arXiv:1307.0198v3 [math-ph] 11 Jul 2013

Spontaneous polarization of spin 1 analogue

of the eight-vertex model

Yas-Hiro Quano^∗

Department of Clinical Engineering, Suzuka University of Medical Science Kishioka-cho, Suzuka 510-0293, Japan 11 July 2013

Dedicated to Professors Anatol Kirillov and Tetsuji Miwa on the occasion of the retirement from Kyoto University.

Abstract The spin 1 analogue of the eight-vertex model is considered on the basis of free field representations of vertex operators in the 2 × 2-fold fusion SOS model and vertex-face transformation. The spontaneous polarization of the model is obtained in terms of one-fold integral formula. Some limiting cases are discussed in order to examine the validity of the formula. Furthermore, we also present the integral formulae of the one-point function for the inhomogeneous twenty-one-vertex model.

1 Introduction

In this paper we consider the spin 1 analogue of Baxter’s eight-vertex model [1], on the basis of vertex operator approach [2]. The model is often called twenty-one-vertex model since the R matrix has twenty one non-zero elements. The eight-vertex model is related to spin^1_2 anisotropic Heisenberg spin chain. It was found by Lashkevich and Pugai [3] that the correlation functions of the eight-vertex model can be obtained by using the free field realization of the vertex operators in the eight-vertex SOS model [4], with insertion of the nonlocal operator Λ, called ‘the tail operator’. In [5] Lashkevich obtained integral formulae for form factors of the eight-vertex model.

There are some researches which generalize the study of [3, 5]. The vertex operator approach for higher spin generalization of the eight-vertex model was presented in [6]. As for higher rank generalization, the integral formulae for correlation functions of Belavin’s (Z/nZ)-symmetric model [7] were presented in [8], and those form factor formulae were presented in [9].

∗email: quanoy@suzuka-u.ac.jp

We are interested in the spontaneous polarization, a kind of one-point function of vertex models. Baxter and Kelland [10] derived the expression of the spontaneous polarization of the eight-vertex model. In [11] the same result was reproduced by solving a set of difference equations. Baxter-Kelland formula was also reproduced in [3] on the basis of vertex operator approach. The explicit expression for the spontaneous polarization of (Z/nZ)-symmetric model was found in [12], which was reproduced in [8], on the basis of vertex operator approach.

Let us mention on the trigonometric limit cases of elliptic vertex model. In [13] the spontaneous polarization formulae of the higher spin analogue of the six vertex model, the trigonometric limit of the eight-vertex model, were obtained by using Bethe Ansatz method. Idzumi [14] reproduced those formulae for spin 1 case in terms of vertex operator formalism. In the critical limit, the spin^k_2 (isotropic) Heisenberg spin chain is described by level k Wess-Zumino-Witten model [15], whose central charge is given by c =^{3k}_{k+2} . Since c = 1 for the spin^1_2 case, the eight-vertex model can be described in terms of one boson. Spin 1 analogue of the eight-vertex model (twenty-one-vertex model) can be described in terms of one boson and one fermion, because c =^3_2 = 1 +^1_2 for k = 2. Actually, Idzumi [14], Bougourzi and Weston [16] constructed level 2 irreducible highest weight representations of the quantum affine Lie algebra U_q(^sl_2) in terms of one boson and one fermion.

Let us turn to the elliptic case. Baxter [17, 18, 19] found the vertex-face transformation which relates the eight-vertex model and the SOS model. The restricted SOS (RSOS) model was constructed in [20]. The higher spin generalization of RSOS model was introduced in [21, 22] on the basis of the fusion procedure. Kojima, Konno and Weston [6] constructed vertex operator formalism for the higher spin analogue of the eight-vertex model, by using vertex-face transformation onto k × k fusion SOS model.

The present paper is organized as follows. In section 2 we review the basic objects of the twenty-one-vertex model, the corresponding fusion face model [21, 22], the vertex-face correspondence of these two model, and the tail operators which translate correlation functions of fusion SOS model into those of the twenty-one-vertex model. Some detail definitions of the models concerned are listed in Appendix A. In section 3 we introduce a field representation for 2×2 fusion SOS model. The type I vertex operators, the tail operators and the CTM Hamiltonian can be realized in terms of bosons and fermions. Correlation functions of the twenty-one-vertex model can be obtained by these objects, in principle. Section 4 is devoted to derivation of the spontaneous polarization of the twenty-one-vertex model. Useful operator product expansion (OPE) formulae and commutation relations for basic operators are given in Appendix B. Some limiting cases are considered in order to examine the validity of the formula. In particular, the result is compared with that of the trigonometric model obtained by Idzumi [14]. Furthermore, we present the corresponding formula for the inhomogeneous case. In section 5 we give some concluding remarks.

2 Basic objects

The present section aims to formulate the problem, thereby fixing the notation.

2.1 Theta functions

Jacobi theta function with two pseudo-periods 1 and τ (Im τ > 0) are defined as follows:

ϑ a b (u; τ) := ∑ m∈Z exp { π √ −1(m + a) [(m + a)τ + 2(u + b)] } , (2.1)

for a, b ∈ R. In what follows we use the symmbols θ_1(u; τ), · · · , θ_4(u; τ) when (a, b) = (^1_2 , −^1_2 ), (^1_2 , 0), (0, 0), (0,^1_2 ) on (2.1), respectively. Let r > 2 and ϵ > 0 be fixed, and let

h^{(t)}_j (u) := θ_j (_u t ;^{π√−1}_{ϵt} ) , (j = 1, 2, 3, 4)

for t > 0. We put h^{(r)}_j (u) = h_j (u) for simplicity. We will use the abbreviations,

[u] := x^{u2r −u}Θ_x2r (x^{2u}), {u} := x^{u2r −u}Θ_x2r (−x^{2u}), [[u]] := x^{u2r} Θ_x2r (x^{2u+r} ), {{u}} := x^{u2r} Θ_x2r (−x^{2u+r}),

(2.2)

where

Θ_q(z) = (z; q)_∞(qz^{−1}; q)_∞(q; q)_∞ = ∑ m∈Z q^{m(m−1)/2}(−z)^m, (z; q_1, · · · , q_m)_∞ = ∏ i_1 ,··· ,i_m ⩾0 (1 − zq^{i1}_1 · · · q^{im}_m ).

Note that h_1(u) = √_{ϵr} π exp ( −^{ϵr}_4 ) [u], h_4(u) = √_{ϵr} π exp ( −^{ϵr}_4 ) {u}, h_2(u) = √_{ϵr} π [[u]], h_3(u) = √_{ϵr} π {{u}}, where x = e^{−ϵ}.

In the present paper we often use the following abbreviations: r^′ = r − 1, r^{′′} = r − 2, [u]^′ = [u] |_{r→r−1} , [u]^{′′} = [u] |_{r→r−2} , and so on.

2.2 Spin 1 analogue of the eight-vertex model

The twenty-one-vertex model is constructed from the original spin^1_2 eight-vertex model by fusion procedure. Let R(u)v_{ε1} ⊗ v_{ε2} = ∑ ε^′_1,ε^′_2 =±

v_ε′_1 ⊗ v_ε′_2 R(u)^{ε′1 ε′2}_{ε1 ε2} (2.3)

be the R-matrix of the eight-vertex model. Non-zero elements of the R-matrix are given as follows: R(u)^{εε}_{εε} = 1 κ̄(u) h^{(2r)}_2 (1)h^{(2r)}_2 (u) h^{(2r)}_2 (0)h^{(2r)}_2 (1 − u) , R(u)^{ε−ε}_{ε−ε} = − 1 κ̄(u) h^{(2r)}_2 (1)h^{(2r)}_1 (u) h^{(2r)}_2 (0)h^{(2r)}_1 (1 − u) ,

R(u)^{−εε}_{ε−ε} = 1 κ̄(u) h^{(2r)}_1 (1)h^{(2r)}_2 (u) h^{(2r)}_2 (0)h^{(2r)}_1 (1 − u) , R(u)^{−ε−ε}_{εε} = 1 κ̄(u) h^{(2r)}_1 (1)h^{(2r)}_1 (u) h^{(2r)}_2 (0)h^{(2r)}_2 (1 − u) , (2.4) where, κ̄(u) = ζ^{− r−1r} ρ(z) ρ(z^{−1})

, (z = ζ^2 = x^{2u}, x = e^{−ϵ}) (2.5) ρ(z) = (x^2z; x^4, x^{2r})_∞(x^{2r+2}z; x^4, x^{2r})_∞ (x^4z; x^4, x^{2r})_∞(x^{2r}z; x^4, x^{2r})_∞ . Let R^{(1,1)}(u)v_{j1} ⊗ v_{j2} = 1∑ j^′_1 ,j^′_2=−1

v_j′_1 ⊗ v_j′_2 R^{(1,1)}(u)^{j′1 j′2}_{j1 j2} (2.6)

be the twenty-one-vertex model. This R^{(1,1)}(u) can be obtained from R(u) in terms of fusion procedure. The following property P R(1) = −R(1), P (x ⊗ y) = y ⊗ x, (2.7) is important in the fusion procedure. The explicit expressions of the matrix elements of R-matrix of the twenty-one-vertex model are given in Appendix A.

We assume that the parameters u, ϵ and r on (2.4) and (A.2) lie in the so-called principal regime: ϵ > 0, r > 2, 0 < u < 1. (2.8) This is the antiferroelectric region of the parameters. The twenty-one-vertex model has three kinds of ground states labeled by i for i = 0, 1, 2. Accordingly, there are three spaces of physical states H^{(i)} (i = 0, 1, 2). Here, the space H^{(i)} is the C -vector space spanned by the half-infinite pure tensor vectors of the forms v_{s1} ⊗ v_{s2} ⊗ v_{s3} ⊗ · · · with s_j ∈ {−1, 0, 1}, for j = 1, 2, 3, · · · (2.9) and s_j =

1 − i (j ≡ 0 mod 2) i − 1 (j ≡ 1 mod 2) for j ≫ 0. (2.10)

Note that H^{(i)} is isomorphic to the level 2 highest weight module of affine Lie algebra A^{(1)}_1 , with the highest wight λ_i := (2 − i)Λ_0 + iΛ_1 (i = 0, 1, 2),

respectively. Here, Λ_i’s (i = 0, 1) denote the fundamental weights of A^{(1)}_1 .

