arXiv:1306.6582v1 [gr-qc] 27 Jun 2013

Ekpyrotic Loop Quantum Cosmology

Edward Wilson-Ewing^∗ Department of Astronomy and Physics, Louisiana State University, Baton Rouge, 70803

We consider the ekpyrotic paradigm in the context of loop quantum cosmology. In loop quantum cosmology the classical big-bang singularity is resolved due to quantum gravity effects, and so the contracting ekpyrotic branch of the universe and its later expanding phase are connected by a smooth bounce. Thus, it is possible to explicitly determine the evolution of scalar perturbations, from the contracting ekpyrotic phase through the bounce and to the post-bounce expanding epoch. The possibilities of having either one or two scalar fields have been suggested for the ekpyrotic universe, and both cases will be considered here. In the case of a single scalar field, the constant mode of the curvature perturbations after the bounce is found to have a blue spectrum. On the other hand, for the two scalar field ekpyrotic model where scale-invariant entropy perturbations source additional terms in the curvature perturbations, the power spectrum in the post-bounce expanding cosmology is shown to be nearly scale-invariant and so agrees with observations.

PACS numbers: 98.80.Qc, 98.80.Cq

I. INTRODUCTION

The ekpyrotic paradigm is an alternative to inflation where scale-invariant perturbations are generated during a contracting pre-big-bang phase, and it has been argued that these perturbations will travel through some transition to an expanding Friedmann-Lemaître-Robertson- Walker (FLRW) space-time and provide the seeds for structure formation [1–3].

While the ekpyrotic paradigm is motivated by string theory and sees the big-bang singularity as the collision of two parallel branes, one of which is the four-dimensional space-time we observe [4]; in much of the work studying the ekpyrotic universe an effective four-dimensional theory has been used where there are typically one or two scalar fields representing the relevant higher dimensional degrees of freedom that impact upon the dynamics of the lower-dimensional brane.

Depending on the effective four-dimensional model used, the scalar perturbations responsible for structure formation are generated by one of two methods. In the case where there is one scalar field with a particular negative exponential potential, the growing mode of the gauge-invariant Bardeen potential becomes scaleinvariant during the contracting phase [2]. On the other hand, when there are two (or more) scalar fields, then the entropy perturbations of the scalar fields grow and also become scale-invariant during the contracting phase. Then, it is possible for these entropy fluctuations to generate scale-invariant curvature perturbations [5].

In both scenarios, it is necessary to show that the scaleinvariance obtained in the contracting branch survives to the expanding branch in order for the predictions of the theory to match observations. This is a difficult task, since it is expected that quantum gravity effects will become important at the transition point and the expecta-

∗Electronic address: wilson-ewing@phys.lsu.edu

tions one may have coming from general relativity could be incorrect.

Because of this problem, there has been a lot attention paid to various “matching conditions” between the contracting and expanding branches in order to determine the form the perturbations will have in the expanding universe. Depending on the specific prescription for the matching conditions, different conclusions are reached. For example, for the case where there is a single scalar field, some matching conditions argue that the perturbations in the expanding branch should be scale-invariant [2], while other matching conditions give a blue spectrum [6, 7].

In order to avoid the ambiguity present in the choice of matching conditions, it has been suggested to model the transition as a nonsingular bounce by using a ghost condensate [8, 9], and then for the two-field ekpyrotic paradigm the perturbations in the expanding branch are scale-invariant. (The ghost condensate can cause a bounce and avoid the classical big-bang singularity as it violates the null energy condition.) However, here the equations of general relativity are used at all times including the bounce, and so it is not clear whether some important quantum gravity effects may be missed in the ghost condensate ekpyrotic universes.

In this paper, we propose an alternative: rather than using a ghost condensate to cause the bounce, we will instead consider modifications to the gravitational dynamics due to quantum gravity effects. This will be done by working in the framework of loop quantum cosmology, where the singularity is generically resolved and replaced by a bounce [10]. Using the effective equations of loop quantum cosmology (LQC), it will be possible to explicitly evolve the perturbations through the bounce and determine the spectrum of the scalar perturbations in the expanding branch. The homogeneous sector of the ekpyrotic universe has already been studied in LQC, for the cases of the flat FLRW space-time [11] and the Bianchi I model [12]. For general reviews of loop quantum cosmology, see e.g. [13–15].

The outline of the paper is as follows: in Sec. II we begin by building on the results of [11] and show how the ekpyrotic universe can easily be incorporated in LQC. Then, we will describe the prescription used in order to determine the evolution of the perturbations, from the distant past of the contracting branch, through the quantum-gravity-dominated bounce, to a sector of the expanding branch where quantum gravity effects are negligible and the equations of general relativity are once again valid.

This procedure will be carried out in Sec. III for the case where there is one scalar field, and in Sec. IV for the two-field ekpyrotic model, where entropy perturbations source additional terms in the curvature perturbations. As we shall see, in the expanding branch, the curvature perturbations in the single field model have a blue spectrum, while in the two field model they are scaleinvariant. Thus, it is only the two scalar field model of ekpyrotic loop quantum cosmology that is in agreement with observations. We conclude with a brief discussion in Sec. V.

II. THE EKPYROTIC UNIVERSE IN LOOP QUANTUM COSMOLOGY

A. Loop Quantum Cosmology

In loop quantum cosmology, cosmological space-times are quantized by taking holonomies and areas to be the fundamental geometrical operators, just as in loop quantum gravity. Furthermore, the same techniques and mathematical tools are used in order to define the Hamiltonian constraint operator. While several cosmologies have been studied in LQC, including Bianchi and Gowdy space-times, here we will focus on the flat FLRW cosmology, as it is this background that is relevant for the ekpyrotic universe^1.

The LQC dynamics of the flat FLRW space-time have been studied in some detail now, and the most important result is the resolution of the classical big-bang singularity. Working in the Schrödinger picture, states never become singular (assuming that they are initially nonsingular) and undergo a bounce that bridges contracting and expanding branches of the cosmology [16, 17].

