arXiv:1307.0159v2 [hep-th] 3 Jul 2013

CTP-SCU/2013003

Double Field Theory Inspired Cosmology

Houwen Wu and Haitang Yang

Center for theoretical physics Sichuan University Chengdu, 610064, China E-mail: iverwu@uestc.edu.cn, hyanga@scu.edu.cn

Abstract

Double field theory proposes a generalized spacetime action possessing manifest T-duality on the level of component fields. We calculate the cosmological solutions of double field theory with vanishing Kalb-Ramond field. It turns out that double field theory provides a more consistent way to construct cosmological solutions than the standard string cosmology. We find two sets of solutions in double field theory cosmology, respecting or violating the strong (weak) constraint. Both sets of solutions naturally contain the pre- and post-big bang evolutions in one single line element. This novel feature opens a window for possible resolution of the cosmic amnesia. We also demonstrate that the scale factor duality in the standard string cosmology is nothing but the T-duality in double field theory. The scale dual dilatons in the standard string cosmology is simply the usual diffeomorphic scalar dilaton ϕ and dual diffeomorphic scalar dilaton ϕ̃ in double field theory. Furthermore, we identify the “shifted dilaton” in the standard string cosmology with the O(D, D) scalar dilaton d in double field theory.

Contents

1 Introduction 2

2 Brief review of string cosmology 5

3 Equation of motion of double field theory 7 3.1 Equation of motion for general metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Some notations and definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.3 Equations of motion for FRW like metric . . . . . . . . . . . . . . . . . . . . . . . . . . 11

4 Cosmological solutions 14 4.1 Strong constraint solutions (C = 0) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2 Constraint violation solutions (C ≠ 0) . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

5 Conclusion and Discussions 16

A Equations of motion of gravitons 17

1 Introduction

Double field theory (DFT) was first proposed to realize T-duality explicitly at the level of component fields of closed string field theory [1]. Earlier efforts are traced back to [2–4]. The equivalence of spacetime momenta and winding numbers in the string spectra leads to an introduction of a set of dual coordinates x̃^i, conjugated to winding numbers. These dual coordinates are treated on the same footing as the usual coordinates x^i. The dimensionality of spacetime is then doubled from D to D + D. T-duality is manifested as a O (D, D) symmetry in the action. The full set of coordinates are denoted as X^M = ( x̃_i, x^i ) , where M = 1, 2, . . . , 2D is the O (D, D) index, x^i (i = 1, 2, . . . , D) is the usual spacetime coordinate and x̃_i represents the dual coordinate. All the spacetime component fields are dependent on both the usual and the dual coordinates: ϕ_I ( x̃_i, x^i ) . A full construction of DFT is still an open question. The current research focuses on the massless sector of closed string spectra. The field content includes a D dimensional metric g_{ij} , a scalar dilaton ϕ and the anti-symmetric Kalb-Ramond field b_{ij} . The manifestly O (D, D) invariant action built on the generalized O (D, D) metric tensor H^{MN} is

S = � dxdx̃e^{−2d} ( 1 8 H^{MN} ∂_M H^{KL}∂_N H_{KL} − 1 2 H^{MN} ∂_N H^{KL}∂_LH_{MK}

−∂_M d∂_N H^{MN} + 4H^{MN} ∂_M d∂_N d ) , (1.1)

where the dilaton d is an O (D, D) scalar. The indices M, N, · · · are raised and lowered by the offdiagonal O (D, D) metric and are all contracted. The component fields g^{ij} and b^{ij} enter the action via the definition H_{MN} = ( g^{ij} −g^{ik}b_{kj} b_{ik}g^{kj} g_{ij} − b_{ik}g^{kl}b_{lj} ) . (1.2)

Provided the weak constraint ∂ ~∂ϕ(x, x̃) = 0 for an arbitrary field ϕ(x, x̃), arising from the level matching condition in closed string theory, the action is invariant under the gauge transformation

δ_ξH^{MN} = L̂_ξH^{MN} ≡ ξ^P ∂_P H^{MN} + ( ∂^M ξ_P − ∂_P ξ^M ) H^{P N} + ( ∂^N ξ_P − ∂_P ξ^N ) H^{MP} δd = ξ^M ∂_M d − 1 2 ∂_M ξ^M , (1.3)

with gauge parameters ξ^M = ( ξ̃_i, ξi ) and “generalized Lie derivatives” L̂_ξ. The gauge transformation ξ^i is the traditional diffeomorphism and ξ̃^i is the dual diffeomorphism. To ensure the closure of the gauge algebra, a strong constraint is needed: ∂ ~∂ = 0 as an operator equation, acting on any products of the fields. This strong constraint is also indispensable in the construction of DFT based on closed string field theory beyond cubic order. When imposes the condition ~∂ = 0, which is the only solution of the strong constraint, one can recover the usual low energy effective action of closed string theory,

S_∗ = � d^Dx √ −ge^{−2ϕ} [ R + 4 (∂_μϕ)^2 − 1 12 H_{ijk}H^{ijk} ] , (1.4)

where R is the Ricci scalar constructed from string metric g_{μν} , ϕ is the usual diffeomorphic dilaton and H_{ijk} = 3∂_{[i} b_{jk]} is the field strength of the Kalb-Ramond b_{ij} field. This action, also named as tree-level string action, is the foundation of tree level string cosmology.

Since the pioneer work of Hull and Zwiebach [1], many progresses have been achieved. Good reviews are referred to [5, 6] and various developments can be found in [7]-[48]. However, to our knowledge, solutions of the action (1.1) have not been constructed. The main purpose of this paper is to find cosmological solutions of DFT. In the traditional string cosmology, various solutions are constructed by the scale factor duality and time reversal symmetry. However, all the solutions are self-contained. There exists no natural way to combine two solutions together to cover the whole spacetime of the pre- and post-big bangs. A more severe puzzle is the cosmic amnesia problem, which states that no information about the pre-big bang is left to our post-big bang universe. It is of interest to note that the scale factor duality is an intrinsic property of DFT when applied to a FRW like metric. This observation makes it possible to include the pre- and post-big bangs in one single line element. It is then conceivable that DFT will shed a light upon the cosmic amnesia and give a more consistent way to study string cosmology.

In order to simplify the story, in this paper, we set the Kalb-Ramond field b_{ij} = 0.^1 We suppose the line element is FRW like

1In a follow-up work, we will incorporate non-vanishing b field. From the off-diagonal non-vanishing components in the generalized metric (1.2), one can expect the appearance of cross terms dx^idx̃^j . These cross terms can not be found by the traditional string cosmology and are novel.

dS^2 = g̃^{ij} dx̃_idx̃_j + g_{ij} dx^idx^j = −dt̃^2 + ã ( t, t̃ )_2 δ^{ij} dx̃_idx̃_j −dt^2 + a ( t, t̃ )_2 δ_{ij} dx^idx^j, (1.5) where we put bars on g̃^{ij} = g^{ij} to remind us that it is related to x̃ for convenience of our calculation. This notation is introduced in section 3.2. One can see that the non-vanishing components of the generalized metric H_{MN} in (1.2) are only g_{ij} and g^{ij} . Therefore, we conclude ã(t, t̃) = a^{−1}(t, t̃). We will show that this equality induces a relation between t and t̃ when the gauge constraint is violated.

There are three dilatons in double field theory. The O(D, D) scalar dilaton d is invariant under O(D, D) transformation. The traditional diffeomorphic scalar dilaton ϕ is invariant under gauge transformation ξ. The dual diffeomorphic scalar dilaton ϕ̃ is invariant under dual gauge transformation ξ̃. With the metric (1.5), the relationship between the three dilatons is d = ϕ − D − 1 2 ln a, ϕ = ϕ̃ + (D − 1) ln a. (1.6)

We will show that the dilaton d is precisely the “shifted dilaton” in string cosmology. The second equation of (1.6) is nothing but the scale factor duality of the dilatons in the standard string cosmology.

Substituting the metric ansatz (1.5) into the equations of motion (EOM) derived from the double action (1.1), we find two sets of solutions. Each of them reproduces the results of the conventional string cosmology. One set of solutions respects the strong constraint. There could be two possible physical interpretations for the strong constraint respecting solutions. The first one describes a (2D − 2, 1) dimensional spacetime with (D − 1) dimensional space expanding and (D − 1) dimensional space contracting simultaneously. A possible application of this interpretation is to study extra dimension physics. The second interpretation gives a single line element which covers the whole spacetime of the pre- and post-big bangs. This is a new feature compared with the conventional string cosmology, where the pre- and post-big bangs are two distinct line elements and no interaction is possible. It is natural to expect that the interplay between the pre- and post-big bangs may arise when Kalb-Ramond field is included in the calculation. The extra dual time t̃ leads no physical consequence and therefore can be abandoned.

When relaxing the gauge constraint, a second set of solutions consists of four T-dual pairs. It turns out that among them, one pair solution composes a single line element to describe the pre- and post-big bang consistently.

The reminder of this paper is outlined as follows. In section 2, we give a brief review on the relevant results we need in string cosmology. Section 3 refers to the EOM of the generalized double action for generic metrics and the FRW like metric. In section 4, we give the cosmological solutions of double field theory. Section 5 is our conclusion and discussions. We put some details of the calculation in the Appendix.

2 Brief review of string cosmology

Since our discussions are closely related to the standard string cosmology, in this section, we briefly review the tree level results in string cosmology. A comprehensive treatment is referred to [49], on which our review is based and references therein.