Let H^{∗(i)} be the dual of H^{(i)} spanned by the half-infinite pure tensor vectors of the forms

· · · ⊗ v_{s−2} ⊗ v_{s−1} ⊗ v_{s0} with s_j ∈ {−1, 0, 1}, for j = 1, 2, 3, · · · (2.11) and s_j =

1 − i (j ≡ 0 mod 2) i − 1 (j ≡ 1 mod 2) for j ≪ 0. (2.12)

Let us consider the so-called low temperature limit x → 0 of (A.2) with ζ = x^u be fixed. Then the R^{(1,1)}(u) behaves as R^{(1,1)}(u)^{s1 s2}_s′_{1 s}′_2 ∼ ζ^{H(s1 ,s2 )}δ^{s1}_s′_2 δ^{s2}_s′_1 (x → 0) (2.13) where H(s, s^′) = |s + s^′| = 0 (if (s, s^′) = (±1, ∓1), (0, 0)) 1 (if (s, s^′) = (±1, 0), (0, ±1)) 2 (if (s, s^′) = (±1, ±1))

(2.14)

Thus, the South-East corner transfer matrix behaves

A^{(i)}_{SE} (u)^{s1 s2···}_s′_{1 s}′_{2···} ∼ ζ^{H(i)CT M (s1 ,s2,··· )}δ^{s1}_s′_1 δ^{s2}_s′_2 · · · : H^{(i)} → H^{(i)}, (2.15)

in the low temperature limit x → 0, where

H^{(i)}_{CT M} (s_1, s_2, · · · ) = ∞∑ j=1 jH(s_j , s_{j+1}). (2.16)

We assume that (2.15) is valid not only for low temperature limit x → 0 but also for finite 0 < x < 1^1. Likewise other three types of the corner transfer matrices are introduced as follows:

A^{(i)}_{NE} (u) : H^{(i)} → H^{∗(i)}, A^{(i)}_{NW} (u) : H^{∗(i)} → H^{∗(i)}, A^{(i)}_{SW} (u) : H^{∗(i)} → H^{(i)},

(2.17)

where NE, NW and SW stand for the corners North-East, North-West and South-West. It seems to be rather general [1] that the product of four CTMs in the infinite lattice limit is independent of u:

ρ^{(i)} = A^{(i)}_{SE} (u)A^{(i)}_{SW} (u)A^{(i)}_{NW} (u)A^{(i)}_{NE} (u) = x^{2H(i)CT M} . (2.18)

The trace of ρ^{(i)} coincides with the principally specialized character of λ_i, up to some factors [23]:

χ^{(i)} := tr_H(i) (x^{2H(i)CT M} ) = x^iχ_{λi} (x) =

(−x^2; x^2)_∞(−x^4; x^4)_∞ (i = 0, 2) (−x^2; x^2)_∞(−x^2; x^4)_∞ (i = 1)

(2.19)

Introduce the type I vertex operator by the following half-infinite transfer matrix

Φ^j (u_1 − u_2) = j u_1

u_2 u_2 u_2 u_2

· · · (2.20)

Then the operator (2.20) is an intertwiner from H^{(i)} to H^{(2−i)}. The type I vertex operators satisfy the following commutation relation:

Φ^{j1} (u_1)Φ^{j2} (u_2) = ∑ j^′_1,j^′_2

R^{(1,1)}(u_1 − u_2)^{j1 j2}_j′_{1 j}′_2 Φ^{j′2} (u_2)Φ^{j′1} (u_1). (2.21)

Furthermore, the type I vertex operator Φ^j (u) and ρ^{(i)} introduced on (2.18) satisfy the homogeneity relation Φ^j (u)ρ^{(i)} = ρ^{(2−i)}Φ^j (u − 2). (2.22)

1Note that the u-dependence of R^{(1,1)}(u) is actually ζ-dependence, where ζ = x^u. Since the eigenvalues λ_s of A^{(i)}_{SE} (u) should be invariant under the shift u → u + 2π √ −1/ log x, we have λ_s = ζ^{ns} (n_s ∈ Z). Owing to the discreteness property of eigenvalues, (2.15) should be valid even for finite 0 < x < 1, in the sense of similarity transformation.

2.3 2 × 2 fusion SOS model

The SOS model was introduced by Baxter [17, 18, 19] in order to solve the eight-vertex model. The

state variables of the SOS model take integer values. A pair (a, b) ∈ Z^2 is called admissible if b = a ± 1.

Let (a, b) be the state variables at adjacent sites. Then the pair (a, b) is admissible. For (a, b, c, d) ∈ Z^4

let W c d b a | | | | | u be the Boltzmann weight of the SOS model for the state configuration c d b a round a face. Here the four states a, b, c and d are ordered clockwise from the SE corner. In this

model W c d b a | | | | | u = 0 unless the four pairs (a, b), (a, d), (b, c) and (d, c) are admissible. Non-zero

Boltzmann weights are given as follows: W k ± 2 k ± 1 k ± 1 k | | | | | u = 1 κ̄(u) ,

W k k ± 1 k ± 1 k | | | | | u = 1 κ̄(u) [1][k ± u] [1 − u][k] ,

W k k ± 1 k ∓ 1 k | | | | | u = − 1 κ̄(u) [u][k ± 1] [1 − u][k] .

(2.23)

The twenty-one-vertex model can be transformed into 2 × 2 fusion SOS model in terms of vertex-face

correspondence. Let (a, b) be the state variables of 2 × 2 fusion SOS model at adjacent sites. Then

b = a ± 2, or b = a. In what follows we denote b ∼ a when b − a ∈ {−2, 0, 2}. Non-zero Boltzmann

weights W_{22}(u) are given in Appendix A.

Here we again assume that the parameters u, ϵ and r on (2.23) and (A.3) lie in (2.8). This region of

the parameters is called regime III in the SOS-type model. For k, l ∈ Z and i = 0, 1, 2, let H^{(i)}_{l,k} be the

space of admissible paths (k_0, k_1, k_2, · · · ) such that

k_0 = k, k_{j+1} ∼ k_j for j = 0, 1, 2, 3, · · · , (2.24) and k_j = l + i (j ≡ 0 mod 2)

l + 2 − i (j ≡ 1 mod 2) for j ≫ 0. (2.25)

Also, let H^{∗(i)}_{l,k} be the space of admissible paths (· · · , k_{−2}, k_{−1}, k_0) such that

k_0 = k, k_{j−1} ∼ k_j for j = 0, −1, −2, 3, · · · , (2.26) and k_j = l + i (j ≡ 0 mod 2)

l + 2 − i (j ≡ 1 mod 2) for j ≪ 0. (2.27)

After gauge transformation [21, 22], the Boltzmann weights W_{22}(u) in the so-called low temperature

limit x → 0 behave as

W_{22} c d b a | | | | | u ∼ δ_{bd}ζ^12^{|c−a|}. (2.28)

Here we take the limit x → 0 with ζ = x^u be fixed. Let A^{(i)}_{l.k}, B^{(i)}_{l.k} , C^{(i)}_{l.k} and D^{(i)}_{l.k} be the SE, SW, NW, NE corner transfer matrix. Then the SE corner transfer matrix behaves as follows: A^{(i)}_{l,k}(u)^{k0 k1 k2···} k^′_0 k^′ 1k^′_2 ··· ∼ ζ H^{(i)}_{l,k} δk_0 k^′_0 δ k_1 k^′_1 δ k_2 k^′_2 · · · , H (i) l,k → H^{(i)}_{l,k}, (2.29) in the low temperature limit x → 0, where

H^{(i)}_{l,k} (k_0, k_1, k_2, · · · ) = 1 2 ∞∑ j=1 j|k_{j+1} − k_{j−1}|. (2.30) Likewise other three types of the corner transfer matrices are introduced as follows: B^{(i)}_{l,k} (u) : H^{∗(i)} → H^{(i)}, C^{(i)}_{l,k} (u) : H^{∗(i)} → H^{∗(i)}, D^{(i)}_{l,k}(u) : H^{(i)} → H^{∗(i)}.

(2.31)

It seems to be rather general [1] that the product of four CTMs in the infinite lattice limit is independent of u: ρ^{(i)}_{l,k} = A^{(i)}_{l,k}(u)B^{(i)}_{l,k} (u)C^{(i)}_{l,k} (u)D^{(i)}_{l,k}(u) = [k]x^{2H(i)l,k} . (2.32) Let k ≡ l + i + 2j (mod 4), where i = 0, 1, 2 and j = 0, 1. Then the trace of ρ^{(i)}_{l,k} can be given as follows [24]:

χ^{(i)}_{l,k} := tr_H(i)_{l,k} (ρ^{(i)}_{l,k}) = [k]c^{λi}_{λi+2j} (x^4)x^r2r^{′′ l2 −lk+ r} ′′ 2r k^2 . (2.33)

Here c^{λi}_{λj} (x^4) is the string function [25], up to some factors. We change the definitions for the present purpose as follows: c^{λ0}_{λ0} (x^4) ± c^{λ0}_{λ2} (x^4) =

(∓x^2; x^4)_∞ (x^4; x^4)_∞ , c^{λ1}_{λ1} (x^4) = c^{λ1}_{λ3} (x^4) = x^{12} (−x^4; x^4)_∞ (x^4; x^4)_∞ , c^{λi}_{λj} (x^4) = 0 (for j ≢ i mod 2).

(2.34)

Besides (2.34) we have the following symmetry c^{λi}_{λj} (x^4) = c^{λi}_{λj+4} (x^4) = c^{λ2−i}_{λ2−j} (x^4). (2.35) From (2.33), (2.34), (2.35) and (2.19), we obtain the following relation [6]: ∑ k∈l+i+2Z χ^{(i)}_{l,k} = [l]^{′′}χ^{(i)}. (2.36)

Introduce the type I vertex operator by the following half-infinite transfer matrix

Φ(u_1 − u_2)^{k′}_k = k k^′

u_2 u_2 u_2 u_1 (2.37)

Then the operator (2.37) is an intertwiner from H^{(i)}_{l,k} to H^{(2−i)}_{l,k}′ . The type I vertex operators satisfy the following commutation relation:

Φ(u_1)^c_bΦ(u_2)^b_a = ∑ d W_{22} c d b a | | | | | u_1 − u_2

Φ(u_2)^c_dΦ(u_1)^d_a. (2.38)

The free field realization of Φ(u)^b_a was constructed in [6]. See section 3.2.

Furthermore, the type I vertex operator Φ(u)^{k′}_k and ρ^{(i)}_{l,k} introduced on (2.32) satisfy the homogeneity relation Φ(u)^{k′}_k ρ^{(i)}_{l,k} [k] = ρ^{(2−i)}_{l,k}′ [k^′]

Φ(u − 2)^{k′}_k . (2.39)

2.4 Vertex-face correspondence

Baxter [17, 18, 19] introduced the intertwining vectors which relate the eight-vertex model and the SOS model. Let t(u)^k_{±1} = ∑ ε=± v_εt^ε(u)^k_{±1} = f(u) √ 2 h (2r) 3 (k ∓ u) h^{(2r)}_4 (k ∓ u)

, (2.40)

where the scalar function f(u) satisies

h_1(u)f(u)f(u − 1) = 1.

Then the following relation holds: (cf. Figure 1)

R(u_1 − u_2)t(u_1)^d_a ⊗ t(u_2)^c_d = ∑ b t(u_1)^c_b ⊗ t(u_2)^b_aW c d b a | | | | | | u_1 − u_2

. (2.41)

< u_1 ∨

u_2 c

a d = ∑ b < u_1 ∨ u_2 d c

a b

Figure 1. Picture representation of vertex-face correspondence.

Note that the present intertwining vectors are different from the ones used in [17, 18, 19], which relate the R-matrix of eight-vertex model in the disordered phase and Boltzmann weights W of A^{(1)}_{n−1}-model in the regime III.

Let us introduce the dual intertwining vectors (see Figure 2) satisfying ∑ ε=± t^∗_ε (u)^{k′}_k t^μ(u)^k′′ = δ^{k′}_k′′ , ∑ k^′ =k±1 t^ε(u)^k′ t^∗_ε′ (u)^{k′}_k = δ^ε′ . (2.42)

∑ ε=± k^′ k^∧ k^{′′} k ε ∨

u = δ^{k′′}_k′ , ∑ k^′ =k±1 k k^′ ∧_∨ε^′ ε u = δ^{ε′}_ε .

Figure 2. Picture representation of the dual intertwining vectors.

From (2.41) and (2.42), we have (cf. Figure 3)

t^∗(u_1)^b_c ⊗ t^∗(u_2)^a_b R(u_1 − u_2) = ∑ d W c d b a | | | | | u_1 − u_2 t^∗(u_1)^a_d ⊗ t^∗(u_2)^d_c . (2.43)

> u_1 ∧ u_2 c

a b = ∑ d > u_1 ∧

u_2 d c

a b

Figure 3. Vertex-face correspondence by dual intertwining vectors.

