκ}^α − Θd_{σρκ}^α) + Θd_{σρκ}^α(W_{μνα}^κ − Θd_{μνα}^κ) −4W_{σκ[μ}^α(W_{ν]αρ}^κ − Θd_{ν]αρ}^κ) − 4(W_{σκ[μ}^α − Θd_{σκ[μ}^α)Θd_{ν]αρ}^κ −2L_{[μ}^κ(W_{ν]κσρ} − Θd_{ν]κσρ}) + 2L_{[σ}^κ(W_{ρ]κνμ} − Θd_{ρ]κνμ}) +4L_κ^α(W_{ρα[μ}^κ − Θd_{ρα[μ}^κ)g_{ν]σ} − 4L_κ^α(W_{σα[μ}^κ − Θd_{σα[μ}^κ)g_{ν]ρ} + 1 3 R(W_{μνσρ} − Θd_{μνσρ}) − 1 2 ∇^κΘ(ϵ_{κσρ}^δ ϵ_{μν}^{βγ} + ϵ_{κμν}^δ ϵ_{σρ}^{βγ} )∇_αd_{βγδ}^α + 1 2 g_{ρ[μ}∇_{ν]}ζ_σ − 1 2 g_{σ[μ}∇_{ν]}ζ_ρ + 1 2 g_{ν[σ}∇_{ρ]}ζ_μ − 1 2 g_{μ[σ} ∇_{ρ]}ζ_ν + 1 3 g_{μ[σ} g_{ρ]ν} ∇_κζ^κ + f_{μνσρ}(g, ĝ, Θ, L; H, ∇H, ∇K) , (3.42) which is fulfilled by any solution of the CWE.

In order to end up with a homogeneous system of wave equations it remains to derive wave equations for κ_{μνσ} , Ξ_{μν} and ∇_ρd_{μνσ}^ρ. Let us start with ∇_ρd_{μνσ}^ρ, □_g ∇_ρd_{μνσ}^ρ ≡ ∇_ρ□_g d_{μνσ}^ρ − 4W_{κρ[μ}^α∇^κd_{ν]ασ}^ρ + 2W_{κρσ}^α∇^κd_{μνα}^ρ −2d_{μνρ}^α∇_{[σ} R_{α]}^ρ − 2d_{σρν}^α∇_{[μ}R_{α]}^ρ + 2d_{σρμ}^α∇_{[ν} R_{α]}^ρ +2R_{ρ[μ}∇^αd_{ν]ασ}^ρ + R_σ^ρ∇_αd_{μνρ}^α + 3R_ρ^α∇_{[μ}d_{αν]σ}^ρ − 1 2 d_{μνσ}^α∇_αR_g = 2d_{μνρ}^ακ^ρ_{σα} − 4d_{σρ[μ}^ακ^ρ_{ν]α} + (W_{κσρ}^α − Θd_{κσρ}^α)∇^κd_{μνα}^ρ −4(W_{κρ[μ}^α − Θd_{κρ[μ}^α)∇^κd_{ν]ασ}^ρ + 1 2 R^{ρα}ϵ_{μαν}^δϵ_{σρ}^{βγ} ∇_λd_{βγδ}^λ +2R_{[μ}^α∇_{|ρ}d_{σα|ν]}^ρ + (R_σ^α + 1 2 Rδ_σ^α)∇_ρd_{μνα}^ρ + Θd_{μνκ}^α∇_ρd_α^κ_σ^ρ +4Θd_σ^κ_{[μ}^α∇_{|ρ|}d_{ν]ακ}^ρ + f_{μνσ} (g, ĝ, d; H, ∇H, ∇K) . (3.43) The validity of the last equality follows from (3.10), (3.14), (3.15), (3.25) and (3.5). Note that in order to establish (3.5) one just needs the algebraic properties of d_{μνσ}^ρ which are ensured by Lemma 3.4.

Next, let us derive a wave equation for Ξ_{μν} . With (3.11)-(3.13), (3.15), (3.10), (3.19) and (3.25) the following relation is verified, □_gΞ_{μν} ≡ ∇_μ∇_ν □_g Θ + 2∇_{(μ}R_{ν)κ}∇^κΘ + 2R_{κ(μ}∇_{ν)}∇^κΘ + 2R_{σμν}^κ∇^σ ∇_κΘ −∇_κR_{μν} ∇^κΘ + L_{μν} □_g Θ + Θ□_gL_{μν} + 2∇^σΘ∇_σL_{μν} − g_{μν} □_g s = 2(2L_{(μ}^κδ_{ν)}^σ − g_{μν} L^{σκ} − W_μ^σ_ν^κ)Ξ_{σκ} + 2ΘL_{σκ}(W_μ^σ_ν^κ − Θd_μ^σ_ν^κ)

+4∇_{(μ}Υ_{ν)} + 1 6 RΞ_{μν} + f_{μν} (g, ĝ, s, Θ, L; H, ∇H, ∇K) , (3.44) where we have set Υ_μ := ∇_μs + L_{μν} ∇^ν Θ . (3.45) Of course, we also need a wave equation for Υ_μ. Using again (3.11)-(3.13), (3.15) as well as (3.10) and (3.25) we find that

□_g Υ_μ ≡ ∇_μ□_g s + R_μ^κ∇_κs + □_gL_{μν} ∇^ν Θ + L_μ^ν ∇_ν □_gΘ + L_μ^ν R_ν^κ∇_κΘ +2∇_σL_{μν} ∇^σ ∇^ν Θ = 6L_μ^κΥ_κ + 2ΘL^{ρκ}κ_{ρκμ} + 2Ξ_{νσ} ∇^σ L_μ^ν − 1 6 Ξ_μ^ν ∇_ν R +f_μ(g, ĝ, s, Θ, L; H, ∇H, ∇K) . (3.46) Finally, let us derive a wave equation which is satisfied by κ_{μνσ} ≡^1_2 ζ_{μνσ} − ∇_κΘd_{νσμ}^κ. The definition of the Weyl tensor (3.26) together with the Bianchi identities yield 1 2 □_g ζ_{μνσ} ≡ 2∇_{[σ}□_g L_{ν]μ} − 2W_{νσκρ}∇^ρL_μ^κ + 4W_{μκρ[σ} ∇^ρL_{ν]}^κ − 2R_{κ[ν} ∇_{σ]}L_μ^κ +2R_{κ[σ}∇_{|μ|}L_{ν]}^κ − 2R_{μ[σ}∇_{|κ|}L_{ν]}^κ − 2R_{ρκ}g_{μ[σ} ∇^ρL_{ν]}^κ + 1 6 R_g ζ_{μνσ} + 2 3 R_g g_{μ[σ}∇^κL_{ν]κ} + 2L_μ^κ∇_{[ν} R_{σ]κ} + 2L_ν^κ∇_{[μ}R_{κ]σ} + 2L_σ^κ∇_{[κ}R_{μ]ν} = 2ζ_{μκ[σ} L_{ν]}^κ + 3ζ_{α[νσ} g_{κ]μ}L^{ακ} + 4L_ρ^κ∇_{[ν} (Θd_{σ]κμ}^ρ) + 2Θζ_{ακ[ν} d_{σ]}^κ_μ^α

+4(W_μ^ρ_{[ν}^κ − Θd_μ^ρ_{[ν}^κ)∇_{|κ|}L_{σ]ρ} − ζ_{μακ}W_ν^α_σ^κ + 1 3 L_{μ[ν} ∇_{σ]}R + 1 6 (R_{σνμ}^κ + 2g_{μ[ν} L_{σ]}^κ)∇_κR + 1 12 R_gζ_{μνσ} + f_{μνσ} (g, ĝ, L; H, ∇H, ∇K) , where the last equality follows from (3.10), (3.11), (3.15) and (3.25). We employ (3.13)-(3.15) and (3.10) to deduce that □_g (∇_κΘd_{νσμ}^κ) ≡ d_{νσμ}^κ(∇_κ□_g Θ + R_κ^ρ∇_ρΘ) + ∇_κΘ□_gd_{νσμ}^κ + 2∇_α∇_κΘ∇^αd_{νσμ}^κ = 4Υ_κd_{νσμ}^κ − 2L_κ^ρ∇_ρ(Θd_{νσμ}^κ) + 2Ξ_{λκ}∇^λd_{νσμ}^κ + 2s∇_κd_{νσμ}^κ +Θ( 1 2 ζ_{μλ}^α − κ_{μλ}^α)d_{νσα}^λ − Θ(2ζ_{αλ[σ} − 4κ_{αλ[σ} )d_{ν]}^λ_μ^α + 1 2 Rd_{νσμ}^κ∇_κΘ − 1 6 Θd_{νσμ}^κ∇_κR + f_{μνσ} (g, ĝ, d, Θ; H, ∇H) . With (3.25) we are led to □_gκ_{μνσ} = 4∇^β Θ { g_{β[ν} d_{σ]κμ}^αL_α^κ − g_{μ[ν} d_{σ]κβ}^αL_α^κ − d_{μβκ[ν} L_{σ]}^κ −d_{νσκ[μ}L_{β]}^κ − 1 12 Rd_{νσμβ} } +6ΘL_ρ^κ∇_{[ν} d_{σκ]μ}^ρ − 2Ξ_{λκ}∇^λd_{νσμ}^κ − 4Υ_κd_{νσμ}^κ +4(W_μ^ρ_{[ν}^κ − Θd_μ^ρ_{[ν}^κ)∇_{|κ|}L_{σ]ρ} − 1 2 ζ_{μκ}^α(W_{νσα}^κ − Θd_{νσα}^κ) −4κ_{μκ[ν} L_{σ]}^κ + 6κ_{α[νσ}g_{κ]μ}L^{ακ} + Θκ_{μλ}^αd_{νσα}^λ − 4Θκ_{αλ[σ}d_{ν]}^λ_μ^α −2s∇_κd_{νσμ}^κ − 1 6 (W_{νσμ}^κ − Θd_{νσμ}^κ)∇_κR + 1 6 R_g κ_{μνσ} +f_{μνσ} (g, ĝ, d, Θ, L; H, ∇H, ∇K) . (3.47) The term in braces needs to be eliminated. To this end let us consider the expression (we use the implications of Lemma 3.4) 3∇^λ∇_{[λ}d_{μν]σρ} = □_g d_{μνσρ} − ∇_ν ∇_λd_{σρμ}^λ + ∇_μ∇_λd_{σρν}^λ −W_{μνλ}^κd_{σρκ}^λ + 2W_{λν[σ}^κd_{ρ]κμ}^λ − 2W_{λμ[σ}^κd_{ρ]κν}^λ −d_{σρ[μ}^κR_{ν]κ} − d_{μν[σ}^λR_{ρ]λ} + g_{μ[σ}d_{ρ]κνλ}R^{λκ} − g_{ν[σ}d_{ρ]κμλ}R^{λκ} . We take (3.5), (3.10), (3.14) and (3.15) into account to rewrite this equation as 2g_{ν[σ}d_{ρ]κμ}^αL_α^κ − 2g_{μ[σ}d_{ρ]κν}^αL_α^κ − 2d_{μνκ[σ} L_{ρ]}^κ − 2d_{σρκ[μ}L_{ν]}^κ − 1 6 Rd_{μνσρ} ≡ 2(W_{σκ[μ}^α − Θd_{σκ[μ}^α)d_{ν]αρ}^κ − 2(W_{[μ|αρ}^κ − Θd_{[μ|αρ}^κ)d_{σκ|ν]}^α −(W_{μνκ}^α − Θd_{μνκ}^α)d_{σρα}^κ + 2∇_{[μ}∇_{|λ}d_{σρ|ν]}^λ − 1 2 ϵ_{λμν}^κϵ_{σρ}^{βγ} ∇^λ∇_αd_{βγκ}^α + f_{μνσρ}(g, ĝ, d; H, ∇H) . (3.48) Combining (3.48) with (3.47) and (3.5) yields a wave equation for κ_{μνσ} , □_g κ_{μνσ} = 4∇^βΘ[(W_{νκ[μ}^α − Θd_{νκ[μ}^α)d_{β]ασ}^κ − (W_{σκ[μ}^α − Θd_{σκ[μ}^α)d_{β]αν}^κ] +2(W_{μβκ}^α − Θd_{μβκ}^α)∇^β Θd_{σνα}^κ + 4∇^β Θ∇_{[β}(∇_λd_{|σν|μ]}^λ) +ϵ_{λμβ}^κϵ_{σν}^{δγ} ∇^β Θ∇^λ(∇_αd_{δγκ}^α) + ΘL_ρ^κϵ_{σκν}^δ ϵ_μ^{ρβγ} ∇_αd_{βγδ}^α −2Ξ_{λκ}∇^λd_{νσμ}^κ − 4Υ_κd_{νσμ}^κ + 4(W_μ^ρ_{[ν}^κ − Θd_μ^ρ_{[ν}^κ)∇_{|κ|}L_{σ]ρ} −4κ_{μκ[ν} L_{σ]}^κ + 6κ_{α[νσ} g_{κ]μ}L^{ακ} + 1 2 ζ_{μκ}^α(W_{νσα}^κ − Θd_{νσα}^κ) +Θκ_{μλ}^αd_{νσα}^λ + 4Θκ_{αλ[ν} d_{σ]}^λ_μ^α − 1 6 (W_{νσμ}^κ − Θd_{νσμ}^κ)∇_κR −2s∇_κd_{νσμ}^κ + 1 6 R_gκ_{μνσ} + f_{μνσ} (g, ĝ, d, Θ, L; H, ∇H, ∇K) .(3.49)

The equations (3.24), (3.30), (3.31), (3.42), (3.43), (3.44), (3.46) and (3.49) form a closed homogeneous system of wave equations satisfied by the fields H^σ, K_{μν} , ζ_μ, W_{μνσρ} − Θd_{μνσρ}, ∇_ρd_{μνσ}^ρ, Ξ_{μν} , Υ_μ and κ_{μνσ} , with all other quantities regarded as being given. An application of standard uniqueness results establishes that all the fields vanish, supposing that this is initially the case. In particular this guarantees consistency with the gauge condition, i.e. H^σ = 0 and, by (3.9), R_g = R, for solutions of the CWE. In fact we have proven more, and that will be of importance in the next section.

3.3 Equivalence issue between the CWE and the MCFE

Let us tackle the equivalence issue between the CWE and the MCFE. A look at the derivation of the CWE reveals that any solution of the MCFE which satisfies the gauge condition H^σ = 0 will be a solution of the CWE with gauge source function R = R_g . The other direction is the more interesting albeit more involved one. We therefore devote ourselves in the following to the issue whether (or rather under which conditions) a solution of the CWE is also a solution of the MCFE. We shall demonstrate that a solution of the CWE is a solution of the MCFE supposing that it satisfies certain relations on the initial surface. In fact, most of the work has already been done in the previous section.

For convenience we recall the MCFE in d = 4 spacetime dimensions,

∇_ρd_{μνσ}^ρ = 0 , (3.50) κ_{σνμ} ≡ ∇_μL_{νσ} − ∇_ν L_{μσ} − ∇_ρΘ d_{νμσ}^ρ = 0 , (3.51) Ξ_{μν} ≡ ∇_μ∇_ν Θ + ΘL_{μν} − sg_{μν} = 0 , (3.52) Υ_μ ≡ ∇_μs + L_{μν} ∇^ν Θ = 0 , (3.53) 2Θs − ∇_μΘ∇^μΘ = λ/3 , (3.54) R_{μνσ}^κ[g] = Θd_{μνσ}^κ + 2 ( g_{σ[μ}L_{ν]}^κ − δ_{[μ}^κL_{ν]σ} ) , (3.55)

with unknowns g_{μν} , Θ, s, L_{μν} and d_{μνσ}^ρ. Let us also recall the CWE,

□^{(H)}_g L_{μν} = 4L_{μκ}L_ν^κ − g_{μν} |L|^2 − 2Θd_{μσν}^ρL_ρ^σ + 1 6 ∇_μ∇_ν R , (3.56)

□_g s = Θ|L|^2 − 1 6 ∇_κR ∇^κΘ − 1 6 sR , (3.57)

□_g Θ = 4s − 1 6 ΘR , (3.58) □^{(H)}_g d_{μνσρ} = Θd_{μνκ}^αd_{σρα}^κ − 4Θd_{σκ[μ}^αd_{ν]αρ}^κ + 1 2 Rd_{μνσρ} , (3.59) R^{(H)}_{μν} [g] = 2L_{μν} + 1 6 Rg_{μν} , (3.60)

with R being regarded as a gauge source function.

We have the following intermediate result; we emphasize that the conformal factor is allowed to have zeros, or vanish, on the initial surface:

Theorem 3.7 Assume we have been given data (g̊_{μν} , s̊, Θ̊, L̊_{μν} , d̊_{μνσ}^ρ) on a characteristic initial surface S (for definiteness we think either of two transversally intersecting null hypersurfaces or a light-cone) and a gauge source function R, such that g̊_{μν} is the restriction to S of a Lorentzian metric, L̊_{μν} is symmetric, L̊_μ^μ ≡ L̊ = R/6, and such that d̊_{μνσ}^ρ satisfies all the algebraic properties of the Weyl tensor (cf. the assumptions of Lemma 3.4). Suppose further that there exists a solution (g_{μν} , s, Θ, L_{μν} , d_{μνσ}^ρ) of the CWE (3.56)-(3.60) with gauge source function R which induces the above data on S and fulfills the following conditions:^{10}

1. The MCFE (3.50)-(3.53) are fulfilled on S;

2. equation (3.54) holds at one point on S;

3. the Weyl tensor W_{μνσ}^ρ[g] coincides on S with Θ̊d̊_{μνσ}^ρ;

4. the wave-gauge vector H^σ and its covariant derivative K_μ^σ ≡ ∇_μH^σ vanish on S;

5. the covector field ζ_μ ≡ −4(∇_ν L_μ^ν −^1_6 ∇_μR) vanishes on S.

Then

a) H^σ = 0 and R_g = R;

b) L_{μν} is the Schouten tensor of g_{μν} ;

c) Θd_{μνσ}^ρ is the Weyl tensor of g_{μν} ;

d) (g_{μν} , s, Θ, L_{μν} , d_{μνσ}^ρ) solves the MCFE (3.50)-(3.55) in the (H^σ = 0, R_g = R)-gauge.

The conditions 1-5 are also necessary for d) to be true.

Proof: The conditions 1 and 3-5 make sure that the fields H^σ , K_{μν} , ζ_μ, W_{μνσρ} − Θd_{μνσρ}, ∇_ρd_{μνσ}^ρ, Ξ_{μν} , Υ_μ and κ_{μνσ} vanish on S. In the previous section we have seen that they provide a solution of the closed homogeneous system of wave equations (3.24), (3.30), (3.31), (3.42), (3.43), (3.44), (3.46) and (3.49), so that all these fields need to vanish identically. In particular that implies H^σ = 0, that Θd_{μνσ}^ρ is the Weyl tensor of g_{μν} , and that (3.50)-(3.53) hold. The vanishing of H^σ guarantees that the Ricci tensor coincides with the reduced Ricci tensor and by (3.25) that R is the curvature scalar R_g of g_{μν} . Equation (3.60) then tells us that L_{μν} is the Schouten tensor. Hence (3.55) is an identity and automatically satisfied. To establish (3.54), it suffices to check that it is satisfied at one point, which is ensured by condition 2. □

In the following we shall investigate to what extent the conditions 1-5 are satisfied if the fields g̊_{μν} , L̊_{μν} , d̊_{μνσ}^ρ, Θ̊ and s̊ are constructed as solutions of the constraint equations induced by the MCFE on the initial surface.

10Since g̊_{μν} is the restriction of a Lorentzian metric, g_{μν} will be a Lorentzian metric at least sufficiently close to S.

4 Constraint equations induced by the MCFE on the cone C_i−

4.1 Adapted null coordinates and another gauge freedom

The aim of this section is to derive the set of constraint equations induced by the MCFE,

∇_ρd_{μνσ}^ρ = 0 , (4.1) ∇_μL_{νσ} − ∇_ν L_{μσ} = ∇_ρΘ d_{νμσ}^ρ , (4.2) ∇_μ∇_ν Θ = −ΘL_{μν} + sg_{μν} , (4.3) ∇_μs = −L_{μν} ∇^ν Θ , (4.4) 2Θs − ∇_μΘ∇^μΘ = 0 , (4.5) R_{μνσ}^κ[g] = Θd_{μνσ}^κ + 2 ( g_{σ[μ}L_{ν]}^κ − δ_{[μ}^κL_{ν]σ} ) , (4.6)

on the initial surface S, where we assume now λ = 0. By constraint equations we mean intrinsic equations on the initial surface which determine the fields g_{μν} |_S , L_{μν} |_S , d_{μνσ}^ρ|_S , Θ|_S and s|_S starting from suitable free initial data. We shall do it in adapted null coordinates and imposing a generalized wave-map gauge. To avoid too many case distinctions we shall derive them for the case where the initial surface is the light-cone C_i− on which the conformal factor Θ vanishes (this requires to take λ = 0, cf. (3.54) evaluated on C_i− ), which is completely sufficient for our purposes.

Adapted null coordinates (u, r, x^A) are defined in such a way that {x^0 ≡ u = 0} = I^− ≡ C_i− \ {i^−}, x^1 ≡ r > 0 parameterizes the null rays emanating from i^−, and x^A, A = 2, 3, are local coordinates on the level sets {r = const, u = 0} ∼= S^2 (note that these coordinates are singular at the vertex, see [5] for more details).

First we shall sketch how the constraint equations are obtained in an arbitrary generalized wave-map gauge. We shall write them down explicitly in a specific gauge afterwards.