What is more is that states that are initially sharply peaked remain sharply peaked throughout their evolution [16]. Thus, it is possible to speak of a “mean geometry” for such a state at all times, including at the bounce point. Furthermore, the dynamics of the mean geometry is given by a relatively simple set of modified Friedmann equations, called the LQC effective equations. For the

1 Anisotropies and spatial curvature do not play a significant role during the contracting phase as the gravitational dynamics are dominated by the ekpyrotic scalar field. See e.g. [3] for details.

flat FLRW space-time, the effective equations are [18]

H^2 = 8πG 3 ρ ( 1 − ρ ρ_c ) , (1)

Ḣ = −4πG(ρ + P ) ( 1 − 2ρ ρ_c ) , (2)

ρ̇ + 3H(ρ + P ) = 0. (3)

Here H = ȧ/a is the Hubble rate, ρ and P are respectively the energy density and pressure of the matter field, and the dots represent derivatives with respect to the proper time t. The critical energy density ρ_c ∼ ρ_{Pl} encodes the modifications to the Friedmann equations, and it is easy to see how its presence causes a bounce to occur.

While these equations only hold for semi-classical states (i.e., states that satisfy the scalar constraint and are initially sharply peaked), in this paper we are interested in a universe which has a nice classical limit, both before the bounce in the contracting branch, and in the expanding branch after the bounce. In order to have a nice classical limit, the states should be sharply peaked and therefore we will restrict our attention to semi-classical states for the remainder of this paper. So, it is sufficient to work with the effective equations in this setting.

B. The Ekpyrotic Universe

The potential for the scalar field in the ekpyrotic model is somewhat complicated, but during the contracting phase of the universe, the section of the potential that is relevant for that portion of the gravitational dynamics has the form of a negative exponential and is usually parametrized as V (φ) = −V_oe^− √_{16πG/p φ} , (4)

with 0 < p ≪ 1. One of the nice properties of this potential is that it admits a solution where the scalar field mimics an ultrastiff fluid with a constant equation of state P = ωρ, with ω ≫ 1, and this solution is precisely the one of interest in the ekpyrotic universe.

However, this is a result that comes from the classical Friedmann equations, and no longer holds if one uses the LQC-corrected Friedmann equations instead. In order to allow a solution with the same ω in LQC, a slightly different potential must be used, namely [19]

V (φ) = −V_oe^− √_{16πG/p φ} ( 1 +^{3pVo}

4ρ_c (1−3p) e − √_{16πG/p φ})_2 . (5)

Note that the potentials (4) and (5) agree so long as quantum gravity effects remain negligible: the potentials only differ once the bounce begins.

Using the usual relations ρ = φ̇^2/2 + V (φ) and P = φ̇^2/2 − V (φ) together with the LQC effective equations, it is easy to see that there exists a solution where P = ωρ, ω = 2 3p − 1. (6)

This is the ekpyrotic solution that we shall consider here. Since p is very small, it follows that ω ≫ 1 and so this is an ultrastiff perfect fluid.

We will use this potential for the ekpyrotic scalar field, during the collapse and the bounce. This choice means that the matter field is essentially a perfect fluid with a constant equation of state, and this will significantly simplify the calculations. Although we assume a transition to a radiation-dominated era soon after the bounce (but after quantum gravity effects have become small), we will only study the dynamics up to a time before this transition.

It is worth pointing out that in many ekpyrotic models the form of the potential changes just before the bounce, contrary to what we assume here; we leave the possibility of allowing different potentials for future work. However, we do expect that the main predictions obtained in this paper, including the value of the scalar index, will not be affected by a change in the potential during (or just before) the bounce. We discuss this point further in Sec. IV D.

For the ekpyrotic solution (6) from the potential (5), the scale factor is given by a(t) = ( a_ot^2 + 1 )_{p/2} , a_o = 8πGρ_c 3p^2

, (7)

where ρ_c is the critical energy density. The overall scaling freedom in the scale factor has been fixed by setting a(0) = 1.

It is easy to obtain the classical limit for either the contracting or expanding branch, which correspond to t ≪ −1/ √ a_o and t ≫ 1/ √ a_o respectively. We will combine both cases simply by considering |t| ≫ 1/ √ a_o, in which case the scale factor is given by a(t) = a^{p/2}_o |t|^p. (8) It is important to keep in mind the role played by the absolute values around t when derivatives are calculated in the classical limit. For example, the Hubble rate is given by H = ȧ/a = sgn(t)p/|t| = p/t. Some other useful relations are those between the proper time t and the conformal time η,

dη = dt a(t) (9) given by |η| = |t|^{1−p} a^{p/2}_o (1 − p)

, (10) and the scale factor as a function of conformal time is a(η) = a^{p/2(1−p)} o [ (1 − p)|η| ]_{p/(1−p)} , (11)

again in the classical limit of |t| ≫ 1/ √ a_o.

C. With Two Scalar Fields

Many realisations of the ekpyrotic universe use two scalar fields and it is possible to do this in LQC as well. As before, it is desired to have the scalar fields, together, mimic a perfect fluid with a constant equation of state.

In order to do this, it is necessary to modify the potential (5) in the following way. If there are two scalar fields φ_1, φ_2, with potentials V_1(φ_1) and V_2(φ_2), then taking the potentials

V_1(φ_1) = −V_oe^− √_{16πG/q1 φ1} ( 1 +^{3p2 Vo}

4q_1 ρ_c (1−3p) e − √_{16πG/q1 φ1} )_2 , (12)

V_2(φ_2) = −Ṽ_oe^− √_{16πG/q2 φ2} ( 1 +^{3p2Ṽo}

4q_2 ρ_c (1−3p) e − √_{16πG/q2 φ2} )_2 , (13)

with 0 < q_i ≪ 1 and

p = q_1 + q_2, (14)

there exists a solution to the LQC Friedmann equations with

φ_1(t) = √ q_1 4πG ln [ − √ 2πGV_o q_1(1 − 3p) ( t + √ t^2 + 1 a_o ) ] , (15)

φ_2(t) = √ q_2 4πG ln [ − √ 2πGṼ_o q_2(1 − 3p) ( t + √ t^2 + 1 a_o ) ] , (16) where a_o = 8πGρ_c/3p^2, as before. For this solution, the scale factor is given by (7) and thus we see that this combination of the two scalar fields mimic a perfect fluid with a constant equation of state (6), just as in the previous section.

So, by having two scalar fields with the specific potentials given here, it is possible to have exactly the same ekpyrotic solution for the background gravitational degrees of freedom as in the single scalar field case.

Finally, from this discussion it is clear how to generalize this procedure in order to allow additional scalar fields in the ekpyrotic LQC universe: the potentials V_i(φ_i) should be of the same form as (12), where p is redefined as p = ∑ i q_i.