We start with the tree level string action. For the reason of simplicity, we only consider the gravidilaton system without any matter sources. The anti-symmetric Kalb-Ramond field b_{ij} is set to vanish. The action is given by S = 1 2κ^2 � d^Dx √ −ge^{−2ϕ} [ R + 4 (∂_μϕ)^2 ] , (2.1)

where D is the spacetime dimension, ϕ represents the dilaton which is a function of t, and g_{μν} is the string metric. Note that the string metric is related to Einstein metric by g^E_{μν} = exp ( −^4_{d−1} ϕ ) g_{μν} . The EOM are

R_{μν} + 2∇_μ∇_ν ϕ = 0, ∇^2ϕ − 2 (∂_μϕ)^2 = 0. (2.2)

A homogeneous metric is adopted to study string cosmology

ds^2 = −dt^2 + a (t)^2 δ_{ij} dx^idx^j , H(t) ≡ ȧ(t) a(t) . (2.3)

With this metric, from (2.2), the EOM of graviton and dilaton take the form

ϕ̈ − 2ϕ̇^2 + (D − 1) Hϕ̇ = 0,

2ϕ̈ − (D − 1) ( Ḣ + H^2 ) = 0, Ḣ + (D − 1) H^2 − 2Hϕ̇ = 0. (2.4)

In the convention of string cosmology, it is convenient to introduce the “shifted dilaton”

ψ = 2ϕ − (D − 1) ln a (2.5)

We will show that this “shifted dilaton” ψ is the O (D, D) scalar dilaton 2d in double field theory. Therefore, (2.4) becomes

2ψ̈ − ψ̇^2 − (D − 1) H^2 = 0,

− (D − 1) H^2 + ψ̈ = 0,

Ḣ − ψ̇H = 0. (2.6)

These equations are invariant under the transformation of the famous scale factor duality

a → ã = a^{−1}, ϕ → ϕ̃ = ϕ − (D − 1) ln a, (2.7)

which leads to H̃ = −H, ψ̃ = 2ϕ̃ − (D − 1) ln a^{−1} = ψ. (2.8)

There are only two independent equations in (2.6). After applying the scale factor duality on the solution of (2.6), one hence obtains

1 : a (t) = ( t t_0 )_{1/}^√_{D−1} , ψ = − ln ( t t_0 ) , (2.9)

and its dual solution

2 : ã (t) = ( t t_0 )_{−1/}^√_{D−1} , ψ̃ = − ln ( t t_0 ) . (2.10)

The equations (2.6) also possesses a “time reversal” symmetry t → −t. Therefore, there are two more solutions

3 : a (−t) = ( − t t_0 )_{1/}^√_{D−1} , ψ = − ln ( − t t_0 ) (2.11) and

4 : ã (−t) = ( − t t_0 )_{−1/}^√_{D−1} , ψ̃ = − ln ( − t t_0 ) (2.12)

In summary, four branches are found. The properties of the solutions are listed in Table 1.

1 ȧ (t) > 0, expansion ä (t) < 0, decelerated Ḣ < 0, decreasing curvature post-big bang 2 ˙ã (t) < 0, contraction ¨ã (t) > 0, decelerated ˙H̃ > 0, decreasing curvature post-big bang 3 ȧ (−t) < 0, contraction ä (−t) < 0, accelerated Ḣ < 0, increasing curvature pre-big bang 4 ˙ã (−t) > 0, expansion ¨ã (−t) > 0, accelerated ˙H̃ > 0, increasing curvature pre-big bang Table 1. The properties of the solutions in tree level string cosmology.

Note that deceleration occurs when sign ȧ = −sign ä, acceleration occurs when sign ȧ = sign ä. When H^2 or H̃^2 is growing with time, the curvature is increasing, otherwise, the curvature is decreasing. Moreover, when H > 0, the universe is expanding, otherwise, the universe is contracting. All these solutions share the curvature singularity located at |t| → 0, as illustrated in Figure 1.

Figure 1: Hubble parameters in four solutions.

In standard cosmology, when t → 0, the curvature becomes infinity, representing the big-bang singularity. On the other hand, with T-duality in string theory, there exist “self-dual” cosmological solutions, namely ã (t) = a^{−1} (−t). For example, we only consider the solutions 1 and 4, other two solutions have the same analysis. It gives us two Hubble parameters, H̃ (−t) and H (t). These two solutions indicate that there are not only the t > 0 phase but also the t < 0 phase. Surprisingly, consider some special models when |t| → 0, the curvature is not a standard cosmological singularity but possibly reaches a maximum value. This maximum value smoothly connects two phases which are correspondent to solutions H̃ (−t) and H (t) at t = 0, as illustrated in Figure 2. Here, it is natural to call the part of H̃ (−t) as pre-big bang scenario when t < 0. Therefore, consider the four solutions, we have the pre-big bang solutions 3 and 4 (t < 0) with increasing curvature and the post-big bang solutions 1 and 2 (t > 0) with decreasing curvature.

Figure 2: Pre-big bang, post-big bang and avoided singularity.

3 Equation of motion of double field theory

In order to calculate cosmological solutions, we first present the EOM of double field theory for general metrics, followed by some definitions and notations. We then give the EOM for FRW like metric.

3.1 Equation of motion for general metrics

Before we calculate the cosmological solutions, it is of help to review the EOM of action (1.1) for general metrics.

An O(D, D) metric tensor H_{MN} is introduced to rewrite the background independent double field theory action [? ], where D represents the dimensionality of background spacetime. The generalized metric is defined by the gravity field g_{ij} and the anti-symmetric Kalb-Ramond field b_{ij}: H_{MN} = ( g^{ij} −g^{ik}b_{kj} b_{ik}g^{kj} g_{ij} − b_{ik}g^{kl}b_{lj} ) , H^{MN} = ( g_{ij} − b_{ik}g^{kl}b_{lj} b_{ik}g^{kj} −g^{ik}b_{kj} g^{ij} , ) (3.1)

where H^{MP} H_{P N} = δ^M_N , H^{MN} ≡ η^{MP} H_{P Q}η^{QN} = H_{P Q}η^{P M} η^{QN} and H^{MN} = H^{NM} (M, N, . . . = 1, 2, . . . , 2D). The indices are raised and lowered by the O (D, D) invariant metric η_{MN} = ( 0 I I 0 ) , (3.2)

with η^{MN} = η_{MN} . With this generalized metric, the double field theory action is S = � dxdx̃e^{−2d} ( 1 8 H^{MN} ∂_M H^{KL}∂_N H_{KL} − 1 2 H^{MN} ∂_N H^{KL}∂_LH_{MK} −∂_M d∂_N H^{MN} + 4H^{MN} ∂_M d∂_N d ) . (3.3)

Here derivatives are defined as ∂_M = ( ~∂i, ∂_i ) and dxdx̃ is a shorthand of d^Dxd^Dx̃ . Since each term in the action has no free O (D, D) indices, the O (D, D) symmetry of the action is manifest. The EOM of the dilaton is obtained directly by varying the action with respect to d

1 8 H^{MN} ∂_M H^{KL}∂_N H_{KL} − 1 2 H^{MN} ∂_M H^{KL}∂_K H_{NL} −∂_M ∂_N H^{MN} − 4H^{MN} ∂_M d∂_N d + 4∂_M H^{MN} ∂_N d + 4H^{MN} ∂_M ∂_N d = 0. (3.4)

Next, we calculate the EOM of graviton. Varying the action with respect to the generalized metric H^{MN} , we get δ_HS = � dxdx̃e^{−2d}δH^{MN} K_{MN} , (3.5) where

K_{MN} ≡ 1 8 ∂_M H^{KL}∂_N H_{KL} − 1 4 (∂_L − 2∂_Ld) ( H^{LK} ∂_K H_{MN} ) + 2∂_M ∂_N d − 1 2 ∂_{(N} H^{KL}∂_LH_{M)K} + 1 2 (∂_L − 2∂_Ld) ( H^{KL}∂_{(N} H_{M)K} + H^K_{(M} ∂_K H^L_{N)} ) . (3.6)

However, K_{MN} = 0 is not the field equation, since one needs to check the O (D, D) symmetry of this term. Following the definitions in [? ], we take the notations H ≡ H^{••} and η ≡ η_{••}. H should satisfy

HηH = η^{−1} to respect the O (D, D) symmetry. It is easy to see that the variation of H satisfies the condition δHηH + HηδH = 0. (3.7) It is convenient to define

S^M_N ≡ H^M_N = η^{MP} H_{P N} = H^{MP} η_{P N} , S^2 = 1. (3.8)

Using the notation S ≡ S^•_• = Hη, one finds

δHS^t + SδH = 0. (3.9)

Then since S^2 = 1, one has δH = −SδHS^t. (3.10) It can be rewritten as δH = 1 4 (1 + S) M ( 1 − S^t ) + 1 4 (1 − S) M ( 1 + S^t ) , (3.11)

where M is an arbitrary symmetric matrix to guarantee the symmetry of δH. Substituting it back into the variation of the action (3.5), we find 1 4 ( 1 − S^t ) K (1 + S) + 1 4 ( 1 + S^t ) K (1 − S) = 0. (3.12)

Inserting O (D, D) indices M and N to rewrite the equation above, the field equation of H^{MN} is obtained

R_{MN} = 1 4 ( δ^P_M − S^P_M ) K_{P Q} ( δ^Q_N + S^Q_N ) + 1 4 ( δ^P_M + S^P_M ) K_{P Q} ( δ^Q_N − S^Q_N )