We use the same notation as in [5], i.e. ν_0 := g_{01}, ν_A := g_{0A}. The function χ_A^B :=^1_2 g^{BC} ∂_1g_{AC} denotes the null second fundamental form, the function τ, which describes the expansion of the cone, its trace and the shear tensor σ_A^B its traceless part. The symbols ~∇_A, Γ̃^C_{AB} and R̃_{AB} refer to the r-dependent Riemannian metric g̃ := g_{AB} dx^Adx^B .

The equation (4.11) below implies that g̃ is determined by the function τ and regularity conditions at the tip of the cone. Since it follows from equation (4.10) below that τ depends just on the gauge, it follows that the form of g̃ is a pure matter of gauge, as well. It therefore makes sense to take as initial data the g̃ -trace-free part of L_{AB} on C_i− , which we denote by L̆_{AB} =: ω_{AB} . In fact we will focus on sufficiently regular gauges below for which g_{AB} = r^2s_{AB} +O(r^4), where s_{AB} denotes the standard metric on the 2-sphere S^2. Then (4.11) shows that g̃ is conformal to the round sphere metric, and the initial data are equivalently given by the s-trace-free part of L_{AB} on C_i− .

The field ω_{AB} is an r-dependent tensor on S^2. Here and in what follows ˘. denotes the g̃-trace-free part of the corresponding 2-tensor on S^2. As before, overlining is used to indicate restriction to the initial surface. The gauge degrees of freedom are comprised by R, W^λ, s (cf. Section 2 and 3.1) and κ. The function κ is given by κ := ν^0∂_1ν_0 − 1 2 τ − 1 2 ν_0(g^{μν}Γ̂^0_{μν} + W^0) , (4.7)

and reflects the freedom to parameterize the null geodesics generating the initial surface [5]; the choice κ = 0 corresponds to an affine parameterization.

4.2 Constraint equations in a generalized wave-map gauge

We show that, in the case where the initial surface is C_i− , the constraint equations form a hierarchical system of algebraic equations and ODEs along the generators of C_i− . In doing so we merely consider those gauge choices W^λ which depend just upon the coordinates and none of the fields appearing in the CWE (cf. footnote 11). To derive the constraint equations we assume we have been given a smooth solution of the MCFE in a generalized wave-map gauge H^σ = 0. We then evaluate these equations on I^− and eliminate the transverse derivatives. For this we shall assume that the solution satisfies s_i− ≠ 0, which implies that s^{−1} and (∂_0Θ)^{−1} exist near i^− (the existence of the latter one follows e.g. from (4.9) below). The function τ^{−1} needs to exist anyway close to i^− [5]. It should be emphasized that, on a light-cone, the initial data for the ODEs cannot be specified freely but follow from regularity conditions at the vertex. For sufficiently regular gauges the behaviour of the relevant fields near the vertex is computed in [5]. When stating this behaviour below we shall always tacitly assume that the gauge is sufficiently regular.

In the following we shall frequently make use of the formulae (A.8)-(A.25) in [5] for the Christoffel symbols computed in adapted null coordinates on a cone.

We consider (4.3) for (μν) = (10), (AB) on I^−, where we take the g^{AB} -trace of the latter equation,

∂_1∂_0Θ + (κ − ν^0∂_1ν_0)∂_0Θ = ν_0s , (4.8) s = 1 2 τν^0∂_0Θ (4.9)

(note that H^0 = 0 implies κ = Γ^1_1 [5]). Differentiating (4.9) and inserting it into (4.8) we obtain an equation for τ,

∂_1τ − (κ + ∂_1 log |s|)τ + 1 2 τ^2 = 0 . (4.10)

The boundary behaviour is given by τ = 2r^{−1} + O(r) [5].

Due to our assumption s_i− ≠ 0 the (AB)-component of (4.3), together with (4.9), provides an equation for g_{AB} (at least sufficiently close to the vertex),

s(∂_1g_{AB} − τg_{AB} ) = 0 ⇐⇒ σ_{AB} = 0 . (4.11)

The boundary condition is g_{AB} = r^2s_{AB} +O(r^4) [5], with s_{AB} the round sphere metric.

Using the definition of L_{μν} , which can be recovered from (4.6), as well as (4.11) we find that

L_{11} ≡ − 1 2 ( ∂_1τ − Γ^1_1τ + χ_A^B χ_B^A ) = − 1 2 ∂_1τ + 1 2 κτ − 1 4 τ^2 . (4.12)

The gauge condition H^0 = 0 provides an equation for ν_0,^{11}

∂_1ν^0 + ν^0( 1 2 τ + κ) + 1 2 V^0 = 0 . (4.13)

Here we have set

V^λ := g^{μν}Γ̂^λ_{μν} + W^λ .

The boundary condition is ν_0 = 1 + O(r^2) [5]. Equation (4.9) then determines ∂_0Θ. The function ∂_0g_{11} is computed from κ = Γ^1_1, which is seen to be equivalent to ∂_0g_{11} = 2∂_1ν_0 − 2ν_0κ . (4.14) We remark that the values of certain transverse derivatives are needed on the way to derive the constraint equations. As a matter of course the constraint equations themselves will not involve any transverse derivatives, for they are not part of the characteristic initial data for the CWE.

Let us introduce the field

ξ_A := −2ν^0∂_1ν_A + 4ν^0ν_B χ_A^B + ν_AV^0 + g_{AB} V^B − g_{AD}g^{BC}Γ̃^D_{BC} . (4.15)

In a generalized wave-map gauge we have [5]

ξ_A = −2Γ^1_A . (4.16)

Invoking (4.9) and (4.11) equation (4.3) with (μν) = (0A) can be written as an equation for ξ_A, ξ_A = 2∂_A log |∂_0Θ| − 2ν^0∂_Aν_0 . (4.17) The definition of ξ_A can then be employed to compute ν_A,

ν^0∂_1ν_A − τν^0ν_A − 1 2 ν_AV^0 − 1 2 g_{AB} V^B + 1 2 g_{AD}g^{BC}Γ̃^D_{BC} + 1 2 ξ_A = 0 . (4.18)

The boundary condition is given by ν_A = O(r^3) [5]. The equation ξ_A = −2Γ^1_A then determines ∂_0g_{1A} algebraically,

∂_0g_{1A} = (∂_A + ξ_A)ν_0 + (∂_1 − τ)ν_A . (4.19)

From (4.8), (4.9) and (4.17) we obtain the relation

∂_1ξ_A = ∂_A(τ − 2κ) ,

which yields L_{1A} ≡ 1 2 (∂_1 + τ)Γ^1_A + 1 2 ~∇_B χ_A^B − 1 2 ∂_AΓ^1_1 − 1 2 ∂_Aτ = − 1 4 τξ_A − 1 2 ∂_Aτ . (4.20)

We define the function

ζ := 2(∂_1 + κ + 1 2 τ)g^{11} + 2V^1 . (4.21)

11 Recall that we assume W^λ to depend just upon the coordinates, otherwise one would have to be careful here and specify upon which components of which fields W^λ is allowed to depend in order to get the hierarchical system we are about to derive.

For a solution which satisfies the generalized wave-map gauge condition H^σ = 0 it holds [5] that ζ = 2g^{AB} Γ^1_{AB} + τg^{11} . (4.22) We find that g^{AB} R_{ACB}^C ≡ R̃ − 1 2 g^{1A}∂_Aτ + τg^{AB} Γ^1_{AB} + 1 2 τg^{1A}Γ^1_A + 1 2 τ^2g^{11} = R̃ − 1 2 g^{1A}(∂_A + 1 2 ξ_A)τ + 1 2 τζ . (4.23)

On the other hand, the g^{AB} R_{ACB}^C -part of (4.6) yields (we set ξ^A := g^{AB} ξ_B ) g^{AB} R_{ACB}^C = g^{1A}L_{1A} + 2g^{AB} L_{AB} = ( ~∇^A − 1 2 ξ^A − 1 4 τg^{1A})ξ_A − 1 2 g^{1A}∂_Aτ + (∂_1 + τ + κ)ζ +R̃ − 1 3 R , (4.24)

where we took into account that

2g^{AB} L_{AB} ≡ (∂_1 + τ + κ)ζ + ( ~∇_A − 1 2 ξ_A)ξ^A + R̃ − 1 3 R . (4.25)

Combining (4.23) and (4.24) we end up with an equation for ζ,

(∂_1 + 1 2 τ + κ)ζ + ( ~∇_A − 1 2 ξ_A)ξ^A − 1 3 R = 0 , (4.26)

where the boundary condition is ζ + 2r^{−1} = O(1). In particular, (4.25) becomes with(4.26) g^{AB} L_{AB} = 1 4 τζ + 1 2 R̃ . (4.27)

The definition of ζ, equation (4.21), can be employed to compute g_{00}, since g^{11} = (ν^0)^2(ν_Aν^A − g_{00}). The boundary condition is [5] g^{11} = 1 + O(r^2). The equation ζ = 2g^{AB} Γ^1_{AB} + τg^{11} can then be read as an equation for g^{AB} ∂_0g_{AB} ,

g^{AB} ∂_0g_{AB} = 2 ~∇^Aν_A − ν_0(τg^{11} + ζ) . (4.28)

An expression for L_{01} follows from the relation g^{μν} L_{μν} =^1_6 R, which yields

L_{01} = − 1 2 ν^A(∂_A + 1 2 ξ_A)τ + 1 4 ν_0g^{11}[∂_1τ − κτ + 1 2 τ^2] − 1 8 ν_0(τζ + 2R̃) + 1 12 ν_0R . (4.29)

On the other hand we have

2L_{01} ≡ R_{01} − 1 6 ν_0R

≡ ∂_0Γ^0_1 − ∂_1Γ^0_0 + ( ~∇_A + 1 2 τν^0ν_A)Γ^A_{01} + (ν^0∂_1ν_0 − κ + τ)Γ^1_{01}

−(∂_1 − ν^0∂_1ν_0 + κ + 1 2 τ)Γ^A_{0A} − 1 6 ν_0R .

Combining this with the gauge condition ∂_0H^0 = 0 one determines ∂_0g_{01} and ∂^2_{00}g_{11}, with boundary condition ∂_0g_{01} = O(r) [5].

Note that up to this stage the initial data ω_{AB} have not entered yet, i.e. all the field components computed so far have a pure gauge-character. Note further that (∂_0g_{AB} )˘ can be computed in terms of ω_{AB} ≡ L̆_{AB} =^1_2 R̆_{AB} and those quantities computed so far. (Recall that (∂_0g_{AB} )˘ denotes the trace-free part with respect to g_{AB} , of ∂_0g_{AB}, and note that (.)˘ always refers to the two free angular indices.)

Equation (4.6) with (μνσκ) = (0ABC), contracted with g^{AB} , gives an equation for L_{0A},

L_{0A} = −g_{AC} g^{BD}(∂_B Γ^C_{0D} − ∂_0Γ^C_{BD} + Γ^α_{0D} Γ^C_{αB} − Γ^α_{BD}Γ^C_{α0})

−ν^0ν_Aν^B L_{1B} + ν^B L_{AB} + 2ν^0ν_AL_{01} − 1 6 ν_AR̃ (4.30)

(the right-hand side contains only known quantities). From the definition of L_{0A} and the gauge condition ∂_0H^C = 0 one then computes ∂_0g_{0A} and ∂^2_{00}g_{1A}. The relevant boundary condition is ∂_0g_{0A} = O(r^2). The g̃-trace-free part of (4.6) for (μνσκ) = (0A0B) yields (∂^2_{00}g_{AB} )˘.

The 10 independent components of the rescaled Weyl tensor in adapted null coordinates are

d_{0101} , d_{011A} , d_{010A} , d_{01AB} , d̆_{1A1B} , d̆_{0A0B} .

The g̃-trace-free part of (4.2) with (μνσ) = (A1B) determines d̆_{1A1B} ,

d̆_{1A1B} = ν_0(∂_0Θ)−1 [ (∂_1 − 1 2 τ)ω_{AB} + L_{11}Γ̆^1_{AB} − ~∇_AL_{1B} + 1 2 ξ_B L_{1A} + 1 2 g_{AB} ( ~∇^C − 1 2 ξ^C )L_{1C} ] . (4.31)

All the remaining components of the rescaled Weyl tensor can be determined from (4.1). We will be rather sketchy here. For (μνσ) = (1A1) one finds

∇_1d_{011A} + ν^B ∇_1d_{1A1B} − ν_0g^{CD}∇_C d_{1A1D} = 0 , (4.32)

which is an ODE for d_{011A}, since the term g^{AB} d_{1ABC} , which appears when expressing the covariant derivatives in terms of partial derivatives and Christoffel symbols, can be written as

g^{AB} d_{1ABC} = ν^0d_{011C} − g^{1B} d_{1B1C} .

Any bounded solution of the MCFE satisfies the boundary condition d_{011A} = O(r) for small r.

For (μνσ) = (AB1) one obtains an ODE for d_{01AB} ,

∇_1d_{01AB} + ν^C ∇_1d_{1CAB} − ν_0g^{CD}∇_Dd_{1CAB} = 0 , (4.33)

the boundary condition is given by the requirement d_{01AB} = O(r^2). Note for this that d_{1ABC} and d_{0[AB]1}, which are hidden in the covariant derivatives in

(4.33), can be expressed in terms of d_{1A1B} and d_{011A}. Indeed, the symmetries of the rescaled Weyl tensor imply that

d_{1ABC} = 2g^{EF} d_{1EF [C} g_{B]A} = 2(ν^0d_{011[C} − g^{1D} d_{1D1[C} )g_{B]A} , 2d_{0[AB]1} = −d_{01AB} .

The (μνσ) = (101)-component of (4.1) can be employed to determine d_{0101}, ∇_1d_{0101} + ν^C ∇_1d_{011C} − ν_0g^{CD}∇_C d_{011D} = 0 . (4.34) For that purpose one needs to express g^{AB} d_{0AB1} in terms of known components and d_{0101}, g^{AB} d_{0AB1} = g^{1A}d_{011A} − ν^0d_{0101} .

The boundary condition for bounded solutions is d_{0101} = O(1).

The function d_{010A} is obtained from (4.1) with (μνσ) = (0A1), ∇_1d_{010A} + ν^C ∇_1d_{0A1C} − ν_0g^{CD}∇_C d_{0A1D} = 0 , (4.35) and d_{010A} = O(r). To obtain the desired ODE one needs to use the following relations, which, again, follow from the symmetry properties of the rescaled Weyl tensor:

g^{AB} d_{0AB1} = g^{1A}d_{011A} − ν^0d_{0101} , 2ν^0d_{0(AB)1} = g^{11}d_{1A1B} − 2g^{1C} d_{1(AB)C} − g^{CD}d_{CABD} , g^{AB} g^{CD}d_{CABD} = −2g^{AB} (g^{1C} d_{1ABC} + ν^0d_{0AB1}) , g^{CD}d_{CABD} = 1 2 g_{AB} g^{CD}g^{EF} d_{CEF D} , d_{ABCD} = g^{EF} (g_{C[B}d_{A]EF D} − g_{D[B} d_{A]EF C} ) , g^{AB} d_{0ABC} = −ν^0d_{010C} − g^{11}d_{011C} − g^{1B} (d_{01BC} − d_{0(BC)1} − d_{0[BC]1}) , d_{0ABC} = 2g^{EF} d_{0EF [C} g_{B]A} . To gain an equation for d̆_{0A0B} we observe that due to the tracelessness of the rescaled Weyl tensor we have 0 = g^{μν} ∇_0d_{μABν} − 1 2 g_{AB} g^{CD}g^{μν} ∇_0d_{μCDν} = 2ν^0∇_0d̆_{0(AB)1} − g^{11}∇_0d̆_{1A1B} + 2(g^{1C} ∇_0d_{1(AB)C} )˘.

Two of the transverse derivatives can be eliminated via the following relations, 0 = ν_0∇_ρd̆_{1(AB)}^ρ ≡ −∇_0d̆_{1A1B} + ∇_1d̆_{0(AB)1} − ν_0g^{11}∇_1d̆_{1A1B} −(ν^C ∇_1d_{1(AB)C} )˘+ ν^C ∇_Cd̆_{1A1B} + ν_0(g^{CD}∇_Dd_{1(AB)C} )˘, 0 = ν_0∇_ρd_{ABC}^ρ ≡ ∇_0d_{ABC1} + ∇_1d_{ABC0} + ν_0g^{11}∇_1d_{ABC1} −ν^D∇_1d_{ABCD} − ν^D∇_D d_{ABC1} + ν_0g^{DE} ∇_E d_{ABCD} , so that we end up with an expression for ∇_0d̆_{0(AB)1}. The trace-free and symmetrized part of equation (4.1) with (μνσ) = (0AB) reads

0 = ν^0∇_0d̆_{0(AB)1} + ν^0∇_1d̆_{0AB0} + g^{11}∇_1d̆_{0(AB)1} + g^{1C} ∇_Cd̆_{0(AB)1} +(g^{1C} ∇_1d_{0(AB)C} )˘+ (g^{CD}∇_Dd_{0(AB)C} )˘, (4.36) which thus provides an ODE for d̆_{0A0B} with boundary condition d̆_{0A0B} = O(r^2).

Finally, one determines L_{00} from equation (4.2) with (μνσ) = (100), and the contracted Bianchi identity (3.1),

2ν^0∇_1L_{00} + g^{11}∇_1L_{01} + 2g^{1A}∇_{(1}L_{A)0} + g^{AB} ∇_AL_{0B} − 1 6 ∂_0R = (ν^0)^2∂_0Θ d_{0101} . (4.37) The boundary condition, satisfied by any bounded solution, is L_{00} = O(1).

4.3 Constraint equations in the (R = 0, s = −2, κ = 0, ĝ = η)- wave-map gauge

To simplify computations significantly let us choose a specific gauge. The CWE take their simplest form if we impose the gauge condition

R = 0 ,

which we shall do henceforth. Moreover, we assume the wave-map gauge and an affinely parameterized cone, meaning that

κ = 0 and W^σ = 0 . (4.38)

Furthermore, we set s = −2 , (4.39) (the negative sign of s makes sure that Θ will be positive inside the cone), and use a Minkowski target ĝ_{μν} = η_{μν} . This way many of the constraint equations can be solved explicitly. From now on all equalities are meant to hold in this particular gauge, if not stated otherwise.

The relevant boundary conditions for the ODEs, which follow from regularity conditions at the vertex, have been specified in the previous section. Recall that the free initial data are given by the g̃-trace-free tensor ω_{AB} and that we treat the case where the initial surface is C_i− , i.e. we have

Θ = 0 . (4.40)

Regularity for the Schouten tensor requires ω_{AB} = O(r^2). However, regularity for the rescaled Weyl tensor (cf. (4.44) below) requires the stronger condition

ω_{AB} = O(r^4) . (4.41)

Many of the above equations can be solved straightforwardly, we just present the results,

g_{μν} = η_{μν} , L_{1μ} = 0 , g^{AB} L_{AB} = 0 , L_{0A} = 1 2 ~∇^B ∂_0g_{AB} . (4.42)

Note that L_{μν} is trace-free as required by Lemma 3.6. On the way to compute these quantities one finds

τ = 2/r , ∂_0Θ = −2r , ∂_0g_{1μ} = 0 , g^{AB} ∂_0g_{AB} = 0 , ξ_A = 0 , ζ = −2/r , (∂_1 − r^{−1})∂_0g_{AB} = −2ω_{AB} with ∂_0g_{AB} = O(r^3) . (4.43)

We further obtain (note that Γ^B_{0A} =^1_2 g^{BC} ∂_0g_{AC} )

d_{1A1B} = − 1 2 ∂_1(r^{−1}ω_{AB} ) , (4.44) (∂_1 + 3r^{−1})d_{011A} = ~∇^B d_{1A1B} , (4.45) (∂_1 + 3r^{−1})d_{0101} = ~∇^Ad_{011A} − 1 2 ∂_0g^{AB} d_{1A1B} , (4.46) (∂_1 + r^{−1})d_{01AB} = 2 ~∇_{[A}d_{B]110} − 2Γ^C_{0[A}d_{B]11C} , (4.47) (∂_1 + r^{−1})d_{010A} = 1 2 ~∇^B (d_{01AB} − d_{1A1B} ) + 1 2 ~∇_Ad_{0101} + r^{−1}d_{011A} +2Γ^B_{0A}d_{011B} . (4.48) with d_{011A} = O(r), d_{0101} = O(1), d_{01AB} = O(r^2) and d_{010A} = O(r). To derive (4.44)-(4.48) we have used the following relations which follow from symmetry properties of the Weyl tensor, d_{ABCD} = −2g_{A[C} g_{D]B} d_{0101} , (4.49) 2d_{0[AB]1} = −d_{01AB} , (4.50) 2d_{0(AB)1} = d_{1A1B} − g_{AB} d_{0101} , (4.51) d_{1ABC} = −2d_{011[B} g_{C]A} , (4.52) d_{0ABC} = 2d_{010[B} g_{C]A} + 2d_{011[B} g_{C]A} . (4.53) Before we proceed let us establish some relations:

Lemma 4.1 (i) (g^{CD}∂_0g_{AC} ∂_0g_{BD})˘= 0, (ii) (g^{CD}∂_0g_{C(A}ω_{B)D})˘= 0, (iii) (g^{CD}∂_0g_{C(A} d_{B)1D1})˘= 0.