D. Scalar Perturbations

One of the main reasons to consider the ekpyrotic universe in the context of LQC is that it is now known how to go beyond homogeneous space-times and study linear perturbations on a flat FLRW background in LQC. The two approaches developed so far are lattice loop quantum cosmology [20], where the separate universes framework [21, 22] is adapted to the setting of loop quantum cosmology, and also a hybrid approach where the perturbations are quantized à la Fock on the homogeneous loop quantum cosmology background space-time [23, 24].

In addition, effective equations for the linear perturbations —including the effects coming from the holonomy corrections that cause the bounce in the homogeneous models— have been obtained in two independent ways, namely, derived from the Hamiltonian constraint in lattice loop quantum cosmology [20, 25] and obtained by using the anomaly freedom algorithm [26–28]. Using this Mukhanov-Sasaki-like LQC effective equation on an ekpyrotic background, it will be possible to track the evolution of the perturbations through the bounce and determine their precise form in the expanding branch.

As mentioned above, for the homogeneous and isotropic FLRW cosmologies, it has been shown that states that are initially sharply peaked remain sharply peaked throughout their evolution determined by the Hamiltonian constraint operator. So, if one is interested in the mean geometry of the space-time rather than quantum fluctuations, the effective equations for the background variables describe their evolution to a high degree of accuracy. However, the full quantum dynamics of linear perturbations have not yet been studied in sufficient detail in order to determine whether, for sharply peaked states, the effective equations again provide a good approximation for the expectation values of operators corresponding to linear perturbations.

Nonetheless, it does not seem unreasonable to hope that, at least for linear perturbations, the effective equations can be useful beyond the setting of homogeneous space-times. Therefore, in this paper we shall restrict our attention to states that are sharply peaked, and use the effective equations to determine the dynamics of the background geometry and also of the propagation of linear perturbations on it. This will allow us to determine the mean geometry of the space-time, including perturbations, at all times.

In principle, it is possible to solve the effective equations of LQC for all times and thus immediately determine the mean geometry of the entire space-time. However, in practice the effective equations for the perturbations are difficult to solve exactly and so we will instead use the following procedure:

1. The mean background geometry has already been determined, in Sec. II B if there is one scalar field, and in Sec. II C if there are two scalar fields.

2. We will start in the portion of the contracting branch where quantum gravity effects are negligible. The perturbations visible today in the cosmic microwave background are of a sufficiently long wavelength that as the universe contracts, they will all exit the Hubble radius before any LQC effects become important.

Therefore, the standard equations of classical cosmological perturbation theory can be used in order determine the long wavelength behaviour of the perturbations in the classical, contracting branch once the modes exit the Hubble radius, but before quantum gravity effects become important.

3. The LQC effective equations for the perturbations simplify significantly in the long wavelength limit. Therefore, it will be a relatively straightforward task to determine the solution to the LQCcorrected differential equations in the long wavelength limit, up to the constant prefactors of the two independent solutions to the differential equation.

This solution will hold at all times, before, during and after the bounce, for long wavelengths. Therefore, in the classical limit before the bounce, the LQC solution must agree with the classical solution obtained in the previous step, and this condition can be used in order to determine the two unknown prefactors in the LQC solution.

4. After this matching condition is imposed, the solution for long wavelength modes is known at all times, including in the expanding branch after the bounce, and so it is possible to check whether the resulting perturbations are scale-invariant or not.

These steps will allow us to determine the precise spectrum of the curvature perturbations in the expanding branch of ekpyrotic loop quantum cosmology.

III. THE SINGLE SCALAR FIELD MODEL

The dynamics of scalar perturbations in the contracting branch of the single scalar field ekpyrotic universe have been studied in some detail, and there is by now a wealth of literature on the subject. In particular, it is well known that the perturbations in the scalar field φ are scale-invariant [1]; and although the comoving curvature perturbations have a blue spectrum [29], the growing mode in the Bardeen potential is scale-invariant [2].

In the first part of this section, for the sake of completeness and also to establish notation, we will briefly review some of these results. Then, in the next two parts we will use the LQC Mukhanov-Sasaki equation to evolve the perturbations through the bounce and determine their spectrum in the expanding branch.

A. The Contracting Branch

We will use the gauge-invariant Mukhanov-Sasaki variable v in order to study the evolution of perturbations. It is defined as v = a ( δφ^{(g.i.)} + φ̇ H Φ ) , (17)

where δφ^{(g.i.)} is the gauge-invariant scalar field perturbation and Φ is the gauge-invariant Bardeen potential. For a review of cosmological perturbation theory, see e.g. [30, 31].

When there is only a single matter field, as is the case here, the equations of motion for v are v^{′′} − ∇^2v − z^{′′} z v = 0, (18)

where primes denote derivatives with respect to the conformal time, and z = aφ̇ H = a √ 4πGp , (19)

where the second equality holds due to the definitions of ρ and P for a scalar field together with (6).

Therefore, in Fourier space this equation becomes v^{′′}_k + ( k^2 − p(2p − 1) (p − 1)^2η^2 ) v_k = 0, (20)

and the solution is

v_k = √ πℏ 4 √ −η H^{(1)}_n (−kη); n = 1 − 3p 2(1 − p)

, (21)

where H^{(1)}n (x) is the Hankel function. The prefactor of √ πℏ/4 ensures that initially (at time η → −∞), v_k are quantum vacuum fluctuations.

The comoving curvature perturbation R is related to the Mukhanov-Sasaki variable by

R_k = v_k z = π √ Gℏp (−η)^n [ √ a_o(1 − p)]^{p/(1−p)} H^{(1)}_n (−kη). (22)

When the modes exit the Hubble radius, −kη ≪ 1 and then the asymptotic form of the Hankel function can be used. This shows that for modes that have exited the Hubble radius,

R_k = π √ Gℏp 2^nΓ(n + 1)[ √ a_o(1 − p)]^{p/(1−p)} k^n(−η)^{2n} − i 2^nΓ(n) √ Gℏp [ √ a_o(1 − p)]^{p/(1−p)} k^{−n}. (23)

Since 0 < p ≪ 1, we have n ≈^1_2 − p, and thus both modes of R have a blue spectrum.