Intertwining vectors which relate the twenty-one-vertex model and the 2 × 2 fusion SOS model can

be constructed by fusion procedure. The explicit expressions of the fused intertwining vectors are given

in Appendix A. Let L a^{′0} a^{′1} a_0 a_1 | | | | | u_0 := 1∑ j=−1 t^∗_j (−u_0)^{a1}_{a0} t^j (−u_0)^{a′0}_a′_1 . (2.44)

Then form (A.7) L a^0 a^{′1} a_0 a_1 | | | | | u^0 = δ^{a′1}_{a1} . (2.45)

The explicit expressions of L are given in Appendix A.

Assume that 0 < ℜ(u_0) < 2. Then it follows from (A.4) and (A.6) that for i = 0, 1, 2,

|t^∗_{i−1}(−u_0)^{l+2−i}_{l+i} t^{i−1}(−u_0)^{l+i}_{l+2−i}| ∼ 1 (x → 0) (2.46)

is much greater than other products t^∗_{j−1}(−u_0)^{l+2−i}_{l+i} t^{j−1}(−u_0)^{l+i}_{l+2−i} (j ≠ i), in the low temperature

limit. Thus, the boundary condition H^{(i)} of the twenty-one-vertex model (2.10) corresponds to that of

H^{(i)}_{l,k} of the 2 × 2 fusion SOS model (2.25).

2.5 Tail operators and commutation relations

Tail operators were originally introduced in [3, 5], in order to translate correlation functions of the

eight-vertex model into those of SOS model. Tail operators for higher spin case were constructed in [6],

and those for higher rank case were constructed in [8, 9].

Let us introduce the intertwining operators between H^{(i)} and H^{(i)}_{l,k}:

T (u_0)^{lk} = ∞∏ j=0 t^{sj} (−u_0)^{kj}_{kj+1} : H^{(i)} → H^{(i)}_{l,k},

T (u_0)_{lk} = ∞∏ j=0 t^∗_{sj} (−u_0)^{kj+1}_{kj} : H^{(i)}_{l,k} → H^{(i)}.

(2.47)

From (A.5) and (A.8) the following intertwining relations hold:

T (u_0)^{lk′} Φ^j (u) = ∑ k t^j (u − u_0)^{k′}_k Φ(u)^{k′}_k T (u)^{lk}, (2.48)

T (u_0)_{lk}′ Φ(u)^{k′}_k = 1∑ j=−1 t^∗_j (u − u_0)^k′ Φ^j (u)T (u_0)_{lk}. (2.49)

Tail operator is defined by the product of these two objects (see Figure 4):

Λ(u_0)^{l′ k′}_{lk} = T (u_0)^{l′ k′} T (u_0)_{lk} : H^{(i)}_{l,k} → H^{(i)}_l′_k′ . (2.50)

Λ(u_0)^{l′ k′}_{lk} =

k k_1 k_2 k_3 k^′ k^′_1 k^′_2 k^′_3

l_1 l_2 l_1 l_2 l^′_1 l^′_2 l^′_1 l^′_2

∧

∨

−u_0 ∧

∨

∧

∨

∧

∨

∧

∨

∧

∨

Figure 4. Tail operator Λ(u_0)^{l′ k′}_{lk} . The upper (resp. lower) half stands for T (u_0)^{l′ k′} (resp. T (u_0)_{lk} ). Here, l_1 = l + i, l_2 = l + 2 − i, l^′_1 = l^′ + i and l^′_2 = l^′ + 2 − i.

From (2.48), (2.49) and (2.50), we have

Λ(u_0)^{l′ c}_{lb} Φ(u)^b_a = ∑ d∼c L c d b a | | | | | u^0 − u Φ(u)^c_dΛ(u_0)^{l′ d}_{la} . (2.51)

In this paper we only need Λ(u_0)^{lk′}_{lk} , which is diagonal with respect to the boundary conditions. In what follows we suppress l-dependence to denote Λ(u_0)^{lk′}_{lk} by Λ(u_0)^{k′}_k . From (2.47), (2.50) and (2.44) we have

Λ(u_0)^{k′}_k = ∞∏ j=0 L k^{′j} k^{′j+1} k_j k_{j+1} | | | | | u_0

. (2.52)

It is obvious from (2.45), we have

Λ(u_0)^k = 1. (2.53)

The relation (2.36) implies that

tr_H(i) (ρ^{(i)}) = 1 [l]^{′′} ∑ k∈l+i+2Z tr_H(i)_{l,k} (ρ^{(i)}_{l,k}). (2.54)

Insert unity (2.53) into the RHS of (2.54). Then we have

tr_H(i) (ρ^{(i)}) = ∑ k∈l+i+2Z tr_H(i)_{l,k} ( ρ^{(i)}_{l,k} [l]^{′′} T (u_0)^{lk}T (u)_{lk} )

= ∑ k∈l+i+2Z tr_H(i) ( T (u)_{lk} ρ^{(i)}_{l,k} [l]^{′′} T (u_0)^{lk} ) . (2.55)

Thus in what follows we assume that

ρ^{(i)} = ∑ k∈l+i+2Z T (u)_k ρ^{(i)}_{l,k} [l]^{′′} T (u)^k. (2.56)

3 Free filed realization

One of the most standard ways to calculate correlation functions and form factors is the vertex operator approach [2] on the basis of free field representation. The face type elliptic quantum group B_{q,λ}(^sl_2) was introduced in [26]. The elliptic algebra U_{q,p}(^sl_2) associated with fusion SOS models was defined in [27], and its free field representations were constructed in [27, 28]. Using these representations we derive the free field representation of the tail operator in this section.

3.1 Bosons and fermions

Let us consider the bosons β_m (m ∈ Z\{0}) with the commutation relations

[β_m, β_m′ ] = m [r^{′′}m]_x [rm]_x δ_{m+m}′_{,0}. (3.1)

Here the symbol [a]_x stands for (x^a − x^{−a})/(x − x^{−1}). The relation between the present β_m and the bosons a_m in [6] is as follows:

β_m = m[r^{′′}m]_x [2m]_x[rm]_x a_m (m > 0) mx^{−2m} [2m]_x a_m (m < 0)

(3.2)

We will deal with the bosonic Fock spaces F^{(i)}_{l,k} , (l, k ∈ Z) generated by β_{−m}(m > 0) and e^α over the vacuum vectors |l, k⟩ : F^{(i)}_{l,k} = C [β_{−1} , β_{−2}, · · · ] ⊗ ( ⊕_{n∈Z}C e^{λi +nα} ) |l, k⟩, where β_m|l, k⟩ = 0 (m > 0), e^{±α}|l, k⟩ = |l, k ± 2⟩. Let K and L be the operators which act diagonally on F^{(i)}_{l,k} : K|l, k⟩ = k|l, k⟩, L|l, k⟩ = l|l, k⟩. Furthermore, let us consider the fermions ϕ(w) = ∑ m ϕ_mw^{−m} (3.3)

with the anticommutation relations

[ϕ_m, ϕ_m′ ]_+ = δ_{m+m}′_{,0} x^{2m} + x^{−2m} x + x^{−1} . (3.4)

We refer to ϕ_m’s for m ∈ Z +^1_2 as Neveu-Schwarz fermions, and ϕ_m’s for m ∈ Z as Ramond fermions. Let F^ϕ =

C [ϕ_− 1_2 , ϕ_− 3_2 , · · · ] (for i = 0, 2) C [ϕ_{−1} , ϕ_{−2}, · · · ] (for i = 1) be the fermionic Fock space.

Note that the following anticommutation relation holds:

[ϕ(w_1), ϕ(w_2)]_+ = 1 x + x^{−1} ( δ ( x^2w_2 w_1 ) + δ ( x^2w_1 w_2 )) . (3.5)

Here we use ϕ^2_0 = 1/(x + x^{−1}) for Ramond fermion sector.

The total space of states H^{(i)}_{l,k} is isomorphic to

H^{(i)}_{l,k} = F^{(i)}_{l,k} ⊗ F^ϕ (3.6)

3.2 Free field realization of type I vertex operators

Let us introduce the following basic operators

Φ_1(u) = z^{r′′2r} : exp − ∑ m≠0 β_m m z^{−m} : e^αz^{− 1}2^{L+ r′′}2r^K (√−1)^{K−L},

A(v) = w^{r′′2r} : exp ∑ m≠0 β_m m w^{−m} : e^{−α}w^12^{L− r′′}2r^K ϕ(w), (3.7)

where z = x^{2u}, w = x^{2v} . As for some useful OPE formulae and commutation relations, see Appendix B. Then the type I vertex operators (half transfer matrices) on H^{(i)}_{l,k} can be realized in terms of bosons and fermions: Φ(u)^{k+2}_k = [1] [k][k + 1]

Φ_1(u),

Φ(u)^k = [2] [k − 1][k + 1]

Φ_1(u)X(u),

Φ(u)^{k−2}_k = [1] [k][k − 1]

Φ_1(u)X(u)^2,

(3.8)

where w_j = x^{2vj} and X(u) = ∮ C dw 2π √ −1w A(v)ϕ(v) [v − u − K] [v − u − 1] (3.9)

Considering the denominators [v_j − u − 1]’s together with the OPE formulae (B.2), the expressions (3.8) has poles at w_j = x^{±(2+2nr)}z (n ∈ Z_{⩾0}). The integral contour C for w_j -integration is the anti-clockwise circle such that all integral variables lie in the common convergence domain; i.e., the contour C encircles the poles at w_j = x^{2+2nr}z (n ∈ Z_{⩾0}), but not the poles at w_j = x^{−2−2nr}z (n ∈ Z_{⩾0}).

Note that Φ(u)^{k′}_k : H^{(i)}_{l,k} −→ H^{(2−i)}_{l,k}′ . (3.10)

These type I vertex operators satisfy the following commutation relations on H^{(i)}_{l,k}:

Φ(u_1)^c_bΦ(u_2)^b_a = ∑ d W c d b a | | | | | | u_1 − u_2

Φ(u_2)^c_dΦ(u_1)^d_a. (3.11)

Dual vertex operators are likewise defined as follows:

Φ^∗(u)^k_{−2} = (−1)^{k−l+1} λ Φ_1(u − 1),

Φ^∗(u)^k = (−1)^{k−l+1} λ Φ_1(u − 1)X(u − 1),

Φ^∗(u)^k_{+2} = (−1)^{k−l+1} λ Φ_1(u − 1)X(u − 1)^2.