Proof: This follows from the constraint equations (4.43)-(4.44), together with the g̃-tracelessness of ∂_0g_{AB} . □ The lemma can be employed to simplify the ODE which determines d̆_{0A0B} , 2(∂_1 − r^{−1})d̆_{0A0B} = 3(∂_1 − r^{−1})d̆_{0(AB)1} − (∂_1 − r^{−1})d_{1A1B} +( ~∇^C d_{1(AB)C} )˘+ 2( ~∇^C d_{0(AB)C} )˘− (∂_0g^{CD}d_{ACBD})˘ +[2Γ^C_{0(A}(d_{B)C01} − d_{B)01C} + 1 2 d_{B)1C1})]˘ = 1 2 (∂_1 − r^{−1})d_{1A1B} + ( ~∇_{(A}d_{B)110})˘+ 2( ~∇_{(A}d_{B)010})˘ +3Γ^C_{0(A}d_{B)C01} + 3 2 d_{0101}∂_0g_{AB} , (4.54)

with d̆_{0A0B} = O(r^2). Finally, one shows that the missing component of the Schouten tensor satisfies

2(∂_1 + r^{−1})L_{00} = 1 2 ω^{AB} ∂_0g_{AB} − 2rd_{0101} − ~∇^AL_{0A} , (4.55) with L_{00} = O(1).

We aim now to find explicit solutions to some of the remaining ODEs (4.45)- (4.48). The key observation to solve (4.45) is that, due to (4.43), we have

d_{1A1B} = − 1 2 r^{−1}∂_1 ( ω_{AB} + 1 2 r^{−1}∂_0g_{AB} ) . (4.56)

Hence we find

∂_1(r^3d_{011A}) = − 1 2 ∂_1 ( r^2 ~∇^B ω_{AB} + rL_{0A} ) d_{011A} =O(r)

=⇒ d_{011A} = − 1 2 r^{−1} ~∇^B ω_{AB} − 1 2 r^{−2}L_{0A} (4.57) (4.43) = 1 2 r^{−1}∂_1L_{0A} . (4.58)

The equations (4.43) and (4.58) can be used to rewrite (4.47),

∂_1(rd_{01AB} ) = ∂_1 ~∇_{[A}L_{B]0} − rΓ^C_{0[A}∂_{|1|}(r^{−1}ω_{B]C} ) = ∂_1( ~∇_{[A}L_{B]0} − Γ^C_{0[A}ω_{B]C} )

d_{01AB} =O(r^2 )

=⇒ d_{01AB} = r^{−1} ~∇_{[A}L_{B]0} − r^{−1}Γ^C_{0[A}ω_{B]C} . (4.59)

The constraint equations in the (R = 0, s = −2, κ = 0, ĝ = η)-wave-map gauge are summed up in (5.6)-(5.14) below.

5 Applicability of Theorem 3.7 on the cone C_i−

Let us suppose we have been given initial data ω_{AB} ≡ ˘L̊_{AB} on C_i− , supplemented by a gauge choice for R, s̊, W^σ and κ. Then we can solve the hierarchical system of constraint equations derived previously; the solutions will be denoted by g̊_{μν} , L̊_{μν} and d̊_{μνσρ}. Let us further assume that there exists a smooth solution of the CWE in some neighbourhood of i^− which induces the data Θ = 0, s = s̊, g_{μν} = g̊_{μν} , L_{μν} = L̊_{μν} and d_{μνσρ} = d̊_{μνσρ} on C_i− . The purpose of this section is to investigate to what extent the hypotheses made in Theorem 3.7 are satisfied in the case of initial data which have been constructed as a solution of the constraint equations. For convenience and to make computations significantly easier we shall not do it in an arbitrary generalized wave-map gauge but prefer to work within the specific gauge we introduced previously.

5.1 (R = 0, s = −2, κ = 0, ĝ = η)-wave-map gauge

We restrict attention to the κ = 0-wave-map gauge (i.e. W^σ ≡ 0); moreover, we set R = 0 and s̊ = −2, and use a Minkowski target ĝ_{μν} = η_{μν} . All equalities are meant to hold in this specific gauge. For reasons of clarity let us recall the CWE in an (R = 0)-gauge, where they take their simplest form,

□^{(H)}_g L_{μν} = 4L_{μκ}L_ν^κ − g_{μν} |L|^2 − 2Θd_{μσν}^ρL_ρ^σ , (5.1) □_gs = Θ|L|^2 , (5.2) □_g Θ = 4s , (5.3) □^{(H)}_g d_{μνσρ} = Θd_{μνκ}^αd_{σρα}^κ − 4Θd_{σκ[μ}^αd_{ν]αρ}^κ , (5.4) R^{(H)}_{μν} [g] = 2L_{μν} . (5.5)

The constraint equations, from which the initial data for the CWE are determined from given free data ω_{AB} ≡ ˘L̊_{AB} = O(r^4) read (recall that for initial data which fall-off slower the rescaled Weyl tensor will not be regular, cf. (5.7)):

g̊_{μν} = η_{μν} , L̊_{1μ} = 0 , L̊_{0A} = 1 2 ~∇^B λ_{AB} , g̊^{AB}L̊_{AB} = 0 , (5.6) d̊_{1A1B} = − 1 2 ∂_1(r^{−1}ω_{AB}) , (5.7) d̊_{011A} = 1 2 r^{−1}∂_1L̊_{0A} , (5.8) d̊_{01AB} = r^{−1} ~∇_{[A}L̊_{B]0} − 1 2 r^{−1}λ_{[A}^C ω_{B]C} , (5.9) (∂_1 + 3r^{−1})d̊_{0101} = ~∇^Ad̊_{011A} + 1 2 λ^{AB}d̊_{1A1B} , (5.10) 2(∂_1 + r^{−1})d̊_{010A} = ~∇^B (d̊_{01AB} − d̊_{1A1B} ) + ~∇_Ad̊_{0101} + 2r^{−1}d̊_{011A} +2λ_A^Bd̊_{011B} , (5.11) 4(∂_1 − r^{−1}) ˘d̊_{0A0B} = (∂_1 − r^{−1})d̊_{1A1B} + 2( ~∇_{(A}d̊_{B)110})˘+ 4( ~∇_{(A}d̊_{B)010})˘ +3λ_{(A}^Cd̊_{B)C01} + 3d̊_{0101}λ_{AB} , (5.12) 4(∂_1 + r^{−1})L̊_{00} = λ^{AB} ω_{AB} − 4rd̊_{0101} − 2 ~∇^AL̊_{0A} , (5.13)

with d̊_{0101} = O(1), d̊_{010A} = O(r), ˘d̊_{0A0B} = O(r^2) and L̊_{00} = O(1), and where λ_{AB} is the unique solution of (∂_1 − r^{−1})λ_{AB} = −2ω_{AB} with λ_{AB} = O(r^5) . (5.14) Note that the expansion τ satisfies τ = 2/r . (5.15) All the other components of g̊_{μν} , L̊_{μν} and d̊_{μνσρ} follow from their usual symmetry properties which they are required to satisfy.

5.2 Vanishing of H^σ

Inserting the definition of the reduced Ricci tensor (3.10) equation (5.5) becomes R_{μν} − g_{σ(μ} ^∇_{ν)}H^σ = 2L_{μν} . (5.16) Utilizing the constraint equations (5.6) and the identities [5]

R_{11} ≡ −∂_1τ + τΓ^1_1 − |σ|^2 − 1 2 τ^2 = τΓ^1_1 , Γ^1_1 ≡ κ − 1 2 ν_0H^0 = − 1 2 H^0 , the latter one follows from the definitions of H^σ and κ, we conclude that the solution satisfies the ODE ^∇_1H^0 + 1 2 τH^0 = 0 ⇐⇒ (∂_1 + r^{−1})H^0 = 0 . (5.17)

For any smooth solution of the CWE the function H^0 will be bounded near the vertex. We observe that H^0 = 0 (5.18) is the only solution of (5.17) where this is the case. Then we immediately obtain Γ^1_1 = κ = 0 . (5.19) Recall the definition of the field ξ_A, which vanishes in our gauge, ξ_A ≡ −2ν^0∂_1ν_A + 4ν^0ν_B χ_A^B + ν_AV^0 + g_{AB} V^B − g_{AD} g^{BC}Γ̃^D_{BC} = 0 .

From the constraint equations, (5.16) and the identities [5]

R_{1A} ≡ (∂_1 + τ)Γ^1_A + ~∇_B χ_A^B − ∂_AΓ^1_1 − ∂_Aτ = (∂_1 + τ)Γ^1_A , (5.20) ξ_A ≡ −2Γ^1_A − H_A − ν_AH^0 = −2Γ^1_A − H_A , (5.21) we find that H_A := g_{AB} H^B fulfills the ODE ∂_1H_A = 0 .

Any smooth solution necessarily satisfies H_A = O(r) and we infer H^A = 0 and Γ^1_A = 0 . (5.22) We have introduced the function ζ ≡ 2(∂_1 + κ + 1 2 τ)g^{11} + 2V^1 = −τ .

From (5.16), the constraint equation g^{AB} L_{AB} = 0 and the identities [5] g^{AB} R_{AB} ≡ 2(∂_1 + Γ^1_1 + τ)[(∂_1 + Γ^1_1 + 1 2 τ)g^{11} + g^{μν} Γ^1_{μν}

≡g^{AB} Γ^1_{AB} +^1_2 τ g^{11} ]

+R̃ − 2g^{AB} Γ^1_AΓ^1_B − 2g^{AB} ~∇_AΓ^1_B = 2(∂_1 + τ)[g^{AB} Γ^1_{AB} + 1 2 τ] + 1 2 τ^2 , (5.23) ζ ≡ 2g^{AB} Γ^1_{AB} + τg^{11} + ν_0g^{11}H^0 − 2H^1 = 2g^{AB} Γ^1_{AB} + τ − 2H^1 , (5.24) we deduce that (∂_1 + r^{−1})H^1 = 0 .

Our solution is supposed to be smooth, whence H^1 = O(1) and we conclude H^1 = 0 and g^{AB} Γ^1_{AB} = −τ . (5.25) Altogether we have proven that H^σ = 0 . (5.26)

Note that once we know the values of the wave-gauge vector on C_i− , we can compute the values of certain components of the transverse derivative of the metric on C_i− . More concretely, we find that the solution satisfies ∂_0g_{11} = 0 , ∂_0g_{1A} = 0 , g^{AB} ∂_0g_{AB} = 0 .

We also have

R_{AB} ≡ ∂_αΓ^α_{AB} − ∂_AΓ^α_B + Γ^α_{AB} Γ^β_α − Γ^α_{βA}Γ^β_{αB} = R̃_{AB} − 1 4 τ^2g_{AB} − 1 2 (∂_1 − τ)∂_0g_{AB} + ∂_0Γ^0_{AB} − 1 2 τg_{AB} Γ^0_0 = −(∂_1 − r^{−1})∂_0g_{AB} , where we employed the relation ∂_0Γ^0_{AB} = 1 2 τg_{AB} ∂_0g_{01} − 1 2 ∂_1∂_0g_{AB} .

The vanishing of H^σ implies via (5.16) and (5.6) R_{AB} = 2L_{AB} = 2ω_{AB} , and thus by (5.14) (∂_1 − r^{−1})(λ_{AB} − ∂_0g_{AB} ) = 0 .

For initial data of the form ω_{AB} = O(r^4) we have λ_{AB} = O(r^5). Since regularity requires [5] ∂_0g_{AB} = O(r^3) we end up with the expected relation λ_{AB} = ∂_0g_{AB} .

5.3 Vanishing of ∇_μH^σ and ζ_μ

We know that the wave-gauge vector satisfies the wave equation (3.21), ∇^ν ^∇_ν H^α + 2g^{μα}∇_{[σ} ^∇_{μ]}H^σ + 4∇^ν L_ν^α = 0 . (5.27) Let us first consider the α = 0-component evaluated on I^−, (∂_1 + r^{−1})∂_0H^0 + 2∂_0L_{11} = 0 . (5.28) We need to show that the source term vanishes. Equation (5.1) provides an expression for ∂_0L_{11}, □^{(H)}_g L_{11} = 0 ⇐⇒ (∂_1 + r^{−1})∂_0L_{11} = 0 . (5.29) Any smooth solution satisfies ∂_0L_{11} = ∇_0L_{11} = O(1). There is precisely one bounded solution of (5.29), which is ∂_0L_{11} = 0 . (5.30) The function ∇_0H^0 = ∂_0H^0 needs to be bounded as well and the only bounded solution of (5.28) is ∂_0H^0 = 0 . (5.31)

Taking the trace of (5.16) then shows that the curvature scalar vanishes initially, R_g = 0 . (5.32) Using (5.31) as well as the relation R_{01} = 2L_{01} = 0, which follows from (5.16), one verifies that ∂_0g_{01} = 0 and ∂^2_{00}g_{11} = 0 .

The α = A-component of (5.27) yields (∂_1 + 2r^{−1})∂_0H^A + 2g^{AB} (∂_0L_{1B} + ∂_1L_{0B} + τL_{0B} + ~∇^C ω_{BC} ) = 0 . (5.33) We employ (5.1) to compute the source term,

□^{(H)}_g L_{1A} = 0 ⇐⇒ 2∂_1∂_0L_{1A} − τ ~∇^B ω_{AB} − τ^2L_{0A} = 0 . (5.34) Equation (5.14) implies

2 ~∇^B ω_{AB} = − ~∇^B ∂_1λ_{AB} + τL_{0A} = −2∂_1L_{0A} − τL_{0A} . (5.35) From (5.34) and (5.35) we derive the ODE ∂_1(∂_0L_{1A} + r^{−1}L_{0A}) = 0 . (5.36) For any smooth solution we have ∂_0L_{1A} = ∇_0L_{1A} = O(r). Since the initial data satisfy ω_{AB} = O(r^4) we have L_{0A} = O(r^2) by (5.34). We then conclude from (5.36) that ∂_0L_{1A} = −r^{−1}L_{0A} = − 1 4 τ ~∇^B λ_{AB} . (5.37) With (5.6), (5.35) and (5.37) equation (5.33) becomes (∂_1 + 2r^{−1})∂_0H^A = 0 . (5.38) A smooth solution fulfills ∂_0H^A = ∇_0H^A = O(r^{−1}). The ODE (5.38) admits precisely one such solution, namely ∂_0H^A = 0 . (5.39) We have

~∇^B λ_{AB} = 2L_{0A} = R_{0A} = 1 2 ∂^2_{00}g_{1A} − 1 2 (∂_1 − τ)∂_0g_{0A} + 1 2 ~∇^B λ_{AB} , 0 = g_{AB} ∂_0H^B = ∂^2_{00}g_{1A} + (∂_1 + τ)∂_0g_{0A} + ~∇^B λ_{AB} .

The combination of both equations yields ∂_1∂_0g_{0A} + ~∇^B λ_{AB} = 0 and ∂^2_{00}g_{1A} = −τ∂_0g_{0A} . (5.40) Utilizing the previous results of this section the α = 1-component of (5.27) can be written in our gauge as

(∂_1 + r^{−1})∂_0H^1 + 2(∂_1 + τ)L_{00} + 2 ~∇^AL_{0A} − g^{AB} ∂_0L_{AB} =:f = 0 , (5.41) where we took into account that because of Lemma 3.6 we have 0 = ∂_0L = 2∂_0L_{01} + g^{AB} ∂_0L_{AB} − ω^{AB} λ_{AB} . (5.42) We show that the source f vanishes. To do that we compute the g̃-trace of the (μν) = (AB)-component of (5.1) on I^−. With (5.14) we obtain

g^{AB} □^{(H)}_g L_{AB} = 2L_A^B L_B^A ⇐⇒ 2(∂_1 + r^{−1})(g^{AB} ∂_0L_{AB}) − 2λ^{AB} (∂_1 − r^{−1})ω_{AB} + 2τ ~∇^AL_{0A} + τ^2L_{00} + 2|ω|^2 = 0 , (5.43) where we have set |ω|^2 := ω_A^B ω_B^A.

As another intermediate step it is useful to derive a second-order equation for L_{00}, so let us differentiate (5.13) with respect to r,

4∂^2_{11}L_{00} + 2τ∂_1L_{00} − τ^2L_{00}

= 8d_{0101} − 4r(∂_1 + 3r^{−1})d_{0101} − 2∂_1 ~∇^AL_{0A} + ∂_1(λ^{AB} ω_{AB}) . With (5.7), (5.8) (5.10), (5.14) and again (5.13) that yields

2(∂^2_{11} + 3r^{−1}∂_1 + r^{−2})L_{00} = λ^{AB} (∂_1 − r^{−1})ω_{AB} − |ω|^2 − 2 ~∇^A∂_1L_{0A} . (5.44) Let us return to the source term f in (5.41). It satisfies the ODE 2(∂_1 + r^{−1})f = 4∂^2_{11}L_{00} + 6τ∂_1L_{00} − 2τ ~∇^AL_{0A} + 4 ~∇^A∂_1L_{0A} −2(∂_1 + r^{−1})(g^{AB} ∂_0L_{AB} ) (5.43) = 4∂^2_{11}L_{00} + 6τ∂_1L_{00} + τ^2L_{00} + 4 ~∇^A∂_1L_{0A} −2λ^{AB} (∂_1 − r^{−1})ω_{AB} + 2|ω|^2 (5.44) = 0 .

We conclude that

f ≡ 2(∂_1 + τ)L_{00} + 2 ~∇^AL_{0A} − g^{AB} ∂_0L_{AB} = c(x^A)r^{−1} (5.45) for some angle-dependent function c. Our smoothness assumption implies L_{00} = O(1) and ∂_1L_{00} = O(1). Furthermore, we have (note that λ^{AB} ω_{AB} = O(r^5))

O(1) = ∇^AL_{0A} = ~∇^AL_{0A} − 1 2 λ^{AB} ω_{AB} + τL_{00} , O(1) = g^{AB} ∇_0L_{AB} = g^{AB} ∂_0L_{AB} − λ^{AB} ω_{AB} =⇒ ~∇^AL_{0A} + τL_{00} = O(1) , g^{AB} ∂_0L_{AB} = O(1) .

Therefore the problematic r^{−1}-term in the expansion of f needs to vanish, and we conclude c = 0. Then (5.41) enforces ∂_0H^1 to vanish in order to be bounded, i.e. altogether we have proven that ∇_μH^ν = 0 . (5.46) Recall that ζ_μ ≡ −4(∇_ν L_μ^ν − ∇_μR/6) = −4∇_ν L_μ^ν . If we evaluate (5.27) on I^− (which, as a matter of course, is to be read as an equation for ζ_μ now) and insert (5.46) we immediately observe that ζ_μ = 0 . (5.47)

5.4 Vanishing of W_{μνσρ}

We want to show that the Weyl tensor W_{μνσρ} of g_{μν} vanishes on C_i− , and thus coincides there with the tensor Θd_{μνσρ}. The 10 independent components are

W_{0101} , W_{011A} , W_{010A} , W_{01AB} , W̆_{1A1B} , W̆_{0A0B} . Due to the vanishing of H^σ, ∇_μH^σ and R_g , (5.5) tells us that the tensor L_{μν} coincides on C_i− with the Schouten tensor. We thus have the formula: W_{μνσρ} = R_{μνσρ} − 2(g_{σ[μ}L_{ν]ρ} − g_{ρ[μ}L_{ν]σ} ) . (5.48) The following list of Christoffel symbols, or rather of their transverse derivatives, will be useful:

∂_0Γ^0_1 = ∂_0Γ^1_1 = 0 ,

∂_0Γ^0_A^(

5.40) = − 1 2 (∂_1 + τ)∂_0g_{0A} ,

∂_0Γ^0_{AB} = − 1 2 ∂_1λ_{AB} , ∂_0Γ^1_A = 1 2 ∂_1∂_0g_{0A} ,

∂_0Γ^1_{AB} = 1 2 τg_{AB} ∂_0g_{00} + ~∇_{(A}∂_{|0}g_{0|B)} − 1 2 ∂^2_{00}g_{AB} − 1 2 ∂_1λ_{AB} , ∂_0Γ^C_{0A} = 1 2 g^{CD}∂^2_{00}g_{AD} − 1 2 λ_A^Dλ_D^C + g^{CD} ~∇_{[A}∂_{|0}g_{0|D]} ,

∂_0Γ^C_{1A} = 1 2 ∂_1λ_A^C ,

∂_0Γ^C_{AB} = 1 2 τg_{AB} g^{CD}∂_0g_{0D} + ~∇_{(A}λ_{B)}^C − 1 2 ~∇^C λ_{AB} , ∂^2_{00}Γ^0_{AB}^(

5.40) = 1 2 τg_{AB} ∂^2_{00}g_{01} − τ ~∇_{(A}∂_{|0}g_{0|B)} − 1 2 ∂_1∂^2_{00}g_{AB} .

We compute the relevant components of the Riemann tensor R_{μνσ}^ρ ≡ ∂_ν Γ^ρ_{μσ} − ∂_μΓ^ρ_{νσ} + Γ^α_{μσ} Γ^ρ_{να} − Γ^α_{νσ}Γ^ρ_{μα},

R_{0101} = 0 , R_{011A} = 0 , R_{01AB} = 0 , R_{1A1B} = 0 , (5.49)

R_{010A} = 1 2 (∂_1 − τ)∂_0g_{0A} − 1 2 ∂^2_{00}g_{1A}^(

5.40) = − 1 2 ~∇^B λ_{AB} , (5.50)

R̆_{0A0B} = ( ~∇_{(A}∂_{|0}g_{0|B)})˘− 1 2 (∂^2_{00}g_{AB} )˘. (5.51)

Next, we determine the independent components of the Weyl tensor on I^− via (5.48) and by taking into account the values we have found for L_{μν} , W_{0101} = 0 , W_{011A} = 0 , W_{010A} = 0 , (5.52) W_{01AB} = 0 , W_{1A1B} = 0 , (5.53) W̆_{0A0B} = ω_{AB} + ( ~∇_{(A}∂_{|0}g_{0|B)})˘− 1 2 (∂^2_{00}g_{AB})˘. (5.54)

It remains to determine ∂^2_{00}g_{AB}. Note that according to (5.16) the vanishing of H^σ and ∇_μH^σ implies ∂_0R_{AB} = 2∂_0L_{AB}

=⇒ □_g R_{AB} = 2□_gL_{AB} = 2□^{(H)}_g L_{AB}^(

5.1) = 8ω_{AC}ω_B^C − 2g_{AB} |ω|^2 .