From R we can calculate the Bardeen potential Φ via the relation [30]

− k^2Φ_k = 4πGaφ̇^2 H R^′_k = R^′_k (1 − p)η . (24)

Using d[x^ℓH^{(1)}_ℓ (x)]/dx = x^ℓH^{(1)}_{ℓ−1}(x), we find that

Φ_k = −π √ Gℏp (−η)^{n−1} k[a^{p/2}_o (1 − p)]^{1/(1−p)}

H^{(1)}_{n−1}(−kη). (25)

Again, for modes that are outside the Hubble radius, the asymptotics of the Hankel function can be used in order to determine the k-dependence of the perturbations,

Φ_k = π √ Gℏp 2^{n−1}Γ(n)[a^{p/2}_o (1 − p)]^{1/(1−p)} k^{−(2−n)}(−η)^{2n−2} − i 2^{n−1}Γ(n − 1) √ Gℏp [a^{p/2}_o (1 − p)]^{1/(1−p)} k^{−n}. (26)

The first mode is growing as the space-time contracts and is almost scale-invariant with a small red tilt, while the second mode is constant and proportional to k^{−1/2+p}. Recalling that for small p, n ≈^1_2 − p, the power spectrum of Φ is easily determined. Keeping only the growing mode, which is also the dominant term for long wavelengths,

Δ^2_Φ(k) = k^3 2π^2

|Φ_k|^2 ∼ k^{−2p} (−η)^{1+2p}

, (27)

and it is clear that the Bardeen potential is scaleinvariant with a slight red tilt due to the −2p in the exponent.

Now the question is whether this mode survives the bounce and if it is observationally relevant in the expanding branch of the ekpyrotic universe. We expect the constant modes in R and Φ to agree, so if the scale-invariant mode of Φ is indeed relevant, there should appear a new term in the curvature perturbation R as well. In order to determine the spectrum of the observationally relevant modes in the expanding branch, we will use the effective equations of LQC to evolve the perturbations through the bounce.

B. The Bounce

The LQC effective equation for the Mukhanov-Sasaki variable defined in (17) is [26, 27] v^{′′} − ( 1 − 2ρ ρ_c ) ∇^2v − z^{′′} z v = 0, (28)

where z is given by the first equality appearing in (19). Note however that the second equality no longer holds as the Friedmann equations relating H and φ̇ are modified in LQC. Thus, once corrections from LQC are included, z(t) = 1 4πG √ 3p 2ρ_c a(t)^{(p+1)/p} t . (29)

For long wavelength modes, the second term in (28) is negligible and then the solution to the differential equation for each Fourier mode is

v_k = A_1z(η) + A_2z(η) ∫_η dη̄ z(η̄)^2

, (30)

where A_1 and A_2 are constants that must be fixed by matching this solution with the classical solution in a regime when both solutions are valid.

Recalling the definition of the comoving curvature perturbation variable R, and using (9),

R_k = A_1 + A_2 ∫_t dt̄ a(t̄) z(t̄)^2

(31)

= A_1 + A_2 ·

3a_op^3 2ρ_c t [ 2F_1

(_1 2 ,^{3p}_2 ,^3_2 , −a_ot^2 )

−_2F_1

(_1 2 , 1 +^{3p}_2 ,^3_2 , −a_ot^2 ) ] + αA_2, (32)

where_2F_1 are hypergeometric functions and α is a constant of integration. A nonzero α simply redefines the constant mode by A_1 → A_1 + αA_2, and we will take advantage of this freedom in order to simplify the matching that determines A_1 and A_2. Of course, the physics is independent of α in the sense that the matching uniquely determines A_1 + αA_2, but a particular choice of α will shorten the calculations.

The solution (32) can be trusted for any mode whose conformal wavelength is larger than √ |z/z^{′′}|. Since in the classical limit z/z^{′′} ∼ r^2_H (with r_H being the conformal Hubble radius), this solution holds for modes outside of the Hubble radius during the classical contracting phase.

Therefore, this solution can be matched to (23) by taking the classical limit of t ≪ −1/ √ a_o, in which case

R_k =A_1 + A_2 [ 3p^3a^{1−3p/2} o e^{−i·3πp}(−t)^{1−3p} 2(1 − 3p)ρ_c + α

+ 3p^3 √ a_oπ 4ρ_c ( Γ (_{1+3p} 2 ) Γ (_{3p} 2 ) − Γ ( −^{1−3p}_2 ) Γ ( 1 +^{3p}_2 ) ) ] . (33)

This expression can be simplified by setting α = − 3p^3 √ a_oπ 4ρ_c ( Γ (_{1+3p} 2 ) Γ (_{3p} 2 ) − Γ ( −^{1−3p}_2 ) Γ ( 1 +^{3p}_2 ) ) , (34)

and since in the classical limit the relation (10) can be trusted, we find that the matching of this solution with the classical one in the regime where they both hold implies that

A_1 = − i 2^nΓ(n) √ Gℏp a^{p/2}_o k^{−n}, (35)

A_2 = 2^{1−n}π √ Gℏp ρ_c 3 Γ(n + 1)p^3a^{(2−p)/2}_o k^n. (36)

The expressions given here hold for small p. It is a straightforward calculation to determine the exact numerical factors to all orders of p, but the precise form of the prefactors will not be important here. Indeed, the most important point here is that A_1 ∼ k^{−n} and A_2 ∼ k^n.

C. The Expanding Branch

In the expanding branch after quantum gravity effects become negligible, the standard equations of motion for linear cosmological perturbations coming from general relativity are valid, so the differential equation (18) can be used and therefore the solution for R_k, in the expanding branch, is

R_k = η^n [ B_1J_n(kη) + B_2Y_n(kη) ] , (37)

where the prefactors must be determined by matching this solution in the long wavelength limit with the LQC solution in the late time limit.

The long wavelength limit of (37) is simply given by

R_k =

B_1 2^nΓ(n + 1) k^nη^{2n} − B_22^nΓ(n) π k^{−n}, (38)

and the late time solution for the LQC solution (32) is

R_k = A_1 + A_2 [ 3p^3a^{1−3p/2} o t^{1−3p} 2(1 − 3p)ρ_c − 2α ] . (39)

Thus, by matching the prefactors, we find that we must have

B_1 = √ πℏ 2 , B_2 = i √ πℏ 2 ( 1 − 2αA_2 A_1 ) . (40)

Therefore, the first mode of (38) is proportional to k^n while the second has two contributions, one proportional to k^n as well and the other proportional to k^{−n}.

As in the ekpyrotic scenario n ≈^1_2 −p and p is small, it is clear that neither of the modes of the curvature variable R contain a scale-invariant term. While this is not a surprising result (no term in the curvature perturbations was scale-invariant in the contracting branch), it does indicate that the constant mode of the Bardeen potential should also contain two contributions, proportional to k^n and k^{−n}, neither being scale-invariant.