(3.12)

Here the normalization factor can be determined as λ = (x^{2r′} ; x^{2r})^2_∞ (x + x^{−1})(x^2; x^{2r})^2_∞(x^{2r}; x^{2r} )^3_∞ , such that Φ(u)^{k′}_k and Φ^∗(u)^k′ satisfy the inversion relation: ∑ k^′ ∼k Φ^∗(u)^k′ Φ(u)^{k′}_k = 1. (3.13)

As explained below (3.9), the integral contour C = C_u actually depends on u. On eqs. (3.12) the

w_j -integration contour C_{u−1} of X(u − 1) encircles the poles at z_j = x^{2nr} z (n ∈ Z_{⩾0}), but not the poles

at w_j = x^{−4−2nr}z (n ∈ Z_{⩾0}). Note that

Φ^∗(u)^k′ : H^{(i)}_{l,k}′ −→ H^{(2−i)}_{l,k} . (3.14)

3.3 Free field realization of tail operators

Another ingredient of the present scheme is the tail operators Λ(u_0)^{k′}_k . In this paper we use a different

normalization from the one used in [6]. Thus we briefly explain how to derive free field representations

of Λ(u_0)^{k′}_k . When k^′ ⩽ k − 2, let us consider (2.51) for (a, b, c) = (k, k + 2, k^′):

Λ(u_0)^{k′}_{k+2}Φ(u)^{k+2}_k = ∑ k^{′′} ∼k^′ L k^′ k^{′′} k + 2 k | | | | | u_0 − u

Φ(u)^{k′}_{k′′} Λ(u_0)^{k′′}_k . (3.15)

It follows from (A.9) that L(u_0 − u) has simple poles at u_0 − u = ±^1_2 . Note that

[u_0 − u +^1_2 ]L k^′ k^{′′} k k − 2 | | | | | u^0 − u | | | | | u_0=u− 12

for k^{′′} = k^′, k^′ ± 2 are all equal. Thus if we assume that the LHS of (3.15) has no pole at u_0 = u −^1_2 ,

we have the following necessary conditions: ∑ k^{′′} ∼k^′ Φ(u)^{k′}_k′′ Λ(u −^1_2 )^{k′′}_k = 0, (3.16) i.e.,

[1]Φ_1(u)Λ(u −^1_2 )^{k′ +2}_k [k^′ + 2][k^′ + 1] + [2]Φ_1(u)X(u)Λ(u −^1_2 )^{k′}_k

[k^′ + 1][k^′ − 1] + [1]Φ_1(u)X(u)^2Λ(u −^1_2 )^{k′ −2}_k [k^′ − 1][k^′ − 2]

= 0. (3.17)

Let k^′ = k−2. Then the LHS of (3.17) contains Λ(u−^1_2 )^k = 1. By changing k^′ = k−2, k−4, k−6, · · · , we can solve (3.17) iteratively as follows:

Λ(u_0)^{k−2s}_k = (−X(u_0 +^1_2 ))^s

[s + 1][k − 2s][k − s + 1] [1][k][k + 1]

. (3.18)

Here we use the identity:

[1][s + 1][k − s + 1] [k − 2s − 1] − [2][s + 2][k − 2s − 2][k − s] [k − 2s − 1][k − 2s − 3] + [1][s + 3][k − s − 1] [k − 2s − 3] = 0.

Furthermore, we can check that (3.18) for generic u_0 satisfies (3.15).

Eq. (3.18) is expressions of Λ(u_0)^{k′}_k for k^′ ⩽ k. When k^′ > k, we should realize another free field representation of H^{(i)}_{l,k} on the Fock space F^{(i)}_{−l,−k} ⊗F^ϕ. Then Λ(u_0)^{k+2s}_k can be identified with Λ(u_0)^{−k−2s}_{−k} , in addition to the identification Φ(u)^{k′}_k and Φ^∗(u)^{k′}_k with Φ(u)^{−k′}_{−k} and Φ^∗(u)^{−k′}_{−k} , respectively.

Correlation functions in the twenty-one-vertex model can be constructed in terms of type I vertex operators of fusion SOS model and tail operators as follows: 1 χ^{(i)} tr_H(i) (Φ^∗_{j1} (u_1) · · · Φ^∗_{jn} (u_n)Φ^{jn} (u_n) · · · Φ^{j1} (u_1)ρ^{(i)}) = 1 χ^{(i)} ∑ k∈l+i+2Z tr_H(i)_{l,k} ( T (u_0)^{lk} Φ^∗_{j1} (u_1) · · · Φ^∗_{jn} (u_n)Φ^{jn} (u_n) · · · Φ^{j1} (u_1)T (u_0)_{lk} ρ^{(l,k)} [l]^{′′} )

= 1 χ^{(i)} ∑ k,k_1 ,··· ,k_{2n} t^∗_{j1} (u_1 − u_0)^k_{2n} · · · t^∗_{jn} (u_n − u_0)^{kn+2}_{kn+1} t^{jn} (u_n − u_0)^{kn+1}_{kn} · · · t^{j1} (u_1 − u_0)^{k2}_{k1} × tr_H(i)_{l,k} ( Φ^∗(u_1)^k_{2n} · · · Φ^∗(u_n)^{kn+2}_{kn+1} Φ(u_n)^{kn+1}_{kn} · · · Φ(u_1)^{k2}_{k1} Λ(u_0)^{k1}_k ρ^{(l,k)} [l]^{′′} ) (3.19)

Here, the sum on the third line is taken over {k, k_{2n}, · · · , k_1|k_1 ∼ k_2, · · · , k_{2n} ∼ k; k ∈ l + i + 2Z}, and we use (2.48), (2.49), (2.56) and (2.50).

3.4 Free field realization of CTM Hamiltonian

We can realize the CTM Hamiltonian of 2 × 2 fusion SOS model in terms free fields as follows:

H^{(i)}_{l,k} = H^{(l,k)}_a + H^{(i)}_ϕ , (3.20)

where 1 2 H^{(l,k)}_a = ∞∑ m=1 [rm] [r^{′′}m] β_{−m}β_m + 1 4 ( r 2r^{′′} L^2 − KL + r^{′′} 2r K^2 ) , 1 2 H^{(i)}_ϕ = ∑ n>0 n x + x^{−1} x^{2n} + x^{−2n} ϕ_{−n}ϕ_n + i(2 − i) 8 . (3.21)

Let us examine the validity of these expressions. First of all, (3.20) satisfies the homogenity relation

Φ(u)^{k′}_k x^{2H(i)l,k} = x^{2H(2−i)l,k} Φ(u − 2)^{k′}_k . (3.22)

Secondly, the traces on the bosonic/fermionic Fock space are given as follows:

tr_F (i)_{l,k} ( x^{2H(l,k)a} ) tr_{Fϕ} ( x^{2H(i)ϕ} ) = x^r2r^{′′ l2 −kl+ r} ′′ 2r k^2 ×

c^{λi}_{λ2} + c^{λi}_{λ0} (i = 0, 2) c^{λ1}_{λ1} (i = 1)

(3.23)

which implies (2.54). From these checks we conclude that H^{(i)}_{l,k} = F^{(i)}_{l,k} ⊗ F_ϕ and ρ^{(i)}_{l,k} = [k]x^{2H(i)l,k} .

4 Spontaneous polarization

4.1 Integral formulae

We are now in a position to calculate the spontaneous polarization, i.e., the expectation value of S^z at the center site of the lattice:

S^z_1 = 1∑ j=−1 jΦ^∗_j (u)Φ^j (u). (4.1)

From (3.19), we have

⟨S^z_1 ⟩_i = 1 χ^{(i)} 1∑ j=−1 j ∑ k≡l+i (2) k+2∑ k2 =k−2 k2 ≡k (2)

k_2+2∑

k1=k2 −2 k1 ≡k2 (2)

t^∗_j (u − u_0)^k_2 t^j (u − u_0)^{k2}_{k1}

× tr_H(i)_{l,k} ( Φ^∗(u)^k_2 Φ(u)^{k2}_{k1} Λ(u_0)^{k1}_k [k] [l]^{′′} x^{2H(l,k)CT M} ) , (4.2)

for i = 0, 1, 2. It is difficult to simplify the sum of (4.2). We thus use another representation of (4.1):

S^z_1 = ∑ j_1 =±1 ∑ j_2=±1

j_1 + j_2 2 Φ^∗_{j1} (u)Φ^{j2} (u). (4.3)

Using this trick, we have ⟨S^z_1 ⟩_i = ⟨S^z_1 ⟩^{(1)}_i + ⟨S^z_1 ⟩^{(2)}_i , (4.4)

where

⟨S^z_1 ⟩^{(a)}_i = 1 2χ^{(i)} ∑ k≡l+i (2) ∑ k_2 ∼k ∑ k_1 ∼k_2 ∑ j_1 =±1

j^a_1 t^∗_{j1} (u − u_0)^k_2 ∑ j_2 =±1

j^{a−1}_2 t^{j2} (u − u_0)^{k2}_{k1} × tr_H(i)_{l,k} ( Φ^∗(u)^k_2 Φ(u)^{k2}_{k1} Λ(u_0)^{lk1}_{lk} [k] [l]^{′′} x^{2H(l,k)CT M} ) , (4.5)

for a = 1, 2.

First consider ⟨S^z_1 ⟩^{(1)}_i . Since the twenty-one-vertex model does not contain the parameter u_0, a correlation function such as (4.5) should be u_0-independent. For simplicity of calculation, let u_0 = u −^{r+1}_2 . Then from ∑ j_1 =±1

j_1t^∗_{j1} (u − u_0)^k = 0, we can express (4.5) as follows:

⟨S^z_1 ⟩^{(1)}_i = 1 2χ^{(i)}

(H^{(i)}_l + H^{(i)}_{−l} ), (4.6)

where H^{(i)}_{±l} = ∑ k≡l+i (2) ∑ k_1 ∼k_∓ ∑ j_1 =±1

j_1t^∗_{j1} (^{r+1}_2 )^k_∓ ∑ j_2=±1

t^{j2} (^{r+1}_2 )^{k∓}_{k1} × tr_H(i)_{l,k} ( Φ^∗(u)^k_∓ Φ(u)^{k∓}_{k1} Λ(u −^{r+1}_2 )^{k1}_k [k] [l]^{′′} x^{2H(l,k)CT M} ) , (4.7)

with k_∓ = k ∓ 2. Here, H^{(i)}_{±l} is a contribution from k_2 = k ∓ 2^2.

By using ∑ j_1 =±1

j_1t^∗_{j1} (^{r+1}_2 )^k_{−2} = 1 h_1(k − 2) , and ∑ j_2 =±1

t^{j2} (^{r+1}_2 )^{k−2}_k = ∑ j_2=±1

t^{j2} (^{r+1}_2 )^{k−2}_{k−4} = h_3(1)h_4(k − 2) h_2(1) , ∑ j_2 =±1

t^{j2} (^{r+1}_2 )^{k−2}_{k−2} = h_3(k − 2)h_4(1) h_2(1) ,

the H^{(i)}_l after taking the sum over k_1 reduces to

H^{(i)}_l = ∑ k≡l+i (2) 1 λ ∮ C dw_1 2π √ −1w_1 ∮ C dw_2 2π √ −1w_2 (g(v_1, v_2; u, k) + h(v_1, v_2; u, k))

× h_1(1)h_2(0) h_2(1)h_1(k − 2) tr_H(i)_{l,k} ( Φ_1(u − 1)Φ_1(u)A(v_1)A(v_2) x^{2H(l,k)CT M} [l]^{′′} ) , (4.8)

where w_j = x^{2vj} , and

g(v_1, v_2; u, k) = h_1(v_1 − u + 1)h_1(k − 2)h_2(1)h_3(v_1 − v_2)h_4(v_1 + v_2 − 2u + 1 − k) h_1(v_1 − u − 1)h_1(v_1 − u)h_2(v_1 − u)h_1(v_2 − u)h_2(v_2 − u) ,

h(v_1, v_2; u, k) = h_1(v_2 − v_1 − 1)h_2(v_1 + v_2 − 2u + 2 − k)h_3(k − 1)h_4(0) h_1(v_1 − u)h_2(v_1 − u)h_1(v_2 − u)h_2(v_2 − u) . Note that h(v_1, v_2; u, k)/h_1(v_2 − v_1 − 1) is symmetric with respect to v_1 and v_2, and also note that the integral contours for w_1 and w_2 are the same. Owing to the commutation relation (B.8), the term proportional to h(v_1, v_2; u, k) on (4.8) vanishes after the integrals. Thus we have

H^{(i)}_l = ∑ k≡l+i (2) 1 λ ∮ C dw_1 2π √ −1w_1 ∮ C dw_2 2π √ −1w_2 g̃(v_1, v_2; u, k)

× tr_H(i)_{l,k} ( Φ_1(u − 1)Φ_1(u)A(v_1)A(v_2) x^{2H(l,k)CT M} [l]^{′′} ) , (4.9)

where g̃(v_1, v_2; u, k) = h_1(1)h_1(v_1 − u + 1)h_2(0)h_3(v_1 − v_2)h_4(v_1 + v_2 − 2u + 1 − k) h_1(v_1 − u − 1)h_1(v_1 − u)h_2(v_1 − u)h_1(v_2 − u)h_2(v_2 − u) . 2The expression (4.7) is due to the symmetry of the space of states H^{(i)}_{l,k} = H^{(i)}_{−l,−k}, and the so called σ-invariance of the Boltzmann weights with respect to the simultaneous transformation σ : k_j → −k_j for each site j. The free field representations (3.8), (3.12) and (3.18) are not invariant under the transformation σ. Thus in order to calculate H^{(i)}_{−l} , we should substitute Φ(u)^{k′}_k , Φ^∗(u)^{k′}_k and Λ(u_0)^{k+2s}_k into Φ(u)^{−k′}_{−k} , Φ^∗(u)^{−k′}_{−k} and Λ(u_0)^{−k−2s}_{−k} on (3.8), (3.12) and (3.18), respectively.