A rather lengthy computation, which uses (5.14), reveals that this is equivalent to (set Δ_{g̃} := ~∇^A ~∇_A)

(∂_1 − r^{−1})∂_0R_{AB} − 2(∂_1 − r^{−1})(ω_{C(A}λ_{B)}^C ) + 2τ ~∇_{(A}L_{B)0} + (∂^2_{11} − τ∂_1 + Δ_{g̃} )ω_{AB} + g_{AB} ( 1 2 τ^2L_{00} + |ω|^2) = 0 .

We take its traceless part and invoke Lemma 4.1,

(∂_1 − r^{−1})(∂_0R_{AB} )˘+ 2τ( ~∇_{(A}L_{B)0})˘+ (∂^2_{11} − τ∂_1 + Δ_{g̃} )ω_{AB} = 0 .(5.55) Let us compute ∂_0R_{AB} on I^−, which is done by using (5.14), (5.40) as well as the above formulae for the u-differentiated Christoffel symbols, ∂_0R_{AB} = ∂^2_{00}Γ^0_{AB} + ∂_1∂_0Γ^1_{AB} + ~∇_C ∂_0Γ^C_{AB} − ~∇_A∂_0Γ^C_{BC} − ~∇_A∂_0Γ^1_B − ~∇_A∂_0Γ^0_B − Γ^0_{BC} ∂_0Γ^C_{0A} − Γ^0_{AC} ∂_0Γ^C_{B0} − Γ^C_{B0}∂_0Γ^0_{AC} − Γ^C_{0A}∂_0Γ^0_{BC} −Γ^1_{BC} ∂_0Γ^C_{1A} − Γ^1_{AC} ∂_0Γ^C_{B1} + Γ^0_{AB} ∂_0Γ^μ_0 + Γ^1_{AB} ∂_0Γ^μ_1 = −(∂_1 − r^{−1})∂^2_{00}g_{AB} + (∂_1 − r^{−1})ω_{AB} − 1 2 (Δ_{g̃} − 1 2 τ^2)λ_{AB} −τ ~∇_{(A}∂_{|0}g_{0|B)} − 1 2 τλ_A^C λ_{BC} − 2λ_{(A}^C ω_{B)C} + f(r, x^C )g_{AB} .(5.56) The traceless part of ∂_0R_{AB} reads

(∂_0R_{AB} )˘ = −(∂_1 − r^{−1})(∂^2_{00}g_{AB} )˘+ (∂_1 − r^{−1})ω_{AB} − 1 2 (Δ_{g̃} − 1 2 τ^2)λ_{AB} −τ( ~∇_{(A}∂_{|0}g_{0|B)})˘. (5.57) Next we apply 2(∂_1 − r^{−1}) to the expression (5.54) we found for W̆_{0A0B} . With (5.57) and (5.40) we end up with

2(∂_1 − r^{−1})W̆_{0A0B} = (∂_1 − r^{−1}) [ 2ω_{AB} + 2( ~∇_{(A}∂_{|0}g_{0|B)})˘− (∂^2_{00}g_{AB} )˘ ] = (∂_1 − r^{−1})ω_{AB} − 4( ~∇_{(A}L_{B)0})˘+ (∂_0R_{AB} )˘ + 1 2 (Δ_{g̃} − 2r^{−2})λ_{AB} . (5.58) On the other hand, from the Bianchi identity ∇_{[μ}R_{iA]B}^μ = 0, i = 0, 1, we infer (∇_μW_{i(AB)}^μ)˘+ 1 2 (∇_iR_{AB} )˘− 1 2 (∇_{(A}R_{B)i})˘ = 0 .

Employing further the tracelessness of the Weyl tensor,

g^{μν} ∇_0W_{μABν} = 0 =⇒ 2(∇_0W_{0(AB)1})˘= (∇_0W_{1A1B} )˘, we obtain with R_{μν} = 2L_{μν} , R_g = 0, Lemma 4.1 and since the other components of the Weyl tensor are already known to vanish initially,

2(∂_1 − r^{−1})W̆_{0A0B} = (∂_1 − r^{−1})ω_{AB} + (∂_0R_{AB} )˘− 2( ~∇_{(A}L_{B)0})˘. (5.59) Combining (5.58) and (5.59) we are led to (Δ_{g̃} − 1 2 τ^2)λ_{AB} − 4( ~∇_{(A}L_{B)0})˘ = 0 . (5.60)

We apply (∂_1 + r^{−1}) and use (5.14) to conclude that

(Δ_{g̃} − 1 2 τ^2)ω_{AB} + 2(∂_1 + r^{−1})( ~∇_{(A}L_{B)0})˘ = 0 , (5.61)

which will prove to be a useful relation. Next we apply (∂_1 − r^{−1}) to (5.58). With (5.14), (5.55), (5.60) and (5.61) we end up with

2(∂_1 − r^{−1})^2W̆_{0A0B} = (∂^2_{11} − 2r^{−1}∂_1 + 2r^{−2})ω_{AB} − 4(∂_1 − r^{−1})( ~∇_{(A}L_{B)0})˘ −(Δ_{g̃} − 2r^{−1})(ω_{AB} + r^{−1}λ_{AB} ) + (∂_1 − r^{−1})(∂_0R_{AB} )˘ = 0 =⇒ W̆_{0A0B} = c_{AB} (x^C )r^2 + d_{AB} (x^C )r = c_{AB} (x^C )r^2 ,

for any smooth solution satisfies W̆_{0A0B} = O(r^2) in adapted coordinates.

We have ω_{AB} = O(r^4) and λ_{AB} = O(r^5) = ∂_0g_{AB} . A smooth solution satisfies O(r^2) = (∇_{(A}L_{B)0})˘= ~∇_{(A}L_{B)0}. Similarly, we have O(r^2) = ∇_0R_{AB} = ∂_0R_{AB} − 2Γ^C_{0(A}R_{B)C} , which implies (∂_0R_{AB} )˘= O(r^2), so the right-hand side of (5.59) is O(r^2), consequently W̆_{0A0B} = O(r^3) and thus c_{AB} = 0 and W̆_{0A0B} = 0 .

5.5 Validity of equation (3.54) on C_i−

We need to show that (3.54) holds at at least one point. In fact, since Θ vanishes and ∇_μΘ is null one immediately observes that it is satisfied on the whole initial surface C_{i−}, 2Θs − g^{μν} ∇_μΘ ∇_ν Θ = 0 .

5.6 Vanishing of Υ_μ

Using the constraint equations (5.6) it is easily checked that the components μ = 1, A of Υ_μ ≡ ∇_μs + L_μ^ν ∇_ν Θ vanish. To show that also the μ = 0- component vanishes we need to compute the value of the transverse derivative of s on I^− which is accomplished via the CWE (5.2), □_g s = 0 ⇐⇒ (∂_1 + r^{−1})∂_0s = 0 .

The function ∂_0s is bounded. Thus ∂_0s = 0 , (5.62) and the vanishing of Υ_μ is ensured.

5.7 Vanishing of Ξ_{μν}

We consider

Ξ_{μν} ≡ ∇_μ∇_ν Θ + Θ L_{μν} − s g_{μν} = ∂_μ∂_ν Θ − Γ^0_{μν} ∂_0Θ + 2g_{μν} .

First of all we need to determine the value of ∂_0Θ, which is not part of the initial data. It can be derived from the CWE. Evaluation of (5.3) on I^− gives □_g Θ = 4s ⇐⇒ (∂_1 + r^{−1})∂_0Θ = −4 .

For any smooth solution of the CWE the function ∂_0Θ is bounded near the vertex, and there is precisely one such solution, ∂_0Θ = −2r . (5.63) One straightforwardly checks that Ξ_{μν} = 0 for (μν) ≠ (00). To determine Ξ_{00} we need to compute the second-order transverse derivative of Θ first. This is done via the CWE (5.3),

∂_0□_g Θ = 4∂_0s^(

5.62) = 0 ⇐⇒ (∂_1 + r^{−1})∂^2_{00}Θ − 2r^{−1} = 0 , where we took into account that ∂_0g_{1μ} = 0, g^{AB} ∂_0g_{AB} = 0 , ∂^2_{00}g_{11} = 0, as well as the formulae for the u-differentiated Christoffel symbols. The general solution of the ODE is ∂^2_{00}Θ = 2 + cr^{−1}. For any smooth solution ∂^2_{00}Θ = ∇_0∇_0Θ is bounded, and we conclude ∂^2_{00}Θ = 2 , which guarantees the vanishing of Ξ_{00}.

5.8 Vanishing of κ_{μνσ}

Recall the definition of the tensor κ_{μνσ} ≡ 2∇_{[σ}L_{ν]μ} − ∇_κΘd_{νσμ}^κ . Due to the symmetries κ_{μ(νσ)} = 0, κ_{[μνσ]} = 0 and κ_{νμ}^ν = 0 (since ζ_μ = 0 and L = 0) its independent components on the initial surface are κ_{11A} , κ_{A1B} , κ_{01A} , κ_{ABC} κ_{00A} , κ_{A0B} . We find (recall that L_{1μ} = 0 and L_{0A} =^1_2 ~∇^B λ_{AB} ), κ_{11A} = 0 , κ_{A1B} = −(∂_1 − r^{−1})ω_{AB} − 2rd_{1A1B}^(

5.7) = 0 , κ_{01A} = −∂_1L_{0A} + 2rd_{011A}^(

4.57) = 0 , κ_{ABC} = 2 ~∇_{[C} ω_{B]A} − τg_{A[B} L_{C]0} − 2rd_{1ABC} = 2 ~∇_{[C} ω_{B]A} − 2 ~∇_Dω_{[B}^Dg_{C]A}^{tr(ω)=0}= 0 , where the first equal sign in the last line follows from (4.52), (5.8), (5.6) and (5.14).

To prove the vanishing of the remaining components, κ_{A0B} = ~∇_B L_{0A} − 1 2 λ_B^C ω_{AC} + 1 2 τg_{AB} L_{00} − ∇_0L_{AB} + 2rd_{0BA1} , κ_{00A} = ~∇_AL_{00} − λ_A^B L_{0B} − ∇_0L_{0A} + 2rd_{010A} , is somewhat more involved as it requires the knowledge of certain transverse derivatives of L_{μν} on I^−. These can be extracted from (5.1),

□_g L_{AB} = □^{(H)}g L_{AB} = 4ω_{AC} ω_B^C − g_{AB} |ω|^2 , □_g L_{0A} = □^{(H)}_g L_{0A} = 4ω_A^B L_{0B} .

We employ the facts, established above, that the Weyl tensor vanishes on C_i− and that L_{μν} coincides there with the Schouten tensor to compute the action of □_g on L_{AB} and L_{0A},

□_g L_{AB} = 2(∂_1 − r^{−1})∇_0L_{AB} + ∂_1(∂_1 − τ)ω_{AB} + (Δ_{g̃} − 1 2 τ^2)ω_{AB}

+2τ ~∇_{(A}L_{B)0} − τλ_{(A}^C ω_{B)C} + 1 2 τ^2g_{AB} L_{00} (5.61) = 2(∂_1 − r^{−1})∇_0L_{AB} + ∂_1(∂_1 − τ)ω_{AB} − 2(∂_1 − r^{−1})( ~∇_{(A}L_{B)0})˘

+τg_{AB} ~∇^C L_{0C} − τλ_{(A}^C ω_{B)C} + 1 2 τ^2g_{AB} L_{00} , □_g L_{0A} = 2∂_1∇_0L_{0A} + (∂_1 + r^{−1})(∂_1 − r^{−1})L_{0A} − 2ω_A^B L_{0B} +(Δ_{g̃} − r^2)L_{0A} + τ ~∇_AL_{00} − λ_B^C ~∇^B ω_{AC} − τλ_A^B L_{0B} (5.14) = 2∂_1∇_0L_{0A} − (∂_1 − r^{−1}) ~∇^B ω_{AB} − 2ω_A^B L_{0B}

+(Δ_{g̃} + r^{−2})L_{0A} + τ ~∇_AL_{00} − λ_B^C ~∇^B ω_{AC} − τλ_A^B L_{0B} .

With these expressions, Lemma 4.1, (5.6)-(5.14) and (4.49)-(4.53) we find

2(∂_1 − r^{−1})κ_{A0B} = 2(∂_1 − r^{−1}) ~∇_B L_{A0} − ω_A^C (∂_1 − r^{−1})λ_{BC} + τg_{AB} ∂_1L_{00} −λ_B^C (∂_1 − τ)ω_{AC} + 4r∂_1d_{0BA1} − 2(∂_1 − r^{−1})∇_0L_{AB} = 2(∂_1 − r^{−1}) ~∇_{[B} L_{A]0} + g_{AB} (∂_1 + 3r^{−1}) ~∇^C L_{C0} −λ_B^C ∂_1ω_{AC} + τλ_{[B}^C ω_{A]C} − 2ω_{AC} ω_B^C + g_{AB} |ω|^2 +τg_{AB} (∂_1 + r^{−1})L_{00} − 2rg_{AB} (∂_1 + τ)d_{0101} + 2r∂_1d_{01AB} = −(∂_1 + r^{−1})(λ_{(A}^C ω_{B)C} )˘− 4(ω_{CA}ω_B^C )˘ = 0 , as well as

2∂_1κ_{00A} = 2∂_1 ~∇_AL_{00} + 4(ω_A^B + r^{−1}λ_A^B )L_{0B} + 2λ_A^B ~∇^C ω_{BC} − 2∂_1∇_0L_{0A} +4r(∂_1 + r^{−1})d_{010A} = 1 2 ~∇_A(ω_{BC} λ^{BC} ) + 2(r^{−1}λ_A^B − ω_A^B )L_{0B} − ~∇_A ~∇^B L_{0B} − λ_C^B ~∇^C ω_{AB}

+2λ_A^B ~∇^C ω_{BC} − (∂_1 − r^{−1}) ~∇^B ω_{AB} + (Δ_{g̃} + r^{−2})L_{0A} +2r ~∇^B d_{01AB} − 2r ~∇^B d_{1A1B} + 4d_{011A} + 4rλ_A^B d_{011B} = − ~∇^B (λ_{C(A}ω_{B)}^C )˘− r^{−2}L_{0A} − 2 ~∇_{[A} ~∇_{B]}L_0^B = 0 .

Due to regularity we have κ_{A0B} = O(r^2) and κ_{00A} = O(r), so the only remaining possibilities are κ_{A0B} = 0 and κ_{00A} = 0 .

5.9 Vanishing of ∇_ρd_{μνσ}^ρ

The independent components of ∇_ρd_{μνσ}^ρ, which by Lemma 3.4 is antisymmetric in its first two indices, trace-free and satisfies the first Bianchi identity, are ∇_ρd_{0A0}^ρ , ∇_ρd_{0A1}^ρ , ∇_ρd_{0AB}^ρ , ∇_ρd_{1A1}^ρ , ∇_ρd_{1AB}^ρ , ∇_ρd_{ABC}^ρ . We need to show that they vanish altogether. Let us start with those components which do not involve transverse derivatives. Then their vanishing follows immediately from the constraint equations (5.6)-(5.14) and (4.49)-(4.53), ∇_ρd_{0A1}^ρ = −(∂_1 + r^{−1})d_{010A} + 1 2 ~∇^B d_{01AB} − 1 2 ~∇^B d_{1A1B} + 1 2 ~∇_Ad_{0101} +r^{−1}d_{011A} + λ_A^B d_{011B} = 0 , ∇_ρd_{1A1}^ρ = −(∂_1 + 3r^{−1})d_{011A} + ~∇^B d_{1A1B} = 0 .

To determine the remaining components we first of all need to compute the transverse derivatives. This is done by evaluating the CWE (5.4) on C_i− , □_g d_{μνσρ} = □^{(H)}_g d_{μνσρ} = 0 . (5.64) Moreover, we will exploit Lemma 3.4 and 4.1, the fact that the Weyl tensor vanishes on C_i− and that L_{μν} coincides there with the Schouten tensor, i.e. that (4.6) holds initially.

Invoking (5.6)-(5.14) and (4.49)-(4.53) we compute (∂_1 − r^{−1})∇_ρd_{1AB}^ρ = −(∂_1 − r^{−1})∇_0d_{1A1B} − 1 2 (∂_1 − r^{−1})^2d_{1A1B} +2τ( ~∇_{(A}d_{B)110})˘− ( ~∇_{(A} ~∇^C d_{B)1C1})˘. (5.65) With (5.49) we further find □_g d_{1A1B} = 2(∂_1 − r^{−1})∇_0d_{1A1B} + (∂^2_{11} − 2r^{−1}∂_1)d_{1A1B} + Δ_{g̃} d_{1A1B} +2τ ~∇^C d_{1(AB)C} + 1 2 τ^2g^{CD}d_{ACBD} + 2τ ~∇_{(A}d_{B)101} + 1 2 τ^2g_{AB} d_{0101} = 2(∂_1 − r^{−1})∇_0d_{1A1B} + (Δ_{g̃} + ∂^2_{11} − 2r^{−1}∂_1)d_{1A1B} − 4τ( ~∇_{(A}d_{B)110})˘.

The transverse derivative in (5.65) is eliminated via □_g d_{1A1B} = 0, (∂_1 − r^{−1})∇_ρd_{1AB}^ρ = 1 2 Δ_{g̃} d_{1A1B} − r^{−2}d_{1A1B} − ( ~∇_{(A} ~∇^C d_{B)1C1})˘.

We need an expression for the Δ_{g̃} -term, which can be derived from (5.7), (5.61), (5.6) and (5.14) as follows,

Δ_{g̃} d_{1A1B} = − 1 2 r^{−1}(∂_1 + r^{−1})Δ_{g̃} ω_{AB} = 1 2 r^{−1}(∂_1 + r^{−1})[2(∂_1 + r^{−1})( ~∇_{(A}L_{B)0})˘− 1 2 τ^2ω_{AB}] = 2r^{−2}d_{1A1B} + 2( ~∇_{(A} ~∇^C d_{B)1C1})˘. (5.66) Plugging that in we are led to the ODE (∂_1 − r^{−1})∇_ρd_{1AB}^ρ = 0 .

For any smooth solution of the CWE we have ∇_ρd_{1AB}^ρ = O(r^2) and hence ∇_ρd_{1AB}^ρ = 0 .

To show that the other components of ∇_ρd_{μνσ}^ρ vanish initially, we proceed in a similar manner. In particular we shall make extensively use of the constraint equations (5.6)-(5.14) (and also of their non-integrated counterparts (4.44)-(4.48)), (4.49)-(4.53) and of the expressions (5.49)- (5.51) we computed for the components of the Riemann tensor.

Let us establish the vanishing of ∇_ρd_{ABC}^ρ. By (5.64) we have □_g d_{1ABC} = 0 on I^− with □_g d_{1ABC} = 2(∂_1 − τ)∇_0d_{1ABC} + (∂^2_{11} − 4r^{−1}∂_1 + r^{−2})d_{1ABC} + Δ_{g̃} d_{1ABC} −τ ~∇^D d_{DABC} + τ ~∇_Ad_{10BC} + 2τ ~∇_{[B} d_{C]0A1} + 2τ ~∇_{[B} d_{C]1A1} +2 ~∇_D(λ_{[B}^Dd_{C]1A1}) − τλ_{[B}^Dd_{C]1AD} − τλ_{[B}^Dd_{C]DA1} − 1 2 τ^2d_{0ABC} − τ^2g_{A[B} d_{C]010} − τ^2g_{A[B} d_{C]110} − τλ_{A[B} d_{C]110} = 2(∂_1 − τ)∇_0d_{1ABC} + 2g_{A[B} (∂^2_{11} − 5r^{−2})d_{C]110} + 2g_{A[B} Δ_{g̃} d_{C]110} −3τg_{A[B} ~∇_{C]}d_{0101} − τ ~∇_Ad_{01BC} + τ ~∇_{[B} d_{C]A01} + τ ~∇_{[B} d_{C]1A1} +2 ~∇_D(λ_{[B}^Dd_{C]1A1}) − 2τg_{A[B} λ_{C]}^Dd_{011D} − 2τλ_{A[B} d_{C]110} .(5.67) We determine

∇_ρd_{ABC}^ρ = ∇_0d_{ABC1} + 2g_{C[A}(∂_1 + r^{−1})d_{B]010} −2g_{C[A} ~∇_{B]}d_{0101} − g_{C[A}λ_{B]}^Dd_{011D} + λ_{C[A}d_{B]110} = ∇_0d_{ABC1} + g_{C[A} ~∇^D d_{B]D01} + g_{C[A} ~∇^Dd_{B]11D} + τg_{C[A}d_{B]110} −g_{C[A} ~∇_{B]}d_{0101} + g_{C[A}λ_{B]}^Dd_{011D} + λ_{C[A}d_{B]110} .