This expectation can be checked explicitly by using the relation (24) in order to relate the curvature perturbation in (37) to the Bardeen potential. Dropping the numerical part of the overall prefactor [which is the same as in Eq. (25)], this gives

Φ_k ∼ η^{n−1} k [ H^{(1)}_{n−1}(kη) − 2αA_2 A_1 Y_{n−1}(kη) ] . (41)

In the long wavelength limit, the Bessel functions can be expanded giving

Φ_k ∼ k^{n−2}η^{2n−2} + k^{−n} + k^n, (42)

where we have only kept the k and η dependence of each of the terms. (Recall that αA_2/A_1 ∼ k^{2n}.)

Since n ≈^1_2 −p, we see that only the first term is scaleinvariant. However, since this mode decays rapidly as the universe expands, it is not relevant for structure formation. Rather, the dominant contribution to the power spectrum of the Bardeen potential at late times is

Δ^2_Φ(k) ∼ k^{3−2n} ∼ k^{2+2p}, (43)

giving a blue spectrum with a scalar index of n_s = 3 + 2p, which is in perfect agreement with the expectations coming from the form of R after the bounce.

It is worth pointing out that the k^n contribution appearing in the constant mode of Φ (and also R) comes from the scale-invariant growing mode of Φ in the contracting branch. The reason that this term is not scaleinvariant in the constant mode is that it is, in effect, multiplied by k^2, just as suggested by the matching conditions used in [6].

Thus, the results obtained here by evolving the perturbations through the bounce and in [6] by using the constant energy density matching conditions given in [32, 33] are in agreement, at least for predictions of the scalar index n_s.

Finally, it is also worth pointing out that in another bouncing cosmology, the matter bounce scenario, the scalar index n_s obtained from LQC effective equations and the constant energy density matching conditions agree once again, even though there is a nontrivial transfer from the growing mode in the contracting phase to the constant mode in the expanding phase [34, 35]. (Note however that the predicted amplitudes of the perturbations do not agree.) It is possible that this correspondence may be true in general, and that the constant energy density matching conditions might capture some of the physics occurring during the bounce in LQC.

IV. THE TWO SCALAR FIELD MODEL

In the two scalar field model of the ekpyrotic universe, the entropic perturbations become scale-invariant in the contracting branch [5, 8, 9]. Then, the (scale-invariant) entropy perturbations can source (scale-invariant) curvature perturbations.

We begin this section by reviewing the dynamics of entropy perturbations and recall results from [5, 8, 9] that show that, for the ekpyrotic solution, entropic perturbations are scale-invariant for modes outside the Hubble radius. Then, we will a consider a specific case in order to show how the entropic perturbations can generate curvature perturbations, and evolve these curvature perturbations through the LQC bounce.

A. Entropy Perturbations in the Contracting Branch

As there are two scalar fields φ_1 and φ_2, there are also two independent perturbations δφ_1 and δφ_2. It is of course possible to study the perturbations of the matter degrees of freedom using these variables, but it is more convenient to rewrite these perturbations in terms of adiabatic and entropic perturbations.

It will be useful to briefly review some basic information regarding entropy perturbations; for more details see e.g. [36]. For the case where there are two scalar fields, a simple way to rewrite the perturbations δφ_1 and δφ_2 in terms of adiabatic and entropic perturbations is available if the trajectory of the scalar fields through their configuration space (φ_1(t), φ_2(t)) is known. The key ingredient is the angle θ describing the direction of the motion of the scalar fields in their configuration space,

cos θ = φ̇_1 √ φ̇^2_1 + φ̇^2

, sin θ = φ̇_2 √ φ̇^2_1 + φ̇^2

. (44)

For the ekpyrotic solution given in (15) and (16),

θ = arctan √ q_2 q_1

. (45)

Then, it is possible to use the angle θ in order to split the perturbations (δφ_1, δφ_2) into the part tangential to the configuration space trajectory of the scalar fields, giving the adiabatic perturbation

δσ = cos θ δφ_1 + sin θ δφ_2; (46)

while the gauge-invariant entropic perturbation is orthogonal to the configuration space trajectory of the scalar fields,

δs = − sin θ δφ_1 + cos θ δφ_2. (47)

The adiabatic perturbations will have the same behaviour as δφ in the single field case [36] and so the adiabatic perturbations alone would give the same results as the model studied in Sec. III.

Therefore, it is more interesting to focus on the entropy perturbations, which we shall show contain a growing scale-invariant mode in the contracting space-time. Since entropic modes appear as a source in the equations of motion for the curvature perturbation R, if they are scale-invariant they can generate scale-invariant curvature perturbations.

In order to see that the growing mode of the entropic perturbations is scale-invariant, we start with the equation of motion for the entropic perturbations in Fourier space [36]

δ̈s_k + 3Hδ̇s_k + ( k^2 a^2

+ V_{ss} + 3θ̇^2 ) δs_k = k^2θ̇ 2πGa^2σ̇ Φ_k,

(48) where we have defined

V_{ss} = cos^2 θ d^2V_1(φ_1)

dφ^2_1

+ sin^2 θ d^2V_2(φ_2)

dφ^2

. (49)

(Note that there is an additional term appearing in V_{ss} if there are any interactions between φ_1 and φ_2.)

For the ekpyrotic solution given by (7), (15) and (16), θ̇ = 0 and V_{ss} = −2(1 − 3p) t^2 + 1/a_o ( 1 − 3/2 a_ot^2 + 1 )

≈ − 2 t^2

(1 − 3p) , (50)

where the second equality provides an excellent approximation to V_{ss} so long as quantum gravity effects are negligible.

Using θ̇ = 0 and Eq. (50), the differential equation (48) —rewritten for (a δs_k) in conformal time— becomes

(a δs_k)^{′′} + ( k^2 − 1 η^2 [ 2 − 3p + p^2 ]) a δs_k = 0. (51)

The solution to this differential equation is similar to the one for the Mukhanov-Sasaki equation, a δs_k = √ πℏ 2 √ −ηH^{(1)}_ñ (−kη), (52)

with the difference that now

ñ = √ 9 4 − 3p + p^2 ≈ 3 2 − p, (53) where the second equality holds for small p. As before, the overall prefactor has been chosen so that at early times η → −∞ one obtains quantum vacuum fluctuations.