= 1 2 K_{MN} − 1 2 S^P_M K_{P Q}S^Q_N . (3.13)

From this equation, one finds the field equations of the metric g and the b field. In summary, the EOM of dilaton and graviton are

1 8 H^{MN} ∂_M H^{KL}∂_N H_{KL} − 1 2 H^{MN} ∂_M H^{KL}∂_K H_{NL} − ∂_M ∂_N H^{MN} −4H^{MN} ∂_M d∂_N d + 4∂_M H^{MN} ∂_N d + 4H^{MN} ∂_M ∂_N d = 0, (3.14) K_{MN} − S^P_M K_{P Q}S^Q_N = 0. (3.15)

3.2 Some notations and definitions

We want to introduce some notations and calculation rules before performing the calculation. This helps us to track the double coordinates when perform derivatives. For convenience, we use block matrices to rewrite the vectors, dual vectors and generalized metric

∂_M = ( ∂_1 ∂_2 ) , dX^M = ( dX^1 dX^2 ) , H_{MN} = ( H_{11} H_{12} H_{21} H_{22} ) , H^{MN} = ( H^{11} H^{12} H^{21} H^{22} ) . (3.16)

Here 1 represents the dual coordinate x̃_i and 2 corresponds to the usual coordinate x^i. The components of the generalized metric are divided into four parts. Each of them defines the metric of spacetime and its dual as shown in [31]

H_{11} ( ∂ ∂x̃_i , ∂ ∂x̃_j ) = g^{ij} , H_{12} ( ∂ ∂x̃_i , ∂ ∂x^j ) = −g^{ik}b_{kj}, H_{21} ( ∂ ∂x^i , ∂ ∂x̃_j ) = b_{ik}g^{kj} , H_{22} ( ∂ ∂x^i , ∂ ∂x^j ) = g_{ij} − b_{ik}g^{kl}b_{lj} . (3.17) The generalized line element is

dS^2 = H_{11}dX^1dX^1 + H_{12}dX^1dX^2 + H_{21}dX^2dX^1 + H_{22}dX^2dX^2, = g^{ij} dx̃_idx̃_j − g^{ik}b_{kj}dx̃_idx^j + b_{ik}g^{kj} dx^idx̃_j + ( g_{ij} − b_{ik}g^{kl}b_{lj} ) dx^idx^j . (3.18)

In this paper, we consider the simplest situation with b_{ij} = 0. The line element is simplified to

dS^2 = H_{11}dX^1dX^1 + H_{22}dX^2dX^2 = g̃^{ij} dx̃_idx̃_j + g_{ij} dx^idx^j . (3.19)

To exhibit the contraction of O (D, D) indices, we introduce extra indices H^{1(i)1(j)} to denote elements of block matrices. Therefore, the generalized metric is rewritten with the extra indices H_{M(i)N(j)} = ( H_{1(i)1(j)} 0 0 H_{2(i)2(j)} ) = ( g̃^{ij} 0 0 g_{ij} ) , (3.20)

where b_{ij} = 0 is assumed. Now, there exist two sets of indices: the block matrix notations M, N = 1, 2 and the indices i, j = 1, 2, · · · D of the components of block matrices. A contraction of M, N is given by H^{MN} ∂_M d∂_N d = H^{11}∂_1d∂_1d + H^{22}∂_2d∂_2d, (3.21)

and a contraction of i, j takes the form

H^{M(i)N(j)}∂_{M(i)}d∂_{N(j)}d = H^{1(i)1(j)}∂_{1(i)}d∂_{1(j)}d + H^{2(i)2(j)}∂_{2(i)}d∂_{2(j)}d

= g̃_{ij} ~∂^id ~∂^j d + g^{ij} ∂_id∂_j d. (3.22)

On the right hand side of (3.20), we introduce a barred g̃^{ij} = g^{ij} . The purpose of this notation is to help us calculating the derivatives of the metric, since there are two operators ~∂^i and ∂_i. When ∂_1 acts on the metric, we use the barred g̃; when ∂_2 acts on the metric, we use the unbarred g. We give some illustrations

∂_{1(k)}H^{2(i)2(j)} = ~∂^kg^{ij} = ~∂^kg̃^{ij} , ∂_{2(k)}H^{1(i)1(j)} = ∂_kg̃_{ij} = ∂_kg_{ij} , ∂_{1(p)}H^{1(i)1(j)}∂_{2(q)}H_{1(i)1(j)} = ~∂^pg̃_{ij} ∂_qg̃^{ij} = ~∂^pg̃_{ij} ∂_qg^{ij} , (3.23) and g̃_{ij} ~∂^i = ~∂_j , g^{ij} ∂_i = ∂^j , g̃_{ij} g^{jk} = g_{ij}g̃^{jk} = δ^k_i . (3.24) Two other useful relations are

∂_{2(k)}H^{1(i)}_{2(j)} = ∂_kg̃_{ij} = ∂_kg_{ij} , ∂_{1(k)}H^{2(i)}_{1(j)} = ~∂^kg^{ij} = ~∂^kg̃^{ij} . (3.25)

3.3 Equations of motion for FRW like metric We first consider the equation of motion for dilaton (3.14) and expand it in components. For reference, we rewrite it

1 8 H^{MN} ∂_M H^{KL}∂_N H_{KL} − 1 2 H^{MN} ∂_M H^{KL}∂_K H_{NL} −∂_M ∂_N H^{MN} − 4H^{MN} ∂_M d∂_N d + 4∂_M H^{MN} ∂_N d + 4H^{MN} ∂_M ∂_N d = 0. (3.26)

Substituting the matrix components defined in (3.20), after some simplifications, we get

1 8 g̃_{ij} ~∂^ig̃_{kl} ~∂^jg̃^{kl} + 1 8 g̃_{ij} ~∂^ig^{kl} ~∂^j g_{kl} + 1 8 g^{ij} ∂_ig̃_{kl}∂_jg̃^{kl} + 1 8 g^{ij} ∂_ig^{kl}∂_j g_{kl} − 1 2 g̃_{ij} ~∂^ig̃_{kl} ~∂^kg̃^{jl} − 1 2 g^{ij} ∂_ig^{kl}∂_kg_{jl} − ~∂^i ~∂^jg̃_{ij} − ∂_i∂_jg^{ij} − 4g̃_{ij} ~∂^id ~∂^j d − 4g^{ij} ∂_id∂_j d +4 ~∂^ig̃_{ij} ~∂^j d + 4∂_ig^{ij} ∂_j d + 4g̃_{ij} ~∂^i ~∂^j d + 4g^{ij} ∂_i∂_j d = 0. (3.27)

In double field theory, we know that the relationship of the three dilatons is e^{−2d} = √ ge^{−2ϕ} = √ g̃e^{−2ϕ̃} (3.28)

When applied to the metric ansatz (1.5), we find

ϕ = ϕ̃ + (D − 1) ln a, d = ϕ − D − 1 2 ln a = ϕ̃ − D − 1 2 ln ã (3.29)

The first equation is precisely the so-called “scale-factor duality” transformations (2.7) in string cosmology. The second equation proves our claim that the “shifted dilaton” in string cosmology, defined in (2.5), is 2d. Then, with the metric ansatz (1.5), the EOM of the dilaton is

− (D − 1) ˙ã^2 ã^2 + ( (D − 1) ˙ã ã )_2

− 4 (D − 1) ˙ã ã ˙ϕ̃ + 4 ˙ϕ̃2 + 2 (D − 1) ¨ã ã − 4 ¨ϕ̃ − (D − 1) ȧ^2 a^2 + ( (D − 1) ȧ a )_2

− 4 (D − 1) ȧ a ϕ̇ + 4ϕ̇^2 + 2 (D − 1) ä a − 4ϕ̈ = 0, (3.30)

where ȧ =^{da}_{dt} and ˙ã =^{dã}_{dt̃} . In order to compare the equations from string cosmology, we used ϕ and ϕ̃ but not d. Define the Hubble parameters H = ȧ a , H̃ = ˙ã ã . (3.31)

Then the EOM of dilaton for our metric ansatz (1.5) is ( (D − 1) H̃ )_2

− 4 (D − 1) H̃ ˙ϕ̃ + 4 ˙ϕ̃^2 + 2 (D − 1) ˙H̃ + (D − 1) H̃^2 − 4 ¨ϕ̃ + ((D − 1) H)^2 − 4 (D − 1) Hϕ̇ + 4ϕ̇^2 + 2 (D − 1) Ḣ + (D − 1) H^2 − 4ϕ̈ = 0. (3.32)

The EOM of graviton is given in (3.15). We rewrite it for reference

R_{MN} = K_{MN} − S^P_M K_{P Q}S^Q_N = 0. (3.33)

Refer to the Appendix, we find there exist symmetries between the components of the generalized Ricci tensor

R_{1(p)1(q)} g^{••} ↔ g_{••}, ~∂^• ↔ ∂_•, ϕ̃ ↔ ϕ ←−−−−−−−−−−−−−−−−−−−−−→ R_{2(p)2(q)}, R_{1(p)2(q)} g^{••} ↔ g_{••}, ~∂^• ↔ ∂_•, ϕ̃ ↔ ϕ ←−−−−−−−−−−−−−−−−−−−−−→ R_{2(p)1(q)}. (3.34)

Also in the Appendix, we present the lengthy calculation process. We eventually find the EOM of the graviton