Let us recall (3.6), and first perform the trace on the fermionic Fock space F^ϕ. Simple calculation shows

tr_F ϕ ( ϕ(w_1)ϕ(w_2)x^{2H(i)ϕ} ) = (−x^2; x^4)_∞D(w_1, w_2) (i = 0, 2) (−x^4; x^4)_∞(D(w_1, w_2) − 1) (i = 1)

(4.10)

where D(w_1, w_2) = 1 x + x^{−1} ( δ ( x^2w_2 w_1 ) + δ ( x^{−2}w_2 w_1 )) . (4.11)

Secondly, let us perform the trace on the bosonic Fock space F^{(i)}_{l,k} . By using OPE formulae (B.1–B.5) we have Φ_1(u − 1)Φ_1(u) ^A(v_1) ^A(v_2) = (x^{−2}z^2w_1w_2)^{r′′2r} (x^{−2}z)^{r′′r}

(x^4; x^{2r})_∞ (x^{2r}; x^{2r} )_∞ × 2∏ j=1 (x^{−2}z^2)^{− r′′r} (x^{2r−2}w_j /z; x^{2r})_∞(x^{2r} w_j /z; x^{2r})_∞ (x^2w_j /z; x^{2r})_∞(x^4w_j /z; x^{2r})_∞ × w r^{′′} r 1 (x^2w_2/w_1; x^{2r})_∞ (x^{2r−2}w_2/w_1; x^{2r})_∞ ( z^2 x^2w_1w_2

)_−^1_{2 L+}^{r′′}_{2r K} : exp ∑ m≠0 β_m m B_m :, (4.12)

where B_m = −(x^{2m} + 1)z^{−m} + w^{−m}_1 + w^{−m}_2 , and ^A(v) denotes the fermion contraction

^A(v) = w^{r−2}2r : exp ∑ m≠0 β_m m w^{−m} : e^{−α}w^12^{L− r′′}2r^K .

What we want to calculate is the following trace:

tr_F (i)_{l,k} ( Φ_1(u − 1)Φ_1(u) ^A(v_1) ^A(v_2) x^{2H(l,k)a} [l]^{′′} ) = x^{(l− r′′r k)(v1 +v2−2u+1)+ r′′r (3v1 +v2 −4u+1)} × (x^4; x^{2r})_∞ (x^{2r} ; x^{2r})_∞

(x^2w_2/w_1; x^{2r} )_∞ (x^{2r−2}w_2/w_1; x^{2r})_∞ x^r2r^{′′ l2−lk+ r′′r k2} [l]^{′′} 2∏ j=1 (x^{2r−2}w_j /z; x^{2r})_∞(x^{2r}w_j /z; x^{2r})_∞ (x^2w_j /z; x^{2r})_∞(x^4w_j /z; x^{2r})_∞ × ∞∏ m=1 ∞∑ n=0 ⟨l, k|β^n_me^{− β−mm B−m} e^{βmm Bm} β^n_{−m}|l, k⟩ ⟨l, k|β^n_mβ^n_{−m}|l, k⟩ x^{4mn}. (4.13)

Following [2], we explain how to calculate the trace (4.13). Note that e^{− β−mm B−m} e^{βmm Bm} β^n_{−m}|l, k⟩ = e^{− β−mm B−m} ( β_{−m} + [r^{′′}m]_m [rm]_x B_m )_n |l, k⟩. (4.14) Multiply x^{4mn} by the coefficient of β^n_{−m}|l, k⟩ on (4.14), and take the sum with respect to n. Then we obtain_∞ ∑ n=0 x^{4mn} n∑ s=0 nC_s s! ( − [r^{′′}m]_m [rm]_x B_{−m}B_m m )_s

= ∞∑ s=0 1 s! ( − [r^{′′}m]_m [rm]_x B_{−m}B_m m )_{s ∞}∑ n=s nC_sx^{4mn} = 1 1 − x^{4m} exp ( − x^{4m} 1 − x^{4m} [r^{′′}m]_m [rm]_x B_{−m}B_m m ) (4.15)

Thus we have ∞∏ m=1 ∞∑ n=0 ⟨l, k|β^n_me^{− β−mm B−m} e^{βmm Bm} β^n_{−m}|l, k⟩ ⟨l, k|β^n_mβ^n_{−m}|l, k⟩ x^{4mn} = 1 (x^4; x^4)_∞ exp ( − ∞∑ m=1 x^{4m} 1 − x^{4m} [r^{′′}m]_m [rm]_x B_{−m}B_m m )

= 1 (x^4; x^4)_∞

(x^2; x^4)^4_∞ (x^2; x^{2r})^4_∞

(x^4; x^4)^2_∞ (x^{2r} ; x^{2r})_∞(x^4; x^{2r})_∞

(x^2w_1/w_2; x^4)_∞(x^2w_2/w_1; x^4)_∞ (x^2w_1/w_2; x^{2r} )_∞(x^2w_2/w_1; x^{2r})_∞ × 2∏ j=1 (x^2w_j /z; x^{2r})_∞(x^2z/w_j ; x^{2r} )_∞ (x^2w_j /z; x^4)_∞(x^2z/w_j ; x^4)_∞

(x^4w_j /z; x^{2r})_∞(z/w_j ; x^{2r})_∞ (x^4w_j /z; x^4)_∞(z/w_j ; x^4)_∞

(4.16)

Hence, by performing the trace on the F^{(i)}_{l,k} we have

H^{(i)}_l = C ∑ k≡l+i(2) ∮ C dw_1 2π √ −1w_1 ∮ C dw_2 2π √ −1w_2 [v_1 − v_2 + 1]|_{r→2} [v_1 − v_2 + 1] h_1(v_1 − u + 1) h_1(v_1 − u − 1)

× [1]h_2(0)h_3(v_1 − v_2){v_1 + v_2 − 2u + 1 − k} 2∏ j=1 [v_j − u − 1] [v_j − u]_{r→1}h_2(v_j − u) × x^{(l− r′′r k)(v1 +v2 −2u+1)+ r′′2r (v1 +v2−2u+1)2} x^r2r^{′′ l2−lk+ r′′2r k2} [l]^{′′} F^{(i)}(w_1, w_2),

(4.17)

where C = x^{r′′r} (x + x^{−1})(x^2; x^4)^4_∞(x^2; x^2)^2_∞ (x^2; x^{2r})^2_∞(x^{2r′} ; x^{2r})^2_∞(x^{2r}; x^{2r})^2_∞ , and F^{(i)}(w_1, w_2) denotes the Fermionic trace derived on (4.10).

Next, let us take the sum over k on (4.17). Let s = v_1 + v_2 − 2u + 1. From {s − k} = x^{(s−k)2r −(s−k)} ∑ n∈Z x^{rn(n−1)}(x^{2(s−k)})^n, we have ∑ k≡l+i(2) {s − k}c^{λi}_{λk−l} (x)x^{ls− r′′r ks+ r′′2r s2} x^r2r^{′′ l2 −lk+ r′′2r k2} [l]^{′′} = ∑ k≡l+i(2) c^{λi}_{λk−l} (x) x^r2r^{′′ l2−lk+ k22} [l]^{′′} x^{(l−k)s+ s22 −s+k} ∑ n∈Z x^{rn(n−1)}x^{2(s−k)n}

= x^{l2}r^{′′ +l+ s22 −s} [l]^{′′} c^{λi}_{λk−l} (x) ∑ n∈Z x^{r′′n(n−1)}x^{−2ln} ∑ k≡l+i(2) x^{12 (l−k+2n)(l−k+2n−2)−2(l−k+2n)s} .

(4.18)

Here, the order of the sum over k and n can be exchanged because the double sums absolutely converge. When i = 0, 2, the explicit form of (4.18) is as follows: x^{l2}r^{′′ +l+ s22 −s} [l]^{′′} { ∑ n∈Z x^{r′′ 2n(2n−1)}x^{−4ln} ( c^{λi}_{λ0} (x) ∑ k∈Z x^{4k(2k−1+s)} + c^{λi}_{λ2} (x) ∑ k∈Z x^{(2k+1)(4k+s)} )

+ ∑ n∈Z x^{r′′ 2n(2n+1)}x^{−2l(2n+1)} ( c^{λi}_{λ2} (x) ∑ k∈Z x^{4k(2k−1+s)} + c^{λi}_{λ0} (x) ∑ k∈Z x^{(2k+1)(4k+s)}

)} (4.19)

Here, add the corresponding term on H^{(i)}_{−l} to (4.19), by noting that x^{l2}r^{′′ +l} [l]^{′′} ∑ n∈Z x^{(r−1)2n(2n−1)}x^{−4ln} + x^{l2}r^{′′ −l} [−l]^{′′} ∑ n∈Z x^{(r−1)2n(2n−1)}x^{4ln} = −1.

Then we obtain the following expression for i = 0, 2:

⟨S^z_1 ⟩^{(1)}_i = C 2χ^{(i)} ∮ C dw_1 2π √ −1w_1 ∮ C dw_2 2π √ −1w_2 (c^{λi}_{λ2} (x) − c^{λi}_{λ0} (x))F^{(i)}(w_1, w_2)

× [1][v_1 + v_2 − 2u + 1]_{r→2}

[v_1 − v_2 + 1]|_{r→2}

[v_1 − v_2 + 1]

[v_1 − u + 1][v_2 − u − 1] [v_1 − u]_{r→1}[v_2 − u]_{r→1} × h_2(0)h_3(v_1 − v_2) h_2(v_1 − u)h_2(v_2 − u) . (4.20)

Next let us calculate ⟨S^z_1 ⟩^{(2)}_i on (4.4). Put u_0 = u−^{r+rτ +1}_2 with τ =^{π√−1}_{ϵr} , for simplicity. Repeating the similar calculation we find that the integral formulae for ⟨S^z_1 ⟩^{(2)}_i can be obtained from (4.20) by replacing the third line on (4.20) by h_3(0)h_2(v_1 − v_2) h_3(v_1 − u)h_3(v_2 − u) . Thus we obtain the following integral formulae of ⟨S^z_1 ⟩_i for i = 0, 2:

⟨S^z_1 ⟩^{(1)}_i = C 2χ^{(i)} ∮ C dw_1 2π √ −1w_1 ∮ C dw_2 2π √ −1w_2 (c^{λi}_{λ2} (x) − c^{λi}_{λ0} (x))F^{(i)}(w_1, w_2)

× [1][v_1 + v_2 − 2u + 1]_{r→2}

[v_1 − v_2 + 1]|_{r→2}

[v_1 − v_2 + 1]

[v_1 − u + 1][v_2 − u − 1] [v_1 − u]_{r→1}[v_2 − u]_{r→1} × ( h_2(0)h_3(v_1 − v_2) h_2(v_1 − u)h_2(v_2 − u) + h_3(0)h_2(v_1 − v_2) h_3(v_1 − u)h_3(v_2 − u) ) . (4.21)

Here, the integral contour C is the anti-clockwise circle defined by |z| < |w_j | < x^{−2}|z| (j = 1, 2).