Recalling that a(η) ∼ (−η)^{p/(1−p)} in the contracting branch, and using the asymptotic expansion of the Hankel function, the long wavelength limit of δs_k is given by δs_k = √ πℏ 2 a^{−p/2}_o [ k^{3/2−p}(−η)^{2−2p} 3 − i k^{−3/2+p} √ π(−η) ] , (54)

where we have dropped terms of the order p in the prefactors, and of the order p^2 in the exponents. This shows that the growing mode is almost scale-invariant, with a slight blue tilt.

Here there is a blue tilt because of the choice of the potentials we have worked with. It is easy to choose slightly different potentials and get a slightly different tilt. In particular, it is relatively easy to obtain a red tilt that agrees with observations [5, 8].

B. Generating Curvature Perturbations

The dynamics of the curvature perturbation R is affected by the presence of entropic perturbations, and so it is possible for a scale-invariant entropy perturbation to generate scale-invariant curvature perturbations.

If the Bardeen potential and the entropic perturbations are known, then the evolution of the curvature perturbation is given by [36]

Ṙ_k = k^2 a^2 · H Ḣ Φ^k + 2Hθ̇ √ φ̇^2_1 + φ̇^2 δs_k, (55)

and in the long wavelength limit, the first term is negligible. Note however that in the solution we have been considering so far, θ̇ = 0 and so in this case the entropic perturbations cannot source the curvature perturbations.

However, by modifying the potential so that one of the scalar fields suddenly changes directions in their configuration space, it is possible to generate new terms in the curvature perturbation. Here we will review one such scenario that has been proposed in order to show how this is possible. We shall merely outline the scenario studied in detail in [5, 8].

So far we have been working with negative exponential potentials (plus some minor modifications to simplify LQC calculations). Let us now assume that the potential V_2(φ_2) has the form where part of it is accurately described by (12), but then the potential rises sharply and flattens out. (We assume that V_1(φ_1) remains unchanged.) If the form of the potential is chosen carefully, then it is possible to obtain a solution φ̇_2 = 0 after φ_2 climbs the potential, and this solution will be conserved in time if the potential V_2(φ_2) becomes flat after its sharp rise.

In this scenario, the new value of θ = 0 shows that there must have been a θ̇ ≠ 0 at some point. If we assume that the potential rises very sharply, it is possible to approximate the change in θ by a delta function, θ̇ = − ( arctan √ q_2 q_1 ) δ(t − t_i), (56)

where t_i is the time when φ_2 hits the sudden rise in the potential. Of course, as φ_2 starts to rise in the potential, the dynamics of the background will be affected, so H, φ̇^2_1 + φ̇^2 and δs will change. However, if we assume that the change in θ is instantaneous, we can approximate these quantities by their values just before φ_2 starts to go up the sharp rise in the potential^2.

In this limit, it is easy to integrate (55), giving R_k(t) = R̊_k(t) − 8πG √ p ( arctan √ q_2 q_1 ) t_i δs_k(t_i), (57)

2 At first it seems as though such an approximation must fail for both φ̇^2_1 + φ̇^2 and δs, as they each contain contributions from φ̇_2 which changes rapidly as φ_2 climbs the potential. However, it can be shown that the first term must vary continuously and δs changes by at most a factor of order unity (see [8] for details), and so this approximation is valid.

where R̊_k represents the terms that were already present in the curvature perturbation variable. Recall that the curvature perturbation, in a contracting ekpyrotic cosmology, has a constant mode as well as a decaying mode as seen in Sec. III A. Since the new terms generated by the entropic modes are evaluated at the time t_i, these new terms do not evolve after this time and so contribute to the constant mode.

Therefore, the curvature perturbation in this scenario is schematically given by^3

R_k ∼ k^12^{−p}(−η)^{1−2p} + k^{− 1}2^{+p} + k^32^{−p} + k^{− 3}2^{+p}, (58)

where the first two terms come from R̊_k (see Sec. III A) and the last two terms come from the entropy perturbations. There are three contributions to the constant mode, and in the long wavelength limit, the dominant contribution is almost scale-invariant.

Finally, note that since the prefactors to the terms generated due to the entropy perturbations highly depend on t_i —not only due to the time-dependence of the prefactors in (55), but also the time-dependence in δs_k itself— the amplitude of the scale-invariant mode strongly depends on t_i.

C. The Bounce

Using the LQC effective equations, it is possible to evolve the curvature perturbations through the bounce. Note that in general relativity, in the absence of entropy perturbations and for modes that are outside the Hubble radius, R^′ = 0. However, this is not the case in LQC and so it is necessary to solve the equations of motion for R even in the absence of entropy perturbations.

Here we will assume that the entropy perturbations do not play a role once the scale-invariant perturbations have been generated, and then the long wavelength solution (31) to the LQC effective equation for R,

R_k = C_1 + C_2 ∫_{η̄} dη̄ z(η̄)^2

, (59)

is valid.

Now, since at this point φ_2 has climbed the potential, the scalar fields no longer mimic an ultrastiff perfect fluid and so the exact dynamics of the background are not known without specifying the entire form of the potential V_2(φ_2) (and also V_1(φ_1) if that potential is to be modified as well), and then determining the dynamics of the background metric by using the LQC effective Friedmann equations. Because of this, it is not possible to

3 Note that while the time dependence of the first, decaying mode may change when the field φ_2 climbs the potential, this mode will continue to be time-dependent and its k-dependence will not change.

determine the exact values of C_1 and C_2 without further input.

Nonetheless, it is possible to determine the kdependence of these terms in the following manner. Recall that in Sec. III B, it was shown how by choosing an appropriate constant of integration, it is possible to relate C_1 only to the constant mode of R in the contracting phase and C_2 only with the time-dependent mode of R; this procedure gives

C_1 ∼ k^{− 1}2^{+p} + k^32^{−p} + k^{− 3}2^{+p}, C_2 ∼ k^12^{−p}. (60)

On the other side of the bounce, the equations of general relativity can be trusted once more, and the curvature perturbation will contain the two standard modes, of which the constant mode is the one relevant for structure formation.

From the solution (59), it is clear that at least the three terms in C_1 will contribute to the constant mode, and generically the term in C_2 will contribute as well (as it did in Sec. III C). Therefore, after the bounce the constant mode of the curvature perturbation will typically contain the four following terms (and always the first three terms),

R_k ∼ k^{− 1}2^{+p} + k^32^{−p} + k^{− 3}2^{+p} + k^12^{−p}, (61)

and the dominant contribution at long wavelengths is almost scale-invariant, so

Δ^2_R(k) ∼ k^{2p}. (62)

Note that the amplitudes of each term in the constant mode depend on the specifics of the pre-bounce dynamics. Furthermore, the background dynamics during the bounce only affect the amplitude of the last term, which comes from the decaying mode in the contracting branch.