R_{2(t)2(t)} = − (D − 1) ä a + 2ϕ̈ + (D − 1) ¨ã ã − 2 ¨ϕ̃

= − (D − 1) ( Ḣ + H^2 ) + 2ϕ̈ + (D − 1) ( ˙H̃ + H̃2 ) − 2 ¨ϕ̃,

R_{2(i)2(i)} = 1 ã^2 (˙ ã^2 ã^2 − ¨ã ã − (D − 1) ˙ã^2 ã^2

+ 2 ˙ϕ̃ ˙ã ã ) − a^2 ( ȧ^2 a^2 − ä a − (D − 1) ȧ^2 a^2

+ 2ϕ̇ ȧ a )

= 1 ã^2 ( − ˙H̃ − (D − 1) H̃^2 + 2 ˙ϕ̃H̃ ) − a^2 ( −Ḣ − (D − 1) H^2 + 2ϕ̇H ) ,

R_{1(t)2(t)} = 0. (3.35)

Including the EOM of the dilaton (3.32), the set of equations we need to solve is ( (D − 1) H̃ )_2

− 4 (D − 1) H̃ ˙ϕ̃ + 4 ˙ϕ̃^2 + 2 (D − 1) ˙H̃ + (D − 1) H̃^2 − 4 ¨ϕ̃

+ ((D − 1) H)^2 − 4 (D − 1) Hϕ̇ + 4ϕ̇^2 + 2 (D − 1) Ḣ + (D − 1) H^2 − 4ϕ̈ = 0 − (D − 1) ( Ḣ + H^2 ) + 2ϕ̈ + (D − 1) ( ˙H̃ + H̃2 ) − 2 ¨ϕ̃ = 0 1 ã^2 ( − ˙H̃ − (D − 1) H̃^2 + 2 ˙ϕ̃H̃ ) − a^2 ( −Ḣ − (D − 1) H^2 + 2ϕ̇H ) = 0 (3.36)

Apparently, the barred part and unbarred part are identical, being the same as the EOM (2.4) in string cosmology. One may think that we can set each part vanishing to get barred and unbarred solutions independently. However, the T-duality between the components

ã(t, t̃) = a^{−1}(t, t̃), ϕ = ϕ̃ + (D − 1) ln a, (3.37)

imposes a constraint on the solutions and therefore we are not really free to construct barred and unbarred solutions. From the equation above, one can easily infer that t and t̃ may not be independent. The EOM (3.36) looks much nicer if we replace ϕ and ϕ̃ with the O(D, D) scalar d:

(( dt dt̃ )_2 + 1 ) ( 4d̈ − 4ḋ^2 − (D − 1) H^2 ) + 4ḋ d^2t dt̃^2 = 0 (( dt dt̃ )_2 − 1 ) ( − (D − 1) H^2 + 2d̈ ) + 2ḋ d^2t dt̃^2 = 0 (( dt dt̃ )_2 + 1 ) ( Ḣ − 2ḋH ) + H d^2t dt̃^2 = 0 (3.38)

4 Cosmological solutions

It is straightforward to see that equations (3.38) can be solved by setting dt dt̃ = C, (4.1)

where C is a constant. Other solutions may exist, though it seems not easy to get. We discuss C = 0 and C ≠ 0 respectively.

4.1 Strong constraint solutions (C = 0) In equation (4.1), C = 0 implies that t and t̃ are independent. Then there are four solutions:

a_±(t) = ã_±(t)^{−1} = ( t t_0 )_{±1/}^√_{D−1} , d(t) = − 1 2 ln t t_0 , t > 0,

a_±(−t) = ã_±(−t)^{−1} = ( −t t_0 )_{±1/}^√_{D−1} , d(−t) = − 1 2 ln −t t_0

, t < 0, (4.2)

where t_0 is certain initial time. Refer to Table 1, a_+(t)/a_−(t) represents a decelerated expanding/contracting post-big bang with decreasing curvature. a_+(−t)/a_−(−t) represents an accelerated contracting/expanding pre-big bang with increasing curvature.

Note the argument of ã(t) is t other than t̃. It is worthwhile mentioning that the solution (4.2) respects the strong constraint in DFT: ∂_M ~∂^M = 0 as an operator equality. The weak version of this constraint arises from the level match condition L_0 = L̄_0 in closed string. There could be two interpretations of these solutions.

Expanding/contracting universes

The line element can take the form

dS^2 = ( − dt^2 + a_±(t)^2δ_{ij} dx^idx^j + a_∓(t)^2δ^{ij} dx̃_idx̃_j ) − dt̃^2, t > 0, (4.3)

where following the convention we set t > 0. Since all the fields here a(t) and d(t) do not dependent on t̃, the last term in the line element −dt̃^2 has no physical consequence and can be neglected. This metric represents a (2D − 2, 1)-dimensional spacetime which has (D − 1)-dimensional decelerated expanding space accompanied with (D − 1)-dimensional decelerated contracting space. The curvatures always decrease and therefore both spaces belong to the post-big bang scenario. To cover another half of pre-big bang spacetime t < 0, one simply replaces t → −t in the metric. This interpretation may be used to investigate the physics of extra dimensions.

Pre-big bang and post-big bang solution

It is more interesting to cover the whole spacetime in one single line element. Keep in mind that from the definitions (4.2), a_+(t) is only defined for t > 0 and a_−(−t) only applies in the domain t < 0. Again, the extra time t̃ causes no physical consequence and should be abandoned. Therefore, we have

dS^2 = −dt^2 + a_+(t)^2δ_{ij} dx^idx^j θ(t) + a_−(−t)^2δ^{ij} dx̃_idx̃_j θ(−t), (4.4)

where θ(t) =^1_2 (1 + sign(t)) is the step function. The conventional singularity around t = 0 can be smoothed out by introduction of matter sources. Another solution obtained by changing t → −t is excluded since we want that the post-big bang (t > 0) expands with decreasing curvature.

Equation (4.4) naturally unifies the pre- and post-big bangs altogether. The universe first experiences an accelerated expansion with increasing curvature, which is a pre-big bang scenario. After a phase transition around t = 0, the universe starts a post-big bang process, decelerated expansion and decreasing curvature. This is different from the story in the conventional string cosmology, where the pre- and post-big bangs are totally separated into two independent line elements. This novel feature makes it possible that interacting terms of the pre- and post-big bangs arise when non-vanishing Kalb-Ramond field or even massive fields are under consideration. Moreover, in the conventional string cosmology, the four solutions can be grouped arbitrarily in principle. However, simple physical consideration almost uniquely determines the line element in DFT cosmology and it does predict the existence of a pre-big bang scenario.

The conventional string cosmology suffers cosmic amnesia: The pre-big bang leaves no footprints in our post-big bang universe. From our analysis, this puzzle may be resolved in the framework of DFT cosmology.

4.2 Constraint violation solutions (C ≠ 0) For nonvanishing C, we can scale t̃ to set t̃ = ±t. It is easy to see that the weak constraint is violated in this situation. Four pairs of T-dual solutions are obtained { a(t), ã(t̃) } = { a_+(t), a_−(t) } , { a_−(t), a_+(t) } , { a_−(t), a_+(−t) } , { a_+(t), a_−(−t) } , (4.5) and d(t) = − 1 2 ln ( |t| t_0 ) , (4.6)

where a_±(±t) is defined in (4.2). Our current universe selects the pair

a (t) = a_+(t) = (_t t_0 )_{1/}^√_{D−1} , d(t) = −^1_2 ln (_t t_0 ) , t > 0 ã ( t̃ ) = a_−(−t) = (_{−t} t_0 )_{−1/}^√_{D−1} , d(t̃) = −^1_2 ln (_{−t} t_0 ) , t < 0. (4.7)

Since t̃ = −t, the complete line element is

dS^2 = −dt^2 + a_+(t)^2δ_{ij} dx^idx^j θ(t) + a_−(−t)^2δ^{ij} dx̃_idx̃_j θ(−t). (4.8)

This solution differs from the strong constraint one (4.4) only by the abandoned physically irrelevant extra time −dt̃^2, and therefore has similar physical interpretation.

In the formulation of DFT, at least the weak constraint must be satisfied to make the theory consistent. However, it is possible to relax the weak and strong constraints in some scenarios of flux compactification and dimensional reduction [17, 19, 21, 28, 30, 33, 44]. It is of interest to investigate the relevance of our solution to these compactifications in the future works.

5 Conclusion and Discussions

In this paper, we calculated the cosmological solutions of double field theory. We set the antisymmetrical Kalb-Ramond field vanishing for simplicity. When take the FRW like metric ansatz, we demonstrated that, the scale factor dual dilatons, ϕ = ϕ̃ + (D − 1) ln a, in string cosmology are exactly the diffeomorphic and dual diffeomorphic dilatons in double field theory. The “shifted dilaton” in string cosmology is really the O(D, D) scalar dilaton in double field theory with 2d = ψ̃ = ψ.

We found two sets of cosmological solutions. The one respecting the strong constraint provides two possible interpretations:

• A (D − 1) dimensional expanding space is accompanied by a (D − 1) dimensional contracting space. They share a single time. The total spacetime dimensionality is (2D − 2, 1). The extra time t̃ leads no physical consequence and is redundant. This interpretation can be used to study extra dimension physics.

• A single line element covers the whole spacetime spanned by the pre- and post-big bangs. This geometry gives a way to study the evolution of the universe consistently and provides a possible resolution of the cosmic amnesia.

Another set of solutions breaks the gauge constraint. There is no physically irrelevant extra time. Similar to the gauge constraint respecting solutions, a single line element also describes the pre- and post-big bang altogether.