From (4.21) with (2.34) and (2.35) we can show

⟨S^z_1 ⟩_0 = −⟨S^z_1 ⟩_2. (4.22)

When i = 1, we obtain an analogous expression to (4.21), by replacing

(c^{λi}_{λ2} (x) − c^{λi}_{λ0} (x))h^{(2)}_1 (v_1 + v_2 − 2u + 1) by (c^{λ1}_{λ1} (x) − c^{λ1}_{λ3} (x))h^{(2)}_1 (v_1 + v_2 − 2u),

and F^{(i)}(w_1, w_2) for i = 0, 2 by the one for i = 1. Since c^{λ1}_{λ1} (x) = c^{λ1}_{λ3} (x), we have

⟨S^z_1 ⟩_1 = 0. (4.23)

4.2 Some limiting cases

Let i = 2 and perform the integral once on (4.21). Then we have

⟨S^z_1 ⟩_2 = x^{r′r} (x^2; x^4)^6_∞(x^4; x^4)^4_∞ 2(x^2; x^{2r})_∞(x^{2r′} ; x^{2r})_∞(x^{2r}; x^{2r} )^4_∞(x^8; x^8)_∞ × ∮ C dw_1 2π √ −1w_1 h^{(1)}_4 (v_1 − u) h^{(1)}_1 (v_1 − u)

[v_1 − u][v_1 − u + 1]

× ( [[0]]{{1}} [[v_1 − u]][[v_1 − u + 1]] + [[1]]{{0}} {{v_1 − u}}{{v_1 − u + 1}} ) ,

(4.24)

In order to examine the validity of the formulae, let us consider some limiting cases. We derived (4.24) under the assumption of r > 2. However, this expression is well defined even for r = 2. Let r = 2. Then the model describes the spin 1 analogue of the Ising model, and the expression (4.24) can be simplified as follows:

⟨S^z_1 ⟩_2 = −

(x^2; x^2)^2_∞(−x^4; x^4)_∞ (−x^2; x^2)^4_∞(x^4; x^4)_∞ ∮ C dw_1 2π √ −1w_1 h^{(1)}_4 (v_1 − u) h^{(1)}_1 (v_1 − u)

. (4.25)

Note that by transforming w_1 = x^{−2}w^′_1, the integral (4.25) reduces to the one along the contour x^2C with changing the sign of the integrand. Thus (4.25) can be evaluated by the half of the residue at w_1 = z:

⟨S^z_1 ⟩^{(1)}_2 = −

(x^2; x^2)^2_∞(−x^4; x^4)_∞ (−x^2; x^2)^4_∞(x^4; x^4)_∞

Res_{w1=z} dw_1 w_1 h^{(1)}_4 (v_1 − u) h^{(1)}_1 (v_1 − u) = (−x^4; x^4)_∞ (−x^2; x^2)^2_∞(x^4; x^4)_∞

. (4.26)

A one-point function of the twenty-one-vertex model is like a nearest neighbor two-point function of the eight-vertex model. The integral formula for the nearest neighbor two-point correlation function of the inhomogeneous(Z-invariant) eight-vertex model was obtained in [29]. Their formula is given in terms of a two-fold integral. The structure of their formula is similar to ours (4.21). In [29] Lashkevich and Pugai derived an infinite product formula for the nearest neighbor diagonal correlation functions of the inhomogeneous Ising model in the ferromagnetic regime, by performing the integrals twice of their integral formula at r = 2.

The expression (4.24) can be also simplified when r is an odd integer. In this case the sign of the integrand changes under the transformation v_1 → v_1 + r. Thus the (4.24) can be evaluated by the half of the sum of residues on the annulus between C and x^{2r}C. On this annulus, there exist simple poles at x^{2n}z (1 ⩽ n ⩽ r − 2), ±x^rz and ±x^{r+2}z. Thus we obtain ‘the sum of products formulae’ for odd integers r’s.

Next let us consider the limit ϵ → +0, called the critical limit. This limit describes the massless regime of the twenty-one-vertex model. Let ν =^1_r , β = π √ −1u and α = π √ −1v_1. Then the interval of integration becomes [−^{π2}_ϵ ,^{π2}_ϵ ] → (−∞, ∞). Note that

Θ_x4 (x^2) = √_π 2ϵ h^{(2)}_1 (1) ∼ √_{2π} ϵ exp ( −^{π2}_{8ϵ} ) , in this limit. Thus the formula (4.24) in the limit ϵ → +0 reduced to

⟨S^z_1 ⟩_2 = μ ∫_{+∞} −∞ dα π^2 √ −1 shν(α − β)shν(α − β + π √ −1) sh(α − β)chν(α − β)chν(α − β + π √ −1) , (4.27)

where μ = − √ 2πϵ exp ( −^{r′′νπ2}_{8ϵ} ) 2ν sin(νπ)(−x^4; x^4)_∞ . Note that the integrand of (4.27) has no poles on the real axis.

When r → 2 + 0 (ν →^1_2 ), we should let β be located above the real axis. The expression (4.27) in the limit r → 2 + 0 reduces to

⟨S^z_1 ⟩_2 = √ 2πϵ (−x^4; x^4)_∞ ∫_{+∞} −∞ dα π^2 √ −1 1 sh(α − β) = √ 2ϵ/π (−x^4; x^4)_∞

, (4.28) which is consistent with (4.26) in the limit ϵ → +0. This is due to the following approximation property

Θ_x4 (−x^2) = √_π 2ϵ h^{(2)}_4 (1) ∼ √_π 2ϵ , (ϵ → +0). Thus, the order of the double limits r → 2 + 0 and ϵ → +0 are commutative.

When r is an odd integer, the integral (4.27) can be evaluated by the half of the sum of residues on the strip between the real axis R and R + rπ √ −1. We obtain

⟨S^z_1 ⟩_2 = μ^′ ( (−1)^n ν cot(νπ) + r−2∑ a=1 (−1)^a tan(aνπ) tan(a + 1)νπ ) , (4.29)

with

μ^′ = √ ϵ 2π exp ( −^{r′′νπ2}_{8ϵ} ) ν sin(νπ)(−x^4; x^4)_∞ , for r = 2n + 1 (n ⩾ 2). Anyway, the expressions (4.28–4.29) vanish when ϵ → +0. It is very likely for generic r > 2 that the spontaneous polarization (4.27) vanishes since the overall factor μ → 0 when ϵ → +0.

Finally, let us consider the trigonometric limit r → ∞. This limit describes the nineteen-vertex model in the antiferroelectric regime, whose integral formulae for correlation functions were obtained by Idzumi [14], Bougourzi and Weston [16]. The spontaneous polarization of the twenty-one-vertex model (4.24) in the limit r → ∞ reduces to:

⟨S^z_1 ⟩_2 =

(x^2; x^4)^6_∞(x^4; x^4)^4_∞ (1 − x^2)(x^8; x^8)_∞ ∮ C dw_1 2π √ −1w_1 h^{(1)}_4 (v_1 − u) h^{(1)}_1 (v_1 − u)

G(v_1; u), (4.30)

where G(v_1; u) := ( z w_1 − 1 ) ( 1 − x^2w_1 z ) = −(1 + x^2) + x^2w_1 z + z w_1 . This expression should give another integral formula for the spontaneous polarization of the nineteenvertex model. The terms proportional to −(1 + x^2) on (4.30) can be evaluated by the half of the residue at w_1 = z. Furthermore, the term proportional to^{x2w1}_z on (4.30) can be formally evaluated by the sum of the residues at w_1 = x^{2n}z for n ⩾ 0. Concerning the term proportional to^z_{w1} , the sequence of the residues inside the contour C diverge so that we can evaluate the integral formally by the sum of the residues outside C, i.e., those at w_1 = x^{−2n}z for n ⩾ 1. Thus we have

⟨S^z_1 ⟩_2 =

1 − x^2 1 + x^2

(x^2; x^2)^2_∞ (x^8; x^8)_∞

. (4.31)

Idzumi performed his integral formula up to x^{150} to obtain the following infinite product representation [14]: ⟨S^z_1 ⟩_2 =

(x^2; x^2)^2_∞ (−x^4; x^4)_∞

, (4.32)

Unfortunately, (4.31) done not coincide with (4.32). We have no resolution of this mystery at present.

4.3 Inhomogeneous model

In this subsection let us consider the inhomogeneous model, and let us calculate the following quantity:

⟨S^z_1 ⟩_i(u_1, u_2) = 1 χ^{(i)} 1∑ j=−1 j ∑ k≡l+i (2) k+2∑ k2=k−2 k2 ≡k (2)

k_2+2∑

k1 =k2−2 k1 ≡k2 (2)

t^∗_j (u_2 − u_0)^k_2 t^j (u_1 − u_0)^{k2}_{k1}

× tr_H(i)_{l,k} ( Φ^∗(u_2)^k_2 Φ(u_1)^{k2}_{k1} Λ(u_0)^{k1}_k [k] [l]^{′′} x^{2H(l,k)CT M} ) . (4.33)

As was done in section 4.1, we divide ⟨S^z_1 ⟩_i(u_1, u_2) into two parts, ⟨S^z_1 ⟩_i^{(1)}(u_1, u_2) and ⟨S^z_1 ⟩_i^{(2)}(u_1, u_2). For the former part we put u_0 = u_2 −^{r+1}_2 , and for the latter part we put u_0 = u_2 −^{r+rτ +1}_2 , where τ =^{π√−1}_{ϵr} . By repeating the same procedure we obtain

⟨S^z_1 ⟩_2(u_1, u_2) =

(x^2; x^2)^2_∞ 2(x^8; x^8)_∞ h^{(2)}_1 (1)^2h^{(2)}_1 (u_{12})

h_1(1)h_1(u_{12}) ∮ C dw_1 2π √ −1w_1 h_1(v_1 − u_2)h_1(v_1 − u_2 + 1)

× h^{(2)}_1 (2v_1 − u_1 − u_2) h^{(2)}_1 (v_1 − u_1)h^{(2)}_1 (v_1 − u_1 + 1)h^{(2)}_1 (v_1 − u_2)h^{(2)}_1 (v_1 − u_2 + 1) × ( h_2(u_{12})h_3(1) h_2(v_1 − u_2)h_2(v_1 − u_2 + 1) + h_2(1)h_3(u_{12}) h_3(v_1 − u_2)h_3(v_1 − u_2 + 1) ) ,

(4.34)

where u_{12} = u_1 − u_2. By transforming v_1 → v_1 + u_2, (4.34) actually depends only on u_{12}, i.e., ⟨S^z_1 ⟩_2(u_1, u_2) = ⟨S^z_1 ⟩_2(u_{12}). Furthermore, ⟨S^z_1 ⟩_2(0) coincides the expression for spontaneous polarization (4.24), as expected.

5 Concluding remarks

In this paper we have derived integral formulae for the spontaneous polarization of the twenty-one-vertex model. For that purpose we constructed the free field representations of type I vertex operators Φ(u)^{k′}_k in 2 × 2 fusion SOS model, the tail operators Λ(u_0)^{k′}_k and the corner transfer Hamiltonian H^{(i)}_{l,k} .