What can be seen here is that while R^′ ≠ 0 in LQC —even for adiabatic perturbations that are outside the Hubble radius— the terms already appearing in the constant mode of R are conserved. Typically, however there are additional terms that are generated during the bounce. Note that as the new terms will have a different dependence on k (except perhaps in some pathological cases) the new terms cannot affect the amplitudes of the already existing modes or cancel them out.

In the ekpyrotic universe, the new term added during the bounce has a blue spectrum, so it is not relevant from an observational point of view and can be ignored. Thus, the almost scale-invariant term dominates the scalar power spectrum in ekpyrotic LQC.

D. More General Potentials

Clearly, the discussion so far in this section has only considered a very specific set of potentials and it may appear that a significant amount of fine-tuning —both in the choice of the potentials, and in the initial conditions so that φ_2 starts climbing its potential at the right time— is necessary in order to obtain a scale-invariant spectrum of curvature perturbations.

However, these choices have been made in order to simplify the calculations so that the derivation is as clear and transparent as possible. It is of course possible to consider different potentials, as well as different procedures that generate a nonzero θ̇, and some of these choices will no doubt require less fine-tuning.

Let us clarify which ingredients are necessary in order to obtain scale-invariant curvature perturbations in ekpyrotic loop quantum cosmology:

1. The first ingredient is a contracting phase where the matter degrees of freedom mimic a perfect fluid with a very large (constant) equation of state. If there are at least two matter fields, and the entropic perturbations begin as quantum vacuum fluctuations, then the entropic perturbations will acquire a scale-invariant spectrum.

2. Then, the (scale-invariant) entropy perturbations can source new (scale-invariant) terms in the curvature perturbations. If the matter fields are scalars, this occurs if there is a sharp turn in the trajectory of the scalar fields in their configuration space.

3. Using the LQC effective equations, and assuming that the entropy perturbations no longer affect the dynamics of the curvature perturbations, it is possible to evolve the perturbations through the bounce. It then follows that the constant mode of the curvature perturbation in the expanding branch contains an almost scale-invariant term, and it is this term that is the dominant one for long wavelengths.

There are two further comments that are necessary. First, the amplitude and tilt of the almost scale-invariant perturbations strongly depend on the specifics of (i) the background dynamics of the contracting phase and (ii) the manner in which θ changes. In particular, there are rather simple examples that give predictions consistent with the observations of the cosmic microwave background [5, 8]. In any case, there is a lot of freedom in these choices, and an important point is that these choices can be studied entirely in the classical limit, as both the tilt and the amplitude remain constant through the bounce (so long as the entropy perturbations decouple from the curvature perturbations during the bounce).

The second comment concerns this last caveat: entropy perturbations have not yet been studied in LQC. For this reason, in this paper we have assumed that δs sources R before quantum gravity effects become important, and also that the two decouple during the bounce. In order to go beyond these assumptions it will be necessary to determine the LQC effective equations in the presence of entropy perturbations. It seems likely that allowing a coupling between the curvature and entropy perturbations during the bounce will not affect any qualitative predictions, but this should be checked.

V. CONCLUSIONS

In this paper, we have determined the spectrum of curvature perturbations in ekpyrotic loop quantum cosmology, for both the single scalar field and the two scalar field model. While the case of a single field is not viable as it predicts a blue spectrum, in the two scalar field scenario —where entropy perturbations generate additional contributions to the curvature perturbations— the resulting power spectrum is indeed scale-invariant and so is compatible with observations.

In this work, particular potentials for the scalar fields have been chosen in order to simplify the calculations. It is of course possible to consider a larger family of potentials than the ones used here, at the expense of complicating some of the calculations. Indeed, it will be necessary to do just this in order to obtain perturbations with a slight red tilt to their scale-invariance, as the potentials considered here give a slight blue tilt.

This is not very problematic however, as some potentials that do give a red tilt are already known [5, 8]. In addition, as argued in Sec. IV D, any contributions to the constant mode of the curvature perturbation R (the mode that is observationally relevant) before the bounce will survive the bounce. There may be additional contributions to the constant mode of R, but so long as these are small compared to k^{−3/2} in the long wavelength limit, the almost scale-invariant term will dominate. Furthermore, the amplitude of this mode is entirely determined by the pre-bounce physics, where the quantum gravity effects are negligible and the standard cosmological perturbation equations can be used. Therefore, in ekpyrotic loop quantum cosmology it is possible to determine the amplitude of the curvature perturbations and their departure from scale-invariance for a specific set of potentials purely from the classical equations of motion (so long as the entropic perturbations source the curvature perturbations before quantum gravity effects become important) and so the results obtained for a larger family of potentials given in [5, 8] hold in LQC as well.

On the other hand, if the generation of curvature perturbations from the entropy perturbations occurs at a time when LQC effects are important, then there may be some additional corrections to the resulting scalar power spectrum that have not been considered here. An investigation of this possibility is left for future work.

Acknowledgments

I would like to thank Thomas Cailleteau and Parampreet Singh for helpful discussions. This work was supported in part by a grant from the John Templeton Foundation. The opinions expressed in this publication are those of the author and do not necessarily reflect the views of the John Templeton Foundation.

[1] J. Khoury, B. A. Ovrut, P. J. Steinhardt, and N. Turok, “The Ekpyrotic universe: Colliding branes and the origin of the hot big bang,” Phys. Rev. D64 (2001) 123522,

arXiv:hep-th/0103239.

[2] J. Khoury, B. A. Ovrut, P. J. Steinhardt, and N. Turok, “Density perturbations in the ekpyrotic scenario,” Phys.Rev. D66 (2002) 046005, arXiv:hep-th/0109050.

[3] J.-L. Lehners, “Ekpyrotic and Cyclic Cosmology,” Phys.Rept. 465 (2008) 223–263, arXiv:0806.1245.

[4] J. Khoury, B. A. Ovrut, N. Seiberg, P. J. Steinhardt, and N. Turok, “From big crunch to big bang,” Phys.Rev. D65 (2002) 086007, arXiv:hep-th/0108187.