In summary, our calculation indicated that the T-dual universes are not isolated, the universe evolution process has non-locality. Earlier stage leaves imprints on the later one and information of the pre-big bang may be achieved. Our coming work will address the cosmological problem with nonvanishing Kalb-Ramond field. Simply from the generalized metric H_{MN} , one can expect the cross terms dxdx̃ will appear in the solutions.

Our calculation did not include any massive contribution. Furthermore, we took isotropic scale factors in all the spatial directions. This is why the singularity around t = 0 is still present and the post-big bang is not accelerated expanding. It is of interest to improve the calculation in these two directions. However, introducing massive matter would be very nontrivial since the formalism of DFT is still only available for massless sector. Yet some ad hoc models can be used to gain some information about the traditional singularity around t = 0 and understand the transition between the pre- and post-big bangs.

The solutions we have obtained are special ones of EOM (3.38). Though it looks not easy to figure out other solutions, it would be of interest if one can find some.

Looking for other solutions of the generalized action, say black holes, is of interest. However, the physical interpretations are blurry. One has to be careful to deal with the gauge constraint and identify the parameters in the solutions.

Acknowledgements We are indebted to B. Zwiebach for useful conversations. We would also like to acknowledge illuminating discussions with Tianjun Li, Yuxiao Liu and Jianxin Lu. This work is supported in part by the NSFC (Grant No. 11175039) and SiChuan Province Science Foundation for Youths (Grant No. 2012JQ0039).

A Equations of motion of gravitons

Recall the generalized Ricci tensor (3.13), R_{MN} = K_{MN} − S^P_M K_{P Q}S^Q_N = 0. (A.1)

To simplify the calculations, we sperate K_{MN} into two parts K_{MN} = ⋆K_{MN} + ∗K_{MN} , (A.2)

where ⋆ K_{MN} ≡ 1 8 ∂_M H^{KL}∂_N H_{KL} − 1 4 ∂_L ( H^{LK} ∂_K H_{MN} ) − 1 2 ∂_{(N} H^{KL}∂_LH_{M)K} + 1 2 ∂_L ( H^{KL}∂_{(N} H_{M)K} + H^K_{(M} ∂_K H^L_{N)} ) , (A.3) and ∗ K_{MN} ≡ 1 2 ∂_Ld ( H^{LK} ∂_K H_{MN} ) + 2∂_M ∂_N d − ∂_Ld ( H^{KL}∂_{(N} H_{M)K} + H^K_{(M} ∂_K H^L_{N)} ) . (A.4)

Therefore, R_{MN} = 0 can be put into two parts R_{MN} = ⋆R_{MN} + ∗R_{MN} = 0, (A.5)

with ⋆ R_{MN} = ⋆K_{MN} − S^P_M ⋆ K_{P Q}S^Q_N , ∗R_{MN} = ∗K_{MN} − S^P_M ∗ K_{P Q}S^Q_N . (A.6)

Calculation of ⋆R_{MN} ⋆ R_{MN} = ⋆K_{MN} − S^P_M ⋆ K_{P Q}S^Q_N = 1 8 ∂_M g̃_{ij} ∂_N g̃^{ij} + 1 8 ∂_M g^{ij} ∂_N g_{ij} − 1 4 ~∂^i ( g̃_{ij} ~∂^j H_{MN} ) − 1 4 ∂_i ( g^{ij} ∂_jH_{MN} )

− 1 4 ∂_N g̃_{ij} ~∂^j H_{M1(i)} − 1 4 ∂_M g̃_{ij} ~∂^j H_{N1(i)} − 1 4 ∂_N g^{ij} ∂_jH_{M2(i)} − 1 4 ∂_M g^{ij} ∂_jH_{N2(i)} + 1 4 ~∂^i (g̃_{ji}∂_N H_{M1(j)}) + 1 4 ~∂^i (g̃_{ji}∂_M H_{N1(j)}) + 1 4 ∂_i ( g^{ji}∂_N H_{M2(j)} ) + 1 4 ∂_i ( g^{ji}∂_M H_{N2(j)} ) + 1 4 ~∂^i ( H^{1(j)}_M ~∂^j H^{1(i)}_N ) + 1 4 ~∂^i ( H^{1(j)}_N ~∂^j H^{1(i)}_M )

+ 1 4 ~∂^i ( H^{2(j)}_M ∂_j H^{1(i)}_N ) + 1 4 ~∂^i ( H^{2(j)}_N ∂_j H^{1(i)}_M )

+ 1 4 ∂_i ( H^{1(j)}_M ~∂^j H^{2(i)}_N ) + 1 4 ∂_i ( H^{1(j)}_N ~∂^j H^{2(i)}_M )

+ 1 4 ∂_i ( H^{2(j)}_M ∂_j H^{2(i)}_N ) + 1 4 ∂_i ( H^{2(j)}_N ∂_j H^{2(i)}_M )

− 1 8 S^{1(i)}_M ~∂^ig̃_{kl} ~∂^jg̃^{kl}S^{1(j)}_N − 1 8 S^{1(i)}_M ~∂^ig^{kl} ~∂^j g_{kl}S^{1(j)}_N − 1 8 S^{1(i)}_M ~∂^ig̃_{kl}∂_jg̃^{kl}S^{2(j)}_N − 1 8 S^{1(i)}_M ~∂^ig^{kl}∂_j g_{kl}S^{2(j)}_N − 1 8 S^{2(i)}_M ∂_ig̃_{kl} ~∂^jg̃^{kl}S^{1(j)}_N − 1 8 S^{2(i)}_M ∂_ig^{kl} ~∂^j g_{kl}S^{1(j)}_N − 1 8 S^{2(i)}_M ∂_ig̃_{kl}∂_jg̃^{kl}S^{2(j)}_N − 1 8 S^{2(i)}_M ∂_ig^{kl}∂_j g_{kl}S^{2(j)}_N + 1 4 S^{1(i)}_M ~∂^l ( g̃_{lk} ~∂^kg̃^{ij} ) S^{1(j)}_N + 1 4 S^{1(i)}_M ∂_l ( g^{lk}∂_kg̃^{ij} ) S^{1(j)}_N + 1 4 S^{2(i)}_M ~∂^l ( g̃_{lk} ~∂^kg_{ij} ) S^{2(j)}_N + 1 4 S^{2(i)}_M ∂_l ( g^{lk}∂_kg_{ij} ) S^{2(j)}_N + 1 4 S^{1(i)}_M ~∂^jg̃_{kl} ~∂^lg̃^{ik}S^{1(j)}_N + 1 4 S^{1(i)}_M ~∂^ig̃_{kl} ~∂^lg̃^{jk}S^{1(j)}_N + 1 4 S^{1(i)}_M ∂_jg̃_{kl} ~∂^lg̃^{ik}S^{2(j)}_N + 1 4 S^{1(i)}_M ~∂^ig^{kl}∂_lg_{jk}S^{2(j)}_N + 1 4 S^{2(i)}_M ∂_ig̃_{kl} ~∂^lg̃^{jk}S^{1(j)}_N + 1 4 S^{2(i)}_M ~∂^j g^{kl}∂_lg_{ik}S^{1(j)}_N + 1 4 S^{2(i)}_M ∂_j g^{kl}∂_lg_{ik}S^{2(j)}_N + 1 4 S^{2(i)}_M ∂_ig^{kl}∂_lg_{jk}S^{2(j)}_N − 1 4 S^{1(i)}_M ~∂^l ( g̃_{kl} ~∂^jg̃^{ik} ) S^{1(j)}_N − 1 4 S^{1(i)}_M ~∂^l ( g̃_{kl} ~∂^ig̃^{jk} ) S^{1(j)}_N − 1 4 S^{1(i)}_M ~∂^l ( g̃_{kl}∂_jg̃^{ik} ) S^{2(j)}_N − 1 4 S^{1(i)}_M ∂_l ( g^{kl} ~∂^ig_{jk} ) S^{2(j)}_N − 1 4 S^{2(i)}_M ~∂^l ( g̃_{kl}∂_ig̃^{jk} ) S^{1(j)}_N − 1 4 S^{2(i)}_M ∂_l ( g^{kl} ~∂^j g_{ik} ) S^{1(j)}_N − 1 4 S^{2(i)}_M ∂_l ( g^{kl}∂_j g_{ik} ) S^{2(j)}_N − 1 4 S^{2(i)}_M ∂_l ( g^{kl}∂_ig_{jk} ) S^{2(j)}_N − 1 4 S^{1(i)}_M ∂_l ( g̃^{ki}∂_kg̃^{lj} ) S^{1(j)}_N − 1 4 S^{1(i)}_M ∂_l ( g̃^{kj} ∂_kg̃^{li} ) S^{1(j)}_N − 1 4 S^{1(i)}_M ~∂^l ( g̃^{ki}∂_kg_{lj} ) S^{2(j)}_N − 1 4 S^{2(i)}_M ∂_l ( g_{ki} ~∂^kg̃^{lj} ) S^{1(j)}_N

− 1 4 S^{2(i)}_M ~∂^l ( g̃^{kj}∂_kg_{li} ) S^{1(j)}_N − 1 4 S^{1(i)}_M ∂_l ( g_{kj} ~∂^kg̃^{li} ) S^{2(j)}_N − 1 4 S^{2(i)}_M ~∂^l ( g_{ki} ~∂^kg_{lj} ) S^{2(j)}_N − 1 4 S^{2(i)}_M ~∂^l ( g_{kj} ~∂^kg_{li} ) S^{2(j)}_N . (A.7)