Due to the constraint equations that yields 2(∂_1 − τ)∇_ρd_{CBA}^ρ = 2(∂_1 − τ)∇_0d_{1ABC} + 2g_{A[B} ~∇^D(∂_{|1|} − τ)d_{C]1D1}

−2g_{A[B} ~∇^D(∂_{|1|} + r^{−1})d_{C]D01} − 2τg_{A[B} (∂_{|1|} + 3r^{−1})d_{C]110} +2g_{A[B} ~∇_{C]}(∂_1 + 3r^{−1})d_{0101} − 2g_{A[B} λ_{C]}^D(∂_1 + 3r^{−1})d_{011D} −2λ_{A[B} (∂_{|1|} + 3r^{−1})d_{C]110} + 3τg_{A[B} ~∇^D d_{C]D01} + 4τ^2g_{A[B} d_{C]110} −3τg_{A[B} ~∇_{C]}d_{0101} + 4τg_{A[B}λ_{C]}^D d_{011D} + 4τλ_{A[B} d_{C]110} + 4ω_{A[B}d_{C]110} + 4g_{A[B} ω_{C]}^Dd_{011D} =0 = 2(∂_1 − τ)∇_0d_{1ABC} + 2g_{A[B} ~∇^D(∂_{|1|} − 2τ)d_{C]1D1} + 4τg_{A[B} λ_{C]}^Dd_{011D} +4τλ_{A[B} d_{C]110} − 3τg_{A[B} ~∇_{C]}d_{0101} + 3τg_{A[B} ~∇^D d_{C]D01} + 7 2 τ^2g_{A[B} d_{C]110} +g_{A[B} ~∇_{C]}(λ^{DE} d_{1D1E} ) + 2g_{A[B}Δ_{g̃} d_{C]110} + g_{A[B} ~∇^D (d_{C]1F 1}λ_D^F ) −g_{A[B} ~∇^D(λ_{C]}^E d_{1D1E} ) −2g_{A[B} λ_{C]}^E ~∇^Dd_{1D1E} − 2λ_{A[B} ~∇^Dd_{C]1D1} =0 .

With □_g d_{1ABC} = 0 we eliminate the transverse derivative. Employing further (5.7), (5.8) and (5.14) we end up with

2(∂_1 − 2r^{−1})∇_ρd_{CBA}^ρ = − 1 4 τ^2(∂_1 − r^{−1})(g_{A[B} ~∇^D ω_{C]D} − ~∇_{[B} ω_{C]A})

+τ ~∇_Ad_{01BC} − τ ~∇_{[B} d_{C]A01} + 3τg_{A[B} ~∇^Dd_{C]D01} +6τg_{A[B} λ_{C]}^Dd_{011D} + 6τλ_{A[B} d_{C]110} −g_{A[B} ~∇^D (λ_{C]}^E d_{1D1E} ) + g_{A[B} ~∇_{C]}(λ^{DE} d_{1D1E} ) − ~∇_D(λ_{[B}^Dd_{C]1A1}) +g_{A[B} ~∇^D (d_{C]1E1}λ_D^E ) − ~∇_D(λ_{[B}^Dd_{C]1A1}) = 0 , (5.68)

since the terms in each line add up to zero, as one checks e.g. by introducing an orthonormal frame for g̃. By regularity we have ∇_ρd_{ABC}^ρ = O(r^3), so (5.68) enforces ∇_ρd_{ABC}^ρ = 0 . In order to check the vanishing of ∇_ρd_{0A0}^ρ we start with the relation □_g d_{010A} = 0, and compute

□_g d_{010A} = 2L_0^B d_{0A1B} + 2L_0^B d_{01AB} + 2L_{0A}d_{0101} + 2∂_1∇_0d_{010A} − 1 2 τλ_A^B d_{010B} +(Δ_{g̃} + ∂^2_{11} − 5 4 τ^2)d_{010A} − λ_B^C ~∇^B d_{C10A} + λ_B^C ~∇^B d_{01AC} + 1 2 λ_B^C λ^{BD} d_{1CAD} − 1 4 |λ|^2d_{011A} + (τλ_A^B + λ_A^C λ_C^B )d_{011B} −τ ~∇^B d_{0A0B} − 1 2 τλ^{BC} d_{0BAC} + τ ~∇_Ad_{0101} + λ_A^B ~∇_B d_{0101}

= 2∂_1∇_0d_{010A} + ~∇_A ~∇^B d_{011B} − 1 2 Δ_{g̃} d_{011A} + 1 4 ~∇^B (λ_A^C d_{1B1C} ) + 1 4 ~∇_A(λ^{BC} d_{1B1C} ) − 1 2 ~∇^B (∂_1 − 5r^{−1})d_{1A1B} − τ ~∇^B d_{01AB}

−2ω_A^B d_{011B} + λ_A^C ~∇^B d_{1B1C} − τ ~∇^B d_{0A0B} − 3 4 ~∇^B (λ_B^C d_{1A1C} ) + 3 2 ~∇^B (λ_B^C d_{01AC} ) + 3 2 ~∇_B (λ_A^B d_{0101}) + Δ_{g̃} d_{010A} − 9 8 τ^2d_{011A} − 3 4 τ^2d_{010A} − τλ_A^B d_{011B} + 3 2 λ_A^B λ_B^C d_{011C} − 3 4 |λ|^2d_{011A} =0 ,

as follows from the constraint equations. We have

∇_ρd_{0A0}^ρ = ∇_0d_{010A} + (∂_1 + τ)d_{010A} + ~∇^B d_{0A0B} − 1 2 λ_A^B d_{011B} , which implies, again via the constraint equations,

2∂_1∇_ρd_{0A0}^ρ = 2∂_1∇_0d_{010A} + 2 ~∇^B (∂_1 − r^{−1})d̆_{0A0B} − ~∇_A(∂_1 + 3r^{−1})d_{0101} +τ ~∇_Ad_{0101} − τ ~∇^B d_{0A0B} − λ_A^B (∂_1 + 3r^{−1})d_{011B} − τ^2d_{010A} +2τλ_A^B d_{011B} + 2ω_A^B d_{011B} + 2(∂_1 + r^{−1})^2d_{010A}

= 2∂_1∇_0d_{010A} − 9 8 τ^2d_{011A} − 3 4 τ^2d_{010A} + Δ_{g̃} d_{010A} − 1 2 Δ_{g̃} d_{011A} + 3 2 ~∇^B (λ_{(A}^C d_{B)C01}) + 3 2 ~∇_B (λ_A^B d_{0101}) + ~∇^B (λ_{[A}^C d_{B]1C1})

+ ~∇_A ~∇^B d_{011B} − τ ~∇^B d_{0A0B} − τ ~∇^B d_{01AB} − 2ω_A^B d_{011B} − 1 2 ~∇^B (∂_1 − 5r^{−1})d_{1A1B} − τλ_A^B d_{011B} + λ_A^C ~∇^B d_{1B1C} .

Combining these results we end up with

2∂_1∇_ρd_{0A0}^ρ = 1 2 ~∇^B (λ_{(A}^C d_{B)1C1}) − 1 4 ~∇_A(λ^{BC} d_{1B1C} ) =0 − 3 2 ~∇^B (λ_{[B}^C d_{A]C01}) =0 ,

and, as regularity requires ∇_ρd_{0A0}^ρ = O(r), that gives

∇_ρd_{0A0}^ρ = 0 .

To continue, we analyse the vanishing of ∇_ρd_{0AB}^ρ. We have

□_g d_{0AB1} = 2(∂_1 − r^{−1})∇_0d_{0AB1} − 2L_0^C d_{1BAC} − 2L_{0A}d_{011B} +(∂_1 − τ)∂_1d_{0AB1} + Δ_{g̃}d_{0AB1} − λ_{AC} ~∇^C d_{011B} − τ ~∇_Ad_{011B} +τ ~∇_B d_{010A} − τ ~∇^C d_{0ABC} − λ^{CD} ~∇_Dd_{1BAC} − 1 2 τλ^{CD} d_{ACBD} − 1 2 τλ_A^C d_{1B1C} + 1 2 τ^2d_{01AB} + 1 2 τ(τg_{AB} + λ_{AB} )d_{0101} −τ λ_{[A}^C d_{B]C01} =0 + 1 4 |λ|^2d_{1A1B} − 1 2 λ_A^C λ_C^Dd_{1B1D} =0 = 2(∂_1 − r^{−1})∇_0d_{0AB1} − 2g_{AB} L_0^C d_{011C} − 4L_{0[A}d_{B]110} + 1 2 Δ_{g̃} d_{1A1B} + 1 2 (∂_1 − τ)∂_1d_{1A1B} − 1 2 g_{AB} ~∇^C ~∇^D d_{1C1D} + 1 2 g_{AB} ω^{CD}d_{1C1D} − 1 4 g_{AB} λ^{CD} (∂_1 − 2τ)d_{1C1D} − 1 2 g_{AB} Δ_{g̃} d_{0101} − ~∇_{[A} ~∇^C d_{B]1C1}

−τ ~∇_B d_{A110} + ω_{[A}^C d_{B]1C1} − 1 2 λ_{[A}^C (∂_1 − 2τ)d_{B]1C1} − 1 2 Δ_{g̃} d_{01AB}

−2λ_{C[A} ~∇^C d_{B]110} − τ ~∇_{(A}d_{B)110} − 2τ ~∇_{[A}d_{B]010} − 1 2 τλ_A^C d_{1B1C} +τg_{AB} ~∇^C d_{010C} + 5 2 τg_{AB} ~∇^C d_{011C} − g_{AB} λ^{CD} ~∇_D d_{011C} , which vanishes according to (5.64). Moreover,

∇_ρd_{0AB}^ρ = ∇_0d_{0AB1} + (∂_1 − r^{−1})d_{0AB0} + (∂_1 − r^{−1})d_{0AB1} + ~∇^C d_{0ABC} + 1 2 λ^{CD} d_{ACBD} + 1 2 λ_A^C d_{01BC} + 1 2 λ_B^C d_{0A1C} − 1 2 τd_{01AB} = ∇_0d_{0AB1} + 1 4 (∂_1 − r^{−1})d_{1A1B} − 1 4 λ_A^C d_{1B1C} + ~∇_{[A}d_{B]010} + 1 2 ~∇_{(A}d_{B)110} − 1 2 g_{AB} ~∇^C d_{010C} − 3 4 g_{AB} ~∇^C d_{011C} + 1 4 λ_{[A}^C d_{B]C01} ,

and thus

2(∂_1 − r^{−1})∇_ρd_{0AB}^ρ

= 2(∂_1 − r^{−1})∇_0d_{0AB1} + 1 2 (∂_1 − r^{−1})^2d_{1A1B} − 1 2 λ_A^C (∂_1 − τ)d_{1B1C}

+ω_A^C d_{1B1C} + 2 ~∇_{[A}(∂_1 + r^{−1})d_{B]010} + ~∇_{(A}(∂_1 + 3r^{−1})d_{B)110}

−g_{AB} ~∇^C (∂_1 + r^{−1})d_{010C} − 3 2 g_{AB} ~∇^C (∂_1 + 3r^{−1})d_{011C} − 2τ ~∇_{[A}d_{B]010} + 1 2 λ_{[A}^C (∂_1 + r^{−1})d_{B]C01} − 3 2 r^{−1}λ_{[A}^C d_{B]C01} + τg_{AB} ~∇^C d_{010C}

−2τ ~∇_{(A}d_{B)110} + 3τg_{AB} ~∇^C d_{011C} − ω_{[A}^C d_{B]C01}

= 2(∂_1 − r^{−1})∇_0d_{0AB1} + 1 2 (∂_1 − r^{−1})^2d_{1A1B} − 1 2 λ_A^C (∂_1 − τ)d_{1B1C}

+ω_A^C d_{1B1C} + ~∇_B ~∇^C d_{1A1C} − g_{AB} ~∇^C ~∇^Dd_{1C1D} − τ ~∇_B d_{A110}

−τ ~∇_{(A}d_{B)110} + 5 2 τg_{AB} ~∇^C d_{011C} + 2( ~∇_{[A}λ_{B]}^C − g_{AB} L_0^C )d_{011C}

+ ~∇_{[A} ~∇^C d_{B]C01} − 3 2 λ_{[A}^C ~∇_{B]}d_{C110} − 2τ ~∇_{[A}d_{B]010} + τg_{AB} ~∇^C d_{010C} − 1 2 λ_{C[A} ~∇^C d_{B]110} − g_{AB} λ_C^D ~∇^C d_{011D} − 1 2 g_{AB} Δ_{g̃} d_{0101} − 1 4 λ_C^Dλ_{[A}^C d_{B]1D1} =0 − ω_{[A}^C d_{B]C01} =0 − 3 2 r^{−1} λ_{[A}^C d_{B]C01} =0 .

Using the formula (5.66) we derived for Δ_{g̃} d_{1A1B} , we conclude that

2(∂_1 − r^{−1})∇_ρd_{0AB}^ρ

= 2{( ~∇_C λ_{[A}^C )d_{B]110} + ( ~∇_{[A}λ_{B]}^C )d_{011C} } − 1 2 (∂_1 − 3r^{−1}){(λ_{(A}^C d_{B)1C1})˘} + 3 2 {λ_{C[A} ~∇^C d_{B]110} − λ_{[A}^C ~∇_{B]}d_{C110}} + { ~∇_{[A} ~∇^C d_{B]C01} + 1 2 Δ_{g̃} d_{01AB} } = 0 ,

since the terms in each of the braces add up to zero (recall Lemma 4.1). Taking further into account that regularity yields ∇_ρd_{0AB}^ρ = O(r^2), we deduce

∇_ρd_{0AB}^ρ = 0 .

5.10 Main result

By way of summary we end up with the following result:

Theorem 5.1 Let us suppose we have been given a smooth one-parameter family of s-traceless tensors ω_{AB} (r, x^A) = O(r^4) on the 2-sphere, where s denotes the standard metric. Let λ_{AB} be the unique solution of the equation (∂_1 − r^{−1})λ_{AB} = −2ω_{AB} , (5.69) with λ_{AB} = O(r^5). A smooth solution (g_{μν} , L_{μν} , d_{μνσ}^ρ, Θ, s) of the CWE (5.1)-(5.5) to the future of C_i− with initial data (g̊_{μν} , L̊_{μν} , d̊_{μνσ}^ρ, Θ̊ = 0,s̊ = −2) and with ˘L̊_{AB} = ω_{AB} (5.70) is a solution of the MCFE (4.1)-(4.6) in the (R = 0, s = −2, κ = 0, ĝ_{μν} = η_{μν} )-wave-map gauge if and only if the initial data have their usual algebraic properties and solve the constraint equations g̊_{μν} = η_{μν} , (5.71) L̊_{1μ} = 0 , L̊_{0A} = 1 2 ~∇^B λ_{AB} , g̊^{AB}L̊_{AB} = 0 , (5.72)

d̊_{1A1B} = − 1 2 ∂_1(r^{−1}ω_{AB}) , (5.73) d̊_{011A} = 1 2 r^{−1}∂_1L̊_{0A} , (5.74) d̊_{01AB} = r^{−1} ~∇_{[A}L̊_{B]0} − 1 2 r^{−1}λ_{[A}^C ω_{B]C} , (5.75)

(∂_1 + 3r^{−1})d̊_{0101} = ~∇^Ad̊_{011A} + 1 2 λ^{AB}d̊_{1A1B} , (5.76) 2(∂_1 + r^{−1})d̊_{010A} = ~∇^B (d̊_{01AB} − d̊_{1A1B} ) + ~∇_Ad̊_{0101} + 2r^{−1}d̊_{011A} +2λ_A^Bd̊_{011B} , (5.77) 4(∂_1 − r^{−1}) ˘d̊_{0A0B} = (∂_1 − r^{−1})d̊_{1A1B} + 2( ~∇_{(A}d̊_{B)110})˘+ 4( ~∇_{(A}d̊_{B)010})˘ +3λ_{(A}^Cd̊_{B)C01} + 3d̊_{0101}λ_{AB} , (5.78) 4(∂_1 + r^{−1})L̊_{00} = −4rd̊_{0101} − 2 ~∇^AL̊_{0A} + λ^{AB} ω_{AB} , (5.79)

with d̊_{0101} = O(1), d̊_{010A} = O(r), ˘d̊_{0A0B} = O(r^2) and L̊_{00} = O(1). The function Θ is positive in the interior of C_i− and sufficiently close to i^−, and dΘ ≠ 0 on C_i− \ {i^−}. Remark 5.2 Note that regularity for the rescaled Weyl tensor implies that the initial data necessarily need to satisfy ω_{AB}(r, x^A) = O(r^4), cf. equation (5.73). Proof: The previous computations show that Theorem 3.7 is applicable. The positivity of Θ inside the cone simply follows from (4.3) and the negativity of s near the vertex as one might check using e.g. normal coordinates.

Concerning the “only if”-part: That the constraint equations (5.71)-(5.79) are satisfied by any solution of the MCFE in the (R = 0, s = −2, κ = 0, ĝ_{μν} = η_{μν} )-wave-map gauge and with Θ = 0 follows directly from their derivation. □

It is clear that a result similar to Theorem 5.1 can be established for finite differentiability. Moreover, an analogous result should be provable for characteristic initial value problems where the initial surface consists e.g. of two transversally intersecting null hypersurfaces or a light-cone with a finite vertex. We will not work out the details here.

6 Alternative system of conformal wave equations (CWE2)

Instead of a wave equation for the rescaled Weyl tensor d_{μνσ}^ρ it might be advantageous to work with the Weyl tensor itself, which we denote here by C_{μνσ}^ρ, as unknown. The Weyl tensor is a more physical quantity (it coincides with the physical Weyl tensor) and can be expressed in terms of the metric even on null and timelike infinity. We shall see that proceeding this way it becomes necessary to regard the Cotton tensor as another unknown, so that the system of wave equations we are about to derive might be somewhat more complicated. An advantage is that we just need to require the metric to be regular at i^− rather than the metric and the rescaled Weyl tensor, so the alternative system might be useful to find a more general class of solutions (cf. the discussion in Section 6.7).

Since many of the computations which need to be done to derive the alternative system of wave equations (6.9)-(6.14) and prove Theorem 6.5 are very similar to the ones we did for the CWE involving the rescaled Weyl tensor, the computations are partially even more compressed than in the previous part.

6.1 Derivation

The Cotton tensor in d-spacetime dimensions is defined as

ξ_{μνσ} := 2∇_{[σ}R_{ν]μ} + 1 (d − 1) g_{μ[σ}∇_{ν]}R = 2(d − 2)∇_{[σ}L_{ν]μ} .

It is manifestly antisymmetric in its last two indices. Moreover, the Bianchi identities imply the following properties,

ξ_{[μνσ]} = 0 , (6.1) ξ_{ρν}^ρ = 0 , (6.2) ∇^ρξ_{ρνσ} = 0 , (6.3) (d − 2)∇_αC^α_{μνσ} = −(d − 3)ξ_{μνσ} . (6.4) Let us return to the 4-dimensional case. Using equation (3.2) we derived for the Schouten tensor (written in terms of C_{μνσ}^ρ rather than Θd_{μνσ}^ρ) one further verifies the relation 2L_{ασ}C_μ^α_ν^σ + ∇^σ ξ_{μνσ} = 0 , (6.5)

which expresses the vanishing of the Bach tensor.

The second Bianchi identity implies,

2∇_{[α}C_{μν]σ}^ρ = g_{σ[μ}ξ^ρ_{αν]} + δ_{[μ}^ρξ_{|σ|να]} . (6.6)

(In particular one recovers (6.4) for d = 4 and ρ = α.) Contracting (6.6) with ∇^α we find a “wave equation” for the Weyl tensor^{12} □_g C_{μνσρ}^( 6.5) = 2∇^α∇_{[ν} C_{μ]ασρ} + 2g_{σ[μ}C_{ν]αρβ} L^{αβ} − 2g_{ρ[μ}C_{ν]ασβ} L^{αβ} − ∇_{[σ} ξ_{ρ]μν} (6.4) = C_{μνα}^κC_{σρκ}^α − 4C_{σκ[μ}^αC_{ν]αρ}^κ − 2C_{σρκ[μ}L_{ν]}^κ − 2C_{μνκ[σ}L_{ρ]}^κ −∇_{[σ}ξ_{ρ]μν} − ∇_{[μ}ξ_{ν]σρ} + 1 3 RC_{μνσρ} . (6.7) We observe that the Cotton tensor is needed to eliminate the disturbing secondorder derivatives of C_{μνσρ}.

Finally, we derive a wave equation for the Cotton tensor ξ_{μνσ} by employing the wave equation (3.2) for the Schouten tensor, the Bianchi identity and (6.4): □_g ξ_{μνσ} ≡ 4∇_{[σ}□_g L_{ν]μ} + 8g_{μ[ν} L_{|α|}^κ∇^αL_{σ]κ} − 16L_{[ν}^κ∇_{σ]}L_{μκ} +2ξ_{κσν} L_μ^κ + 4ξ_{μκ[σ} L_{ν]}^κ + C_{νσα}^κξ_{μκ}^α + 8C_{α[σ|μ|}^κ∇^αL_{ν]κ} − 2 3 R∇_{[ν} L_{σ]μ} + 2 3 L_{μ[ν} ∇_{σ]}R + 2 3 g_{μ[ν} L_{σ]κ}∇^κR = 4ξ_{κα[ν} C_{σ]}^α_μ^κ + C_{νσα}^κξ_{μκ}^α − 4ξ_{μκ[ν} L_{σ]}^κ + 6g_{μ[ν} ξ^κ_{σα]}L_κ^α +8L_{ακ}∇_{[ν} C_{σ]}^α_μ^κ + 1 6 Rξ_{μνσ} − 1 3 C_{νσμ}^κ∇_κR . (6.8) Combining these results with the wave equations we found for Θ, s, g_{μν} and L_{μν} , we end up with an alternative system of conformal wave equations (of course we have to replace □_g by □^{(H)}_g , cf. Section 3.1),

□^{(H)}_g L_{μν} = 4L_{μκ}L_ν^κ − g_{μν} |L|^2 − 2C_{μσν}^ρL_ρ^σ + 1 6 ∇_μ∇_ν R , (6.9)

□_g s = Θ|L|^2 − 1 6 ∇_κR ∇^κΘ − 1 6 sR , (6.10)

□_gΘ = 4s − 1 6 ΘR , (6.11) □^{(H)}_g C_{μνσρ} = C_{μνα}^κC_{σρκ}^α − 4C_{σκ[μ}^αC_{ν]αρ}^κ − 2C_{σρκ[μ}L_{ν]}^κ − 2C_{μνκ[σ}L_{ρ]}^κ −∇_{[σ}ξ_{ρ]μν} − ∇_{[μ}ξ_{ν]σρ} + 1 3 RC_{μνσρ} , (6.12) □^{(H)}_g ξ_{μνσ} = 4ξ_{κα[ν} C_{σ]}^α_μ^κ + C_{νσα}^κξ_{μκ}^α − 4ξ_{μκ[ν} L_{σ]}^κ + 6g_{μ[ν} ξ^κ_{σα]}L_κ^α +8L_{ακ}∇_{[ν} C_{σ]}^α_μ^κ + 1 6 Rξ_{μνσ} − 1 3 C_{νσμ}^κ∇_κR , (6.13) R^{(H)}_{μν} [g] = 2L_{μν} + 1 6 Rg_{μν} . (6.14)

Remark 6.1 Note that equations (6.9) and (6.12)-(6.14) do not involve the functions s and Θ, so they form a closed system of wave equations for g_{μν} , L_{μν} , ξ_{μνσ} and C_{μνσρ}. We want to investigate to what extent a solution of the system (6.9)-(6.14), which we denote henceforth by CWE2, provides a solution of the MCFE.