[5] J.-L. Lehners, P. McFadden, N. Turok, and P. J. Steinhardt, “Generating ekpyrotic curvature perturbations before the big bang,” Phys.Rev. D76 (2007) 103501,

arXiv:hep-th/0702153.

[6] R. Brandenberger and F. Finelli, “On the spectrum of fluctuations in an effective field theory of the Ekpyrotic universe,” JHEP 0111 (2001) 056, arXiv:hep-th/0109004.

[7] J.-c. Hwang, “Cosmological structure problem in the ekpyrotic scenario,” Phys.Rev. D65 (2002) 063514,

arXiv:astro-ph/0109045.

[8] E. I. Buchbinder, J. Khoury, and B. A. Ovrut, “New Ekpyrotic cosmology,” Phys.Rev. D76 (2007) 123503,

arXiv:hep-th/0702154.

[9] P. Creminelli and L. Senatore, “A Smooth bouncing cosmology with scale invariant spectrum,” JCAP 0711 (2007) 010, arXiv:hep-th/0702165.

[10] P. Singh, “Are loop quantum cosmos never singular?,” Class.Quant.Grav. 26 (2009) 125005, arXiv:0901.2750.

[11] M. Bojowald, R. Maartens, and P. Singh, “Loop quantum gravity and the cyclic universe,” Phys.Rev. D70 (2004) 083517, arXiv:hep-th/0407115.

[12] T. Cailleteau, P. Singh, and K. Vandersloot, “Non-singular Ekpyrotic/Cyclic model in Loop Quantum Cosmology,” Phys.Rev. D80 (2009) 124013, arXiv:0907.5591.

[13] A. Ashtekar and P. Singh, “Loop Quantum Cosmology: A Status Report,” Class. Quant. Grav. 28 (2011) 213001,

arXiv:1108.0893.

[14] K. Banerjee, G. Calcagni, and M. Martín-Benito, “Introduction to loop quantum cosmology,” SIGMA 8 (2012) 016, arXiv:1109.6801.

[15] M. Bojowald, “Loop quantum cosmology,” Living Rev. Rel.

11 (2008) 4.

[16] A. Ashtekar, T. Pawłowski, and P. Singh, “Quantum Nature of the Big Bang: Improved dynamics,” Phys. Rev. D74 (2006) 084003, arXiv:gr-qc/0607039.

[17] A. Ashtekar, A. Corichi, and P. Singh, “Robustness of key features of loop quantum cosmology,” Phys. Rev. D77 (2008) 024046, arXiv:0710.3565.

[18] V. Taveras, “Corrections to the Friedmann Equations from LQG for a Universe with a Free Scalar Field,” Phys. Rev. D78 (2008) 064072, arXiv:0807.3325.

[19] J. Mielczarek, “Multi-fluid potential in the loop cosmology,” Phys. Lett. B675 (2009) 273–278, arXiv:0809.2469.

[20] E. Wilson-Ewing, “Lattice loop quantum cosmology: scalar perturbations,” Class. Quant. Grav. 29 (2012) 215013, arXiv:1205.3370.

[21] D. Wands, K. A. Malik, D. H. Lyth, and A. R. Liddle, “A New approach to the evolution of cosmological perturbations on large scales,” Phys. Rev. D62 (2000) 043527,

arXiv:astro-ph/0003278.

[22] G. Rigopoulos and E. Shellard, “The separate universe approach and the evolution of nonlinear superhorizon cosmological perturbations,” Phys. Rev. D68 (2003) 123518,

arXiv:astro-ph/0306620.

[23] M. Fernandez-Mendez, G. A. Mena Marugan, and J. Olmedo, “Hybrid quantization of an inflationary universe,” Phys. Rev. D86 (2012) 024003, arXiv:1205.1917.

[24] I. Agullo, A. Ashtekar, and W. Nelson, “An Extension of the Quantum Theory of Cosmological Perturbations to the Planck Era,” Phys.Rev. D87 (2013) 043507,

arXiv:1211.1354.

[25] E. Wilson-Ewing, “Holonomy Corrections in the Effective Equations for Scalar Mode Perturbations in Loop Quantum Cosmology,” Class. Quant. Grav. 29 (2012) 085005,

arXiv:1108.6265.

[26] T. Cailleteau, J. Mielczarek, A. Barrau, and J. Grain, “Anomaly-free scalar perturbations with holonomy corrections in loop quantum cosmology,” Class. Quant. Grav. 29 (2012) 095010, arXiv:1111.3535.

[27] T. Cailleteau and A. Barrau, “Gauge invariance in Loop Quantum Cosmology : Hamilton-Jacobi and Mukhanov-Sasaki equations for scalar perturbations,” Phys. Rev. D85 (2012) 123534, arXiv:1111.7192.

[28] T. Cailleteau, A. Barrau, J. Grain, and F. Vidotto, “Consistency of holonomy-corrected scalar, vector and tensor perturbations in Loop Quantum Cosmology,” Phys. Rev. D86 (2012) 087301, arXiv:1206.6736.

[29] D. H. Lyth, “The Primordial curvature perturbation in the ekpyrotic universe,” Phys.Lett. B524 (2002) 1–4,

arXiv:hep-ph/0106153.

[30] V. Mukhanov, Physical foundations of cosmology.

Cambridge University Press, 2005.

[31] V. F. Mukhanov, H. Feldman, and R. H. Brandenberger, “Theory of cosmological perturbations,” Phys. Rept. 215 (1992) 203–333.

[32] J.-c. Hwang and E. T. Vishniac, “Gauge-invariant joining conditions for cosmological perturbations,” Astrophys.J. 382 (1991) 363–368.

[33] N. Deruelle and V. F. Mukhanov, “On matching conditions for cosmological perturbations,” Phys.Rev. D52 (1995) 5549–5555, arXiv:gr-qc/9503050.

[34] F. Finelli and R. Brandenberger, “On the generation of a scale invariant spectrum of adiabatic fluctuations in cosmological models with a contracting phase,” Phys. Rev. D65 (2002) 103522, arXiv:hep-th/0112249.

[35] E. Wilson-Ewing, “The Matter Bounce Scenario in Loop Quantum Cosmology,” JCAP 1303 (2013) 026,

arXiv:1211.6269.

[36] C. Gordon, D. Wands, B. A. Bassett, and R. Maartens, “Adiabatic and entropy perturbations from inflation,” Phys.Rev. D63 (2001) 023506, arXiv:astro-ph/0009131.