The components are

⋆ R_{1(p)1(q)} = 1 8 ~∂^pg̃_{ij} ~∂^qg̃^{ij} + 1 8 ~∂^pg̃^{ij} ~∂^qg̃_{ij} − 1 4 ~∂^i ( g̃_{ij} ~∂^jg̃^{pq} ) − 1 4 ∂_i ( g^{ij} ∂_j g^{pq} ) − 1 4 ~∂^qg̃_{ij} ~∂^jg̃^{pi} − 1 4 ~∂^pg̃_{ij} ~∂^jg̃^{qi} + 1 4 ~∂^i ( g̃_{ji} ~∂^qg̃^{pj} ) + 1 4 ~∂^i ( g̃_{ji} ~∂^pg̃^{qj} )

+ 1 4 ∂_i ( g^{jp}∂_j g^{iq} ) + 1 4 ∂_i ( g^{jq}∂_j g^{ip} ) − 1 8 g^{ip}∂_ig_{kl}∂_j g^{kl}g^{jq} − 1 8 g^{ip}∂_ig^{kl}∂_j g_{kl}g^{jq} + 1 4 g̃^{ip} ~∂^l ( g̃_{lk} ~∂^kg̃_{ij} ) g̃^{jq} + 1 4 g^{ip}∂_l ( g^{lk}∂_kg_{ij} ) g^{jq} + 1 4 g^{ip}∂_jg^{kl}∂_lg_{ik}g^{jq} + 1 4 g^{ip}∂_ig^{kl}∂_lg_{jk}g^{jq} − 1 4 g^{ip}∂_l ( g^{kl}∂_jg_{ik} ) g^{jq} − 1 4 g^{ip}∂_l ( g^{kl}∂_ig_{jk} ) g^{jq} − 1 4 g̃^{ip} ~∂^l ( g̃_{ki} ~∂^kg̃_{lj} ) g̃^{jq} − 1 4 g̃^{ip} ~∂^l ( g̃_{kj} ~∂^kg̃_{li} ) g̃^{jq},

⋆R_{2(p)2(q)} = 1 8 ∂_pg_{ij}∂_qg^{ij} + 1 8 ∂_pg^{ij} ∂_qg_{ij} − 1 4 ~∂^i ( g̃_{ij} ~∂^jg̃_{pq} ) − 1 4 ∂_i ( g^{ij} ∂_j g_{pq} ) − 1 4 ∂_qg^{ij} ∂_j g_{pi} − 1 4 ∂_pg^{ij} ∂_j g_{qi} + 1 4 ∂_i ( g^{ji}∂_qg_{pj} ) + 1 4 ∂_i ( g^{ji}∂_pg_{qj} ) + 1 4 ~∂^i ( g̃_{jp} ~∂^jg̃_{iq} ) + 1 4 ~∂^i ( g̃_{jq} ~∂^jg̃_{ip} ) − 1 8 g̃_{ip} ~∂^ig̃_{kl} ~∂^jg̃^{kl}g̃_{jq} − 1 8 g̃_{ip} ~∂^ig̃^{kl} ~∂^jg̃_{kl}g̃_{jq} + 1 4 g̃_{ip} ~∂^l ( g̃_{lk} ~∂^kg̃^{ij} ) g̃_{jq} + 1 4 g_{ip}∂_l ( g^{lk}∂_kg^{ij} ) g_{jq} + 1 4 g̃_{ip} ~∂^jg̃_{kl} ~∂^lg̃^{ik}g̃_{jq} + 1 4 g̃_{ip} ~∂^ig̃_{kl} ~∂^lg̃^{jk}g̃_{jq} − 1 4 g̃_{ip} ~∂^l ( g̃_{kl} ~∂^jg̃^{ik} ) g̃_{jq} − 1 4 g̃_{ip} ~∂^l ( g̃_{kl} ~∂^ig̃^{jk} ) g̃_{jq} − 1 4 g_{ip}∂_l ( g^{ki}∂_kg^{lj} ) g_{jq} − 1 4 g_{ip}∂_l ( g^{kj} ∂_kg^{li} ) g_{jq},

⋆R_{1(p)2(q)} = 1 8 ~∂^pg̃_{ij}∂_qg^{ij} + 1 8 ~∂^pg̃^{ij} ∂_qg_{ij} − 1 4 ∂_qg_{ij} ~∂^jg̃^{pi} − 1 4 ~∂^pg̃^{ij} ∂_j g_{qi} + 1 4 ~∂^i (g̃_{ji}∂_qg̃^{pj}) + 1 4 ∂_i ( g^{ji} ~∂^pg_{qj} ) + 1 4 ~∂^i (g̃^{jp}∂_j g_{iq}) + 1 4 ∂_i ( g_{jq} ~∂^jg̃^{ip} )

− 1 8 g^{ip}∂_ig_{kl} ~∂^jg̃^{kl}g_{jq} − 1 8 g^{ip}∂_ig^{kl} ~∂^jg̃_{kl}g_{jq} + 1 4 g^{ip}∂_ig_{kl} ~∂^lg̃^{jk}g_{jq} + 1 4 g^{ip} ~∂^jg̃^{kl}∂_lg_{ik}g_{jq} − 1 4 g^{ip} ~∂^l ( g̃_{kl}∂_ig^{jk} ) g_{jq} − 1 4 g^{ip}∂_l ( g^{kl} ~∂^jg̃_{ik} ) g_{jq} − 1 4 g^{ip}∂_l ( g_{ki} ~∂^kg̃^{lj} ) g_{jq} − 1 4 g^{ip} ~∂^l ( g^{kj} ∂_kg_{li} ) g_{jq},

⋆R_{2(p)1(q)} = 1 8 ∂_pg_{ij} ~∂^qg̃^{ij} + 1 8 ∂_pg^{ij} ~∂^qg̃_{ij} − 1 4 ∂_pg_{ij} ~∂^jg̃^{qi} − 1 4 ~∂^qg̃^{ij} ∂_jg_{pi} + 1 4 ~∂^i (g_{ji}∂_pg^{qj} ) + 1 4 ∂_i ( g^{ji} ~∂^qg̃_{pj} ) + 1 4 ~∂^i (g^{jq}∂_jg_{ip}) + 1 4 ∂_i ( g_{jp} ~∂^jg̃^{iq} )

− 1 8 g_{ip} ~∂^ig̃_{kl}∂_jg^{kl}g^{jq} − 1 8 g_{ip} ~∂^ig̃^{kl}∂_j g_{kl}g^{jq} + 1 4 g_{ip}∂_j g_{kl} ~∂^lg̃^{ik}g^{jq}

+ 1 4 g_{ip} ~∂^ig̃^{kl}∂_lg_{jk}g^{jq} − 1 4 g_{ip} ~∂^l ( g_{kl}∂_j g^{ik} ) g^{jq} − 1 4 g_{ip}∂_l ( g^{kl} ~∂^ig̃_{jk} ) g^{jq} − 1 4 g_{ip} ~∂^l ( g^{ki}∂_kg_{lj} ) g^{jq} − 1 4 g_{ip}∂_l ( g_{kj} ~∂^kg̃^{li} ) g^{jq}. (A.8)

It is straightforward to verify the symmetry ⋆ R_{1(p)1(q)} g^{••} ↔ g_{••}, ~∂^• ↔ ∂_• ←−−−−−−−−−−−−−−→ ⋆R_{2(p)2(q)}, ⋆R_{1(p)2(q)} g^{••} ↔ g_{••}, ~∂^• ↔ ∂_• ←−−−−−−−−−−−−−−→ ⋆R_{2(p)1(q)}. (A.9)

With our metric ansatz (1.5) and calculation rules in section (4.1), we obtain

⋆ R_{2(t)2(t)} = − (D − 1) ȧ^2 a^2

+ (D − 1)

˙ã^2 ã^2 , ⋆R_{2(i)2(i)} = 1 ã^4 (˙ ã^2 − ã¨ã ) − ( ȧ^2 − aä ) , ⋆R_{1(t)2(t)} = 0. (A.10)

Calculation of ∗R_{MN} ∗ R_{MN} = ∗K_{MN} − S^P_M ∗ K_{P Q}S^Q_N = 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g̃_{ij} ~∂^j H_{MN} )

+ 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{ij} ∂_jH_{MN} ) + 2∂_M ∂_N d − ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( H^{1(j)}_{(M} ~∂^j H^{1(i)}_{N)} )

− ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( H^{2(j)}_{(M} ∂_j H^{1(i)}_{N)} )

− ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( H^{1(j)}_{(M} ~∂^j H^{2(i)}_{N)} )

− ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( H^{2(j)}_{(M} ∂_j H^{2(i)}_{N)} )

− ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g̃_{ji}∂_{(N} H_{M)1(j)} )

− ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{ji}∂_{(N} H_{M)2(j)} )

− 1 2 S^{1(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{lk} ~∂^kg̃^{ij} ) S^{1(j)}_N − 1 2 S^{1(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{lk}∂_kg̃^{ij} ) S^{1(j)}_N − 1 2 S^{2(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{lk} ~∂^kg_{ij} ) S^{2(j)}_N

− 1 2 S^{2(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{lk}∂_kg_{ij} ) S^{2(j)}_N