12Recall that □_g , acting on higher valence tensors, is not a wave-operator if the metric tensor belongs to the unknowns.

6.2 Some properties of the CWE2 and gauge consistency

First of all we want to establish consistency with the gauge conditions H^σ = 0 and R = R_g. To do that we assume that there are smooth fields g_{μν} , s, Θ, C_{μνσ}^ρ, L_{μν} and ξ_{μνσ} which solve the CWE2. We aim to derive necessary and sufficient conditions on the initial surface which guarantee the vanishing of H^σ and R − R_g . For definiteness we, again, think of the case where the initial surface consists of either two transversally intersecting null hypersurfaces or a light-cone. The strategy will be the same as for the CWE, which is to derive a homogeneous system of wave equations for H^σ as well as some subsidiary fields, and infer the desired result from standard uniqueness results for wave equations by making the assumption, which will be analysed afterwards, that all the fields involved vanish initially.

However, let us first derive some properties of solutions of the CWE2.

Lemma 6.2 Assume that the initial data on a characteristic initial surface S of some smooth solution of the CWE2 are such that g_{μν} |_S is the restriction to S of a Lorentzian metric, that L_{[μν]}|_S = 0 and C_{μνσρ}|_S = C_{σρμν} . Then g_{μν} and L_{μν} are symmetric and C_{μνσρ} = C_{σρμν} .

Proof: Equation (6.9) yields (cf. footnote 8) □^{(H)}_g (C_{μνσρ} − C_{σρμν} ) = 1 3 R(C_{μνσρ} − C_{σρμν} ) +4g^{αβ}g^{κγ} [(C_{[μ|βσκ|} − C_{σκ[μ|β|})C_{ν]αργ} + (C_{ρα[ν|γ|} − C_{[ν|γρα|})C_{μ]κσβ} ] −4(g^{βα}g^{[κγ]} + g^{γκ}g^{[αβ]} + 2g^{[αβ]}g^{[κγ]})C_{ναργ} C_{μβσκ} . (6.15) From (6.9) and (6.14) we further find

□^{(H)}_g L_{[μν]} = 4g_{[αβ]}L_μ^αL_ν^β − g_{[μν]}|L|^2 + g^{ργ} L_ρ^σ (C_{νσμγ} − C_{μγνσ} )

+2g^{σκ}C_μ^ρ_{νσ} L_{[ρκ]} − 2g^{[σκ]}C_{μσν}^ρL_{ρκ} , (6.16)

R^{(H)}_{[μν]}[g_{(σρ)}, g_{[σρ]}] = 2L_{[μν]} + 1 6 Rg_{[μν]} . (6.17)

The equations (6.15)-(6.17) are to be read as a homogeneous system of wave equations satisfied by g_{[μν]}, L_{[μν]} and C_{μνσρ} − C_{σρμν} with all the other fields being given. Hence if we assume these fields to vanish initially they will vanish everywhere. □

The lemma shows that the tensor g_{μν} determines indeed a metric as long as it does not degenerate. We will only care about initial data for which the assumptions of this lemma hold.

In analogy to Lemma 3.4 one could show that C_{μνσρ} is anti-symmetric in its first two and last two indices and satisfies C_{[μνσ]ρ} = 0, and that ξ_{μνσ} is anti-symmetric in its last two indices and fulfills ξ_{[μνσ]} = 0, supposing that this is initially the case. However, these properties will follow a posteriori anyway, so it is not necessary to prove them here. Due to the appearance of first-order derivatives on the right-hand side of the wave equations for C_{μνσρ} and ξ_{μνσ} it is not possible to establish tracelessness of C_{μνσρ} and ξ_{μνσ} at this stage in a manner it was possible for the CWE (where it simplified the subsequent computations), since this would require to have something like the second Bianchi identity; also these properties can be, again, inferred a posteriori.

Gauge consistency

Similarly to what we did in Section 3.2 one proceeds to verify the formulae R_{μν} − 1 2 R_g g_{μν} = 2L_{μν} − (L + 1 6 R)g_{μν} + g_{σ(μ} ^∇_{ν)}H^σ − 1 2 g_{μν} ^∇_σ H^σ , (6.18)

∇^ν ^∇_ν H^α + 2g^{μα}∇_{[σ} ^∇_{μ]}H^σ + 4∇^ν L_ν^α − 2∇^αL − 1 3 ∇^αR = 0 , (6.19)

□_g H^α = ζ^α + f^α(g, ĝ; H, ∇H) , ζ_μ := −4∇_κL_μ^κ + 2∇_μL + 1 3 ∇_μR ,(6.20) □_g K_{μν} = ∇_μζ_ν + f_{μν} (g, ĝ; H, ∇H, ∇K) , K_{μν} := ∇_μH_ν , (6.21) R_g = 2L + 2 3 R + ^∇_σ H^σ . (6.22)

From (6.9) we derive a wave equation for L − R/6, □_g (L − 1 6 R) = −2C_{μσ}^{μρ}L_ρ^σ = 2(W_{μσ}^{μρ} − C_{μσ}^{μρ})L_ρ^σ . (6.23)

The tensors C_{μνσ}^ρ and ξ_{μνσ} are supposed to be part of the given solution of the CWE2; we emphasize that, as for L_{μν} , it is by no means clear yet whether they, indeed, represent the Weyl and the Cotton tensor, respectively. We denote by W_{μνσ}^ρ the Weyl tensor associated to g_{μν} , while we define the tensor ζ_{μνσ} to be ζ_{μνσ} := 4∇_{[σ}L_{ν]μ} . Since we do not know at this stage whether the source term in (6.23) vanishes, we have no analogue of Lemma 3.6. It is not possible to conclude that L −^1_6 R vanishes as we did for the CWE, supposing that it vanishes initially. In fact that is the reason for the modified definition of ζ_μ in (6.20).

Note that once we have established L =^1_6 R and H^σ = 0, (6.22) implies R = R_g . For (6.23) to be part of a homogeneous system of wave equations we regard W_{μνσρ} − C_{μνσρ} as another unknown and show that it satisfies an appropriate homogeneous wave equation (for later purposes this is more advantageous than to derive a wave equation for the trace C_{μσ}^{μρ}).

From (6.18) and (6.22) we find for the Weyl tensor, cf. (3.32) and (3.36) (since we do not know yet whether L − R/6 vanishes the formulae differ slightly), ∇_αW_{μνσρ} = g_{μ[σ} ζ_{ρ]αν} + g_{ν[σ}ζ_{ρ]μα} − g_{α[σ}ζ_{ρ]μν} − 2∇_{[μ}W_{ν]ασρ} +g_{μ[σ}∇_{ρ]}∇_{[ν} H_{α]} + g_{ν[σ}∇_{ρ]}∇_{[α}H_{μ]} + g_{α[σ}∇_{ρ]}∇_{[μ}H_{ν]} + 4 3 g_{μ[σ} g_{ρ][ν} ∇_{α]}(L − 1 6 R) − 2 3 g_{α[σ}g_{ρ]ν} ∇_μ(L − 1 6 R) + 2 3 g_{μ[σ} g_{ρ][ν} ∇_{α]}∇_κH^κ − 1 3 g_{α[σ}g_{ρ]ν} ∇_μ∇_κH^κ + f_{αμνσρ}(g, ĝ; H, ∇H) , □_g W_{μνσρ} = ∇_{[σ} ζ_{ρ]νμ} + 2∇_{[ν} ∇^αW_{μ]ασρ} + W_{μνα}^κW_{σρκ}^α − 4W_{σκ[μ}^αW_{ν]αρ}^κ +2(g_{ρ[μ}W_{ν]ασ}^κ − g_{σ[μ}W_{ν]αρ}^κ)L_κ^α − 2L_{[μ}^κW_{ν]κσρ} − 2L_{[σ}^κW_{ρ]κμν} +g_{σ[μ}∇^αζ_{|ρα|ν]} − g_{ρ[μ}∇^αζ_{|σα|ν]} + 1 2 g_{ν[σ}∇_{ρ]}□_g H_μ − 1 2 g_{μ[σ}∇_{ρ]}□_g H_ν + 1 2 g_{σ[μ}∇_{ν]}∇_ρ∇_αH^α − 1 2 g_{ρ[μ}∇_{ν]}∇_σ ∇_αH^α − 1 3 g_{μ[σ} ∇_{ρ]}∇_ν ∇_κH^κ + 1 3 g_{ν[σ}∇_{ρ]}∇_μ∇_κH^κ + 1 3 g_{μ[σ}g_{ρ]ν} □_g ∇_κH^κ + 2 3 g_{μ[σ}g_{ρ]ν} □_g (L − 1 6 R) + 4 3 g_{α[σ}g_{ρ][μ}∇_{ν]}∇^α(L − 1 6 R) + 1 3 RW_{μνσρ} + f_{μνσρ}(g, ĝ; H, ∇H, ∇K) .

We further have (cf. (3.34) and (3.35)) ∇^αζ_{μνα} = 2(W_{μαν}^κ − 2C_{μαν}^κ)L_κ^α + 1 2 ∇_ν □_g H_μ − ∇_μ∇_ν (L − 1 6 R) −( 5 3 R_g − 6L − 2 3 R)L_{μν} + ( 2 3 R_g − 2L − 1 3 R)Lg_{μν} +f_{μν} (g, ĝ, L; H, ∇H, ∇K) , (6.24) ∇_αW^α_{μνσ} = − 1 2 ζ_{μνσ} + 1 2 ∇_μ∇_{[ν} H_{σ]} + 1 6 g_{μ[ν} ∇_{σ]}(R_g − R) +f_{μνσ} (g, ĝ; H, ∇H) , (6.25) which yields with (6.20) and (6.22) □_g W_{μνσρ} = ∇_{[σ}ζ_{ρ]νμ} − ∇_{[μ}ζ_{ν]σρ} + W_{μνα}^κW_{σρκ}^α − 4W_{σκ[μ}^αW_{ν]αρ}^κ −2L_{[μ}^κW_{ν]κσρ} − 2L_{[σ}^κW_{ρ]κμν} + 4L_κ^α(W_{ρα[μ}^κ − C_{ρα[μ}^κ)g_{ν]σ} −4L_κ^α(W_{σα[μ}^κ − C_{σα[μ}^κ)g_{ν]ρ} + 1 2 g_{ρ[μ}∇_{ν]}ζ_σ − 1 2 g_{σ[μ}∇_{ν]}ζ_ρ + 1 2 g_{ν[σ}∇_{ρ]}ζ_μ − 1 2 g_{μ[σ} ∇_{ρ]}ζ_ν − 8 3 g_{σ[μ}L_{ν]ρ}(L − 1 6 R) + 8 3 g_{ρ[μ}L_{ν]σ}(L − 1 6 R) + 4 3 Lg_{σ[μ}g_{ν]ρ}(L − 1 6 R) + 1 3 RW_{μνσρ} + 1 3 g_{μ[σ}g_{ρ]ν} □_g (R_g − R) + f_{μνσρ}(g, ĝ, L; H, ∇H, ∇K) . The first term in the last line is disturbing. However, invoking (6.22) and (6.23) we find the relation

□_g (R_g − R) = 2□_g(L − 1 6 R) + □_g ^∇_σ H^σ = 4(W_{μσ}^{μρ} − C_{μσ}^{μρ})L_ρ^σ + f(g, ĝ; H, ∇H, ∇K) . Combining with (6.12) we end up with the wave equation □_g(W_{μνσρ} − C_{μνσρ}) = −∇_{[σ}(ζ_{ρ]μν} − ξ_{ρ]μν} ) − ∇_{[μ}(ζ_{ν]σρ} − ξ_{ν]σρ}) +(W_{μνα}^κ − C_{μνα}^κ)W_{σρκ}^α + C_{μνα}^κ(W_{σρκ}^α − C_{σρκ}^α) −4(W_{σκ[μ}^α − C_{σκ[μ}^α)W_{ν]αρ}^κ − 4C_{σκ[μ}^α(W_{ν]αρ}^κ − C_{ν]αρ}^κ) −2(W_{σρκ[μ} − C_{σρκ[μ})L_{ν]}^κ − 2(W_{μνκ[σ} − C_{μνκ[σ} )L_{ρ]}^κ +4L_κ^α(W_{ρα[μ}^κ − C_{ρα[μ}^κ)g_{ν]σ} − 4L_κ^α(W_{σα[μ}^κ − C_{σα[μ}^κ)g_{ν]ρ} + 4 3 g_{μ[σ}g_{ρ]ν} (W_{κα}^{κβ} − C_{κα}^{κβ})L_β^α + 1 2 g_{ρ[μ}∇_{ν]}ζ_σ − 1 2 g_{σ[μ}∇_{ν]}ζ_ρ + 1 2 g_{ν[σ}∇_{ρ]}ζ_μ − 1 2 g_{μ[σ} ∇_{ρ]}ζ_ν + 4 3 Lg_{σ[μ}g_{ν]ρ}(L − 1 6 R) − 8 3 g_{σ[μ}L_{ν]ρ}(L − 1 6 R) + 8 3 g_{ρ[μ}L_{ν]σ}(L − 1 6 R) + 1 3 R(W_{μνσρ} − C_{μνσρ}) +f_{μνσρ}(g, ĝ, L, C; H, ∇H, ∇K) , (6.26) which is fulfilled by any solution of the CWE2.

To end up with a homogeneous system we need to derive wave equations for ζ_μ and ζ_{μνσ} − ξ_{μνσ} . Let us start with ζ_μ. In close analogy to (3.27) and (3.28) we find with (6.9), (6.23), (6.25), (6.18) and (6.22), □_gζ_μ ≡ −4∇_κ□_g L_μ^κ − 8W_{ακμ}^ρ∇^αL_ρ^κ − 4R_{κρ}∇_μL^{ρκ} + 8R_{αρ}∇^αL_μ^ρ −4L^{ρκ}∇_μR_{ρκ} + 4L^{ρκ}∇_ρR_{μκ} + 2 3 R_μ^κ∇_κR − R_μ^ν ζ_ν + 1 3 R_gζ_μ +2L_μ^ρ∇_ρR_g + 2 3 R_g ∇_μ(L − 1 6 R) + 2∇_μ□_g(L + 1 6 R) = −8∇^ν [(W_{μσν}^ρ − C_{μσν}^ρ)L_ρ^σ ] + 4∇_μ[(W_{ασ}^{αρ} − C_{ασ}^{αρ})L_ρ^σ] − 8 3 L_μ^ν ∇_ν (L − 1 6 R) + 4 9 R∇_μ(L − 1 6 R) − 2 3 (L − 1 6 R)∇_μR +(4L_μ^ν − R_μ^ν )ζ_ν + 1 3 (R_g − R)ζ_μ + f_μ(g, ĝ, L; H, ∇H, ∇K) .(6.27) Finally, let us establish a wave equation which is satisfied by ζ_{μνσ} − ξ_{μνσ} .

The definition of the Weyl tensor together with the Bianchi identities yield □_g ζ_{μνσ} ≡ 4∇_{[σ}□_g L_{ν]μ} − 4W_{νσκρ}∇^ρL_μ^κ + 8W_{μκρ[σ} ∇^ρL_{ν]}^κ − 4R_{κ[ν} ∇_{σ]}L_μ^κ +4R_{κ[σ}∇_{|μ|}L_{ν]}^κ − 4R_{μ[σ}∇_{|κ|}L_{ν]}^κ − 4R_{ρκ}g_{μ[σ} ∇^ρL_{ν]}^κ + 1 3 R_g ζ_{μνσ} + 4 3 R_g g_{μ[σ}∇^κL_{ν]κ} + 4L_μ^κ∇_{[ν} R_{σ]κ} + 4L_ν^κ∇_{[μ}R_{κ]σ} + 4L_σ^κ∇_{[κ}R_{μ]ν} (6.9) = 4L_μ^κζ_{κνσ} − 4L_μ^κ∇_{[σ} R_{ν]κ} + 16L_{κ[ν} ∇_{σ]}L_μ^κ − 4R_{κ[ν} ∇_{σ]}L_μ^κ −8L_ρ^κg_{μ[ν} ∇_{σ]}L_κ^ρ − 4R_{ρκ}g_{μ[σ}∇^ρL_{ν]}^κ + 4R_{κ[σ}∇_{|μ|}L_{ν]}^κ −4R_{μ[σ}∇_{|κ|}L_{ν]}^κ + 4L_ν^κ∇_{[μ}R_{κ]σ} + 4L_σ^κ∇_{[κ}R_{μ]ν} + 4 3 R_g g_{μ[σ}∇^κL_{ν]κ} +8L_ρ^κ∇_{[ν} C_{σ]κμ}^ρ + 4ζ_{ακ[ν} C_{σ]}^κ_μ^α − 2ζ_{μακ}W_ν^α_σ^κ + 1 3 R_{σνμ}^κ∇_κR +8(W_μ^ρ_{[ν}^κ − C_μ^ρ_{[ν}^κ)∇_{|κ|}L_{σ]ρ} + 1 3 R_gζ_{μνσ} + f_{μνσ} (g, ĝ, L; H, ∇H, ∇K) . Using the relations (6.18), (6.22) and ζ_{[μνσ]} = 0 one then shows

□_g ζ_{μνσ} = −4ζ_{μκ[ν} L_{σ]}^κ + 6g_{μ[ν} ζ^κ_{σα]}L_κ^α + 8L_ρ^κ∇_{[ν} C_{σ]κμ}^ρ + 4ζ_{ακ[ν} C_{σ]}^κ_μ^α −2ζ_{μακ}W_ν^α_σ^κ + 8(W_μ^ρ_{[ν}^κ − C_μ^ρ_{[ν}^κ)∇_{|κ|}L_{σ]ρ} − 2L_{μ[ν} ζ_{σ]} + 1 3 W_{σνμ}^κ∇_κR − 1 6 (R − 2R_g)ζ_{μνσ} + f_{μνσ} (g, ĝ, L; H, ∇H, ∇K) . Combining with (6.13) we infer that ζ_{μνσ} − ξ_{μνσ} fulfills the wave equation, □_g(ζ_{μνσ} − ξ_{μνσ} ) = 6g_{μ[ν} (ζ^κ_{σα]} − ξ^κ_{σα]})L_κ^α − 4(ζ_{μκ[ν} − ξ_{μκ[ν} )L_{σ]}^κ + 4(ζ_{ακ[ν} − ξ_{ακ[ν} )C_{σ]}^κ_μ^α +ξ_{μκ}^α(W_{νσα}^κ − C_{νσα}^κ) + 8(W_μ^ρ_{[ν}^κ − C_μ^ρ_{[ν}^κ)∇_{|κ|}L_{σ]ρ} − 2L_{μ[ν} ζ_{σ]} − 1 3 (W_{νσμ}^κ − C_{νσμ}^κ)∇_κR + (ζ_{μκ}^α − ξ_{μκ}^α)W_{νσα}^κ + 1 6 R(ζ_{μνσ} − ξ_{μνσ} ) +4L_{μ[ν} ∇_{σ]}(L − 1 6 R) + 8 3 (L − 1 6 R)g_{μ[σ}∇^κL_{ν]κ} + 2 9 (L − 1 6 R)g_{μ[ν} ∇_{σ]}R + 2 3 (L − 1 6 R)ζ_{μνσ} + f_{μνσ} (g, ĝ, L, ξ; H, ∇H, ∇K) . (6.28) The equations (6.20), (6.21), (6.23), (6.26), (6.27) and (6.28) form a closed homogeneous system of wave equations satisfied by H^σ, K_{μν} , L−R/6, W_{μνσρ} −

C_{μνσρ}, ζ_μ and ζ_{μνσ} − ξ_{μνσ} , with g_{μν} , L_{μν} , etc. regarded as being given. An application of standard uniqueness results for wave equations establishes that all the fields vanish identically, supposing that this is initially the case. In particular this guarantees the vanishing of H^σ and, via (6.22), of R_g − R, and therefore consistency of the CWE2 with the gauge condition.