Our integral formulae are given by (4.21–4.24). The formula (4.21) is given in terms of the two-fold integral. By performing the integral once, we further obtain the one-fold integral formula (4.24). We examined the validity of our results by considering some limiting case. When r → 2 + 0 we obtain an infinite product representation by performing the remained one-fold integral. When r is an odd integer our formula (4.24) reduces to the sum of infinite product formulae. The critical limit ϵ → +0 was considered to obtain the spontaneous polarization of the twenty-one-vertex model in the massless regime. We take the trigonometric limit r → ∞ to compare with the spontaneous polarization of the nineteen-vertex model obtained by Date et. al. [13] and Idzumi [14]. It is a future issue to show that our formulae reproduce their results in the trigonometric limit. Furthermore, we presented the corresponding formula for the inhomogeneous twenty-one-vertex model.

Our approach is based on some assumptions. We assumed that the vertex operator algebra (2.48– 2.49) and (2.56) correctly describes the intertwining relation between the twenty-one vertex model and 2 × 2 fusion SOS model. We also assumed that the free field representations (3.18) and (3.20–3.21) provide relevant representations of the vertex operator algebra.

In order to derive integral formulae for form factors of the twenty-one-vertex model, we need a free field representation of Λ(u_0)^{l′ k′}_{lk} , non-diagonal components of the tail operator with respect to the ground state sectors. We wish to address this issue in a separate paper.

Acknowledgements

I would like to thank H. Konno, A. Nakayashiki and M. Okado for discussion and their interests in the present work. I would be very grateful to dedicate the present paper to Professors Anatol Kirillov and Tetsuji Miwa on the occasion of the retirement from Kyoto University.

A Appendix A Definitions of the models concerned

A.1 R-matrix of the spin 1 analogue of the eight-vertex model

Let R^{(s,s′ )}(u) (s, s^′ =^1_2 , 1,^3_2 , · · · ) be the R-matrix of vertically 2s-fold and horizontally 2s^′-fold fusion of R^{( 1}2^{, 1}2^)(u), the R-matrix of the eight-vertex model. Then non-zero elements of R^{(1, 1}2^)(u) are given as follows:

R^{( 1}2^{,1)}(u)^{± ±1}_{± ±1} = 1 κ̄_{1,2}(u) θ^2

(_1 2r ) θ_2 (_u 2r ) θ^2 (0) θ_2 (_{2−u} 2r ) , R^{( 1}2^{,1)}(u)^{± ±1}_{± ∓1} = 1 κ̄_{1,2}(u) θ^2_1

(_1 2r ) θ_1 (_u 2r ) θ^2 (0) θ_1 (_{2−u} 2r ) ,

R^{( 1}2^{,1)}(u)^{± 0}_{± 0} = 1 κ̄_{1,2}(u) θ_2

(_1 r ) θ_1θ_2 (_{1−u} 2r ) θ_2 (0) θ_1θ_2 (_{2−u} 2r ) ,

R^{( 1}2^{,1)}(u)^{± ∓1}_{± ∓1} = − 1 κ̄_{1,2}(u) θ^2

(_1 2r ) θ_1 (_u 2r ) θ^2 (0) θ_1 (_{2−u} 2r ) , R^{( 1}2^{,1)}(u)^{± ∓1}_{± ±1} = − 1 κ̄_{1,2}(u) θ^1

(_1 2r ) θ_1 (_u 2r ) θ^2 (0) θ_1 (_{2−u} 2r ) ,

R^{( 1}2^{,1)}(u)^{∓ ±1}_{± 0} = 1 κ̄_{1,2}(u) θ_1

(_1 r ) θ^2 (_{1−u} 2r ) θ_2 (0) θ_1θ_2 (_{2−u} 2r ) , R^{( 1}2^{,1)}(u)^{∓ ∓1}_{± 0} = − 1 κ̄_{1,2}(u) θ_1

(_1 r ) θ^2_1 (_{1−u} 2r ) θ_2 (0) θ_1θ_2 (_{2−u} 2r ) ,

R^{( 1}2^{,1)}(u)^{∓ 0}_{± ∓1} = 1 κ̄_{1,2}(u) θ_1θ_2

(_1 2r ) θ_2 (_u 2r ) θ^2 (0) θ_1 (_{2−u} 2r ) , R^{( 1}2^{,1)}(u)^{∓ 0}_{± ±1} = 1 κ̄_{1,2}(u) θ_1θ_2

(_1 2r ) θ_1 (_u 2r ) θ^2 (0) θ_2 (_{2−u} 2r ) . (A.1) where θ_i (_u 2r ) = θ_i (_u 2r ;^{π√−1}_{2ϵr} ) , and

κ̄_{1,2}(u) = (x^{−1}z)^{− r} ′ r (z; x^{2r})_∞(x^{2r}z^{−1}; x^{2r})_∞ (x^2z^{−1}; x^{2r})_∞(x^{2r−2}z; x^{2r})_∞ . The case (s, s^′) = (1, 1) is of interest in the present study. There are twenty one non-zero elements of R^{(1,1)}(u) so that the spin 1 analogue of the eight-vertex model is also called twenty-one-vertex model.

The explicit expressions of non-zero elements of R^{(1,1)}(u) are given as follows:

R^{(1,1)}(u)^{±1±1}_{±1±1} = 1 κ̄_{2,2}(u) ( θ^4_2

(_1 2r ) θ_2 (_u 2r ) θ_2

(_{1+u} 2r ) θ^4_2 (0) θ_2 (_{2−u} 2r ) θ_2 (_{1−u} 2r ) − θ^4_1

(_1 2r ) θ_2 (_u 2r ) θ_1

(_{1+u} 2r ) θ^4_2 (0) θ_2 (_{2−u} 2r ) θ_1 (_{1−u} 2r ) ) ,

R^{(1,1)}(u)^{±10}_{0±1} = 1 κ̄_{2,2}(u) θ_1θ_2

(_1 r ) θ^2 (_u 2r ) θ^2 (0) θ_1θ_2 (_{2−u} 2r ) = R^{(1,1)}(u)^{0±1}_{±10},

R^{(1,1)}(u)^{±10}_{±10} = 1 κ̄_{2,2}(u) θ^2

(_1 r ) θ_1θ_2 (_u 2r ) θ^2 (0) θ_1θ_2 (_{2−u} 2r ) = R^{(1,1)}(u)^{0±1}_{0±1},

R^{(1,1)}(u)^{±1∓1}_{±1∓1} = 1 κ̄_{2,2}(u) ( θ^4_2

(_1 2r ) θ_1 (_u 2r ) θ_1

(_{1+u} 2r ) θ^4_2 (0) θ_1 (_{2−u} 2r ) θ_1 (_{1−u} 2r ) − θ^4_1

(_1 2r ) θ_1 (_u 2r ) θ_2

(_{1+u} 2r ) θ^4_2 (0) θ_1 (_{2−u} 2r ) θ_2 (_{1−u} 2r ) ) ,

R^{(1,1)}(u)^{∓1±1}_{±1∓1} = 1 κ̄_{2,2}(u) θ_1θ_2

(_1 2r ) θ_1

(_1 r ) θ^3_2 (_u 2r ) θ^3_2 (0) θ_1 (_{2−u} 2r ) θ_1θ_2 (_{1−u} 2r ) ,

R^{(1,1)}(u)^{00}_{±1∓1} = − 1 κ̄_{2,2}(u) θ_1θ_2

(_1 r ) θ_1θ_2 (_u 2r ) θ_2 (_{1−u} 2r ) θ^2 (0) θ_1θ_2 (_{2−u} 2r ) θ_1 (_{1−u} 2r ) = R^{(1,1)}(u)^{±1∓1}_{00} ,

R^{(1,1)}(u)^{00}_{00} = 1 κ̄_{2,2}(u) ( − θ^2

(_1 r ) θ_1θ_2 (_u 2r ) θ^2 (0) θ_1 (_{2−u} 2r ) + θ_1θ_2

(_1 2r ) θ_1

(_1 r ) θ^2 (_{1−u} 2r ) θ_2

(_{1+u} 2r ) θ^3_2 (0) θ_1θ_2 (_{2−u} 2r ) θ_1 (_{1−u} 2r )

− θ_1θ_2

(_1 2r ) θ_1

(_1 r ) θ^2_1 (_{1−u} 2r ) θ_1

(_{1+u} 2r ) θ^3_2 (0) θ_1θ_2 (_{2−u} 2r ) θ_2 (_{1−u} 2r ) ) ,

R^{(1,1)}(u)^{∓1∓1}_{±1±1} = − 1 κ̄_{2,2}(u) θ_1θ_2

(_1 2r ) θ_1

(_1 r ) θ^3_1 (_u 2r ) θ^3_2 (0) θ_2 (_{2−u} 2r ) θ_1θ_2 (_{1−u} 2r ) .

(A.2)

Here,

κ̄_{2,2}(u) = z^{− r} ′′ r (x^2z; x^{2r})_∞(x^{2r−2}z^{−1}; x^{2r})_∞

(x^2z^{−1}; x^{2r})_∞(x^{2r−2}z; x^{2r})_∞ . Note that some of components are modified by symmetrization of the R-matrix.

In this article we assume that the parameters v, ϵ and r lie in the so-called principal regime (2.8).

A.2 Boltzmann weights of 2 × 2 fusion SOS model

In what follows we use the following symbols: u m = [u]^m [m]_m , [u]_m = [u][u − 1] · · · [u − m + 1].

Let W_{22} be the Boltzmann weights of 2 × 2 fusion SOS model, and let

W_{22} c d b a | | | | | u = κ̄^{(2,2)}(u) 2 − u 2 W_{22} c d b a | | | | | u be unnormalized weights. Then the non-zero W_{22} are given as follows:

W_{22} k ± 4 k ± 2 k ± 2 k | | | | | u = 2 − u 2 ,

W_{22} k ± 2 k ± 2 k ± 2 k | | | | | u = [1 − u][k ± 1 ± u] [1][k ± 1]

, W_{22} k ± 2 k k k | | | | | u = [1 − u][k ± 1 ∓ u] [1][k ± 1] ,

W_{22} k ± 2 k ± 2 k k | | | | | u = [k ± 3] [k ± 1] 1 − u 2 , W_{22} k ± 2 k k ± 2 k | | | | | u = [k ∓ 1] [k ± 1] 1 − u 2 ,

W_{22} k k ± 2 k ± 2 k | | | | | u = ±k + u + 1 2 ±k + 1 2 , W_{22} k k ± 2 k ∓ 2 k | | | | | u = ±k + 2 2 ±k 2 u + 1 2 ,

W_{22} k k k ± 2 k | | | | | u = − [k ∓ 1][u][k ± u] [2][k][k ± 1]

, W_{22} k k ± 2 k k | | | | | u = − [2][k ∓ 2][u][k ± u] [1]^2[k − 1][k + 1] ,

W_{22} k k k k | | | | | u = [k − 1 + u][k − u] [k][k − 1] + [k − 1][k + 2]

[k][k + 1] 1 − u 2 . (A.3)

Note that some of weights are modified by symmetrization of the Boltzmann weights. In this paper we

consider so-called Regime III in the model, i.e., 0 < u < 1.

A.3 Fused intertwining vectors

For k^′ = k, k ± 2, let t(u)^k′ = 1∑ j=−1 v_j t^j (u)^k′

t(u)^k_{±2} = 1 2h_1 ( u +^1_2 ) h^{(2r)}_3 (k ∓ u ±^3_2 )h^{(2r)}_3 (k ∓ u ∓^1_2 )

2h_4(1)h_4(k ∓ u ±^1_2 )

h^{(2r)}_4 (k ∓ u ±^3_2 )h^{(2r)}_4 (k ∓ u ∓^1_2 ) ,

t(u)^k = 1 2h_1 ( u +^1_2 ) h^{(2r)}_3 (k − u −^1_2 )h^{(2r)}_3 (k + u +^1_2 )

2h_4(k)h_4(u +^1_2 )

h^{(2r)}_4 (k − u −^1_2 )h^{(2r)}_4 (k + u +^1_2 ) .