−2S^{1(i)}_M ∂_{1(i)}∂_{1(j)}dS^{1(j)}_N − 2S^{1(i)}_M ∂_{1(i)}∂_{2(j)}dS^{2(j)}_N −2S^{2(i)}_M ∂_{2(i)}∂_{1(j)}dS^{1(j)}_N − 2S^{2(i)}_M ∂_{2(i)}∂_{2(j)}dS^{2(j)}_N + 1 2 S^{1(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{kl} ~∂^jg̃^{ik} ) S^{1(j)}_N + 1 2 S^{1(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{kl} ~∂^ig̃^{jk} ) S^{1(j)}_N + 1 2 S^{1(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{kl}∂_jg̃^{ik} ) S^{2(j)}_N + 1 2 S^{1(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{kl} ~∂^ig_{jk} ) S^{2(j)}_N + 1 2 S^{2(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{kl}∂_ig̃^{jk} ) S^{1(j)}_N + 1 2 S^{2(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{kl} ~∂^j g_{ik} ) S^{1(j)}_N + 1 2 S^{2(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{kl}∂_j g_{ik} ) S^{2(j)}_N + 1 2 S^{2(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{kl}∂_ig_{jk} ) S^{2(j)}_N + 1 2 S^{1(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g̃^{ki}∂_kg̃^{lj} ) S^{1(j)}_N + 1 2 S^{1(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g̃^{kj}∂_kg̃^{li} ) S^{1(j)}_N + 1 2 S^{1(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃^{ki}∂_kg_{lj} ) S^{2(j)}_N + 1 2 S^{1(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g_{kj} ~∂^kg̃^{li} ) S^{2(j)}_N + 1 2 S^{2(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃^{kj} ∂_kg_{li} ) S^{1(j)}_N + 1 2 S^{2(i)}_M ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g_{ki} ~∂^kg̃^{lj} ) S^{1(j)}_N + 1 2 S^{2(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g_{ki} ~∂^kg_{lj} ) S^{2(j)}_N + 1 2 S^{2(i)}_M ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g_{kj} ~∂^kg_{li} ) S^{2(j)}_N . (A.11)

Thus the components are

∗ R_{1(p)1(q)} = 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g̃_{ij} ~∂^jg̃^{pq} ) + 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{ij} ∂_jg̃^{pq} )

− 1 2 ~∂^pg̃_{aa} ~∂^qg̃^{aa} − 1 2 g̃_{aa} ~∂^p ~∂^qg̃^{aa} + ~∂^p ~∂^qϕ̃

−2g^{ip} ( − 1 4 ∂_ig^{aa}∂_j g_{aa} − 1 4 g^{aa}∂_i∂_j g_{aa} + ∂_i∂_jϕ ) g^{jq} − 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{jp}∂_j g^{iq} ) − 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{jq}∂_j g^{ip} )

− 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g̃_{ji} ~∂^qg̃^{pj} ) − 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g̃_{ji} ~∂^pg̃^{qj} )

− 1 2 g^{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{lk} ~∂^kg_{ij} ) g^{jq} − 1 2 g^{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{lk}∂_kg_{ij} ) g^{jq} + 1 2 g^{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{kl}∂_jg_{ik} ) g^{jq} + 1 2 g^{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{kl}∂_ig_{jk} ) g^{jq} + 1 2 g^{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g_{ki} ~∂^kg_{lj} ) g^{jq} + 1 2 g^{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g_{kj} ~∂^kg_{li} ) g^{jq},

∗R_{2(p)2(q)} = 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g̃_{ij} ~∂^j g_{pq} ) + 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{ij} ∂_j g_{pq} )

− 1 2 ∂_pg^{aa}∂_qg_{aa} − 1 2 g^{aa}∂_p∂_qg_{aa} + 2∂_p∂_qϕ −2g_{ip} ( − 1 4 ~∂^ig̃_{aa} ~∂^jg̃^{aa} − 1 4 g̃_{aa} ~∂^i ~∂^jg̃^{aa} + ~∂^i ~∂^jϕ̃ ) g_{jq} − 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g_{jp} ~∂^j g_{iq} ) − 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g_{jq} ~∂^j g_{ip} )

− 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{ji}∂_qg_{pj} ) − 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{ji}∂_pg_{qj} )

− 1 2 g_{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{lk} ~∂^kg̃^{ij} ) g_{jq} − 1 2 g_{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{lk}∂_kg̃^{ij} ) g_{jq} + 1 2 g_{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{kl} ~∂^jg̃^{ik} ) g_{jq} + 1 2 g_{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{kl} ~∂^ig̃^{jk} ) g_{jq} + 1 2 g_{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g̃^{ki}∂_kg̃^{lj} ) g_{jq} + 1 2 g_{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g̃^{kj} ∂_kg̃^{li} ) g_{jq},

∗R_{1(p)2(q)} = +2 ~∂^p∂_qd − 2g̃^{ip}∂_i ~∂^j dg_{jq} − 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g̃^{jp}∂_jg_{iq} ) − 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g_{jq} ~∂^jg̃^{ip} )

− 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g̃_{ji}∂_qg̃^{pj} ) − 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{ji} ~∂^pg_{qj} )

+ 1 2 g̃^{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{kl}∂_ig̃^{jk} ) g_{jq} + 1 2 g̃^{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{kl} ~∂^jg_{ik} ) g_{jq} + 1 2 g̃^{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃^{kj} ∂_kg_{li} ) g_{jq} + 1 2 g̃^{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g_{ki} ~∂^kg̃^{lj} ) g_{jq},

∗R_{2(p)1(q)} = +2∂_p ~∂^qd − 2g̃_{ip} ~∂^i∂_j dg^{jq} − 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g^{jq}∂_jg̃_{ip} ) − 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g̃_{jp} ~∂^jg^{iq} )

− 1 2 ( − 1 4 g̃_{ab} ~∂^ig̃^{ab} + ~∂^iϕ̃ ) ( g̃_{ji}∂_pg̃^{qj} ) − 1 2 ( − 1 4 g^{ab}∂_ig_{ab} + ∂_iϕ ) ( g^{ji} ~∂^qg_{pj} )

+ 1 2 g̃_{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃_{kl}∂_jg̃^{ik} ) g^{jq} + 1 2 g̃_{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g^{kl} ~∂^ig_{jk} ) g^{jq} + 1 2 g̃_{ip} ( − 1 4 g̃_{ab} ~∂^lg̃^{ab} + ~∂^lϕ̃ ) ( g̃^{ki}∂_kg_{lj} ) g^{jq} + 1 2 g̃_{ip} ( − 1 4 g^{ab}∂_lg_{ab} + ∂_lϕ ) ( g_{kj} ~∂^kg̃^{li} ) g^{jq}. (A.12)

There also exist similar symmetries as in ⋆R ∗ R_{1(p)1(q)} g^{••} ↔ g_{••}, ~∂^• ↔ ∂_•, ϕ̃ ↔ ϕ ←−−−−−−−−−−−−−−−−−−−−−→ ∗R_{2(p)2(q)}, ∗R_{1(p)2(q)} g^{••} ↔ g_{••}, ~∂^• ↔ ∂_•, ϕ̃ ↔ ϕ ←−−−−−−−−−−−−−−−−−−−−−→ ∗R_{2(p)1(q)}. (A.13)

Similarly, from the metric ansatz (1.5) and calculation rules in section (4.1),

∗ R_{2(t)2(t)} = (D − 1) ȧ^2 a^2 − (D − 1) ä a + 2ϕ̈ − (D − 1)

˙ã^2 ã^2

+ (D − 1) ¨ã ã − 2 ¨ϕ̃, ∗R_{2(i)2(i)} = 1 ã^4 ( − (D − 1) ˙ã^2 + 2 ˙ϕ̃ã ˙ã ) − ( − (D − 1) ȧ^2 + 2ϕ̇aȧ ) , ∗R_{1(t)2(t)} = 0. (A.14)

Finally, combining two parts of the generalized Ricci tensor, R_{MN} = ⋆R_{MN} + ∗R_{MN} = 0, (A.15) we get

R_{2(t)2(t)} = − (D − 1) ( Ḣ + H^2 ) + 2ϕ̈ + (D − 1) ( ˙H̃ + H̃2 ) − 2 ¨ϕ̃, R_{2(i)2(i)} = 1 ã^2 ( − ˙H̃ − (D − 1) H̃^2 + 2 ˙ϕ̃H̃ ) − a^2 ( −Ḣ − (D − 1) H^2 + 2ϕ̇H ) , R_{1(t)2(t)} = 0. (A.16)

with symmetry R_{1(p)1(q)} g^{••} ↔ g_{••}, ~∂^• ↔ ∂_•, ϕ̃ ↔ ϕ ←−−−−−−−−−−−−−−−−−−−−−→ R_{2(p)2(q)}, R_{1(p)2(q)} g^{••} ↔ g_{••}, ~∂^• ↔ ∂_•, ϕ̃ ↔ ϕ ←−−−−−−−−−−−−−−−−−−−−−→ R_{2(p)1(q)}. (A.17)

References

[1] C. Hull and B. Zwiebach, “Double Field Theory,” JHEP 0909, 099 (2009) [arXiv:0904.4664 [hepth]].

C. Hull and B. Zwiebach, “The Gauge algebra of double field theory and Courant brackets,” JHEP 0909, 090 (2009) [arXiv:0908.1792 [hep-th]].

O. Hohm, C. Hull and B. Zwiebach, “Background independent action for double field theory,” JHEP 1007, 016 (2010) [arXiv:1003.5027 [hep-th]].