Moreover, the computations above reveal that the solution satisfies certain relations expected from the derivation of the CWE2; e.g. it follows from (6.14) that L_{μν} is the Schouten tensor of g_{μν} if H^σ = 0 and R_g = R. Proposition 6.3 Let us assume we have been given data (g̊_{μν} , s̊, Θ̊, L̊_{μν} , C̊_{μνσ} ρ, ξ̊_{μνσ} ) on an initial surface S (for definiteness we think either of two transversally intersecting null hypersurfaces or a light-cone) and a gauge source function R, such that g̊_{μν} is the restriction to S of a Lorentzian metric, L̊_{μν} is symmetric and L̊ = R/6. Suppose further that there exists a smooth solution (g_{μν} , s, Θ, L_{μν} , C_{μνσ}^ρ, ξ_{μνσ} ) of the CWE2 (6.9)-(6.14) with gauge source function R which induces the above data on S and fulfills the following conditions:

1. H^σ [g] = 0, 2. K_μ^σ[g] = 0, 3. W_{μνσ}^ρ[g] = C_{μνσ}^ρ, 4. ζ_{μνσ} [g, L] = ξ_{μνσ} , 5. ζ_μ = 0.

Then

a) H^σ = 0 and R_g = R, b) C_{μνσ}^ρ is the Weyl tensor of g_{μν} , c) L_{μν} is the Schouten tensor of g_{μν} , d) ξ_{μνσ} is the Cotton tensor of g_{μν} .

The validity of the assumptions 1-5 will be the subject of Section 6.5.

6.3 Equivalence issue between the CWE2 and the MCFE

We devote ourselves now to the issue to what extent and under which conditions a solution of the CWE2 is also a solution of the MCFE. It turns out that this issue is somewhat more intricate than for the CWE due to the change of variables.

A subsidiary system Recall the MCFE in d = 4 spacetime dimensions, ∇_ρd_{μνσ}^ρ = 0 , (6.29) ∇_μL_{νσ} − ∇_ν L_{μσ} = ∇_ρΘ d_{νμσ}^ρ , (6.30) ∇_μ∇_ν Θ = −ΘL_{μν} + sg_{μν} , (6.31) ∇_μs = −L_{μν} ∇^ν Θ , (6.32) 2Θs − ∇_μΘ∇^μΘ = 0 , (6.33) R_{μνσ}^κ[g] = Θd_{μνσ}^κ + 2 ( g_{σ[μ}L_{ν]}^κ − δ_{[μ}^κL_{ν]σ} ) . (6.34)

The MCFE are equivalent to the following system, supposing that Θ > 0,

∇_ρC_{νμσ}^ρ = ∇_μL_{νσ} − ∇_ν L_{μσ} , (6.35) Θ(∇_μL_{νσ} − ∇_ν L_{μσ} ) = ∇_ρΘ C_{νμσ}^ρ , (6.36) ∇_μ∇_ν Θ = −ΘL_{μν} + sg_{μν} , (6.37) ∇_μs = −L_{μν} ∇^ν Θ , (6.38) 2Θs − ∇_μΘ∇^μΘ = 0 , (6.39) R_{μνσ}^κ[g] = C_{μνσ}^κ + 2 ( g_{σ[μ}L_{ν]}^κ − δ_{[μ}^κL_{ν]σ} ) . (6.40)

That can be seen as follows: Suppose we have a solution of (6.35)-(6.40), then we obtain a solution of (6.29)-(6.34) by identifying d_{μνσ}^ρ with Θ^{−1}C_{μνσ}^ρ and vice versa (hence the system (6.35)-(6.40) is also equivalent to the vacuum Einstein equations for Θ > 0). In fact, a solution of (6.29)-(6.34) provides a solution of (6.35)-(6.40) for any Θ since the identification of C_{μνσ}^ρ with Θd_{μνσ}^ρ is possible even where Θ = 0.

We elaborate in somewhat more detail on the characteristic initial value problem for an initial surface S for which the set {Θ = 0} is non-empty. Since we are mainly interested in a light-cone with Θ = 0 everywhere we specialise to that case, i.e. S = C_i− . Let us assume we have been given free initial data ω_{AB} ≡ L̆_{AB} on C_i− , and that the fields g̊_{μν} , Θ̊, s̊, L̊_{μν} , C̊_{μνσ}^ρ = 0 and ξ̊_{μνσ} have been constructed by solving the constraint equations to be derived below (cf. Section 6.4). Let us further assume that there exists a smooth solution of the system (6.35)-(6.40) to the future of S which induces these data on S and which satisfies s|_i− ≠ 0. Then Θ has no zeroes inside the cone and sufficiently close to the vertex. Moreover, cf. the proof of Lemma A.5 in Appendix A, dΘ ≠ 0 on I^− and dΘ|_i− = 0. Since the tensor C_{μνσ}^ρ vanishes on C_i− the field C_{μνσ}^ρ/Θ can be smoothly continued across I^− (though not necessarily across i^−). The solution at hand thus solves (6.29)-(6.34) (except possibly at i^−) when identifying C_{μνσ}^ρ/Θ with d_{μνσ}^ρ, smoothly continued across I^−.

The system (6.35)-(6.40) is not regular for Θ = 0, and thus does not provide a good evolution system. However, it turns out that it is equivalent to the CWE2, when the latter system is supplemented by the constraint equations, and thus provides a useful tool to solve the equivalence issue between the MCFE and the CWE2. The only grievance (or possibly advantage, we will come back to this issue later) is that we do not know how d_{μνσ}^ρ behaves near the vertex, in particular it is by no means clear whether it can be continuously continued across past timelike infinity at all. Nevertheless, the solution provides a solution of the MCFE up to and excluding the vertex, which induces the free initial data ω_{AB} on C_i− , and it provides a solution of the Einstein equations inside the cone.

Equivalence of the CWE2 and the subsidiary system

In this section we will address the equivalence issue between the CWE2 (6.9)- (6.14) and the subsidiary system (6.35)-(6.40) we just introduced and which, once we have constructed a solution thereof, provides a solution of the MCFE (6.29)-(6.34), with the possible exception of the vertex of the cone C_i− . For that we shall demonstrate that a solution of the CWE2 is a solution of the subsidiary system supposing that certain relations are satisfied on the initial surface (namely the constraint equations, cf. the next section). The other direction follows from the derivation of the CWE2. As initial surface we have, as before, two transversally intersecting null hypersurfaces or a light-cone in mind.

Recall the CWE2,

□^{(H)}_g L_{μν} = 4L_{μκ}L_ν^κ − g_{μν} |L|^2 − 2C_{μσν}^ρL_ρ^σ + 1 6 ∇_μ∇_ν R , (6.41)

□_g s = Θ|L|^2 − 1 6 ∇_κR ∇^κΘ − 1 6 sR , (6.42)

□_gΘ = 4s − 1 6 ΘR , (6.43) □^{(H)}_g C_{μνσρ} = C_{μνα}^κC_{σρκ}^α − 4C_{σκ[μ}^αC_{ν]αρ}^κ − 2C_{σρκ[μ}L_{ν]}^κ − 2C_{μνκ[σ}L_{ρ]}^κ −∇_{[σ}ξ_{ρ]μν} − ∇_{[μ}ξ_{ν]σρ} + 1 3 RC_{μνσρ} , (6.44) □^{(H)}_g ξ_{μνσ} = 4ξ_{κα[ν} C_{σ]}^α_μ^κ + C_{νσα}^κξ_{μκ}^α − 4ξ_{μκ[ν} L_{σ]}^κ + 6g_{μ[ν} ξ^κ_{σα]}L_κ^α +8L_{ακ}∇_{[ν} C_{σ]}^α_μ^κ + 1 6 Rξ_{μνσ} − 1 3 C_{νσμ}^κ∇_κR , (6.45) R^{(H)}_{μν} [g] = 2L_{μν} + 1 6 Rg_{μν} . (6.46)

We assume we have been given a smooth solution (g_{μν} , L_{μν} , C_{μνσ}^ρ, ξ_{μνσ} , Θ, s) with all the hypotheses of Proposition 6.3 being satisfied. Then L_{μν} , C_{μνσ}^ρ and ξ_{μνσ} are the Schouten, Weyl and Cotton tensor of g_{μν} , respectively. The equations (6.35) and (6.40) are thus identities and automatically satisfied. Recall that it suffices for (6.39) to be satisfied at just one point. Let us derive a homogeneous system of wave equations which establishes the validity of the remaining equations, (6.36)-(6.38).

It is convenient to make the following definitions:

Λ_{σνμ} := 1 2 Θξ_{σνμ} + ∇_ρΘC_{μνσ}^ρ , Ξ_{μν} := ∇_μ∇_ν Θ + ΘL_{μν} − sg_{μν} , Υ_μ := ∇_μs + L_{μν} ∇^ν Θ .

Computations similar to the ones which led us to (3.44) and (3.46) (now with H^σ and K_{μν} vanishing) reveal that, because of (6.41)-(6.43), we have

□_gΞ_{μν} = 2Ξ_{σκ}(2L_{(μ}^κδ_{ν)}^σ − g_{μν} L^{σκ} − C_μ^σ_ν^κ) + 4∇_{(μ}Υ_{ν)} + 1 6 RΞ_{μν} , (6.47)

□_gΥ_μ = 6L_μ^κΥ_κ + 2L^{ρκ}Λ_{ρκμ} + 2Ξ_ν^σ ∇_σ L_μ^ν − 1 6 Ξ_μ^ν ∇_ν R . (6.48)

Furthermore, in virtue of (6.43)-(6.45) and (6.6) we find that □_g Λ_{σνμ} = sξ_{σνμ} − 2L_{ρκ}∇^κΘ C_{μνσ}^ρ − 2∇^ρΘC_{σρκ[μ}L_{ν]}^κ − 2∇^ρΘC_{μνκ[σ} L_{ρ]}^κ +∇^ρΘ(∇_{[ρ}ξ_{σ]νμ} + ∇_{[μ}ξ_{ν]ρσ} ) + ∇^ρΘ∇_σξ_{ρνμ} + 4Υ_ρC_{μνσ}^ρ

+2Ξ_{κρ}∇^κC_{μνσ}^ρ + 4C_σ^κ_{[μ}^αΛ_{|κα|ν]} − C_{μνα}^κΛ_{σκ}^α + 1 3 RΛ_{σνμ} . We observe the relation

2∇^ρΘ(∇_{[ρ}ξ_{σ]νμ} + ∇_{[μ}ξ_{ν]ρσ} )

= 4∇^ρΘ(∇_{[ρ}∇_{μ]}L_{νσ} − ∇_{[ρ}∇_{ν]}L_{μσ} + ∇_{[σ} ∇_{ν]}L_{μρ} − ∇_{[σ} ∇_{μ]}L_{νρ}) = 4∇^ρΘ(C_{μν[σ}^κL_{ρ]κ} − C_{σρ[μ}^κL_{ν]κ}) , which yields

□_gΛ_{σνμ} = 2Ξ_{κρ}∇^κC_{μνσ}^ρ + ξ^ρ_{μν} Ξ_{σρ} + 2L_σ^ρΛ_{ρνμ} + 4C_σ^κ_{[μ}^αΛ_{|κα|ν]}

−C_{μνα}^κΛ_{σκ}^α + 4Υ_ρC_{μνσ}^ρ + ∇_σ (ξ_{ρνμ}∇^ρΘ) + 1 3 RΛ_{σνμ} .(6.49)

It remains to derive a wave equation for ξ_{ρνμ}∇^ρΘ which follows from (6.43), (6.45) and (6.6), □_g (ξ_{ρνμ}∇^ρΘ) = ξ^ρ_{νμ}∇_ρ□_g Θ + 2Ξ^{κρ}(∇_κξ_{ρνμ} + 2L_κ^δC_{μνδρ}) − 4L^{κρ}∇_κΛ_{ρνμ} +∇^κΘ(4L^{δρ}∇_δC_{μνρκ} + 4L_κ^ρξ_{ρνμ} + □_gξ_{κνμ}) + 1 6 Rξ_{ρνμ}∇^ρΘ = 4ξ^ρ_{νμ}Υ_ρ + 2Ξ^{κρ}(∇_κξ_{ρνμ} + 2L_κ^δ C_{μνδρ}) − 4L^{κρ}∇_κΛ_{ρνμ} −(ξ_{κβ}^α∇^κΘ)C_{μνα}^β + 4ξ^{αβ}_{[μ}Λ_{|αβ|ν]} − 1 3 Λ_{ρνμ}∇^ρR + 1 2 R(ξ_{ρνμ}∇^ρΘ) . (6.50)

The equations (6.47)-(6.50) form a closed homogeneous system of wave equations for the quantities Ξ_{μν} , Υ_μ, Λ_{σνμ} and ξ_{ρνμ}∇^ρΘ. If we assume that the equations (6.36)-(6.38) are initially satisfied and that ξ_{ρνμ}∇^ρΘ = 0 we have vanishing initial data, and standard uniqueness results for wave equations can be applied to conclude that (6.36)-(6.38) are fulfilled.

As an extension of Proposition 6.3 we have proven the following result:

Theorem 6.4 Let us assume we have been given data (g̊_{μν} , s̊, Θ̊, L̊_{μν} , C̊_{μνσ}^ρ, ξ̊_{μνσ} ) on an initial surface S (for definiteness we think either of two transversally intersecting null hypersurfaces or a light-cone) and a gauge source function R, such that g̊_{μν} is the restriction of a Lorentzian metric, L̊_{μν} is symmetric and L̊ = R/6. Suppose further that there exists a smooth solution (g_{μν} , s, Θ, L_{μν} , C_{μνσ}^ρ, ξ_{μνσ} ) of the CWE2 (6.9)-(6.14) with gauge source function R which induces the above data on S and satisfies the following conditions (since it is the case of physical relevance we assume Θ ≠ 0 away from S; later on we shall consider only initial data where this is automatically the case):

1. The equations (6.36)-(6.39) are satisfied on S (it suffices if (6.39) holds at just one point on S).

2. The Weyl tensor of g_{μν} coincides on S with C_{μνσ}^ρ.

3. The relation ξ_{μνσ} = 4∇_{[σ}L_{ν]μ} holds on S.

4. The covector field ζ_μ ≡ −4∇_κL_μ^κ + 2∇_μL +^1_3 ∇_μR vanishes on S.

5. The tensor field ξ_{ρνμ}∇^ρΘ vanishes on S.

6. The wave-gauge vector H^σ and its covariant derivative K_μ^σ ≡ ∇_μH^σ vanish on S.

Then:

a) H^σ = 0 and R_g = R.

b) The fields C_{μνσ}^ρ, L_{μν} and ξ_{μνσ} are the Weyl, Schouten and Cotton tensor of g_{μν} , respectively.

c) Set d_{μνσ}^ρ := Θ^{−1}C_{μνσ}^ρ where Θ ≠ 0. The tensor d_{μνσ}^ρ extends to the set {Θ = 0, dΘ ≠ 0}. Moreover, the tuple (g_{μν} , L_{μν} , Θ , s , d_{μνσ}^ρ) solves the MCFE (6.29)-(6.34) in the (H^σ = 0, R_g = R)-gauge, and induces the data (g̊_{μν} , L̊_{μν} , Θ̊ , s̊) on S.

The conditions 1-6 are also necessary for c) to be fulfilled.

We shall investigate next to what extent the conditions 1-6 are satisfied if the initial data are constructed as solutions of the constraint equations induced by the MCFE on the initial surface.

6.4 Constraint equations on C_i− in terms of Weyl and Cotton tensor

Generalized wave-map gauge The aim of this section is to determine the constraint equations induced by the MCFE on the fields g_{μν} , L_{μν} , Θ, s, C_{μνσρ} and ξ_{μνσ} . For this purpose we assume we have been given some smooth solution (g_{μν} , L_{μν} , Θ, s, d_{μνσρ}) of the MCFE. For simplicity and to avoid an exhaustive case-by-case analysis we shall restrict attention, as for the CWE, to the case where the initial surface is S = C_i− . As a matter of course the constraints for g_{μν} , L_{μν} , Θ and s are the same as before, cf. Section 4.2. The Weyl tensor vanishes on I (cf. [27]),

C_{μνσ}^ρ = 0 . (6.51)

It thus remains to determine the constraint equations for ξ_{μνσ} . In adapted null coordinates the independent components of the Cotton tensor are ξ_{00A} , ξ_{01A} , ξ_{11A} , ξ_{A0B} , ξ_{A1B} , ξ_{ABC} . We have

ξ_{01A} = 2(∇_AL_{01} − ∇_1L_{0A}) , (6.52) ξ_{11A} = 2(∇_AL_{11} − ∇_1L_{1A}) , (6.53) ξ_{A1B} = 2(∇_B L_{1A} − ∇_1L_{AB} ) , (6.54) ξ_{ABC} = 2(∇_C L_{AB} − ∇_B L_{AC} ) , (6.55)

and no transverse derivatives of L_{μν} are involved. The remaining components follow from (6.30),

ξ_{00A} = 2ν^0∂_0Θ d_{010A} , (6.56) ξ_{A0B} = 2ν^0∂_0Θ d_{0BA1} . (6.57)

(R = 0, s = −2, κ = 0, ĝ = η)-wave-map gauge To make computations easier we restrict attention to the (R = 0, s = −2, κ = 0, ĝ = η)-wave-map gauge. Henceforth all equalities are meant to hold in this particular gauge. As free initial data we take the s-trace-free tensor ω_{AB} . The constraint equations for g_{μν} , L_{μν} and C_{μνσρ} read (cf. (5.6)-(5.14))

g_{μν} = η_{μν} , C_{μνσρ} = 0 , L_{1μ} = 0 , L_{0A} = 1 2 ~∇^B λ_{AB} , g^{AB} L_{AB} = 0 , (6.58)

4(∂_1 + r^{−1})L_{00} = λ^{AB} ω_{AB} − 4rρ − 2 ~∇^AL_{0A} with L_{00} = O(1) , (6.59) where

(∂_1 − r^{−1})λ_{AB} = −2ω_{AB} , (6.60) (∂_1 + 3r^{−1})ρ = 1 2 r^{−1} ~∇^A∂_1L_{0A} − 1 4 λ^{AB} ∂_1(r^{−1}ω_{AB}) , (6.61)

with λ_{AB} = O(r^3) and ρ = O(1). The equations (6.52)-(6.57) yield ξ_{01A} = −2∂_1L_{0A} = g^{BC} ξ_{BAC} , (6.62) ξ_{11A} = 0 , (6.63) ξ_{A1B} = −2r∂_1(r^{−1}ω_{AB} ) , (6.64) ξ_{ABC} = 4 ~∇_{[C} ω_{B]A} − 4r^{−1}g_{A[B} L_{C]0} , (6.65) ξ_{00A} = −4rd_{010A} , i.e. (6.66) ∂_1ξ_{00A} = ~∇^B (λ_{[A}^C ω_{B]C} ) − 2 ~∇^B ~∇_{[A}L_{B]0} + 1 2 ~∇^B ξ_{A1B} −2r ~∇_Aρ + r^{−1}ξ_{01A} + λ_A^B ξ_{01B} , (6.67) ξ_{A0B} = 2rg_{AB} d_{0101} − 2rd_{1A1B} − 2rd_{01AB}

= λ_{[A}^C ω_{B]C} − 2 ~∇_{[A}L_{B]0} + 2rρ g_{AB} − 1 2 ξ_{A1B} , (6.68)

where we employed the d_{μνσρ}-constraints (5.7)-(5.11) to derive the expressions for ξ_{00A} and ξ_{A0B} (recall that ∂_0Θ = −2r, cf. Section 4.3).

Note that for the Cotton tensor to be regular at i^− the initial data necessarily need to satisfy ω_{AB} = O(r^3), cf. (6.64).

6.5 Applicability of Theorem 6.4 on the cone C_i−

Let us assume we have been given initial data ω_{AB} = O(r^3) on C_i− , such that a smooth solution of the CWE2 exists in some neighbourhood to the future of i^− which induces the prescribed data Θ̊ = 0, s̊ = −2, C̊_{μνσ}^ρ = 0, g̊_{μν} = η_{μν} , L̊_{μν} and ξ̊_{μνσ} on C_i− , the last two fields determined from the hierarchical system of constraint equations (6.58)-(6.68). We want to investigate to what extent the hypotheses of Theorem 6.4 are satisfied under these assumptions.

For convenience let us recall the CWE2 in an (R = 0)-gauge, □^{(H)}_g L_{μν} = 4L_{μκ}L_ν^κ − g_{μν} |L|^2 − 2C_{μσν}^ρL_ρ^σ , (6.69) □_g s = Θ|L|^2 , (6.70) □_gΘ = 4s , (6.71) □^{(H)}_g C_{μνσρ} = C_{μνα}^κC_{σρκ}^α − 4C_{σκ[μ}^αC_{ν]αρ}^κ − 2C_{σρκ[μ}L_{ν]}^κ − 2C_{μνκ[σ}L_{ρ]}^κ −∇_{[σ}ξ_{ρ]μν} − ∇_{[μ}ξ_{ν]σρ} , (6.72) □^{(H)}_g ξ_{μνσ} = 4ξ_{κα[ν} C_{σ]}^α_μ^κ + C_{νσα}^κξ_{μκ}^α − 4ξ_{μκ[ν} L_{σ]}^κ + 6g_{μ[ν} ξ^κ_{σα]}L_κ^α +8L_{ακ}∇_{[ν} C_{σ]}^α_μ^κ , (6.73) R^{(H)}_{μν} [g] = 2L_{μν} . (6.74)

Vanishing of H^σ This can be shown in exactly the same manner as for the CWE, Section 5.2.

Vanishing of ∂_0H^σ and ζ_μ We know that the wave-gauge vector satisfies the wave equation (6.19) with R = 0, ∇^ν ^∇_ν H^α + 2g^{μα}∇_{[σ} ^∇_{μ]}H^σ + 4∇^ν L_ν^α − 2∇^αL = 0 . (6.75) As for the CWE the vanishing of ∂_0H^0 and ∂_0H^A follows from (6.75) with α = 0, A by taking regularity at the vertex into account. Taking the trace of the restriction of (6.74) to the initial surface then shows that the curvature scalar vanishes initially, R_g = 0.