(A.4)

Then the following relation holds:

R^{(1,1)}(u_1 − u_2)t(u_1)^d_a ⊗ t(u_2)^c_d = ∑ b t(u_1)^c_b ⊗ t(u_2)^b_aW_{22} c d b a | | | | | u_1 − u_2

. (A.5)

The dual intertwining vectors are given as follows:

t^∗(u)^{k′}_k = 1∑ j=−1 v^{∗j} t^∗_j (u)^{k′}_k

t^∗(u)^{k±2}_k = [ h^{(2r)}_4^2(k ± u ±^1_2 ), −h^{(2r)}_3 h^{(2r)}_4 (k ± u ±^1_2 ), h^{(2r)}_3^2(k ± u ±^1_2 ) ] 2h_1 ( u −^1_2 ) h_1(k)h_1(k ± 1)

t^∗_j (u)^k = − θ^{(ϵ1(j))}(k + u +^1_2 )θ^{(ϵ2 (j))}(k − u +^3_2 ) + θ^{(ϵ1(j))}(k − u −^1_2 )θ^{(ϵ2(j))}(k + u −^3_2 ) 2ϵ_1(j)ϵ_2(j)h_1 ( u −^1_2 ) h_1(k − 1)h_1(k + 1) .

(A.6)

Here for (ϵ_1(j), ϵ_2(j)) = (−, −), (+, −), (+, +) for j = 1, 0, −1, respectively, and

θ^{(+)}(u) = θ_3 (_u 2r ;^{π√−1}_{2ϵr} ) , θ^{(−)}(u) = θ_4 (_u 2r ;^{π√−1}_{2ϵr} ) . The intertwining vectors and their dual vectors satisfy the following inversion relations: 1∑ j=−1 t^∗_j (u)^{k′}_k t^j (u)^k′′ = δ^{k′}_k′′ , ∑ k^′ ∼k t^j (u)^k′ t^∗_j′ (u)^{k′}_k = δ^j′ . (A.7)

Then the following relation holds:

t^∗(u_1)^b_c ⊗ t^∗(u_2)^a_b R^{(1,1)}(u_1 − u_2) = ∑ d W_{22} c d b a | | | | | u^1 − u^2 t^∗(u_1)^a_d ⊗ t^∗(u_2)^d_c . (A.8)

The explicit expressions of the L-operators defined by (2.44) are given as follows:

L k^′ k^′ ∓ 2 k k ∓ 2 | | | | | u_0 = ±^{k+k} ′ 2 2 u^0 ±^{k−k} ′ ±1 2 2 ±k 2 u^0 +^{12} 2 ,

L k^′ k^′ ± 2 k k ∓ 2 | | | | | u_0 = ±^{k−k} ′ 2 2 u^0 ±^{k+k} ′ ±1 2 2 ±k 2 u^0 +^{12} 2 ,

L k^′ k^′ ± 2 k k | | | | | u_0 = [^{k+k} ′ 2 ][^{k−k′}_2 ][u_0 ±^{k+k′ ±1}_2 ][u_0 ±^{k−k′ ±1}_2 ]

[k + 1][k − 1] u^0 +^{12} 2 ,

L k^′ k^′ k k ± 2 | | | | | u_0 = [^{k+k} ′ 2 ][^{k−k′}_2 ][u_0 ∓^{k+k′ ±1}_2 ][u_0 ∓^{k−k′ ±1}_2 ] [k][k ± 1][u_0 +^1_2 ][u_0 −^1_2 ] ,

L k^′ k^′ k k | | | | | u_0 = [^{k+k} ′ 2 ][^{k+k′}_2 − 1][u_0 +^{k−k′ −1}_2 ][u_0 −^{k−k′ −1}_2 ] [k][k − 1][u_0 +^1_2 ][u_0 −^1_2 ] + [^{k−k′}_2 ][^{k−k′}_2 + 1][u_0 +^{k+k′ +1}_2 ][u_0 −^{k+k′ +1}_2 ] [k][k + 1][u_0 +^1_2 ][u_0 −^1_2 ] .

(A.9)

B Appendix B OPE formulae and commutation relations

In this Appendix we list some useful formulae for the basic operators. In what follows we denote z = x^{2u}, w = x^{2v} .

First, useful OPE formulae are:

Φ_1(u)Φ_1(v) = z^{r′′r}

(x^2w/z; x^{2r})_∞ (x^{2r′} w/z; x^{2r})_∞ : Φ_1(u)Φ_1(v) :, (B.1) Φ_1(u)A(v) = −z^{− r′′r} (x^{2r′} w/z; x^{2r})_∞ (x^2w/z; x^{2r})_∞

: Φ_1(u)A(v) :, (B.2) A(v)Φ_1(u) = w^{− r′′r} (x^{2r′} z/w; x^{2r})_∞ (x^2z/w; x^{2r})_∞

: A(v)Φ_1(u) :, (B.3) ^A(u) ^A(v) = z^{r′′}r (x^2w/z; x^{2r})^∞ (x^{2r′} w/z; x^{2r})_∞ : ^A(u) ^A(v) :, (B.4) A(u)A(v) = z^{r′′r} (x^2w/z; x^{2r})_∞ (x^{2r′} w/z; x^{2r})_∞ ( : A(u)A(v) : +f(z, w) : ^A(u) ^A(v) : ) . (B.5)

Here ^A(v) denotes the fermion contraction

^A(v) = w^{r−2}2r : exp ∑ m≠0 β_m m w^{−m} : e^{−α}w^12^{L− r′′}2r^K ,

and f(z, w) = 1 x + x^{−1} ∑ m>0 (( x^2w z )_m + ( x^{−2}w z )_m) . From these, we obtain the following commutation relations:

Φ_1(u)Φ_1(v) =

[v − u + 1] [u − v + 1]

Φ_1(v)Φ_1(u), (B.6)

A(v)Φ_1(u) =

[v − u + 1] [v − u − 1] Φ_1(u)A(v), (B.7) [u − v + 1] A(u)A(v) = [u − v − 1] A(v)A(u). (B.8)

References

[1] Baxter R J: Exactly Solved Models in Statistical Mechanics, Academic Press, London, 1982.

[2] Jimbo M and Miwa T: Algebraic analysis of solvable lattice models, CBMS Regional Conferences Series in Mathematics Vol 85; AMS: Providence, RI, 1994.

[3] Lashkevich M and Pugai Ya: Free field construction for correlation functions of the eight-vertex model, Nucl. Phys. B516 623–651, 1998.

[4] Lukyanov S and Pugai Ya: Multi-point local height probabilities in the integrable RSOS model, Nucl. Phys. B473[FS] 631–658, 1996.

[5] Lashkevich M: Free field construction for the eight-vertex model: representation for form factors.

Nucl. Phys. B621 587–621, 2002.

[6] Kojima T, Konno H and Weston R: The vertex-face correspondence and correlation functions of the fusion eight-vertex model I: The general formalism. Nucl. Phys. B720 [FS] 348–398, 2005.

[7] Belavin A A: Dynamical symmetry of integrable quantum systems, Nucl. Phys. B180[FS2] 189–200, 1981.

[8] Quano Y.-H: A vertex operator approach for correlation functions of Belavin’s (Z/nZ)-symmetric model, J. Phys. A: Math. Theor. 42 165211, 20 pages, 2009.

[9] Quano Y.-H: Vertex operator approach for form factors of Belavin’s (Z/nZ)-symmetric model, J.

Phys. A: Math. Theor. 43 085202 doi:10.1088/1751-8113/43/8/085202, 23 pages, 2010.

[10] Baxter R J and Kelland S B: Spontaneous polarization of the eight-vertex model. J. Phys. C7 L403–406, 1974.

[11] Jimbo M, Miwa T and Nakayashiki A: Difference equations for the correlation functions of the eight-vertex model. J. Phys. A: Math. Gen. 26 2199–2209, 1993.

[12] Quano Y.-H: Spontaneous polarization of the Z_n-Baxter model, Mod. Phys. Lett. A8 3363–3375, 1993.

[13] Date E, Jimbo M, Miki K and Okado M: Mean staggered polarization for the higher spin analog of the 6-vertex model, Int. J. Mod. Phys. A7 Suppl.1A 151–163, 1992.

[14] Idzumi M: Correlation functions of the spin-1 analog of the XXZ model, hep-th/9307129, 1993;

Level 2 irreducible representations of U_q(^sl_2), vertex operators, and their correlations, Int. J. Mod. Phys. A9 4449–4484, 1994.

[15] Reshetikhin N Yu: S-matrices in integrable models of isotropic magnetic chains. I, J. Phys. Math.

Gen. A24 3299–3309, 1991.

[16] Bougourzi A H and Weston R A: N-point correlation functions of the spin-1 XXZ model, Nucl.

Phys. B417 439–462, 1994.

[17] Baxter R J: Eight-vertex model in lattice statistics and one-dimensional anisotropic Heisenberg chain I. Some fundamental eigenvectors, Ann. Phys. 76 1–24, 1973.

[18] Baxter R J: Eight-vertex model in lattice statistics and one-dimensional anisotropic Heisenberg chain II. Equivalence to a generalized ice-type model, Ann. Phys. 76 25–47, 1973.

[19] Baxter R J: Eight-vertex model in lattice statistics and one-dimensional anisotropic Heisenberg chain III. Eigenvectors of the transfer matrix and Hamiltonian, Ann. Phys. 76 48–71, 1973.

[20] Andrews G E, Baxter R J and Forrester P J: Eight-vertex SOS model and generalized Rogers– Ramanujan–type identities, J. Stat. Phys. 35 193–266, 1984.

[21] Date E, Jimbo M, Kuniba A, Miwa T and Okado M: Exactly solvable SOS models: Local height probabilities and theta function identities, Nucl. Phys. B290 231–273, 1987.

[22] Date E, Jimbo M, Kuniba A, Miwa T and Okado M: Exactly solvable SOS models II: Proof of the star-triangle relation and combinatorial identities, Adv. Stud. Pure Math. 16 17–122, 1988.

[23] Date E, Jimbo M, Kuniba A, Miwa T and Okado M: One dimensional configuration sums in vertex models and affine Lie algebra characters, Lett. Math. Phys. 17 69-77, 1989.

[24] Date E, Jimbo M, Kuniba A, Miwa T and Okado M: Paths, Maya diagrams and representation of ^sl(r, C), Adv. Stud. Pure Math. 19 149–191, 1989.

[25] Kac V G and Peterson D H: Infinite dimensional Lie algebra, theta-functions and modular forms, Adv. Math. 53 125–264, 1984.

[26] Jimbo M, Konno H, Odake S and Shiraishi J: Quasi-Hopf twistors for elliptic quantum groups, Transform. Groups 4 303–327, 1999.

[27] Konno H, An elliptic algebra U_{q,p}(^sl_2) and the fusion RSOS model, Commun. Math. Phys. 195 373–403, 1998.

[28] Jimbo M, Konno H, Odake S and Shiraishi J: Elliptic algebra U_{q,p}( ^sl_2) : Drinfeld currents and vertex operators, Commun. Math. Phys., 199 605–647, 1999.

[29] Lashkevich M and Pugai Ya: Nearest neighbor two-point correlation function of the Z-invariant eight-vertex model, JETP Lett. 68 257-262, 1998.