O. Hohm, C. Hull and B. Zwiebach, “Generalized metric formulation of double field theory,” JHEP 1008, 008 (2010) [arXiv:1006.4823 [hep-th]].

[2] W. Siegel, “Two vierbein formalism for string inspired axionic gravity,” Phys. Rev. D 47, 5453 (1993) [hep-th/9302036]. W. Siegel, “Superspace duality in low-energy superstrings,” Phys. Rev. D 48, 2826 (1993) [hep-th/9305073]. W. Siegel, “Manifest duality in low-energy superstrings,” In *Berkeley 1993, Proceedings, Strings ’93* 353-363, and State U. New York Stony Brook - ITP-SB-93-050 (93,rec.Sep.) 11 p. (315661) [hep-th/9308133].

[3] A. A. Tseytlin, “Duality Symmetric Formulation Of String World Sheet Dynamics,” Phys. Lett. B 242, 163 (1990).

A. A. Tseytlin, “Duality symmetric closed string theory and interacting chiral scalars,” Nucl. Phys. B 350, 395 (1991).

[4] M. J. Duff, “Duality Rotations In String Theory,” Nucl. Phys. B 335, 610 (1990).

M. J. Duff and J. X. Lu, “Duality Rotations In Membrane Theory,” Nucl. Phys. B 347, 394 (1990).

[5] B. Zwiebach, “Double Field Theory, T-Duality, and Courant Brackets,” arXiv:1109.1782 [hep-th].

[6] G. Aldazabal, D. Marques and C. Nunez, “Double Field Theory: A Pedagogical Review,” arXiv:1305.1907 [hep-th].

[7] S. K. Kwak, “Invariances and Equations of Motion in Double Field Theory,” JHEP 1010, 047 (2010) [arXiv:1008.2746 [hep-th]].

[8] I. Jeon, K. Lee and J. -H. Park, “Differential geometry with a projection: Application to double field theory,” JHEP 1104, 014 (2011) [arXiv:1011.1324 [hep-th]].

[9] O. Hohm and S. K. Kwak, “Frame-like Geometry of Double Field Theory,” J. Phys. A A 44, 085404 (2011) [arXiv:1011.4101 [hep-th]].

[10] O. Hohm, “T-duality versus Gauge Symmetry,” Prog. Theor. Phys. Suppl. 188, 116 (2011) [arXiv:1101.3484 [hep-th]].

[11] I. Jeon, K. Lee and J. -H. Park, “Double field formulation of Yang-Mills theory,” Phys. Lett. B 701, 260 (2011) [arXiv:1102.0419 [hep-th]].

[12] O. Hohm and S. K. Kwak, “Double Field Theory Formulation of Heterotic Strings,” JHEP 1106, 096 (2011) [arXiv:1103.2136 [hep-th]].

[13] N. B. Copland, “Connecting T-duality invariant theories,” Nucl. Phys. B 854, 575 (2012) [arXiv:1106.1888 [hep-th]].

[14] D. C. Thompson, “Duality Invariance: From M-theory to Double Field Theory,” JHEP 1108, 125 (2011) [arXiv:1106.4036 [hep-th]].

[15] O. Hohm, S. K. Kwak and B. Zwiebach, “Double Field Theory of Type II Strings,” JHEP 1109, 013 (2011) [arXiv:1107.0008 [hep-th]].

[16] C. Albertsson, S. -H. Dai, P. -W. Kao and F. -L. Lin, “Double Field Theory for Double D-branes,” JHEP 1109, 025 (2011) [arXiv:1107.0876 [hep-th]].

[17] O. Hohm and S. K. Kwak, “Massive Type II in Double Field Theory,” JHEP 1111, 086 (2011) [arXiv:1108.4937 [hep-th]].

[18] N. Kan, K. Kobayashi and K. Shiraishi, “Equations of Motion in Double Field Theory: From particles to scale factors,” Phys. Rev. D 84, 124049 (2011) [arXiv:1108.5795 [hep-th]].

[19] G. Aldazabal, W. Baron, D. Marques and C. Nunez, “The effective action of Double Field Theory,” JHEP 1111, 052 (2011) [Erratum-ibid. 1111, 109 (2011)] [arXiv:1109.0290 [hep-th]].

[20] I. Jeon, K. Lee and J. -H. Park, “Incorporation of fermions into double field theory,” JHEP 1111, 025 (2011) [arXiv:1109.2035 [hep-th]].

[21] D. Geissbuhler, “Double Field Theory and N=4 Gauged Supergravity,” JHEP 1111, 116 (2011) [arXiv:1109.4280 [hep-th]].

[22] D. S. Berman, E. T. Musaev and M. J. Perry, “Boundary Terms in Generalized Geometry and doubled field theory,” Phys. Lett. B 706, 228 (2011) [arXiv:1110.3097 [hep-th]].

[23] D. S. Berman, H. Godazgar, M. Godazgar and M. J. Perry, “The Local symmetries of M-theory and their formulation in generalised geometry,” JHEP 1201, 012 (2012) [arXiv:1110.3930 [hep-th]].

[24] N. B. Copland, “A Double Sigma Model for Double Field Theory,” JHEP 1204, 044 (2012) [arXiv:1111.1828 [hep-th]].

[25] O. Hohm and S. K. Kwak, “N=1 Supersymmetric Double Field Theory,” JHEP 1203, 080 (2012) [arXiv:1111.7293 [hep-th]].

[26] I. Jeon, K. Lee and J. -H. Park, “Supersymmetric Double Field Theory: Stringy Reformulation of Supergravity,” Phys. Rev. D 85, 081501 (2012) [arXiv:1112.0069 [hep-th]].

[27] O. Hohm and B. Zwiebach, “On the Riemann Tensor in Double Field Theory,” arXiv:1112.5296 [hep-th].

[28] M. Grana and D. Marques, “Gauged Double Field Theory,” JHEP 1204, 020 (2012) [arXiv:1201.2924 [hep-th]].

[29] N. Kan, K. Kobayashi and K. Shiraishi, “Equations of motion in Double Field Theory: from classical particles to quantum cosmology,” arXiv:1201.6023 [hep-th].

[30] D. Andriot, O. Hohm, M. Larfors, D. Lust and P. Patalong, “A geometric action for non-geometric fluxes,” arXiv:1202.3060 [hep-th].

[31] I. Vaisman, “On the geometry of double field theory,” J. Math. Phys., 53, 3 (2012) arXiv:1203.0836. [32] G. Dibitetto, J. J. Fernandez-Melgarejo, D. Marques and D. Roest, “Duality orbits of nongeometric fluxes,” arXiv:1203.6562 [hep-th].

[33] D. Andriot, O. Hohm, M. Larfors, D. Lust and P. Patalong, “Non-Geometric Fluxes in Supergravity and Double Field Theory,” arXiv:1204.1979 [hep-th].

[34] D. Lust, “Twisted Poisson Structures and Non-commutative/non-associative Closed String Geometry,” arXiv:1205.0100 [hep-th].

[35] O. Hohm and B. Zwiebach, “Large Gauge Transformations in Double Field Theory,” JHEP 1302, 075 (2013) [arXiv:1207.4198 [hep-th]].

[36] D. S. Berman, E. T. Musaev, D. C. Thompson and D. C. Thompson, “Duality Invariant M-theory:

Gauged supergravities and Scherk-Schwarz reductions,” JHEP 1210, 174 (2012) [arXiv:1208.0020 [hep-th]].

[37] I. Vaisman, “Towards a double field theory on para-Hermitian manifolds,” arXiv:1209.0152. [38] I. Jeon, K. Lee, J. -H. Park and Y. Suh, “Stringy Unification of Type IIA and IIB Supergravities under N=2 D=10 Supersymmetric Double Field Theory,” arXiv:1210.5078 [hep-th].

[39] O. Hohm and B. Zwiebach, “Towards an invariant geometry of double field theory,” arXiv:1212.1736 [hep-th].

[40] E. T. Musaev, “Gauged supergravities in 5 and 6 dimensions from generalised Scherk-Schwarz reductions,” JHEP 1305, 161 (2013) [arXiv:1301.0467 [hep-th]].

[41] D. Andriot, “Non-geometric fluxes versus (non)-geometry,” arXiv:1303.0251 [hep-th]. [42] F. Hassler and D. Lust, “Non-commutative/non-associative IIA (IIB) Q- and R-branes and their intersections,” arXiv:1303.1413 [hep-th].

[43] D. S. Berman, C. D. A. Blair, E. Malek and M. J. Perry, “The O_{D,D} Geometry of String Theory,” arXiv:1303.6727 [hep-th].

[44] D. Geissbuhler, D. Marques, C. Nunez and V. Penas, “Exploring Double Field Theory,” arXiv:1304.1472 [hep-th].

[45] R. Blumenhagen, A. Deser, E. Plauschinn, F. Rennecke and C. Schmid, “The Intriguing Structure of Non-geometric Frames in String Theory,” arXiv:1304.2784 [hep-th].

[46] J. -H. Park, “Comments on double field theory and diffeomorphism,” arXiv:1304.5946 [hep-th]. [47] D. S. Berman and K. Lee, “Supersymmetry for Gauged Double Field Theory and Generalised Scherk-Schwarz Reductions,” arXiv:1305.2747 [hep-th].

[48] O. Hohm, W. Siegel and B. Zwiebach, “Doubled α^′-Geometry,” arXiv:1306.2970 [hep-th]. [49] M. Gasperini, “Elements of string cosmology,” Cambridge, UK: Cambridge Univ. Pr. (2007) 552 p.