The α = 1-component of (6.75) can be written as (∂_1 + r^{−1})∂_0H^1 + 2(∂_1 + τ)L_{00} + 2 ~∇^AL_{0A} − g^{AB} ∂_0L_{AB} = 0 , (6.76) where we used that ∂_0L_{11} = 0, cf. (5.30), and that

∂_0L = ∂_0(g^{μν} L_{μν} ) = 2∂_0L_{01} + g^{AB} ∂_0L_{AB} − λ^{AB} L_{AB} . (6.77) We observe that, although we do not know yet whether ∂_0L vanishes, equation (6.76) coincides with (5.41) of Section 5.3, and thus the vanishing of ∂_0H^1 can be established by proceeding in exactly the same manner as for the CWE; one first shows that the source terms in (6.76) vanishes and then utilizes regularity to deduce the desired result. Altogether we have ∇_μH^ν = 0 . (6.78) Inserting the definition (6.20) of ζ_μ into (6.75) yields ζ_μ = 0 . (6.79)

Vanishing of ξ_{ρνμ}∇^ρΘ Since Θ = 0, it suffices to show that ξ_{1μν} = 0. Invoking the symmetries of ξ_{μνσ} we deduce from the constraint equations (6.62)-(6.68) that ξ_{101} ≡ g^{AB} ξ_{A1B} = 0 , ξ_{10A} ≡ g^{BC} ξ_{BAC} − ξ_{01A} − ξ_{11A} = 0 , ξ_{11A} = 0 , ξ_{1AB} ≡ −2ξ_{[AB]1} = 0 .

Vanishing of ζ_{μνσ} − ξ_{μνσ} We need to show that ξ_{μνσ} = ζ_{μνσ} ≡ 4∇_{[σ}L_{ν]μ} For the components ξ_{01A}, ξ_{11A}, ξ_{A1B} and ξ_{ABC} this follows from the constraint equations (6.62)-(6.65). The remaining independent components ξ_{00A} and ξ_{A0B} are determined by (6.67) and (6.68), respectively. We observe that ζ_{00A} − ξ_{00A} and ζ_{A0B} − ξ_{A0B} satisfy the same equations as the components κ_{00A}/2 and κ_{A0B} /2 in Section 5.8, so one just needs to repeat the computations carried out there in order to accomplish the proof that ξ_{μνσ} = ζ_{μνσ} .

Vanishing of W_{μνσ}^ρ In the same manner as for the CWE, Section 5.4, one shows that the Weyl tensor W_{μνσ}^ρ of g_{μν} vanishes initially.

Validity of the equations (6.36)-(6.39) on C_i− The validity of (6.36) on C_i− follows from the vanishing of Θ and C_{μνσρ}. The computation which shows the vanishing of (6.37)-(6.39) is identical to the one we did for the CWE, cf. Sections 5.5-5.7.

6.6 Main result concerning the CWE2

We end up with the following result which is in close analogy with Theorem 5.1:

Theorem 6.5 Let us suppose we have been given a smooth one-parameter family of s-traceless tensors ω_{AB} (r, x^A) = O(r^3) on the 2-sphere, where s denotes the standard metric. A smooth solution (g_{μν} , L_{μν} , C_{μνσ}^ρ, ξ_{μνσ} , Θ, s) of the CWE2 (6.69)-(6.74) with initial data (g̊_{μν} , L̊_{μν} , C̊_{μνσ}^ρ, ξ̊_{μνσ} , Θ̊ = 0,s̊ = −2), where˘ L̊_{AB} = ω_{AB} , (6.80) provides a solution (g_{μν} , L_{μν} , d_{μνσ}^ρ = Θ^{−1}C_{μνσ}^ρ, Θ, s) of the MCFE (6.29)-(6.34), smoothly continued across I^−, in a neighbourhood of i^− intersected with J^+(i^−), with the possible exception of i^− itself, in the (R = 0, s = −2, κ = 0, ĝ_{μν} = η_{μν} )-wave-map gauge if and only if the initial data have their usual symmetry properties and satisfy the constraint equations,^{13} g̊_{μν} = η_{μν} , C̊_{μνσρ} = 0 , (6.81) L̊_{1μ} = 0 , L̊_{0A} = 1 2 ~∇^B λ_{AB} , g̊^{AB}L̊_{AB} = 0 , (6.82) ξ̊_{11A} = 0 , (6.83) ξ̊_{A1B} = −2r∂_1(r^{−1}ω_{AB} ) , (6.84) ξ̊_{ABC} = 4 ~∇_{[C} ω_{B]A} − 4r^{−1}g̊_{A[B}L̊_{C]0} , (6.85) ξ̊_{01A} = g̊^{BC}ξ̊_{BAC} , (6.86) ∂_1ξ̊_{00A} = ~∇^B (λ_{[A}^C ω_{B]C} ) − 2 ~∇^B ~∇_{[A}L̊_{B]0} + 1 2 ~∇^B ξ_{A1B} −2r ~∇_Aρ + r^{−1}ξ̊_{01A} + λ_A^Bξ̊_{01B} , (6.87) ξ̊_{A0B} = λ_{[A}^C ω_{B]C} − 2 ~∇_{[A}L̊_{B]0} + 2rg̊_{AB} ρ − 1 2 ξ̊_{A1B} , (6.88)

4(∂_1 + r^{−1})L̊_{00} = λ^{AB} ω_{AB} − 4rρ − 2 ~∇^AL̊_{0A} , (6.89)

13Note that if s|_i− < 0 then Θ is positive in the interior of C_i− and sufficiently close to i^− and dΘ ≠ 0 on C_i− \ {i^−} near i^−, so a solution of the CWE2 provides a solution of the MCFE in J^+(i^−) \ {i^−} sufficiently close to i^−.

with ξ̊_{00A} = O(r) and L̊_{00} = O(1); the fields λ_{AB} and ρ are determined by

(∂_1 − r^{−1})λ_{AB} = −2ω_{AB} , λ_{AB} = O(r^3) , (6.90) 8(∂_1 + 3r^{−1})ρ = r^{−1}λ^{AB}ξ̊_{A1B} − 2r^{−1} ~∇^Aξ̊_{01A} , ρ = O(1) . (6.91)

Remark 6.6 Note that regularity for the Cotton tensor implies that the initial data necessarily need to satisfy ω_{AB}(r, x^A) = O(r^3), cf. equation (6.84).

6.7 Comparison of both systems CWE & CWE2

Let us finish by briefly comparing the two systems of wave equations, CWE and CWE2, which we have studied here. It might be advantageous in certain situations that the Schouten, Weyl and Cotton tensor, which appear in the CWE2-system, can be directly expressed in terms of the metric. In contrast, the rescaled Weyl tensor, which is an unknown of the CWE, can be defined on I in terms of the metric and the conformal factor only via a limiting process from inside the cone.

Once a smooth solution of the CWE has been constructed (we think of a characteristic Cauchy problem with data on C_i− ), it is, as a matter of course, known that the rescaled Weyl tensor is regular at i^−. Since both, Θ and dΘ, vanish at i^− the same conclusion cannot be straightforwardly drawn for a solution of CWE2, even if one takes initial data ω_{AB} = O(r^4). Note for this that the constraint equations for CWE2 are somewhat weaker than the constraints for the CWE involving the rescaled Weyl tensor, which is due to the fact that the Cotton tensor has less independent components than the rescaled Weyl tensor. It is the d̆_{0A0B} -constraint which has no equivalent in the CWE2 system. Thus it seems to be plausible that the conclusions are weaker, too, and one has no control how C_{μνσρ}/Θ behaves near the vertex. It seems to be hopeless to catch the behaviour of d_{μνσ}^ρ when approaching i^− in terms of the initial data on C_i− .

However, this can be seen as an advantage, as well, for there seems to be no reason why the rescaled Weyl tensor should be regular at i^−. It might be more sensible to assume just the unphysical metric to be regular there. Note, however, that for analytic data the rescaled Weyl tensor will be regular at i^− [20], while for smooth data this is an open issue. The system CWE2 might be predestined to construct solutions of the Einstein equations with a rescaled Weyl tensor which cannot be extended across i^−– supposing of course that such solutions do exist at all. In fact, we have seen that any smooth solution of the CWE (supplemented by the constraint equations) necessarily requires initial data ω_{AB} = O(r^4), while for the CWE2 we just needed to require ω_{AB} = O(r^3).^{14} So if one was able to construct a solution of the CWE2 from free initial data ω_{AB} which are properly O(r^3), the corresponding solution of the MCFE would lead to a rescaled Weyl tensor which could not be regular at i^−.

Acknowledgements I am grateful to my advisor Piotr T. Chruściel for numerous stimulating discussions and suggestions, and for reading a first draft of this article. Moreover, it is a pleasure to thank Helmut Friedrich for his valuable input to rewrite the conformal field equations as a system of wave equations. This work was supported in part by the Austrian Science Fund (FWF) P 24170-N16.

14Recall that regularity for the metric and the Schouten tensor would just require to take ω_{AB} = O(r^2), the additional powers are needed for the rescaled Weyl tensor (CWE) or for the Cotton tensor (CWE2), respectively, to be regular.

A Cone-smoothness and proof of Lemma 2.1

In order to prove Lemma 2.1 we need some facts about cone-smooth functions. Therefore let us briefly review the notion of cone-smoothness as well as some basic properties of cone-smooth functions. For the details we refer the reader to [7, 8].

We denote by {y^0 ≡ t, y^i} coordinates in a d = n + 1-dimensional spacetime for which

C_O := { y^μ ∈ R^{n+1} : y^0 = √∑ i (y^i)^2 } . is the light-cone emanating from a point O. Such coordinates exist at least sufficiently close to the vertex. Adapted null coordinates are denoted by {x^0 ≡ u, x^1 ≡ r, x^A}. Both coordinate systems are related via a transformation of the form (cf. [8]),

y^0 = x^1 − x^0 , y^i = x^1Θ^i(x^A) with n∑ i=1 [Θ^i(x^A)]^2 = 1 .

Definition A.1 ([8]) A function φ defined on C_O is said to belong to C^k(C_O ), k ∈ N ∪ {∞}, if it can be written as φ̂ + rφ̌ with φ̂ and φ̌ being C^k-functions of y^i. If k = ∞ the function φ is called cone-smooth.

Remark A.2 We are particularly interested in the cone-smooth case k = ∞.

Proposition A.3 ([8]) Let φ : C_O → R be a function and let k ∈ N ∪ {∞}. The following statements are equivalent:

(i) The function φ can be extended to a C^k function on R^{n+1} .

(ii) φ ∈ C^k(C_O ).

(iii) The function φ admits an expansion of the form (φ_{i1 ...ip} , φ^′_{i1 ...ip−1} ∈ R)

φ = k∑ p=0 φ_pr^p+o_k(r^k ) where φ_p := φ_{i1 ...ip} Θ^{i1} . . . Θ^{ip} +φ^′_{i1 ...ip−1} Θ^{i1} . . . Θ^{ip−1} .

Lemma A.4 ([7]) Let φ ∈ C^k(C_O ) with k ∈ N ∪ {∞}. Then

(i) exp(φ) ∈ C^k(C_O ), and

(ii) r^{−1} ∫_r 0 φ(r̂, x^A) dr̂ ∈ C^k(C_O ).

If, in addition, φ(0) = 0, then

(iii) ∫_r 0 r̂^{−1}φ(r̂, x^A) dr̂ ∈ C^k(C_O ).

Lemma A.5 Consider any smooth solution of the MCFE in d = 4 spacetime dimensions in some neighbourhood U of i^− which satisfies

s_i− := s|_i− ≠ 0 . (A.1)

Let ρ be any function on U ∩ ∂J^+(i^−) with ρ_i− := ρ|_i− ≠ 0 and lim_{r→0} ∂_rρ = 0 which can be extended to a smooth spacetime function. Then the equation ∇_μΘ∇^μϕ̊ + ϕ̊ s − ϕ̊^2ρ = 0 (A.2) is a Fuchsian ODE for ϕ̊ and any solution satisfies (set ϕ̊_i− := ϕ̊|_i− ) sign(ϕ̊_i− ) = sign(s_i− )sign(ρ_i− ) , (A.3) and is the restriction of a smooth spacetime function (in particular ϕ̊_i− ≠ 0). Proof: We assume a sufficiently regular gauge so that the regularity conditions (4.41)-(4.51) in [5] hold. Evaluation of the MCFE (2.4) on I^− in coordinates adapted to the cone implies the relation g^{AB} ∇_A∇_B Θ = 2s ⇐⇒ τ∂_0Θ = 2ν_0s . (A.4) The notation is introduced at the beginning of Section 4. The expansion τ of the light-cone satisfies τ = 2 r + O(r) , ∂_1τ = − 2 r^2

+ O(1) .

Moreover, regularity requires

ν_0 = 1 + O(r^2) , ∂_1ν_0 = O(r) , s = O(1) , ∂_1s = O(1) . Hence ∂_0Θ = s_i− r + O(r^2) and ∂_1∂_0Θ = s_i− + O(r) . (A.5) The r-component of the MCFE (2.5) yields ∂_1s + ν^0L_{11}∂_0Θ = 0 =⇒ ∂_1s|_i− = 0 due to regularity (note that L_{11} = O(1)), i.e. s = s_i− + O(r^2) .

In adapted null coordinates (A.2) reads ν^0∂_0Θ∂_1ϕ̊ + sϕ̊ − ρϕ̊^2 = 0 , (A.6) i.e., since dΘ|_I − ≠ 0, (A.2) is a Fuchsian ODE for ϕ̊ along the null geodesics emanating from i^−. By assumption, the functions s and ρ are cone-smooth. In [7] it is shown that ν^0 and rτ are cone-smooth. That implies that the function ψ :=

∂_0Θ r (A.4) = 2ν_0s rτ = s_i− + O(r^2) is cone-smooth, as well (note that (rτ)|_i− ≠ 0). Since we have assumed s_i− ≠ 0 the function ψ has no zeros near i^−, so ψ^{−1} exists near i^− and is cone-smooth. The ODE (A.6) thus takes the form r∂_1ϕ̊ + ω̂ϕ̊ − ωϕ̊^2 = 0 , (A.7) where the functions ω̂ := ν_0sψ^{−1} = 1 + O(r^2) and ω := ν_0ρψ^{−1} =^{ρi−}_{si−} + O(r^2) are cone-smooth and non-vanishing near the tip of the cone.^{15}

Let ε > 0 be sufficiently small. We introduce the function

γ := e^{− ∫ rε r̂−1ω̂ dr̂} ϕ̊^{−1} , (A.8) so that (A.7) becomes r^2∂_1γ + ζ = 0 , (A.9) where ζ := εωe^{− ∫ rε r̂−1(ω̂−1) dr̂} = ε ρ_i− s_i− e^{∫ ε0 r̂−1(ω̂−1) dr̂} =:c +O(r^2) (A.10)

is cone-smooth by Lemma A.4 and has a sign near the tip, sign(ζ_i− ) = sign(s_i− )sign(ρ_i− ) .

Consequently, rγ = −r ∫ r̂^{−2}ζ dr̂ = c + ĉr + O(r^2) (A.11)

is cone-smooth and has a sign as follows immediately from the expansions in Proposition A.3 and term-by-term integration. The constant ĉ can be regarded as representing the, possibly x^A-dependent, integration function. We conclude that the function ϕ̊ = εe^{− ∫ r}ε^{r̂−1(ω̂−1) dr̂} (rγ)^{−1} = s^{i−} ρ_i− + O(r) (A.12)

is cone-smooth and has a sign near the vertex of the cone, sign(ϕ̊_i− ) = sign(s_i− )sign(ρ_i− )

(Note that there remains a gauge freedom to choose ∂_1ϕ̊|_i− .) □

References

[1] M. T. Anderson, P. T. Chruściel, Asymptotically simple solutions of the vacuum Einstein equations in even dimensions, Comm. Math. Phys. 260 (2005) 557-577.

[2] F. Cagnac, Problème de Cauchy sur un conoïde caractéristique pour des equations quasi-lineaires, Ann. Mat. Pura Appl. (4) 129 (1981) 13-41.

[3] Y. Choquet-Bruhat, P. T. Chruściel, J. M. Martín-García, An existence theorem for the Cauchy problem on a characteristic cone for the Einstein equations, Proc. Complex Analysis and Dynamical Systems IV (Nahariya, May 2009), Contemp. Math. 554 (2011) 73–81.

15 The absence of first-order terms is due to the vanishing of ∂_1s|_i− and ∂_1ρ|_i− . In fact, a term proportional to r in ω would produce logarithmic terms in the expansion of ζ, (A.10), and thereby in the expansions of rγ, (A.11), and ϕ̊, (A.12).

[4] Y. Choquet-Bruhat, P. T. Chruściel, J. M. Martín-García, An existence theorem for the Cauchy problem on a characteristic cone for the Einstein equations with near-round analytic data, Proc. Petrov 2010 Anniversary Symp. on General Relativity and Gravitation (Kazan, Nov. 2010).

[5] Y. Choquet-Bruhat, P. T. Chruściel, J. M. Martín-García, The Cauchy problem on a characteristic cone for the Einstein equations in arbitrary dimensions, Ann. Henri Poincaré 12 (2011) 419-482.

[6] Y. Choquet-Bruhat, M. Novello, Système conforme régulier pour les èquations d’Einstein, C.R. Acad. Sci. Paris, t.305, Serie II, (1987) 155- 160.

[7] P. T. Chruściel, The existence theorem for the general relativistic Cauchy problem on the light-cone, (2012), arXiv:1209.1971 [gr-qc].

[8] P. T. Chruściel, J. Jezierski, On free general relativistic initial data on the light cone, J. Geom. Phys. 62 (2012) 578593.

[9] P. T. Chruściel, T.-T. Paetz, Solutions of the vacuum Einstein equations with initial data on past null infinity, (2013), in preparation.

[10] M. Dossa, Espaces de Sobolev non isotropes, à poids et problèmes de Cauchy quasi-linéaires sur un conoïde caractéristique, Ann. Inst. H. Poincaré Phys. Thér. (1997), no. 1 37-107.

[11] M. Dossa, Problèmes de Cauchy sur un conoïde caractéristique pour les équations d’Einstein (conformes) du vide et pour les équations de Yang- Mills-Higgs, Ann. Henri Poincaré 4 (2003) 385-411.

[12] H. Friedrich, On the regular and the asymptotic characteristic initial value problem for Einstein’s vacuum field equations, Proc. R. Soc. Lond. A 375 (1981) 169-184.

[13] H. Friedrich, The asymptotic characteristic initial value problem for Einstein’s vacuum field equations as an initial value problem for a firstorder quasilinear symmetric hyperbolic system, Proc. R. Soc. Lond. A 378 (1981) 401-421.

[14] H. Friedrich, On the existence of analytic null asymptotically flat solutions of Einstein’s vacuum field equations, Proc. R. Soc. Lond. A 381 (1982) 361-371.

[15] H. Friedrich, On the hyperbolicity of Einstein’s and other gauge field equations, Comm. Math. Phys. 100 (1985) 525-543.

[16] H. Friedrich, On purely radiative space-times , Comm. Math. Phys. 103 (1986) 35-65.

[17] H. Friedrich, On the existence of n-geodesically complete or future complete solutions of Einstein’s equations with smooth asymptotic structure, Comm. Math. Phys. 107 (1986) 587-609.

[18] H. Friedrich, Hyperbolic reductions for Einstein’s equations, Class. Quantum Grav. 13 (1996) 1451-1469.

[19] H. Friedrich, Conformal Einstein evolution, in: The conformal structure of space-time – Geometry, analysis, numerics, J. Frauendiener, H. Friedrich (eds.), Berlin, Heidelberg, Springer, 2002, pp. 1-50.

[20] H. Friedrich, Conformal Structures of Static Vacuum Data, Commun.

Math. Phys. 321 (2013) 419-482.

[21] H. Friedrich, The Taylor expansion at past time-like infinity, (2013), arXiv:1306.5626 [gr-qc].

[22] R. Geroch, Asymptotic structure of space-time, in: Asymptotic structure of space-time, F. P. Esposito, L. Witten (eds.), New York and London, Plenum Press, 1977, pp. 1-107.

[23] R. Geroch, G. T. Horowitz, Asymptotically simple does not imply asymptotically Minkowskian, Phys. Rev. Lett. 40 (1978) 203-206.

[24] J. Kánnár, On the existence of C^∞ solutions to the asymptotic characteristic initial value problem in general relativity, Proc. R. Soc. Lond. A 452 (1996) 945-952.

[25] H.-O. Kreiss, O. E. Ortiz, Some mathematical and numerical questions connected with first and second order time-dependent systems of partial differential equations, in: The conformal structure of space-time – Geometry, analysis, numerics, J. Frauendiener, H. Friedrich (eds.), Berlin, Heidelberg, Springer, 2002, pp. 359-370.

[26] R. Penrose, Asymptotic properties of fields and space-time, Phys. Rev.

Lett. 10 (1963) 66-68.

[27] R. Penrose, Zero rest-mass fields including gravitation: asymptotic behavior, Proc. R. Soc. Lond. A 284 (1965) 159-203.

[28] R. Penrose, W. Rindler, Spinors and space-time Vol. 1, Cambridge University Press, 1984.

[29] A. D. Rendall, Reduction of the characteristic initial value problem to the Cauchy problem and its applications to the Einstein equations, Proc. R. Soc. Lond. A 427 (1990) 221-239.